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Preface

Linear Programming and Its Applications is intended for a first course in
linear programming, preferably in the sophomore or junior year of the typical
undergraduate curriculum. The emphasis throughout the book is on linear
programming skills via the algorithmic solution of small-scale problems, both
in the general sense and in the specific applications where these problems
naturally occur.

The book arose from lecture notes prepared during the years 1985-1987
while I was a graduate assistant in the Department of Mathematics at The
Pennsylvania State University. I used a preliminary draft in a Methods of
Management Science class in the spring semester of 1988 at Lock Haven
University. Having been extensively tried and tested in the classroom at
various stages of its development, the book reflects many modifications either
suggested directly by students or deemed appropriate from responses by
students in the classroom setting. My primary aim in writing the book was
to address common errors and difficulties as clearly and effectively as I could.

The organization of the book attempts to achieve an orderly and natural
progression of topics. The first part of the book deals with methods to
solve general linear programming problems and discusses the theory of
duality that connects these problems. Chapter 1 deals with solving linear
programming problems geometrically; it is intended to constitute an intro-
duction to the general linear programming problem through familiar
geometrical concepts. At the same time, to motivate the study of a more
effective procedure, the drawbacks of the geometric method are stressed.
Chapter 2 develops the more effective procedure, the simplex algorithm of
G. Dantzig. In this respect the book differs from several others in that it uses
the condensed tableau of AW. Tucker to record linear programming
problems rather than the classical Dantzig tableau. The smaller size of the
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Tucker tableau makes it much more amenable to both hand and computer
calculations. Chapter 3 covers certain related problems that are not immedi-
ately solvable by the simplex algorithm, but, fortunately, can be easily
converted to a form approachable by that method. (Such conversions are
especially important in the second part of the book.) Chapter 4 concludes
the first part of the book with a treatment of duality theory, a theory that
establishes relationships between linear programming problems of maximiza-
tion and minimization. The Tucker tableau approach makes an elegant
presentation of this theory possible.

The second part of the book deals with several applications. These
applications, besides being important in their own right, constitute intro-
ductions to important fields related to linear programming, the partial
intention of this part of the book is the stimulation of the reader’s interest
in one or more of these fields. Chapter 5 introduces game theory. The methods
applied to the games presented here are precisely those discussed in
Chapters 2—4. Chapter 6 presents transportation and assignment problems,
a large class of problems within operations research. Disadvantages of using
the direct simplex algorithm in the solution of such problems are indicated and
new algorithms related to it are developed. Finally, Chapter 7 introduces
graph theory with a treatment of various network-flow problems. Direct and
effective graph-theoretic linear programming algorithms are developed and
duality in a specific network-flow problem is discussed in detail.

Appropriately for either a text or a reference book on linear programming,
there are many examples and exercises. Virtually every definition is followed
by several examples and every algorithm is illustrated in a step-by-step
manner. The exercises range from easy computations to more difficult proofs
and are chosen to elucidate and complement the exposition. To gain and
reinforce comprehension of the material, the reader should attempt as many
of these exercises as possible. The answers to all computational exercises
appear in the back of the book; complete solutions to all exercises are in a
supplementary solutions manual.

I tried to make Linear Programming and Its Applications approachable
from as many levels (sophomore to graduate) and as many fields (mathematics,
computer science, engineering, actuarial science, and economics) as posssible.
The basic prerequisite is a knowledge of linear equations including the
graphing of lines and planes as well as the solution (without matrices) of
systems of simultaneous linear equations. Brief appendices on matrix algebra
(for Chapters 2 and 4) and elementary probability (for Chapter 5) are included.

Each chapter of the book, except the introduction, is divided into sections
(§'s). The symbol m§n is to be read as “Chapter m, section n.” The numbering
of definitions, examples, and theorems proceeds sequentially throughout each
chapter (i.e, Definition 1, Example 2, Definition 3, Theorem 4, etc.). The
scheme is intended to make it easier to find any particular item. The
numbering of mathematical statements and diagrams is similar. Any linear
programming problem written in non-tableau form such as



Preface vii
Maximize P(x,y)=30x+ 50y
subject to 2x+y =8

x+2y<10
xyz0

is referred to by a single number as in

Maximize P(x, y) = 30x + 50y

subject to 2x+y =<8

x+2y<10
x,y20.

(1)

If individual statements in such a problem need to be referred to, decimal
numbering will be used, as in

Maximize P(x,y)= 30x + 50y

subject to 2x+y =8
x+2y<10
x,y20.

— ===
W N -

Throughout the book, the following standard notations are used:

Z: the set of integers

Q: the set of rational numbers

R: the set of real numbers

R”: n-dimensional real Euclidean space
V: “for all” or “for every.”

The statement
variable « expression

means “evaluate the expression and assign its value to the variable.” Unless
otherwise stated, all variables in this book represent real numbers.

I would like to express my sincere appreciation to the reviewers of the
book as well as the fine staff of Springer-Verlag who assisted in the publication
of the book. I must also thank the many students at Penn State University
and Lock Haven University who shaped what the book was to become by
offering comments, suggestions, and encouragement; the book is dedicated
to them.

JaMEs K. STRAYER
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CHAPTER O

Introduction

Many of the problems normally encountered in the real world deal with the
maximization or minimization of certain quantities. Frequently, these quan-
tities are profit (in the case of maximization) and cost (in the case of
minimization). Linear programming is a collection of procedures for maximiz-
ing or minimizing linear functions subject to given linear constraints.
Inasmuch as the functions to be optimized are linear, the techniques of
calculus imply only that the maximums and/or minimums of these functions
lie on the boundaries of the sets determined by the constraints. In this sense,
calculus is inadequate for solving linear programming problems. The methods
to be discussed in this book take advantage of the linearity of such problems,
hence providing effective and direct solution procedures.

The procedures of linear programming have wide applications in many
fields. For example, linear programming encompasses many of the main
solution techniques in the field commonly referred to as management science
or operations research. Although the solution of typical real-life linear
programming problems requires the implementation of specific procedures on
a computer, it is not this computer programming to which the “programming”
of linear programming refers—programming in the linear programming sense
means the development of effective algorithms for solving problems. As we will
sce, the effectiveness of such algorithms is largely dependent upon the
particular applications from which the problems arise. Hence, linear pro-
gramming will not only allow us to solve many different types of problems in
many different contexts but will provide deeper insights into the fields in which
linear programming finds its utility. After having completed the book, the
reader will not only have learned a set of procedures for solving different types
of linear programming problems but will also have a sense of the central role of
linear programming in areas of mathematics and business.
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CHAPTER 1

Geometric Linear Programming

§0. Introduction

This chapter is devoted entirely to the solution of linear programming
problems by graphical and/or geometrical methods. We introduce linear
programming problems, provide a rudimentary procedure for solving linear
programming problems, and motivate the need for a better, more efficient
algorithm to be discussed in Chapter 2.

§1. Two Examples: Profit Maximization
and Cost Minimization

Linear programming problems involve linear functions which are to be
maximized or minimized. Frequently, these functions represent profit (in the
case of maximization) and cost (in the case of minimization). We begin with
two such examples of typical linear programming problems.

ExaMPLE 1. An appliance company manufactures heaters and air condi-
tioners. The production of one heater requires 2 hours in the parts division of
the company and 1 hour in the assembly division of the company; the
production of one air conditioner requires 1 hour in the parts division of the
company and 2 hours in the assembly division of the company. The parts
division is operated for at most 8 hours per day and the assembly division is
operated for at most 10 hours per day. If the profit realized upon sale is $30 per
heater and $50 per air conditioner, how many heaters and air conditioners
should the company manufacture per day so as to maximize profits?
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We begin by reformulating Example 1 mathematically. We are interested in
the number of heaters and air conditioners that the company should
manufacture per day so we put

x = # of heaters per day

y = # of air conditioners per day.
The quantity to be maximized, namely profit, is then given by P(x,y) = 30x +
50y. The company can not manufacture an unlimited number of heaters
and/or air conditioners (and hence can not realize unlimited profits) since it is
constrained by the time availability of the parts division and the assembly
division. Each heater requires 2 hours in the parts division and each air
conditioner requires 1 hour in the parts division. Hence, the total amount of

time required from the parts division per day is 2x + y hours. Inasmuch as the
parts division is available for at most 8 hours per day, we have the constraint

2x +y <8.
Similar reasoning applied to the assembly division yields the constraint
x+2y = 10.
Finally, we include the implied constraints
x=0
y20

since a negative number of heaters or air conditioners manufactured per day is
not realistic in our problem. We now have the desired mathematical
reformulation of Example 1:
Maximize P(x,y) = 30x + 50y
subject to 2x+y =<8
x+2y=10 )]
x=20
y20.
The set of points (x, y) satisfying all four constraints of (1) is the shaded region
below: y

OPA2Y g

(0,0) (4,0
ty=3
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This region was obtained by graphing the equalities 2x +y = 8,x + 2y =10,
x =0, and y = 0, shading the solution sets of the corresponding inequalities,
and finding the mutual intersection of all such sets. In other words, the set of
points common to the four shaded regions

¥ y

x+2y=10
.
2 x ‘% X

orL-2x+y =38
y

Al

)
y=0

x=07_,

I

is precisely the shaded region of (2). (1) now asks the following question: Which
point(s) (if any) of the shaded region of (2) maximizes P? We leave (1) until its
solution in §4 of this chapter.

ExaMPLE 2. An o0il company owns two refineries, say refinery A and refinery B.
Refinery A is capable of producing 20 barrels of gasoline and 25 barrels of fuel
oil per day; refinery B is capable of producing 40 barrels of gasoline and 20
barrels of fuel oil per day. The company requires at least 1000 barrels of
gasoline and at least 800 barrels of fuel oil. If it costs $300 per day to operate
refinery A and $500 per day to operate refinery B, how many days should each
refinery be operated by the company so as to minimize costs?

We begin by reformulating Example 2 mathematically. If we put

x =# of days for refinery A
y =# of days for refinery B,

then the quantity to be minimized, namely cost, is given by C(x, y) = 300x +
500y. Note that the company must incur some positive cost since it is
constrained by the minimum petroleum requirements. Refinery A is capable of
producing 20 barrels of gasoline per day and refinery B is capable of producing
40 barrels of gasoline per day. Hence, the total amount of gasoline produced is
20x + 40y barrels. Inasmuch as at least 1000 barrels of gasoline is required by
the company, we have the constraint

20x + 40y = 1000.
Similar reasoning applied to the fuel oil yields the constraint

25x + 20y = 800.
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Again, we include the implied constraints
x=0
y20
since a negative number of days for either refinery to be operated is not realistic

in our problem. We now have the desired reformulation of Example 2:

Minimize C(x, y) = 300x + 500y

subject to  20x + 40y = 1000
25x + 20y = 800 3)
x=0
y20.

The set of points (x, y) satisfying all four constraints of (3) is the shaded region

.

(0, 40)

(20, 15)4
x 4
“2-20x + 40y = 1000

“L—25x + 20y = 800

(50,0

This region is precisely the intersection of the four shaded regions

7
%/ 25x +20y = 800 —vﬁ/
4
"
20x + 40y = 1000 )

<

x=07_>:

IR
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(3) now asks the following question: Which point(s) (if any) of the shaded
region of (4) minimizes C? We leave (3) until its solution in §4 of this chapter.

§2. Canonical Forms for Linear
Programming Problems

There are two natural or canonical forms taken by linear programming
problems, a maximization canonical form and a minimization canonical form.
We present these forms now along with some related standard terminology.

Definition 3. (i) The problem

Maximize (X1, Xg,.-sXy) =C1 Xy + C3X5 + -+ X, —d
subject t0  a;;X; + A1 X+ -+ X, = by
Ay Xy + 3%, + 0+ a3, X, S by

Ay X1+ A Xy + - +amnxn§_bm
X15Xg,---5%, 20

is said to be a canonical maximization linear programming problem.
(i1) The problem

Minimize g(X;,Xz,...,X,) = C1 X1 + CoXp + - + €, X, —d
subject to @y X, + dyx; + - +a,x, 2 b,
Ay, X1+ ayX; + o +a3,X, 2 by

A1 Xy + Ay Xy + o0+ QX Z by
X15Xg,---5 X, 20

is said to be a canonical minimization linear programming problem. The first m
constraints in each canonical form above are said to be main constraints; the
second n constraints in each canonical form above are said to be nonnegativity
constraints.

Note that the profit maximization example (1) and the cost minimization
example (3) of §1 are in canonical form. The reason for the (possibly curious)
choice of minus sign in front of the constant d in Definition 3 will be made clear
in Chapter 2.

Definition 4. The linear functions f and g in Definition 3 above are said to be
objective functions.

What are the objective functions of (1) and (3) in §1?

Definition 5. The set of all points (x,, x,,...,x,) satisfying the m +n con-
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straints of a canonical maximization or a canonical minimization linear
programming problem is said to be the constraint set of the problem. Any
element of the constraint set is said to be a feasible point or feasible solution.

The shaded regions of (2) and (4) constitute the constraint sets for (1) and (3)
respectively in §1.

Definition 6. Any feasible solution of a canonical maximization (respectively
minimization) linear programming problem which maximizes (respectively
minimizes) the objective function is said to be an optimal solution.

Our immediate goal then is to find optimal solutions for (1) and (3) of §1.

§3. Polyhedral Convex Sets

This section presents the pertinent geometry of R” for linear programming
problems, culminating in two theorems which will yield a procedure for
solving these problems. Throughout this section, the reader should strive to
understand the geometrical concepts in the smaller-dimensional spaces, i.e., in
R!,R? and R?, with the understanding that these concepts have been extended
to real spaces of arbitrary finite dimension. Also, no proofs appear in this
section; indeed, the geometric linear programming procedure ultimately
developed in §5 will be abandoned in Chapter 2 in favor of a better method.
This by no means implies that the concepts presented here are not
important— they provide a crucial intuitive foundation on which to build our
knowledge of linear programming.

Definition 7. Let x =(x,,X5,.--,X,), Y =(V1»V2,.-.,¥,)€R" Then
x+(1—-1y, 0sy=l,
is said to be the line segment between x and y inclusive.
The definition above is an extension of the usual geometric notion of a line

segment to higher dimensions. To motivate the fact that this is the usual notion
of a line segment in small dimensions, we give an example in R?.

ExaMpLE 8. Consider (2, 1),(4, — 2)eR?. The line segment between (2, 1) and
(4, —2) is, by the definition above, the collection of all points in R? expressible
in the form

t2,)+(1-1)@4,—-2), 0=t
If t =0, we have
(2, )+(1—-0@,—-2=02,1)+14,-2) =4, -2)
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If t =1, we have
2, +(1—-04,—2)=1(2,1)+04, —2)=(2,1).
If t = 1/3, we have
t2, 1)+ (1 — )4, —2)=1/3(2,1) + 2/3(4, — 2) = (10/3, — 1).

By continuing this process of choosing values of ¢ such that 0=t <1 and
evaluating (2,1} + (1 — t)(4, — 2), we obtain

which is the usual geometric notion of the line segment between (2, 1) and
(4, — 2). Choose some other values of ¢t and verify this for yourself!

Definition 9. Let S be a subset of R". S is said to be convex if, whenever
X=(X1,X2,..-»%X,), Y=(¥1, V25..., Vn)ES, then

tx+(1—1yeS, 0=t

Stated quite simply, a subset of R” is convex if the line segment connecting
any two points in the subset also lies entirely within the subset.

ExaMPLE 10.

y

2

N\

O

Convex sets in R2.
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<=
<
<

Nonconvex sets in R2.

Definition 11. The set of points (x,, x,,..., x,)€R" satisfying an equation of the
form

a;x;+a,x,+---+ax,=b
is said to be a hyperplane of R”. The set of points (x,, x5, ..., x,)eR" satisfying

an inequality of the form

a;x,+a,x,+--+a,x,<b
or
a;x;+ax,+-+a,x,2b

is said to be a closed half-space of R".

ExaMpLE 12. (i) A hyperplane in R! is the set of points x, satisfying an equation
of the form a,x, = b. If a, is nonzero, this set is simply the point b/a, in R* and
the closed half-space a,x; <b or a;x; 2 b is closed ray in R™.

———e—— X

(ii) A hyperplane in R?is the set of points (x,, x,) satisfying an equation of the
form a,x, + a,x, =b. If one of a, or a, is nonzero, this set is a line in R? and
the closed half-space a,; x; + a,x, £ bora;x; + a,x, 2 bisaclosed half-plane
in R2.

X9

X1

(iii) A hyperplane in R? is the set of points (x,, x5, X3) satisfying an equation
of the form a,x, + a,X, + asx; = b. If one of a,,a,, or as is nonzero, this set
is a plane in R and the closed half-space a,x; +a,x;, + a3x; <bora;x; +
ayx, + azXx; 2 b is a closed half-space in R* in the usual sense.
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X3

X2

Xy

The concept of a hyperplane is an extension of the usual geometric notion of
a plane to higher dimensions. A closed half-space is thus all points “lying on
one side or the other” of a hyperplane including the hyperplane itself. One
could also define the concept of an open half-space (where the boundary
hyperplane is not included) by substituting strict inequalities for the weak
inequalities in Definition 11. We will have no need for open half-spaces in this
book.

The importance of closed half-spaces for linear programming may now be
made clear. Since each constraint of a canonical maximization or a canonical
minimization linear programming problem describes a closed half-space and
since the constraint set of the problem is the intersection of the solution sets of
its constraints, we have that the constraint set of a canonical maximization or a
canonical minimization linear programming problem is an intersection of
closed half-spaces. More is, in fact, true.

Theorem 13. The constraint set of a canonical maximization or a canonical
minimization linear programming problem is convex. Such a set is said to be a
polyhedral convex set.

“Polyhedral” refers to the fact that the boundaries of the constraint set are
hyperplanes. In R?, the boundaries would be lines; in R3, the boundaries would

be planes.

ExaMPLE 14.

v

Polyhedral convex sets in R2.



14 Chapter 1. Geometric Linear Programming

Can you give an example of a convex set in R? that is not a polyhedral
convex set?

Intuitively, there is a difference between the two polyhedral convex sets in
Example 14 above. The first set is bounded on all sides by lines whereas the
second set is unbounded. We now make these differences precise for arbitrary
polyhedral convex sets.

Definition 15. Let x = (x,, x5, ..., x,)€R". The norm of x, denoted ||x|, is

Ix]l = /%3 +x3+ - +x2.

Note that the norm of a point in R” is the usual Euclidean distance of that
point from the origin.

Definition 16. Let r = 0. The set of points x =(x;, x,,...,X,)eR" such that
Ixll<r

is said to be the closed ball of radius r centered at the origin.

ExaMPLE 17. (1) The closed ball of radius 0 centered at the origin in R is simply

the origin of R™

(i1) The closed ball of radius r > 0 centered at the origin in R! is a line segment
including the endpoints.

_—_.—Xl

(iii) The closed ball of radius r > 0 centered at the origin in R? is a circle and its
interior.

X2

X1

(iv) The closed ball of radius r > 0 centered at the origin in R? is a sphere and
its interior.

X3

&

X1
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The concept of a closed ball of radius r centered at the origin is an extension
of the usual geometric notion of a sphere centered at the origin and its interior
to higher dimensions. One could also define the concept of an open ball of
radius r centered at the origin by substituting strict inequality for the weak
inequality in Definition 16. We will have no need for open balls of radius r
centered at the origin in this book.

Definition 18. A subset S of R” is said to be bounded if there exists r = 0 such
that every element of S is contained in the closed ball of radius r centered at the
origin. A subset § of R" is said to be unbounded if it is not bounded.

s
, .

Bounded and unbounded polyhedral convex subsets in R? (respectively).

EXAMPLE 19.

We need but one more geometric definition before our main theorems.

Definition 20. Let S be a convex set in R”. ee S i1s said to be an extreme point of S
if there do not exist x,yeS and ¢t with 0 <t < 1 such that
e=1x+(1—1t)y.
Recall that tx+ (1 —t)y, 0 <t <1, is the line segment between x and y
inclusive. Since ¢ = 0 implies that
tx+(1—ty=y
and t = 1 implies that
tx+ (1 —1y=x,

we have that tx + (1 —t)y, 0 <t < 1, is the line segment between x and y not
including the endpoints x and y. Hence, a point e€S is an extreme point of § if
no line segment within S contains e except at an endpoint. Extreme points in
linear programming correspond to “corners” of polyhedral convex sets;
however, as the third diagram below shows, such an intuitive definition in
general is false.
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EXAMPLE 21.

y y y

Extreme points of convex sets in R? (in bold).

Can you give an example of a convex set in R? that has no extreme points?
We now state the theorems which will yield a geometrical method for
solving linear programming problems.

Theorem 22. If the constraint set S of a canonical maximization or a canonical
minimization linear programming problem is bounded, then the maximum or
minimum value of the objective function is attained at an extreme point of S.

Theorem 23. (i) If the constraint set S of a canonical maximization linear
programming problem is unbounded and there exists MeR such that the
objective function f satisfiesf (x{,x,,...,X,) S M for all (x,,x,,...,x,)€S, i.e, f
is bounded above (by M), then the maximum value of the objective function is
attained at an extreme point of S.

(i) If the constraint set S of a canonical minimization linear programming
problem is unbounded and there exists M eR such that the objective function g
satisfies g(x;,X,,...,X,) = M for all (x,,x,,...,x,)€S, i.e. g is bounded below
(by M), then the minimum value of the objective function is attained at an extreme
point of S.

We note here that Theorem 22 and Theorem 23 only assert the existence of
optimal solutions at extreme points of the constraint set; there may be optimal
solutions at points of the constraint set other than extreme points (see
Exercise 4).

The existence of the real number M is crucial in Theorem 23 above. For
assume that such an M does not exist in (i) of Theorem 23, 1.e., f is not bounded
above. Then, no matter what real number M is specified, we can find a point
(x4, X3,...,x,) of the constraint set S such that f(x;,x,,...,x,) > M. But this
means that f never attains a maximum value on this set since we can choose
larger and larger M. One can employ a similar argument in (ii) of Theorem 23.
In such cases, the linear programming problem is said to be unbounded. (This
should note be confused with the concept of an unbounded constraint set
which is different. See Exercise 9.) Unboundedness is a type of pathology in
linear programming problems that we will encounter and deal more
thoroughly with later.
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§4. The Two Examples Revisited
Theorem 22 and Theorem 23 of §3 allow us to solve (1) and (3) of §1.

ExampLE 1 (Continued). Recall the profit maximization example (1) and its
constraint set (2) from §1:
Maximize P(x, y) = 30x + 50y

subjectto 2x+y =38

x+2y<10 (1)
x,y20
y
(0, 5) (2. 4)
. 2)
(0,0) 4,0)

Since the constraint set (2) is bounded, Theorem 22 implies that the maximum
value of P(x, y) is attained at an extreme point in (2), namely at (0, 0),(4, 0), (0, 5),
or (2,4). Hence we merely need to evaluate P at each of these points and note
which evaluation is maximum.

(x, ) P(x, y) = 30x + 50y

(0,0) 0

4,0) 120
0, 5) 250
(2,4) 260

The maximum is attained at the point (2,4). Hence the appliance company
should manufacture 2 heaters and 4 air conditioners per day so as to obtain a
maximum profit of $260 per day.

ExaMmPLE 2 (Continued). Recall the cost minimization example (3) and its
constraint set (4) from §1:

Minimize C(x, y) = 300x + 500y

subject to  20x + 40y = 1000 (3)
25x + 20y = 800
x,y=0
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%

(20, 15) +2~ //Y @

(50,0)

Since the constraint set (4) is unbounded, before we use Theorem 23(ii), we
must show that C is bounded below, i.e., we must find M eR such that C(x, y) =
300x + 500y = M whenever (x, y) is a point of the shaded region of (4). Now
any point of this shaded region, when substituted in C(x, y), will give a positive
cost. Hence we may take, for example, M = 0. (There are infinitely many
different M’s that one could choose here; for example, any negative M will
work.) Then Theorem 23(ii) implies that the minimum value of C(x,y) is
attained at an extreme point in (4), namely at (50,0), (0,40), or (20, 15). Hence
we merely need to evaluate C at each of these points and note which evaluation
s minimum.

(x,y) C(x,y) = 300x + 500y
(50,0) 15000

(0,40) 20000
(20,15) 13500

The minimum is attained at the point (20, 15). Hence the oil company should
operate refinery A for 20 days and refinery B for 15 days so as to attain a
minimum cost of $13500.

§5. A Geometric Method for Linear
Programming

The observant reader will have noticed several limitations of the procedure
developed in Theorem 22 and Theorem 23 for solving linear programming
problems. One such limitation is that Theorem 22 and Theorem 23 require a
knowledge of the extreme points of the constraint set of the problem being
considered. This knowledge may be difficult to obtain in some cases. For
example, consider the linear programming problem
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Maximize f(x,y,z)=2x+y—2z

subjectto x+y+:z=<1
y+4z=2 )]
x,¥,z=0.

Here, the bounding surfaces of the constraint set are planes and, although a
visualization of the constraint set is possible, it is more difficult in this three-
dimensional case than in the two-dimensional constraint sets of (2) and (4).
When we then move to higher dimensions and try to visualize the constraint
set of a four-dimensional problem such as

Maximize f(x,y,z,w)=2x—y+z—w

subjectto x+w=1

x—ys2 (6)
z—2w<3
x, y,z,w 20,

we find extreme difficulty. Can we somehow find the extreme points of the
constraint set of a linear programming problem without actually graphing the
constraint set? The answer is YES and we illustrate the method on (5).

The bounding surfaces of the constraint set of (5) are the planes x + y +z =
1,y+4z=2,x=0,y=0, and z=0. Taking these five equations three at a
time and solving the resulting systems of linear equations, we obtain
[x+y+z=1]
y+4z=2 | = (x,5,2)=1(0,2/3,1/3)
L x=0
[(x+y+z=1]
y+4z=2 | = (x,¥,2)=(1/2,0,1/2)

y=0 ]
X+y+z=1]

y+4z=2 | = (x,y,2)=(—1,2,0)
L z=0 |
[ x+y+z=1]
x=0 = (x,¥,2)=(0,0,1)
y=0

[x+y+z=1]
x=0 = (x,y,2)=(0,1,0)
z=0 |
[[x+y+z=1T]
y=0 = (x,y,2)=(1,0,0)
z=0 |
y+4z=27]

x=0 = (x,¥,2)=(0,0,1/2)

y=0
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[y +4z=27]
XZO = (x3ysz):(03230)
| z=0
y+4z=2j
y=0 = INCONSISTENT
| z=0 -
x=07]
y=01|= (x,,2)=(0,0,0).
z=0_

Some of these points may violate one or more of the original constraints of (5).
We tabulate each candidate point along with the constraints of (5) violated (if
any):

Candidate point Constraint(s) of (5) violated
0,2/3,1/3) None
(1/2,0,1/2) None
(—1,2,0) x20

0,0,1) y+4z=2
0,1,0) None
(1,0,0) None
0,0,1/2) None
0,2,0) x+y+z<=1
(0,0,0) None

The extreme points of the constraint set of (5) are precisely those points above
that violated none of the original constraints. We can verify this by actually
graphing the constraint set of (5):

[

_\.\'\\“ (0,2/3,1/3)

AN \\\\\\\\\‘
\ \

N

yt4z=2
W
\ 0,1,0)

(1/2,0, 1/2) AN
N\

Note that an upper bound for the number of extreme point candidates in this
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!
N2 210
3 312!

since there are five constraints (considered as equations) and since three
equations in three unknowns are needed to uniquely determine an ordered
triple. Of these 10 candidates, only 6 were actually extreme points of the
desired constraint set.

We now seemingly have a geometric method in hand for solving linear
programming problems. Unfortunately, there is a snag in our method at
present. The snag is alluded to in Theorem 23, namely that a knowledge of the
constraint set of a canonical linear programming problem is not sufficient to
determine an optimal solution for the problem if the constraint set is
unbounded. In such a problem, we must additionally show that the objective
function on this set is bounded above in the maximization case or bounded
below in the minimization case. But how do we know whether or not the
constraint set of a linear programming problem is unbounded without
graphing it?

Proving that the constraint set of a canonical linear programming problem
is bounded or unbounded by a purely analytical argument is largely problem-
dependent and may be quite difficult. The crux of such an analysis is to see
whether or not one (or more) of the variables of the problem can assume
arbitrarily large values and still satisfy all of the constraints. If so, the
corresponding constraint set is unbounded provided it is nonempty; other-
wise, the constraint set is bounded. (A linear programming problem having an
empty constraint set is said to be infeasible since it has no feasible solutions.
Infeasibility is a type of pathology in linear programming problems that we
will encounter and deal more thoroughly with later.) In (5), we see that the
main constraint x + y +z <1 along with the nonnegativity of x, y, and z
implies that x < 1,y £ 1, and z = 1. Hence the corresponding constraint set is
bounded (as the preceding graph verifies). In contrast, we see that the modified
linear programming problem

example is given by

Maximize f(x,y,z)=2x+y—2z
subjectto y+4z<2 (7)
x,y,220

has an unbounded constraint set since the constraint set is nonempty (for
example, (x, ¥,z) =(0,0,0) is in the constraint set) and the variable x can grow
arbitrarily large and still satisfy all of the constraints.

Now, if the constraint set of a canonical linear programming problem is
unbounded, it remains to show that the objective function on this set is
bounded above in the maximization case or bounded below in the minimi-
zation case. Again, such as analysis is largely problem-dependent and may be
quite difficult. We illustrate with analyses for (6) and (7).

In (6), the constraint set is nonempty (for example, (x, y, z, w) = (0,0, 0,0} is in
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the constraint set). Let x = 0. Then any nonnegative value of y satisfies all of
the constraints. Hence the constraint set is unbounded since y can assume
arbitrarily large values and still satisfy all of the constraints. Furthermore,

fx,y,zwy=2x—y+z—w=x+w+(x—y+z—-2w)=1+2+3=6,

i.e,, the objective function is bounded above by 6 on the constraint set. (Of
course, there are infinitely many upper bounds here; for example, any real
number greater than 6 will work.) Hence, an optimal solution of (6) is attained
at an extreme point of the constraint set by Theorem 23(i).

In (7), we have already noted that the constraint set is unbounded since the
constraint set is nonempty and x — oo does not violate any of the constraints.
Now, fixing any nonnegative values of y and z with y + 4z < 2 for the moment,
we see that x — oo implies that f(x,y,z)=2x+y—2z— 00 and hence the
objective function of (7) is not bounded above on the constraint set.

We summarize a general geometric method for linear programming. Given
a canonical maximization or a canonical minimization linear programming
problem having m main constraints and n nonnegativity constraints (see the
canonical forms for linear programming problems in §2), the upper bound for
the number of extreme point candidates is given by

m+n (m + n)!
< n ) -~ omlnl
These candidates are determined by considering the m + n constraints as
equations and solving the systems of linear equations obtained from these
constraints by taking the equations n at a time. In general, only a portion of
these candidates will then satisfy all of the original constraints of the problem.
One must also determine whether the constraint set is bounded or unbounded.
If the constraint set is bounded, Theorem 22 may be used directly to solve the
problem by testing each of the extreme points in the objective function. If the
constraint set is unbounded, one must additionally show that the objective
function on this set is bounded above (in the maximization case) or bounded
below (in the minimization case) before Theorem 23 is applied in the same
manner. One should generally determine the boundedness or unboundedness
of the constraint set and, in the latter case, the bounded above or bounded
below condition on the objective function before finding the extreme points as
described above. For if the constraint set is unbounded and the objective
function on this set is not bounded above (in the maximization case) or not
bounded below (in the minimization case), then the linear programming
problem is unbounded and no extreme points need be found at all!

§6. Concluding Remarks

The reader has no doubt realized by now that the geometric procedure
discussed in §5 is cumbersome to use as a general technique. There are several
disadvantages inherent in solving canonical linear programming problems
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geometrically. Real-life lincar programming problems typically involve
hundreds of variables. Hence the geometric visualization of constraint sets is
usually impossible. If we rely on the geometric method of §5, we have

m+n\ _(m+n)
n - mn!
as an upper bound for the number of extreme point candidates to be found and

tested. This number is generally prohibitively large. For example, if m = 15 and
n=10 (a relatively small linear programming problem by industrial stan-

dards), we have
mAm) ()5 3200000,
n 10

furthermore, finding just one extreme point candidate involves solving a
system of 10 linear equations in 10 unknowns! In addition, we need analyses to
determine whether the constraint set of the problem is bounded or unbounded
and, in the latter case, whether the objective function on this set is bounded
above or bounded below. There must be a better way!

Fortunately, there is a method, the simplex algorithm, capable of finding
optimal solutions to linear programming problems without finding and
testing large numbers of extreme point candidates. In addition, the algorithm
will detect pathological behavior such as empty constraint sets and objective
functions that are not bounded above or bounded below.

EXERCISES

1. Draw and shade appropriate regions in R? as described below. All regions are to be
constrained to the first quadrant of the Cartesian plane.

a. a bounded polyhedral convex subset

b. an unbounded polyhedral convex subset

¢. a bounded nonconvex subset

d. an unbounded nonconvex subset

e. a convex subset that is not a polyhedral convex subset

f. a convex subset having no extreme points

g. a polyhedral convex subset having no extreme points

h. a bounded polyhedral convex subset having exactly one extreme point

i. an unbounded polyhedral convex subset having exactly one extreme point
j. an unbounded convex subset having infinitely many extreme points

2. Convert each of the linear programming problems below to canonical form as in
Definition 3. [Note: The conversion of a linear programming problem to canonical
form will be crucial for the simplex algorithm to be discussed in Chapter 2.]

a. Maximize f(x,y)=x+y
subjectto x—y<3
2x+y=12
0<x<4
0=y=6
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. Minimize g(x,y)=x—y

subjectto 2x—y= —1
0<x52
y20

. Maximize f(x,y)= —2y—x

subjectto 2x—y= —1
3y—x <8
xyz0

. Minimize g¢(x,y,z)=x—2y—z

subject to  10x + 5y + 2z < 1000
2y + 4z < 800
x,y,220

. Solve each of the problems below by sketching the constraint set and applying

Theorem 22 or Theorem 23.

a.

- 0 a0

Maximize f(x,y)=5x+2y

subjectto x+3y=<14
2x+y <8
x,y=0

. Minimize g(x,y)=5x+2y

subjectto x+3y=14
2x+y=8
x,y20

. Exercise 2a above
. Exercise 2b above
. Exercise 2¢ above

. Maximize f(x,y,z)=x—2y—z

subject to  10x + 5y + 2z < 1000
2y +4z <800
x,y,220

. Exercise 2d above
. A publishing firm prints two magazines, the Monitor and the Recorder, each in

units of one hundred. Each unit of the Monitor requires 1 unit of ink, 3 units of
paper, and 4 hours of printing press time to print; each unit of the Recorder
requires 2 units of ink, 3 units of paper, and 5 hours of printing press time to
print. The firm has 20 units of ink, 40 units of paper, and 60 hours of printing
press time available. If the profit realized upon sale is $200 per unit of the
Monitor and $300 per unit of the Recorder, how many units of each magazine
should the firm print so as to maximize profits?

. A furniture factory owns two lumber operations. The first lumber operation

produces 1/2 ton of usable walnut, 1 ton of usable oak, and 1 ton of usable pine
per day. The second lumber operation produces 1 ton of usable walnut, 1 ton of
usable oak, and 1/2 ton of usable pine per day. The factory requires at least 10
tons of walnut, 15 tons of oak, and 10 tons of pine. If it costs $300 per day to run
the first lumber operation and $350 per day to run the second lumber operation,
how many days should each operation be run so as to minimize costs?

. A drug company sells three different formulations of vitamin complex and
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10.

mineral complex. The first formulation consists entirely of vitamin complex and
sells for $1 per unit. The second formulation consists of 3/4 of a unit of vitamin
complex and 1/4 of a unit of mineral complex and sells for $2 per unit. The third
formulation consists of 1/2 of a unit of each of the complexes and sells for $3 per
unit. If the company has 100 units of vitamin complex and 75 units of mineral
complex available, how many units of each formulation should the company
produce so as to maximize sales revenue?

a. Prove that there are infinitely many optimal solutions for Exercise 3j above,
only two of which occur at extreme points of the constraint set. [Hint: Find two
distinct optimal solutions occurring at extreme points and show that any point
on the line segment connecting these points is an optimal solution.]

b. Graph all optimal solutions of part a on the constraint set diagram of
Exercise 3j.

Prove (in general) that any point on the line segment connecting two distinct
optimal solutions of a canonical linear programming problem is an optimal
solution. Deduce that any canonical linear programming problem has either zero,
one, or infinitely many optimal solutions.

Solve (5) of §5.

Find the upper bound for the number of extreme point candidates in (6) of §5.

. Consider the linear programming problem below:

Minimize ¢g(x,y,z,w)=x— 2y + 3z —4w
subjectto —5x—4y—3z—-2w2>—1
x,y,z,w=0.

a. Show that the constraint set is bounded.
b. Find all extreme point candidates by considering the five constraints as

. . 5 . .
equations and solving the (4) systems of linear equations obtained from these

constraints by taking them four at a time.
¢. Solve the linear programming problem by applying Theorem 22.

. Consider the linear programming problem below:

Minimize g(x,y,z,w)=x—2y+ 3z — 4w
subjectto x+2y+3z+4w=5
—y—2wz —1
x,y,z,w=0.

a. Show that the constraint set is unbounded.
b. Show that the objective function is bounded below on the constraint set.
¢. Find all extreme point candidates by considering the six constraints as

. . 6 . .
equations and solving the (4) systems of linear equations obtained from these

constraints by taking them four at a time.
d. Solve the linear programming problem by applying Theorem 23.

Show that the linear programming problem



26

Chapter 1. Geometric Linear Programming

Minimize g(x,y)=x—3y
subjectto x+y=2

x—2y=<0
y—2x=<1
xyz0

is unbounded. [Hint: Graph the constraint set and show that g(x, y)—» — oo as
v— oc along the line x —2y=0.]

11. Label each of the following statements TRUE or FALSE and justify your answers.

a. Any unbounded linear programming problem has an unbounded constraint
set.

b. Any linear programming problem having an unbounded constraint set is
unbounded.

12. Show that the linear programming problem

Maximize f(x,y)=3x+ 2y

subjectto 2x—y =< —1
x—2y=0
x,y=0

1s infeasible.



CHAPTER 2

The Simplex Algorithm

§0. Introduction

In this chapter, we present the simplex algorithm, an effective method for
solving the canonical maximization and canonical minimization linear
programming problems of 1§2. The simplex algorithm was developed in the
1940’s by George B. Dantzig. We will employ certain refinements in Dantzig’s
original technique developed in the 1960’s by A.-W. Tucker. In particular, we
will record our linear programming problems in what is called a Tucker
tableau, a more compact version of the original Dantzig tableau and
considerably easier to use.

§1. Canonical Slack Forms for Linear Programming
Problems; Tucker Tableaus

Consider the canonical maximization linear programming problem of 1§2:
Maximize  f(x;,X,,...,x,) =¢;X; + X, + - +¢,x, —d
subject to  a; X, +a;,x, + - +a;,x, < b,
Ay Xy +AyXy+ -+ a5,X, £ by

: (1
A1 Xy + Ay Xy + o + Ay Xy ébm
X15Xyeees X, 20,

Let t,,¢,,...,t, =0 be such that
Ay Xy +ay,x,+ - +a,x,+t;=b,

Ay Xy +Ay%X; + -+ ay,x, +t,=b,

(lm1x1 + am2x2 + - + amnx" + tm = bm'
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Then
a1 Xy +a;,x, +
Ay Xy +ay5X, +

A1 X1+ Ao Xy + -

and we can reformulate (1) as

Maximize
subject to  a;;x; +a;,x, +

Ay X, +ay,X5 +

A1 X1+ Ay Xy +
ti,te sty 20

X{X5,..., %, = 0.

Chapter 2. The Simplex Algorithm

"'+a1nxn_b1 = 7t1
+a2nxn_b2= “tZ
+ Xy — b= —t,

S(xX1oX0 X)) =c X X+ -+ X, —d

+a1nxn_b1 = _tl
+a2nxn7b2: _t2
: )
ot Xy — b= — 1,

Similarly, consider the canonical minimization linear programming prob-

lem of 1§2:
Minimize g(x;,X5,...,X,) =C1X; + X, + - + ¢, X, — d
subject to  a; X, +a; X, + - +a,x, 2 b,
Ay X1+ ayX, + -+ ay,x, 2 b,
: ©)
Ap1X1 + Ay Xy + -+ Apn Xy 2 bm
X5 Xgyeees X, = 0.
Let t,,t,,...,t, =0 be such that
Ay Xy +a;X,+ - +ax,=b +1t,
Ay X1+ A%, + - +ay,x,=b, +1t,
A1 Xq + Ao Xy + o+ Ay Xy = b, + L
Then
11X +aX, + -+ a,x,— b, =t
Ay X1+ a3X, + 0+ a3, X, — by =1,
Ap1Xq + A2 X2 + -+ AunXn “bm = tm
and we can reformulate (3) as
Minimize ¢g(x,,X,,-..,X,) =C1X; + X5 + - + X, —d
subject to  a; X, +a;;x,+ -+ ax,—b =t
Ay Xy + Xy + -+ az,x, — by =1,
: 4
A1 Xy + Az Xy + - + QX — by =1,

Listyyeosty 20
X1, Xgyees X, 20,

Definition 1. The linear programming

problems (2) and (4) above are said to
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be canonical slack maximization and canonical slack minimization linear
programming problems respectively. The variables t,,t,,...,t, are said to be
slack variables.

Slack variables are termed as such because they produce equalities from
inequalities—they, in effect, “take up the slack” on one side of the inequality in
each type of linear programming problem. We now develop a more concise
notation for these canonical slack linear programming problems.

Definition 2. The tables

X, Xy . X -1
a,, a,..a
Ay &y e Byy b, | =-4

aml am2 mn m m
¢, < c, di{=f
and

Xp |2y 3 e 3y G

Xy |82 8 -0 By )

xn aln a2n amn Cn

-1 | b by b d
=t =t ... =t =g

are said to be Tucker tableaus or simply tableaus of the canonical slack
maximization and the canonical slack minimization linear programming
problems respectively. The variables to the north of the maximum tableau and
to the west of the minimum tableau are said to be independent variables or
nonbasic variables. The variables to the east of the maximum tableau and to the
south of the minimum tableau are said to be dependent variables or basic
variables.

In this book, we will use the terms independent and dependent rather than
nonbasic and basic respectively.

Note how the main constraints of each of the canonical slack linear
programming problems are recorded in the corresponding Tucker tableaus.
The coefficients of the main constraints of (2) appear as rows of the maximum
tableau. The '™ main constraint may be reconstructed from the i row of
coefficients by multiplying each coefficient by its corresponding independent
variable (or multiplying by — 1 in the case of b,), adding all such products, and
setting the result equal to the corresponding dependent variable. The objective
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function of the problem is recorded by the last row of the maximum tableau in
the same manner. Similarly, the main constraints and objective function of (4)
are recorded in the minimum tableau above as columns instead of rows. (There
is a reason for this difference which will be made clear in Chapter 4.) The
reason for the choice of minus sign in front of the constant d in the problems (2)
and (4) above is now seen to be one of convenience. Note that the
nonnegativity constraints of a canonical slack maximization or a canonical
slack minimization linear programming problem are not recorded in the
corresponding Tucker tableaus. The nonnegativity of all variables in a linear
programming problem is assumed in the remainder of this chapter. The
consequences of relaxing this assumption will be investigated in Chapter 3.

§2. An Example: Profit Maximization

In this section, we present and completely solve a typical canonical maximi-
zation linear programming problem. The purpose of this discussion is twofold.
First, we will illustrate the concepts just defined in §1. Secondly, and more
importantly, our method of solution will correspond to the steps taken by the
simplex algorithm to solve the problem. As we proceed toward the solution,
these steps will be straightforward but somewhat tedious. For now, attempt
only to understand the steps and do not worry about the tedium of the
calculations. In §3 of this chapter, we will see that the calculations associated
with the simplex algorithm solution of a canonical linear programming
problem correspond to easy transformations on Tucker tableaus. We now
present our problem.

EXAMPLE 3. An electrical firm manufactures circuit boards in two configu-
rations, say configuration #1 and configuration #2. Each circuit board in
configuration #1 requires 1 A component, 2 B components, and 2 C compo-
nents; each circuit board in configuration #2 requires 2A components, 2B
components, and 1C component. The firm has 20A components, 30B
components, and 25 C components available. If the profit realized upon sale is
$200 per circuit board in configuration #1 and $150 per circuit board in
configuration #2, how many circuit boards of each configuration should the
electrical firm manufacture so as to maximize profits?

Put
x, = # of circuit boards in configuration #1

x, = # of circuit boards in configuration #2.
Then the mathematical reformulation of the problem is
Maximize P(x,,x,)=200x, + 150x,
subject to  x; +2x, <20
2x, + 2x, £30
2%, +x, £25
X1,%, 20.
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Put

t, = slack variable for A components
tg = slack variable for B components
tc = slack variable for C components.

Then, from §1, the canonical slack form of the problem is

Maximize P(x,x,)=200x; + 150x,
subject to  x; +2x, —20= —1,
2x;+2x, —30= —1ty (5)
2x, +x,—=25=—t¢
tartgslos X1s X, 2 0.
(5) is recorded in a Tucker tableau as
X, % -l
1 2120 =-t,
2 2|30 =-t4
125 ] =-t (6)

200150 { 0| =P

x, and x, are independent variables in this tableau while ¢,,t5, and ¢ are
dependent variables.

We now begin the steps which will ultimately lead to an optimal solution for
the problem. Solve the main constraint 2x; + x, — 25 = — t. for x, to obtain

x; = —1/2tc — 1/2x, + 25/2,
Le.,
1/2te + 1/2x, — 25/2 = — x,.

Now replace every occurrence of x, in all other equations of (5) (including the
objective function) by —1/2t.— 1/2x, +25/2. Upon simplification, (5)
becomes
Maximize P(t¢, x,)= — 100tc + 50x, + 2500
subject to —1/2tc+3/2x, — 1512 = —1t,
—le+x,—5=—1g (7
1/2tc + 1/2x, — 2512 = — x;
tastpstcy X1,X5,20

with corresponding tableau

t- X, -1
-172 32 152 | = -t
-1 1 5(0=-tg
172 172 252 | = -x, (8)

-100 50 | -2500 | =P
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It is crucial at this point to notice that any feasible solution of (5) is a feasible
solution of (7) and vice versa. No feasible solutions have been created or
destroyed in passing from tableau (6) to tableau (8). Note also that the
variables x, and ¢ of tableau (6) have exchanged places in tableau (8), i.e., x,,
originally independent in (6), becomes dependent in (8), and ¢, originally
dependent in (6), becomes independent in (8). This exchange will be important
in §3.

We now repeat the above procedure with the main constraint — ¢t + x, —
5= —tg of (7). Solve this constraint for x, to obtain

x2=tc—tB+5,
ie.,
_tc+tB_5:_X2.

Upon replacing every occurrence of x, in all other equations of (7) by t. —
tg + 5,(7) becomes

Maximize P(t¢,tg) = — 50t — 50tz + 2750

subject to  to—3/2tg = — 1,
—tc+tg—5=—x, )
te— 12ty — 10 = — x,
tastpyte, X1, X, 20

with corresponding tableau

.ty -1

1 -32 0]=-t,

-1 1 5 =-X, (10)
1 -12 10 | =-x,
-50 -50 -2750 | =P

Any feasible solution of (7) is a feasible solution of (9) and vice versa. Also, the
variables x, and tg of tableau (8) have exchanged places in tableau (10), x,
going from independent in (8) to dependent in (10) and ¢z going from
dependent in (8) to independent in (10).

At this point, the optimal solution is contained in tableau (10) and the
simplex algorithm would terminate. We will see later that there is an easy way
to recognize this point of termination. For now, we content ourselves with
finding the optimal solution in (10). First, examine the objective function of
(10), namely

Plte, t) = — 50t — 50t + 2750

P decreases with increasing t. and tg; since we are trying to maximize P, we
would like to set t- and tg equal to the smallest values possible. Since ¢, t5 = 0,
we put tc =0 and tz =0 to obtain P(0,0) = 2750. This profit is optimal since
any change in the independent variables ¢ and ty decreases expected profits.
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The main constraints of (10) (see also (9)) then give t, =0, x, = 5, and x,; = 10.
Hence the optimal solution to our problem is

x, =10,x, =5,t, =ty =t = 0,max P = 2750,

i.e., the electrical firm should manufacture 10 circuit boards in configuration
#1 and 5 circuit boards in configuration #2 so as to obtain a maximum profit
of $2750. Note also that all available components will be used in this solution
since t, = ty = tc = 0 implies no “slack” materials. This phenomenon will not
always happen of course. After a real-life job is completed, it is reasonable to
expect a surplus of one or more of the materials used.

§3. The Pivot Transformation

Recall the sequence of tableaus from Example 3 of §2:

X, X -1

I 2720 =-t,

2 2130 = -ty

2 1125 )= -te -

- X, -1
-1/2 372 1572 | =-t,

2 12| 252 |=-x, —

C B

Y 0 |=-t,
-1l 5 |=-x,

1 -172 10 | =-x,

~-50 -50 | -2750 |=P

It would be advantageous to have some direct method for obtaining the
second tableau from the first and the third tableau from the second without
taking an equation at each step, solving it for a certain variable, and replacing
every occurrence of this variable in the other equations of the problem by the
resulting expression. Fortunately, there is such a method.
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The pivot transformation is the operation by which we transform a tableau
into a new tableau having exactly the same feasible solutions as the original.
This transformation is crucial to the simplex algorithm, the goal of this
chapter. Pivoting implements the cumbersome “solve and replace every
occurrence of” procedure alluded to above. Without further ado. ..

The Pivot Transformation for Maximum
and Minimum Tableaus

(I) Choose a nonzero pivot entry p inside the tableau, but not in the objective
function row/column or the —1 column/row. (Convention: Pivot entries
are noted by a superscripted asterisk (*).)

(2) Interchange the variables corresponding to p’s row and column, leaving
the signs behind.

3) Replace p by 1/p.

4) Replace every entry ¢ in the same row as p by g/p.

5) Replace every entry r in the same column as p by —r/p.

6) Every entry s not in the same row and not in the same column as p
determines a unique entry g in the same row as p and in the same column as
s and a unique entry r in the same column as p and in the same row as s.

Replace s by (ps — gr)/p.

Note that this algorithm does not tell us how to choose the pivot entry—it
only tells us how to obtain a new tableau from an old tableau once a choice has
been made. The question of best choices for pivot entries will ultimately be
answered by the simplex algorithm. For now, we concentrate purely on the
transformation itself given an initial choice of pivot entry.

(
(
(
(

ExaMPLE 4. Pivot on 5 in the canonical maximum tableau below:

X| X, -1

1 2 3] =-t
4 5 =-t,
7 8 9| =f

We first implement steps (1) and (2) of the pivot transformation:

X, 4 -1
1 2 3| =,
4 5 6| =-x,
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By step (3), 5 gets replaced by 1/5. By step (4), 4 gets replaced by 4/5 and 6 gets
replaced by 6/5. By step (5), 2 gets replaced by —2/5 and 8 gets replaced by
—8/5. We now implement step (6) of the algorithm. To determine the entry
replacing s = 1, find the entries ¢ and r described in step (6):

1 b -1
r=2
q=4 p=5"16|=-x,

X

s=1

7 81 91=t

Now 1 gets replaced by (ps — gr)/p = ((5)(1) — (4)(2))/5 = — 3/5. Similarly, 3
gets replaced by ((5)(3) — (6)(2))/5 = 3/5,7 gets replaced by ((5)(7) — (4)8))/5 =
3/5, and 9 gets replaced by ((5)(9) — (6)(8))/5 = — 3/5. Hence, pivoting on 5
in the original tableau yields the new tableau

X t, -1
-3/5 -2/5 35| =
4/5 1/5 6/5 | =-x,
35 -85 1 -3/5|=f

Convince yourself of this before reading on!

As stated before, the pivot transformation algorithm simplifies the proce-
dure of “solving and replacing every occurrence of " used in §2. One can verify
by computation that the tableau transition above, namely

X, x, -1
I 2] 3]=-t
4 5 16| =,
—_—
7 8| 9|=f
X, 4 -1
=3/5 -2/5 | ¥5)=-
45 1S5 | 6/5|=-x,
35 -8/5 | -3/5|=f
is equivalent to solving the equation 4x, + 5x, — 6 = —t, of the first tableau

for x, and replacing every occurrence of x, in the other equations by the
resulting expression. A more general verification appears as Exercise 10.
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We should remark that, although pivoting is a powerful tool for linear
programming in particular, it is also a powerful tool for the entire field of linear
algebra in general. In fact, most of traditional linear algebra can be studied
from the point of view of the pivot transformation. (One exception is
eigenvalues.) For example, Exercise 11 illustrates how pivoting can be used to
invert a matrix.

§4. An Example: Cost Minimization

In this section, we solve a canonical minimization linear programming
problem using the pivot transformation of §3. We will still not see how the
particular pivot entries are chosen, but such knowledge will follow in due time.

EXAMPLE 5. A feed-mix company is preparing a mixture of three feeds, say feed
#1, feed #2, and feed #3. Each unit of feed #1 contains 1gram of protein,
2 grams of fat, and costs 20 cents; each unit of feed #2 contains 2 grams of
protein, 2 grams of fat, and costs 30 cents; each unit of feed #3 contains 2 grams
of protein, 1 gram of fat, and costs 25 cents. If the mixture of these three feeds
must contain at least 200 grams of protein and at least 150 grams of fat, how
many units of each feed should the company use so as to minimize costs?

Put

x, =# of units of feed #1
x, =# of units of feed #2
x5 =# of units of feed #3.

Then the mathematical reformulation of the problem is

Minimize C(x;,X,,X3)=20x; + 30x, + 25x;
subject to  x; + 2x, 4+ 2x, = 200

2x, +2x, +x3 2150

X1,X2,X3 2 0;

tp = slack variable for protein
tr = slack variable for fat,
then the canonical slack form of the problem is

Minimize C(xq,X,,X3)=20x; + 30x, + 25x,

subject to  x; + 2x, +2x3 —200=1¢;
2x; + 2%, + x5 — 150 =t¢ (11)
tp,lg, X1,X5,X3 2 0.

(11) is recorded in a Tucker tableau as
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X, 1 2 20
X, 2 2 1 30

X, 2 1 25

-1]200 150 0
=t, =t =C

We now use the pivot transformation to determine an optimal solution to
our canonical slack minimization linear programming problem. Verify the
tableau transitions below!

X, 2 2 30
X, A | 25 ——

X | -1/2 32 1572
X, -1 1" 5
tp 172 172 25/2 E—

= X3 = tF =

X, 1 -3/2

te -1 1 5

t 1 -1/2 10

P (12)
-1]-50 -50 -2750

=Xy =X, =C

At this point, an optimal solution is contained in tableau (12). The objective
function of (12) is C(x,, tg, tp) = 5tx + 10tp + 2750. C increases with increasing
tr and tp; since we are trying to minimize C, we would like to set ¢z and tp equal
to the smallest values possible. Since tg,tp = 0, we put t; =0 and 1, =0 to
obtain C(x,,0,0) = 2750. The main constraints of (12) then give

x; +50=1x,
—3/2x; + 50 =x,.
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Examine the first constraint above. x5 = 0 implies that x, + 50 >0, ie., x, =
— 50. Since we already know that x, = 0, no additional information on x, is
gained from this constraint. Examine the second constraint above. x, =0
implies that —3/2x; + 50 = 0, i.e., x; < 100/3. Hence 0 < x, < 100/3 and there

are infinitely many optimal solutions to our problem, namely

0<x, £100/3,
X, = —3/2x, + 50,

x3=x; + 50,
lP == lF == 0,
min C = 2750.

A particular optimal solution (obtained by setting x; = 0) is given by
Xy =0,x, =x3=750,tp = tp =0, min C = 2750,

i.e., a combination of 50 units of feed #2 and 50 units of feed #3 will produce a
minimum-cost mixture satisfying the given nutrition requirements. This
minimum cost is 2750 cents or $27.50.

We conclude our discussion of this example with an interesting note.
Compare the tableau sequence of the cost minimization linear programming
problem above with the tableau sequence of the profit maximization linear
programming problem of §2. Neglecting notation outside of the tableaus, the
minimum tableaus obtained above are exactly the same as the maximum
tableaus obtained in §2!! Furthermore, the minimum cost (in cents) above is
equal to the maximum profit (in dollars) in §2. This suggests a relationship
between canonical maximization and canonical minimization linear pro-
gramming problems—solving a canonical maximization linear programming
problem also solves a related (or dual) canonical minimization linear
programming problem and vice versa. A theoretical treatment of this “duality”
is presented in Chapter 4.

§5. The Simplex Algorithm for Maximum Basic
Feasible Tableaus

In this section, we develop the simplex algorithm for a special type of
maximum tableau. In the succeeding sections of this chapter, we will build on
this algorithm, culminating in a complete simplex algorithm for canonical
maximization and canonical minimization linear programming problems.

Definition 6. Any solution obtained by setting all of the independent variables
of a tableau equal to zero is said to be a basic solution.
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ExampLE 7. Consider the tableau sequence in Example 3 of §2:

X, x, -l
1220 =-t,
2 230| =t
2 1|25 )=ty T
200150 | 0| =P
te X, -1
12 32 152]=-,
-1 51 =t
12 12| 252 |=-x, T
~100 50 -2500J =P
te -1
1 -32 0l=-t,
-1 5| =-x,
1 -1/ 10 | = -x,
-50 -50 | -2750 | =P

The basic solutions of these tableaus are as follows:

First tableau:

X, =X, =0,t, =20ty =30,tc=25P =0

39

(Note that this solution is feasible since it satisfies all of the constraints of the

original problem.)

Second tableau:

te=x,=0,t,=15/2,t5 =5x =25/2, P = 2500

(Note that this solution is feasible since it satisfies all of the constraints of the

original problem.)

Third tableau:

te=ty=0,t, =0,x, =5,x; = 10,P = 2750

(Note that this solution is the unique optimal solution of the linear

programming problem.)
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ExaMpLE 8. Consider the tableau sequence in Example 5 of §4:

X 1 2 |20
X, 2 2 30

2 1| 25 >

= x3 = tF =
x| 1 -3
te | -1 1 5
t 1 ~172 10

-1]-50 -50 | -2750

=Xy TX, =C

The basic solutions of these tableaus are as follows:
First tableau:

X;=X,=x3=0,tp=—200,tp= —150,C=0
(Note that this solution is not feasible since tp, <0 and tg <0.)
Second tableau:

X, =X, =tp=0,x; =100,1z = — 50, C = 2500
(Note that this solution is not feasible since 1z < 0.)
Third tableau:

X, =tg=tp=0,x3=50,x, =50,C = 2750

(Note that this solution is one of the infinitely many optimal solutions of the
linear programming problem.)
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In both examples above, the basic solution of the final tableau gives an
optimal solution of the linear programming problem. This is, in fact, the goal
of the simplex algorithm—to manipulate an initial tableau into a final tableau
whose basic solution is optimal. Also, all basic solutions of the maximization
example were feasible in direct contrast to the basic solutions of the
minimization example. Is this true of maximum tableaus as compared to
minimum tableaus in general? The answer is a resounding NO. (See, for
example, Exercise 12.) The following definition characterizes those maximum
tableaus whose basic solutions are feasible solutions.

Definition 9. Let

(ind. var.’s) -1
I
aj; Ay, ... a;, | bl
ayp @y e By, b,
: : : © | = —(dep. var.’s)
T TP - bm
C, o <, d|=f

be a tableau of a canonical slack maximization linear programming problem.
The tableau is said to be maximum basic feasible if b, b,,...,b,, =2 0.

In a maximum basic feasible tableau, the basic solution is a feasible solution.
Indeed, upon setting all of the independent variables equal to zero, all of the
main constraints reduce to the form

—b; = —(dep. var.),
1.€.,
b; = (dep. var.).

Since b; = 0 for all i, we have
(dep.var.)=0

for all dependent variables; such a solution satisfies all of the constraints of the
original problem and is thus feasible. (What happens if some b; < 07) A similar
argument shows the converse, namely that a maximum tableau whose basic
solution is feasible must be a maximum basic feasible tableau. Our goal in this
section 1s to determine what sequence of pivots, if any, will transform a given
maximum basic feasible tableau into a final tableau whose basic solution is
optimal. The answer is given by the following algorithm.
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The Simplex Algorithm for Maximum Basic
Feasible Tableaus

(1) The current tableau is maximum basic feasible, i.e., of the form

(ind. var.’s) -1
a;, @, ... a;, b,
A1 By - By, b,
: : : © | = —(dep. var.’s)
aml am2 amn bm
C, € ... € d|=f

with b,,b,,...,b, = 0.
(2) If ¢y,¢5,...,¢, 20, STOP; the basic solution of the current maximum
tableau is optimal. (This will be discussed more fully in a moment.)
Otherwise, continue.
(3) Choose ¢;>0.
4 1If ay;,a,j,...,a,;<0, STOP; the maximization problem is unbounded.
(This will be discussed more fully in a moment.) Otherwise, continue.
(5) Compute
min {b;/a;;:a;;>0} =b,/a

1<ism

pJj’

pivot on a,;, and go to (1).
(Note: There may be more than one value of p for which b,/a,,;is minimum.
Choose any such p. (We will say more about this in §8.))

Before illustrating the algorithm above, we look more closely at steps (2)
and (4).

Step (2). If we STOP in step (2), the current tableau is of the form

(ind. var.’s) -1
=0
=()
© | = —(dep. var.’s) (13)
=0
=0 =0 ... =0 d|=f

Since the tableau is maximum basic feasible, the basic solution is a feasible
solution. The objective function given by this tableau is of the form

f =(Z£0)(ind. var.) + ( £ 0)(ind. var.) + --- + ( < 0)(ind. var.) — d;
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since we are trying to maximize f, we would like to set those independent
variables having negative coefficients equal to the smallest values possible,
namely zero. While zero coefficients do not force the corresponding independ-
ent variables to be zero, one can always obtain a feasible solution by setting
such variables equal to zero anyway. Hence, the basic solution is also an
optimal solution since any increase in those independent variables having
negative coefficients decreases f. In general, zero coefficients here imply the
possible existence of optimal solutions that are not basic since the correspond-
ing independent variables are not forced to be zero. Moral: (13) is the tableau
form that terminates the simplex algorithm for maximum basic feasible
tableaus with a basic solution that is optimal (and possibly other optimal
solutions as well).

Step (4). We begin by recalling (and formalizing) a definition from Chapter 1.

Definition 10. A canonical maximization (respectively minimization) linear
programming problem is said to be unbounded if the constraint set is
unbounded and the objective function is not bounded above (respectively
not bounded below) on this constraint set.

Hence, an unbounded linear programming problem has no maximum (or
minimum) since there are feasible solutions that make the objective function of
the problem arbitrarily large (or small). Unboundedness in linear program-
ming problems should be viewed as pathological. Most real-life linear pro-
gramming problems will have well-defined solutions if properly posed. It is,
however, a bonus that our algorithm recognizes such pathology and
terminates. If we STOP in step (4), the current tableau is of the form

X -1
=0 =]
<0 =()
: * | = -(dep. var.’s) (14)
=0 =0
>0 d|=f

J

Now set all of the independent variables except x equal to zero. All of the main
constraints reduce to the form

(£0)x — (= 0)= —(dep. var.),
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1e.,
(£0)x +(=£0)= —(dep. var.).
If x is nonnegative, we have

(=0)= —(dep. var.),
ie.,
(dep. var.) = 0;

such a solution satisfies all of the constraints of the original problem and is
thus feasible. But, as x — o0, we have

f=(>0)x—d- o0,
i.e., we can make f arbitrarily large by increasing x. Moral: (14) is the tableau
form that terminates the simplex algorithm for maximum basic feasible
tableaus with an unbounded linear programming problem.

We now illustrate our algorithm with two examples.

ExaMPpLE 11. Apply the simplex algorithm above to the maximum tableau

X, X -1
2 1 8| =-t,
2110 =-t

30 50| 0 =f

The parenthetical numbers below correspond to the steps of the simplex
algorithm for maximum basic feasible tableaus.

(1) The initial tableau is clearly maximum basic feasible.

(2) We proceed to step (3) since ¢; =30 and ¢, = 50 are both positive.

(3) We can choose either ¢; =30 or ¢, =50. For definiteness, we choose
¢, =30.

(4) We proceed to step (5) since a,, =2 and a,; =1 are both positive.

(5) Min {b,/a,, = 8/2,b,/ay; = 10/1} =b,/a,;.

Pivot on a,:
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X -1
172 172 4 | =-x,
-1/2 372 6 |=-¢

-15 35| -120 | =f

Go to step (1).

(1) The current tableau is clearly maximum basic feasible.

(2) We proceed to step (3) since ¢, = 35 is positive.

(3) We must choose ¢, = 35.

(4) We proceed to step (5) since a,, = 1/2 and a,, = 3/2 are both positive.
(5) Min {b,/a;, =4/(1/2), by/az, =6/(3/2)} = b, /ay,.

Pivot on a,,:

t X ~1
172 1/2 4| =-x,
-1/2 3°2° 6| =-t ;

-15 35 -120| =f

t, t, -1
273 -113 2 | =-x,
-13 23 4 |=-x,

-10/3 -70/3 | -260 | =f

Go to step (1).

(1) The current tableau is clearly maximum basic feasible.
(2) c¢y,¢, £0; STOP; the basic solution of the current maximum tableau is
optimal. This optimal solution is

t;=t,=0,x, =2,x, =4, max f = 260.

Example 11 is the simplex algorithm solution of Example 1 of Chapter 1.
The constraint set is
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X2

(0, 5) ¢ 2. 4

(0.0) 4.0

It is interesting to note what the simplex algorithm is doing geometrically here.
Consider the x; and x, values of the basic solutions of the three tableaus in
Example 11:

(xl ’ x2)
Tableau #1 0,0)
Tableau #2 4,0)
Tableau #3 2,4)

We see that the basic solutions correspond to extreme points of the constraint
set and that each pivot simulates a movement from one extreme point to an
adjacent extreme point along a connecting edge.

X2

0.5) 2.4

0,0 (4.0

Such facts are true in general for maximum basic feasible tableaus. Basic
feasible solutions correspond to extreme points of constraint sets in the
geometric sense. The simplex algorithm is designed so that the transition
between basic feasible solutions of any two successive maximum tableaus
(simulated by movement from one extreme point to another along a
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connecting edge) does not decrease the value of the objective function. Hence
each tableau transition maintains or increases the value of the objective
function. Usually, after a finite number of tableau transitions, a maximum
value of the objective function is reached or the simplex algorithm detects
unboundedness. In rare instances, the objective function may maintain the
same value repeatedly without the simplex algorithm terminating with a
maximum value or a detection of unboundedness. This phenomenon will be
discussed in §8.

ExampLE 12. Apply the simplex algorithm above to the maximum tableau

X, X -1

-1 1 1| =~
1 -1 3=-t,
1 2 0|=f

The parenthetical numbers below correspond to the steps of the simplex
algorithm for maximum basic feasible tableaus.

(1) The initial tableau is clearly maximum basic feasible.

(2) We proceed to step (3) since ¢; =1 and ¢, =2 are both positive.

(3) We can choose either ¢; =1 or ¢, = 2. For definiteness, we choose ¢; = 1.
(4) We proceed to step (5) since a,; =1 is positive.

(5) Min {b,/a,, =3/1} =b,/a,, (obviously!).

Pivot on a,;:

X, X -1

-1 1 = -t
" -1 | 3=
1 2 0|=f
b % -l

1 0 =-t,
1 -1 3 =-X,
-1 3 |-31]=f

Go to step (1).

(1) The current tableau is clearly maximum basic feasible.
(2) We proceed to step (3) since ¢, = 3 is positive.
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(3) We must choose ¢, = 3.
(4) a,,,a,, £0; STOP; the maximization problem is unbounded.

The constraint set of Example 12 is

X2

0, 1)

- Vi
—X +x2—1?_’ (0. 0)

/

It is clear that the objective function f(x;,x,)=x; +2x, can be made
arbitrarily large on this constraint set by considering feasible solutions farther
and farther away from the origin. The movement within the constraint set
given by the basic solutions of successive tableaus is illustrated below:

X2
(0, 1)'///
X1
(0,0) 3,0)

Note that the unboundedness is detected at the point (3,0). The algorithm
terminates because the objective function is not bounded above on the
“infinite edge” of the line x; — x, = 3. (On the line x, — x, =3, we have

flxy,x2) =% +2x, =(x; +3) + 2x, =3x, + 3.
Now f(x;,Xx,)— 00 as x, = 00.)

We conclude this section with two important notes on the simplex
algorithm for maximum basic feasible tableaus. First of all, this algorithm
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preserves the maximum basic feasibility of a tableau, i.e., if an initial tableau is
maximum basic feasible, then every subsequent tableau obtained via this
algorithm will also be maximum basic feasible. This fact can be helpful in
locating arithmetic mistakes in the b-columns of the tableaus. Secondly, when
choosing the positive c;in step (3), it is advantageous to use some foresight and
examine all positive ¢’s and all a’s above these ¢’s. If you can find just one
positive ¢ corresponding to a column of nonpositive a’s, then the linear
programming problem is unbounded and the algorithm terminates. This is
true even if there is some other positive ¢ having positive a’s in its column! Exploit
the leniency built into this choice of the positive ¢; whenever you can!

§6. The Simplex Algorithm for Maximum Tableaus

So far, we have an algorithm for finding optimal solutions, if they exist, of
canonical maximization linear programming problems having maximum
basic feasible initial tableaus. What if the initial tableau of a canonical
maximization problem is not maximum basic feasible? Before we can apply the
algorithm of §5, we must convert the maximum tableau into a maximum basic
feasible tableau. The algorithm below consists of the algorithm of §5 together
with additional preliminary steps which perform the necessary conversion.

The Simplex Algorithm for Maximum Tableaus

(1) The current tableau is of the form

(ind. var.’s) -1
a5, 3y, - In b,
2 %y A b,
: © | = —(dep. var.’s)

aml am2 amn bm

C, G ... € d|=f
(2) f by, b,,...,b,, 20, go to (6). Otherwise, continue.
(3) Choose b, <0 such that i is maximal.
4) Ifa;,a;,,...,a, 20, STOP; the maximization problem is infeasible. (This

will be discussed more fully in a moment.) Otherwise, continue.
(5) Ifi=m,choose a,,; <0, pivot on a,,;, and go to (1). If i < m, choose a;; <0,

compute
r’?ip({bi/aij}u{bk/akj:akj>0})-—- b,/a,;,
pivot on a,;, and go to (1).
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(Note: There may be more than one value of p for which b,/a,; is minimum.
Choose any such p. (We will say more about this in §8.))
(6) Apply the simplex algorithm for maximum basic feasible tableaus (§5).

Before illustrating the algorithm above, we look more closely at step (4).
Step (4). We begin by recalling (and formalizing) a definition from Chapter 1.

Definition 13. A canonical maximization or canonical minimization linear
programming problem is said to be infeasible if it has no feasible solutions.

Hence an infeasible linear programming problem has an empty constraint set.
As with unboundedness, infeasibility in linear programming problems should
be viewed as pathological. Even though most real-life problems have feasible
solutions if properly posed, it is advantageous that our algorithm recognizes
the existence of infeasibility and terminates. If we STOP in step (4), the current
tableau is of the form

(ind. var.’s) -1

The equation given by the i'* row of this tableau is

(= 0)(ind. var.) + ( 2 0)(ind. var.) + --- + (= 0)(ind. var.) — (< 0) = — x,
ie.,

(2 0)(ind. var.) + (2 0)(ind. var.) + --- + (2 0)(ind. var.) + (> 0) = — x.

Since all of the independent variables are nonnegative in any feasible solution,
we have
— x>0,
ie.,
x<0

which is impossible since dependent variables are nonnegative in any feasible
solution. Hence the maximization problem has no feasible solutions.
Moral: (15) is the tableau form that terminates the simplex algorithm for
maximum tableaus with an infeasible linear programming problem.

We now illustrate our new algorithm with two examples.
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ExaMPpLE 14. Apply the simplex algorithm above to the maximum tableau

-2 4| 0} =f

The parenthetical numbers below correspond to the steps of the simplex
algorithm for maximum tableaus.

(1) The initial tableau is clearly a maximum tableau.

(2) We proceed to step (3) since b, = — 3 is negative.

(3) We must choose b, = — 3.

(4) We proceed to step (5) since a;; = — | and a,, = — 2 are both negative.

(5) Wecan choose either a,; = — 1 or a,, = — 2. For definiteness, we choose
a;, = —1. Since 1 =i <m=3, we compute

min({b,/a;; = — 3/~ 1} uib,/a,, =3/1,bs/ay, = 2/1})=bs/as;.

Pivot on a,;:

1 = -t —_
-2 4 0| =f

o -l

I -1} -1} =-t

-1 0 1| =-t,

1 1 2| =-x,

2 6 41 =f

Go to step (1).

(1) Obviously!

(2) We proceed to step (3) since b, = — 1 is negative.
(3) We must choose b, = — 1.

(4) We proceed to step (5) since a;, = — 1 is negative.
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(5) We must choose a;, = — 1. Since 1 =i <m = 3, we compute

min({b;/a,,= —1/— 1}u{bs/as, =2/1})=b,/ay,.

Pivot on a,,:

ty X -1

1 -1 | -1|=-t
-1 0 1| ==t

1 1 210l=-x, —
2 6 4 | =f

t t -1

Go to step (1).

(1) Obviously!

(2) by,b,,b;3 20, ie., the tableau is maximum basic feasible. Go to step (6).

(6) Apply the simplex algorithm for maximum basic feasible tableaus (§5).
(This is left as an exercise for the reader.)

ExaMPLE 15. Apply the simplex algorithm to the maximum tableau

The parenthetical numbers below correspond to the steps of the simplex
algorithm for maximum tableaus.

(1) The initial tableau is clearly a maximum tableau.

(2) We proceed to step (3) since b, = — 3 is negative.

(3) We must choose b, = —3.

(4) We proceed to step (5) since a;; = — 1 and a,, = —1 are both negative.
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(5) We can choose either a,; = — 1 or a;, = — 1. For definiteness, we choose
a;; = — 1. Since | =i <m=2, we compute

min({b,/a;, = —3/— 1} u{b,/a,, =2/1})=b,/a,,.

Pivot on a,:

X, x -l
-1 -1 ]-3|=-,
I 1| 2)=-
2 -4 0| =f
b % -l
1 0 |=-1]|=-1
1 2 | =-x
-2 -6 |-4=f
Go to step (1).
(1) Obviously!
(2) We proceed to step (3) since b, = — 1 is negative.
(3) We must choose b; = — 1.
(4) a,q,a;, = 0; STOP; the maximization problem is infeasible.

Hence the constraint set of this canonical maximization linear program-
ming problem is empty. This can be seen without graphing by looking at the
main constraints of the original problem, namely

—X;—Xx, =3
X, + X, 22

Multiplying both sides of the first constraint by — 1, we obtain

Xy +x,23
X +x,52.

Since a quantity can never by greater than or equal to 3 and less than or equal
to 2 simultaneously, this canonical maximization problem is infeasible.

We conclude this section with two important notes on step (3) of the simplex
algorithm for maximum tableaus. The choice of b, < 0 with maximal i in this
step assures that all nonnegative b’s below b; remain nonnegative in the new
tableau after pivoting. This can be helpful in locating arithmetic mistakes in
the b-columns of the tableaus. Note, though, that the maximality of i is
unimportant for the determination of infeasibility in step (4). Any row asin (15)
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implies an infeasible canonical maximization linear programming problem,
regardless of its row index. Hence, do not apply step (3) blindly; if you can find
just one negative b corresponding to a row of nonnegative a’s, the linear
programming problem is infeasible and the algorithm terminates. This is true
even if there is some other negative b (possibly with maximal i) having negative a’s
inits row! Exploit the fact that the determination of infeasibility is independent
of the choice of maximal i in step (3) whenever you can!

§7. Negative Transposition; The Simplex Algorithm
for Minimum Tableaus

To obtain a simplex algorithm for canonical minimization linear program-
ming problems, we use a simple trick to convert minimum tableaus into
maximum tableaus whence the algorithm of §6 can be implemented. This trick
is called negative transposition.

Definition 16. The negative transpose of the minimum tableau

Xp a3 - 3y, <
X |12 3y - 8y )
X, |8, 8, - 8y c, (16)
“1|b, b, ..b | d
=t, =t .=t =g
is the maximum tableau
X, X, X, -1
A Tapp e T8y -by | =t
—8y) Ty -a,, | <by | =t
. (17)
_aml _amZ _amn —bm - _tm
-, G -C, -d | =-g

and vice versa.

Note that every column of the minimum tableau becomes a negated row in
the maximum tableau except for the column outside of the tableau containing
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the independent variables and — 1 which becomes a row but is not negated. By
looking at the equations represented by these tableaus, we see that every
equation of the minimum tableau has been multiplied by — 1 in the maximum
tableau. This is the only difference effected by this tableau transition—
multiplication of each equation of the minimum tableau by — 1 simply gives
the form we are accustomed to seeing in a maximum tableau, namely the
negated dependent variables to the east.

Now we can solve (17) by using the simplex algorithm for maximum
tableaus in §6. (17) maximizes the objective function —g; the original
minimization problem of (16) was to minimize the objective function g. Is there
a relationship between the two quantities max (— g) and min g? The answer is
(not surprisingly) YES—min g is the negative of max (—g). Hence we have

The Simplex Algorithm for Minimum Tableaus

(1) The initial tableau is of the form

ay &y - 3y <

Ay, Ay - B )

(ind. var.’s) : : : :
a, ay, ... a_ c,

-1|{b, b, ..b | d

= (dep. var.’s) =g

(2) Take the negative transpose of the tableau to obtain a maximum tableau.
(3) Apply the simplex algorithm for maximum tableaus (§6).
4) Ming = —max(—g).

A remark is in order here. Algorithms for minimum tableaus not involving
negative transposition exist. (For example, go back and look at the solution of
the cost minimization problem in §4; negative transposition was not used.) We
postpone a discussion of these algorithms until Chapter 4. Until then, our
approach to solving canonical minimization linear programming problems
will be negative transposition to maximum tableau form and the application of
the simplex algorithm for maximum tableaus.

ExaMPLE 17. Apply the simplex algorithm above to the minimum tableau

20 25 | 300
x, | 40 20 | 500

~1{ 1000 800 0
=t1 =t2 =g
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The parenthetical numbers below correspond to the steps of the simplex
algorithm for minimum tableaus.

(1) The initial tableau is clearly a minimum tableau.

(2

x, [ 20 25 | 300

X, 40 20 500 -
-1 | 1000 800 0

=t <t =g

X, X, -1

-20 -40 | -1000 | = -t,
-25 -20 | -800 | = -t

-300 -500 0=-g

20 40 | -1000 | = -t,
-25 -20° | -800 | =-t,

-300 -500 0|=-8

300 2| 600 |=-t,
5/4 -1/20 40 | =

325 -25 | 20000 | =-g

g 4 -l
1/30 -1/15 20 | = x,
-1/24 1730 15 | = -x,

-65/6 -10/3 | 13500 | = -g

The optimal solution to the maximization problem is

ti=1t,=0,x;, =20,x, = 15, max(—g) = — 13500.



§7. Negative Transposition 57

(4) The optimal solution to the original minimization problem is

t;=t,=0,x, =20,x, =15 ming = —max ( — g) = 13500.

Example 17 is the simplex algorithm solution of Example 2 of Chapter 1.
The constramt set is

(0, 40))6%

(20, 15) e~ /
X1

(50,0

Consider the x,; and x, values of the basic solutions of the three maximum
tableaus in step (3) above:

(x1,%2)
Tableau #1 0,0)
Tableau #2 (0,40)
Tableau #3 (20, 15)

The movement exhibited by these basic solutions in the constraint set diagram
is illustrated below:

N\

(0, 40)

. 4

(50, 0)
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Note that the basic solutions of the second and third tableaus of step (3) are
feasible while the basic solution of the first tableau is not feasible. There is a
good reason for this—only the second and third tableaus of step (3) are
maximum basic feasible tableaus! Recall that, in general, the simplex
algorithm transition between maximum basic feasible tableaus is designed so
that the objective function (—g in this particular case) is not decreased. Hence
each such transition maintains or increases the value of the objective function,
usually until either a maximum value is reached or the algorithm detects
unboundedness. In rare cases, a phenomenon known as cycling occurs; we
discuss this phenomenon now.

§8. Cycling
We begin with an example due to E.M.L. Beale ([B2]).

ExaMPLE 18. Consider the linear programming problem

Maximize f(x, X, X3, Xx4) = 3/4x; —20x, + 1/2x; — 6x,
subject to  1/4x, — 8x, — x5+ 9x, <0

1/2x; — 12x, — 1/2x3 + 3x, <0

x3 =<1

X1, X4,X3,X4 = 0.

Six simplex algorithm pivots are performed below. While it is not intended
that you verify these computations, make sure that you see that all pivots have
been made in accordance with the simplex algorithm.

X, Xy X3 Xy -1
/4 -8 -1 9 01 =-t
12 -12 =172 3 01=-t
0 0 I 0 =-t, ——>

34-20 1”2 -6 | 0| =f

t X, X5 X, -l
4 -32 -4 36 0| =-x
-2 4 32-15 0]=-t
0 0 1 0 1)=-t, —*

-3 4 72-33 | 0] =f
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ot X, X, -1
12 8 8 -84 | 0
-1/2 1/4 38 -15/4 | ©
0 0 1 0
-1 -1 2 -18 | 0=
Y t X, X, -1
{—3/2 I 1B 212 | 0] =
/16 -1/8 -3/64 3/16" | 0| =
32 -1 -8 21”2 | 1=
\
L 2 -3 -1/4 3] 0l=
t) L X5 X -1
2 6-52 56| 0
V3 23 -1/4 163 | 0 =
26 52 -56
|1 -1 12 -6 | 0=
R SR T
12 -3 -5/4 28 { = -t
“1/6 173 16 -4 | 0=
i1 0 0 0 =
L—I/Z 2 4 -44 | 0| =
Xy Xgo X X -l
-1 9 114 8]0
-2 3 1»-12]0
1 0 0 01
12 -6 34-20 | 0
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Note that the seventh tableau above is the same as the initial tableau up to a
rearrangement of the first four columns. Hence the seventh tableau is no closer
to an optimal solution than the initial tableau!! (Needless to say, this is quite
frustrating!!) Since transitions between maximum basic feasible tableaus
maintain or increase the value of the objective function, it is not surprising that
the basic solutions of successive tableaus above have not increased the value of
the objective function at all—it remains at 0 in all seven tableaus.

The phenomenon in the example above is known as cycling. Cycling is rare;
in fact, until quite recently, it was thought that cycling never occurred in
practical problems, all of the pertinent examples having been artificially
constructed. Then, in 1977, Kotiah and Steinberg ([K1]) discovered a
nonartificial class of linear programming problems involving queueing theory
which cycled. Hence, in this section, we give rules which prevent cycling.
Inasmuch as cycling is a rare phenomenon, we make no guarantee of constant
adherence to these rules in this book. While anticycling rules should certainly
be a part of any computer implementation of the simplex algorithm, we treat
cycling as an unfortunate infrequent occurrence rather than something that
warrants constant special attention.

In each tableau of Example 18, the pivot choice is not uniquely determined
by the simplex algorithm. (For example, 1/2 and 1 are acceptable alternate
pivot entries in the initial tableau, 3/2 is an acceptable alternate pivot entry in
the second tableau, 3/8 is an acceptable alternate pivot entry in the third
tableau, etc.) In a sense, our particular pivot choices contributed to the cycling!
We can remedy the phenomenon of cycling by placing additional require-
ments on the choice of pivot entries in those instances when more than one
entry meets the pivoting requirements of the simplex algorithm. These
pivoting rules are due to R.G. Bland ([B3]).

Simplex Algorithm Anticycling Rules

List all variables, both independent and dependent, appearing in the initial
tableau. (The ordering of the variables in the list is not important as long as the
rules below are implemented in a manner consistent with this list.) Any pivot
entry is determined uniquely by a pivot row and a pivot column. The rules
below determine this row and column.

Rule #1 (Determination of pivot row). Whenever there is more than one
possible choice of pivot row in accordance with the simplex algorithm, choose
the row corresponding to the variable that appears nearest the top (or front) of
the list.

Rule #2 (Determination of pivot column). Whenever there is more than one
possible choice of pivot column in accordance with the simplex algorithm,
choose the column corresponding to the variable that appears nearest the top
(or front) of the list.
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A reminder. Don’t get too engrossed in the application of these rules—
before proceeding with any choice of pivot row or pivot column, examine the
tableau for infeasibility or unboundedness.

We now iltustrate how the anticycling rules eliminate the problem of cycling
in Example 18.

ExaMPLE 19. Apply the simplex algorithm with anticycling rules to the initial
maximum tableau of Example 18 below:

34-20 12 -6 | 0| =f

We choose x,,x,,x3,X4,0,¢,,t5 as our list of variables. In the initial
tableau, we have two choices for a pivot column, namely the first column
(corresponding to ¢, = 3/4) and the third column (corresponding to ¢ = 1/2).
Since the first column corresponds to the variable x, and the third column
corresponds to the variable x5, we choose the first column as our pivot column
in accordance with Rule #2 of the anticycling rules. We now have two choices
for the pivot row, namely the first row (b, /a,, = 0/(1/4) = 0} and the second
row (b,/a,, = 0/(1/2) = 0). Since the first row corresponds to the variable ¢,
and the second row corresponds to the variable t,, we choose the first row as
our pivot row in accordance with Rule #1 of the anticycling rules. Hence we
pivot on 1/4 as in Example 18 to obtain the second tableau

tox, X x, -1
4-32 -4 36 01 =-x
-2 4 32-15 0]=-t
0 o 1 0 1]=-t

-3 4 12-33 | 0=f1

In this new tableau, we have two choices for a pivot column, namely the second
column (corresponding to ¢, =4) and the third column (corresponding to
¢5 = 7/2). Since the second column corresponds to the variable x, and the third
column corresponds to the variable x5, we choose the second column as our
pivot column in accordance with Rule #2 of the anticycling rules. The choice
for the pivot row is then determined by the simplex algorithm and we pivot on
4 as in Example 18 to obtain the third tableau
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-

DL oxox -l

-12 8 8 -84 0| =-x

-172 1/4 3/8 -15/4 0]=-x,
0 0 1 0| 1|=-t

-1 -1 2 -18 0| =f

In this new tableau, the choice for the pivot column is determined by the
simplex algorithm but there are two choices for the pivot row, namely the first
row (b, /a, , = 0/8 = 0) and the second row (b, /a,3 = 0/(3/8) = 0). Since the first
row corresponds to the variable x; and the second row corresponds to the
variable x,, we choose the first row as our pivot row in accordance with
Rule #1 of the anticycling rules. Hence we pivot on 8 as in Example 18 to
obtain the fourth tableau
4 t, X, X, -1

32 1 1B =212 | 0 =-x,
1/16 -1/8 -3/64 /16 | 0 | = -x,
2 -1 -1/8 212 | 1|=-t

2 -3 -14 3 0|=f

In this new tableau, we have two choices for a pivot column, namely the first
column (corresponding to ¢, = 2) and the fourth column (corresponding to
¢, =3). Since the first column corresponds to the variable ¢, and the fourth
column corresponds to the variable x,, we choose the fourth column as our
pivot column in accordance with Rule #2 of the anticycling rules. The choice
for the pivot row is then determined by the simplex algorithm and we pivot on
3/16 as in Example 18 to obtain the fifth tableau

U T

2 -6 -52 56| 0]=-x
3 <23 -1/4 163 | 0| =-x,
2 6 52 =56 | 1]=-1

t

1 -1 12 -16 | 0} =1

In this new tableau, we have two choices for a pivot column, namely the first
column (corresponding to ¢, = 1) and the third column (corresponding to
¢, = 1/2). Since the first column corresponds to the variable ¢, and the third
column corresponds to the variable x,, we choose the third column as our
pivot column in accordance with Rule #2 of the anticycling rules. (Note that
the first column was chosen as the pivot column at this point in Example 18.)
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The choice for the pivot row is then determined by the simplex algorithm and
we pivot on 5/2 (instead of 2 as in Example 18) to obtain the sixth tableau

| L 4 X, -1

0 0 1 0] 1]=-x
215 -1/15 /10 -4/15 | /10 | = -X,
-4/5 12/5 U5-112/5 US| =-x

t

75 -11/5 -1/5 -24/5 | -1/5| =f

The pivot in this new tableau is uniquely determined by the simplex algorithm
so that no anticycling rules are necessary. The reader should verify that a pivot
on a,; = 2/15 results in a tableau whose basic solution is optimal. Hence, the
cycling problem of Example 18 has been remedied.

§9. Concluding Remarks

We have now developed the simplex algorithm with anticycling rules, a
complete procedure for solving canonical maximization and canonical
minimization linear programming problems. Canonical maximization and
canonical minimization linear programming problems fall into four classes:

(i) infeasible linear programming problems,

(1) unbounded linear programming problems,

(ili} linear programming problems having bounded constraint sets for which
the optimal values of the objective functions are attained at extreme
points, and

(iv) linear programming problems having unbounded constraint sets for
which the optimal values of the objective functions are attained at extreme
points.

The simplex algorithm with anticycling rules effectively handles all four classes
above. In classes (1) and (ii), the algorithm terminates with a tableau indicating
the infeasibility or unboundedness; in classes (iii) and (iv), the algorithm
terminates with a tableau whose basic solution is optimal irrespective of the
boundedness or unboundedness of the constraint set. In addition, the simplex
algorithm is much more efficient than the geometric approach of Chapter 1.
For example, the geometric approach of Chapter 1 applied to a canonical
linear programming problem with 15 main constraints and 10 variables would
involve finding and testing up to

25
(10) > 3200000

candidates for extreme points. The simplex algorithm, on the other hand,
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would only require between about 13 and 50 pivot steps. The simplex
algorithm is also easily implemented on a computer.

EXERCISES

1. Consider the canonical maximum tableau below:

Xy -1

1 2 3| =t
4 5 =_t2
7 8 9| =f

a. In the notation of (1) of §1, state the canonical maximization linear program-
ming problem represented by the tableau above.
b. Explain why the initial tableau for the simplex algorithm solution of the linear
programming problem
Maximize f(x,y)=7x+8y—9
subjectto x+2y=3
4x+5y =26
x,y=0
is not the tableau above.
¢. Pivot on 4 in the tableau above.
d. Describe the tableau transition of part ¢ in terms of the “solving and replacing
every occurrence of” procedure demonstrated in §2.

2. Consider the canonical minimum tableau below:

x{1 2 3
yl4 5 6
-117 8 9

=‘l=t2 =g

a. In the notation of (3) of §1, state the canonical minimization linear program-
ming problem represented by the tableau above.
b. Explain why the initial tableau for the simplex algorithm solution of the linear
programming problem
Minimize g(x,y)=3x+6y—9
subjectto x+4y=<7
2x+5y <8
x,y=0
is not the tableau above.
c. Pivot on 4 in the tableau above.
d. Describe the tableau transition of part ¢ in terms of the “solving and replacing
every occurrence of” procedure demonstrated in §2.
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3. a. Describe the tableau transitions in Example 5 in terms of the “solving and
replacing every occurrence of” procedure demonstrated in §2.
b. Interpret the condition tp, =ty = 0 in the optimal solutions of Example 5.

4. Solve each of the linear programming problems in Exercise 3 of Chapter 1 by using
the simplex algorithm. In each problem, illustrate the movement in the constraint
set diagram exhibited by the basic solutions of successive tableaus. [Note: When
illustrating the movement in a minimization problem, ignore the negative
transposition step to maximum tableau form.]

5. Solve each of the canonical linear programming problems below by using the
simplex algorithm.

a. Maximize f(x,y)=x
subjectto x+y=<1

x—yz1
y—2xz=1
xyz0

b. Minimize g(x,y)=y— 5x
subjectto x—~y=1

y=38
x,y20
¢. Minimize g(x,y,z)=—x—y
subjectto 3x+6y+2:<6
y+zz=1
%y,220
X -1
d. Y
1 -1 3| =-t
-2 1y 2=
2 -1 0)=f
e.
-2 1 ]-3
1 -2 -2
-1 1 0 0
=tl=t2 _g
x y -1
f.
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6. a. Solve the canonical linear programming problem below by using the simplex
algorithm with anticycling rules corresponding to the list x,y,t,,t,,t5.

x y -l

3 2 1| =-t
-9 -2 0] =-t,

3 1 0] =ty

3 2| 1)=f

b. Sketch the constraint set corresponding to the problem in part a and illustrate
the movement in the constraint set diagram exhibited by the basic solutions of
the successive tableaus in part a.

7. The canonical programming problem below (due to H.-W. Kuhn and given in [B1])
will cycle after six particular simplex algorithm pivots. (The ambitious reader is
invited to find these pivots and confirm this.) Solve the problem by using the
simplex algorithm with anticycling rules.

X, Xy Xy X, -1
-2 -9 1 9 0= -t
1/3 1 -173 -2 0= -t

2 3 -1-12 ] 2| =t

2 3 -1-12 1 0)=f

8. Each of the canonical linear programming problems below has infinitely many
optimal solutions. Solve each of the linear programming problems by using the
simplex algorithm and find all optimal solutions. [Note: In the exercises of
Chapter 3 and Chapter 4, an increasing emphasis will be made on finding all
optimal solutions of linear programming problems having infinitely many optimal
solutions. For this reason, complete discussions of the problems below may be
found in the answers section in the back of this book.]

Xy z w -1

1o 11 -1 3 =~
11 -1]3]=-
1 2 2 4|0]=f

b.

-1 -1 | -1
-1 1 | -1
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9. Solve each of the linear programming problems below.

a. A nut company makes three different mixtures of nuts having the following
compositions and profits per pound:

Peanuts Cashews Pecans Profit
Mixture ! 100%, 0% 0% $2
Mixture 2 80% 15% 5% $1.50
Mixture 3 60% 309, 109, $1

The management of the company decides that it wants to produce at least twice
as much of mixture 3 as of mixture 2 and at least twice as much of mixture 2 as of
mixture 1. The company has 500 pounds of peanuts, 250 pounds of cashews,
and 100 pounds of pecans available. If all production can be sold, how many
pounds of each mixture should be produced so as to maximize profits?

b. A hotel rental service needs to have clean towels for each day of a three-day
period. Some of the clean towels may be purchased new and some may be dirty
towels from previous days that have been washed by a laundry service. The cost
of new towels is $1 per towel, the cost of a fast one-day laundry serice is 40¢ per
towel, and the cost of a slow two-day laundry service is 25¢ per towel. If the
rental service needs 300, 200, and 400 clean towels for each of the next three days
(respectively), how many towels should the rental service buy new and how
many should the rental service have washed by the different laundry services so
as to minimize total costs?

10. Consider the canonical maximum tableau below:

11.

If a;; # 0, prove that pivoting on a;; is equivalent to solving the ™" equation of the
tableau for the j'* variable and replacing every occurrence of this variable in the
other equations of the tableau by the resulting expression.

(This problem is an application of the pivot transformation to linear algebra.) Let
A =[a;],., be a square matrix. Form the tableau

X, X, X, -1

ay; a8y, a1, 01 =~
31 By e Ay 0 =-t
a ;| @, .- a, 01 =-t
0 0 0 0| =f
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Then it is a fact that it is. possible to transform the tableau above into the tableau

O N -1
’ ’ ’ = _
a;, ap ... a 0 X,
. ) ) - _
a,, a5, ... Ay 0 X,
. . ' -_
A Ay - % 0 Xq
0 0 0 0 =f

via a sequence of pivot transformations and possibly a rearrangement of rows
and/or columns if and only if A'=[a;j;],.,=A~'. Use this fact to invert the
matrices below if possible. [Note: Do not use the simplex algorithm here to
determine pivot entries; choose pivot entries that will move the x’s from north to
east and the t’s from east to north. Also, since the last row and the last column of all
tableaus will always be zero, they may be deleted without any harm.]

1 1 0
alo 11
(10 1
1 -1 0
blo 11
1 01
01 23
123 2
“123 21
3210

. a. Find a necessary and sufficient condition for the minimum tableau

1| 311 @y e 8 <
X1 812 3y - 3y )

xn aln a2n amn cn

=t, =t .=t =g

to have a feasible basic solution.

b. Does the tableau satisfying the condition in part a but viewed as a maximum
tableau necessarily have a feasible basic solution?

c. Find a necessary and sufficient condition for the tableau
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X X X -1
Yi |3 4 4, b,
Yy | 8 3y - By b,
ym aml am2 ' amn bm
-1]¢ ¢ ...oc d

=5, =5,.. =8, =g
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viewed as a maximum tableau to have a feasible basic solution and viewed as a
minimum tableau to have a feasible basic solution.

13. In the simplex algorithm for maximum basic feasible tableaus, the choice of

positive ¢; in step (3) is unrestricted. It is shown in [R2] that restrictions on the
choice of positive ¢; in this step effectively reduce the number of pivoting
operations required in the simplex algorithm, especially for large linear program-
ming problems. Two such restrictions are discussed below.

a. Replace step (3) of the simplex algorithm for maximum basic feasible tableaus

with

(3') Choose the most positive c; > 0.

Apply this new simplex algorithm for maximum basic feasible tableaus to the
linear programming problem of Example 11. Illustrate the movement in the
constraint set exhibited by the basic solutions of successive tableaus above and
compare this movement with the movement exhibited in Example 11.

b. Replace step (3) of the simplex algorithm for maximum basic feasible tableaus

with

(3) For each ¢;> 0, compute

p;= min {b;/a;;:a;>0}.

1<i€m

Choose the c; for which p;c; is most positive.

Apply this new simplex algorithm for maximum basic feasible tableaus to the
canonical linear programming problem below:

Xy z -1l
I 2 4
2 1 5|5
32 016
1 2 3160




CHAPTER 3

Noncanonical Linear
Programming Problems

§0. Introduction

The simplex algorithm discussed in Chapter 2 solves canonical maximization
and canonical minimization linear programming problems. The important
properties that characterize a canonical linear programming problem (in this
book at least) are the nonnegativity of the initial independent variables and the
inequality form of the main constraints. However, easy modifications of the
algorithms of Chapter 2 enable the solution of certain noncanonical linear
programming problems. The concern of this chapter is the formalization of
these modifications. Our linear programming solution procedure will conse-
quently apply to a broader class of problems. In addition, the solution of
the noncanonical problems here will be crucial to our first application in
Chapter S.

§1. Unconstrained Variables

Definition 1. A real variable in a linear programming problem is said to be
unconstrained if there is no nonnegativity constraint on the variable.

The first type of noncanonical linear programming problem has canonical
maximization or canonical minimization form except that there may not be
nonnegativity constraints on all of the independent variables, i.e., some of
these variables may be unconstrained. Fortunately, such a problem is easily
transformed into an equivalent linear programming problem in canonical
form plus a number of filed equations. We illustrate with several examples.
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EXAMPLE 2.
Maximize f(x,y)=x+ 3y
subject to x+2y=<10
—3x—y< —15.
In this problem, both x and y are unconstrained. Before we illustrate the
solution procedure, we sketch the constraint set of this problem:

4L —3x —y=-15

N

(4,3)

~ X
% e

On the basis of this constraint set, can you guess the outcome of the problem?
We begin by recording the problem in a Tucker tableau as usual. To record
the fact that x and y are unconstrained, we circle those variables.

OIOM

12| 10| =-t
-3 -1 | -15 | =t

Note that slack variables are always constrained to be nonnegative. Our goal
now is to pivot each unconstrained independent variable down to the east.
Since the tableau represents a noncanonical linear programming problem, the
simplex algorithm of Chapter 2 is not used for this. The simplex algorithm only
applies to canonical linear programming problems! The acceptable pivot
entries are d,,,d,,,d,;, and a,,; in a noncanonical maximum tableau (or
canonical maximum tableau for that matter), never pivot on any entry in the
—1 column or the objective function row. The most convenient of these pivots
for our purposes is a;; =1 or a,, = — 1 since all tableau entries will remain
integral after pivoting. We choose a, , = 1 for definiteness; pivoting on 1 moves
x down to the east:
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OO -

1~ 2 10 | =-t,
-3 -1 | -15]|=-
pivot
1 3 0=t do):vn

L@
12| 10]=-®
5

3 15 | =,

-1 1| -10] =f

Since x is unconstrained, the equation represented by the first row of the new
tableau represents no constraint on t, or y. Notice, however, that this equation
will enable us to solve for x if we know t, and y. We hence file the equation
corresponding to the x row (for future use) and delete that row from the

tableau:
. @

35| 15| =

_
file equation

t, +2y-10=-x;
delete x row

-1 1| -10]=f

To pivot y down to the east, we must use a;, = 5:

O

35| 15] =

1 1 |-10|=f Pivot

ys vs | 3(=-Q)

-8/5 -1/5 | -13 | =t

Since y is unconstrained, the equation represented by the first row of the new
tableau represents no constraint on t; or t,. Notice, however, that this
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equation will enable us to solve for y if we know t; and t,. We hence file the
equation corresponding to the y row (for future use) and delete that row from
the tableau:
t, 1%} -1
— -85 -1/5 | -13 | =¢
file equation
35t + /5t -3 =-y;
delete y row

This tableau is now in canonical form since all independent variables are
constrained to be nonnegative. (Remember: slack variables are always
constrained to be nonnegative!) At this point, we would ordinarily use the
simplex algorithm to manipulate this canonical tableau into basic solution
optimal form. However, the basic solution of the final tableau above is clearly
optimal since any change in ¢, or ¢, would decrease f. Hence, the optimal
solution to the noncanonical maximization linear programming problem is
given by

t;=t,=0, max f=13,

y =3 (from second filed equation),

x =4 (from first filed equation).

In view of the constraint set for this problem, this seems like a natural answer
since the only extreme point is located at (4, 3). But one must be careful with
predictions as the following example illustrates.

EXAMPLE 3.
Maximize f(x,y)=x+ 3y
subject to x+2y <10
Ix+y=<15

As in Example 2, both x and y are unconstrained. The constraint set of this
problem is sketched below:

(4,3)

X
«“L-x+2y=10
L3 +y=15

Can you guess the outcome of this problem?
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Again, we record the problem in a Tucker tableau, pivot on a convenient
entry that moves an unconstrained independent variable to the east, file the
equation corresponding to the row of the unconstrained variable pivoted, and
delete that row from the tableau:

OO -

| ) 10 | =-¢
3 1 150=-t, _
pivot
1 3 0=f X
down

file equation
-1 1| -10)=f *2y-10=-x
delete x row

, @ -

3 -5 [ -15] =,

-1 1| -10]=f

Now pivot y down to the east, file the equation corresponding to the y row, and
delete that row from the tableau:

@ -

35 | -15| =

-1 1 |-10|=f

b -1
ys-15 | 3|=-(v)

= file equation
3/5t, - 1/5t, -3 =-y;
delete y row

-85 1/5 | -13
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t t -1
-8/5 1/5 | -13 | =t¢

The final tableau above is in canonical form since all independent variables
are constrained to be nonnegative. (Remember: Slack variables are always
constrained to be nonnegative!) As in Example 2, we would ordinarily use the
simplex algorithm at this point to manipulate this canonical tableau into basic
solution optimal form. But the objective function f can clearly be made as
large as we please by putting ¢, = 0 and letting ¢, —» co. Hence, the noncanon-
ical maximization linear programming problem is unbounded. This may be a
surprise in view of the constraint set. The linear programming problem does
not have an optimal solution at the lone extreme point of the constraint set
as in Example 2. How could one move in the constraint set so as to force
f(x,y)=x+ 3y to get arbitrarily large? One answer is sketched below:

4,3)

Since we are moving on the line x + 2y = 10, we have x = 10 — 2y and

f,y)=x+3y=(10-2y) + 3y =10+ y.

Now, if we move as above, we have y— oo whence f(x, y) - 0.

EXAMPLE 4. Solve the following modification of Example 3 above:

Maximize f(x,y)=x+3y

subject to x+2y <10
Ix+y=<15
x=0.

Here, only y is unconstrained. The constraint set of the problem is sketched
below:
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y
(0, 5) 4, 3)
X
“-x+2=10
“U-3x+y=15

On the basis of Example 3, the outcome of this problem should be obvious. By
requiring that x be nonnegative, we have effectively removed the unbounded-
ness from Example 3 since points having larger and larger y values have been
removed from the constraint set. Hence, in view of the movement which
produced unboundedness in Example 3, we would conjecture that this
modified problem should now have an optimal solution at the extreme point
(0,5). We now substantiate our conjecture.

x@ -1

1 2 10 | =-t,
31 15y=-t, ___,
pivot
1 3 0|=f dozm
X -1
-5 =2 -=20}|=-
3 1 15)=- _

file equation
-8 -3 | -45 | =f 3x+t, - 15=-y;
delete y row

-5 -2 | -20| =,

-8 -3 | -45| =f

Note that the final tableau above is in canonical form since all independent
variables are constrained to be nonnegative. Hence, we apply the simplex
algorithm:
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X 4 -1
-5-2" | <20 =-t

1

—_

_8 -3 | -45| =f  simplex
algorithm

(Note that there are two pivot choices in the tableau above. What pivot choice
would we have made if we were using the anticycling rules with corresponding
list x,¢,,t,7)

b S -1

2 -12 | 10| =-t,

-12 =32 | -15| =¢

The basic solution of the tableau above is optimal. Hence the optimal solution
of the noncanonical maximization linear programming problem is given by

x=t;=0, t,=10, max =15,
y =15 (from filed equation)

and our conjecture is proved.

Minimization linear programming problems with unconstrained independ-
ent variables are handled similarly. Each unconstrained independent variable
in the minimum tableau is pivoted down to the south and corresponding
columns are filed and deleted. Once a canonical minimum tableau is obtained,
the simplex algorithm is applied.

§2. Equations of Constraint

The second type of noncanonical linear programming problem has canonical
maximization or canonical minimization form except that there may be some
equality constraints among the initial variables instead of inequality con-
straints only. When we say equality constraints, we mean equations prior to
the introduction of slack variables. Such equations of constraint are assigned
slack “variable” 0 when written in slack form; this 0 is then exploited to obtain
an equivalent linear programming problem in canonical form. We illustrate
with several examples.

EXAMPLE 5.
Maximize f(x,y,z)=2x+y—2z
subjectto x+y+:z=1
y+dz=2
x,y,z20.



78 Chapter 3. Noncanonical Linear Programming Problems

Note the equation of constraint y + 4z = 2. This equation can be rewritten
in the form

y+4z—2=—-0;

this form corresponds to the usual slack form of a main constraint of a
canonical maximization linear programming problem except that the slack
“variable” is 0. It is highly recommended that the sign in front of the 0 be
included; as with the sign of any other slack variable, this sign will stay behind
when variables are interchanged during pivoting. We now record the problem
in a Tucker tableau:

xy z -1

1] 1] ==t
0 1 4{2|=-0

2 1-210)=f

We wish to pivot the 0 up to the north. As with unconstrained variables, the
simplex algorithm of Chapter 2 is never applied to a noncanonical tableau.
Hence, we merely need to choose the most convenient pivot for our purposes.
The acceptable pivot entries are a,, and a,5; again, never pivot on any entry in
the —1 column or the objective function row of any maximum tableau. The
most convenient of these pivots is a,, = 1 since all tableau entries will remain
integral after pivoting:

x y z -1
1 1 1 1|=-t
01 4 2|1=-0

x 0 z -1
1 -1-3]-1]=-t
0 1 4 2| =-y

2-1-6|-2]|=f

Now the second column of the new tableau above never enters into the main
constraints or objective function of this tableau since every entry is multiplied
by 0. We may then delete this column without any loss of information:



§2. Equations of Constraint 79

X Zz -1
1 -1 =
> 0 4 2| =-y
delete
0 2-6|-2|=f
column

This tableau is now in canonical form since all 0 slack “variables” have been
removed from the tableau. Hence, we apply the simplex algorithm:

x z -1
-3 -1]=-t

0 4 2=~y ___
simplex
2 - | -2 | =f algorithm

X ot -1
-1/3 -1/3 173 | =-z
4/3 4/3 23 | =-y

0 -2 0| =f

The basic solution of the final tableau above is optimal. Hence an optimal
solution of the noncanonical maximization linear programming problem is
given by

x=t;=0, z=1/3, y=2/3, max f=0.

The constraint set (which is a bounded region in the plane y + 4z = 2) and the
basic optimal solution of this problem are sketched below:

y+dz=2 (0,2/3,1/3)
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EXAMPLE 6.
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Maximize f(x,y,z)=x+4y+2z
subject to x+2y+3z=<6

4x —Ty=128
M%Zgo'

We record the problem in a Tucker tableau, pivot on the most convenient
entry that moves the slack “variable” 0 to the north, and delete the column

corresponding to this O:

delete
0
column

x y z -1
1 2 3 6| =-t
4 -7 0128|=-0
1 4 2 0|=f1
0 vy z -1
-1/4 154 3 | -1 |=-t,
1/4 -7/4 0 7 |=-x
-1/4 23/4 2 | -7 |=f
y z -1
154 3 | -1| =-t,
-1/4 0 7| =-x
234 2 | -7} =f

The final tableau above is in canonical form since all 0 slack “variables” have
been removed from the tableau. The simplex algorithm applied to this tableau
immediately yields infeasibility by the first row. Hence, the noncanonical
maximization linear programming problem is infeasible. The constraint set
(which must be empty since the linear programming problem has no feasible

solutions) is sketched below:

x+2y+3z2=6

4x — Ty =28
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Minimization linear programming problems with equations of constraint
are handled similarly. Each equation of constraint in the minimum tableau is
associated with an = 0 column; each such slack “variable” 0 is pivoted up to
the west and corresponding rows are deleted. Once a canonical minimum
tableau is obtained, the simplex algorithm is applied.

We conclude this section with an example of a noncanonical linear
programming problem which combines the two types of noncanonical
behavior discussed in this chapter.

ExaMPLE 7.
Maximize f(x,y,z)=x+2y+z
subjectto x+y+z=6
x+y<t
x,z=0.

In this problem, we have an equation of constraint given by x +y+z=6
and an unconstrained independent variable y. Not surprisingly, we simulta-
neously use both of the methods that have been developed in this chapter.
Recording the problem in a Tucker tableau, we obtain

x@z -1

Now, our goal is to pivot the unconstrained independent variable y down to
the east and the slack “variable” O up to the north. We can accomplish both of
these at the same time by choosing the correct pivot, namely a,, = 1. (Under
what circumstances would we not be able to pivot an unconstrained
independent variable down to the east and a slack “variable” O up to the north
at the same time?) Then the filing and deletion of the y row and the deletion of
the O column proceed as before. The complete solution of the noncanonical
maximization linear programming problem follows.

x@z -1

L1 1| 6]|=-0
110 | 1]|=-

pivot y down;
1 2 1 |0)=f pivot 0 up
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x 0 z -1

111 6=—@

0-1-1{ -5|=-t

file equation

-1-2-1{-12|=f Xx+tz-6=-y
delete y row;

delete 0 column

X z -1
0-1° =5 =
—>
1 _ _ simplex
1 -1 12 f algorithm

0 -1 Si=-z

|-1 -1 | -7]|=f

The basic solution of the final tableau above is optimal. Hence the optimal
solution of the noncanonical maximization linear programming problem is
given by

x=t,=0, z=5, max f=7,

y =1 (from filed equation).

The constraint set (which is an unbounded region in the plane x + y + z = 6)
and the optimal solution of this problem are sketched below:
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§3. Concluding Remarks

We summarize the crucial ideas of §1 and §2.

(i) Unconstrained independent variables in noncanonical tableaus always get
pivoted down—from north to east in maximum tableaus and from west to
south in minimum tableaus. (Remember: Never pivot on any entry in the — 1
column/row or the objective function row/column of any tableau.)

(i) Slack “variables” of 0 (corresponding to equations of constraint) in
noncanonical tableaus always get pivoted up—from east to north in
maximum tableaus and from south to west in minimum tableaus. (Again, never
pivot on any entry in the —1 column/row or the objective function
row/column of any tableau.)

(iii) In noncanonical maximum tableaus, rows corresponding to pivoted
unconstrained variables are filed and deleted. In noncanonical minimum
tableaus, columns corresponding to pivoted unconstrained variables are filed
and deleted.

(iv) In noncanonical maximum tableaus, columns corresponding to slack
“variables” of 0 are deleted. In noncanonical minimum tableaus, rows
corresponding to slack “variables” of 0 are deleted.

(v) Never apply the simplex algorithm until the noncanonical tableau has been
transformed into a canonical tableau. A canonical tableau is a tableau having
no unconstrained independent variables and no slack “variables” of 0.

EXERCISES

1. Solve each of the noncanonical linear programming problems below. If a linear
programming problem has infinitely many optimal solutions, find all optimal
solutions.

a. Maximize f(x,y,z)=x—y+z
subject to x+y=2
z—y23
2x+2z<8

b. Maximize f(x,y,z)=x+y+z
subject to x—y—z<2
y—zz21

c. Minimize g(x,y,z)=3x+y+2z
subject to  x +2y+ 32224
2x+4y+3z=36
x,y,z20

d. Minimize g(x,y,z)=3x+y+ 2z
subject to x+2y+3z224
2x +4y +3z=36
»zz0
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e. Maximize f(x,y,z)=x+y+z
subjectto x+y+z=<3
x+y=1
y+2z=2
x,y=0

f. Maximize f(x,y,z)=3x—2y+ 3z
subjectto x—y+2z=6
x+2z=8
y+2z22
y,z220

g. Minimize g¢g(x,y,z)=—5x+y—2z
subject to 2x+z=0
x—yz=1
3x—y+z=3

h. Maximize f(x,y)=x+y
subjectto 2x+y=35
x—y=-2
x+3y=6
x,y=0

Label each of the following statements TRUE or FALSE. If the statement is FALSE,
provide a counterexample.

a. A noncanonical linear programming problem with more unconstrained inde-
pendent variables than constraints is unbounded. (See, for example, part b of
Exercise 1 above.)

b. A noncanonical linear programming problem with more equations of constraint
than independent variables is infeasible. (See, for example, part h of Exercise 1
above.)

The noncanonical linear programming problem of Example 5 has infinitely many
optimal solutions. Find all optimal solutions and graph these optimal solutions on
the constraint set diagram of Example 5.

Show that the noncanonical linear programming problem

Maximize f(x,y,z)=2x+y—2z
subject to x+y+z=1
y+4z=52
x,y,220

has the same optimal solution as that of (5) in Chapter 1. Sketch the constraint set
and indicate this optimal solution.

Sketch the constraint set for each noncanonical linear programming problem below.
On the basis of this constraint set, formulate a conjecture as to whether or not the
solution of the given problem is the same as the solution of the associated canonical
linear programming problem where all independent variables are constrained to be
nonnegative. Verify your conjecture by solving both linear programming problems.
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a. Maximize f(x,y)=x+y
subject to x +4y <12
x—4y< —4
b. Minimize g(x,y)=x+2y
subject to x+y=1
4x —4y=1
c. Maximize f(x,y)=—x+2y
subjectto —x+ys —1
2x—y<s =2
d. Minimize g(x,y)=—x—y
subject to —x+2y=1
x—-y=21

6. An alternate method for transforming a linear programming problem with
unconstrained independent variables into canonical form is to replace every
unconstrained independent variable by the difference of two independent variables
constrained to be nonnegative. This produces an equivalent canonical linear
programming problem which is solved by using the simplex algorithm. For
example, the linear programming problem of Example 4, namely

Maximize f(x,y)=x+ 3y
subject to x+2y<10
3x+y=<15
x =0,

M

is noncanonical since the variable y is unconstrained. Put y=y*" —y~ with
y*,y~ = 0. Replacing every yin (1) by y* — y~, we obtain the equivalent canonical
linear programming problem

Maximize f(x,y",y )=x+3y*t -3y~

subject to x+2y" —2y” <10 @
3x+yt—y £15 )
xy",y 20,

which is solved by using the simplex algorithm.

a. Solve (2) above.
b. Use the solution of (2) along with y=y* —y~ to solve (1). Compare your
solution with that obtained in Example 4.

7. An alternate method for transforming a linear programming problem with
equations of constraint into canonical form is to replace every equation of
constraint by two inequality constraints. This produces an equivalent canonical
linear programming problem which is solved by using the simplex algorithm. For
example, the linear programming problem of Example 5, namely

Maximize f(x,y,z)=2x+y—2z
subjectto x+y+z=1
y+4z=2
x,5,220,
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is noncanonical due to the equation of constraint y+ 4z =2. Replacing this
equation by the two inequality constraints y + 4z <2 and y + 4z = 2, we obtain the
equivalent canonical linear programming problem

Maximize f(x,y,z)=2x+y—2z
subjectto x+y+z=<1
y+4z<52 3)
y+4z=22
x,,z20
which is solved by using the simplex algorithm. Solve (3) by using the simplex
algorithm and compare your solution with that obtained in Example 5.
8. Solve Example 7 by using the methods of Exercise 6 and Exercise 7 above.

9. Discuss some disadvantages of the methods of Exercise 6 and Exercise 7 above.
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Duality Theory

§0. Introduction

The concept of duality is of fundamental importance in linear programming.
This chapter is devoted to a theoretical treatment of duality with the goal of
gaining a greater understanding of the relationships that exist between dual
linear programming problems. These relationships, although interesting from
a purely mathematical viewpoint, are crucial to many applications, some of
which are investigated more deeply in Chapter 5, Chapter 6, and Chapter 7.
The treatment of duality presented here is, in large part, due to A.W. Tucker.

§1. Duality in Canonical Tableaus

Recall that the canonical maximization linear programming problem of 2§2
had initial tableau

X, X% -1
2120 =-t,
2130 =-t5
1125 = -te
200 150 0| =P

and that the canonical minimization linear programming problem of 2§4 had
initial tableau
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1 220
x| 2 2|30
x| 2 125

-1 200 150 0

p “tg =C

Furthermore, exactly the same pivot steps solved both linear programming
problems (although, at this point, we would use a different procedure than that
in 2§4 to solve the minimization problem) and max P was equal to min C. This
suggests an intimate relationship between these two linear programming
problems. Do similar relationships exist in general? The answer to this
question is a resounding YES; it is the purpose of this chapter to examine these
relationships.

Any canonical tableau can be interpreted both as a canonical maximization
linear programming problem and a canonical minimization linear program-
ming problem. For example, the canonical tableau

L Xy e X -1
Yi| 3 3 - 8y b | =
Ya| &1 3p e 3y, | by =Y

X

ym aml am2 mn m m
-1} ¢ ¢ c, d|=f
=S, =S, ... =5, =g

represents the canonical slack maximization linear programming problem
given by the variables to the north and east (ignoring the variables to the west
and south) and the canonical slack minimization linear programming problem
given by the variables to the west and south (ignoring the variables to the north
and east).

Definition 1. Any pair of canonical maximization and canonical minimization
linear programming problems corresponding to the same tableau as above are
said to exhibit duality or be duals of one another. The tableau of dual canonical
linear programming problems is said to be a dual canonical tableau.

Questions concerning the behavior of dual canonical linear programming
problems instantly arise; we conclude this section with some questions that
will be answered in forthcoming sections. Consider an arbitrary canonical
maximization linear programming problem and its dual canonical minimi-
zation linear programming problem. If one of these linear programming
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problems has an optimal solution, must the other linear programming
problem also have an optimal solution? More generally, what combinations
are possible? (For example, a given canonical maximization linear program-
ming problem can have an optimal solution, be infeasible, or be unbounded.
The same is true for a given canonical minimization linear programming
problem. Now, how many of the 32 = 9 different combinations are possible?) If
both linear programming problems have optimal solutions, does the optimal
value of the maximum objective function have to equal the optimal value of the
minimum objective function? On the basis of your knowledge at present,
formulate answers to these questions. Your intuition may prove to be correct!

§2. The Dual Simplex Algorithm

The simplex algorithm of Chapter 2 views all canonical linear programming
problems from the perspective of canonical maximization linear programming
problems, i.e., canonical maximization linear programming problems are
handled directly and canonical minimization linear programming problems
are transformed into equivalent canonical maximization linear programming
problems by negative transposition. It is possible, however, to view all
canonical linear programming problems from the perspective of canonical
minimization linear programming problems and transform canonical max-
imization linear programming problems into equivalent canonical minimi-
zation linear programming problems by negative transposition. What follows
1s this dual form of the simplex algorithm of Chapter 2. It is not suggested that
this dual simplex algorithm be committed to memory. It does, however, have
certain important theoretical ramifications as we will see. For now, be content
with noticing the obvious similarity and duality of the algorithms.

Definition 2. Let

a8y e Ay b,

a1 By e Ay b,

(ind. var.’s) : : : :
an; A2 4nn bm

-ibe oo d
= (dep. var.’s) =g

be a tableau of a canonical slack minimization linear programming problem.
The tableau is said to be minimum basic feasible if ¢,,c,,...,¢, = 0.

In a minimum basic feasible tableau, the basic solution is a feasible solution
(see Exercise 12a in Chapter 2).
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The Dual Simplex Algorithm for Minimum Tableaus

(1) The current tableau is of the form

a5 g e Ay b,

Ay &y - By b,

(ind. var.’s) : : : :
an am2 co 8np bm

“lle o o d

= (dep. var.’s) =g

(@) If ¢y, cp,...¢, =0, go to (6). Otherwise, continue.

(3) Choose c¢; > 0 such that j is maximal.

4 If ay, az;..., a,; <0, STOP; the minimization problem is infeasible.
Otherwise, continue.

(5) If j = n, choose a;, >0, pivot on a;,, and go to (1). If j <n, choose a;; > 0,
compute

I:lir_l({cj/aij} Uic/ay: ag <0}) = c,/a;,
>j

pivot on g;,, and go to (1).

(6) The current tableau is minimum basic feasible, i.e., of the form

a;; a, .. a;, b,
A1 By .- Ay, b,
(ind. var.’s) : : : :
aml am2 amn bm
-lle ¢ .o d
= (dep. var.’s) =g
with ¢, ¢,,..., ¢, Z0.

(7) If by, b,,..., b, =0, STOP; the basic solution of the current minimum
tableau is optimal. Otherwise, continue.
(8) Choose b; < 0.
©) If a;,a:5,...,a;, =0, STOP; the minimization problem is unbounded.
Otherwise, continue.
(10) Compute

min {c;/a;;:a;; <0} =c,/a

ips
1<j<n

pivot on a;,, and go to (6).
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The Dual Simplex Algorithm for Maximum Tableaus

(1) The current tableau is of the form

(ind. var.’s) -1
ap 3y e Ay b,
3 @y e Byp b,
: : : | = —(dep. var.’s)
aml am2 amn bm
C, € . G d|=f

(2) Take the negative transpose of the tableau to obtain a minimum tableau.
(3) Apply the dual simplex algorithm for minimum tableaus.
(4) Max f = —min(—g).

In some sense, it would be foolish to spend time learning the dual simplex
algorithm above, primarily since it is simply a restatement of the simplex
algorithm of Chapter 2 in dual form. However, the dual simplex algorithm is of
prime theoretical significance. Assume that we have a pair of dual canonical
linear programming problems recorded in a dual canonical tableau. Note that
any single pivot transformation transforms the maximization problem into an
equivalent maximization problem having the same feasible solutions as the
original and transforms the minimization problem into an equivalent
minimization problem having the same feasible solutions as the original.
Assume that the maximization problem is not infeasible or unbounded. If the
simplex algorithm of Chapter 2 is applied to this maximization problem and
we make sure that variables corresponding to pivot entries are interchanged in
the dual minimization problem as well as the maximization problem, the
algorithm terminates in a basic optimal solution for the maximization
problem with the tableau in the form

(ind. var.’s) -1
=0
20
(ind. var.’s) ! { = —(dep. var.’s)
20
-1 =0 =0.. =0 d|=f

= (dep. var.’s) =g
But the basic solution of the minimization problem is also optimal since the
dual simplex algorithm terminates with the tableau in the same form! Hence
the existence of an optimal solution for a canonical maximization linear
programming problem implies the existence of an optimal solution for its dual
canonical minimization linear programming problem. The converse is true;
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simply “dualize” the above argument. (Assume that we have a pair of dual
canonical linear programming problems recorded in a dual canonical tableau
and assume that the minimization problem is not infeasible or unbounded. If
the dual simplex algorithm is applied to this minimization problem and we
make sure that variables corresponding to pivot entries are interchanged in
the dual maximization problem as well as the minimization problem, the
algorithm terminates in a basic optimal solution for the minimization problem
with the tableau in the form above. But the basic solution of the maximization
problem is also optimal since the simplex algorithm of Chapter 2 terminates
with the tableau in the same form! Hence the existence of an optimal solution
for a canonical minimization linear programming problem implies the
existence of an optimal solution for its dual canonical maximization linear
programming problem.) Hence, the existence of an optimal solution for one
canonical linear programming problem implies the existence of an optimal
solution for its dual linear programming problem. Now assume that we have a
pair of optimal solutions of dual canonical linear programming problems.
Since all optimal solutions of a linear programming problem yield the same
objective function value (otherwise, some of the solutions would not be
optimal!) and since one such pair of optimal solutions for the maximization
and minimization problems arises from the basic solutions of a dual canonical
tableau in the form above, we have f=g=d. We have just proven the
following theorem.

Theorem 3. If a canonical maximization linear programming problem has an
optimal solution, then the dual canonical minimization linear programming
problem has an optimal solution and vice versa. Furthermore, dual canonical
linear programming problems with optimal solutions have f=g at these
solutions. O

As an additional consequence of the agreement of the tableau forms that
terminate both the simplex algorithm of Chapter 2 and the dual simplex
algorithm of this chapter in optimal solutions, we note that canonical
minimization linear programming problems with optimal solutions can be
solved directly by applying the simplex algorithm of Chapter 2 to the dual
canonical maximization linear programming problem—no negative transpo-
sition is required. Two linear programming problems are being solved for the
price of one! Nice!

ExaMPLE 4. The tableau sequence

\ I 2] 20)=-t
\A 2230 =-
;| 2 1 [25)|=¢ —

-11200 150 0)=f

=sl =52 =g
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X ~-1
Y, -172 372 152 | = -
\A -1 r 50=-t,

5, 12 12 252 | =—x, —*

-1]-100 50 | -2500 | =t

=Y¥; TS, =g
4 P -1
\ 1 -372 0]=-t
S, -1 1 5| =-x,
s, 1 -172 10 | =-x,

-1} -50 -50 | -2750 | =f

=y, =V, =g

solves the linear programming problems of 2§2 and 2§4 simultaneously
without negative transposition. (Note the notation change from 2§2 and 2§4.)
Verify for yourself that the simplex algorithm of Chapter 2 is being implement-
ed in the maximization linear programming problem.

ExaMPLE 5. Solve the dual canonical linear programming problems below:
X, X -1

v, | 20 25 | 300|=-t
y, | 40 20 | 500 |=-t

-1 | 1000 800 0 |=f

=S

1 7% =g

We apply the simplex algorithm of Chapter 2 to the maximization linear
programming problem, making sure that variables corresponding to pivot
entries are interchanged in the dual minimization problem as well as the
maximization problem.

v, | 20 25 | 300]=-t
v, | 40" 20 | 500 |=-t

-1 | 1000 800 0|=f1
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L X -1
y, | -12 15 50 | =-t
s, | a0 12| 252 |=-x

-1 | -25 300 | -12500 | =f
= y2 = 52 = g
) t -1
s, |-1/30 1/15 10/3 | =-x,
s, 1/24 -1/30 65/6 | = -x,

-1{ -15 -20|-13500 | =f

=y, =y, =8
The basic solution of each linear programming problem in the final tableau
above is optimal:
t,=t;=0, x,=10/3, x,=065/6, maxf = 13500,
s,=5,=0, y,=15 y1 = 20, min g = 13500.

A remark is in order here. The minimization linear programming problem
above is the same as that in 2§7. (Note the notation change from 2§7.) The
simplex algorithm for minimum tableaus applied there required negative
transposition and only solved one linear programming problem. In contrast,
we have solved two linear programming problems above and have eliminated
the negative transposition step. More solutions with less work!

A consequence of the fact that the existence of an optimal solution for a
canonical linear programming problem implies the existence of an optimal
solution for its dual canonical linear programming problem is that, if a
canonical linear programming problem is infeasible or unbounded, then the
dual canonical linear programming problem must be infeasible or unbounded.
Are all four combinations of pathology possible? Experiment with some
examples and formulate some conjectures!

§3. Matrix Formulation of Canonical Tableaus

Consider the dual canonical tableau

X, Xy o X -1
Yy | 8y 3. 3 b | =Y
Yo | %1 8y - % | by =Y
: : : : : : 1)
ym aml am2 amn bm =_-tm
-l ¢ ¢ c, d|=f
=s, =S, ... =8§ =g
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Letting
a,; A, - Ay b,
A= B @ e | g |02 ety o o q) D=[d),
e S R b‘m
Y1 51
X=[x, x, - x,], Y= y:z , T= t:Z , and
Ym b
S=[s; S5 - S,
we have that (1) becomes
X -1
Y A B | =-T
2)
-1 C D | =f
=5 =g

We can now reformulate the dual canonical linear programming problems of
(2) in terms of matrix equations:
Matrix reformulation of canonical maximization linear programming
problem of (2):

Maximize f=CX'—D
subject to AX'—B=-T
X, T=0.

Matrix reformulation of canonical minimization linear programming
problem of (2):

Minimize ¢g=Y'B—D
subject to Y'A—-C=S§
Y,§=0.

Here, ' denotes the transpose of a matrix. Also, a matrix being greater than or
equal to zero is to be interpreted as every entry of that matrix being greater
than or equal to zero. These matrix reformulations allow concise and accurate
representations of dual canonical linear programming problems which are
useful in the theory of duality that follows. Before continuing, make sure that
you can clearly see how these matrix equations represent the canonical slack
forms of the maximization and minimization linear programming problems
of (1). Substitute the relevant matrices and perform the indicated operations!
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(For example, f = CX'— D if and only if

f=ley ¢ - cdlxy xp - x,1'—I[d]
=[c; ¢ -+ ¢ [ x| —[d]

X2
X,

=c;X;+ X+ cpx,—d

which is the maximization objective function of (1). Also, AX'—B= —T if
and only if

Ay Q12 o Gy b, Iy

a?l a.22 ces a‘zn [x1 x2 . xn]t— b:z — tz

An1 Gma " Oy b.m b

if and only if

a;; 4ap; ain Xy b, ty
azy Qi azp Xy | b, | _ |t
Apy Ama 0 Qg Xn bm |

if and only if

a1 Xy +ax,+ - +a,x,—b,=—1,
Ay Xy + 33X, + - +ay,x,— b, = —1,
A1 Xy F Ao Xy + - + Ay Xy — by = — L

which are the main maximization constraints of (1).)

§4. The Duality Equation
Much of the theory of duality presented in this book relies on the following
theorem due to A.W. Tucker known as the duality equation. In what follows,

we assume all notation developed in §3.

Theorem 6 (The Duality Equation). For any pair of feasible solutions of dual
canonical linear programming problems, we have

g—f=SX'+ YT
Before proving this theorem, we illustrate it with an example.

ExaMPLE 7. Consider the dual canonical tableau
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X, X, -l
i1 2 31 =-
14 5 6| =-t,

-117 8 9|=f

=sl=52 =g

We first construct a feasible solution to the canonical maximization linear
programming problem. Let x, = 1 and x, = 1/3 (for example). Then t; = 4/3
by the first row of the tableau and t, = 1/3 by the second row of the tableau.
Since all of x,, x,, t;, and ¢, are nonnegative, this solution to the canonical
maximization linear programming problem is feasible. The value of f at this
feasible solution is 2/3 from the third row of the tableau. Next, we construct a
feasible solution to the canonical minimization linear programming problem.
Let y;, =1 and y, =2 (for example). Then s, =2 by the first column of the
tableau and s, = 4 by the second column of the tableau. Since all of y;, y,, 51,
and s, are nonnegative, this solution to the canonical minimization problem is
feasible. The value of g at this feasible solution is 6 from the third column of the
tableau. Now

g—f=6—2/3=16/3

and
SX'+Y'T=[s, 52]|:XI:| + [y, h]l:tl:l
X5 2]

B 1 4/3
=[2 4][1/3]+ [1 2][1/3]
=2+4/3+4/3+2/3
=16/3,

ie.,

g—f=SX'+Y'T!
We now prove Theorem 6.

ProoF (of Theorem 6). From the matrix reformulations of the canonical
maximization and the canonical minimization linear programming problems
in §3, we obtain the equations

f=CX'—D
B=AX'+T
g=YB—-D
C=Y'4A-S.

Now
g—f=(Y'B—D)—(CX'—-D)
=Y'B-CX'
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=YX+ T)—(Y'A— S)X*

=YAX'+ Y'T - Y'AX'+ SX'

=Y'T+ SX'

=SX'+ Y'T. 0

Note that only the matrix forms of the objective function and the main
constraints were used in the proof of the duality equation above; the
nonnegativity constraints were not used. Hence the duality equation is also
true for solutions to dual canonical linear programming problems that are
infeasible in terms of the nonnegativity constraints only, i.e., solutions which
satisfy all main constraints but which violate one or more nonnegativity
constraints. The duality equation does not hold if an infeasible solution
violates a main constraint!

The duality equation has several corollaries which begin to address the
questions at the end of §1.

Corollary 8. For any pair of feasible solutions of dual canonical linear
programming problems, we have

g2/
(Note that this is certainly true for Example 7!)

PRrOOF. Since the solutions of the dual canonical linear programming problems
are feasible, every entry of S, X', Y’, and T is nonnegative. Hence, SX' +
Y'T = 0. Since

g—f=SX'+Y'T
by the duality equation, we have g— f =20 or g 2 f. O

Corollary 9. (i) If a canonical maximization linear programming problem is
unbounded, then the dual canonical minimization linear programming problem is
infeasible.

(ii) If a canonical minimization linear programming problem is unbounded, then
the dual canonical maximization linear programming problem is infeasible.

PrOOF. (i) Assume, by way of contradiction, that the maximization linear
programming problem is unbounded and that the dual minimization linear
programming problem has a feasible solution. By Corollary 8, this feasible
solution must yield a value for g that is greater than or equal to the value of f
for any feasible solution to the maximization problem. But since the
maximization problem is unbounded, feasible solutions for this problem exist
for which f — 0. Hence no such feasible solution corresponding to a value for
g can exist and the minimization linear programming problem is infeasible.
(ii) The proof is similar to (i). O
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Note that Corollary 9 rules out the possibility of ever encountering dual
unbounded canonical linear programming problems.

Corollary 10. Any pair of feasible solutions of dual canonical linear programming
problems for which f = g are optimal solutions.

PRrOOF. No other feasible solution can increase the value of f since, if it could,
we would have f > g, contradicting Corollary 8. Similarly, no other feasible
solution can decrease the value of g. Hence the given feasible solutions are
optimal solutions. Il

A caution is in order here. Corollary 10 does not say that, if a canonical
linear programming problem has an optimal solution, then the dual canonical
linear programming problem also has an optimal solution. It does not even
guarantee that dual canonical linear programming problems both having
optimal soluions will necessarily have f = g at these solutions. Both of these
statements are, however, true by Theorem 3. Corollary 10 only assures the
converse of this latter statement, namely that any pair of feasible solutions of
dual canonical linear programming problems which yield the same values at
the canonical maximization and the canonical minimization objective func-
tions must be optimal solutions.

We conclude this section with a brief discussion of the topic of complemen-
tary slackness. Complementary slackness is an important consideration in
sensitivity analysis (not discussed in this book; see, for example, [R2]) and has
played an important role in the development of many algorithms in the field of
linear programming.

Definition 11. Any pair of feasible solutions of the dual canonical linear
programming problems

X -1
Y A B | =-T
-1 C D | =f
=S =g

(notation as in §3) for which

() x;#0 = 5;,=0, j=1,2,...,n, and
(i) v;#0 = t,=0, i=1,2,...,m,

are said to exhibit complementary slackness.

ExampLE 12. Consider the pair of optimal solutions of the dual canonical
linear programming problems of Example 4 in §2. The dual tableau
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X, -1
\2 1 2 20 | = -t

| 2 2 [30]|=x
v,| 2 1 |25]=-

-1] 200 150 0=f

:SI =S2 =g

has optimal maximization solution x;, = 10,x, =5,t; =t, =ty =0,max f =
2750 and optimal minimization solution y, =0,y,=y;=50,s; =5,=0,
min g = 2750. Whenever x; is not equal to zero, s; is equal to zero and similarly
for y; and t;. Hence complementary slackness is exhibited in these optimal
solutions.

ExaMpLE 13. Consider the pair of optimal solutions of the dual canonical
linear programming problems of Example 5 in §2. The dual tableau

X X -1
V2 20 25 300 | =-t,
Y 40 20 500 | =-t,

-1| 1000 800 0=t

= : =S2 =g

has optimal maximization solution x; = 65/6, x, = 10/3,t, =t, =0, max f =
13500 and optimal minimization solution y, =20,y,=15,s,=s,=0,
min g = 13500. Whenever x; is not equal to zero, s; is equal to zero and
similarly for y; and t,. Hence complementary slackness is exhibited in these
optimal solutions.

The examples above motivate two questions. First of all, does every pair of
optimal solutions of dual canonical linear programming problems exhibit
complementary slackness? Secondly, is it possible for a feasible nonoptimal
pair of solutions of dual canonical linear programming problems to exhibit
complementary slackness? The answers to these questions are provided by the
following theorem.

Theorem 14. A pair of feasible solutions of dual canonical linear programming
problems exhibit complementary slackness if and only if they are optimal
solutions.

(So the answers to the questions above are yes and no respectively.)
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PROOF. (=) Assume that a pair of feasible solutions of dual canonical linear
programming problems exhibit complementary slackness. Then

sx;=0, j=1,2,---,n,

and
yit; =0, i=12-,m
Now
SXI:[Sl S5 Sn] X4 = Z ijj=0,
i=1
X2
x"
and
Y'T=[y; y2 - yul[ & =.Z yiti=0,
tz i=1
tm

1€, SX'+Y'T=0. But g— f=S8SX'+ Y'T by the duality equation so
g—f=0, ie, f=g. By Corollary 10, the given feasible solutions are
optimal solutions.

(<=) Assume that we have a pair of optimal solutions of dual canonical linear
programming problems. Then f =g at these solutions by Theorem 3. Hence
SX'+ Y'T =0 by the duality equation. Now, since every entry of the matrices
S, X', Y, and T must be nonnegative, we have SX'=Y'T =0, ie,

and

m
Y'T=Y yt;=0.
i=1
Again, since s;, X, y;, and t; are nonnegative for all i and j, we have that at least
one of the factors in every term of each summation must be zero. This is
equivalent to complementary slackness. O

§5. The Duality Theorem

At the end of §1, we asked the following question: Since a given canonical
maximization or canonical minimization linear programming problem can
have an optimal solution, be infeasible, or be unbounded, how many of the
32 =9 combinations are possible for dual canonical linear programming
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problems? Below we give a chart containing the nine combinations and a
summary of our knowledge at present.

Maximization problem Minimization problem Possible?
Optimal solution Optimal solution Yes
Optimal solution Infeasible No (see §2)
Optimal solution Unbounded No (see §2)

Infeasible Optimal solution No (see §2)

Infeasible Infeasible ?

Infeasible Unbounded Yes (see Corollary 9)
Unbounded Optimal solution No (see §2)
Unbounded Infeasible Yes (see Corollary 9)
Unbounded Unbounded No (see Corollary 9)

The following theorem, known as the duality theorem, provides an exhaustive
list of the possible behaviors of dual canonical linear programming problems,
hence completing and summarizing the chart above.

Theorem 15 (The Duality Theorem). Given dual canonical linear programming
problems, exactly one of the following is true:

(i) both problems have optimal solutions; for these solutions, [ =g;
(ii) the maximization problem is unbounded and the minimization problem is
infeasible;
(iii) the minimization problem is unbounded and the maximization problem is
infeasible;
(iv) both problems are infeasible (such problems exist; see Example 17).

PrOOF. We have essentially already proved this theorem. If a canonical
maximization linear programming problem has an optimal solution, then the
dual canonical minimization linear programming problem also has an
optimal solution and f = g at these solutions by Theorem 3. This is (i). If a
canonical maximization linear programming problem is unbounded, then the
dual canonical minimization linear programming problem is infeasible by
Corollary 9. This is (ii). If a canonical maximization linear programming
problem is infeasible, then the dual canonical minimization linear program-
ming problem does not have an optimal solution by Theorem 3 and, therefore,
must be infeasible or unbounded. This is (iv) and (iii) (respectively). 0

If the simplex algorithm of Chapter 2 is applied to the canonical maximi-
zation linear programming problem of dual canonical linear programming
problems and if the maximization problem has an optimal solution or is
unbounded, then the dual canonical minimization linear programming
problem is immediately solved (it has an optimal solution in the former case
(Theorem 3) and is infeasible in the latter case (Corollary 9)). However, if the
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canonical maximization linear programming problem is infeasible, you only
know that the dual canonical minimization linear programming problem is
infeasible or unbounded. To detect which type of pathology is displayed by the
minimization problem, one must either resort to negative transposition or use
the dual simplex algorithm of §2. We will use negative transposition. We
conclude this section with two examples.

ExAMPLE 16. Solve the dual canonical linear programming problems below:

X X -1
y| -t -1 ]=3]=-t
¥ 1 1 2| =-t,

| -1 -1 | -3]=-t
|1 1 2 4=-t

———p
-1 2 -4 0j=f
L, x, -l
yy{ 1 0| -1]|=-t « max infeasible
sg| 1 1 2 | =-x,
neg. trans.
-1l -2 -6 1 -4=¢ for min

-1 -1 2| =-y,
0 -1 6| =-s,

1
min
unbounded
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ExampLE 17. Solve the dual canonical linear programming problems below:

v [ -1 1]-1]=-t
Y 1 -1 -1 =—t2

X, X, -1
Y -1 1 -1 =-
¥, 1 -1° -ly=-t ___,

x t -l
y,| 0 1 |-2|=-t, < max infeasible
s,{ -1 -1 1} =-x,
neg. trans.

-1l 2 1 |-1|=f formin

0 1 -2 | =-s5 < min infeasible
-1 1 |-1}|=-y,

2 -1 1| =-g

In both examples above, the dual canonical minimization linear program-
ming problem was immediately solved after negative transposition. This will not
happen in general—it may be necessary to perform pivots on the transposed
tableau in order to determine the type of pathology exhibited by the
minimization problem.



§6. Duality in Noncanonical Tableaus 105

§6. Duality in Noncanonical Tableaus

The duality theory presented in the preceding sections can be extended to
accommodate dual noncanonical tableaus corresponding to the noncanonical
linear programming problems of Chapter 3. Although we will not reprove any
of this theory here (but see Exercise 14), this theory does remain true and is the
foundation for the solution procedure applied to such tableaus. We will be
content in this section with giving the form of a dual noncanonical tableau and
illustrating, via examples, the solution procedure for reducing it to a dual
canonical tableau.

Definition 18. A dual noncanonical tableau is a noncanonical tableau of the

form
@ @ X oo X -1

=0

@ aj, . Ay Ay e Ay b,
) . =-0

@ ay e A Ay e b,
Yie1 oy Ay B o Fen Y
A any - By Bpag e Ay bm =-t.
-1 c, g i1 c, d | =f

=0 ... =0 =5, ... =5, =g

Note that each unconstrained independent variable in the maximization linear
programming problem corresponds to an equation of constraint in the dual
minimization linear programming problem and each unconstrained inde-
pendent variable in the minimization linear programming problem corre-
sponds to an equation of constraint in the dual maximization linear
programming problem. These unconstrained variables and 0 slack “variables”
lie opposite each other in the tableau. This property is crucial and allows one
to solve dual noncanonical linear programming problems by using the
techniques developed in Chapter 3. We illustrate with two examples.

ExampLE 19. Solve the dual noncanonical linear programming problems

below:
@@ X -1
@ 1 -1 2 1|=-0

Yy 2 0 2 -] =
y; | 0 1 -1 | -1]=-
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We apply the techniques of Chapter 3 to the dual noncanonical tableau,
making sure that unconstrained independent variables and 0 slack “variables”
are handled accordingly in both problems.

@@Dx3 -1
@l‘ -1 2 1] =-0

Y, 2 0 2| -1]=-t
Y3 0 1 -1 ] -1 = -t _—

X: pivot x; down; pivot 0 up
: pivot y, down; pivot 0 up

=
[

|
—
—

|
—
w
(=}

[}
—
E
=

y; 1 0 1 -1 | -1|=-t >
max: file -x, + 2x, - 1 = -X;
R T S T T delete x, row; delete 0 column
min: file -2y, + [ =y,;
- ®= 0=s =g delete y, column; delete 0 row

max: pivot x, down
-1{ 0 1| -1}|=f min: pivot 0 up

Y, -2 0} -1]=-

0 1 -11|-1 =—@

max: filet, - x; + 1 =-x,;
-1{ 0 1t} -1}=f delete x, row
min: delete 0 row
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t Xy -l
y, =27 0 | -1]=-t
—_
_ 1| = simplex
! 0 1 ! f algorithm
“Y;=s, T8
t, X, -1
v, |-1/2 0| 12 )=
-1 0 1| -1 |=f
=y, =5 T8
1
max
unbounded
.. min
infeasible
ExaMPLE 20. Solve the dual noncanonical linear programming problems

below:

@xzxs

@ 0 -1 -1 | -1]|=-0

y, | -1 -3 4 0|=-t

y; [-1 2 -3 0]=-t

-1]-1 0 o0 0|=f
=0 =s, =5, =g

Again, we apply the techniques of Chapter 3 to the dual noncanonical
tableau, making sure that unconstrained independent variables and 0 slack
“variables” are handled accordingly in both problems. Since the un-
constrained independent variable x, and the O slack “variable” can not be
interchanged at the same time in the maximization problem (similarly, the
unconstrained independent variable y, and the 0 slack “variable” in the
minimization problem), we must perform two separate pivots to implement
this interchange.
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max: pivot 0 up
min: pivot y, down

= 0 =Sl =52 =g

@ 0 x; -1
s 0 -1 1 =-X,
y, | -1 -3 1 3=t

-1 2 -5 -2|=- s
Y3 E max: delete 0 column

min: file -s, - 3y, +2y; =y,;

-1|1-1 0 0 0|=f delete y, column

s 0 1 =-X,
y,| -1 7 31=-
Y3 -7 -5 | =2 =t -

max: pivot X, down
min: pivot 0 up

-11 -1 0 0=
=0=s, =g
b Xy -l
s;| 0 1 =-X,
Y, | -1 12 5 =-t
0(-1 5 2 11=- —_—
@ m_ax:ﬁle—12+5x3—2=-xl;
“11-1 5 2 | =¢ delete X, row
min: delete 0 row
TY3TS, T8
X3 -l

y, | -1 12° 50=-

simplex
11 -1 5 2| =f algorithm
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4 Y -1
1/12 -1/12 712 | =-x,
-1/12 1/12 512 | =X,

~1{-7/12 =512 | -1/12 | =f
=y, =y, =8

The basic solution of each linear programming problem in the final tableau
above is optimal:

t,=t,=0, x,=7/12, x3=5/12, maxf=1/12,
x, = — 1/12 (from second filed equation),
s;=5,=0, y;=7/12, y,=5/12, ming=1/12,
y, = — 1/12 (from first filed equation).

§7. Concluding Remarks

The concept of duality occurs throughout mathematics. Being seekers of
patterns by nature, mathematicians are interested in the relationships that
exist between structurally similar problems. Duality sometimes provides the
needed connection. The theoretical and computational significance of duality
in the area of linear programming is (hopefully) clear and will be exploited
again and again in forthcoming chapters.

EXERCISES

1. Consider the canonical maximization linear programming problem below:

Maximize f(x;,x;)=x; + X,
subject to  x, +2x, <4
3x,+x, 56
X1, %, 2 0.
a. State the dual canonical minimization linear programming problem.
b. Sketch the constraint sets for both problems above.
¢. Solve both problems above by applying the simplex algorithm to a dual tableau.
Indicate the movement in both constraint set diagrams exhibited by the basic
solutions of successive tableaus.
d. Is complementary slackness exhibited in the solutions above? Why or why not?

2. Consider the canonical minimization linear programming problem below:
Minimize g(y,,y2)= —»»
subjectto y, —y, =1
—y1t+y.22
Y. )2 é 0.
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a. State the dual canonical maximization linear programming problem.
b. Sketch the constraint sets for both problems above.
¢. Solve both problems above. (Be clever—the simplex algorithm is unnecessary
here.)
3. Consider the canonical maximization linear programming problem below:
Maximize f(x,,x,)=x;
subject to  x; +x, <1

xX;—Xx,21
X, —2x, =21
xlango-

a. State the dual canonical minimization linear programming problem.

b. Sketch the constraint sets for both problems above.

c. Solve both problems above. (Be clever—the simplex algorithm is unnecessary
here.)

4. a. Solve Example 5 of Chapter 2 by using the dual simplex algorithm.
b. Solve Example 3 of Chapter 2 by using the dual simplex algorithm.
[Note: The intent of this exercise is to familiarize the reader with the dual simplex
algorithm. As stated before, it is not suggested that this algorithm be used in general
since the techniques of this chapter applied to the simplex algorithm of Chapter 2
suffice.]

5. Solve each of the dual canonical linear programming problems below. If a linear
programming problem has infinitely many optimal solutions, find all optimal
solutions.

a. X, X -1
Y 1 -1 | -1]=-t

y, [ =1 -1 | =1 ] =t

-1] 1 -2 0| =f

v | 2 -2 | -1|=n-,
vo| -1 1| =1 ==,
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X X, -1
\ 9 -2 0f=-t
A2 3 2 1=~
v 10301 0 |=-t,
-113 2 0 |=f

=8 =5, =

X % x5 -l
\7 2 -1 1 =3 =-
v, -1 2 1 1] =-t

=5, 85,75, =8
X, X, -1
y | -1 0] -2]=-1
Y, | -2 1 1| ==t
vy | -1 -1 | -3 =-t,
-1 1 -1 0| =f

=s,=s, =g
. Find b, b,,c,,and ¢, such that the maximization problem of the dual canonical
tableau
X, x, -l

y| 1 0 | b |=-t

| 0 2 b |=-t

-l]e¢ ¢ 3i=f

=s, =s, =g

is in basic solution optimal form and such that both the maximization and
minimization problems have infinitely many solutions.
Characterize all such b, b,, ¢;, and ¢, for which the conditions of part a hold.

Prove (it) of Corollary 9.
Label the following statement TRUE or FALSE and justify your answer.

If a canonical minimization linear programming problem is infeasible, then
the dual canonical maximization linear programming problem is unbounded.

8. Prove that no dual canonical linear programming problems of the form
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N X X, X -1

yl = _tl

y2 = _tz

-1 =f
=5 =s,=8; =g

have the optimal solutions
x;, =0, x,=2, x3=1, t;=0, t,=0, maxf=2.

yi=1 y,=0, s;=1, 5,=0, s3=1, ming=2.

. a. Prove that any feasible solutions of dual canonical linear programming
problems for which f =g exhibit complementary slackness.

b. Does part a remain true if we replace “feasible solutions” by “solutions which
satisfy all main constraints but violate one or more nonnegativity constraints™?
If so, prove it. If not, explain.

c. Prove that any feasible solutions of dual canonical linear programming
problems exhibiting complementary slackness have f=g.

d. Does part ¢ remain true if we replace “feasible solutions” by “solutions which
satisfy all main constraints but violate one or more nonnegativity constraints™?
If so, prove it. If not, explain.

10. Consider the dual canonical tableau below:

-1

y, | & -a b | =-1
y, |-a a b | =-t

-1 c ¢ 0f=f

2 ~ 8

Assume, without loss of generality, that a > 0.

a. If b>0and c > 0, which of the four types of behavior for dual canonical linear
programming problems as given by the duality theorem is exhibited above?
Prove your assertion.

b. Repeat part a under the assumptions that b >0 and ¢ <0.

c. Repeat part a under the assumptions that b <0 and ¢ > 0.

d. Repeat part a under the assumptions that b <0 and ¢ <0.

11. Consider the noncanonical maximization linear programming problem below:

Maximize f(X;,Xp,X3) =X; + X, — X3

subject to  x; — X, +x3=—1
—X;—X;+x3=1 (1)
— X+ X, +x351
Xx5,X5 2 0.
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12.

13.

State the dual noncanonical minimization linear programming problem.
Solve both problems above by using a dual noncanonical tableau. If either
problem has infinitely many optimal solutions, find all optimal solutions.

Is complementary slackness exhibited in the solutions above? Why or why not?
If x, were constrained to be nonnegative in (1), would the solution to (1) be the
same as that obtained in part b? Explain.

Consider the noncanonical minimization linear programming problem below:

<]

Minimize  g(yy, ¥, ¥3) =1 + 22 +3)3

subject to y, +y,+y;=1
2y, +ys=1 )
yi+ys2t
y1,¥320.

State the dual noncanonical maximization linear programming problem.
Solve both problems above by using a dual noncanonical tableau. If either
problem has infinitely many optimal solutions, find all optimal solutions.

Is complementary slackness exhibited in the solutions above? Why or why not?
If y, were constrained to be nonnegative in (2), would the solution to (2) be the
same as that obtained in part b? Explain.

Solve each of the dual noncanonical linear programming problems below. If a
linear programming problem has infinitely many optimal solutions, find all
optimal solutions.

a.

G(Dx2 -1
@ 2 -11]-1=-0

v, | -1 1| -1} ==

=0 = =g
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@ I -1 1 -1|=-0

y,| -1 -1 1 1] =-

14. State and prove the analogue of Corollary 8 for dual noncanonical linear
programming problems.
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CHAPTER 5

Matrix Games

§0. Introduction

Our first application of linear programming occurs in the area of game theory,
specifically, two-person zero-sum matrix games. Although we barely scratch
the surface of the broad field of game theory, the matrix games discussed here
serve as a more than adequate introduction to the subject. In addition, we see
firsthand how the analysis of a matrix game leads to dual noncanonical linear
programming problems, culminating in optimal strategies for the players of
the game.

§1. An Example; Two-Person Zero-Sum
Matrix Games

We begin with a typical example of a matrix game along with a preliminary
analysis leading to a simplification of the game.

ExaMPLE 1. Two players,say an “even” player and an “odd” player, each secret-
ly think of an integer between 1 and 3 inclusive. Both players reveal their
numbers simultaneously. If the sum of the numbers is even, the “even” player
wins a number of dollars from the “odd” player equal to the difference of the
numbers provided that the numbers are distinct. If the numbers are the same
(in which case the sum is also even), the “even” player wins a number of dollars
from the “odd” player equal to the sum of the numbers. If the sum of the
numbers is odd, the “odd” player wins $3 from the “even” player.

Given this game, which player (if any) has the advantage? How much of an
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advantage (if any) does this player have? Is there an optimal strategy for each
player, ie., does each player have a strategy whereby he can maximize his
winnings or minimize his losses? We will obtain the answers to these questions
in forthcoming sections. For now, formulate your own conjectures!

Note that, in any round of the game, each player has three choices,a 1,a 2, or
a 3. By using a matrix to tabulate all of the possible combinations of choices by
the players as well as the payoffs associated with these choices, we can obtain a
payoff matrix for the game. This payoff matrix, in terms of winnings for the
“even” player (i.e., negative entries in the matrix are interpreted as losses for the
“even” player or, equivalently, winnings for the “odd” player), is given by

“ODD”
PLAYER’S
CHOICE
1 2 3
“EVEN” 1 2 -3 2
PLAYER’S 2 -3 4 -3
CHOICE 3 2 -3 6

For example, if the “even” player chooses 1 (first row) and the “odd” player
chooses 1 (first column), the “even” player wins $2 from the “odd” player since
1 + 1= 2. This is recorded as a 2 (since the “even” player wins $2) in the first
row and first column of the payoff matrix. If the “even” player chooses 1 (first
row)and the “odd” player chooses 2 (second column), the “odd” player wins $3
from the “even” player since 1 + 2 = 3 is odd. This is recorded as a — 3 (since
the “even” player loses $3) in the first row and second column of the payoff
matrix. If the “even” player chooses 1 (first row) and the “odd” player chooses 3
(third column), the “even” player wins $2 from the “odd” player since 3 — 1 =
2. This is recorded as a 2 (since the “even” player wins $2) in the first row and
third column of the payoff matrix. This completes the computation of the
entries of the payoff matrix in the first row; the other entries of the payoff
matrix are computed similarly. Before reading further, make sure that you
verify all entries of the payoff matrix above. Also, study this matrix and make a
guess as to which player (if any) is favored by this game.

The 3 x 3 payoff matrix above can be reduced somewhat. Notice that the
“even” player should never choose 1 since he can always do as well or better by
choosing 3 no matter what number the “odd” player chooses. In other words, the
first row of the payoff matrix is term-by-term less than or equal to the third row
of the payoff matrix. Hence, we delete the first row from the payoff matrix:

“ODD”
PLAYER’S
CHOICE
1 2 3
“EVEN” 2 -3 4 -3
PLAYER’S
CHOICE 3 2 -3 6
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Now, by applying similar reasoning to the reduced payoff matrix, the “odd”
player should never choose 3 since he can always do as well or better by
choosing 1 no matter what number the “even” player chooses. In other words,
the third column of the reduced payoff matrix is term-by-term greater than or
equal to the first column of the reduced payoff matrix. Hence, we delete the
third column from the reduced payoff matrix:

“ODD”
PLAYER’S
CHOICE
1 2
“EVEN" 2 -3 4
PLAYER'’S
CHOICE 3 2 =3

We now leave our game until its solution in §4. Do you care to revise your
prediction as to which player (if any) is favored by this game?

The game of Example | above is a typical example of a two-person zero-sum
matrix game (hereafter referred to simply as a matrix game). The terminology is
obvious except perhaps for “zero-sum” which refers to the fact that one
player’s loss is the other player’s gain. In a matrix game, we have an m x n
payoff matrix, a row player, and a column player. In each round of the game, the
row player chooses a row of the payoff matrix and the column player chooses a
column of the payoff matrix. These choices are then cross-indexed to find the
payoff for the round. In this book, the payoffs in the matrix are always listed as
winnings for the row player; winnings for the column player appear as negative
entries in the payoff matrix. Hence, the row player wishes to maximize the
payoff and the column player wishes to minimize the payoff. By an optimal
strategy for a player of a matrix game, we mean a strategy whereby a player
can maximize his winnings or minimize his losses, assuming that the other
player will have perfect knowledge of this strategy and also play so as to
maximize his winnings or minimize his losses subject to this strategy. In other
words, an optimal strategy for a player of a matrix game assumes an
omniscient opponent. This is a crucial assumption and will be used repeatedly.

The procedure used to simplify the matrix game of Example 1 is called
domination.

Domination in a Matrix Game

Whenever one row of a payoff matrix is term-by-term less than or equal to
another row, delete the smaller row from the game (since the row player is
trying to maximize the outcome). Whenever one column of a payoff matrix is
term-by-term greater than or equal to another column, delete the larger
column from the game (since the column player is trying to minimize the
outcome). Continue deleting rows and/or columns until no row or column
“dominates” another.
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§2. Linear Programming Formulation
of Matrix Games

The purpose of this section is to formulate the determination of the optimal
strategies of a matrix game as dual noncanonical linear programming
problems to which the methods of 4§6 can be applied. Such a formulation
depends on a careful analysis which we begin now.

Definition 2. Let A =[q;],,, be an m xn matrix game. A mixed (or
probabilistic) strategy for the row player is a column vector

P1
p=|"P2
Pm
such that p; = 0 for all i and
Z pi=1
i=1
A mixed (or probabilistic) strategy for the column player is a row vector

0=04:1 492 - 4ul
such that g; 2 0 for all j and

M=

g;=1

I

ji=1
Any mixed strategy containing an entry of 1 (whence all of the other entries are
necessarily 0) is said to be a pure strategy.

The interpretation of the mixed strategy for the row player is that, if the row
player uses strategy P, he will choose row i of the matrix with probability p;.
Similarly, the interpretation of the mixed strategy for the column player is that,
if the column player uses strategy Q, he will choose column j of the matrix with
probability g;. If a player uses a pure strategy, he will constantly choose the
same row or column, namely the row or column corresponding to the
probability 1.

Note that neither of the optimal strategies of the players in the game of
Example 1 will be a pure strategy. To see this, recall the payoff matrix for the
game of Example 1:

“ODD”

PLAYER’S

CHOICE

1 2

“EVEN” 2 -3 4
PLAYER’S

CHOICE 3 2 -3
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Now put yourself in the position of one of the players, say the “even” player.
Would you ever play a pure strategy? If you constantly choose the first row of
the matrix, the “odd” player is going to constantly choose the first column of
the matrix (remember that the “odd” player knows your strategy!) and you will
lose $3 per round of the game. Likewise, if you constantly choose the second
row of the matrix, the “odd” player is going to constantly choose the second
column of the matrix and you will again lose $3 per round of the game.
Certainly the “even” player can do better than this! Similar reasoning applies
to the wisdom of the column player using a pure strategy. In fact, similar
reasoning applies to any strategy that is predictable. In general, any player
who can predict with certainty what his opponent will do in a matrix game has
a decided advantage. Hence the optimal strategies of both players in the game
above will be mixed strategies. Each row and column of the matrix will be
assigned a probability— the players will then choose their rows or columns
consistent with these probabilities. OQur goal is to determine the optimal
assignment of probabilities to the rows and columns of this matrix game and,
more generally, an arbitrary matrix game.

Let A =[a;;],,.,beanm x n matrix game. Assume, for the moment, that the
column player always chooses column j of the matrix, i.e., the column player is
using the pure strategy

0=[0 - 0 1 0 - 0]

If the row player uses mixed strategy

D1

p=| P

Pm

then the expected value of his winnings, denoted E{P), is
E{Py=pia;;+ p2as;+ -+ + Ppulm;

by elementary probability theory. Now the row player’s optimal strategy
would assure that the expected value of his winnings is maximal no matter what
column the column player chooses. Stated a bit differently, the row player’s
optimal strategy would assure that his minimum expected winnings are as
large as possible. Hence, the optimal strategy for the row player is to choose
strategy P such that

min E(P) is maximal.

1sjsn
Similarly, assume, for the moment, that the row player always chooses row i of
the matrix, i.e., the row player is using the pure strategy
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0
P=1]1\«i
0

0|

If the column player uses mixed strategy

0=0491 92 - 4.l

then the expected value of his losses (remember that matrix game entries are in
terms of winnings for the row player!), denoted F(Q), is

F(Q)=q.a;; + q,a;, + - + 4,4,

by elementary probability theory. Now the column player’s optimal strategy
would assure that the expected value of his losses is minimal no matter what
row the row player chooses. Stated a bit differently, the column player’s optimal
strategy would assure that his maximum expected losses are as small as
possible. Hence, the optimal strategy for the column player is to choose
strategy Q such that

max F{Q) is minimal.

1Sigm

The expected winnings of the row player per round of the game provided that
both players play their optimal strategies is
u =max min E(P).
P 1gjsn
The expected losses of the column player per round of the game provided that
both players play their optimal strategies is
v =min max F{(Q).
Q 1gigm
Notice the “duality” present in the optimal strategies above. It is perhaps
not surprising then that these strategies are obtained for a given matrix game
by solving dual linear programming problems. Since the optimal strategy for
the row player is essentially a maximization problem and the optimal strategy
for the column player is essentially a minimization problem, one might expect
that the row player’s optimal strategy appears as the maximization problem of
the tableau and that the column player’s optimal strategy appears as the dual
minimization problem. In fact, exactly the opposite is true as we see now.

Theorem 3. Let A = [a;;],,,., be anm x nmatrix game.Then the mixed strategies

D1
P_ p2
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and

Q=1[q:

q;

qu]

123

obtained from the solution of the dual noncanonical linear programming problems

@q[ q

2 n -1
W] o -1 -1 -1 -1f=-0
p, | -1 0 |=-
p, | -1 01=-t
P | -1 0 ==t
-1 -1 0 0 0 0 (=t
=0 =5 =5, =5, =g

are optimal for the row and column player respectively. The dual noncanonical
tableau above is called the game tableau for A.

ProoF. We show that the maximization problem of the game tableau yields the
optimal strategy for the column player; the proof that the minimization
problem yields the optimal strategy for the row player is similar. The first
equation of the maximization problem is

Y 4;=1
i=1
along with ¢; = 0 for all j, we have that

0=la ¢ 4n]
is a mixed strategy. The next m equations of the maximization problem are
—'U+F1(Q)= _ti9
in non-slack form, these m equations become the inequalities

F{Q)=v,

Finally, the last equation of the maximization problem says to maximize f =
— v or, equivalently, to minimize v. Hence, the maximization problem of the
game tableau finds the mixed strategy Q so that the maximum value of F;(Q),
i=1,2,...,m,is minimal; this is precisely the optimal strategy for the column
player. O

i=12,....,m

i=1,2,...,m

Theorem 3 gives us a procedure for solving a matrix game—having reduced
the determination of optimal strategies to dual noncanonical linear pro-
gramming problems, we simply apply the techniques and theory of Chapter 2,
Chapter 3, and Chapter 4 to solve the problem. Notice that Theorem 3 does
not guarantee the existence of a pair of optimal solutions for the dual
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noncanonical linear programming problems arising from a matrix game. (For
example, isn’t it possible that dual problems arising from a matrix game could
display one of the combinations of infeasibility and unboundedness as given in
(i))—(iv) of the duality theorem in Chapter 4? If so, what does each combination
say about the matrix game itself or about the strategies of the players
involved?) Theorem 3 only implements the analysis undertaken prior to its
statement and assumes that this analysis makes mathematical “sense.” This
matter will be reconciled completely in §3. Notice, however, that if a pair of
optimal solutions for the dual noncanonical linear programming problems of
Theorem 3 exists, then f = g at these solutions whence u = vsince f = — vand
g = —u. This value u = v will be important in §3.

A few additional remarks are in order. Always use domination to reduce a
given matrix game as far as possible before forming the game tableau. This
reduction does not affect the optimal strategies of the players and it is desirable
to have as small a game tableau as possible. Also, note that to transform the
noncanonical game tableau into canonical form, we must pivot v down to the
east and 0 up to the north in the maximization problem and pivot u down to
the south and O up to the west in the minimization problem. Unfortunately,
this can not be accomplished in a single pivot since 0 is not an acceptable pivot
entry. However, we can obtain a maximum basic feasible canonical maximi-
zation problem in only two pivots if the pivots are chosen carefully:

(1) Find the maximum entry in each column of the matrix game A.
(2) Choose the minimum of these maximum entries, say it is the entry a;; of 4.
(3) Pivot on * and ** (in either order) as given below:

N @ q -1
@ -1 =-0

P -1 a;

-1 =f
=0 =g

Check that you have a maximum basic feasible tableau after pivoting on * and
** as above. If not, an error has been made—locate it before continuing!

§3. The Von Neumann Minimax Theorem

As stated before, Theorem 3 of §2 assumes implicitly that it makes
mathematical “sense” to speak of optimal strategies for players in a matrix
game. But isn’t it possible that the dual noncanonical linear programming
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problems of Theorem 3 arising from a matrix game could display one of the
combinations of infeasibility and unboundedness as given in (ii)—{iv) of the
duality theorem in Chapter 4? And, if so, what does each combination say
about the matrix game itself or about the strategies of the players involved?
Fortunately, an important theorem of game theory called the von Neumann
minimax theorem (in honor of John von Neumann who was a pioneer in the
field of game theory) rules out the possibility of a game tableau ever displaying
pathological behavior. The von Neumann minimax theorem is an existence
theorem; it assures the existence of optimal strategies for both players of a
matrix game. Theorem 3 of §2, on the other hand, gives a procedure whereby
these optimal strategies are constructed while implicitly assuming the
existence of such strategies. The statement of the von Neumann minimax
theorem is given without proof (see, for example, [W1] for a proof).

Theorem 4 (Von Neumann Minimax Theorem). Let A = {a;;],,«, be anm x n
matrix game. Then there exist optimal mixed strategies P* and Q* for the row
player and the column player respectively. Furthermore,

min E;(P*)=max min E(P)=min max F;(Q)= max F/(Q*)

15jsn P 1£jZn Q@ 1gism 1=ism
u v

this common value is said to be the von Neumann value of the game.

The von Neumann value of a matrix game is the expected winnings of the
row player and the expected losses of the column player per round of the game
provided that both players play their optimal strategies. A positive von
Neumann value hence indicates that the game favors the row player, a
negative von Neumann value indicates that the game favors the column
player, and a von Neumann value of 0 indicates that the game is fair.

§4. The Example Revisited

We now solve the matrix game in Example 1 of §1.

ExampLE 1 {Continued). Recall the matrix game from §1:

“ODD”

PLAYER'’S

CHOICE

1 2

“EVEN" 2 -3 4
PLAYER’S

CHOICE 3 2 -3
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According to Theorem 3, we must solve the dual noncanonical linear
programming problems
@ 9 ¢ -

@ o-1r -1 |-1]=-0

P, -1 -3 4 0| =-t
p, [-1I" 2 -3 0]=-t

-1 -1 0 0 0|=f

175, =8

The pivots * and ** (in either order) yield a maximum basic feasible tableau as
discussed in §2. In fact, the entire solution of these dual linear programming
problems can be found in Example 20 of Chapter 4. Note that the notation
used there is slightly different from the notation used here. In any event, the
optimal solutions (with the notation changed from Example 20 to coincide
with the notation of the game tableau above) are

t,=t,=0, q,=7/12, g,=>5/12, maxf =1/12,

miny =min — f = —max f = — 1/12,
s, =s,=0, p,=7/12, p;=5/12, ming=1/12,
maxu=max —¢g= —ming = — 1/12.

This game favors the “odd” player since the von Neumann value of the game is
negative (u=v= — 1/12); on the average, the “odd” player will win $1/12
(= 8¢) per round of the game provided that both players play their optimal
strategies. (Note that it is impossible for the “odd” player to win $1/12 in any
single round of the game. Remember that the von Neumann value of a game is
an expected value, i.e., a value which measures the benefit of the game to one of
the players after many rounds of the game. For example, after 1200 rounds of
the game, we would expect that the “odd” player would be winning
approximately ($1/12)(1200) = $100.) The optimal strategy for the “even”

player is given by
pr| P o| 312
|2 712 |

1.., the “even” player should choose the first row of the matrix (choose the
number 2) with probability p; = 5/12 and choose the second row of the matrix
(choose the number 3) with probability p, = 7/12. The “even” player should
never choose the number 1. The optimal strategy for the “odd” player is given
by

0*=[q: q.1=[712 5/12],

i.e., the “odd” player should choose the first column of the matrix (choose the
number 1) with probability g, = 7/12 and choose the second column of the
matrix (choose the number 2) with probability g, = 5/12. The “odd” player
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should never choose the number 3. All of this information is summarized
below:

“odd”
player

choice 1 2

prob. 7/12 5/12
“even” 2 | 512 -3 4
player 3 (12| 2 - u=v=-112

Did you guess back in §1 that the “odd” player was favored in this game? Are
you impressed with the power of the dual noncanonical tableau in solving
matrix games?

§5. Two More Examples

We conclude our discussion of matrix games with two more examples. Both of
these examples are simplified “poker-like” card games and, as such, differ from
the game of §1 in two important respects:

(i) the games involve cards dealt from a deck of cards; the players have no
control over the cards dealt—they can only react to the cards that they
receive;

(i) the games are multiphase games, i.e., one player makes a decision in the
game (phase 1) and then, dependent upon what that player does, the other
player makes a decision in the game (phase 2) etc.

These games also serve as a nice introduction to more general matrix games
that are included in more complete discussions of game theory (see, for
example, [O1]). Without further ado, let’s deal the cards!

ExaMPLE 5. There are two players, say player I and player II, and a deck of
three playing cards, a jack (J), a queen (Q), and a king (K). The ranking of these
cards, from lowest to highest, is J, Q, and K; the suits of these cards are
irrelevant. Each player antes a quarter and is then dealt a single card face
down. Each player looks at his card. Player I now has two options:

FOLD—Player I loses his ante to player II
BET—Player I adds a dime to the pot.

If player I bets, player II has two options:

FOLD—Player II loses his ante to player I
SEE—Player II adds a dime to the pot.

In the event that player II sees, both cards are revealed and the high hand wins
the pot. The cards are then returned to the deck.
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Given this game, which player (if any) has the advantage? What is the von
Neumann value of this game? What is the optimal strategy for each player?

We work toward the payoff matrix for this game. A choice for player Iin any
round of the game is a reaction to the card dealt, i.e., a decision on whether to
fold (F) or bet (B) given a J, Q, or K. One choice for player I would be to fold no
matter what card he receives—we denote such a strategy by FFF (fold on J,
fold on Q, fold on K). (Is this a wise strategy?) Another choice for player I
would be to fold if he receives a J or Q, and bet if he receives a K—such a
strategy is denoted by FFB (fold on J, fold on Q, bet on K). Continuing in such
a manner, we obtain eight choices for player I in any round of the game:

Choice for player I:

FFF FFB FBF BFF FBB BFB BBF BBB

In each choice, the first F or B is the decision on what to do if a J is dealt, the
second F or B is the decision on what to do ifa Q is dealt, and the third F or B
is the decision on what to do if a K is dealt. Note again that the players have no
control over the cards dealt—this is left entirely to chance. The players can
only react to the cards that they receive.

Similarly, a choice for player II in any round of the game is a decision on
whether to fold (F) or see (S) given a J, Q, or K provided player I bets. Hence:

Choices for player II:

FFF FFS FSF SFF FSS SFS SSF SSS

As before, the first F or S is the decision on what to do if a J is dealt, the second
F or S is the decision on what to do if a Q is dealt, and the third F or S is the
decision on what to do if a K is dealt.

We are now ready to compute entries of the payoff matrix. This payoff
matrix tabulates the result of the interaction of any two choices from the two
players; hence, it will be an 8 x 8 matrix. Also, since the game depends on
chance, the entries of the payoff matrix are the expected values of each
interaction. Furthermore, all entries will be in terms of winnings for player I,
our row player. We illustrate with the actual computation of a matrix entry.

Assume that player I plays strategy FBB and that player II plays strategy
SFS. There are six possible two card hands that could be dealt from the three
card deck, each occurring with equal probability (1/6). Now, given each of
these hands, we can compute the outcome of the round provided that the
aforementioned strategies are played:

Player I plays FBB, player II plays SFS
Im 1 I I I Im
Hand dealt: JQ JK QJ QK KJ KQ
Probability: 1/6  1/6 1/6 1/6 1/6 1/6
Outcome: —-25 —-25 35 -—-35 35 25
(Winnings for
player I)
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For example, if player I is dealt a J (as in the hands J Q and J K), player I folds
and hence player II wins player I’s ante of 25¢. If player [ is dealt a Q (as in the
hands Q J and Q K), player I bets and adds 10¢ to the pot. Player II sees in
either case by adding 10¢ to the pot; player Il loses 25¢ + 10¢ = 35¢ to player |
if player II has a J and player II wins 25¢ + 10¢ = 35¢ from player I if player 11
has a K. Finally, if player I is dealt a K (as in the hands K J and K Q), player I
bets and is assured of winning. Player I wins 25¢ + 10¢ = 35¢ from player IT if
player I has a J (since player 11 sees on a J) and player I wins player II's ante of
25¢ if player 1T has a Q (since player I folds on a Q). Now the expected value of
the interaction of FBB and SFS is the sum of the products of the probabilities
and outcomes:

E(FBB,SFS) = 1/6(— 25) + 1/6(— 25) + 1/6(35) + 1/6(— 35)
+ 1/6(35) + 1/6(25)
= 1/6(— 25— 25+ 35— 35 + 35+ 25)
=5/3.

Hence, the FBB, SFS entry of the payoff matrix is 5/3. Since the payoff matrix
is an 8 x 8 matrix, we must perform computations similar to that above
63 more times. Although it is not suggested that one actually do this in its
entirety, one should verify at least a few of the entries of the payoff matrix
below:

11
FFF FFS FSF SFF FSS SFS SSF SSS

FFF [ -25 -25  —25 —25  —25 —25  —25 25
FFB | —25/3 —253 —20/3 —20/3 —20/3 —20/3 -5 =5
FBF | —253 —553 —25/3 —20/3 —553 —50/3 —20/3 —50/3

I BFF | —25/3 553 —553 253 —853 —S53 —553 —8573
FBB 253 =53 10 353 0 53 403 103
BFB 253 =573 0 10 —10 0 53 —2573
BBF 253 =353 —53 10 —653  —10 0 -20
BBB | 25 5503 853 —103 253 20 o

Fortunately, the matrix above reduces considerably by domination. The
first, second, third, fourth, sixth, and seventh rows can be deleted upon
comparison with {for example) the fifth row. Then the first, third, fourth, sixth,
seventh, and eighth columns can be deleted upon comparison with the fifth
column. Hence, the payoff matrix above reduces by domination to

I
FFS FSS

FBB | —5/3 0

BBB 5 —10/3
We now apply our linear programming techniques to the reduced payoff
matrix:
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P, -1 5 -10/3 0] =-t -
pivot
on

-1 -1 0 0 0 =f *

@ q, ( -1
s, 0 1 41 1] =-q,
p | 1" =53 0 0f=-t
P, -1 25/3 -1043 10/3 | =-t -_—
pivot
on
-1 -1 0 0 0] =f ok
R Ol
tq -1
s,| 0 1 l1]=-q,
H 1 £/ FaY /\
A4 po/an \YJ w
- > = - __->
p|-1 10 10/3 t, simplex
algorithm
-1|1-1 573 0f=f

=p, =5, =g

(Note: In game tableaus, the filed equations for u and v need not be recorded:;
u and v can be obtained from f and g since f= —vand g= —u.)

4 4 -1
s, | 1V10-1710 | 23| =-q,
-1/10 110 | 13 |=-q,

-1| =56 -1/6 -59 | =f
=P TP, =8

The basic solutions of the final tableau above are optimal:

t;=t,=0,9,=2/3,q, =1/3,max f=5/9,
minp=min — f = —max f= —5/9,
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s, =58, =0,p; =5/6,p, =1/6,ming =5/9,
maxu=max —g= —ming = —5/9.

The von Neumann value of this game is — 5/9, i.e., this game favors player Il
who will win, on the average, 5/9¢ per round of the game provided that both
players play their optimal strategies. These optimal strategies are summarized
below:

i
choice FFS FSS
prob. 173 273
I FBB | 5/6 |-5/3 0
BBB | 1/6 5-10/3 u=v=-59

In other words, it is optimal for player I to bet with a J (ie., bluff) with
probability 1/6 and always bet with a Q or K; it is optimal for player II to
always fold with a J, fold with a Q with probability 1/3, and always see with a
K.

ExaMPLE 6. There are two players, say player | and playerIl, and a
standard 52-card deck of playing cards. The black suits (i.c., spades (#’s) and
clubs (#’s)) rank higher than the red suits (i.c., hearts (¥’s) and diamonds
( #7s)); the denominations of these cards are irrelevant. Each player antes $x (x
= 0) and is then dealt a single card face down. Each player looks at his card.
Player I now has two options:

PASS—Both cards are revealed and the high hand wins the pot (if the hands
are equal, the pot is divided equally)
BET—Player I adds $y (y > 0) to the pot.

If player I bets, player II has two options:

FOLD—Player II loses his ante to player I
SEE-—Player IT adds $y to the pot.

In the event that player II sees, both cards are revealed and the high hand wins
the pot (if the hands are equal, the pot is divided equally). The cards are then
returned to the deck.

Given this game, which player (if any) has the advantage? What is the von
Neumann value of this game? What is the optimal strategy for each player?

This game is similar to the game of Example 5. The choices for both players
appear below:

Choices for player I:
PP PB BP BB
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Choices for player II:
FF FS SF SS

In each choice, the first letter represents the decision on what to do if a black
card (denoted b) is dealt and the second letter represents the decision on what
todoifa red card (denoted 1) is dealt. Under the assumption that all hands are
equally likely,* the entries of the payoff matrix are now computed as in
Example 5. We illustrate with an example.

PlayerI plays BP, player I plays FS

111 I11 111 111
Hand dealt: bb br rb rr
Probability: 1/4 1/4 1/4 1/4
Outcome: b x+y —Xx 0
(Winnings for
player I)

EBP,FS)=1/4(x) + 1/4(x + y) + 1/4(— x) + 1/4(0)
=1/4(x+(x+y)—x)

=(x+y)/4.
The payoff matrix is
11

FF FS SF SS

PP 0 0 0 0
I PB | 3x/4 x/2 x—y)/4 —y/a

BP x/4  (x+y)/4 0 y/4
BB x (Bx+y/d (x—y)/4 0

(Verify a few of the entries above before continuing!)

The payoff matrix above reduces by domination. Before we illustrate this
reduction, it is possible to make an educated guess as to which player is
probably favored by this game by inspecting this matrix. Notice that the first
row of the payoff matrix consists entirely of zeros. Hence player I can force at
least a fair game by constantly choosing strategy PP, i.e., passing no matter
what color card is dealt to him. Given this pure strategy, the expected winnings
of player I per round of the game (or, equivalently, the expected losses of
player II per round of the game) is 0 no matter what strategy player II uses, i.e.,
the game is fair. But the pure strategy of choosing PP for player [ may not be
optimal, i.e., there may be a pure or mixed strategy for player I whereby
player I can achieve an expected winnings per round of the game that is greater

*All hands in this game are not equally likely. The probability of the players getting cards of
different colors is slightly higher than the probability of the players getting cards of the same color.
(See Exercise 5.) We assume equal likelihood of the hands for computational convenience.



§5. Two More Examples 133

than 0. Hence, this card game probably favors player I. Our forthcoming
analysis will corroborate this fact. In addition, however, we will obtain the
exact expected winnings for player I per round of the game (the von Neumann
value of the game) and the optimal strategy for each player.

We now apply domination to our payoff matrix. The first row can be deleted
upon comparison with the third row and the second row can be deleted upon
comparison with the fourth row. Then the first and second columns can be
deleted upon comparison with the third column leaving

II
SF SS

I BP 0 y/4
BB | (x—y/4 0
We now consider two cases.

Case I. x £ y. Domination reduces the payoff matrix even further. The second
row can be deleted upon comparison with the first row and then the second
column can be deleted upon comparison with the first column to obtain

i
SF
I BP [0]

Here, the von Neumann value of the gameis 0, i.e., the game is fair. The optimal
strategies for the players are pure strategies, namely BP for player I and SF for
player IL In other words, it is optimal for player I to always bet with a black
card and always pass with a red card,; it is optimal for player II to always see
with a black card and always fold with a red card.

Case 1I. x >y. We apply our linear programming techniques to the 2 x 2
payoff matrix above:

@ql q, -1
@ 0 -1 -1" | -1[=-0

P -1 0 yA | 0|=-

A (-yV4 0 | 0]=-t, —

Py (x-y)/ K pivot
on

-1 -1 0 0 0=t *

-_-0 =Sl =S2 =g

(Note: The maximum entry in the first column of the payoff matrix is (x — y)/4;
the maximum entry in the second column of the payoff matrix is y/4. But which
of (x — y)/4 and y/4 is minimal? This depends on how much larger x is than y.
The choice of y/4 as minimal works in general for Case 11 (as does the choice of
(x — y)/4; see Exercise 6) and we use y/4.)
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@ q, qQ -1
S, 0 1 -1 1 |=-q,
P, 1** -y/4 /4 -y/4|=-t
P -1 (x-yy4 0 0 |=- E—
pivot
on
-1 -1 0 0 0| =f *k
=0 = Sl o @ =g
t,q -1
s, 0 1 I |=-q,
L 1 LA LA /\_
T N /Aa A /fal N\
-1 4" 4 | = -t —
P X v 2 simplex
algorithm
-1{ -1 yA | ya|=f

=p, =5, =g

(Note: The tableau above is canonical and maximum basic feasible. Since
x >y >0, we have x > 0; since (y/4)/(x/4) < 1, our pivot choice by the simplex
algorithm is x/4.)

ot -1
S, 4/x -4/x (x-yVx =-q,
s, | —4x 4k y/X =-q,

~1| (y-x¥x -y/x | y(x-y/(4x) | =f
=P, =P =g

The basic solutions of the final tableau above are optimal:

ty =1, =0,q, =(x — y)/x,q, = y/x,max f'= y(y — x)/(4x),
minv = y(x — y)/(4x),
sy =5, =0,p; =(x —y)/x,p, = y/x,ming = y(y — x)/(4x),
maxu = y(x — y)/(4x).

The von Neumann value of the game is y(x — y)/(4x); since x > y > 0, we have
y(x — y)/(4x) > 0 and hence the game favors player I who will win, on the
average, $y(x — y)/(4x) per round of the game provided both players play their
optimal strategies. These optimal strategies are summarized below:
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I

choice SF SS

prob. y/x (x-yy¥x

BP |(x-y¥x 0 vy/A
BB y/x (x-yy4 0 u=v = y(x-y)(4x)

In other words, it is optimal for player I to always bet with a black card and
bet with probability y/x with a red card; it is optimal for player Il to always see
with a black card and see with probability (x — y)/x with a red card.

§6. Concluding Remarks

Game theory is a dynamic and ever-widening field. While a rigorous and
complete treatment of the subject would require a firm foundation in advanced
calculus (at least), we have attempted in the preceding sections to introduce the
subject through the concept of a two-person zero-sum matrix game. The
solution procedure for such games illustrates quite graphically the power of
linear programming (in particular, the dual noncanonical tableau) in the
analysis of games. More advanced discussions of game-theoretic topics may be
found in [O1].

EXERCISES

1. Find the von Neumann value and the optimal strategy for each player in each of
the matrix games below.

a. II
2 1 4 2
1 2 1 1
1| -2 6 3 -2
3 -3 5 1
1 2 2 1
b I

I
0 -1 1 -1
0 5 4 2 0
[v 1I

1 -3 1

-2 —1 0
1 -1 -1 -
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-1 1 -1 2
I | -1 -1 1 1
0 1 1 -1

2. Find the von Neumann value and the optimal strategy for each player in each of
the games below.

a. Player I and player I each have a penny and a nickel. They each choose one of
their coins and display them simultaneously. If the coins are the same, player I
wins the sum of the coins from player II; if the coins are different, player IT wins a
nickel from player L.

b. Player I has the two of spades (24 ) and the three of hearts (3% ) from a deck of
playing cards and player IT has the three of spades (34 ) and the four of hearts
(4%). They each choose one of their cards and display them simultaneously. If
the colors are the same, player I wins; if the colors are different, player II wins. If
player I plays the 2 # , the payoff consists of the difference of the numbers on the
cards played in dollars; if player I plays the 3%, the payoff consists of the sum of
the numbers on the cards played in dollars.

c. (The excerpt below is from The Purloined Letter by Edgar Allan Poe.)

“T knew one [student] about eight years of age, whose success at guessing in
the game of ‘even and odd’ attracted universal admiration. This game is simple,
and is played with marbles. One player holds in his hand a number of these toys,
and demands of another whether that number is even or odd. If the guess is
right, the guesser wins one; if wrong, he loses one. The boy to whom I allude won
all the marbles of the school. Of course he had some principle of guessing; and
this lay in mere observation and admeasurement of the astuteness of his
opponents. For example, an arrant simpleton is his opponent, and, holding up
his closed hand, asks, ‘are they even or odd? Our schoolboy replies, ‘odd,” and
loses; but upon the second trial he wins, for he then says to himself, ‘the
simpleton had them even upon the first trial, and his amount of cunning is just
sufficient to make him have them odd upon the second; I will therefore guess
odd;—he guesses odd, and wins. Now, with a simpleton a degree above the
first, he would have reasoned thus: ‘This fellow finds that in the first instance I
guessed odd, and, in the second, he will propose to himself, upon the first
impulse, a simple variation from even to odd, as did the first simpleton; but then a
second thought will suggest that this is too simple a variation, and finally he will
decide upon putting it even as before. I will therefore guess even;’—he guesses
even, and wins. Now this mode of reasoning in the schoolboy, whom his fellows
termed ‘lucky,’-—what, in its last analysis, is it?”.

3. Consider the game below:
Player I and player II each have two pennies. Each player holds 0, 1, or 2 pennies
in his left hand and the remainder of the pennies (2, 1, or 0 respectively) in his
right hand. Each player reveals both hands simultaneously. If the number of
coins in one of player I’s hands is greater than the number of coins in the
respective hand of player II, player I wins the difference in pennies; otherwise,
no money is exchanged.

a. Which player is favored in the game? (No work is required here!)
b. Find the von Neumann value and the optimal strategy for each player in the
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game. If any player has infinitely many optimal strategies, find all optimal
strategies.

c. Ifplayer IT owed $100 to player I, approximately how many rounds of the game
would have to be played, on the average, to cancel the debt?

d. Assume that player II is allowed three pennies. Repeat parts a, b, and c for this
new game.

e. Assume that player I1 is allowed four pennies. Find the von Neumann value of
this new game. (No work is required here—be clever!)

4. Find the von Neumann value of the matrix game below:

0|
[—75 —75 75 —75 —75 -75 —75 —75
—25 —25 —20 —20 20 —-20 15 —15
—25 —55 —25 —20 —55 —50 —20 —50
—25 —55 —55 —25 —85 —55 _55 _85
I 25 -5 30 35 0 5 40 10
25 =5 0 30 -30 0 5 —25
25 —35 -5 30 -65 30 0 —60
| 75 15 50 8 —10 25 60 0

[Hint: Compare the matrix above to the matrix of Example 5.]
[Note: The method motivated in this exercise can be used generally to convert
fractional entries of matrix games to integers.]

5. Find the actual probability of occurrence of each of the hands in Example 6, thus
proving that the hands are not equally likely.

6. Show that the choice of (x — y)/4 as minimal works in general for Case II of
Example 6.

7. Find the von Neumann value and the optimal strategy for each player in each of
the multiphase games below.

a. Player I and player II each secretly toss a coin. Heads ranks higher than tails.
Each player looks at his coin. Player I now has two options:

PASS—Both coins are revealed and the high coin wins. If player I has the
high coin, he wins $2 from player IT; if player IT has the high coin, he
wins $4 from player I. If both coins are the same, no money is
exchanged.

BID—Player II has two options:

FOLD—Player I wins $4 from player II
SEE—Both coins are revealed and the high coin wins $12. If both coins are
the same, no money is exchanged.

b. Player I and player II are each dealt a single card face down from a deck of three
playing cards, a jack (J), a queen (Q), and a king (K). The ranking of these cards,
from lowest to highest, is J, Q, and K; the suits of these cards are irrelevant. Each
player looks at his card. Player I now has two options:
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PASS—Both cards are revealed and the high card wins. If player I has the
high card, he wins $2 from player II; if player II has the high card, he
wins $3 from player I.

BET—Player I puts $1 in the pot.

If player I bets, player II has two options:

PASS—Player II adds $3 to the pot and player I adds $1 to the pot. Both
cards are revealed and the high hand wins the pot.
SEE—Player II puts $1 in the pot.

In the event that player II sees, both cards are revealed and the high hand wins
the pot. The cards are then returned to the deck.

¢. Player I and player IT each ante $5. Each is then dealt a single card face down
from a standard 52-card deck of playing cards. The black suits (i.e., spades (#’s)
and clubs (#’s)) rank higher than the red suits (i.e., hearts (¥’s) and diamonds
(#s)); the denominations of these cards are irrelevant. Each player looks at his
card. Player I now has two options:

PASS—Both cards are revealed and the high hand wins the pot (if the hands
are equal, the pot is divided equally)
BET—Player I adds $1 to the pot.

If player I bets, player II has three options:

FOLD—Player II loses his ante to player I

SEE— Player IT adds $1 to the pot, both cards are revealed, and the high hand
wins the pot (if the hands are equal, the pot is divided equally)

RAISE—Player IT adds $2 to the pot.

If player II raises, player I has two options:

FOLD—Player I loses his ante and bet to player II
SEE—Player I adds $1 to the pot, both cards are revealed, and the high hand
wins the pot (if the hands are equal, the pot is divided equally).

The cards are then returned to the deck.
[Note: Assume equal likelihood of the hands for computational convenience
(but see Exercise 5 above!).]

8. Assume that the ante is $1 (instead of $5) in the game of Exercise 7c above. Prove
that this new game is fair. [Hint: It suffices to show that one row and one column of
the payoff matrix consists entirely of zeros. (Why?)]

9. Let x, yeR and consider the matrix game below:

11
x 0
1
0y
a. Determine a necessary and sufficient condition for the matrix game above to
reduce by domination to a single entry.

b. Given the condition of part a, find the von Neumann value and the optimal
strategy for each player in the matrix game above. [Hint: There are two cases.]
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10. Let x, y, zeR. Find the von Neumann value and the optimal strategy for each
player in the matrix game below:

II

[

[Hint: Consider several cases and reduce by domination.]

11. a. Letx > 0.Find the von Neumann value and the optimal strategy for each player
in the matrix game below:

I
I —(x+2) x+1
x+1 —x
b. Assume now that x can be any real number. For what values of x does the
matrix game above reduce by domination to a single entry?

12. Prove that the minimization problem of the game tableau in Theorem 3 yields the
optimal strategy for the row player.



CHAPTER 6

Transportation and
Assignment Problems

§0. Introduction

Transportation and assignment problems are traditional examples of linear
programming problems. Although these problems are solvable by using the
techniques of Chapters 2—4 directly, the solution procedure is cumbersome;
hence, we develop much more efficient algorithms for handling these
problems. In the case of transportation problems, the algorithm is essentially a
disguised form of the dual simplex algorithm of 4§2. Assignment problems,
which are special cases of transportation problems, pose difficulties for the
transportation algorithm and require the development of an algorithm which
takes advantage of the simpler nature of these problems.

§1. An Example; The Balanced Transportation
Problem

We begin with a typical example of a transportation problem.

ExaMPLE 1. A manufacturer of widgits owns three warehouses and sells to
three markets. The supply of each warehouse, the demand of each market, and
the shipping cost per ton of widgits from each warehouse to each market are as
follows:
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warehouse supplies

Market 1 Market 2 Market 3 l

Warehouse 1 | $2/ton $1/ton $2/ton | 40 tons
Warehouse 2 | $9/ton $4/ton $7/ton | 60 tons
Warehouse 3 | $1/ton $2/ton $9/ton | 10 tons

market demands —> 40 tons 50 tons 20 tons | 110 tons e— total demand

!

total supply

How should the manufacturer ship the widgits so as to minimize total
transportation cost?

The problem can be solved by using the techniques of Chapters 2—4
directly. For i,j=1,2,3, let

x;;= # of tons of widgits shipped from warehouse i to market j.
Then the objective is to minimize the total transportation cost, i.e.,

Minimize C(xy, X3, X3, X215, X225 X235 X31> X325, X33)

=2Xy1 + X5+ 2X13 + 9% +4%55 + Txp3 + X31 + 2X3, + 9x33.
What are the constraints? Note that the total supply of the three warehouses is
110 tons and that the total demand of the three markets is 110 tons. Hence, in
order to satisfy the demand of the markets, each warehouse will have to ship
precisely its current supply of widgits. Furthermore, the amount of widgits sent

to any market by the three warehouses must equal the demand of that market.
Hence we obtain six equality constraints for our transportation problem:

X1+ Xy, +x,3=40 (Warehouse 1 supply constraint)
X1+ X5, + %, =60 (Warehouse 2 supply constraint)
X3; + X3, + X33 =10 (Warehouse 3 supply constraint)
X117+ Xy, + x5, =40 (Market 1 demand constraint)
X123+ X554+ x5, =50 (Market 2 demand constraint)

X3+ X33+ Xx33=20 (Market 3 demand constraint).

Finally, we impose nonnegativity constraints on the x;’s:

X115 X125X13>X215 X225 X235 X33, %32, X33 2 0.

The initial Tucker tableau for the solution of this problem via the techniques of
Chapters 2-4 is
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x;[ 1001002
X,/ 1000 1 0 |1
X5/ 1 000 0 1 |2
X0 01 0 100 |9
Xp,| 0010 0 1 0 | 4
X5l 001 0 00 1 |7
X; ] 000 1 1.0 0 | 1
Xp,| 000 1.0 1 0 | 2
X;3 000 1.0 0 1 |9
~1/40 60 10 40 50 20 | 0

=0=0-0-0=0=0 =C

WOW! A relatively small transportation problem with three warehouses and
three markets has expanded into a 10 x 7 Tucker tableau! Although we could
use the techniques of Chapters 2--4 to solve this problem, we will opt instead
for a more direct algorithm which operates on a smaller tableau. We leave
Example 1 until its solution with this algorithm in §4.

Example 1 above is an example of a balanced transportation problem. We
now state the general balanced transportation problem. A manufacturer of a
certain good owns m warchouses W,, W,,..., W, and sells to n markets
M ,M,,....M,. Lets;,i=1,2,...,m, be the supply of W, letd; j=1,2,...,n,
be the demand of M, and let ¢; be the unit shipping cost from W;to M Ifx;;is
the number of units of the good to be shipped from W, to M, then the general
balanced transportation problem is

n

Minimize C= Z Y X

i=1j=1

subject to z X =8, i= 1,2,...,m}Warehouse constraints
ji=1

Y x;=d;, j= l,2,...,n}Market constraints

i=1
x;20, Vi

Here, total supply is equal to total demand:

total supply = ) s; = i ( i xij): i
, P 2

i= i=1
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it is, in this sense, that the transportation problem is said to be balanced.
(Unbalanced transportation problems will be discussed in §5.) The relevant
balanced transportation tableau is given by

M, M, .. M,
Wilen € S| S
Wil ¢ € S | 2
Wm le m2 cmn sm
a4, . 4 | = =
Y s=)d
iz =l

The entries of the transportation tableau are called cells. An extremely
important remark is in order here. The transportation tableau above is not a
Tucker tableau. In fact, the algorithm to be developed essentially translates the
steps of the dual simplex algorithm of 4§2 (which operates on a Tucker
tableau) into the language of transportation problems; in so doing, we will
obtain a disguised form of the dual simplex algorithm which operates directly
on the transportation tableau rather than on the much larger Tucker tableau.
The next two sections give this algorithm. Although no proofs are given,
comments are provided to enable the reader to see the correspondence
between the steps of the two algorithms. For further discussions of the
relationships between the transportation algorithm and simplex algorithm
techniques, see [L2].

§2. The Vogel Advanced-Start Method (VAM)

The Vogel Advanced-Start Method (VAM), named after W.R. Vogel ([R1]),
implements the reduction of the minimum Tucker tableau of a transportation
problem to minimum basic feasible form. This algorithm would hence
correspond to the transformation of the Tucker tableau to canonical form and
the subsequent application of steps (1)—(6) of the dual simplex algorithm of 4§2.
We should remark here that VAM is not the only algorithm that implements
this reduction. Other methods include, for example, the minimum-entry
method and the northwest-corner method (see Exercise 6). In fact, the use of
VAM in large transportation problems can be quite cumbersome. But VAM is
usually considered to be superior for smaller transportation problems and is
especially suitable for hand computations since it generally results in a feasible
solution that is closer to being optimal than the other procedures.
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VAM

(0) Given: An initial balanced transportation tableau.

(1) Compute the difference of the two smallest entries in every row and column
of the tableau and write this difference opposite the row or column. (If there
is only one entry in any row or column, write that entry.)

(2) Choose the largest difference and use the smallest cost in the correspond-
ing row or column to empty a warehouse or completely fill a market
demand. (If there is a tie for the largest difference, use the smallest entry in
the corresponding rows and/or columns. If there is a tie for the smallest
entry, use any such entry.) Circle the cost used and write above the circle
the amount of goods shipped by that route. Reduce the supply and demand
in the row and column containing the cost used.

(3) Delete the row or column corresponding to the emptied warehouse or fully
supplied market; if both happen simultaneously, delete the row unless that
row is the only row remaining in which case delete the column.

(4) Tf all tableau entries are deleted, STOP; otherwise, go to (1).

We now apply VAM to Example 1 of §1.

ExampLE 1 (Continued). The parenthetical numbers below correspond to the
steps of VAM.

©) M, M, M,
w2 1 2|40
W, 9 4 760
W1 2 910
40 50 20| 110

The W;'s and the M;’s will be suppressed computationally.

M 1 IS ‘——di%?g;lgluc]es
12 1 2|40
319 4 7160
1{1 2 9110
T 40 50 20
ow
differences

(2) The largest difference in the tableau above is 5 corresponding to the third
column. Hence we use the smallest cost in the third column, namely 2, to
empty a warchouse or completely fill a market demand. 2 denotes the unit
cost of shipping widgits from W, to M5; since M5 only needs 20 tons of the
possible 40 tons in W, we ship 20 tons of widgits from W, to M and
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therefore fulfill the demand of M ;. We then adjust the supply of W, and the
demand of M, accordingly, i.e., after such a shipment, the current supply of
W, is 40 — 20 = 20 and the current demand of M is 20 — 20 = 0. The entire
transaction is recorded as follows:

112 1 @Plwow

What is the rationale behind the choice of the largest difference and the
subsequent choice of the smallest cost in the corresponding row or
column? The largest difference at any stage of VAM is a measure of the
“regret” we would have for not using the smallest cost possible in the row
or column of this difference. Referring to the tableau above, if we do not
take advantage of the 2 in the third column, then, because of the larger
difference, we will eventually have to use a much larger cost to fulfill the
demand of M. Hence we ship as many tons of widgits as we can via the
cost of 2 in the hope of avoiding the much larger costs in the same column.
M has been fully supplied in step (2) above; hence we delete the third
column of the tableau:

1|2 1 Q)ZO 20

3 9 4 / 60
I I 2 ) 10
40 50

Note that we have successfully avoided using the high costs of 7 and 9 in
the third column!
All tableau entries have not been deleted so we go to step (1).
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(D column
! 1 ? differences
20
12 1 @2
5 9 4 7 60
1 1 2 ) 10
T 40 50 p
row
differences
(new)

(2) Thelargest difference in the tableau above is 5 corresponding to the second
row. Hence we use the smallest cost in the second row, namely 4, to ship as
many tons of widgits as we can from W, to M,—this amount is 50 tons
(fulfilling the demand of M,). The supply of W, is adjusted to 60 — 50 = 10
and the demand of M, is adjusted to 50 — 50 = 0;

) 1 CDZO
s 1o @50
L1 2
0 56 0
0

20

60 10

10

(3) M, has been fully supplied in step (2) above; hence we delete the second

column of the tableau:

o

20

10

10

1| 2
519
1|1

40
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(4) All tableau entries have not been deleted so we go to step (1).

3

@)50

O

20

10

10

(1) 1
2] 2

919

1]

10

g

¢

(Remember: If a row or column contains only one entry, write that entry

when computing differences.)

(2) Thelargest difference in the tableau above is 9 corresponding to the second
row. Hence we use the smallest cost in the second row, namely 9, to ship as
many tons of widgits as we can from W, to M;—this amount is 10 tons
(emptying W,). The supply of W, and the demand of M, are adjusted

accordingly:

30

20

0

10

(3) W, has been emptied in step (2) above; hence we delete the second row of

the tableau:

!

2| 2 @ 20

o L0 NS0, A

T o

1] 2 10
30 ) q
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(4) All tableau entries have not been deleted so we go to step (1).
(1 1

2| 2 @ 20

a L0 1\50 A

W 4

1] 1 y ¢ 10
30 0 q

(2) Provide your own justification for the tableau below:

20 GDZO 2 0

~S0

T

® ©
[N
AV

<P

©)

—
A

~20

¢

¢
FAnY
G

Jor el
I v

P
)
—
(=1

—
—
-+
=
—
o

(=}
-
-
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(4) Go to step (1).

(1) S R
20 AN20 |
T P
ol A0 M50 N
T 9
11 ) 9 10
09 )
(2) 1 | 1
Al 20 20
Y 72N
ol a0 AN50 o
7 \y \‘J \vJ
@D 2 9 Jwo
1o
0

(3) A warehouse has been emptied and a market has been fully supplied
simultaneously in step (2) above. Although it really does not matter at this
point whether we delete the row or column (since all tableau entries will
have been deleted in any event and VAM will terminate in step (4)), we
delete the column in accordance with step (3) as stated previously:

| 3

Al 20 MA20]
=T X7
ol N0 NS0 o
Ty 0
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(4) All tableau entries have been deleted—STOP.

Our transportation tableau after VAM is

@20 | @20 40
@10 @50 7 60
®% 2 9 |0

40 50 20

Note that the solution obtained by VAM is a feasible solution. To see this,
check that the total number of tons of widgits shipped from each warehouse is
equal to the total supply of that warehouse and that the total number of tons of
widgits shipped to each market is equal to the total demand of that market.
This feasible solution is given by

X1 =20, x,,=0, x;5=20,
X,; =10, x,,=50, x,,=0,
x3; =10, x3,=0, x33=0
with corresponding total transportation cost
C = $2(20) + $2(20) + $9(10) + $4(50) + $1(10) = $380.

Is such a solution optimal? We postpone the answer to this question until the
next section. The interested reader may wish to attempt the construction of a
feasible solution having lower total transportation cost than $380.

Definition 2. A feasible solution of a balanced transportation problem is said
to be a basic feasible solution if at most m + n — 1 of the x;;’s are positive where
m is the number of warehouses and n is the number of markets.

Not surprisingly, the notion of Definition 2 above is completely analogous
to the concept of a basic feasible solution of a Tucker tableau. VAM produced
a basic feasible solution from the tableau of Example 1 of §1. Exactly five of the
x;;’s are positive (namely x;,Xx;3,X,1,%;;, and x3;)and m+n—1=3+3—
1 =5. Note though that basic feasible solutions in transportation tableaus
need not have exactly m+n—1 positive x;7s as in this example—the
requirement is at most m + n — 1 positive x;;’s. Does VAM always produce a
basic feasible solution from a balanced transportation tableau? YES!

Theorem 3. VAM produces a basic feasible solution for any balanced transpor-
tation problem. Furthermore, the basic feasible solution corresponds to exactly
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m+ n — 1 distinguished (circled) cells of the transportation tableau where m is
the number of warehouses and n is the number of markets. These distinguished
cells are said to constitute a basis for the basic feasible solution.

Note particularly the “furthermore” in Theorem 3 above. VAM will always
terminate with exactly m+n—1 circled cells where m is the number of
warehouses and n is the number of markets. This is crucial!l Chaos may result
later if you do not check for this immediately after using VAM. Theorem 3
does not say that exactly m+n—1 of the x;;’s will be positive-—even though
exactly m + n — 1 of the cells will be circled (and all noncircled cells will have
x;;-value 0), it is possible for one (or more) circled cells to have x;-value 0. This

phenomenon did not happen in Example 1 above but will be illustrated later.

§3. The Transportation Algorithm

Definition 4. Let T be the tableau of a balanced transportation problem. A
cycle Cin T is a subset of cells of T such that each row and each column of T
contains exactly zero or two cells of C.

ExXAMPLE 5. In each tableau T below, the circled cells form a cycle C in T.

@ & e
& &
C3y @T
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By connecting the cells of a cycle using horizontal and vertical movement
only, we may visualize cycles in transportation tableaus as usual graph-
theoretic cycles. Never use diagonal movement in this regard (even though it
may yield a graph-theoretic cycle). The reason for disallowing diagonal
movement is investigated in Exercise 7.

ExaMPLE 6. The cycles of the tableaus in Example 5 above may be visualized
as

g
]

€31 €32 C33
T

C)—€) s

C—)

D S
T

and

T

respectively. The cycle in the final tableau above should not be visualized as

@ @ €13
G2y &)
C3y @ @

since diagonal movement is used here.
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We now give the transportation algorithm, the disguised form of the dual
simplex algorithm which will solve balanced transportation problems.

The Transportation Algorithm

(0) Given: An initial balanced transportation tableau.

(1) Apply VAM to obtain a basic feasible solution and a corresponding basis
(§2).

(2) Let b, =0. Determine a,,d,,...,dy, by, bs,...,b, uniquely such that
a;+b; = c;; for all basis cells ¢;;.

(3) Replace each cell ¢;; by ¢;; —a; — bj; these are the new cells ¢;;.

(@) Ifc;; = 0foralliand j, STOP; replace all cells with their original costs from
(0); the basic feasible solution given by the current basis cells is optimal.
Otherwise, continue.

(5) Choose c;; < 0. (Usually, the most appropriate choice is the most negative
¢;;» but see Exercise 8.) Label this cell as a “getter” cell (+ ). (By convention,
this cell is distinguished by squaring it instead of circling it.) Find the
unique cycle C in the tableau determined by this (squared) cell and basis
cells. Label the cells in C alternately as “giver” cells (—) and “getter” cells
(+). Choose the “giver” cell associated with the smallest amount of goods.
(If there is a tie among certain “giver” cells for the smallest amount of
goods, choose any such cell.)

(6) Add the squared cell of (5) to the basis, i.e., circle it in a new tableau.
Remove the chosen “giver” cell of (5) from the basis, i.e.,do not circleitin a
new tableau. Add the amount of goods given up by this “giver” cell to all
amounts of goods of “getter” cells in C; subtract the amount of goods given
up by this “giver” cell from all amounts of goods of “giver” cells in C. Go
to (2).

Before we illustrate the transportation algorithm, we make two remarks.
First of all, balanced transportation problems, by their very nature, are never
infeasible or unbounded. VAM produces an initial feasible solution ruling out
infeasibility; the constraints force the x;;’s to have finite upper bounds ruling
out unboundedness. Secondly, recall that VAM applied to any balanced
transportation problem results in exactly m + n — 1 basis cells. If this basic
feasible solution is not optimal, steps (5) and (6) then determine a new basis for
a new basic feasible solution—one of the old basis cells leaves the basis
(namely the “giver” cell associated with the smallest amount of goods) and a
new cell enters the basis (namely the squared cell). If all cells are replaced with
their original costs, this new basic feasible solution generally has lower total
transportation cost than the original VAM basic feasible solution. (In any
event, this new basic feasible solution will not have greater transportation cost
than the original VAM basic feasible solution. Occasionally, the cost of the
new solution will equal the cost of the old solution (remember cycling in 2§87?);
more on this later.) If this new basic feasible solution is not optimal, then a



154 Chapter 6. Transportation and Assignment Problems

second “sweep” through the transportation algorithm will be necessary to try
to improve the solution further by determining another new basis for another
new basic feasible solution. This process of constructing basic feasible
solutions which successively improve the objective function is completely
analogous to the procedure used by the simplex algorithm and usually
terminates with an optimal solution.

We now illustrate the transportation algorithm with the solution of
Example 1.

ExaMpLE 1 (Continued). The parenthetical numbers below correspond to the
steps of the transportation algorithm.

(0), (1) These steps have already been performed in §2. The tableau obtained
by VAM is

@20 | @20 40
@10 @50 7 60
@'0 2 9 10

40 50 20

Since the warehouse supplies and market demands are no longer needed,
we suppress these quantities hereafter.

(2) Given b, =0, we wish to find a;,a,,a3,b,, and b; uniquely such that
a; + b; = ¢;; for all basis cells c;;.

b,(=0) b, b,
. @20 | @20
. @10 @50 ;
a, @10 29

Now
a +b,=c;, =2 = a;=2
ay+b,=c;;=9 = a,=9
as;+b,=c3;=1 = a;=
ay+by=cy;=4 = by=~35
a;+by=c;3=2 = by=0
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Hence we have

0 -5 0
ol @20
0| @@
D 2

(3) Every cell ¢,; gets replaced by a new cost, namely the old cost less the g;
indexing the row of the cost less the b; indexing the column of the cost.
Note that all basis cells will necessarily have cost 0 after this replacement;
for basis cells, the a;’s and b;’s satisfy a; + b; = ¢;; forcing ¢;; —a;— b; =0
for these cells. The new cells are given below:

O 4 @2@
©"° @ 2
®° 6 s

(4) Since ¢,3 <0, we continue with the transportation algorithm.

©)

chosen
“ giver” .
cell

Note that the unique cycle must involve the squared cell but, in general,
will not involve all of the current basis cells. Answer the following
questions before continuing:

(i) Why does the cycle above not involve the basis cell @ *° as in
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20

(Hint: Look at Definition 4.)

(ii) Which cell above will enter the basis in step (6)?
(iii) Which cell above will leave the basis in step (6)?

(6) 20+10 20-10
/

@30‘ 4 @10 0+10
0 @50@ 10/
@10 6 8

Here, c,; (the squared cell of step (5)) has entered the basis and c,, (the
chosen “giver” cell of step (5)) has left the basis. In addition, goods have
been redistributed around the cycle of step (5)—the “getter” cells ¢;, and
¢,3 have increased their amounts by 10 and the “giver” cells ¢, 3 and c,,
have decreased their amounts by 10. Inasmuch as c,, leaves the basis, we
do not record the superscripted 0 amount of goods here. Go to step (2).

) b) (&) (b,
0 2 0

(al) 0 @30 4 @10
(az) - 0 @50@10
@ ol @ 6 8
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€)

@30 5 @10
@50 @10
@10 4 8

(4) Since c;; = 0for all i and j, we STOP. Replacing all cells with their original

1=

costs from step (0), we obtain

1 @
s @0 @
O° 2

and corresponding optimal solution

X1, =30, x,,=0, x;5 =10,
x21 = O, x22 = 50, x23 = 10,
X317 =10, x3, =0, x33=0,

min C = $2(30) + $2(10) + $4(50) + $7(10) + $1(10) = $360.

§4. Another Example

EXAMPLE 7. Solve the transportation problem below:

M, M, M, M,
5 12 8 5026
11 4 10 820
14 5 1 930

15 20 26 15

=z

The parenthetical numbers below correspond to the steps of the transpor-
tation algorithm.

(0) Total supply is equal to total demand (76 in each case).
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(1)

6 8 i 1
3 5 12 3 50 26
4|11 4 16 8 20 —

15 20 26 15

9
[\
S

A==

S
aqe
2.)
R
P
“

41

50 26

E'SN
L
®
)
<)
-:L———ee—A—‘r—-
[
<

! oeq N6 N4 L
J = JOAV \/ w |
15 0 ? 15

We pause here for a moment. In the first tableau above, 8 is the largest
difference; since 8 corresponds to a row and a column, the smallest cost
among the entries of both the row and the column is chosen in accordance
with step (2) of VAM. In the second tableau above, a warehouse was
emptied and a market was fully supplied simultaneously. The row was
deleted in accordance with step (3) of VAM. In the third and last tableau
above, three of the deleted cells have been circled and three cells remain;
since VAM resultsinexactlym +n—1=3 + 4 — 1 = 6 circled cells for this
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problem by Theorem 3, we know that the final basic feasible solution
obtained by VAM must be

@15 @0 g

11

26

11

14

@20 10

20

RO MOMED

15 20 26 15

It is crucial that the superscripted O on the cost of ¢,, = 12 be recorded as
we will see later in the transportation algorithm. This is the phenomenon
alluded to at the end of §2.

@) 0 7 37 45
S @15@0 11
@20 10 8
@26 @4

-3 11

-36 | 14 50

)

@15 @0 34 @11
14 @20 24 -34
@26 @4

(4) Since there are several negative c;;’s, we continue with the transportation
algorithm.

(5)

50 79

chosen

+ —
@15 0 _34 1‘1—"— ugivlclrn
(o
14 (m
-+

@26 @4

50 79
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Note that there are three choices for a negative c;; here. Our choice
corresponds to the most negative c;; but, more importantly, emphasizes
the importance of including the superscripted O cell as a basis cell. The

ambitious reader is invited to solve the problem by using the other two
choices. (See also Exercise 8.)

@15 @M o
4 ) -2 33 H
o 19 ©°@*

0 0 -34 -34

Go to step (2).

2)
0 @15 @11 _34 0
0l 14 @9 24 (3 H
s 1 @°Q°
A3)

OF®" o
4 @ 10 "
TREPTENG MR O

(4) Sincec;; = 0for alliand j, we STOP. Replacing all cells with their original

ij=

costs, we obtain

@15@11 g 50
n @ 0 @
VRO REON
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and corresponding optimal solution

X, =15 x,=11, x3=%x,,=0,
X1 =0,%,,=9, x5, =0, x5, =11,
X31 =X32 :0, X33 :26, XS4=4,

min C = 5(15) + 12(11) + 4(9) + 8(11) + 1(26) + 9(4) = 393.

We conclude this section with some general remarks on transportation
problems. Sometimes, transportation problems are such that no desirable
routes exist between certain warehouses and certain markets. For example, a
certain warchouse and market may be separated by a steep mountain or wide
river making travel from warehouse to market difficult. Such routes can
usually be eliminated from active consideration by placing very high
transportation costs on those routes. The costs of 50 in Example 7 accom-
plished exactly this. Even though one of the 50’s was involved in the VAM
basic feasible solution, none of the 50’s were involved in the optimal solution.
Similarly, if one wishes to force certain routes between warchouses and
markets to be used, one can place very low transportation costs on these
routes. In fact, even negative costs could be placed on particular routes;
negative costs can be viewed as subsidy payments from the markets to the
warehouses for using routes that are advantageous to the markets.

§5. Unbalanced Transportation Problems

In this section, we consider transportation problems with tableaus as follows:

M, M, .. M,
Wile, ¢y €| 8y
Wolcy €y oo G| Sy
Wm Cot Sm2 -+ Sun | Sm
m n
d d,. d
8 # d,
i=1 j=1

Such transportation problems are said to be unbalanced. We consider two
cases.

Casel. > 5, <3i-,d;

Here, the current demand of the markets exceeds the current supply of the
warehouses. This is a rationing problem where goods must be allocated
among the markets. We introduce a fictitious warehouse W, ; with supply
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Sm+1 such that

1.e., the m + 1% warehouse supplies the excess demand. This creates a balanced
transportation problem. When a market receives goods from the fictitious
warehouse, it doesn’t really receive any goods at all. The transportation cost of
such non-shipment will be assumed negligible compared to other transpor-
tation costs and assigned a value of 0. (In reality, the assigned cost would reflect,
for example, loss in sales as well as costs associated with expediting the
shipment of the goods from another source.)

Casell. 31, s;,> 3, d;

Here, the current supply of the warehouses exceeds the current demand of
the markets. This is usually the case in well-managed inventory situations. We
introduce a fictitious market M, ,, with demand d, ., such that

n+1
Z si= 2, dj

j=1
i.e., the n + 1° market demands the excess inventory. This creates a balanced
transportation problem. When a warehouse is instructed to ship goods to the
fictitious market, it “ships to itself”, i.e., it retains the goods. The transpor-
tation cost of such self-shipment will be assumed negligible compared to other
transportation costs and assigned a value of 0. (In reality, the assigned cost
would include, for example, spoilage costs (if the good is perishable) and
storage costs.)

We illustrate unbalanced transportation problems with two examples.

ExAMPLE 8. Solve the transportation problem below:

Ml MZ M3
w2 1 240
W,|9 4 760
w,[1 2 9]10

50 60 30

Note that the transportation problem is unbalanced since

3 3
110=) s;< > d;=140.
i=1 ji=1
Always check this-—the transportation algorithm only works with balanced
transportation problems! Since demand exceeds supply (Case I), we add a
fictitious warehouse W, (with associated transportation costs of 0) to supply
the excess demand of 30:
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MI M2 M3
w2 1 240
W,|9 4 760
w1 2 910
W, 0 0 030

50 60 30

The transportation algorithm is now applied to this balanced transportation
problem. As an exercise, verify that VAM yields the basic feasible solution

@40 1 @0 40
9 @60 7160
®10 &° o 0
o o @73

50 60 30

and that such a shipping schedule is optimal. (You owe it to yourself to
perform this verification. If you are observant, you will notice some strange
behavior. Although this behavior does not usually occur with transportation
problems, it will occur repeatedly with assignment problems in §6 and is the
primary reason behind the development of a new algorithm for such
problems.) In this optimal solution, notice that M, does not receive any goods
since it receives all of its 30 units from the fictitious warehouse W,. Notice also
that Example 8 is precisely Example 1 (solved in §3) where each market is
assumed to require 10 more units of the good than indicated. Of the two
problems, we would expect a lower total shipping cost in Example 8 since the
use of higher cost transportation routes can probably be lessened or avoided
by not fully satisfying certain markets along these routes. This is indeed the
case—the total transportation cost in Example 1 was 360 as compared to the
total transportation cost of 330 in Example 8.

ExaMPLE 9. Solve the transportation problem below:

Ml M2 M3
w2 1 2750
w,[9 4 770
w1 2 920

40 50 20
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Note that the transportation problem is unbalanced since

3 3
140= Y ;> ¥ d; = 110.
i=1 i=1

Again, always check this—the transportation algorithm only works with
balanced transportation problems! Since supply exceeds demand (Case II), we
add a fictitious fourth market M, (with associated transportation costs of 0) to
demand the excess inventory of 30:

M, M, M, M,
w2 1 2 0]50
W,[9 4 7 0]70
W1 2 9 0]20
40 50 20 30

The transportation algorithm is now applied to this balanced transportation
tableau. As an exercise, verify that VAM yields the basic feasible solution

@20 ®10 @20 0 50
9 @40 . @30 10
@20 2 9 0 20

40 50 20 30

and that such a shipping schedule is optimal. In this optimal solution, notice
that W, retains 30 units of the good since it has been instructed to ship 30 units
to the fictitious fourth market M,. Notice also that Example 9 is precisely
Example 1 (solved in §3) where each warehouse is assumed to have 10 more
units of the good than indicated. Of the two problems, we would expect a lower
total shipping cost in Example 9 since lower cost transportation routes can
probably be used more effectively. This is indeed the case—the total
transportation cost in Example 1 was 360 as compared to the total transpor-
tation cost of 270 in Example 9.

§6. The Assignment Problem

The assignment problem is a special type of transportation problem. We will
consider only balanced assignment problems in this section; the treatment of
unbalanced assignment problems is analogous to the treatment of unbalanced
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transportation problems and is investigated in Exercise 13. The general
balanced assignment problem is the general balanced transportation problem
inwhichm=nand s;,=d;=1,i,j=1,2,...,n, ie,

Minimize C = i Zn: c

i=1j=1

ijXij

subjectto > x;=1,i=12,...,n
ji=1

x;; 2 0,Vi,j.

From the statement of the general assignment problem above, it can be proven
(but is by no means obvious) that each x;; is either 0 or 1 in any optimal
solution. We will not provide such a proof here (see, for example, [L2] for a
proof).

In balanced assignment problems, i indexes a set of n persons and j indexes a
set of n jobs; ¢;; is the cost of assigning person i to job j. It is desired to assign
each person to exactly one job and each job to exactly one person so that the
total cost of assignment is minimized. Here,

_ | 1, if person i is assigned to job j
Y710, otherwise.

Now, since the balanced assignment problem is a special case of the balanced
transportation problem, we should be able to use the transportation algorithm
to solve balanced assignment problems. However, due to the notoriously
degenerate nature of balanced assignment problems, the transportation
algorithm becomes inefficient and tedious to use. We illustrate with an
example.

ExaMPLE 10. Solve the assignment problem below by using the transportation
algorithm.

(jobs)
o L
P18 7 101
(persons) P17 7 8]1
P8 5 71

I 1 1

(Can you solve tbis problem by inspection?)

The parenthetical numbers below correspond to the step of the transpor-
tation algorithm.



166 Chapter 6. Transportation and Assignment Problems

(0) The assignment problem is balanced (m =n = 3).

(1 1 2 1

0| 7 7 8 | N
sl o L. L
LUUI A U
1 r 1
0
1 0 2

ol o P~ S PPN
AV} T 7 W A O
sl e a
Z [} \y T Av 2

1 0 ¥

Since VAM results in exactly m+n—1=3+3 — 1 =15 circled cells, the
VAM basic feasible solution is
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2 0 -1 2

s | @' @° 0

sl 1 1 ®

61 8 @1 7
A3)

(4) ¢33 <0; continue.

5

chosen
(‘giVer’)

cell

|
1, ~0 =0
© +©O—0-

1

1 ©
2 —(@]+

(6)
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Go to step (2). (In the meantime, ponder this question: Did the distribution
of 0 goods around the cycle really change anything?)

2) o 0 -l

0| @' @ o

3

> @ @

(4) STOP; replacing all cells with their original costs from step (0), we obtain

® @° 10
71 ®
s Q) @

and corresponding optimal solution

x11=1,x1,=x;3=0,
Xp1 =X%3,=0, x,3=1,
X3: =0, x5, =1, x33, =0,
mnC=8+8+5=21.

Now, you may ask, what was so inefficient about that? Well, exactly this—
the VAM basic feasible solution has a cost of 21 (verify this!) and is hence also
an optimal solution. Look at all of the extra work that we did! An efficient
algorithm would have recognized the optimality of the VAM basic feasible
solution immediately and halted; the transportation algorithm, on the other
hand, failed to recognize this optimality. This happens quite frequently when
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applying the transportation algorithm to assignment problems and was
alluded to in §3. In fact, the transportation algorithm applied to assignment
problems may cycle (remember 2§87?) without ever reaching an optimal
solution! The culprit in both cases is the large number of superscripted 0’s in
the VAM basic feasible solution of an assignment problem. (There are exactly
two in Example 10.} In fact, Exercise 17 shows that, in an n x n assignment
problem, exactly n — 1 of the basis cells will have superscripted O0’s. This large
number of superscripted 0’s in assignment problems is referred to as
degeneracy. Degeneracy causes behavior as in step (6) above where 0 goods
are distributed around a cycle causing no change in assignments or total
assignment cost. The algorithm recommended for assignment problems is the
Hungarian algorithm which we develop now. This algorithm takes advantage
of the simpler nature of assignment problems as compared to transportation
problems.

Definition 11. Let T be the tableau of a balanced assignment problem. A
permutation set of zeros Z is a subset of zero cells of T such that every row and

every column of T contains exactly one zero cell of T.

ExAMPLE 12.

T

The cells distinguished by superscripted asterisks form a permutation set of
zeros in T above (in fact, this permutation set of zeros in T is unique).

T

The cells distinguished by superscripted asterisks do not form a permutation
set of zeros in T above (in fact, there is no permutation set of zeros in T above).

000 1
0 0 0
1 0 0
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The cells distinguished by superscripted asterisks form a permutation set of
zeros in T above. (Find two other permutation sets of zeros in T above.)

We now give the Hungarian algorithm. This algorithm was developed in
1955 by H.-W. Kuhn ([K2]) and is so named because it was based on the work
of two Hungarian mathematicians, K6nig and Egervary. Several comments
on certain steps of the algorithm will be made after the complete statement of
the algorithm.

The Hungarian Algorithm

(0) Given: An initial balanced (n x n) assignment tableau.

(1) Convert all ¢;;’s to nonnegative integers if necessary by application of one
or both of the following steps:
(i) (Nonnegativity) If ¢;; <0 for some i and j, compute

ki =max {|c;;l:c;; <0},
L,J

and add k, to every entry of the tableau.
(ii) (Integrality) If ¢;;¢Z and c;;€Q for some i and j, form the set
S= {Cij = pij/‘lij5cij¢Zs Cijer Dij» QijeZa qij > 0},
and compute
k,=1cm {qij:cij = pij/qijES}'
(Here, 1cm denotes the least common multiple.) Multiply every entry of the
tableau by k,.

(2) Subtract the smallest entry in each row from every entry of the row to
obtain a new tableau. Subtract the smallest entry in each column of the
new tableau from every entry of the column to obtain (what will be called)
the reduced tableau.

(3) Draw a minimum number k of horizontal and/or vertical lines (extending
the length and width of the tableau respectively) to cover all zero entries of
the reduced tableau.

(4) If k = n, STOP; a permutation set of zeros can be found among the zero
entries of the reduced tableau; the optimal solution corresponds to this
permutation set of zeros when all cells are replaced with their original
entries from (0). If k < n, choose the smallest uncovered entry. Subtract
this entry from all uncovered entries (including itself) and add this entry to
all covered entries corresponding to intersections of horizontal and
vertical lines (all other covered entries remain unchanged), hence obtain-
ing a new reduced tableau. Go to (3).

Several comments are in order. The following numbers correspond to the
steps of the Hungarian algorithm.
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(1) (i) In other words, this step says that if there are negative entries in the
tableau, then choose the most negative entry, take its absolute value (called k),
and add this quantity to every entry of the tableau.

(1) (i1) In other words, this step says that if there are nonintegral rational
entries in the tableau, then write each such entry as a quotient of integers with
positive denominator, find the least common multiple of these denominators
(called k,), and multiply every entry of the tableau by this quantity. This step
clears all rational numbers of their denominators. What if there are irrational
entries in the tableau? It is reasonable to assume that irrational ¢;;’s do not
occur in assignment problems. After all, the ¢;;’s represent costs and irrational
costs are not usually appropriate in practical situations. (When is the last time
you paid $n for something?) Furthermore, any irrational entries could be
approximated within any positive degree of accuracy by rationdl numbers if
necessary.

(1) The optimal assignment plan is unaffected by the conversion to
nonnegative integers since the same positive quantity is added to or multiplied
with every entry.

(3) The crucial word in this step is minimum. Incorrect answers usually
result if the zero entries are covered with more horizontal and/or vertical lines
than necessary. Note that the minimum number k must satisfy k < n (one could
delete all entries of the tableau by drawing, for example, n horizontal lines!).

We now illustrate the Hungarian algorithm with several examples.

ExaMPLE 13. Illustrate step (1) (ii) of the Hungarian algorithm by converting
the assignment tableau below to nonnegative integers.

Jl 'IZ JB
PlOS 2 1
P,| 12 6 7
P,| 59 0 314

1

I

1

We first write all rational numbers in the tableau as quotients of integers
with positive denominators. In the tableau below, all fractions have been
reduced. Although this is not necessary, it will result in a smaller value of k,.

172 2 1
6/5 1/6 7
5/9 0 157/50

Then k, = 1cm {2,5,6,9,50} = 450; multiplying every entry of the tableau

above by k, =450, we obtain
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225 900 450
540 75 3150
250 0 1413

as desired.

ExAMPLR 14. Solve the assignment problem of Example 10 below by using the
Hungarian algorithm.

Jl J2 JJ
P8 7 101
P,|7 7 8|1
P,[8 5 1

1 1 1

The parenthetical numbers below correspond to the steps of the Hungarian
algorithm.

(0) The initial tableau is balanced. Note that the supplies and demands are
really unnecessary in an assignment tableau (each supply and demand is
1!). Herealfter, all supplies and demands will be suppressed in assignment
problems.

(1) Each c;; is a nonnegative integer already!

(2)

10
7 17 8 —
7
1 0 3
0 _—
30 2
1 0 2
0 0 0
3 0 1

reduced tableau
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3)

(The minimum k is 2 here.)
4 2=k<n=3

)

w P —

é
1

0 0 1
0 1 0
2 0 0

reduced tableau

Go to step (3).
(3)

b > P
>+ b
> b +

(The minimum k is 3 here.)

(4) k=n=73; hence, a permutation set of zeros can be found among the zero
entries of the reduced tableau. In fact, there are two such permutation sets
of zeros in the tableau, denoted by * and ** below:

0 01
LR ] 1 0.
2 0. e

Replacing all cells with their original entries, we obtain
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8. == 10
* % 7 8‘
8 5t e

and corresponding optimal solutions

. ) X11 = X23 = X3, = 1, all other xij’s 0,
"|minC=8+8+5=21

Kk X12=x21=x33:1’ all other xij’s 0,
minC=7+7+7=21.
Remember that x;; = | in assignment problems is to be interpreted as meaning

that person i gets assigned to job j. Write out the optimal assignment plans of *
and ** above in words.

ExaMPLE 15. A company wishes to assign five of its workers to five different
jobs (one worker to each job and vice versa). The rating of each worker with
respect to each job on a scale of 0 to 10 (10 being a high rating) is given by the
following table:

(jobs)
A S SR A

o -

(workers)

N
S W W O 0o
N B NO

z£zz2%2
W &K L 3 Wk
AN W L N B
NNV IR VO SO )

W

If the company wishes to maximize the total rating of the assignment, find the
optimal assignment plan and the corresponding maximum total rating.

There is a slight difficulty here. The problem as stated above is a maximiza-
tion problem. But the Hungarian algorithm solves assignment problems which
are minimization problems! The difficulty is eliminated by transforming the
maximization problem into an equivalent minimization problem to which the
Hungarian algorithm can be applied. This is easy-—maximizing the assign-
ment of the given tableau is equivalent to minimizing the assignment of the
tableau consisting of the negatives of the given tableau entries. As long as we
are careful to interpret the optimal solutions in terms of the entries of the given
tableau, the Hungarian algorithm is “fooled” into solving a maximization
assignment problem. Hence, we begin with the altered tableau
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-3 -6 -4 -10 -2

The Hungarian algorithm is now applied to this tableau. The parenthetical
numbers below correspond to the steps of the algorithm.

(0) The tableau above is balanced. (One need only check that there is the same
number of workers as jobs!)
() () k; =]—10]=10:

5 6 8 2 5
3 4 6 4 1
s 5 7 1 8
6 7 S 5 6
7 4 6 0 8
2)
5 6 8 2 5
3 4 6 4 1
5 5 11 8 —
6 7 5 5 6
7 4 6 0 8
3 4 6 0 3
2 3 5 3 0
0o 0 2 2 3
1 2 0 0 1
7 4 6 0 8

reduced tableau
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Note that no reduction in the columns is necessary above since every
column contains a 0 after reduction in the rows.

€)

—

N 4 D W
F O - Y SR N
NP P th &
0 =+ b P w

|
(The minimum k is 4 here. We note that the covering of the zeros with four
horizontal and/or vertical lines above is not unique. The interested reader
is invited to find the other covering and proceed from this covering to the

optimal solution.)
@) 4d=k<n="5

S1—

P W

N 4+ D W
S p DD S
NP P g

— oG
OO0 w« (L

- O N O
_N O W e
W O N W
S W LN ©
nh - w o O

reduced tableau

Go to step (3).
©)

<P

Ho—= PN
_—N P W
L

(The minimum k is 5 here.)
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(4) k =n=S5; hence, a permutation set of zeros can be found among the zero
entries of the reduced tableau. The unique such permutation set of zeros
(verify the uniqueness!) is given below:

001 3 0 0
2 3 5 6 0
0 0 2 5 3
1 2 0 3 1
4 1 3 0 5

Replacing all cells with their original entries in the statement of the
problem, we obtain

N

w N
th W o &®©
(9]

s
7
4
5
3

SN W W
s W

=

[NSIE L

and corresponding optimal solution

xll = x25 = X32 = X43 = x54 = 1, a]l Othel‘ X,-j’S 0,
maximum rating=5+9+5+5+10=34.

§7. Concluding Remarks

There is no denying the importance of transportation and assignment problems
as a class of problems that arise quite frequently in a variety of real-world
applications. We wish to emphasize a more subtle and mathematical
importance, namely that transportation and assignment problems highlight
limitations of the linear programming solution procedures of Chapters 2-4,
forcing the development of new algorithms. Even though the solution
procedures of Chapters 2—4 will usually solve transportation and assignment
problems, the size of the initial Tucker tableaus and the specialized nature of
the problems suggest that perhaps alternate and easier algorithms exist. The
intent and goal, then, is to develop new specialized algorithms for these
specialized problems. In the case of transportation problems, which are special
types of noncanonical linear programming problems, the new algorithm is
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essentially a mimic of a known algorithm, unrecognizable as such since it
operates on a structurally different (and smaller!) tableau. In the case of
assignment problems, which are special cases of transportation problems, yet
another new (but related) algorithm is developed. Since specialized algorithms
are usually dependent upon a given problem structure, such algorithms would
generally not be valid for problems not possessing the required structure. (For
example, the Hungarian algorithm is not valid for transportation problems in
general and the transportation algorithm is not valid for noncanonical linear
programming problems in general.) The development and analysis of effective
algorithms is crucial in all areas of mathematics; at this point, the reader is
hopefully impressed with such development and analysis as it pertains to
linear programming.

EXERCISES

1. Solve each of the transportation problems below.

17 2 410
100 5 9120
7 3 5130
20 10 30

b.

4 s5|s

3 2107

6 3|9

7 5|4

14 11

C.

3 2 130
2 5 9175
40 30 50

d {12 10 8|28
8 9 11] 62
20 38 22

18 2 3 71|42
9 4 S5 6|17
7 1 6 5|17
9 14 24 29
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£13 8 5|5
2 7 31|14
4 4 2
6 5 8
8 10 18

E 16 5 4710
37 2|16
5 10 8110
4 6 3|12
10 7 6

h|5 9 10 6|4
10 7 5 415
4 5 5 442
6 5 7 53
3 4 4 3

L 110 20 15 6 O
26 30 30 20 16
28 29 25 13 8
15 20 25 5 5
9 15 9 15 8

15
10
15
16

6 9 -1
3 9 11
9 1 x
x 6 7
20 20 30

20
15
20
15

179

Solve the transportation problem below where x denotes a prohibitively high cost.

It is shown in [G2] that a transportation problem has a unique optimal solution if

and only if all nonbasis cells at the point of termination of the transportation
algorithm are strictly positive (not zero).

a. Which of the transportation problems in Exercise 1 above have unique optimal
solutions?
b. Find an alternate optimal solution for each transportation problem in

Exercise 1 above that does not have a unique optimal solution.

Let ieZ, 0 < i < 30. Show that there exists an optimal solution to the problem of

Example 8 for which M, is not supplied i units of the good and M is not supplied

30 — i units of the good.
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5. Formulate Exercise 9b from Chapter 2 as a transportation problem and solve.
[Hint: The “warehouses” are new towels, dirty towels from day 1, and dirty towels
from day 2.}

6. Two alternate methods for obtaining initial basic feasible solutions in transpor-
tation problems are given by the algorithms below.

The Minimum-Entry Method

(0) Given: An initial balanced transportation tableau.

(1) Use the smallest cost in the tableau to empty a warehouse or completely fill a
market demand. (If there is a tie for the smallest entry, use any such entry.)
Circle the cost used and write above the circle the amount of goods shipped by
that route. Reduce the supply and demand in the row and column containing
the cost used.

(2) Delete the row or column corresponding to the emptied warehouse or fully
supplied market; if both happen simultaneously, delete the row unless that row
is the only row remaining in which case delete the column.

(3) If all tableau entries are deleted, STOP; otherwise go to (1).

The Northwest-Corner Method

(0) Given: An initial balanced transportation tableau.

(1) Use the northwest-most cost in the tableau to empty a warehouse or
completely fill a market demand. (The northwest-most cost is that cost in the
top left position of the tableau.) Circle the cost used and write above the circle
the amount of goods shipped by that route. Reduce the supply and demand in
the row and column containing the cost used.

(2) Delete the row or column corresponding to the emptied warehouse or fully
supplied market; if both happen simultaneously, delete the row unless that row
is the only row remaining in which case delete the column.

(3) If all tableau entries are deleted, STOP; otherwise go to (1).

a. Apply the minimum-entry method and the northwest-corner method to
Exercise 1a above. Compare the basic feasible solutions so obtained with the
VAM basic feasible solution.

b. Apply the minimum-entry method and the northwest-corner method to
Exercise 1b above. Compare the basic feasible solutions so obtained with the
VAM basic feasible solution.

7. Assume that a transportation problem has the VAM basic feasible solution below
(the costs are irrelevant):

®1 @2 ‘.
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Furthermore, assume that the transportation algorithm determines that the
squared cell below should enter the basis:

©' @«
@ €2 %

4 5
o & &

a. Prove that the visualization of the cycle as

and the subsequent application of steps (5) and (6) of the transportation algorithm
would not result in a new basic feasible solution for the problem.
b. Would the visualization of the cycle as

result in a new basic feasible solution for the problem? [After answering this

question, consult the answers section in the back of this book for an important
note.]

8. An anticycling rule for the transportation algorithm is given below.

Transportation Algorithm Anticycling Rule

Whenever there is more than one possible choice of negative ¢, in step (5) of the
transportation algorithm, choose the northwest-most negative c;;, i.€., choose the
negative ¢;; with minimal i and, if more than one such ¢;; has minimal i, choose
the ¢;; among those cells with minimal j.
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Solve Example 7 by using the transportation algorithm with the anticycling rule
above.

9. Consider the assignment problem below:

2 1 2
9 4 7
1 2 9

a. Solve the problem by using the transportation algorithm.
b. Solve the problem by using the Hungarian algorithm.
c. Which algorithm is preferable here?

10. Solve each of the assignment problems below.

a.

38 21 34

41 14 36

28 20 25
b.

10
13
13
17

-
—
—

N 00 3

10

H N N0
[o2 V=TS B ~ o))
W N b W W
W &
AN WA

11. The optimal assignment in the assignment problem below is not unique. Find all
optimal assignments.

[ S O S N
oo hh O O
AN AW N
O 2 00 N
AN I N
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12.

13.

14.

15.

Solve the assignment problem below where x denotes a prohibitively high cost.

K= W o
A\ — 00
<))

I

Balance each of the unbalanced assignment problems below by using the
techniques of §5 and then use the Hungarian algorithm to solve the problems.
Interpret each of the optimal assignment plans in words.

al9 7 8 6 8
0 8 7 9 6
9 6 9 7 8
8§ 9 10 7 6

T 6 8 3
9 8 10 7
8§ 9 71 6
9 7 9 9
g§ 10 8 10

A company wishes to assign six of its workers to six different jobs (one worker to
each job and vice versa). The rating of each worker with respect to each job on a
scale of 0 to 10 (10 being a high rating) is given by the following table:

(jobs)

o4, 1y 30 Jg T

w8 9 6 3 7 5

W,|4 3 9 7 5 6
workersy) W37 3 2 1 97
W,|4 6 S 4 8 5

W7 6 1 2 8 7

W4 4 5 4 5 1

If the company wishes to maximize the total rating of the assignment, find the
optimal assignment plan and the corresponding maximum total rating.

A group of five men and five women live on an island. The amount of happiness
that the i man and the j* woman derive by spending a fraction x;; of their lives
together is ¢;;x;; where c;; is given in the table below:
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16.

17.

18.

(women)
1 2 3 4 5
114 2 4 5 2
214 S5 4 1 3
(men) 3|4 4 3 3 5
412 2 6 4 5
53 5 7 5 2

Find the living arrangements that maximize the total happiness of the islanders.

Label the following statement TRUE or FALSE. If the statement is FALSE,
provide a counterexample.

The Hungarian algorithm applied to an assignment problem terminates after at
most two occurrences of step (3).

Let T be an n x n assignment tableau. Prove that VAM applied to T results in
exactly n— 1 distinguished (circled) cells with x;;-value 0.

Consider the diagram below. (Such a diagram will be called a weighted directed
network in Chapter 7.)

D0,
<DN>:

®
2\A® . @/37

Interpret the arrows as one-way routes between the lettered nodes and interpret
the numbers as the distances between these nodes. Formulate and solve an
assignment problem for which the optimal solution will yield the shortest distance
from node A to node F as well as the actual route from node A to node F which
achieves this shortest distance.



CHAPTER 7

Network-Flow Problems

§0. Introduction

Our final application of linear programming occurs in the graph-theoretic
domain. In fact, we will see that the transportation and assignment problems
of the previous chapter can be reformulated as a certain type of network-flow
problem. In view of this, network-flow problems encompass a wide range of
linear programming problems. As with the transportation and assignment
problems, the network-flow problems of this chapter are solvable by using
the techniques of Chapter 2-4 directly. We, however, opt for easier and
more direct graph-theoretic algorithms, one of which has its roots in duality
theory.

§1. Graph-Theoretic Preliminaries

This section develops the notation and terminology used in the remainder of
the chapter.

Definition 1. A directed network (or directed graph) N =[V,E] is a finite
nonempty set V of elements called vertices and a set E of ordered pairs of
distinct elements of V called edges. N is said to be capacitated if, to each edge
(vi, v;)€ E, there corresponds a real number c;; 2 O called its capacity. A flow ina
capacitated directed network is an assignment of a real number x;; to each edge
(vi,v;)€E such that 0 < x;; S ¢y

ij =

ExXAMPLE 2. An example of a capacitated directed network is given below:



186 Chapter 7. Network-Flow Problems

Uy 3 U3
 —e D @
4
8 s 10
vy 3 4 * g
9 2 9
v
. ————ﬁ L]
Uy 5 Vs

Note that vertices are represented as points and that edges are represented as
directed lines between these points. The sets V and E for the directed network
above are
V= {01, U3,0U3,U4,Us, Ue}
E= {(Ul, 02), (01, 04), (v, 03), (v, V5), (03, U5),
(03, 06), (V4 02), (V4 03), (V4 05), (V5,5 6) §

Edges only occur between distinct elements of V' by definition; hence loops
such as (v,v), 1.e.,

o

v

are not permitted. The capacity c;; of each edge (v;,v;) is also given. We now
produce a flow in the capacitated directed network above by assigning
numbers x;; (distinguished by circles) to the edges subject to 0 < x;; <¢;;:

@ U2 3@ 0.3
T 5@ 10@
4O,

y
o s @ u.s Cij

We can imagine the capacitated directed network and flow above as a picture
of any one of a number of real-life situations—for example, a system of oil
pipelines, a display of railroads between cities, or a network of communication
cables.



§1. Graph-Theoretic Preliminaries 187

Definition 3. Let N = [V, E] be a capacitated directed network with a given
flow. If v;eV, then the net input flow at vertex v;, denoted @(v;), is

(P(Uj) = inj - iji-

If o(v;) < 0, then v;is said to be a source; if o(v;) > 0, then v; is said to be a sink; if
@(v;) =0, then v; is said to be an intermediate vertex.

In other words, the net input flow at a vertex is the sum of all flow numbers
on edges into the vertex minus the sum of all flow numbers on edges out of the
vertex.

ExaMPLE 4. Consider the capacitated directed network and given flow of
Example 2:

U2 3 @ ]
_— .

@ A

Upe 3 4 . Vg

What is ¢(v,)? The sum of all flow numbers on edges into v, (namely x,,)is 6
and the sum of all flow numbers on edges out of v, (namely x,, + X435 + X,5) is
3+1+4=28; hence

(P(U4)=in4_zx4i:6—8= -2

and v, is a source. Similar computations for the other vertices yield the
following table (verify!):

i o(v;) Type of vertex

1 —10 source

2 0 intermediate vertex
3 0 intermediate vertex
4 -2 source

5 3 sink

6 9 sink

In Example 4 above, we notice that what comes out of the sources (namely
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10 + 2 = 12 net units of flow—this value is negative in the table because ¢ is
net input flow) goes into the sinks (3 + 9 = 12). Such a fact is true in general and
is termed conservation of flow.

Theorem 5 (Conservation of Flow). Any flow in a capacitated directed
network N = [V, E] satisfies

2. 9v;)=0.

X — an> (by Definition 3)

PROOF. Y ov) = Z,: (
ORI

Now every flow number of the network is represented exactly once in each of
the double summations above (albeit in a different order) and hence

Z o(v j) =0
J
as desired. O

We conclude this section with an important discussion. The claim is this:
Any flow in a capacitated directed network can be transformed into a flow
having a unique source and a unique sink by augmenting the structure of the
network; furthermore, this augmentation can be implemented so that there are
no edges into the source and no edges out of the sink. The augmentation
procedure in general is simple. Vertices representing the desired unique source
and desired unique sink are added to the network. Edges from the desired
unique source to each of the previous sources and edges from each of the
previous sinks to the desired unique sink are then added to the network. Each
of these added edges is assumed to have infinite capacity. The flow numbers
assigned to the added edges are finally computed so that the previous sources
and sinks become intermediate vertices. All of this is illustrated for the network
and flow of Example 2 below:

R IONIN
G ’
©) ©
Uy 3 4 , Vg
' e O\ |® |
SRNONVARIN Pl ©
| - ® < ! Cii
- 5 v d
Desired ' @ 04 @ ’

- @ *' Desired
unique unique

source sink
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Make sure that you see that the flow above has all the properties expressed in
the claim.

Now assume, for the moment, that we are given a capacitated directed
network and that we specify certain vertices of the network as sources and
sinks. The network-flow problems in the forthcoming sections are concerned
with asking different questions about the collection of flows through the
network having these specified sources and sinks. In view of the above
discussion, we can augment the structure of the network and ask equivalent
questions about the collection of flows through the augmented network
having a unique source, a unique sink, no edges into the source, and no edges
out of the sink. Hence, in what follows, we restrict our attention to flows having
a unique specified source and a unique specified sink as well as the edge properties
as above. Due to the augmentation process described previously, this
restriction is without loss of generality and hence is really no restriction at all.
The unique specified source and unique specified sink in such a network are
denoted v, and v, respectively (s for source and d for sink (drain) if you will).

§2. The Maximal-Flow Network Problem

Given a capacitated directed network with unique fixed source and unique
fixed sink, no edges into the source, and no edges out of the sink, our first
network problem is to find the maximal flow through the network. Note, first
of all, that what comes out of the source (namely — ¢(v,) since ¢(v,) is net input
flow) must go into the sink by conservation of flow. Hence

~ @(vy) = (vy);

this is the quantity to be maximized:

Maximize [ = — @(v,) = o(v4) = ina - Zxdi

=Y Xy (x4 =0 since there are no
' edges out of vy by assumption).
Now there are two constraints. The first constraint says that every vertex
except the source and the sink should be an intermediate vertex; the second

constraint says that the flow numbers should be nonnegative and not exceed
the given capacities of the edges:

@)= Zx,.j—— Zxﬁ=0,\/vjeV,j9és,d
0= X5 S €y, Vi, j

Definition 6. Let N = [V, E] be a capacitated directed network with unique
fixed source and unique fixed sink, no edges into the source, and no edges out
of the sink. The maximal-flow network problem is (as above)
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Maximize =} x,
subject to ) x;;— Y x; =0,Vv;eV,j#s,d (1)

0x;;Z¢

ij = %ij> VI’.]

Note that the zero flow (i.e., x;; = 0 for all i and j) is a feasible solution to (1).
Also, the x;;’s have finite upper bounds since x;; < ¢;; for all i and j. Hence the
maximal-flow network problem is never infeasible or unbounded. Not
surprisingly, the maximal-flow network problem can be solved by using the
techniques of Chapters 2—-4. We illustrate the setup of such a problem with an

example.

ExaMPLE 7. If the maximal-flow network problem below is to be solved by the
techniques of Chapters 2—4, find the initial Tucker tableau for the solution.

Uy 3 Uy
[ —
ﬂ\
10
8 5
Uge 3 4 * Uy
2 9
9 v
._—_———ﬁ'
U3 5 Uy

The desired tableau is
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WOW! The first four rows of the tableau record the intermediate vertex
constraints for v,,v,,0;, and v, respectively while the next ten rows of the
tableau record the upper capacity restrictions x;; < ¢;; for all i and j. The final
row of the tableau records (of course) the objective function. Verify these facts!

Do we really want to solve general maximal-flow network problems using
the techniques of Chapters 2—4 on Tucker tableaus such as that of Example 77
To say the very least, such an approach appears to be a rather unwieldy
procedure. We therefore opt instead for a more direct graph-theoretic
algorithm. This algorithm relies heavily on duality; it is this reliance that is
emphasized in the next section where we actually derive the algorithm
theoretically.

We conclude this section with a brief discussion of the dual problem of the
maximal-flow network problem. The dual minimization linear programming
problem to the maximal-flow network problem (1) is

Minimize g= Y ¢y
(vi,vj)eE
subject to  p; + ys; 2 0,V(vs,v;)eE
— i+ ui+y;20,V(v;,v,)€E, i #5,j #d (2)
— Wit yu2 LV, 04)€E
yij 2 0,Y(v;,v;)€E.

pYj
This fact is motivated further in Exercise 6; the interested reader is immedi-
ately referred there. If we put p =0 and uy = — 1,(2) simplifies:
Minimize g= Y ¢y
(vi,vj)eE
subject to  — ;4 p; + y;; 2 0,V(v;,v))€E (3)
yij .Z_ Oa V(U,‘, Dj)EE

ﬂszouudz -1

To see this, note that i = s in the first constraint of (3) yields the first constraint
of (2) and that j = d in the first constraint of (3) yields the third constraint of (2);
the first constraint of (3) is identical to the second constraint of (2) for all other
(v;,v;)€ E. This simplified minimization problem is intimately connected to the
concept of a cut to be discussed in the next section; in fact, the minimum cut
shares a strong relationship with the desired maximal flow (as might be
expected since they are dual problems), ultimately leading to the maximal-flow
algorithm.

§3. The Max-Flow Min-Cut Theorem; The
Maximal-Flow Algorithm

Definition 8. Let N = [V, E] be a capacitated directed network with unique
fixed source and unique fixed sink, no edges into the source, and no edges out
of the sink. A cut C =(V,, V,)in N is a partition of all elements of V into two
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disjoint subsets ¥, and V, such that v,eV, and v eV,. The cut-set of the cut
C=(V,V,)is the set

{(Ui’ Uj)EE: v;e Vl, UJ-E VZ}
The capacity of the cut C =(V,, V,), denoted c(V,, V,), is

c(Vy, V)= z Cije

vieV1,vjeV2

ExaMPpLE 9. Consider the capacitated directed network N below:

Uy 3 L)
—_——
!
8 5 10
Us o 3 4 * Uy
9 2
v ?
L] ———ﬁ.
U3 5 U4

Then
C=(V,={v,vy,03},V,={v,,04,04})

isacutin N. The cut-set of C consists of all edges in E having initial vertex in V,
and terminal vertex in V,. Hence the cut-set of C is

{(Ul’ UZ)’ (Ul’ 04)7 (U37 Uz)v (037 04)}'
The capacity of C is the sum of the capacities of the edges in the cut-set:
cVi,Vy)= Y  ¢;=3+5+2+5=15.
vieV1,vjeV >

The cut C, its cut-set, and its capacity may be diagrammed as follows:

e(Vy, Vy)=15
V)
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Another cut in N, its cut-set, and its capacity are diagrammed below:

Note that the edges (v;,v,) and (v5, v,) are not cut-set edges since their initial
vertices are in V, (not V) and their terminal vertices are in V, (not V,).

We note immediately from Example 9 above that the capacities of cuts in a
given capacitated directed network may vary greatly. These capacities relate
to the minimization problem (3) of §2 as follows. Given acut C=(V, V,)ina
capacitated directed network, put y; =0if v;eV; and ;= — Lifv;eV,. (Note,
in particular, that u, =0 and uy = — 1 in accordance with (3).) For every edge
(v;,v;) of the cut-set of C, put y;; = 1; otherwise, put y;; = 0. Then these values
give a feasible solution to (3) and the value of the objective function ¢ is the
capacity of C. Conversely, given a capacitated directed network and any
feasible solution to (3) with y-values equal to O or — 1 and y-values determined
by y;; = max {0, ; — p;} (so that — p; + u; + y;; = 0 and so that y,;is equal to 0
or 1;see Exercise 7), putv;eV, if y; =0and v;eV,if y;= — 1. Then C = (V, V,)
is a cut in the network and the edge (v;,v;) is in the cut-set of C if and only if
y;;= 1. Hence all cuts in a capacitated directed network are mathematically
modeled by (3). We illustrate with an example.

ExampLE 10. Consider the first cut diagrammed in Example 9:

Vi, V,)=15
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Then
He=py=p3=0
Ho =y =pg=—1
Yi2=YV1a=VY32=VY3a=1
Vs1=Vs3= Y24 =Y2a=V31=Yaa =0

One can now easily check that all constraints of (3) are satisfied (check this!).
Furthermore,

g= ) CyVy=CratCiatcytey=3+5+2+5=15
(vi,vj)eE

as desired. Conversely, consider the capacitated directed network N of
Example 9; we wish to construct a feasible solution to (3) with u-values equal
to 0 or —1 and y-values equal to 0 or 1. Let

Be=p2=0
By =H3=pa=pg=—1

(for example). Then

ysl = max {O’ﬂs_:ul} = Ya = 1

Ys3 = max {O’ﬂs _#3} = V3= 1

yiz=max {0,u; —u,} = y;,=0

yia=max{0,u; —us} = y14=0

Vaa=max {0, 4, —uy} = yru=1

Yag=max {0, u; — g} = yya=1

Y31 =max{0,u3 —p;} = y3; =0

Y32 =max{0,u3 —p} = y3,=0

Vsa=max {0, uy —ps} = y34,=0

Vaa=max {04, — pg} = yag=0
and the u’s and the y’s form a feasible solution to (3). The cut in N given by this
feasible solutionis C = (V, V,) where V| = {v,, v, } (from the ;’s equal to 0) and
V, ={vy,v3,04,04} (from the y’s equal to 1); since the edge (v;, v;) is in the cut-
set of C if and only if y;; = 1, the cut-set of C is {(v,, V), (s, V3), (V35 V4), (V2. V4) }-
Note that the cut just produced is the second cut diagrammed in Example 9.

We are interested primarily in the minimum possible cut capacity in a given
network for the following reason.

Theorem 11 (Max-Flow Min-Cut Theorem). Let N = [V, E] be a capacitated
directed network with unique fixed source and unique fixed sink, no edges into the
source, and no edges out of the sink. Then the value of the maximal flow from v, to
vq is equal to the minimal cut capacity in N.
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Theorem 11 is perhaps the single most important result in clementary graph
theory. Notice the blatant display of duality here! If we accept the fact that the
dual minimization problem of the maximal-flow problem mathematically
models the concept of cuts in networks (see Example 10), then this theorem
simply says that f =g at the optimal solutions to the maximal-flow network
problem (objective function f) and minimal-cut network problem (objective
function g), something we know already from Chapter 4. We, however, will
provide a completely new graph-theoretic proof of this theorem since such a
proof is the basis for a graph-theoretic algorithm for solving maximal-flow
network problems. This proof also illustrates again the importance of duality
as a theoretical tool in linear programming. We first give a definition.

Definition 12. Let N =[V, E] be a capacitated directed network with unique
fixed source and unique fixed sink, no edges into the source, and no edges out
of the sink. A finite nonempty set P of ordered pairs of elements of V' of the form

P= {(UO’UI)’(UI’Uz)a- . ~7(Un~1avn)}
is said to be an a-path in N from v, to v, if

(1) the vertices vg,0q,...,v, are distinct and

(ii) (v;,v;)eP implies that (v;,v;)€E or (v;,v;)€E.

If (v;,v;)e P and (v;,v;)€E, then (v, v;) is said to be a forward edge of P in N; if
(vi,v;)eP and (vj,v;)€E, then (v, v;) is said to be a backward edge of P in N.

Ui

ExampLE 13. Consider the capacitated directed network N below:

R
8 T 5 10
Ug o 3 4 o U4
9 2 9
v

Then
P= {(Us’ U3): (03, 04), (04, 02), (v, 04) }

isana-pathin N from v, to vy. (v, 03), (U3, U4), and (v,, v,) are forward edges of P
in N since they respect the direction of the original edges of N; (v4,0,) is a
backward edge of Pin N since it traverses an original edge of N in the opposite
direction.
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In the proof of the max-flow min-cut theorem, we will have occasion to refer
to the objective function and constraints of the maximal-flow network
problem (1). We recall that this problem is given by

Maximize =) Xy (1.1)
subject to Zx,.j-Zxﬁzo,VujeV,j;és,d (1.2)
0= x;; 2 ¢, Vi, j- (L.3)

We now present the proof of the max-flow min-cut theorem.

Proor (of Theorem 11). The proof consists of two parts. In the first part, we
show that the value of the maximal flow is less than or equal to the minimal cut
capacity. In the second part, we then show that a cut exists whose capacity is
equal to the value of the maximal flow. These two parts are sufficient to prove
the theorem.

Part 1. Consider any feasible flow in N with flow numbers x;; and flow value f
and let C =(V,,V,) be any cut in N. Now

f:<0-5V§j¢dO>+f

= Y (Zx” Zx,,)-f—Zx,d (by (1.2) and (1.1) respectively)
vieVoi#d \ T

= ) (inj—Zxﬁ>+ina—Zxdf
vjeV2,j*d i i i i

4

(5o 3

vjeV 2 i

) |:< 2, X+ Z > < Y Xit ) xji):l
vjeVa vieV 1 vieV 2 vieV1 vieV2

= Y oxyt+ ) Xy Y Xp— Y X

vieV 1,vjeV 2 vieV2,0eV 2 vieV 1,0V 2 vieVa,vjeV 2
= Y xy— ) xpt DIE TR W "
vieV1,0eV 2 vieV1,0j€V 2 vieV2,vieV 2 vieV2,vieV 2
= Y x;— Y xj (thelast two ) ’s above cancel since
ieVi,vjeV ieVi,vjeV . .
iEv L ie prerLbeT i and j range over the same set)
ie.,
f= Y xy= ) X “)
vieV 1,v;€V2 vieV1,vieV 2
Then

f= Y x5= Y xS Y oxy

@) vieV1,0jeV2 vieV 1,0V 2 vieV1,v5eV 2

= Z Cjzc(Vsz),

(L3 pevy, vieV 2
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re. f < c(Vy, V,). Since the feasible flow value f and the cut C = (V,, V,) were
arbitrary, we have

max f<minc(V,, V,). (5

Part 2. Since the maximal-flow network problem is never infeasible or
unbounded, a maximal flow exists; let the value of this maximal flow be f*
corresponding to flow numbers x;;. We now construct two disjoint subsets V'
and V, of V as follows:

Construct V| by putting v, into V| and then by putting v;into V' if and only
if
(i) v;eV, (v,v))€E, and xj; < c;; or

(i) v;eV', (v, v)€E, and xj; > 0.
After V', has been constructed, put V, =V - V.

P

We wish to show that (V, V%) is a cut in N. It suffices to show that vye V.
Assume, by way of contradiction, that vy¢ V7, i.e., 46 V. Then vy was put into
V', by virtue of a sequence of steps (i) and (ii) above. In other words, there exists
an o-path P in N from v, to vy such that, for every forward edge (v;, v;) of P, we
have

(i) ¢;;—x;;>0

and, for every backward edge (v;, v;) of P, we have

.. ,
(i) xj > 0.
Define
g=min | min{c;—x{;}, minxj} | >0.

(v,-,vj) (V,';Uj)

a fwd. a bwd.

edge edge

of P of P

Define a new flow in N by adding ¢ to the flow numbers on all forward edges of
Pin N and by subtracting ¢ from the flow numbers on all backward edges of P
in N. This new flow has value f* + ¢, contradicting the maximality of f*. Hence
vae V' whence (V',V5) is a cut in N. Note that we must necessarily have

(@) xij=c;; if (v,v,)eE,v;eV’, and v;eV’, and (6)

(i) x;; =01if (v, v)eE,v;eV’, and v;e V) (7
by the constructions of ¥, and V. Then

A X X=Xy

vieV1,veV%5 vieV1,v€V

Il

=

’
xij
vieV1,veV3

3

{

Ci;

1)
vieVi,velVs

= C( ,1’ V/Z)a

2
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ie.,
fr=cV', V%)

as desired. ]

The validity of the maximal-flow algorithm comes directly from the proof of
the max-flow min-cut theorem above. The idea of the maximal-flow algorithm
is to begin with any feasible flow and successively increase the value of this flow
to the maximal flow value by finding a-paths from v, to v4 until no such paths
exist. Each a-path increases the flow value by the quantity q of the proof above.
We claim that when this procedure terminates, the maximal flow has been
found. Why? Since no a-paths from v to v4 exist in the network, the cut (V, V5)
of the proof above can be constructed (note that it is a true cut by the proof!)
and its capacity will be equal to the current flow value. (Before reading further,
make sure that you see the truth of these facts; go back to the proof of the max-
flow min-cut theorem if necessary for verification.) Now assume, by way of
contradiction, that the current flow is not maximal. Then

max f > c(V', V),

contradicting the fact that the maximal flow value is equal to the minimal cut
capacity. Hence, the current flow is indeed maximal. Stated a bit differently,
any time a flow value in a network agrees with a cut capacity in the same
network, one simultaneously has the maximal flow and the minimal cut of the
network.

We now state the maximal-flow algorithm. The algorithm is due to L.R.
Ford, Jr., and D.R. Fulkerson ([F1]). The notation has been changed slightly
from that used in the proof of Theorem 11.

The Maximal-Flow Algorithm

(0) Given: A capacitated directed network N =[V,E] with unique fixed
source and unique fixed sink, no edges into the source, and no edges out of
the sink.

(1) Find an initial feasible flow in N. We may, for example, begin with the zero
flow in N, ie., x;;=0 for all i and j.

(2) Find an a-path P in N from v, to v, such that

(i) each forward edge (v, v;) of P satisfies x;; < c;; and
(ii) each backward edge (v;, v;) of P satisfies x;; > 0.

If no such a-path exists, go to (4).
(3) Compute

g=min| min {c;;—x;;}, min x; | >0.

(vi,vy) (vi,vj)
a fwd. a bwd.
edge edge

of P of P
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Add g to the flow numbers on all forward edges of P in N and subtract g
from the flow numbers on all backward edges of P in N. Go to (2).
(4) STOP; the current flow is maximal.
(Note: The minimal cut (V, V,) corresponding to this maximal flow by the
proof of Theorem 11 is constructed as follows:
Construct V, by putting v, into ¥; and then by putting v; into V; if and
only if

(?) v,eVy, (v,v,)eE, and x;; < c;; or
(i) v;eVy,(v;v;)eE, and x; > 0.

After V, has been constructed, put V, =V —V,.
Any edge (v;, v;)e E of the cut-set satisfies x;; = ¢;; by (6); any edge (v}, v;)eE
such that v;eV, and v;eV, satisfies x;; =0 by (7).)

The actual construction of the cut in the note of step (4) above is not
necessary for producing the maximal flow of the network. However, the
construction of this cut does offer the advantage of providing a check that no
mistakes were made in the basic algorithm. For example, after finding the
maximal flow of a network, one can check that the capacity of the constructed
cut agrees with the value of this flow (validating the maximality of the flow)
and that pertinent edges display the properties of (6) and (7) as remarked
above. More fundamentally, the construction of the cut illuminates the
presence of duality in our graph-theoretic setting and serves as a reminder of
the theoretical importance of duality. We conclude this section with two
examples of maximal-flow network problems.

ExaMPLE 14. Solve the maximal-flow network problem below. Display the
corresponding minimal cut and cut-set as constructed in the proof of the max-
flow min-cut theorem.

Uy 3 Uy
L ———— ]
A
8 5 10
Uge 3 4 o Uy
9 2 9
v

.—%.
U3 5 Uy

The parenthetical numbers below correspond to the steps of the maximal-
flow algorithm.

(0) The given maximal-flow network problem is of the desired form.
(1) We begin with the zero flow in N:
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vy ;© ’2

2 MNeo W»
©®

Vs e 3

~_©
O :
U3 5@ Vg

(2) Our choice for an a-path from v to vg is P = {(vs,vy),(vy, 05), (v, 04)} OF,
more congcisely, P: v, — v, — v, - v4. (There are many other choices for a-
paths here and hence many other ways to solve this problem; this leniency
of choice for a-paths is characteristic of step (2) in general.) For this a-path,
only forward edges have been used; note that x;; < c;; for these edges (each
x;; is currently 0).

(3) Since no backward edges were used in the a-path of step (2) above, we have
g = min {¢;; — x;;} =min {§ — 0,3 0,10 -0} = 3.

(vi,vj)

a fwd.

edge

of P
Hence 3 is added to the flow numbers on all edges of the a-path v, — v, —
U, = Vg

N O

5@ 10@
(::> 2 <::) éé:) <::) e Ug
O v

v, 5@ U4

Go to step (2).
(2) We choose the a-path P: v,—v3 — v, —v4. For this a-path, only forward
edges have been used and x;; < ¢;; for these edges.
(3) ¢ = min {¢;;—x;;} =min {9 —0,5-0,9 -0} =5;
(vi,vj)
a fwd.

edge
of P
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hence 5 is added to the flow numbers on all edges of the a-path v,— vy —
Uy~ Vg

‘i1 3 @ ".2
&

) 103
O N © 5
@ . ‘: i Ciy

vy 5@ vy

Go to step (2).

(2) We choose the a-path P: v,—»vy—> v, >v,—vs For this a-path, only
forward edges have been used and x;; < ¢;; for these edges.
(3) g=min {¢;; — x;;} =min{9—5,3-0,5-0,9 -5} =3;
(vi,vj)
a fwd.

edge
of P

hence 3 is added to the flow numbers on all edges of the a-path v, —v; —
Uy = U4 > Vg

Uy 3@ v,
RO '

".3 5 @ 0.4

Go to step (2).

(2) We choose the a-path P: v,—v, - v, — v, For this a-path, only forward

edges have been used and x;; < ¢;; for these edges.
(3) g=min {¢;; — x;;} =min{§ —3,5-3,9—-8} =1;
(vi,vj
a fw;.
edge
of P
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hence 1 is added to the flow numbers on all edges of the a-path v, —»v; —
vy Vg

Ul 3 @ U2
. — ey

vy 5@ v.4

Go to step (2).

(2) We choose the a-path P: v,— v, — v3 = v, =>4 Note that a backward edge
has been used! For this a-path, x;; < c;; for the forward edges of P and
x;; > 0 for the backward edge of P.

(3) ¢=min ( min {¢;;—X;;}, min x;; } =min {min{8—4,2—0,10—3},
atwa Aol min {3}}
edge edge
of P of P
=min {2, 3}

hence 2 is added to the flow numbers on all forward edges of P and
subtracted from the flow number on the backward edge of P:

U1 36, b2

NOZRN 6 WA
O\ [©_6
A R

Go to step (2).
(2) There is no a-path from v, to vy that meets the edge criteria (i) and (ii).
(Convince yourself of this!) Go to step (4).
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(4) STOP; the current flow is maximal. Hence

max.f:zxid=-x2d+x4d= 5 +9= 14,
the x,;’s appear on the final network above.

Before we construct the corresponding cut and cut-set, some remarks are in
order. The succession of five a-paths made above is not the most efficient way
to solve the problem. One could solve the problem by choosing a succession of
four a-paths (see Exercise 4). In fact, it is rare that a backward edge ever has to
be used in such a succession. The succession of five a-paths above was chosen
precisely to illustrate the use of a backward edge. Also, while any maximal flow
in the example above must have a value of 14, the corresponding flow numbers
are not unique.

We now construct the corresponding minimal cut and cut-set as in the proof
of Theorem 11. Put v,eV,. Since v,e V|, (v,v,)€E, and x,, =6 <8 =¢,,, we
have v, €V, by (i). Similarly, since v, e V,, (v,,v4)€E, and x,, =4 <5 =1c¢,,, we
have v eV, by (i). Since v,eVy, (v3,v,)€E, and x;, =5 > 0, we have v,V by
(i1). This concludes the construction of V,; no other vertices may be admitted
into ¥V, by virtue of (i) or (ii). Hence, V, ={v,v,,v3,0,} and V,=V —
V= {v;,v4}. The cut (V, V,) and its cut-set are diagrammed below:

Note that the capacity of this cut agrees with the maximal flow value obtained
previously. Returning to the last step (3) above, note also that every edge of the
cut-set is saturated, i.c., satisfies x;; = ¢;;, and that every edge (v;,v;)€E such
that v;eV, and v;eV, (there is only one such edge, namely (v,,0,)) satisfies
x;=0.

ExaMPLE 15. Solve the maximal-flow network problem below. Display the
corresponding minimal cut and cut-set as constructed in the proof of the max-
flow min-cut theorem.
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This example is purposefully sketchy. Provide all necessary details and
verifications for yourself. The a-paths used to solve this problem (other choices
possible!) are listed below along with the corresponding g values:

U201 20, 20320y (g=3)
Vg™ V5 2> Vg 2 U7 Uy (g=6)
U=V 2V 203 20y (g=2)
Us 2 V5 2V 2 Vq7 20y (@=2)

VU5 VgV V30 (q=3).

Note that each a-path consists entirely of forward edges. The corresponding
maximal flow is given by

/@’ 7 Cjj

Hence, max f = 16. The corresponding minimal cut (¥;, V,) and cut-set are
diagrammed below:
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o(Vy,Vy)=16

§4. The Shortest-Path Network
Problem

Definition 16. Let N = [V, E] be a directed network. N is said to be weighted if,
to each edge (v, v;)eE, there corresponds a real number w;; (not necessarily
nonnegative) called its weight.

A weighted directed network is simply a generalization of a capacitated
directed network—negative edge numbers are allowed in the former but not
in the latter.

Definition 17. Let N = [V, E] be a directed network. A finite nonempty set P of
edges of E of the form

P = {(DO’UI)’ (UI’DZ)" . "(vn—l’vn)}

is said to be a path in N from v, to v,. If v, = v,, then the path is said to be a
cycle.

Note that paths in networks differ from o-paths in networks in two
important ways: (i) paths consist of edges of E, i.c., paths must respect the
direction of the edges of the original network and (iij the vertices vg, vy,..., v,
traversed in a path need not be distinct (permitting cycling as in the path
P= {(DO’ vl)’ (vla DZ)’ (UZa 03)’ (03, 171), (171, 174)} of the network below):

Vo Uy Uy

. >0 >0

U3 Uy
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Cycles are paths that begin and end at the same vertex (as in
{(v1,0,),(v2,03), (v3,0,) } above).

The intuitive formulation of the shortest-path network problem is simple.
Consider a weighted directed network N and interpret the weights of the edges
as distances between corresponding vertices. (You may wish to view the
network as a map with the vertices representing cities and the directed edges
representing one-way roads between these cities.) The shortest-path network
problem is concerned with finding the path of shortest distance from one
vertex, called the derivation, to another vertex, called the destination. By abuse
of notation, we denote the derivation by v, and the destination by vy. The
mathematical formulation of this problem follows.

Definition 18. Let N = [V, E] be a weighted directed network with no edges
into the derivation and no edges out of the destination. Furthermore, assume
that no cycle in N has a net negative weight, i.e., no cycle in N consists of edges
the sum of whose weights is negative. The shortest-path network problem is

Minimize d= ) w;x;
(vi,vj)eE

subject to ) x; =1
LXi— 2 x; =0, YueV, j#s.d 8)

0<x;<1, Viyj.

We now show how the intuitive formulation of the shortest-path network
problem coincides with Definition 18 above. From the statement of (8) above,
it can be proven (but is by no means obvious) that each x;;is either 0 or 1 in any
optimal solution. We will not provide such a proof here (see, for example, [D1]
for a proof). The consequences of such a fact are extremely important however.
Assume that we have an optimal solution to (8). Then exactly one edge into the
destination v, will have x-value equal to 1 by the first constraint—all other
edges into the destination will have x-value equal to 0. The second constraint
of (8) says that, if a vertex other than the derivation and the destination has an
outgoing edge with x-value equal to 1, then that vertex also has an incoming
edge with x-value equal to 1. By repeated application of this second constraint,
we see that those edges having x-value equal to 1 will form a path through the
network from the derivation to the destination—the objective function is then
the minimum sum of the weights (or distances) of those edges. We should
remark that the shortest-path network problem may be infeasible. For
example, there is no shortest path through a network from the derivation to
the destination if there is no path through the network from the derivation to
the destination! If there is at least one path through the network from the
derivation to the destination, then the shortest-path network problem is not
infeasible. In either case, the shortest-path network problem is never
unbounded.
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We note that the restriction that there be no edges into the derivation v, and
no edges out of the destination vy in a shortest-path network problem is
without loss of generality. For assume that a shortest-path network problem
has an edge e into v, and that a shortest path P through the network from v, to
vy utilizes e. Then P must exit v, via one edge and return to v, via e. In other
words, there is a cycle in P that begins and ends at v,. This cycle must have net
zero weight. (Cycles with net negative weight in shortest-path network
problems are disallowed by Definition 18. If the cycle has a net positive weight,
a shorter path from v, to vy is obtained by eliminating the cycle from P,
contradicting the minimality of P.) Hence, by eliminating the cycle from P, we
obtain a path of equal value from v, to v4 not utilizing e. Such a procedure is
repeated until a shortest path is obtained utilizing no edges into v,. A similar
argument handles edges out of the destination v4 (see Exercise 11).

The shortest-path network problem (8) is solvable by using the techniques of
Chapters 2-4. Not surprisingly, such an approach is cumbersome. We give
instead two more direct shortest-path algorithms. The first algorithm is a
standard algorithm due to Dijkstra ([D2]); unfortunately, it applies only to
directed networks having nonnegative weights. The second algorithm handles
the general shortest-path problem (8) and can be found in [A1]. The reader is
referred to the relevant literature for further discussions of the graph-theoretic
motivations behind these algorithms.

Shortest-Path Algorithm I (Dijkstra)

(0) Given: A weighted directed network N = [V, E] with no edges into the
derivation, no edges out of the destination, and w;; = 0 for all i and j.
Note: In what follows, [;is to be interpreted as a “label” given to the vertex
v;eV.

(1) Put [, = 0. Circle this 0. If j # s, put [; = w,;. (If w,; does not exist, put [, =
wg=0c0) Put P={v} and T=V —P.

(2) Compute

l, =minl,
vjeT
Circle this minimum value. Put P~ Pu{y} and T=V —-P. If T =,
STOP; the value of [; is the value of the shortest path from v, to v;,—
in particular, the value of [, is the desired value of the shortest path from
v, to vg. Otherwise, continue.

(3) Yuv;eT, put [;«min {I;,], + wy;}. (If w,; does not exist, put w,; = 0.) Go

to (2).

Note that Dijkstra’s algorithm does not directly address the shortest-path
network problem (8). On the one hand, Dijkstra’s algorithm gives the values of
the shortest path from the derivation to all other vertices when we are
interested only in the value of the shortest path from the derivation to a
particular vertex, namely the destination. In this sense, the algorithm produces
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more than we expect in (8). On the other hand, Dijkstra’s algorithm only gives
the values of these shortest paths; it does not give the shortest paths themselves.
In this sense, the algorithm produces less than we expect in (8). Fortunately, the
actual shortest paths are easily constructed from the labeling of the vertices
during the algorithm. We illustrate with an example.

ExampLE 19. Solve the shortest-path network problem below by using
Dijkstra’s algorithm. Give both the value of the shortest path from the
derivation to the destination and the shortest path itself.

The parenthetical numbers below correspond to the steps of Dijkstra’s
algorithm,

(0) The given shortest-path network problem is of the desired form.

VA A A A A P T
@ 3 0o 2 o o {v} {v1,05,03, V4, 0a}
() k=minl,=1, =2, v, =1,
vjeT
LoloL L L j2 T
@ 3 «© @ o0 o0 {vy} {v1,0,, 03, Vg, Vg}
{05,03} {01,1)2,04,0(1}

T # &, so continue.
(3) [, «min{l;,l+ w3} =min{3,2+2} =3
I, «min {l,,13 + ws,} =min {00,2 4+ 00} = 00
l, < min {l,,l; + wy,} =min {c0,2 +4} =6
ly < min {I;, I3 + wyg} =min {00,2 + 0} = o0
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Hence:
L L Ll P

209

T

©® 3 0@ x {v,}
3 w 6 oo {ve, 03}

Go to step (2).

@) L=minl,=1, = 3%v, =0,
vjeT

LoLoL L L P

{Uh UZ9 035 U47 vd}
{Ul’ U2, Vg, Ud}

T

@ 3 w @ 0 {v}
@ 0 6 w {v,v3}

{Us’ Vs 03}

T # &, so continue.

(3) lz<_m1n {12, ll + W12} =m1n{OO,3 + 6} = 9
ly<min{ly,l; +wy,} =min{6,3+ o0} =6

lymin{l,l; + w4} =min{0,3 + 0} = ©

{01, 02,03, 04,04}
{vh UZ9 U47 vd}
{UZ5 Uy vd}

Hence:
ls ll 12 13 l4 ld P T
@ 3 Y @ 0 0 {Us} {UI’UZ’ U3, U4, Ud}
@ © 6 {vs, 03} {01,035, 04,04}
9 6 o Vg U1, U3} {v2,V4,04}
Go to step (2).
(@ ly=minl;=1,=6;v, =0,
vjeT
L L L1, 1 P T

©® 3 0@ o x {v}
@ 0 6 o {v,, 03}
9 @ 0 {vs, 01,03}
{05,01,03,04}

T # (&, so continue.

(3) I~ min {I,,1, + ws,} =min {9,6 + 1} =7
lg—min {lg, 1, + waq} =min {0, 6 + 5} = 11

{vl’ U253, U4, Ud}
{015 U3, Vg, vd}
{v2, 04,00}
{02, va}
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Hence:
A N P T
@ 3 0 @ 0 © {US} {Ulavb U3aU4a Ud}
@ Y 6 Y {US’ 03} {vl’vb U45 Ud}
9 @ © {v, 05,05} {UZa Vg, Ug}
7 11 {ve 0y, 03,04} {vy,v4}
Go to step (2).
(2 k=minl;=1,=Tv,=v,
vjeT
L P P S YO p T
@ 3 0 @ 0 0 {US} {UI’UZaU3a U4a vd}
0 6 Y {US’ 03} {UlavZa Vg, Ud}
9 @ 0 {Us, U1, 03} {2, Va5 Vg}
@ 11 {Us’vlaUB’ U4} {02’ Ud}
{v6, V1,05, 03,04} {va}

T # &, so continue.

(3) Iy~ min {lg,1, + wyg} =min {11,7+ 3} =10

Hence:
Lo Ly 1 P T
@ 3 0 @ 0 0 {US} {015 Uy, U3, Uy, vd}
@ @ 6 © {US’ U3} {01’027 Vg vd}

9 @ @ {vs, 01,03} {v,,04,04}
@ 11 {Us’vl’ U3, U4} {Uza Ud}

10 {05,01,02,03, 04} {Ud
Go to step (2).

(2) Lk=minl;=1;=10;v, = v4

vjeT
LL L 1, 1y P T
@ 3 0 @ 0 O {Us} {01’02503’04’Ud}
@ © 6 0 {Ussv3} {01,02,04,Ud}
9 @ © {05,01,03} {02’04’Ud}
@ 11 {v, 01, 03,04} {vy, 04}
@ {v 1,02, 03, U4} {va}
{vg, 01, U3, U3, U4, U4} (%]

T = ; STOP.



§4. The Shortest-Path Network Problem 211

The circled entry in each column above is the final label attached to each
vertex. We reproduce the original network along with this labeling of the
vertices:

vy 6 Uy
3 7 ! . 3
@ v 3|2 2 1 - 24 (10
5
2 v 4

Hence, the value of the shortest path from v, to v, is Iy = 10. (Note that we also
have the values of the shortest paths from v, to all of the other vertices.) The
actual shortest path is now obtained by working backward through the
network from the destination to the derivation. Start at v,. The vertex visited
immediately before v, in the shortest path must be v, or v,. But the value of the
shortest path from v, to v, is I, = 6; if v, is the vertex visited before vy in the
shortest path, this would imply that the value of the shortest path from v, to v,
is6 + 5 =11 which is a contradiction. Hence v, is the vertex visited before v, in
the shortest path. (Note how the label I,=7 and the weight w,y =3 are
consistent with the label [, =10, ie, 7+ 3=10.) Now, the vertex visited
immediately before v, in the shortest path must be v, or v,. By considerations
similar to those above, we find that v, is the desired vertex (the choice of v,
leads to 6 + 1 =7 whereas the choice of v; leads to 3 + 6 =9 which is not
consistent with [, = 7). The vertex visited immediately before v, in the shortest
path must be v,. Finally, the vertex visited immediately before v, must be v, or
vy; we rule out v, (since 3 + 3 = 6 is not consistent with [, = 2) and choose v,.
Hence the desired shortest path from v, to v4 in the network above is

{(05,03), (V35 U4), (14, 1), (3, 09)}
or, more concisely,
Uy U3 2 Uy — Uy — Uy
The optimal solution would be recorded in the shortest-path network problem
(8) as
Xg3 = X34 = X47 = X9 =1, all other x;/’s 0,
mind = 10.
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The significance of the notations P and T for the sets in Dijkstra’s algorithm
may now be clear. At any stage of the algorithm, the vertices in P have
(p)ermanent labels and the vertices in T have (t)emporary labels. Every time
step (2) of the algorithm is encountered, one vertex is removed from T and
placed in P, ie., one vertex receives a permanent label. The labels on the
remaining vertices in T are then revised in step (3) of the algorithm. The
algorithm terminates when all vertices of the network have permanent labels,
i.e., when T = (¥ (or, equivalently, P = V). P initially has the derivation only
(since we know that the distance from the derivation to the derivation must be
0, ie., [,=0).

The next example shows that Dijkstra’s algorithm fails in general for
networks containing negatively weighted edges.

ExaMPpLE 20. Apply Dijkstra’s algorithm to the shortest-path network prob-

lem below. Note, however, that the network has a negatively weighted edge
and hence step (0) of the algorithm is violated.

. ————) )
Dijkstra’s algorithm (minus step (0)) yields the following (verify this!):
Lo 1 I P T

@ 3 @ 0 ® {vs} {01,035, 03,04, 04}
@ o0 6 o {v,v3} {vy, 05, 04,04}
9 @ 0 {vg 01,05} {02, 04,04}
@ 11 {0y 01,03, 04} {03, 04}
@ {05,01,02,03,04} {Dd}
{4 V1,03, U3, U4, U4} (%)}
STOP

Hence the value of the shortest path from v, to’ vy in the network above
according to Dijkstra’s algorithm is I, = 11. But the path v, > v, > v, 5 v;—
v, — vy has value 8! (Which path in the network has value 11?)

Example 20 above illustrates quite vividly that Dijkstra’s algorithm fails in
general for networks containing negatively weighted edges. We now give an
algorithm which will solve the general shortest-path network problem (8).
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Shortest-Path Algorithm II

(0) Given: A weighted directed network N =[V, E] with no edges into the
derivation, no edges out of the destination, and such that no cycle in N has
a net negative value.
Note: In what follows, /; is to be interpreted as a “label” given to the vertex
v,eV.

(1) Put [,=0. Circle this 0. If j#s, put [;=w,;. (Il w,; does not exist, put
lij=w,=o.)Put P={y}and T=V —P.

(2) Compute
[, =minl,
vjeT

Circle this minimum value. Put P~ PuU{y,} and T=V—P. If T=(,
STOP; the value of /; is the value of the shortest path from v, to v;—in
particular, the value of [, 1s the desired value of the shortest path from v, to
vq. Otherwise, continue.

(3) Yv;eV, put I;—min {I,, ], + w,;}. (If w,; does not exist, put w,; = c0.) For
each /; that changes during this process, put P« P — {v;} and T=V — P.
Go to (2).

Note that the algorithm above differs from Dijkstra’s algorithm only in step
(3). In this step, all vertices of the network get revised labels. Furthermore, any
time the label on a vertex v; changes, it is removed from set P (if it is in P) and
placed back in T. Hence, the set P loses some of its notational significance
here—membership in P does not necessarily imply a permanent labeling since
vertices in P may return to T. In fact, it is precisely this feature of the set P
which makes the algorithm above more general than Dijkstra’s algorithm. We
now illustrate our new shortest-path algorithm with an example.

ExaMPLE 21. Apply shortest-path algorithm II to the shortest-path network
problem of Example 20 below. (Recall that Dijkstra’s algorithm failed for this
problem.) Give both the value of the shortest path from the derivation to the
destination and the shortest path itself.

vy 6 Uy
¢ —_——>
3 10 3
Ug e o Uy
2 -10 5

.——-—_——’.
U3 4 Uy
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Working through the algorithm and recording information as in Example 20,
we obtain

Lol 0y I p T
@ 3 @ 0 {v} {v1, 05, 03,04, 04}
03 o 2 6 {vy, 03} {vy, 03, 04, Vg}
0 3 9 2 @ 0 {ve, vy, 03} {v2, 04,04}
0 3% 2 6 11 {0y, 03,04} {vy,04}
03 9(Chs6 u {us,vl,vz,@@d}
0 3 9 —1 @ 11 {03,01,02,03,} {Ud}
0 3 9 —-13

{vsavl’UZ’ U3a UA} {Ud}
{vg, Uy, U3, U3, Uy, Ug} %}
STOP

More detailed explanations of step (2) and step (3) of the algorithm applied to
the lines marked and (2] follow.

Line [1). (The parenthetical numbers below correspond to the steps of the
algorithm.)
(2) L=minl;=1,=3
vjeT
and hence v, =v,. v, is added to P and removed from T (see the line
following line [1]). T # & so continue.
(3) Iy «min {l,l; + w;} =min {0,3 + c0} =0
[y ~min{l,l; +w;;} =min{3,3+ o0} =3
l,«min{l,,l; + w;,} =min {c0,3 + 6} =9
lye—min{l,l; + w3} =min{2,3+ 0} =2
lymin{l,l; +w,} =min{6,3+ 10} =6
lg—min {ly,]; + w4} =min{c0,3 + w0} =
(See the line following line [1].)
The only label that has changed during this process is I, (from oo to 9);

hence v, is removed from P and placed in T. Since v, is not in P (and hence
is already in T), this effects no change in P or T.

Line [2]. (The parenthetical numbers below correspond to the steps of the
algorithm.)
(2) Notice that T = {v;,v4} here.
lhk=minl;=1,=—1
vjeT

and hence v, = v;. v5 is added to P and removed from T (see the line
following line [2]). T # (& so continue.
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(3) I, «min {l, I3+ ws,} =min {0, =1 + 00} =0
l,emin{l,l;+wy}=min{3, -1+ 00} =3
l, «min{l,,l5+w;3,} =min{9, —14+ 00} =9
lyemin{ly,l; +wy3}=min{—1, —14+ 00} =—1
lye~min{ly,l; +wy,} =min{6, — 1 +4} =3
ly —min {lg,[5 + wyq} =min{11, — 1 + o0} =11

(See the line following line [2].)
The only label that has changed during this process is [, (from 6 to 3); hence
v, is removed from P and placed in T.

The last circled entry in each column of the chart above (or simply the last
row of the chart above) is the final label attached to each vertex. Hence the
value of the shortest path from v, to vy is I; = 8 (not 11 as in Example 20!). By
working backward through the network from the destination to the deriva-
tion, it is easy to verify that the actual shortest path is (concisely)

Vg Uy = Uy U3 = Uy = Ug.
The optimal solution would be recorded in the shortest-path network problem
(8) as
Xg = X1, =Xp3=2X34=X4q=1, all other x;s 0,
mind = 8.
ExaMmPLE 22. Solve the shortest-path network problem below. Give both the

value of the shortest path from the derivation to the destination and the
shortest path itself.

Vg ® -2 CRIF

Since the given network contains a negatively weighted edge, we use
shortest-path algorithm II. (The reader may wish to verify that Dijkstra’s
algorithm fails for this problem.) Working through the algorithm and
recording information as in Example 20, we obtain
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Lo, j2 T

0 {v1,02,04}
; { {Us’vzé v, U}d}
O e {vi}

{Us’ Ul s UZ’ Ud}
STOP

Hence the value of the shortest path from v, to vy is Iy=1. By working
backward through the network from the destination to the derivation, it is
easy to verify that the actual shortest path is (concisely)

Ug— Uy = Uy — Uy,

The optimal solution would be recorded in the shortest-path network
problem (8) as

X¢ = X153 = X4 = 1, all other x;;s0,
mind = 1.

One final remark is in order here. Both of the shortest-path algorithms in
this section will terminate with a vertex label of oo if there is no path through a
given network from the derivation to that vertex. Such behavior is demon-
strated in Exercise 12. Consequently, the detection of an infeasible shortest-
path network problem is built into both algorithms.

§5. The Minimal-Cost-Flow Network Problem

Definition 23. Let N = [V, E] be a capacitated directed network with unique
fixed source and unique fixed sink, no edges into the source, and no edges out
of the sink. Assume that to each edge (v;,v;)€E, there also corresponds a real
number c;; to be interpreted as a cost. The minimal-cost-flow network problem
is

Minimize C= Y ¢};x

i
(vi,vj)eE

subject to ) x,;=F 20

ZXU-—ZXﬁ:O,VujeV,j;és,d 9)

0=x;; Vi, j.

11— l_[’

F is a given specified flow value.

The three constraints of (9) above say that we are interested in finding a flow
of specified value F in a given capacitated directed network. But each edge of
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the network is also associated with a cost cj;—the goal is to produce a flow of
value F having minimal total cost. Notice immediately that the minimal-cost-
flow network problem may be infeasible. For example, if the flow value F
exceeds the maximal flow through the network (in the sense of (1)), then there is
no way to achieve such a flow much less minimize the associated cost. If F is
less than or equal to the maximal flow value of the network, then the minimal-
cost-flow network problem is not infeasible. In either case, the minimal-cost-
flow network problem is never unbounded. The observant reader will notice
something more. Compare the minimal-cost-flow network problem (9) with
the shortest-path network problem (8). f we put F = 1and ¢;; = 1 foralliandj
in (9), and if we interpret the network of (9) as a weighted directed network by
using the costs ci; as weights, then (9) becomes (8). In other words, (8) is a
special case of (9). (In fact, the transportation and assignment problems of
Chapter 6 can be reformulated as minimal-cost-flow network problems—this
connection will be studied in §6 of this chapter.) There is a good reason why we
developed algorithms for the shortest-path network problem separately rather
than consider the shortest-path network problem as a special case of the
minimal-cost-flow network problem. In the course of the minimal-cost-flow
algorithm, we will need to use a shortest-path algorithm—inasmuch as we
have developed shortest-path algorithms distinctly from the minimal-cost-
flow algorithm, we can use these shortest-path algorithms in the minimal-cost-
flow algorithm without fear of self-reference. (Such algorithmic self-reference,
termed recursion, is sometimes advantageous; recursive algorithms occur
frequently in mathematics and are crucial in many areas of computer science.)

We now give the minimal-cost-flow algorithm. A further discussion of this
algorithm may be found in [B4]. As with all of the other network-flow
problems of this chapter, the minimal-cost-flow network problem (9) is
solvable using the techniques of Chapters 2—-4 but such an approach is ill-
advised.

The Minimal-Cost-Flow Algorithm

(0) Given: A capacitated directed network N ={[V,E] with unique fixed
source and unique fixed sink, no edges into the source, no edges out of the
sink, and such that to each edge (v;, v;)€ E, there corresponds a real number
ci; (in addition to the capacity c;;).

(1) Let x;;=0 for all i and j.

(2) If

P(vg) = ind =F,

STOP; the current flow is optimal. Otherwise, continue.
(3) Form the weighted directed network N [V, E ] as follows:

ova) =
(1) (5, V)€ E ypy @f and only %f X;; < €y put wy; = cj;
(i1) (v;,v;)€E ) if and only if x;; > 0; put w;; = —cj;.
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(4) Apply a shortest-path algorithm to the network N, to find a shortest
path from v, to vg4. If there is no path from v, to v in the network, STOP;
there is no flow of value F in the network and the minimal-cost-flow
network problem is infeasible. Otherwise, continue.

(5) Find the a-path P in N corresponding to the shortest path of (4). Compute

g=min [min {c;; — x;;}, min x;, F — ¢(v,)

(vi, v5) (vi,vy)
a fwd. a bwd.
edge edge
of P of P

Add g to the flow numbers on all forward edges of P in N and subtract q
from the flow numbers on all backward edges of P in N. Go to (2).

Note that the minimal-cost-flow algorithm is a combination of the
maximal-flow algorithm of §3 and the shortest-path algorithms of §4. The
basicidea of the algorithm is easy. Step (4) applies a shortest-path algorithm to
an augmented network which essentially has costs as weights. Hence the
shortest path corresponds to a minimal cost path. Then step (5) determines the
maximal amount of flow (q) that can be accommodated along this minimal
cost path and increases the flow along the path accordingly. Such a procedure
is repeated until the desired flow F is attained or the algorithm detects
infeasibility. We stress that this is a simplified view of the minimal-cost-flow
algorithm and that a more detailed analysis appears in [B4]. We now illustrate
the algorithm with two examples.

EXAMPLE 24. Solve the minimal-cost-flow network problem below with F =
12. Here, the ordered pair associated to each edge is to be interpreted as
(cijs ¢ij), 1e., the first component is the capacity of the edge and the second
component is the cost of the edge.

U (5, 3) V2
® ————— O

1
a1 T ) G, D

5,2
b e 2,6 >? e Vg

5,2 81

— 5 (el
U3 (5, 3) Uy Y Il)

The parenthetical numbers below correspond to the steps of the minimal-
cost-flow algorithm. All shortest-path algorithm implementations (in step (4)
of the minimal-cost-flow algorithm) are omitted for the sake of brevity. In each
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occurrence of step (4), the reader should verify the resultant shortest path with
a careful inspection of the associated network.

(0) The given minimal-cost-flow network problem is of the desired form.
(1) v
(

15 ©  w
M

@ 1 5, 1)
7, D (5,2 @
(2, 6) 3,2 . v,

©
© ©
v.3 (5,3) @ u.4

®

v *
(5,2)

(2) ¢(vy)=0+#12=F so continue.
3) N No:

o(va) —

Every x;; satisfies (i); no x;; satisfies (i1).

(4) The shortest path in N, above is (concisely) v, — v, = v, - vg.

(5) Thea-path Pin N corresponding to the shortest path in N, above consists
of only forward edges. Hence

q=min | min {c;; — x;;}, F — @(v,)
(vi,vj)
a fwd.
edge
of P

=min {min {7 —0,5-0,8—-0},12 -0}
=3

Hence 5 is added to the flow numbers on all edges of the a-path v,— v, —
Vs Uy in N:
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Y1 (5,3)@ Y2
* —— e
A

(5, 1)
. 1)@ (5.2) W
2,6) e |62

© ©
© i

N (C,']'g C,‘]*)

-
v3 (5, 3)@ V4

o Uy

Go to step (2).
(2) @(vg)=5+#12=F so continue.

(3) Nywq=Ns:
vy 3 v,
r—————y e
_1 A
1
1
Ug 6 -2 2 o Uy

Every x;; except x,, satisfies (i); only x,;, x4, and x4 satisfy (ii).

(4) The shortest path in N above is (concisely) v, — v, = v, = v,.

(5) The a-path Pin N corresponding to the shortest path in N 5 above consists
of only forward edges. Hence

g=min { min {¢;; — x;;}, F — ¢(vy)
(vi,vj)
a fwd.
edge
of P

=min {min {7 —5,5-0,5—-0},12—5}
=2

Hence 2 is added to the flow numbers on all edges of the a-path v,— v, —
v, > g In N:
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uws,n@ v
S ——————D e
N

y 5,1
(7,1 @ (5,2) &
2, 6) @ (3,2 -

® ® ’

(5,2)

@ v (8, 1@ (78 ci/j)
 —_— 5
5 GD@Q) s

Go to step (2).
(2) ¢(vy)=7+# 12 =F so continue.
(3) N(p(vd) = N7:

N
¢ —_—
U3 3 Uy

Every x;; except x,, and x,, satisfies (i); every X;; except X3, X4, X34, and
X3, satisfies (ii).

(4) The shortest path in N, above is (concisely) v, — vy — v, — v,.

(5) The a-path Pin N corresponding to the shortest path in N, above consists
of only forward edges. Hence

g =min {min {c;; — x;;}, F — ¢(v,)
(vi,v5)
a fwd.
edge
of P

=min {min {5—-0,5-0,8 —5},12 ~ 7}
=3

Hence 3 is added to the flow numbers on all edges of the a-path v, — v, —
v, vy 1n N:
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1\ (53 1)
a, 1)@ (5,2) WA
(2, 6) @ (3,2)

(O ®

® 8, 1)' (e )
- —
n 5HG) v

e Uy

Go to step (2).
(2) @(vg) =10+ 12 =F so continue.

(3) N,y =Nio:

@(va)

Every x;; except x,;, X4, and x4, satisfies (i); every x;; except x,4 and x5,
satisfies (ii).
(4) The shortest path in N, above is (concisely) v,—v; = v, = v; =0, > 04
(5) The a-path P in N corresponding to the shortest path in N, above
consists of forward edges and one backward edge ((v4,v,)). Hence

g=min { min {¢;; — x;;}, min x;, F — ¢(vy)

(vi,v5) vi, vj
a fwd. abwd.
e o

= min {min {5—3,5—3,5—2,5—2},min {5},12 — 10}

=2.

Hence 2 is added to the flow numbers on all forward edges of the a-path
v, = V3 = Uy =0 >V >0y in N and subtracted from the flow number on

the backward edge (v4,v,) of this a-path:
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vy (s, 3)@ V2
L] —"

A G, D
G2 W‘
(2,6) ® 3,2 -

© ©
® MR

P —— > (Cif’ CI;)
v3 (5,3)(5)

N

(7, 1)

Uge

(5,2)

Go to step (2).
(2) ¢(vy)=12=F so we STOP; the current flow is optimal. Hence

min C = Z CijXij
(v:,0;)€E
= g1 Xgy  C3Xg3 + €12 X172 + ClaX14 + CraXay
+ €24X2q + €31X31 F C34X34 + CaaXaa
=1(7) + 2(5) + 3(4) + 2(3) + 2(0)
+ 1(4) + 6(0) + 3(5) + 1(8)
=62;

the optimal x;;’s appear on the final network above. Note that any flow of
value 12 is a maximal flow in the network above since the capacities on the
edges out of the source total 12; these edges are saturated (i.e., the flow
numbers on these edges are equal to the edge capacities) in the minimal
cost maximal flow above. Is there another maximal flow in the network
above with total cost greater than 62?

ExAMPLE 25. Solve the minimal-cost-flow network problem below with F =9.
Here, the ordered pair associated to each edge is to be interpreted as (c;;, ci;),
i.e., the first component is the capacity of the edge and the second component is
the cost of the edge.

Ul Vg
:\ :r
(2,3) (7,5
)
3,4 * (6,2)
(5,2) (3,2)
o, (5, 5) s € )
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The parenthetical numbers below correspond to the steps of the minimal-
cost-flow algorithm. All shortest-path algorithm implementations (in step (4)
of the minimal-cost-flow algorithm) are omitted for the sake of brevity. In each
occurrence of step (4), the reader should verify the resultant shortest path with
a careful inspection of the associated network.

(0) The given minimal-cost-flow network problem is of the desired form.

(1) v, Yq

L]
A

(2,3)
(3,4 \M (6,2)

(2) @(vy) =09 =F so continue.
(3) N(p(vd) = NO:

N
PN

Every x;; satisfies (i); no x;; satisfies (ii).

(4) The shortest path in N, above is (concisely) v, — v, = v3 = v,.

(5) The a-path Pin N corresponding to the shortest path in N, above consists
of only forward edges. Hence

g =min ( min {c — x5, F — o(v)

= min {min {5—0,3—0,6 —0},9 — 0}
=3.
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Hence 3 is added to the flow numbers on all edges of the a-path v, - v, —
v3— U4 in N:

vy 2]

A \_(2,3) (7, 5) a}
® V
v, (6,2)
© . ®

v (59(0) "o

4

3.4

Go to step (2).
(2) o(vy) =3 #9=F so continue.

(3) N(p(vd) = N3:
5] V4
A I\
3 5
1)
4 ¢ 2 -2
-2
2 -2
v, 5 "o,

Every x;; except x,, satisfies (i); only x;,x;3, and x34 satisfy (ii).

(4) The shortest pathin N5 above is (concisely) v, —» v, = v4 Or v, = v3 = v4. For
definiteness, we choose v, —>v, - v,.

(5) Thea-path Pin N corresponding to the shortest path in N5 above consists
of only forward edges. Hence

g=min { min {¢;;—x;;}, F — @(vy)
(vi,v5)
a fwd.

edge
of P

=min {min {5 —3,7—0},9 — 3}
=2
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Hence 2 is added to the flow numbers on all edges of the a-path v, = v, = v4
in N:

vy v

a

> o

4 (2,3) (1,5)

3,4 (6,2

© ©)
6 %
5,2) 3,2)
. . (cyy5¢5)

v, (5,9 @ v3

Go to step (2).
(2) o(vy) =5+#9=F so continue.

(3) Nyway=Ns:
Us U3

Every x;; except x,, and x,, satisfies (i); every x;; except Xy, X3, and x;,
satisfies (11)

(4) The shortest path in N5 above is (concisely) v, — v3 — v4.

(5) The a-path Pin N corresponding to the shortest path in N5 above consists
of only forward edges. Hence

g=min | min {¢;; — x;;}, F — ¢(v,)
(vi,05)

=min {min {5-0,6 —3},9 — 5}
=3

Hence 3 is added to the flow numbers on all edges of the a-path v, — v; = v4
in N:
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vy U4

4' (2,3) (7 5) '\
3.9 \ (6,2
A" 3,2) ,

—> * (C,-]-, C,'j)

5 (5 5) ©) vy

Go to step (2).
(2) o(vy)=8+#9 =F so continue.

(3) N,uy=Ng:
4 \ / -2
/ \w
; "3
-5

Every x;; except X3, X,3, and x4 satisfies (i); every x;; except x,; and x,,
satisfies (u)

(4) The shortest path in Ng above is (concisely) v, —v; — v, - v4.

(5) The a-path Pin N corresponding to the shortest path in N above consists
of forward edges and one backward edge ((v5,v,)). Hence

g =min [ min {c;; — x;;}, min x;, F — (vy)

(vi,0)) (i, vy)
a fwd. a bwd.
edge edge
of P of P

=min {min {5 — 3,7 — 2}, min {3},9 — 8}
=1

Hence 1 is added to the flow numbers on all forward edges of the «-path
v, > 13—V, >0, in N and subtracted from the flow number on the back-
ward edge (v;,v,) of this a-path:
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Vg

v

1
W: 2, 3)
@ .
A
. (5’ 2) > L ]

n 590 v, G

©

(7,9
V 6,2)
m’

(3, 2)4‘

Go to step (2).
(2) @(vy) =9 =F so we STOP; the current flow is optimal. Hence

minC= Y ¢

(vi,vj)eE

Xij
= Cy1Xg1 + CaaXgp + €3 X3 + C X 5 + Ch3X53 + CogXaa + C3aX3g
= 4(0) + 2(5) + 5(4) + 3(0) + 2(2) + 5(3) + 2(6)
=61,
the optimal x;;’s appear on the final network above. Is the flow of value 9
constructed above a maximal flow in the network? Why or why not?

§6. Transportation and Assignment Problems
Revisited

The transportation and assignment problems of Chapter 6 can be refor-
mulated as minimal-cost-flow network problems. We illustrate this reformu-
lation with an example. The reformulation of transportation and assignment
problems is investigated further in Exercise 17 and Exercise 18.

ExaMPLE 26. Reformulate the (balanced) transportation problem below as a
minimal-cost-flow network problem.

Ml M2 M3
w2 1 2]40
W,|9 4 7|60
w1 2 910

40 50 20
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Each warehouse and each market is represented by a vertex; directed edges
connect each warchouse vertex with each market vertex. Each such edge is
associated with an ordered pair of real numbers. The first component of this
pair is the corresponding warehouse supply; the second component of this pair
is the unit shipping cost from the corresponding warehouse to the correspond-
ing market. All of this is illustrated below:

ng (;4_9_‘_2)——-) .Ml

Now, to make this network into a minimal-cost-flow network problem, we
need (i) a unique fixed source and a unique fixed sink with no edges into the
source and no edges out of the sink and (ii) a specified flow value F. (i) is
achieved by using the augmentation procedure discussed in §1. Vertices
representing the unique source and the unique sink are added to the network.
Then edges from the desired unique source to each of the warchouses vertices
(the current “sources”) and edges from each of the markets (the current “sinks”)
to the desired unique sink are added to the network. This augmentation is
illustrated below:

wl (40,2) Ml
 — >

Ug e

What ordered pairs of real numbers should be associated with these added
edges? The second component of each pair is easy—each added edge is
assumed to have zero cost. Now we examine the first components. Consider
the edge (v,, W,). Since the first warehouse has a supply of 40, the sum of the
flows on the three edges out of W, must be at most 40 (in fact, it must be exactly
40; this will be handled in a moment). Since W, is an intermediate vertex, the
flow number on the edge into W, must be at most 40. Hence, the first
component on the edge (v, W,) is 40. Similarly, the first components on the
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edges (v,, W,) and (v,, W;) are 60 and 10 respectively. Consider the edge
(M, vy). Since the first market has a demand of 40, the sum of the flow numbers
on the three edges into M, must be at most 40 (in fact, it must be exactly 40; this
will be handled in a moment). Since M, is an intermediate vertex, the flow
number on the edge out of M; must be at most 40. Hence, the first component
on the edge (M, v4) is 40. Similarly, the first components on the edges (M ,, v,)
and (M;,v4) are 50 and 20 respectively. Hence we have

Wy (40, 2) M,
L] L ]
&)
<,
2o
.. (50,03 v,
o)
o

As noted parenthetically above, however, each warehouse must ship all of its
current supply to exactly meet the current demand of each market since the
transportation problem is balanced. We force this full shipment of current
supplies by specifying a flow value of F = 110 which is the common value of the
current supplies and demands. This value of F will guarantee that the edges
out of the source are saturated (i.e., the flow numbers on these edges are equal
to the edge capacities) and hence that each warehouse ships all of its current
supply (since W,, W,, and W, are intermediate vertices). Similarly, this value of
F will also guarantee that the edges into the sink are saturated and hence that
each market receives all of its current demand. This achieves (ii) and concludes
the reformulation of the given transportation problem as a minimal-cost-flow
network problem.

It is not suggested that one use the minimal-cost-flow algorithm to solve
transportation and assignment problems. The complicated nature of the
networks arising from relatively small transportation and assignment prob-
lems makes the minimal-cost-flow algorithm prohibitively cumbersome to
use (see Exercise 17). The intent of this section is only to show the
interrelationships existing between these seemingly different types of linear
programming problems.

§7. Concluding Remarks

In this chapter, we have seen how the mathematical field of graph theory
allows for the formulation of more direct algorithms to solve three linear
programming problems, namely the maximal-flow network problem, the
shortest-path network problem, and the minimal-cost-flow network problem.
It should be stressed that these network problems do not form an exhaustive
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list of the graph-theoretic problems in linear programming. One notable
omission, for example, is the longest-path network problem which is extremely
useful in many applications. The algorithms commonly referred to as CPM
(critical-path method) and PERT (program evaluation and review technique)
arise in this domain. More complete discussions of CPM, PERT, and other
network-related algorithms in linear programming may be found in [G1] and
[B4].

EXERCISES

1. Consider the capacitated directed network N =[V, E] and flow below:

\ 6@

.@Xg.@‘%
4 vg

a. For each vertex v;eV, compute ¢(v;). Verify that conservation of flow in N
holds.

b. Classify each vertex v;eV as a source, a sink, or an intermediate vertex.

c. Augment the structure of the network above to produce an equivalent flow
having a unique source, a unique sink, no edges into the source, and no edges
out of the sink.

Uz

vy 5@
k

6

2. Construct a capacitated directed network and flow having a unique source and a
unique sink, but with at least one edge into the source and at least one edge out of
the sink.

3. Solve each of the maximal-flow network problems below. Display each corre-
sponding minimal cut and cut-set as constructed in the proof of the max-flow min-
cut theorem.

a.

3 ! ~>» o Uy
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4. a. Solve the maximal-flow network problem of Example 14 with a succession of
four o-paths, each using no backward edges. Display the corresponding
minimal cut and cut-set as constructed in the proof of the max-flow min-cut

theorem. .
b. Does there exist a succession of three «-paths that solves the maximal-flow
network problem of Example 14? If so, find such a succession.

5. Consider the maximal-flow network problem below:
Uy

1000 1000

1000 1000
v

vy

a. What is the least number of a-paths that solves the problem? Find such a
succession of a-paths.

b. What is the greatest number of a-paths that solves the problem? Describe such a
succession of a-paths.

6. Consider the Tucker tableau of Example 7. Along the west side of the tableau, put

the variables (in order) > ,@, > Ys15 Ys35 V125 V145 Y245 Y315 Y325 V345 V245
and y.,. Along the south side of the tableau, put the equal signs and variables
(in order)=ugy, =ug, =Uy =l =iy, Uy, =l =Uss, =, and =iy,

Show that the minimization linear programming problem so constructed takes
the form of (2).

7. Let N=[V,E] be a capacitated directed network with unique fixed source and
unique fixed sink, no edges into the source, and no edges out of the sink. To each
vertex v;e ¥, assign a number y; equal to 0 or — 1. To each edge (v;,v;)€E, assign a
number y;; defined by y,;=max {0, 4, —u;}. (See the discussion immediately
preceding Example 10.)

a. Prove that —yu; + u;+ y;;2 0 for all i and j.

b. Prove that y;; is equal to 0 or 1 for all { and j.

c. Prove that at least one optimal solution of (3) takes the form described above.
[Hint: Use the max-flow min-cut theorem.]

8. Let N=[V,E] be a capacitated directed network with unique fixed source and
unique fixed sink, no edges into the source, and no edges out of the sink.

a. Prove that the flow numbers corresponding to the maximal flow in N are not
necessarily unique.

b. Let f be the maximal flow value in N corresponding to two distinct sets of flow

numbers, say x;; and xj;, in accordance with part a. Let C=(V,V;) be the

minimal cut constructed in the proof of the max-flow min-cut theorem using the
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flow numbers x;; and let C' = (V, V) be the minimal cut constructed in the
proof of the max-flow min-cut theorem using the flow numbers x;;. Prove that
Vi=Viand V,=V).

9. Solve each of the shortest-path network problems below by using one of the
shortest-path algorithms of this chapter. Use the final labels on the vertices to
construct the actual shortest path(s) in the network from the derivation to the
destination by working backward through the network from the destination to the

derivation.
a v.s 4 ¥
\ /
1 . 1
N
\L \L
4 v,
b.
2 4 .
1l 2
. -2 2
1
v
2 i d
C.
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d.
2
Us®
2
€.
3
5
Uge
4

10. Change the weight on the edge (v, v,) in Exercise 9d above from 1 to —1. The
resulting problem is not a shortest-path network problem according to our
definition. Why?

11. Prove that the restriction that there be no edges out of the destination in a shortest-
path network problem (see Definition 18) is without loss of generality.

12. Consider the shortest-path network problem below:

Uy -1 Uy
0 G——————— O
-3 1 3
U ® -2 1 * Ug
-2
2 v 2
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a. What will the final label on v, be after application of shortest-path algorithm II
to the network? Why?

b. Verify your claim of part a by applying shortest-path algorithm II to the
network.

13. Label each of the following statements TRUE or FALSE. If the statement is
FALSE, provide a counterexample.

a. Dijkstra’s algorithm fails for any shortest-path network problem in which at
least one of the edges of the network is negatively weighted.

b. Let N=[V,E] be a weighted directed network such that every weight is
nonnegative and let v,,v,,v3€V. Then the value of the shortest path from v, to
v, is the sum of the values of the shortest paths from v, to v, and from v, to v,.

14. Solve each of the minimal-cost-flow network problems below with F =8 and
F =10. In each network problem, the ordered pair associated to each edge is to be
interpreted as (c;;,c};), i.e., the first component is the capacity of the edge and the
second component is the cost of the edge.

a.
Us 7,9 .
@8, 1) (5,2)
v
. (2,2) 6, 1)
5,3)
v v
. 4,2) "0, )
b.
@3,2) ©,3)
4,1)
Y U
(2,2)
(6,4) @4
¢ (cy>¢p)

v 5D



Exercises 237

C.
41
. o ! .
L)
a1
4,2) 2,49
* (C,',', C,',)

15. Find a maximal flow in the network of Example 24 that is not of minimal cost.
16. Find a maximal flow of minimum cost in the network of Example 25.

17. Consider the transportation problem below:

MIMZ
W12t
W,|3 44

2 3

a. Solve the problem by using the transportation algorithm.

b. Reformulate the problem as a minimal-cost-flow network problem and solve
the problem by using the minimal-cost-flow algorithm.

c. Which algorithm is preferable here?

18. Reformulate the transportation problem below as a minimal-cost-flow network
problem. Do not solve the network problem.

Ml M2
Wil o2
W,|3 4|2

3 4

[Hint: Note that the transportation problem is unbalanced. What is a natural first
step?]



APPENDIX A

Matrix Algebra

§0. Introduction
In this appendix, we summarize the elementary theory of matrices necessary
for a complete understanding of Part I. This summary is intended to be rather

concise; more detailed discussions of the topics here may be found in any
elementary linear algebra book.

§1. Matrices

Definition 1. A rectangular array of real numbers of the form

ayy Ay o Ay
Ay Q3 - g

: : il I
Ay A2 Amn

denoted [a;;]pxn is said to be an m x n matrix.

Note that an m x n matrix has m rows and n columns. The entry a;; is in the
i row and the j™ column of the matrix.

Definition 2. Two matrices A and B are said to be equal, denoted A = B, if A
and B have the same size and corresponding entries are equal.
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§2. Matrix Operations

Definition 3. Let A = [a;;],,x , and B=[b;;],, . ,. The sum of A and B, denoted
A + B, is the matrix [¢;;], «, Where ¢;; = a;; + b;; for all i and j.

Note that the sum of two matrices is defined if and only if the matrices have
the same size.

EXAMPLE 4.
-1 0 2 N 3 1 =27 [=143 041 2+(-2
3 -2 1 2 —1 0| | 3+2 —-2—-1 140

[2 10
s =3 1]

Definition 5. Let A = [a;;],,«, and let ¢ be a real number. The product of ¢ and
A, denoted cA, is the matrix [c;;],«, Where ¢;; = ca;; for all i and j.

EXAMPLE 6.

(—2)[‘1 0 2]_[(=2(=D (=20 (-2@
3 -21 (—2)3) (=2(=2) (=2)(1)

_ 2 0 —4
-6 4 -2
Itis customary to denote (— 1)A by — A and to denote A + (— B)by A — B.

Definition 7. A = [a;;], «, is said to be the m x n zero matrix, denoted 0, ,
(or 0 if the size is understood), if a;; =0 for all i and j.

Theorem 8. Let A, B, and C be m x n matrices and let ¢ and d be real numbers.
(i) A+B=B+A

(i) (A+B)+C=A+(B+0C)

(iii)) c(A+B)=cA +cB

(iv) (c+d)A=cA +dA

(V) (cd)A = c(dA)

(vi) 1A=A;0A=0

(vi) A+0=0+A=A

(vil) A+(—A)=(—A)+A=0

Definition 9. Let A =[a;;],,«, and B =[b;;],.,. The product of A and B,
denoted AB, is the matrix [c;;],, «, Where

for all i and j.
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Note that Definition 9 defines the product of two matrices while Definition 5
defines the product of a real number and a matrix. As such, the defined products
are different. Note further that the product of two matrices A and B is defined if
and only if the number of columns in A is equal to the number of rows in B; if
50, the product is a matrix having the same number of rows as A and the same
number of columns as B.

ExampLE 10. Find AB if

3 2
—1 0 2
A=[aij]2><3=[3 s 1:| andB=[bij]3x2=|: 1 _ljl'
-2 0

AB will be a 2 x 2 matrix, say [¢;;]; x».
Cyy = i:l ay,b,y=ay1byy +ayby +ay3bsy
=(=DB)+ O +@)(-2)= -7
Cip= i:l a1,by=ay1b15 +ay,b5, +ag3bs,
=(-1DQ)+O)(-1)+(2)O)= -2
€y = 'i ay,b,y =a,.byy +a5,by1 +a53b4,
=)+ (=2 +M)(-2)=5

3
Cy2= 21 azb,; =a;,b1; +ay,b,;, +ay3bs,
RS

=@+ (=2(-D+1)(0)=8.

AB=| €1t Sz |_[~ 7 =2
€1 €y 5 8|
In general, the entry in the i row and the j* column of the product of two

matrices is obtained by multiplying the i** row of A componentwise by the j™
column of B and adding the results.

Hence

Theorem 11. Let A = [a;;1, x5 B = [0;;1s x4, C = [¢ij1x x1» and D = [d;;1, « and
let ¢ be a real number.
(i) (AB)C = A(BC)
(i) AB+D)=AB+ AD
(iii) B+ D)C=BC+DC
(iv) c(AB)=(cA)B = A(cB)
(v) 0A =0, A0=0
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Note that the following properties are NOT true in general for matrices:

(i) AB=BA
(i) AB=AD,A#0 = B=D

1 0 0 0

A:|:0 0] andB—-[1 0:]
1 0 00 00
A:[O O:|’ B=[1 0], andD—[0 1}

Definition 12. Let A = [a;;],,«,. The transpose of A, denoted A’, is the matrix
[cijlnxm Where ¢;;=aj; for all i and j.

(For example, take

in (i) and
in (ii).)

Note that the i row of A becomes the i*" column of A’ and the j'* column of
A becomes the j* row of A'.

1 o 21 |7V 3
3 2 1|T |0 2
o 2 1

EXAMPLE 13.

Theorem 14. Let A = [a;;1,x s B = [b;;1mx n» and C = [¢;;], x and let c be areal
number.
(i) (A)=A
(i) (A+B)f=A"+B
(iii) (cA)' = cA'
(iv) (ACY = C'A’

§3. Square Matrices

Definition 15. A matrix having the same number of rows as columns is said to
be a square matrix.

Definition 16. Let A = [a;;], « ,- The entries a;; with i = j are said to constitute
the diagonal of A.

Definition 17. Let A = [a;;], . ,. A is said to be a diagonal matrix if a;; = 0 for all
i #j.

Definition 18. Let A = [a;;], - A is said to be the n x n identity matrix (or the
identity matrix if the size is understood), denoted I, ., (or I), if A is a diagonal
matrix and all diagonal entries are equal to 1.
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ExaMPLE 19. Consider the 3 x 3 square matrices

1 2 3 000 1 00
A=14 5 6{, B=]0 1 0|, andC=(0 1 O
7 8 9 0 0 2 0 0 1

The diagonal entries of A are 1, 5, and 9; A is not a diagonal matrix since there
are off-diagonal entries in A which are nonzero (in fact, all off-diagonal entries
in A are nonzero!). Bis a diagonal matrix since all off-diagonal entries in B are
zero. Cis the 3 x 3 identity matrix since it is a diagonal matrix and all diagonal
entries are equal to 1.

Theorem 20. Let A =[a;;],«,. Then AT=1A = A.

In other words, any square matrix multiplied on either side by the identity
matrix (necessarily of the same size) remains unchanged; I is the identity
element for matrix multiplication.

§4. Invertible Matrices
Definition 21. Let A = [a;;], « ,- A is said to be invertible if there exists an n x n
matrix B such that
AB=BA =TI
B is said to be an inverse of A and is denoted A~ *. If A has no inverse, then A is

said to be noninvertible.

In other words, a given square matrix is invertible if and only if there exists
another matrix of the same size which when multiplied on either side by the
given matrix results in the identity matrix (necessarily of the same size).

Theorem 22. The inverse of a matrix is unique if it exists.

1 2
A =
b
is invertible since the matrix

—2 1
B=[3/2 —1/2]

satisfies the condition of Definition 21 above (check this!). Hence B is the
inverse of A.

ExaMPLE 23. The matrix
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Not all square matrices are invertible. (For example, the matrix

o5

is noninvertible.) Two questions arise at this point. In general, how can we tell
whether or not a given square matrix is invertible? If a given square matrix is
invertible, how can we find the inverse? One answer to these questions is
provided by Exercise 11 in Chapter 2. The reader is referred to any elementary
linear algebra book for alternate answers to these questions.

Theorem 24. Let A =[a;;],x, and B=[b;;],, be invertible matrices.
i A™H'=A

(i) (AB)"' =B 'A"!

(iii) (A)"'= (A7)

Theorem 25. Let A be an invertible matrix. If B and C are matrices such that
AB = AC or BA =CA, then B=C.

Note that the following properties are NOT true in general for matrices with
A invertible:

(i) AB=CA = B=C
(i) BA=AC = B=C

(For example, take

in (i) and

in (ii).)



APPENDIX B

Probability

§0. Introduction

In this appendix, we summarize the elementary theory of probability necessary
for a complete understanding of Chapter 5. This summary is intended to be
rather concise; more detailed discussions of the topics here may be found in
any elementary probability book.

§1. Random Experiments and the Assignment
of Probabilities

Definition 1. An experiment is the process of making an observation.

ExaMPLE 2. The process of tossing a coin and observing heads or tails is an
experiment. The process of rolling a die and observing 1, 2, 3,4, 5, or 6 is an
experiment.

An experiment can result in one, and only one, outcome of a set of distinctly
observable outcomes. We are interested here in random experiments, i.c.,
experiments that generate outcomes which vary in a random manner and
which cannot be predicted with certainty.

Definition 3. The sample space of an experiment, denoted Q, is the set of all
possible outcomes of the experiment. The individual outcomes, ic., the
elements of Q, are said to be the sample points of the experiment.
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ExaMPLE 4. Consider the experiment of tossing a fair coin three times and
observing the successive results. (“Fair” means that the two outcomes, heads
and tails, are equally likely to occur.) If H denotes heads and T denotes tails,
then the sample space of the experiment is

Q= {HHH,HHT,HTH, THH, TTH, THT, HTT, TTT}.

There are eight sample points in Q.

Definition 5. Let Q = {0, w,, ..., ®,} be the sample space of an experiment. A
real-valued function P on Q is said to be a probability function on Q if

(i) P(w;) =0 for all i and

(i) Plw,)+ P(w,)+ -+ Plw,) = 1.

The number P(w;) is said to be the probability of w;.

The definition above only states the properties that a probability function
must satisfy; it does not tell us how to assign specific probabilities to sample
points in sample spaces. Specific assignments of probabilities must be done in a
manner that is consistent with reality if the probabilistic model is to serve a
useful purpose. The assignment of probability p to a sample point w is
interpreted as meaning that, if the experiment is performed repeatedly under
identical conditions, then the proportion of experiments with outcome w is
approximately p. For example, if each outcome of a random experiment is
equally likely to occur (as is the case with a fair coin or an unbiased die), then
equal probabilities should be assigned to the sample points.

ExaMPLE 6. Consider the experiment of Example 4. Since there are eight
sample points in Q and since each outcome is equally likely to occur (the coinis
fair), the probability of each outcome is 1/8. Check that this assignment of
probabilities satisfies properties (i) and (ii) of Definition 5.

ExampLE 7. Consider the experiment of Example 4. The assignment of
probabilities to the sample points in € given by

P(HHH) = 1/16

P(HHT) = 1/8
P(HTH) = 1/128
P(THH) = 1/32

P(TTH) = 1/128
P(THT) = 1/64
P(HTT)= 1,2
P(TTT) = 1/4

satisfies properties (i) and (ii) of Definition 5 (check this!); hence P is a
probability function on Q. Unfortunately, since the coin is fair, this assignment
of probabilities does not accurately model the experiment.
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§2. Events

Definition 8. Let Q be the sample space of an experiment. An event E is any
subset of Q.

Definition 9. Let Q be the sample space of an experiment, let P be a probability
function on Q, and let E be an event. If £ = {w;,, w,,,...,w; } # &, then the
probability of E, denoted P(E), is

P(E) = P(w;)) + P(w;,) + -+ + P(w;).
If E = &, then P(E)=0.

ExaMPLE 10. Consider the experiment of Example 4.
(i) Let E be the event (in words) of tossing exactly two heads. Then

E={HHT,HTH, THH}
and
P(E)=P(HHT)+ PHTH)+ P(THH)=1/8 + 1/8 + 1/8 = 3/8.
In other words, the probability of tossing exactly two heads in this experiment
is 3/8.
(ii) Let E be the event (in words) of tossing exactly two heads and exactly two
tails. Since the coin is tossed only three times in this experiment, we have that

E=@

and

E is an impossible event.

(iii) Let E be the event (in words) of tossing a head on the first toss or tossing a
tail on the first toss. Since the first toss of the coin must result in a head or a tail,
we have that

and

E is a certain event.

§3. Expected Value

Definition 11. Let Q = {w{, w,,...,®,} be the sample space of an experiment
with w;eR for all i and let P be a probability function on Q. The expected value
of the experiment, denoted ¢, is

e=w,P(w,) + w,P(w,) + - + w,P(w,).

The expected value of an experiment is the average value of the experiment
after many trials of the experiment.
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ExaMPLE 12. Consider the experiment of Example 4 and assume that we are
interested only in the number of heads that result from the three coin tosses.
What is the expected value of the number of heads obtained in this
experiment?

With the additional assumption above, the sample space for the experiment
becomes

Q=1{0,1,2,3}.

We first assign probabilities to the sample points in Q. The event of 0 heads is
E,={TTT} and hence

P(0 heads) = P(E,) = 1/8.
Similarly, the event of 1 head is E; = {TTH, THT, HTT} and hence
P(1 head)= P(E,;) = 3/8;
the event of 2 heads is E, = {HHT, HTH, THH} and hence
P(2 heads) = P(E,) = 3/8;
the event of 3 heads is E; = {HHH} and hence
P(3 heads) = P(E;)=1/8.
Then the expected value of the number of heads in this experiment is
e=0P(Ey) + L P(E|)+ 2P(E,) + 3P(E;)= 1.5

Note that it is impossible for the experiment to result in 1.5 heads in any single
trial of the experiment. The expected value measures the average number of
heads per trial after many trials of the experiment. For example, after 1000 trials
of the experiment, we would expect that approximately (1.5)(1000) = 1500
heads had been tossed.

ExaMPLE 13. On a roulette wheel there are 38 numbers: the integers from 1 to
36 inclusive, 0, and 00. Half of the numbers from 1 to 36 are red and the other
half are black. The numbers 0 and 00 are green. What is the expected value of
roulette to a gambler who bets $1 on black?

The gambler will either win $1 or lose $1; the sample space for this
experiment is hence

Q={1,—1}.

We now assign probabilities to the sample points in Q. The gambler will win $1
if and only if one of the 18 black numbers comes up; since there are 38 total
numbers on the wheel, his probability of winning $1 is 18/38. Similarly, the
gambler will lose $1 if and only if one of 20 numbers comes up, one of the 18 red
numbers or one of the 2 green numbers. Again, since there are 38 total numbers
on the wheel, the gambler’s probability of losing $1 is 20/38. Then the expected
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value of the game to the gambler is
e =(1)(18/38) + (—1)(20/38) ~ — .0526,

i.e., the gambler can expect to lose a little over 5¢ per round of the game. For
example, after 10000 rounds of the game, the gambler can expect to be losing
approximately ($.0526)(10000) = $526. Not surprisingly, games with negative
expected values are the secret behind the success of gambling casinos.



Answers to Selected Exercises

Chapter 1

2. a. Maximize f(x,y)=x+y
subjectto x—y =<3
2x+y<12
x<4
y=6
x,y20
b. Minimize g¢g(x,y)=x—y
subject to 2x—y= —1
—x= -2
x,y20
¢. Maximize f(x,y)= —x—2y
subject to —2x+y=1
—x+3y=<8
x,y=0
d. Minimize g(x,y,z)=x—2y—z
subject to — 10x — 5y — 2z = — 1000
—2y—4z= —800
x,y,2z20
. Max f =20 at (x,y) = (4,0)
. Ming =16 at (x,y) =(0,8)
Max =9 at (x,y)=(3,6)
. Ming= -3 at (x,»)=(2,5)
Max f =0 at (x,y) =(0,0)

o0 o
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f. Max f =100 at (x, y, z) = (100, 0,0)

g. Ming = —425 at (x,y,z) = (0, 150, 125)

h. Let x and y be the number of units of the Monitor and the number of units of the
Recorder respectively and let P be the total profits. Then max P = 10000/3 at
(x, y) =(20/3, 20/3); since fractional magazines are not realistic, the “rounded-
off” optimal solution is max P = 3333 at (x, y) = (6.66,6.67).

i. Letxand y be the number of days for the first operation and the number of days
for the second operation respectively and let C be the total costs. Then min
C =4750 at (x, y) = (10, 5).

j. Let x, y, and z be the number of units of the first formulation, the number of
units of the second formulation, and the number of units of the third
formulation respectively and let R be the total sales revenue. Then max R = 475
at (x, y,z) =(25,0,150) or at (x, y,z) = (0, 50, 125).

6. Max f =2 at (x,y,z)=(1,0,0)

7. 35

8. b. (0,0,0,1/2), (0,0,1/3,0), (0,1/4,0,0), (1/5,0,0,0), (0,0,0,0)
¢. Ming= —2at(x,y,z,w)=(0,0,0,1/2)

9. ¢ (0,0,1,1/2),(0,1,1,0),(3,0,0,1/2),(3,1,0,0),(0,0,0, 5/4), (0,0, 5/3,0), (0,5/2,0,0),
(5,0,0,0), (0,0,0,1/2), (0,1,0,0), (0,0,0,0)

d. The actual extreme points of part ¢ are (0,0,1,1/2), (0,1,1,0), (3,0,0,1/2),
(3,1,0,0), (0,0,5/3,0), and (5,0,0,0); ming = 1 at each of the first four of these
extreme points.

11. a. TRUE

b. FALSE

Chapter 2

1. a. Maximize f(x,y)=7x+8y—9
subject to x+2y<3
4x+5y<6
x,y=0

b vy -l
Cl-14 34| 32 |=-
174 5/4 | 32 |=-x

-1/4 =34 | <32 | =f

2. a. Minimize g(x,y)=3x+6y—9
subject to x+4y>7
2x+ 5y =8
x,y=0
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6. a.

7. x

me Ao o

x | -1/4 3/4 372
174 5/4 372

-11-7/4 -3/4 -3/2

=y =t =g
Infeasible
Unbounded
x=4/3,y=0,z=1,t,=0,1,=0, ming= —4/3
Unbounded
Infeasible
Unbounded

x=0,y=0,t,=1,¢=0,t;=0 maxf =1

=2,%x,=0,x3=2,x,=0,t,=2,¢,=0,t;=0, max f=2

8. For definiteness of pivots, the anticycling rules were implemented in both problems
below.

a.

b.

The final tableau is

t, X zZ W -1

-1 -1 0 0 0| = -,
1 1 1 -1 3| =-y

-2 -1 0 =2 |-6}=f

Now t,, x, and w must be 0 since the coefficients of these variables in the objec-
tive function are negative, i.e., any positive choice for any of these variables
decreases f. Note, however, that the coefficient of z in the objective function is 0
and hence z is not forced to be 0 in order for f to be optimal. To see what possible
values z =0 can assume, examine the main constraints of the final tableau
(remembering that r, = x =w=10):
0=—1,
z—3=—y.

The first constraint gives t; =0. The second equation gives y =3 — z; since
y = 0,wehave 3 — z =20, 1e.,z < 3. Hence, all optimal solutions for this problem
may be expressed as follows:

t,=x=w=0, t;,=0, 0£z£3, y=3—z max f=6.

The final tableau is

t t

1 2 -1
172 1/2 172 | =-x
172 -1/2 32 | =-y

-1 0 | -2]=-g




252

11.

12.

.a.

a.
b.
c.

13. b.

Answers to Selected Exercises

Now t, must be 0 since the coefficient of ¢, in the objective function is negative,
i.e., any positive choice for ¢, decreases —g. Note, however, that the coefficient of
t, in the objective function is 0 and hence t, is not forced to be 0 in order for —g
to be optimal. To see what possible values ¢, = 0 can assume, examine the main
constraints of the final tableau (remembering that ¢, = 0):

1/2t,— 12 = —x
—1/2t,-3/2=—y.

The first equation gives x = 1/2 — 1/2t,; since x = 0, we have 1/2 — 1/2t, = 0.i.e,,
t, £ 1. The second equation gives y = 1/2t, + 3/2; since y = 0, we have 1/2¢,
+3/220,ie.,t, = — 3 which we already know. Hence, all optimal solutions for
this problem may be expressed as follows:

t,=0, 0<t,<1, x=1/2—1/2t,, y=1/2,+3/2, ming=—2.

Let x, y, and z be the number of pounds of the first mixture, the number of
pounds of the second mixture, and the number of pounds of the third mixture
respectively and let P be the total profits. Then max P =900 at (x,y,z)=
(100, 200, 400).

. Let x, y, z, and w be the number of towels purchased new, the number of towels

washed by the one-day service after the first day, the number of towels washed
by the one-day service after the second day, and the number of towels washed by
the two-day service after the first day respectively and let C be the total costs.
Then min C = 570 at (x, y, z, w) = (400, 100, 200, 200).
12 —12 12
12 12 —1)2
—12 12 12

. The given matrix is noninvertible.

1/6 0 —-1/2 2/3
0 —12 1 —12
—1/2 1 —1/2 0
2/3 —1/2 0 1/6
b,by....0, <0
No
b,,by,...,b,20and ¢y,¢y,...,¢, <0

x=0, y=5/3, z=2/3, t,=0, t,=0, ty=8/3, max f=16/3

Chapter 3

1.

PR oo a0 g

t,=t3=0,x<3,y=2-x,z=8—-2x,t,=3—x, max f =6
Unbounded

x=0,y=6,z=4,t, =0,ming = 14

Unbounded
t;,=0,0<x<1/2,y=1—-2x,z=x+1/2,t, =x,max f =3/2
x=8,y=2,2=0,t; =0,max f =20
t,=2t,=0,x=x,y=x—3,z= —2x,ming= —3
Infeasible
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2. a. FALSE
b. FALSE

3 1,=0,0<x<1/2,y=2/3~4/3x,z=1/3x + 1/3,max f =0

5. a. The solutions are the same (x =4,y =2,t, =0,t, =0, max f =6).
b. The solutions are not the same. Canonical solution: x=1,y=0,t, =0,t, =3,
min g = 1. Noncanonical solution: Unbounded.
¢. The solutions are not the same. Canonical solution: Infeasible. Noncanonical
solution: x= —3,y= —4,t, =0, t,=0, max f = — 5.
d. The solutions are the same (unbounded).

Chapter 4

1. a. Minimize g(y;,y,) =4y, + 6y,
subject to  y, +3y,=1
2y +y,21

V1,¥220
c. Max:x, =8/5,x,=6/5t, =0,t, =0,max f =14/5
Min:y, =2/5,y,=1/5,5,=0,5, =0, ming = 14/5
d. Yes

2 a. Maximize f(x;,x;)=x; +2x,
subject to  x; —x, <0
—x;+x,£ -1
X5,X, 20
¢. Max: Infeasible
Min: Infeasible

3. a. Minimize g(y;,¥2,¥3)=Y1—Y2— V3
subject to  y; —y, +2y; 21
Vi+y2—y320
yl’yZ’ySgO

c¢. Max: Infeasible
Min: Unbounded

5. a. Maxix; =0x,=1,{;=0,t,=0, maxf=—2
Min: s, =0,0<s, £1,y, =1/2s, + 3/2,y,=1/2—1/25;, ming = — 2
b. Max: Unbounded
Min: Infeasible
¢. Max:Infeasible
Min: Infeasible
d. Max:x,; =0,x,=0,t;,=0,1,=1,3 =0, maxf=0
Min:y, =0,y, 20,5, 20,y, =2y, +5;, + 2,5, =15y, + 35, + 3, ming =0
e. Max: Infeasible
Min: Unbounded
f. Max: Unbounded
Min: Infeasible
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6. b. by=c,=0,b,>0,and ¢, £0O0R b, =¢, =0,b, >0, and b, <0.
7. b. FALSE
9. b. No
d. Yes
10. a. Type (ii) behavior
b. Type (i) behavior
c. Type (iv) behavior
d. Type (iii) behavior

11. a. Minimize g(y;,y2¥3)= —y1+y2+);
subjectto y, —y,—y;=1

—Vi— Y2 +y;21
ity tys2—1
y320

b. Max:ix; = —1,x,=0,x3=0,t; =0, max f = — 1
Min:s, 20,5, 20,y, =1/25,,y, = — 1/2s; — L,y; = 1/2s, + 1/2s,,
ming = — 1
c. Yes
d. No

12. a. Maximize f(x,,X,,X3)=X; + X, + X3
subject to  x; +x3=<1
X, +2x,=2
Xy +Xx,+x353
X,x320
b. Max:ix, =0,x,=1,x3=1,t;, =0,t,=1, max f =2
Min: y, =1,y,=1/2,y;=0,s, =1/2,5,=0, ming =2
c. Yes
d. Yes

13. a. Max:Infeasible
Min: Unbounded
b. Max:t;=0,x, £2,x,=1—1/2x,, maxf= —2
Min:s, =0,y, 2 — 1Ly, =y, + 1, ming= —2
¢. Max:Infeasible
Min: Infeasible
d. Max: Unbounded
Min: Infeasible

Chapter 5

1. a. Value: 14/9
Optimal strategy for player I: Play first row with probability 8/9 and play third
row with probability 1/9.
Optimal strategy for player II: Play second column with probability 4/9 and
play fourth column with probability 5/9.
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4.

. Value: 4/9

Optimal strategy for player I: Play second row with probability 4/9 and play
fourth row with probability 5/9.

Optimal strategy for player II: Play first column with probability 8/9 and play
third column with probability 1/9.

. Value: —1

Optimal strategy for player I: Play third row with probability p and play fifth
row with probability 1 — p.
Optimal strategy for player II: Always play second column.

. Value: —1/4

Optimal strategy for player I: Play first row with probability 1/4 and play third
row with probability 3/4.

Optimal strategy for player II: Play first column with probability 3/4 and play
fourth column with probability 1/4.

. Value: —5/22

Optimal strategy for player I: Play penny with probability 15/22 and play
nickel with probability 7/22.
Optimal strategy for player II: Play penny with probability 15/22 and play
nickel with probability 7/22.

. Value: — 5/16

Optimal strategy for player I: Play 2 & with probability 13/16 and play 3 ¥ with
probability 3/16.
Optimal strategy for player II: Play 3 & with probability 9/16 and play 4 ¥ with
probability 7/16.

. Value: 0

Optimal strategy for guesser: Guess ‘even’ with probability 1/2 and guess ‘odd’
with probability 1/2.
Optimal strategy for holder: Hold ‘even’ with probability 1/2 and hold ‘odd’
with probability 1/2.

. Player 1
. Value: 1

Optimal strategy for player I: Hold O pennies in left hand with probability 1/2
and hold 2 pennies in left hand with probability 1/2.

Optimal strategy for player II: Hold 0 pennies in left hand with probability g,
hold 1 penny in left hand with probability 1 — 2¢, and hold 2 pennies in left hand
with probability q.

. 10000
. a. Player]

b. Value: 1/2
Optimal strategy for player I: Hold 0 pennies in left hand with probability
1/2 and hold 2 pennies in left hand with probability 1/2.
Optimal strategy for player II: Hold 1 penny in left hand with probability 1/2
and hold 2 pennies in left hand with probability 1/2.

c. 20000

e. 0
—-5/3
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5. Probability of b b = probability of r r =25/102
Probability of b r = probability of r b =26/102

7. a. Value: 0

Optimal strategy for player I: Always bid with a head and always pass with a
tail.
Optimal strategy for player II: Always see with a head and always fold with a
tail.

b. Value: —1/6
Optimal strategy for player I: Always bet with a jack or a queen and always pass
with a king.
Optimal strategy for player II: Always see with a jack and always pass with a
queen or a king.

c. Value: 23/120
Optimal strategy for player I: Always bet and see subsequently with a black
card, pass with a red card with probability 4/5, bet with a red card and fold
subsequently with probability 1/6, and bet with a red card and see subsequently
with probability 1/30.
Optimal strategy for player II: Always raise with a black card, fold with a red
card with probability 2/5, see with a red card with probability 13/30, and raise
with a red card with probability 1/6.

xy<0
Value: 0

11. a. Value: 1/(4x +4)
Optimal strategy for player I: Play first row with probability (2x + 1)/(4x + 4)
and play second row with probability (2x + 3)/(4x + 4).
Optimal strategy for player II: Play first column with probability (2x + 1)/
(4x + 4) and play second column with probability (2x + 3)/(4x + 4).
b —32=x=-12

o e

Chapter 6

Min C = 360
Min C =92
Min C = 305
Min C = 678
Min C = 329
Min C = 107
MinC =177
Min C = 69
Min C = 826

2. MinC =185

—

T ERme ao o

3. a. Partsa, b,c, d,f and i
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10.

1.

12.
13.

14.
15.

16.

OxatiNG)
9 @60 7
O
® o @

a. Minimum-entry method: Cost = 370
Northwest-corner method: Cost = 370

b. Minimum-entry method: Cost = 104
Northwest-corner method: Cost = 94

b. Yes
[Note: Most cycles visualized as involving diagonal movement in transpor-
tation problems will result in new basic feasible solutions for the problems
provided that the diagonal movement is “reasonable.” Since there may be
visualizations involving diagonal movement that do not result in basic feasible
solutions, we suggest never using such visualizations.]

a. MinC=7

a. MinC=76

b. MinC = 14

c. MinC=37

d. MinC=16

X11 =Xy, = X33 = X44 = Xs55 = 1, all other x;/s 0;
Xy1 = Xp4=X33= X4, =Xs5= 1, all other x;s 0;

? .
X13= X33 = X31 = Xqq = Xs55 = |, all other x;’s 0

X13= X34 =X31 = X4, = Xs55 = 1, all other x,;;’s 0.

MinC=5
a. MinC =25
b. MinC =28

Maximum rating = 45

The first man should live with the fourth woman, the second man should live with
the second woman, the third man should live with the first woman, the fourth man
should live with the fifth woman, and the fifth man should live with the third
woman.

FALSE
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Answers to Selected Exercises

L a (D(Ul)=1, (P(vz)z_za <0(U3)=_1, (P(U4)=0, (p(US)ZL (P(”a):()a and

12.
13.

14.

16.
17.

b. v, and v, are sources, v,, vs, and v, are sinks, and v, and v, are intermediate

o(vy)=1.
vertices.
a. Maxf=6
b. Max f=18
c. Maxf=35
d. Maxf=17

a. One such succession is

b. No

V=V Uy > U4
Vg U3 U4 > Uy

Vs 0y 2V =0y

Vg — U3 = Uy = Ug.

a. 2; for example, v, > v, > v4 and v, > v, > v,

b. 2000; for example,

a. Mind=4

b. Mind=3

¢c. Mind=38

d. Mind=1

e. Mind=10

a. o

a. FALSE

b. FALSE

a. F=8 MinC=37

F =10; MinC =50
b. F=8;, MinC =39

F=10; MinC =57
c. F=8 MinC=238

F = 10; Infeasible

Min C =93
a. MinC=16

Vs 0y 20y 20y
Vs =0y >0y =0y
Vg2 U =V, Vg
Vg U, >V Uy

etc.
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Index

A
a-path, 195
backward edge of, 195
forward edge of, 195
in relation to path, 205
Anticycling rules
for simplex algorithm, 60-61
for transportation-algorithm, 181
Assignment problems, 164—178
balanced, 165
unbalanced, 164-165

B
Backward edge, 195
Balanced
assignment problem, 165
transportation problem, 142-143
transportation tableau, 143
Basic feasible solutions, 41, 89,
150
and VAM, 150-151
Basic solution, 38
optimal, 43, 91-92
Basic variables, see Dependent
variables
Basis, 151
Beale, EM.L., 58
Bland, R.G., 60
Bounded above, 16
Bounded below, 16
Bounded subset of R", 15

C
Canonical linear programming problems,
9,70
Canonical slack linear programming prob-
lems, 28-29
Capacitated, 185
Capacity
of a cut, 192
of edge in directed network, 185
Cells, 143
getter, 153
giver, 153
Closed ball of radius r centered at origin,
14-15
Closed half-space, 12-13
importance of, for linear programming,
13
Column player, 119
Complementary slackness, 99
and optimal solutions, 100
Conservation of flow, 188
Constraints
main, 9
nonnegativity, 9
Constraint set, 10
Convex, 11
CPM (critical-path method), 231
Critical-path method, see CPM
Cut, 191-192
capacity, 192
relationship to dual problem of maximal-
flow problem, 191, 193
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Cut-set, 192
Cycles

in directed networks, 205

in transportation tableaus, 151
Cycling, 47, 58-63, 169

D
Dantzig, George B., 27
Dantzig tableau, 27
Degeneracy, 169
Dependent variables (basic variables), 29
Derivation, 206
Destination, 206
Dijkstra, E.-W., 207
Directed graph, see Directed network
Directed network, 185
capacitated, 185
weighted, 205
Domination, 119
Dual
canonical tableau, 88
noncanonical tableau, 105
simplex algorithm for maximum tab-
leaus, 91
simplex algorithm for minimum tab-
leaus, 90
Duality, 87-114
in canonical linear programming prob-
lems, 38, 88
equation, 96
and negative transposition, 92, 103
in noncanonical linear programming
problems, 105
theorem, 102
Dual linear programming problems, 38, 88
feasible solutions of, 98, 99
infeasibility in, 98
optimal solutions of, 92, 99
unboundedness in, 98

E
Edges, 185
Egervary, 170
Equations of constraint, 77, 83
alternate method for dealing with, 85—
86
Events, 246
Expected value, 246
Experiment, 244
Extreme points, 15
in polyhedral convex sets, 15
upper bound for number of, 20-21, 22,
23

Index

F
Feasible points, see Feasible solutions
Feasible solutions (feasible points), 10
of dual linear programming problems,
98, 99
of transportation problems, 150
Flow, 185
conservation of, 188
net input, 187
Ford, L.R. Jr., 198
Forward edge, 195
Fulkerson, D.R., 198

G
Game tableau, 123
Game theory, 117, 135
Geometric method for linear programming,
16, 22
disadvantages of, 18-19, 21, 22-23
Graph theory, 185, 230-231

H
Hungarian algorithm, 170

applied to transportation problems, 178
Hyperplane, 12

I

Independent variables (nonbasic vari-
ables), 29

Infeasible linear programming problem,
21, 50

Intermediate vertex, 187

K

Konig, 169

Kotiah, T.C.T., 60
Kuhn, HW., 66, 170

L

Linear algebra, 36, 67

Linear programming, 1, 5
geometric method for, 22
inadequacy of calculus in, 1

Line segment, 10

Longest-path network problem, 231

M
Main constraints, 9
Management science, 1



Index

Matrices
equal, 238
product of, 239
sum of, 239
Matrix, 238
diagonal, 241
diagonal of, 241
formulation of maximization linear pro-
gramming problem, 94-95
formulation of minimization linear pro-
gramming problem, 94-95
identity, 241
inverse, 242
invertible, 242
noninvertible, 242
payoff, 119
product of real number and, 239
square, 241
transpose of, 241
zero, 239
Matrix games, 117-139
domination in, 119
dual noncanonical linear programining
problems and, 122-124
fair, 125
infeasibility and unboundedness in,
123-124, 124-125
multiphase, 127
two-person zero-sum, 119
von Neumann value in, 125
Max-flow min-cut theorem, 194-195
duality in, 195
Maximal-flow algorithm, 198-199
construction of corresponding minimal
cut of, 199
Maximal-flow network problem, 189-190
disadvantages of Tucker tableau solution
procedure, 190-191
dual problem of, 191
infeasibility and unboundedness in, 190
Maximization
canonical, linear programming problem,
9
canonical slack, linear programming
problem, 28-29
Maximum basic feasible tableau, 41
Maximum tableau, canonical, 29, 30
Minimal-cost-flow algorithm, 217-218
applied to transportation and assignment
problems, 230
Minimal-cost-flow network problem, 216
infeasibility and unboundedness in, 217
Minimization
canonical, linear programming problem,
9

263

canonical slack, linear programming
problem, 28-29
Minimum basic feasible tableau, 89
Minimum-entry method, 143, 180
Minimum tableau, canonical, 29, 30
Mixed strategy (probabilistic strategy)
for column player, 120
for row player, 120
Multiphase matrix games, 127

N
Negative transpose, 54
Negative transposition, 54-55
consequences of duality on, 92, 103
Net input flow, 187
Network problem
maximal flow, 189-190
minimal-cost-flow, 216
shortest-path, 206
Nonbasic variables, see Independent
variables
Noncanonical linear programming prob-
lems, 70-86
equations of constraint in, 77
matrix games and, 122—124
unconstrained variables in, 70
Nonnegativity constraints, 9
Norm, 14
Northwest-corner method, 143, 180

O
Objective function, 9
Open ball of radius r centered at origin, 15
Open half-space, 13
Operations research, 1
Optimal solutions, 10
basic, 43
and complementary slackness, 100
in dual linear programming problems,
92, 99
Optimal strategy, 119
for column player, 122
determination of, by dual noncanonical
linear programming problems,
122-124
for row player, 121

P
Path, 205

in relation to a-path, 205
Payoff matrix, 119
Permutation set of zeros, 169



264

PERT (program evaluation and review
technique), 231
Pivot transformation, 34
application of, to linear algebra, 36,
67-68
Poe, Edgar Allan, 136
Polyhedral convex sets, 13
and extreme points, 15
Probabilistic strategy, see Mixed strategy
Probability
assignment of, 245
of event, 246
function on sample space, 245
of sample point, 245
Program evaluation and review technique,
see PERT
Pure strategy, 120
The Purloined Letter, 136

R
Reduced tableau, 170
Row player, 119

S
Sample points, 244
Sample space, 244
Sensitivity analysis, 99
Shortest-path algorithm I (Dijkstra), 207
advantages of, 207-208
disadvantages of, 207-208, 212
Shortest-path algorithm II, 213
Shortest-path network problem, 206
infeasibility and unboundedness in,
206
as special case of minimal-cost-flow net-
work problem, 217
Simplex algorithm, 23, 27-69
advantages of, over geometric method,
63—64
anticycling rules for, 60-61
geometric interpretation of, 46—47
for maximum basic feasible tableaus,
42
further restrictions on, 69
for maximum tableaus, 49-50
for minimum tableaus, 55
Sink, 187
uniqueness of, by augmentation,
188-189
Slack variables, 29
‘‘Solve and replace every occurrence of”’,
34, 35

Index

Source, 187
uniqueness of, by augmentation,
188-189
Steinberg, D.I., 60

T
Tableau, see Tucker tableau
Transportation algorithm, 153
applied to assignment problems, 165,
168-169
applied to noncanonical linear program-
ming problems, 178
relationship with dual simplex algo-
rithm, 143, 153-154
Transportation problems, 140-164,
177-178
balanced, 142-143
formulated as minimal-cost-flow net-
work problems, 228
infeasibility and unboundedness in,
153
unbalanced, 161
uniqueness of optimal solutions in,
179
Transportation tableau
balanced, 143
unbalanced, 161
Transpose, 241
Tucker, A.W., 27, 87, 96
Tucker tableau, 27, 29
maximum, 29, 30
maximum basic feasible, 41
minimum, 29, 30
minimum basic feasible, 89
Two-person zero-sum matrix game, 119

U
Unbalanced
transportation problem, 161
transportation tableau, 161
Unbounded
linear programming problem, 16, 43—
44
subset of R”, 15
Unconstrained variables, 70, 83
alternate method for dealing with, 85

v
VAM (Vogel Advanced-Start Method),
144
advantages of, 143
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and basic feasible solutions, 150-151
disadvantages of, 143
Vertices, 185
Vogel Advanced-Start Method, see
VAM
Vogel, W.R., 143
Von Neumann, John, 125

Von Neumann minimax theorem, 125
Von Neumann value, 125

w
Weight, 205
Weighted, 205
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Ross: Elementary Analysis: The Theory of Calculus.
Scharlau/Opolka: From Fermat to Minkowski.

Sigler: Algebra.

Simmonds: A Brief on Tensor Analysis.

Singer/Thorpe: Lecture Notes on Elementary Topology and Geometry.
Smith: Linear Algebra. Second edition.

Smith: Primer of Modern Analysis.

Stanton/White: Constructive Combinatorics.

Stillwell: Mathematics and Its History.

Strayer: Linear Programming and Its Applications.

Thorpe: Elementary Topics in Differential Geometry.
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