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Abstract

We say that an R-module M is virtually simple if M 6= (0) and N ∼= M for every non-

zero submoduleN ofM , and virtually semisimple if each submodule ofM is isomorphic

to a direct summand of M . We carry out a study of virtually semisimple modules and

modules which are direct sums of virtually simple modules. Our theory provides two

natural generalizations of the Wedderburn-Artin Theorem and an analogous to the

classical Krull-Schmidt Theorem. Some applications of these theorems are indicated.

For instance, it is shown that the following statements are equivalent for a ring R:

(i) Every finitely generated left (right) R-modules is virtually semisimple; (ii) Every

finitely generated left (right) R-modules is a direct sum of virtually simple modules;

(iii) R ∼=
∏k

i=1
Mni

(Di) where k, n1, . . . , nk ∈ N and each Di is a principal ideal

V-domain; and (iv) Every non-zero finitely generated left R-module can be written

uniquely (up to isomorphism and order of the factors) in the form Rm1 ⊕ . . .⊕Rmk

where each Rmi is either a simple R-module or a left virtually simple direct summand

of R.
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1 Introduction

The subject of determining structure of rings and algebras over which all (finitely gener-

ated) modules are direct sums of certain cyclic modules has a long history. One of the

first important contributions in this direction is due to Wedderburn [27]. He showed that

every module over a finite-dimensional K-algebra A is a direct sum of simple modules if

and only if A ∼=
∏m

i=1 Mni
(Di) where m,n1, . . . , nm ∈ N and each Di is finite-dimensional

division algebra over K. After that in 1927, E. Artin generalizes the Wedderburn’s theo-

rem for semisimple algebras ([2]). Wedderburn-Artin’s result is a landmark in the theory

of non-commutative rings. We recall this theorem as follows:

Theorem 1.1. (Wedderburn-Artin Theorem). For a ring R, the following conditions are

equivalent:

(1) Every left (right) R-module is a direct sum of simple modules.

(2) Every finitely generated left (right) R-module is a direct sum of simple modules.

(3) The left (right) R-module R is a direct sum of simple modules.

(4) R ∼=
∏k

i=1Mni
(Di) where k, n1, . . . , nk ∈ N and each Di is a division ring.

Another one of the important contributions in this direction is due to G. Köthe [22].

He considered rings over which all modules are direct sums of cyclic modules. Köthe in

[22] proved the following. We recall that an Artinian (resp., Noetherian) ring is a ring

which is both a left and right Artinian (resp., Noetherian). A principal ideal ring is a ring

which is both a left and a right principal ideal ring.

Theorem 1.2. (Köthe). Over an Artinian principal ideal ring, each module is a direct

sum of cyclic modules. Furthermore, if a commutative Artinian ring has the property that

all its modules are direct sums of cyclic modules, then it is necessarily a principal ideal

ring.

Later Cohen and Kaplansky [9] obtained the following result:

Theorem 1.3. (Cohen and Kaplansky). If R is a commutative ring such that each R-

module is a direct sum of cyclic modules, then R must be an Artinian principal ideal ring.

However, finding the structure of non-commutative rings each of whose modules is a

direct sum of cyclic modules is still an open question; see [26, Appendix B, Problem 2.48]

and [18, Question 15.8] (for a partial solution, we refer [6]). Further, Nakayama in [25,

Page 289] gave an example of a non-commutative right Artinian ring R where each right

R-module is a direct um of cyclic modules but R is not a principal right ideal ring.

2



Also, the problem of characterizing rings over which all finitely generated modules are

direct sums of cyclic modules (called FGC-rings) was first raised by I. Kaplansky [20],

[21] for the commutative setting. The complete characterization of commutative FGC

rings is a deep result that was achieved in the 1970s. A paper by R. Wiegand and S. M.

Wiegand [28] and W. Brandal’s book [7] are two sources from which to learn about this

characterization. The corresponding problem in the non-commutative case is still open;

see [26, Appendix B. Problem 2.45] (for a partial solution, we refer [3] and [4]).

In this paper we say that an R-module M is virtually simple if M 6= (0) and N ∼= M

for every nonzero submodule N of M (i.e., up to isomorphism, M is the only non-zero

submodule of M). Clearly, we have the following implications for RM :

M is simple ⇒ M is virtually simple ⇒ M is cyclic

Note that these implications are irreversible in general when R is not a division ring.

The above considerations motivated us to study rings for which every (finitely gener-

ated) module is a direct sum of virtually simple modules. Since any injective virtually

simple module is simple, so each left R-module is a direct sum of virtually simple modules

if and only if R is semisimple (see Proposition 2.2 and Corollary 2.3). Now the following

three interesting natural questions arise:

Question 1.4. Describe rings R where each finitely generated left R-module is a direct

sum of virtually simple modules.

Question 1.5. Describe rings R where the left R-module R is a direct sum of virtually

simple modules.

Question 1.6. Whether the Krull-Schmidt Theorem holds for direct sums of virtually

simple modules?

One goal of this paper is to answer the above questions.

We note that a semisimple module is a type of module that can be understood easily

from its parts. More precisely, a module M is semisimple if and only if every submodule

of M is a direct summand. This property motivates us to study modules for which every

submodule is isomorphic to a direct summand. In fact, the notions of “virtually semisimple

modules” and “completely virtually semisimple modules” were introduced and studied in

our recent work [5] as generalizations of semisimple modules. We recall that an R-module

M is virtually semisimple if each submodule of M is isomorphic to a direct summand

of M . If each submodule of M is a virtually semisimple module, we call M completely

virtually semisimple. We also have the following implications for RM :
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M is semisimple ⇒ M is completely virtually semisimple ⇒ M is virtually semisimple

These implications are also irreversible in general (see [5, Examples 3.7 and 3.8]).

If RR (resp., RR) is a virtually semisimple module, we then say that R is a left (resp.,

right) virtually semisimple ring. A left (resp., right) completely virtually semisimple ring

is similarly defined (these notions are not left-right symmetric). In [5, Theorems 3.4 and

3.13], we gave several characterizations of left (completely) virtually semisimple rings.

Clearly, an R-module M is virtually simple if and only if M is a non-zero indecom-

posable virtually semisimple module. We note that a semisimple module is a direct sum

(finite or not) of simple modules, but it is not true when we replace “semisimple” by

“virtually semisimple” and “simple” by “virtually simple” (see Example 3.2). It is not

hard to show that if every left R-module is virtually semisimple, then R is a semisimple

ring. Nevertheless, the Wedderburn-Artin theorem motivates us to study rings for which

every finitely generated left (right) module is a virtually semisimple module. In fact, the

following interesting natural questions arise:

Question 1.7. Describe rings where each finitely generated left R-module is completely

virtually semisimple.

Question 1.8. Describe rings where each finitely generated left R-module is virtually

semisimple.

Question 1.9. Describe rings where each cyclic left R-module is virtually semisimple.

Therefore, the second goal of this paper is to answer the above questions, however,

Question 1.9 remains open to discussion in the non-commutative case.

In Section 2, we give two generalizations of the Wedderburn-Artin Theorem (Theo-

rems 2.7 and 2.14). Also, we prove a unique decomposition theorem for finite direct sum

of virtually simple modules, which is an analogous to the classical Krull-Schmidt Theorem

(Theorem 2.17). Section 3 consists of some applications of these theorems. Our version

of the Krull-Schmidt Theorem applies to prove that every finitely generated complectly

virtually semisimple module can be written “uniquely” as a direct sum of virtually simple

modules (see Proposition 3.1). Finally, as an important application, we give a struc-

ture theorem for rings whose finitely generated left (right) R-modules are direct sums of

virtually simple modules (Proposition 3.3 and Theorem 3.4).

Throughout this paper, all rings are associative with identity and all modules are

unitary. Any unexplained terminology and all the basic results on rings and modules that

are used in the sequel can be found in [1, 15, 23, 29].
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2 Generalizations of Wedderburn-Artin and Krull-Schmidt

Theorems

Let M and N be two R-modules. The notation N ≤ M (resp., N ≤e M) means that N

is a submodule (resp., an essential submodule). We use the notation M →֒ N to denote

that M embeds in N . An essential monomorphism, denoted by M
ess
→֒ N , from M to N

is any monomorphism f : M −→ N such that f(M) ≤e N . Also, we use the notation

E(RM) for the injective hull of M .

Following [15], we denote by u.dim(M) and K.dim(M) the uniform dimension and

Krull dimension of a module M , respectively. If α ≥ 0 is an ordinal number then the

module M is said to be α-critical provided K.dim(M) = α while K.dim(M/N) < α for

all non-zero submodules N of M . A module is called critical if it is α-critical for some

ordinal α ≥ 0. It is known that critical modules are uniform (see [24, Lemma 6.2.12]).

We say that a left ideal P of a ring R is quasi-prime if P 6= R and, for ideals A,B ⊆ R,

AB ⊆ P ⊆ A ∩B implies that A ⊆ P or B ⊆ P .

The following result is very useful in our investigation.

Lemma 2.1. (See [5, Proposition 2.7]). Let M be a non-zero virtually semisimple left

R-module. Then;

(i) The following conditions are equivalent.

(1) u.dim(M) < ∞.

(2) M is finitely generated.

(3) M ∼= R/P1 ⊕ . . .⊕R/Pn where n ∈ N and each Pi is a quasi-prime left ideal of R

such that R/Pi is a critical Noetherian R-modules.

(ii) If M is finitely generated, then M ∼= N for all N ≤e M .

Proposition 2.2. Every quasi-injective virtually semisimple module M is semisimple.

Proof. Assume that N ≤ M . By the assumption, M = K ⊕ L where K ∼= N and

K,L ≤ M . SinceK is a direct summand ofM , soK isM -injective and soN isM -injective.

It follows that N is a direct summand of M . Thus M is a semisimple module.

Corollary 2.3. The following conditions are equivalent for a ring R.

(1) Every left (right) R-module is a direct sum of virtually simple module.

(2) Every left (right) R-module is virtually semisimple.
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(3) R is a semisimple ring.

Proof. (1) ⇒ (3). By assumption, E(RR) is a direct sum of injective virtually simple

R-module. Since every injective module is quasi-injective, so by Proposition 2.2, E(RR)

is a semisimple R-module and hence R is semisimple.

(2) ⇒ (3) can be proven by a similar way.

(3) ⇒ (1) and (3) ⇒ (2) are evident.

We recall that the singular submodule Z(M) of a left (resp., right) R-moduleM consist-

ing of elements whose annihilators are essential left (resp., right) ideals in R. An R-module

M is called a singular (resp., non-singular) module if Z(M) = M (resp., Z(M) = 0).

Lemma 2.4. Let R1 and R2 be rings and T = R1 ⊕ R2. Let “P” denote any one of

the properties: finitely generated, singular, non-singular, projective, injective, semisimple,

virtually semisimple and virtually simple. Then by the natural multiplication every left

T -module M has the form M1 ⊕M2 where each Mi is a left Ri-module and the T -module

M satisfies the property “P” if and only if each Ri-module Mi satisfies the property.

Proof. For the first part, we just note that T has two central orthogonal idempotent

elements e1 and e2 with e1 + e2 = 1T and Tei = Ri. Thus if M is a left T -module then

M = e1M ⊕ e2M where each eiM is a left Ri-module. Set Mi = eiM (i = 1, 2). In this

situation any submodule of Mi has the form eiK for some K ≤ TM . Thus the proof in

the injectivity case is easily obtained by Baer injective test. For the other cases there are

routine arguments by using Soc(TM) = Soc(R1
M1)⊕ Soc(R2

M2), Z(TM) = Z(R1
M1)⊕

Z(R2
M2) and by the fact that if X ⊕ Y ∼= M is an isomorphism of left T -modules then

eiX ⊕ eiY ∼= eiM is an isomorphism of left Ri-modules.

Lemma 2.5. Let M and N be virtually simple R-modules. Then;

(i) M is a cyclic critical Noetherian uniform R-module.

(ii) If M and N are virtually simple R-modules with HomR(M,N) = 0 then M ∼= N or

Z(N) = N .

(iii) If M 6∼= N and N is projective, then HomR(M,N) = 0.

Proof. (i) Let M be a virtually semisimple module. Clearly M is cyclic and hence M ∼=

R/Pi for some i as stated in Lemma 2.1(i). The last statement is now true because critical

modules are uniform.
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(ii) Suppose that RM and RN are virtually simple and 0 6= f ∈HomR(M,N). We have

M/Kerf ∼=Imf ∼= N . Now if Kerf = 0, then M ∼= N and if Kerf 6= 0, then Kerf ≤e M

because RM is uniform by (i). Hence N must be singular.

(iii) By (ii) and the fact that projective modules are not singular.

Next we have the following lemma.

Lemma 2.6. Let M be a projective virtually simple R-module. Then the endomorphism

ring EndR(M) is a principal left ideal domain.

Proof. This follows from [16, Corollary 2.8] and [5, Theorem 2.9].

Being a left virtually semisimple ring is not Morita invariant (see [5, Example 3.8]).

Surprisingly, being a left completely virtually semisimple ring is a Morita invariant prop-

erty (see [5, Proposition 3.3]). In addition, being (completely) virtually semisimple module

is a Morita invariant property (see [5, Proposition 2.1 (iv)]). For an R-module M and

each n ∈ N, we use the notation M (n) instead of M ⊕ · · · ⊕M (n times).

We are now in a position to give the following generalization of the Wedderburn-Arttin

Theorem. We remark that the equivalences between (2) and (3) below has been shown in

[5, Theorem 3.13].

Theorem 2.7. (First generalization of the Wedderburn-Artin Theorem) The

following statements are equivalent for a ring R.

(1) The left R-module R is a direct sum of virtually simple modules.

(2) R is a left completely virtually semisimple ring.

(3) R ∼=
∏k

i=1Mni
(Di) where k, n1, ..., nk ∈ N and each Di is a principal left ideal domain.

Moreover, in the statement (3), the integers k, n1, ..., nk and the principal left ideal

domains D1, ...,Dk are uniquely determined (up to isomorphism) by R.

Proof. (1) ⇒ (3). By assumption, R = I1 ⊕ · · · ⊕ In where n ∈ N and each Ii is a

(projective) virtually simple R-module. Grouping these according to their isomorphism

types as left R-modules, so we can assume that R = I
(n1)
1 ⊕ · · · ⊕ I

(nk)
k

where 1 ≤ k ≤ n

and Ii ≇ Ij for any pair i 6= j. Thus, R ∼= EndR(R) = EndR
(

I
(n1)
1 ⊕ · · · ⊕ I

(nk)
k

)

.

Also, by Lemma 2.5(iii), we have HomR(Is, It) = 0 for every s 6= t. It follows that

R ∼=
⊕k

i=1EndR
(

I
(ni)
i

)

∼=
⊕k

i=1Mni

(

EndR(Ii)
)

. Now By Lemma 2.6, the endomorphism

ring Dj := EndR(Ij) is a principal left ideal domain for each 1 ≤ j ≤ k. This shows that

R ∼=
∏k

i=1 Mni
(Di), and the proof is complete.

7



(3) ⇒ (1). By Lemma 2.4, we can assume that k = 1, i.e., R = Mn(D) where n ∈ N

and D is a principal ideal domain. It is known that R is Morita equivalent to D (see

for instance [23, Page 525]). Let D
F
≈ R. Then F(D) = D(n) is a virtually semisimple

R-module because DD is virtually semisimple. We set

Nj =











j−th

0 · · · 0 D 0 · · · 0

0 · · · 0 D 0 · · · 0
...

. . .
...

...
...

. . .
...

0 · · · 0 D 0 · · · 0











(1 ≤ j ≤ n).

Then by the natural matrix multiplication, Nj is a left R-module with Nj
∼= D(n).

Thus each Nj is virtually simple, i.e., R is a direct sum of virtually simple left R-modules.

(2) ⇔ (3) and the “moreover statement” are by [5, Theorem 3.13].

A ring R is called a left (resp., right) V-ring if each simple left (resp., right) R-module

is injective. We say that R is V-ring if it is both left and right V-ring.

Remark 2.8. Although there exists an example of a non-domain which is a left V -ring

but not a right V -ring, the question whether a left (right) V-domain is a right (left) V-

domain remains open in general. See [19, Corollary 3.3] where the authors proved that

the answer is positive for principal ideal domains.

We need the following proposition.

Proposition 2.9. Let R =
∏k

i=1Mni
(Di) where k, n1, . . . , nk ∈ N and each Di is a

principal ideal V-domain. Then every finitely generated left R-module is a direct sum of

a projective module and a singular (injective) semisimple module.

Proof. By Lemma 2.4, we can assume that k = 1, i.e., R = Mn(D) where n ∈ N and D

is a principal ideal V-domain. It is well-known that properties of being projective, being

injective, being finitely generated and being singular are Morita invariant. Since D is

Morita equivalent to Mn(D), so we can assume that n = 1, i.e., R = D. Let M be a

finitely generated left D-module. By [10, Theorem 1.4.10], M ∼= D/I1 ⊕ · · ·D/In ⊕D(m)

for some non-zero left ideals Ii (1 ≤ i ≤ n) of D and m ∈ N ∪ {0}. Since every non-zero

left ideal of D is essential, so each D/Ii is singular. It follows that M = Z(M)⊕P where

P is a projective left D-module.

Now let S be any cyclic D-submodule in Z(M). Since D is a hereditary Noetherian

ring, by [24, Proposition 5.4.6], S has a finite length. It follows that Soc
(

Z(M)
)

≤e Z(M).
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Also since D is Noetherian, Z(M) and so Soc
(

Z(M)
)

is finitely generated. Thus the

V-domain condition on D implies that Soc
(

Z(M)
)

must be a direct summand of Z(M),

proving that Soc
(

Z(M)
)

=Z(M). Therefore, M = Z(M)⊕P where Z(M) is a semisimple

(injective) module and P is a projective module, as desired.

We are now going to give the following another generalization of the Wedderburn-Artin

Theorem.

Let R be a ring and M an R-module. We recall that a submodule N of M is (es-

sentially) closed if N ≤e K ≤ M always implies N = K. Also, the module M is called

extending (or CS-module) if every closed submodule of M is a direct summand of M .

Given n ∈ N, a uniform R-module U is called an n-CS+ module if U (n) is extending and

each uniform direct summand of U (n) is isomorphic to RU . An integral domain in which

every finitely generated left ideal is principal is called a left Bezout domain. Right Be-

zout domains are defined similarly, and when both conditions hold we speak of a Bezout

domain.

The following lemmas are needed.

Lemma 2.10. (See [12, Theorem 2.2]) Let R be a simple ring. Then R contains a uniform

left ideal U such that RU is 2-CS+ if and only if R is isomorphic to the k× k matrix ring

over a Bezout domain D for some k ∈ N.

Lemma 2.11. ([10, Proposition 2.3.17]) If R is a right Bezout domain then R is right

Ore domain.

Lemma 2.12. (See [8, Lemma 1]) Let R be a semihereditary and Goldie ring with classical

quotient ring Q. Let S be a simple right R-module. Then S is finitely presented if and

only if S may be embedded in the module (Q/R)⊕R.

Lemma 2.13. (See [8, Theorem 2]) Let R be a left Noetherian, left hereditary, semiprime

right Goldie with classical quotient ring Q. Then R is right Noetherian if and only every

simple right R-module can be embedded in (Q/R)⊕R.

Theorem 2.14. (Second generalization of the Wedderburn-Artin Theorem).

The following statements are equivalent for a ring R.

(1) All finitely generated left R-modules are virtually semisimple.

(1′) All finitely generated right R-modules are virtually semisimple.

(2) All finitely generated left R-modules are completely virtually semisimple.

(2′) All finitely generated right R-modules are completely virtually semisimple.

(3) R ∼=
∏k

i=1Mni
(Di) where each Di is a principal ideal V-domain.
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Proof. Since the statement (3) is symmetric, we only need to prove (1) ⇔ (2) ⇔ (3).

(1) ⇒ (2) is by Lemma 2.1 (not that every finitely generated virtually semisimple module

is Noetherian).

(2) ⇒ (1) is evident.

(2) ⇒ (3). By assumption, R is left completely virtually semisimple and so by Theorem 2.7,

R ∼=
∏k

i=1 Mni
(Di) where k ∈ N and each Di is a principal left ideal domain. By Remark

2.8, it suffices to prove that each Di is a principal right ideal domain and a left V-domain.

Let D = Di for some i. By (2) and the fact that “completely virtually semisimplity

is a Morita invariant property for modules”, we deduce that all finitely generated left

D-modules are also completely virtually semisimple.

Now let S be a simple D-module. Assume that E = E(S) is the injective hull of DS

and C is a cyclic D-submodule of E. Since S ≤e E, we have S ≤e C and by Lemma

2.1(ii), C ∼= S. It follows that E = S and hence D is a left V -domain.

We claim that the left D-module D⊕D is extending. To see this, assume that N is a

closed D-submodule of D⊕D. If u.dim(N) = 2 then N is an essential submodule of D⊕D

and hence N = D⊕D. If u.dim(N) = 1, then by [23, Theorem 6.37], u.dim((D⊕D)/N) =

1. Set U = (D⊕D)/N . Then by assumption, U is a finitely generated uniform left virtually

semisimple D-module and so U ∼= D/P where P is a left ideal of D by Lemma 2.1(i). Now

if Z(U) = K/N where N ≤ K ≤ D ⊕ D, then by Kaplansky’s Theorem [23, Theorem

2.24], K is a free (projective) left D-module. The singularity of K/N implies that N ≤e K.

Since N is closed, we have N = K and hence U is a non-singular left D-module. It follows

that P = 0 (because D is a principal left ideal domain and every non-zero left ideal in D is

essential). Thus U ∼= D and so DU is projective. This shows that N is a direct summand

of D ⊕D. Therefore, D ⊕D is a left extending D-module, as desired.

It is now clear that D is a left 2-CS+ D-module. Also since D is a left V-domain, it is

a simple ring. Thus by Lemma 2.10, D is a right Bezout domain. To complete the proof

it now remains to prove that D is a right Noetherian ring.

By Lemma 2.11, D is a right Ore domain. Since D is a left hereditary ring, by [13,

Corollary 12.18] D is a right semihereditary ring. We are applying Lemma 2.13 to show

that D is right Noetherian. Now assume that S is a right simple D-module. If S ∼= D then

D is semisimple and we are done. Thus we can assume S ∼= D/P where P is a non-zero

maximal right ideal D. Since D is right Ore, so P is a right essential ideal of D and hence

SD is torsion. Thus by [10, Proposition 5.3.6], SD is finitely presented. It follows that

S can be embedded in the right D-module (Q/D) ⊕ D by Lemma 2.12 where Q is the

classical quotient ring of D, and the proof is complete.
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(3) ⇒ (1). By Lemma 2.4, we can assume that k = 1, i.e., R = Mn(D) where n ∈ N and

D is a principal ideal V-domain. Since being completely virtually semisimple is Morita

invariant property, it is enough to show that every finitely generated left D-module is

completely virtually semisimple. Assume that M is a finitely generated left D-module.

By Proposition 2.9, M = S ⊕ P where S is a semisimple D-module and P is a projective

D-module. Thus by [5, Propositions 3.3 (i)], P is virtually semisimple. We can assume

that Soc(D) = 0 (otherwise D is a division ring and we are done), so we can deduce that

Soc(P ) = 0 and by [5, Propositions 2.3 (ii)], M is virtually semisimple and the proof is

complete.

The following example, originally from Cozzens [11], shows that there are principal

ideal V -domains which are not division rings.

Example 2.15. ([17, Example of Page 46]) Let K be a universal differential field with

derivation d and let D = K[y; d] denote the ring of differential polynomials in the inde-

terminate y with coefficients in K, i.e., the additive group of K[y; d] is the additive group

of the ring of polynomials in the indeterminate y with coefficients in field K, and multi-

plication in D is defined by: ya = ay + d(a) for all a in K. It is shown that D is both

left and right principal ideal domain, the simple left D-modules are precisely of the form

Va = D/D(y − a) where a in K and each simple left D-module is injective . Hence D is a

left V -ring. Similarly, D is a right V -ring.

In the following, we obtain a uniqueness decomposition theorem for finite direct sum

of virtually simple modules, which is analogous to the classical Krull-Schmidt Theorem

for direct sum decompositions of modules.

Lemma 2.16. Let M = V1 ⊕ · · · ⊕ Vn be a direct sum of virtually simple left R-modules.

Then:

(i) If N ≤e RM then M →֒ N .

(ii) If 0 6= N ≤ RM then there is an index j such that Vj →֒ N .

Proof. (i) Assume that N ≤e M . Then N ∩ Vi 6= 0 and so N ∩ Vi
∼= Vi for each i. This

shows that M ∼=
⊕n

i=1(N ∩ Vi) ⊆ N .

(ii) Assume that 0 6= N ≤ M . We can prove that the result by induction on n. Just

consider the cases N ∩ Vi 6= 0 or N ∩ V1 6= 0.

Let M and N be R-modules. We say that M and N are R-subisomorphic if M →֒ N

and N →֒ M .
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Theorem 2.17. (The Krull-Schmidt Theorem for virtually simple modules). Let

M = V1 ⊕ · · · ⊕ Vn and N = U1 ⊕ · · · ⊕ Um where all Vi’s and Uj’s are virtually simple

modules. If M and N are R-subisomorphic, then n = m and there is a permutation σ on

{1, ..., n} such that Ui
∼= Vσ(i).

Proof. Since virtually simple modules are uniform (Lemma 2.5(i)), so by our assumption,

m = u.dim(N) ≤ u.dim(M) = n and vice versa. Thus m = n. Without loss of generality,

we can assume that M = X1 ⊕ · · · ⊕ Xl and N = Y1 ⊕ · · · ⊕ Yt where Xi = V
(mi)
i

(1 ≤ i ≤ l) with Vi ≇ Vs (i 6= s) and Yj = U
(nj)
j (1 ≤ j ≤ t) with Uj ≇ Uk (j 6= k). Note

that if Vi →֒ Uk and Xi ∩
(

Σj 6=kYj

)

= W , then W = 0. Otherwise, there is a nonzero

embedding W →֒ Xi and so by Lemma 2.16(ii), Vi →֒ W . It follows that Vi →֒ Σj 6=kYj

and hence Vi →֒ Uh for some h 6= k, a contradiction. Thus we can conclude that for each

i ∈ {1, · · · , l} there exists a unique k ∈ {1, · · · , t} such that Xi →֒ Yk. Similarly, each Yj

can be embedded in only one Xi’s. This shows that l ≤ t, and t ≤ l, i.e., t = l. Clearly

Vi →֒ Uk if and only if Vi
∼= Uk. Thus it is enough to show that mi = nk when Xi →֒ Yk.

Again consider that if Xi →֒ Yk and Yk →֒ Xs, then Lemma 2.16 proves that i = s. This

shows that u.dim(Xi) = mi ≤ u.dim(Yk) = nk and vice versa, and hence the proof is now

complete.

3 Some applications

We give a structure theorem for rings over which every finitely generated module is a

direct sum of virtually simple modules. Such rings form a proper subclass of the class

of FGC rings. As an application of Theorem 2.17, we first show that every completely

virtually simple module is uniquely (up to isomorphism) a direct sum of virtually simple

modules, but the converse is not true in general.

Proposition 3.1. Every finitely generated completely virtually semisimple module is a di-

rect sum of virtually simple modules. Up to a permutation, the virtually simple components

in such a direct sum are uniquely determined up to isomorphism.

Proof. Assume that M is a finitely generated complectly virtually semisimple module.

By Theorem 2.17, it suffices to show that M is a finite direct sum of virtually simple

modules. If M is virtually simple then we are done. Assume that M is not virtually

simple. Thus there is a non-zero submodule N of M such that M ≇ N . By assumption,

M = U ⊕W where U ∼= N and 0 6= W ≤ M . If U and W are virtually simple then we

are done. If not, without lose of generality, assume that U is not virtually simple. So U
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has a non-zero submodule N1 ≇ U . By assumption, U is again virtually semisimple and

so U = U1 ⊕W1 such that N1
∼= U1 and 0 6= W1 ≤ U . It follows that M = U1 ⊕W1 ⊕W .

If one of the U1,W1 or W is not virtually simple, for example U1, then we may repeat

the above argument with respect to U1 and continue inductively. Since M is a finitely

generated virtually semisimple module, u.dim(M) < ∞ by Lemma 2.1(i) and hence, we

obtain virtually simple submodules K1, . . . ,Kn such that M =
⊕n

i=1Ki, and the proof is

completed.

Let R be a ring and M be a left R-module. If X is an element or a subset of M , we

define the annihilator of X in R by AnnR(X) = {r ∈ R | rX = (0)}. In the case R is

non-commutative and X is an element or a subset of an R, we define the left annihilator

of X in R by l.annR(X) = {r ∈ R | rX = (0)} and the right annihilator of X in R by

r.annR(X) = {r ∈ R | Xr = (0)}.

The following example shows that the converse of Proposition 3.1 does not hold in

general.

Example 3.2. Let F be a field and we set R = F [[x, y]]/〈xy〉. It is clear that M =

RX ⊕ RY is a maximal ideal of R where X = x + 〈xy〉 and Y = y + 〈xy〉. It is eas-

ily see that Spec(R) = {RX,RY,M}. Consider M as an R-module and hence M ∼=

R/AnnR(X)
⊕

R/AnnR(Y ) = R/RY
⊕

R/RX. By [14, Theorem 2.1], the rings R/RX

and R/RY are principal ideal domains because they have principal prime ideals. We show

that RM is not virtually semisimple. Note thatX2 = X(X+Y ) and Y 2 = Y (X+Y ) and so

we have RX2⊕RY 2 ≤ R(X +Y ) ≤ RM. It follows that u.dim(RM) = u.dim(R(X +Y ))

or equivalently R(X + Y ) ≤e RM. Now if RM is virtually semisimple we must have

R ∼= R(X + Y ) ∼= M, but M is not cyclic. Therefore RM is not virtually semisimple.

The following result provides a plain structure for virtually simple modules over Mn(D)

where n ∈ N and D is a principal ideal V-domain.

Corollary 3.3. Let R ∼= Mn(D) where n ∈ N and D is a principal ideal V-domain. Then

a left R-module M is virtually simple if and only if

M ∼=













D/P

D/P
...

D/P













where P is a maximal left ideal of D or P = (0).
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Proof. This is obtained by Proposition 2.9 and the familiar correspondence between mod-

ules over D and Mn(D).

Theorem 3.4. The following statements are equivalent for a ring R.

(1) Every finitely generated left R-modules is a direct sum of virtually simple modules.

(1′) Every finitely generated right R-modules is a direct sum of virtually simple modules.

(2) R ∼=
∏k

i=1Mni
(Di) where k, n1, ..., nk ∈ N and each Di is a principal ideal V-domain.

(3) Every finitely generated left R-modules is uniquely (up to isomorphism) a direct sum

of cyclic left R-modules that are either simple or virtually simple direct summand of

RR.

(3′)Every finitely generated right R-modules is uniquely (up to isomorphism) a direct sum

of cyclic left R-modules that are either simple or virtually simple direct summand of

RR.

(4) Every finitely generated left R-module is an extending module that embeds in a direct

sum of virtually simple modules.

(4′) Every finitely generated right R-module is an extending module that embeds in a direct

sum of virtually simple modules.

Proof. Since the statement (2) is symmetric, we only need to prove (1) ⇔ (2) ⇔ (3) ⇔

(4).

(1) ⇒ (2). By Theorem 2.14, it suffices to prove that all finitely generated R-modules are

virtually semisimple. By Theorem 2.7, R is left Noetherian. Let M be a finitely generated

left R-module and K ≤ M . It is well-known that K ⊕ L ≤e M for some L ≤ M . By our

assumption the modules M and N := K ⊕ L are direct sum of virtually simple modules.

Thus by Lemma 2.16, M and N are subisomorphic and so by Theorem 2.17, M ∼= N ;

proving that RM is virtually semisimple.

(2) ⇒ (3). By Theorem 2.14 and Proposition 3.3, every finitely generated left R-module

is a direct sum of a semisimple module and a completely virtually semisimple projective

module. Thus (3) is obtained by Proposition 3.1 and Theorem 2.17.

(3) ⇒ (4). Since every simple R-module is either singular or projective, the condition

(3) shows that every finitely generated left R-module is a direct sum of a singular and a

projective module. Thus (4) is obtained by [14, Corollary 11.4].

(4) ⇒ (1). Let M be a finitely generated left R-module. By assumption, M is extending

with finite uniform dimension. Thus by [23, Lemma 6.43], M is a direct sum of uniform

modules. So it is enough to show that every finitely generated uniform left R-module
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is virtually simple. Note that if U is a finitely generated uniform left R-module and

U →֒ ⊕k
i=1Vi where each Vi is a virtually simple R-module, then by induction we can show

that that U →֒ Vj for some j. It follows that U ∼= Vj and the proof is complete.

Let R be a ring and M an R-module. An R-module N is generated by M or M -

generated if there exists an epimorphism M (Λ) −→ N for some index set Λ. An R-module

N is said to be subgenerated by M if N is isomorphic to a submodule of an M -generated

module. For an R-module M , we denote by σ[M ] the full subcategory of R-Mod whose

objects are all R-modules subgenerated by M . It is clear that if M = R then σ[M ]

coincides with the category R-Mod.

Remark 3.5. As another application of the theory of virtually semisimple modules we

shows that the term “cyclic” must be removed from statement (f) of [13, Proposition 13.3].

In fact, in Example 3.6 we show that the following statements are not equivalent.

(1) Every module N ∈ σ[M ] is an extending module.

(2) Every cyclic module in σ[M ] is a direct sum of an M -projective module and a semisim-

ple module.

Example 3.6. Assume that ring D is the same as in Example 2.15 (example attributed

to Cozzens). It is clear that σ[D] = D-Mod and since D is not left Artinian, so by [13,

Proposition 13.5, Part g], there is a left D-module M such that M is not an extending

module. On the other hand, D is a principal ideal V -domain and so by Corollary 2.9, every

cyclic left D-module is a direct sum of a projective module and a semisimple module, and

hence in the above (2) does not imply (1).

We note that the class of virtually simple modules is not closed under homomorphic

image. For example the Z-module Z/4Z is not virtually semisimple but Z is clearly

completely virtually semisimple Z-module. Thus give the following definitions.

Definition 3.7. An R-module M is called fully virtually semisimple if for reach N ≤ M ,

the R-module M/N is virtually semisimple. If RR (resp., RR) is fully virtually semisimple,

we then say that R is a left (resp., right) fully virtually semisimple. Also, a ring R is called

a fully virtually semisimple ring if it is both a left and right fully virtually semisimple ring.

By Proposition 3.1 and the next proposition, we have the following irreversible impli-

cations for an R-module M :

M is fully virtually semisimple ⇒ M is completely virtually semisimple ⇒ M is a finite

direct sum of virtually simple modules
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Proposition 3.8. Every finitely generated fully virtually semisimple module M is com-

pletely virtually semisimple.

Proof. Assume that K ≤ M . It is well-known that there exists L ≤ M such that

L ⊕ K ≤e M and K ∼= (L ⊕ K)/L ≤e M/L. Since M/L is finitely generated virtually

semisimple, so K ∼= M/L, by Lemma 2.1 (ii). Thus K is virtually semisimple.

We conclude the paper with the following corollary that gives a partial solution to

Question 1.9 raised in the introduction. In fact the following is an answer to the question

in the case that “every left and every right cyclic R-module is virtually semisimple”.

However, finding the structure of non-commutative left fully virtually semisimple rings

(rings each of whose left cyclic R-modules is virtually semisimple) is still an open question.

Corollary 3.9. The following statements are equivalent for a ring R.

(1) Every left and every right cyclic R-module is virtually semisimple (i.e., R is a fully

virtually semisimple ring).

(2) R ∼=
∏k

i=1Mni
(Di) where each Di is a principal ideal V-domain.

Proof. (1) ⇒ (2). By Proposition 3.8, the ring R is a left and a right completely virtually

semisimple ring. Thus by Theorem 2.7, R ∼=
∏k

i=1Mni
(Di) where each Di is a principal

ideal domain. As seen in the proof (2) ⇒ (3) of Theorem 2.14, we obtain each Di is a left

V-domain, and hence by Remark 2.8, each Di is a principal ideal V-domain.

(2) ⇒ (1) is by the second generalization Wedderburn-Artin Theorem.
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