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Preface

This monograph is an introduction to optimal control theory for systems
governed by vector ordinary differential equations. It is not intended as a
state-of-the-art handbook for researchers. We have tried to keep two types
of reader in mind: (1) mathematicians, graduate students, and advanced
undergraduates in mathematics who want a concise introduction tc a field
which contains nontrivial interesting applications of mathematics (for
example, weak convergence, convexity, and the theory of ordinary
differential equations); (2) economists, applied scientists, and engineers who
want to understand some of the mathematical foundations of optimal
control theory.

In general, we have emphasized motivation and explanation, avoiding the
‘“definition-axiom-theorem-proof’’ approach. We make use of a large
number of examples, especially one simple canonical example which we
carry through the entire book. In proving theorems, we often just prove the
simplest case, then state the more general results which can be proved. Many
of the more difficult topics are discussed in the “Notes” sections at the end of
chapters and several major proofs are in the Appendices. We feel that a solid
understanding of basic facts is best attained by at first avoiding excessive
generality.

We have not tried to give an exhaustive list of references, preferring to
refer the reader to existing books or papers with extensive bibliographies.
References are given by author’s name and the year of publication, e.g.,
Waltman [1974].

Prerequisites for reading this monograph are basic courses in ordinary
differential equations, linear algebra, and modern advanced calculus
(including some Lebesgue integration). Some functional analysis is used, but
the proofs involved may be treated as optional. We have summarized the
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relevant facts from these areas in an Appendix. We also give references in
this Appendix to standard texts in these areas.

We would like to express our appreciation to: Professor Jim Yorke of the
University of Maryland for providing several important and original proofs
to simplify the presentation of difficult material; Dr. Stephen Lewis of the
University of Alberta for providing several interesting examples from
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Alberta, Maryland, and Minnesota - the first two for their direct financial
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Chapter 1

Introduction and Motivation

1. Basic Concepts

In control theory, one is interested in governing the state of a system by
using controls. The best way to understand these three concepts is through
examples.

ExaMpLE I (A National Economy). The economy of a typical capitalistic
nation is a system made up in part of the population (as consumers and as
producers), companies, material goods, production facilities, cash and credit
available, and so on. The state of the system can be thought of as a massive
collection of data: wages and salaries, profits, losses, sales of goods and
services, investment, unemployment, welfare costs, the inflation rate, gold
and currency holdings, and foreign trade. The federal government can
influence the state of this system by using several controls, notably the
prime interest rate, taxation policy, and persuasion regarding wage and
price settlements.

ExamrLE II (Water Storage and Supply). As early as the third century
B.C,, systems similar to that sketched in Figure 1 were being used in water
storage tanks. As the water level rises, the float will restrict the inlet flow;
all inlet flow will cease when the water reaches a certain height. If water
is withdrawn from the outlet at a certain rate then the float will tend to
adjust the inlet flow so as to maintain the water height in the tank. One
can think of the water in the tank along with the float, inlet, and outlet,
as a system. The control is the position of the float. The state at any instant
is a vector, consisting of the height of the water in the tank, the inlet rate
of flow and the outlet rate of flow. In this example, the state of the system
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Inlet

X[ Outlet

Valve

Figure 1

(rather than an external observer) automatically sets the control (position
of the float) - this is an example of a feedback control system — the state is

“fed back” to the control mechanism, which adjusts without outside
influence.

We have chosen one example from economics and one from civil
engineering. We could just as well have chosen examples from biology,
economics, space flight, or several other fields, because the concepts of
system, state, and control are so general. In the exercises at the end of the
chapter we have given several more examples.

The essence of these examples is that in control theory we have a system
and we try to influence the state of the system through controls. The
dynamics of the system, that is, the manner in which the state changes
under the influence of the controls, can be very complicated in real-world
examples. In the case of a national economy, the dynamics is still a matter
of considerable research. Of course, there are many general principles for
a national economy - for example, raising the prime rate (a control) gen-
erally increases unemployment —but a detailed, accurate picture of the
dynamics of a national economy is very difficult. On the other hand, the
dynamics of the water storage system is relatively easy to describe. We
won’t do it here, since we are going to deal with an even simpler example
shortly.

There are two remaining concepts to be described, namely the constraints
on our controls, and the objective or target state(s) for our system. For a
national economy, there are several obvious constraints on our controls,
for example, taxation cannot be too excessive and the prime rate cannot
be negative. There are also objective or target states —ideally a government
wants a state of the economy with full employment, an inflation rate of
0%, low interest rates, and low taxes. In fact, they may have to settle for
a realistic target state with an unemployment rate less than 8%, inflation
less than 10%, moderate interest rates, and realistic tax rates. Any state
with these properties would do, so there are many target states. In fact,
the set of target states might vary with time, reflecting political and social
changes.
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In the water tank example, the constraint on the position of the stopper
is that it always floats at a fixed distance above the water level; also the
velocity with which the stopper can move is tied directly to the rate of
change of the water level height. The objective might be a pre-set water
height.

ExAMPLE 1 (The Rocket Car). This example will be used throughout this
monograph to motivate and illustrate concepts and results. The car runs
on rails on the level, has a mass of one, and is equipped with two rocket
engines, one on each end (Figure 2). The problem is to move the car from

UU | ‘OJ >p

0 p(t)
Figure 2

any given location to a fixed pre-assigned destination. For simplicity, we
place the destination at the origin and denote the position of the center of
the car by p(¢). If the car is at a position po at time ¢ = 0, with velocity vo,
we want to fire the two engines according to some recipe (pattern, program)
which will have us arrive at p =0 at rest (with velocity zero) at some instant
t;>0. We can take as our system the car plus its track; as the state we
take the two-vector x(¢) = (p(¢f), p(¢)); the initial state (po, vo) is assumed
given. The physical reason for using a two-vector for the state is simple — we
want to know where we are and how fast we are going. Our target state
is (0, 0). A control u(t) is a real-valued function, representing the force on
the car due to firing either engine at time ¢. If we fire the right engine at

time t*, we will say the force is negative, if we fire the left engine we take
the force positive.

v (t¥) —>
I O
|
p(t*) Y
Figure 3 (Moving to the Right) The Force Is to the Left When u(t*) <0.

Then the dynamics of our system is given by Newton’s law F =ma,
which can be written as j(¢) = u(¢). This has the natural vector form

R F T |

There are constraints on the magnitude of u(¢), based on the size of the
rocket motors and the amount of acceleration stress allowed on the car.
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A mathematically reasonable assumption is that u(f) is measurable and
bounded, and we take our constraint to be |u(¢)| <1 for simplicity. Since
measurable functions can be quite pathological, we will often use classes
that are physically more reasonable, e.g., piecewise constant controls.

A given control function u(¢) is a recipe for firing our engines. For
example

u(t)—-{“’ O0=t=1;
-5 1<t=3;

tells us to fire the left engine at full force for one unit of time, then fire
the right engine at half force for two units of time.

If (po,vo) is the position of the car at t=0, we can integrate the
differential equation twice and then integrate by parts to get:

p(t)=po+vot+j (t=r)u(r)dr, p(t)=vo+J‘ u(r) dr.
0 0

Thus each choice of control, u(-), generates a response x[t]=x(t; xo, u(-)).
(We delete reference to the initial time ?o, since we always take it to be
zero for simplicity. For systems not explicitly containing ¢, this is in fact
not a restriction.) We use u(-) to refer to the function u(¢), on its domain
of definition, as an entity. If the response x(¢; Xo, u(*)) reaches the target
(0, 0) at some #;>0, then u(-) is a successful control. There might be no
such control or many. When there are several successful controls, the choice
of one over the other may be dictated by practicality, and/or by a cost or
performance criterion. For example, later on we shall consider the criteria:
(1) least time, (2) least energy expended, (3) least fuel expended. Our
control problem will then become an Optimal Control Problem.

2. Mathematical Formulation of the Control
Problem

We now give a precise mathematical formulation of the type of control
problem we will be discussing. Let m, n be natural numbers, and let R
stand for the real numbers If x, y are column vectors in R", we denote
their i"™ components by x', y ! respectively. We define x” to be the transpose
of x, and introduce a dot product and two norms:

(x,y)=x"y= .Z‘,l x'y’,

W=% ] = 02

,...



2 Mathematical Formulation of the Control Problem 5

If we need to square a scalar-valued function ¢ (t), we will write [¢ (t)]z,
while x%(¢) will denote the second component of the vector-valued function
x(f) - in context the distinction will always be obvious. Let () denote the
unit cube in R™, i.e.,

Q={c|ceR™|c|=1,i=1,2,...,m}.
For ¢, =0, define
U,.[0, t1]={u(-)|u(t) € Q and u(-) measurable on [0, #11},

Uy =\, >0 Um[0, t1]. Unless explicitly stated otherwise, our controls u(-)
will always be assumed to belong to %,,. This mildly cumbersome definition
of our admissible controls allows each control u(-) to have its own corres-
ponding interval of definition [0, #,(u)].

We assume that for each ¢ =0 we are given a target set 7 (f) = R" where
J(¢) is a closed set. For most of this monograph we will take 7(f)=0€ R"
for simplicity. Nevertheless, general target sets are important, as we men-
tioned in the example of a national economy.

We assume that the dynamics of the system, that is, the evolution of
the state x(f) under a given control u(¢), is determined by a vector ordinary
differential equation:

(1) x(6) =f(t,x(1),u(?)),  x(to) =xo.

We will always assume that £(¢, x, u), of'/ax’, af'/ du” are all continuous
G,j=1,...,n;k=1,...,m) on [0,0)x R" X R™, although most results
are valid under weaker conditions. This assumption guarantees local
existence and uniqueness of the solution of (1) for a given u(-)€ U,y..
Because u(-) is only assumed measurable and bounded, the right side of
the equation x =£(¢, x, u(t)) is continuous in x but only measurable and
bounded in ¢ for each x. Therefore, solutions are understood to be absolutely
continuous functions that satisfy (1) almost everywhere. The solution of
(1) for a given u(:) will be called the response to u(-); we denote it by
x[t]1=x(¢; xo, u(+)). The control problem is to determine those x, and u(-) e
U, such that the associated response satisfies x[#;]€ 7(¢;) for some ;> 0;
we then say that the control u(-) steers x, to the target.

If the control u(-) is defined on [0, #;) (¢, < +00), it is not assumed that
the corresponding response extends to [0, ¢,); a given response x(¢; Xo, u(*))
may only exist on some subinterval of [0, #;). For example, consider the
scalar problem % =x*+u, xo=1. For uo(t)=0 (t, = +00), the response is
x(t; 1, uo(+))=1/(1—1t), which only exists on [0, 1). For linear equations,

2 (1) = A(6)x(¢) + B(Du(r),

with A(¢) and B(¢) continuous on [0, #;), solutions always extend to [0, #;).

Thus, our general control problem consists of a class of admissible
controls U.., a vector differential equation (1) describing the dynamics of
our system, and a family of target sets 7 (¢). One basic problem is to describe
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those initial states xo€ R" which can be steered to the target, that is, those
states which are controllable. Also, if J(t) is a closed, bounded set with
non-empty interior, we want the response to penetrate J(t) rather than
graze 7 (t) tangentially, otherwise perturbations that are always present in
the real world might pull the response away from the target. This problem
comes under the heading of transversality conditions: we want the trajectory
to be non-tangential (transverse) to the boundary of J(¢).

If we know that a given x, can be steered to the target, another problem
is one of synthesis —to describe at least one control which will do the job;
more generally, to describe a method for constructing a successful control
for each initial state which can be steered to the target.

The term ‘“‘synthesis’” is most often used in the context of feedback
controls. These are controls which do not depend explicitly on ¢, but instead
depend only on the state of the system, as mentioned in the water storage
example.

There is also the problem of a practical control. With the rocket car,
for example, it is conceivable that one successful control might be an infinite
sequence of alternate bursts on the two engines, the alternate bursts causing
us to overshoot the origin by less and less. This of course is not a very
practical way to get to the origin with zero velocity. Therefore, we will
need to consider special classes of controls.

We will describe the mathematical formulation of controllability in the
next section (Section 3). In Section 4, we will formulate the general optimal
control problem. In Section 5, we will analyze these concepts in detail for
the special case of the rocket car. In this last section, we will also deal with
the problem of synthesis for the rocket car.

3. Controllability

Given a control problem:

3 x=f(t,x,u), u(-)eUn  T()given,

we want to discuss the problem of controllability, that is, we wish to describe
those initial states x(0)=xo for which at least one successful control u(-)
exists. We define the controllable set € = Uz,>o €(t1), where

%(t1) = {xo€ R"|3u(-) € U, such that x(¢1; xo, u(*)) € T (t1)}

is simply those states which can be steered to the target at time #;.
Two major problems in controllability theory can now be formulated:

(a) to describe €;
(b) to describe how € changes if we vary the control set %m.
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Consider a real-world process which has reached its target. The process
may be continually subjected to small disturbances that randomly push it
away from the target state. Therefore, real-world situations require that
we be able to steer all nearby states to the target. It is thus essential that
€ contain a full neighborhood of the target. Of course, it would be
even better if € =R". We will consider these two questions in detail in
Chapter II.

Concerning special control classes, there are three subsets of %, that
we will consider:

(@)  Upc[0, ]1={u(+) € %[0, t;]|u(-) piecewise constant on [0, #;]}

where by u(-) piecewise constant we mean that there exists a partition
(depending on u(+)) 0==s0<s1<---<s =t such that u(¢) is constant
on each interval [sc_1,sc). From a practical point of view, Upc =
Ur1>0 Upc[0, t;] contains controls which are much easier to use than
a general control from %,

() %[0, t;]1={u(-) € Un[0, t;]|u(-) absolutely continuous, u(0) =u(t,) =0,
lu(z)|=< 1and |a(¢)|<e a.e.on [0, #11},

where € >0 is fixed. U, = U,1>0 U,[0, t1]is the class of smooth controls
which do not change abruptly — an example is the steering of a car.

(C) ouBB[O’ t1]={“(')€ oum[oa tl]Hu'(t)| =lon [09 tl]’ i= 1’ DNEY m}9

is the class of “bang-bang” controls. Controls from the class Ugg =
U,1>0 AU 5s[0, ;] use maximum allowable power (remember u(¢) € )
at all times. These controls might be easier to synthesize for our rocket
car, for example, since our engines would only need two settings, ‘“off”
and “full power.” We do not require that a function u(:)e ¥gp be
piecewise constant, therefore %pp contains some rather pathological
functions. The class of piecewise constant bang—bang controls on [0, #]
is denoted %ngc[o, t1] and %BBPC = U'1>0 %BBPC[O, tl].

We will discuss these special control classes in detail in Chapter II; for
now we will deal only with %,,,.

To study controllability for a given initial state xo, it is useful to define
K (t; xo), the reachable set at time t, and RC (xo), the reachable cone. K (t; xo)
is the set of states in R" which can be reached at time ¢, beginning from
state xo at time #o = 0, using all possible admissible controls:

K (t; x0) = {x(; X0, u(+)) |u(+) € Unm};

and

RC (x0) ={(#, x(t; X0, u(*))| t =0, u(-) € U} = J {1} X K (t;%0).
t=0
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For simplicity, we have taken £, =0 (if we had allowed ¢, to be arbitrary,
then we would have to define K(t; to, Xo), RC (fo; Xo) in the obvious way).
Figure 4 is a hypothetical sketch of K(t;x,), RC(xo) for n =2. Two
responses have been sketched in, giving an idea of the boundary of RC (xo).

1
& 7 k 7 —>t
1
%o K(ts Kt x,)

X,)

Figure 4

RC (xo) looks like a cone and K (¢; xo) is a slice of the cone at time . The
sets K (¢; xo) are in fact defined in (x, x?) space, so we should project them
back onto the (x*, x?) plane, as sketched in Figure 5. We are then looking
directly at the evolution of the reachable states as time passes (beginning
always from X, at f,=0). In Chapter II we will study the sets K (¢; Xo),
RC (xo) in detail; in Section 5 of this chapter we will describe K(¢; xo),
RC (xo) for the rocket car.

—» x|

Figure 5§
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4. Optimal Control

The basic control problem may have associated with it a cost functional
or performance criterion. We will only deal with cost functionals of the form

Clu(-)]= L' Pl w@) di,  xlA=x(t; x0u(-),

where f° is a given real-valued function. The optimal control problem is to
steer X, to a state in the target, using a control u(-) from the appropriate
class for the problem, in such a way that C[u(-)] is a minimum. More
precisely, let the successful controls be denoted by A, i.e.,

A={u(-) € U, |3t =0 such that x(t;; xo, u(+)) € T (#1)}.
Then a control u,(+) € %, is optimal if it is successful, i.e., u.(+)eA, and
Cuy(-))=C(u(+)) forallu(:)eA.

In optimal control theory, there are two basic problems:

(a) to prove the existence of an optimal control, and
(b) to synthesize an optimal control, that is, give a recipe for steering to
the target in an optimal manner.

There are several other related problems, e.g., uniqueness of the optimal
control and its practicality. Finally, there is the question of necessary
conditions which an optimal control must satisfy. Here there is a strong
analogy with the calculus of variations. In the calculus of variations, the
real-valued function y(-) which minimizes the real-valued functional
L’: go(t, y(t), y(¢)) dt, over (say) the class of continuously differentiable

functions satisfying y(a)=y(b)=0, must be a solution of the Euler-
Lagrange equation

0 0

GlE wyo0]-E o -o.

This turns out to be enormously useful in searching for the minimizing
function, since the solutions of the Euler-Lagrange equation are often easy
to describe. In optimal control theory, the analogous necessary condition
for an optimal control u(-) is known as the Pontryagin Maximum Principle.
Chapter V is devoted to a description and proof of this principle. In the
case of linear control problems, for example, the maximum principle will
show that, under reasonable restrictions, the optimal control is bang-bang
and piecewise constant. The connections between optimal control theory

and the calculus of variations are further discussed in the Notes at the end
of this chapter.
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5. The Rocket Car

In this section we will work through the solution of the rocket car problem,
to illustrate K (¢; xo), RC (xo), and the concepts of controllability, synthesis,
and optimality. All of the theoretical results derived in this monograph
will eventually be applied to this example. In addition, many of these results
will be motivated by first showing their validity for the case of the rocket
car. For example, we will show below that the class of bang-bang controls
Ugp is as effective as the general class of controls %,, for the case of the
rocket car, which (hopefully) motivates the general bang-bang principle to
be presented in Chapter II.

We will use (p(t), q(¢)), the position and velocity, as our state vector
coordinates rather than (x*, x?), so the dynamics is described by

(R) p@)=q(), q®)=u(t), -1=u()=1, u(-) measurable,

with (p(t), q(¢)) specified as some (po, qo) at t = 0. Our target is 7 (¢) = (0, 0);
we want (p(t1), q(t1)) = (0, 0), where t; >0 is not specified. In defining an
appropriate cost functional, there are several considerations we wish to
keep in mind:

(a) The entire process must take place within a reasonable (but not precisely
specified) period of time. This ‘‘performance criterion’ is measured by
L;‘ dt. (The upper limit ¢#; is the time at which the particular response
reaches the origin, and in general depends on u(-).)

(b) The kinetic energy allowed in the system should be limited in order
to control wear and tear on the machinery (e.g., bearings). One way
to measure this is to use [y [q(1)] dt.

(c) The expenditure of fuel must be kept within reasonable (but not
precisely specified) limits. This might be measured by [o' [u(f)| dt
(assuming fuel expended is proportional to force developed).

To incorporate all of the above performance criteria, we define

4
CluC= [ r+ALgOF +Aslu() de
to
where A, =0 (k =1, 2,3), A1 +A2+A3=1. Each A, represents the propor-
tional importance of the cost which it multiplies. The vector differential
equation (R) is linear, so for each control u(:) and initial state (po, qo0)
there is a unique response, x[¢], defined for all t=0. We first investigate
the rocket car optimal control problem for u(+) € Usppc. The corresponding
reachable set will be labelled Kggpc(?; Xo), to distinguish it from the reach-
able set K (; xo) when we are allowed to use any control from %;.
If u(¢)=1 on some time interval starting at ¢ =0, then

(+) p=q 4=1>4q4=p>[q")F—q5=2[p()—pol;
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if u(#)=—1 on such an interval, then
<) p=¢ d=-1>4q4=-p>[q(OF-q5=-2[p(1)~pol.

Therefore the corresponding responses move on the parabolas +2p = q2 +a
where a is a constant (Figure 6). (To emphasize the parabolas, we have
sketched the untraversed parts with dotted lines.)

AQ
. x(txy+1)
NN"\ !0
= ~
q p
4
4
l’
! x(txe —1)
—t —>p
1
v P
A}
A Y
Figure 6

If we alternately set u(¢) equal to +1 on several successive intervals of
time, we get trajectories (responses) as in Figures 7(a), (b). The sign of the
corresponding control is in parentheses beside the trajectory. The points
in (p, q)-space where we switch values of the control (switching points) are
labelled by the symbol [J. We have sketched in the untravelled parts of
some parabolas with dots to help visualize the various parabolic trajectories.
Notice that when g =0, then p =0 and p =4 =+1, so p will be a local min
or max.

S
SN\ =
) 4

(a) (b)
Figure 7
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The differential equation (R) is autonomous (does not explicitly involve
t). Therefore, the response of the system to u(f) =+1 (say) does not depend
on the particular time when we switch to this control from u(f)=-—1 (the
switching time); the response depends only on the state when we switch.
In Figure 7(a), the state at the point labelled s; determines the subsequent
path, and it does not matter whether the time when the system reaches s,
is 10® or 1078, We have labelled the same state with the symbol s; in both
Figures 7(a) and 7(b); the subsequent trajectories are identical.

To describe the reachable set Kpppc(?:; Xo), We fix £, >0 and take x,=
(Po, 0) for simplicity. In Figure 8(a) we have sketched the two respective
basic responses to u(t)=-—1 on [0, #,], and u(f)=+1 on [0, t,]. In Figure
8(b) we have sketched all those states which can be reached by switching
once within a fixed time interval [0, #,]. Of course, the farther you go along
a basic response from Figure 8(a) before switching, the less time you have
to follow the new trajectory after the switch, thus the football shape.

AQ
x(ty;ixy +1) 19

Y
o

(a) (b)
Figure 8

The boundary of the “football” in Figure 8(b) is the set of reachable
points x(¢1; Xo, u(+)), for one-switch controls. It turns out that Kggpc(1; Xo)
is exactly the entire closed region inside this boundary. We will show how
to arrive at any interior point of the “football” at exactly time #,, using a
piecewise constant bang-bang control, thus Kggppc(t1; Xo) is at least the
entire “football.” We will not prove that responses to piecewise constant
bang-bang controls always remain inside the “football,” since at this stage
it would be quite involved.

To convince the reader that given any point z inside the “football,” we
can arrange to arrive at z at exactly the instant ¢ = #; using piecewise constant
bang-bang controls, we shall show how to ‘“waste” arbitrary amounts of
time. Referring to Figure 9, given the desired state z we go backwards in
time along a (—) parabola until we hit the main (+) parabola. Because the
system is autonomous, it takes a certain fixed amount of time (less than
t,) to go from the state Xo = (po, 0) “up” to the state (J and “‘down” to the
state z, so we need to waste some time. The idea is to initially run around
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Figure 9

the loop £ (in dots) until we have wasted just the right amount of time
(ending up at xo), then proceed to the state [J and z. Since one can sketch
in a continuum of loops (¥) made up of pieces of (+) and (—) parabolas,
one can always find a loop such that a finite number of trips around it will
‘“waste’’ a given length of time.

Surprisingly, the football shaped region of Figure 9 is also K(¢; Xo),
that is, we get exactly the same reachable set for general controls from
U4[0, t1]. This is in fact a specific instance of the bang-bang principle, to
be discussed in Chapter II.

The description of Kpgppc(t1;Xo) for an initial state xo=(po, vo) with
vo # 0 is only slightly more complicated, and we omit it. We turn instead
to a description of the controllable set €gppc for the rocket car, i.e., those

initial states which can be steered to the zero state by bang-bang piecewise
constant controls.

€sprc = {Xo|3u(*) € Ugppc and #, > 0 such that x(¢;, Xo, u(+)) = 0}.
We will show that €pgpc = R?, and in fact we will need at most one switch.

Referring to Figure 10, we first sketch the response [q]2 =2pto u(t)=+1

{kq

Y
©

+)

Figure 10 (+) (—) Is the Switching Curve
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for t € [0, o) which passes through (0, 0); similarly we sketch the response
[q)*=—-2p to u(t)=—1 for t€[0, ). These two responses (labelled (+),
(-), respectively, in Figure 10) of course pass through our target (0, 0), so
given any state xo=(po, qo), we simply try to steer to one of these two
basic trajectories. This can always be done, as a little experimentation
shows. Because the dynamics is governed by an autonomous differential
equation, we can specify a synthesis that depends only on the state (a
feedback control): if x, is above the union of (+) and (-) from Figure 10,
set u(t)=-—1 until the state reaches the curve (+) (s; in the sketch) then
switch to u(t)=+1. If x, is below the union of (+) and (-), set u(¢f)=+1
until the state reaches the curve (—), then switch to u(¢)=—1. Notice that
in all cases, u(¢#) depends only on the state x(z).

We have therefore shown that €gppc = R, and we have a successful
synthesis of a practical feedback control regime for the rocket car, which

can be represented by a sketch in state-space (Figure 11). This need not
be the only successful control scheme, however.

q

ut)y=-1

(+)
u)=+1

Figure 11 Synthesis Recipe for the Rocket Car

We will briefly discuss the optimal control problem for the rocket car.
The cost functional is

Clu(-)]= Lll A +A[qOF +Aslu @)} dr,

3
YAc=1, Ae=0 fork=1,2,3,
1

where we shall allow u(-)e %;. We know that a given initial state X can
be steered to 0 € R? using u(f) = =1 with one switch. However, it is conceiv-
able that C[u(+)] is a minimum for some other successful control from
, - for example, our one-switch control might waste fuel. Questions
involving existence and synthesis of optimal controls can be quite difficult;
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at this stage we will only intuitively discuss two special cases of the rocket
car problem. We return to the complete problem in Chapters III and V.

The Time Optimal Problem (A;=1,A,=A3=0)

Intuitively, it seems clear that we should use a bang-bang control in order
to effect changes of state in minimum time, thus the synthesis developed
above should be optimal. We will verify this in Chapter IIIL.

The Minimum Fuel Problem (A;=A,=0,A;=1)

Intuitively, it is easy to see that there should not be an optimal solution
when q(0) =0. This stems from the fact that if the rocket starts at rest,
then we can fire an arbitrarily short burst and impart to the car an
arbitrarily low velocity toward the origin (requiring a correspondingly small
braking burst as we approach). Such a regime requires a very long time as
the duration of the burst gets small, and there is no minimizing u(-) - we
can consume as little fuel as we please by taking a long time to reach the
target.

The reader might wish to verify the above analysis for initial state (po, 0)
with po <0 by setting u, (t)=+1 for 0<t=<a and u,(t) =—1 for |(po/a)|=
t<a+|po/al, with u(t)=0 otherwise. The associated cost is Clu.(+)]=
2a, so infa,, C[u(:)]=0. If uo( ) were an optimal control, then C[uo(-)]=0,
which would imply u(f) =0 a.e. But then the equation of motion of the
rocket car, p(t) = u(t), would imply that p(¢)= p,, so such a control would
not be successful.

The above discussion shows that we should keep a time-optimal part in
the cost function C[u(-)] (i.e., take A; > 0) to reject the long times required
at low velocity. It is interesting to note that if the rocket is already moving
toward the position p = 0, then there is an optimal control which minimizes
fuel consumption (see Exercise 7). Finally, we should note that from a
practical point of view, the above analysis does show how to keep fuel
consumption low, depending on the time available.

Exercises

For Exercises 1 through 4, describe a possible interpretation of the words
system, state and control. Describe a reasonable constraint set and target
states.

1. A home heating system (thermostat plus furnace).
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2. A boat with an outboard motor. The motor may be set with its screw propeller
at a range of depths, it has a throttle, and can be turned so as to turn the boat.

(Hint: the state might be thought of as position and (vector) velocity on the
two-dimensional surface of a lake.)

3. An aircraft with one engine, ailerons on the back of the wings, horizontal
elevators and a vertical rudder at the rear. The pilot has a throttle for the
engine and controls for the deflections of the ailerons, elevators, and rudder.
(Hint: the state of the aircraft might be a nine-dimensional vector: position (a
three-vector), speed (a three-vector), rates of roll (r), yaw (y), and pitch (p).)

4. A tumor inside a human body. The tumor gets nourishment through the blood
supply. It is attacked (controlled) by radiation and by chemicals in the blood
supply. (Hint: the state might be described by: mass, density or volume, rate
of growth or decrease.)

5. Sketch an example of the reachable set K (¢; x,) for the rocket car when the
initial state is Xo = (po, Vo) With v # 0.

6. Describe K (¢; xo) and RC (xo) for the one-dimensional problem
i@)=bx(@®)+u(®), u(-)eWU,, IJ)=0,

for the two cases b>0 and b <0. Can you solve the least-time problem for
u(+)e Upc?

7. Show that if the rocket car has initial state (po, vo) With po>0, v,<0, then
there is an optimal control which minimizes fuel consumption, if v3=2p,. What
happens if v3>2p,?

The following projects represent interesting areas of application of
control theory. They can be treated as examples for perusal or exercises
involving some outside reading.

8. A Model for the Optimal Harvesting of Fish. (Reference: Clark [1976].) The
population x(¢) (measured as a mass in tons, for example) of a given type of
fish is postulated to grow continuously in the absence of harvesting, according
to the logistic equation.
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Z—J:=rx(1—%)EF(x)

where the constant r>0 is the net proportional growth rate (excess of birth
rate over death rate), and the constant K >0 is the carrying capacity of the
environment (if x(£)> K, dx/dt <0). With a rate of harvesting h(t) (in tons per
unit time, for example) the dynamics is described by

dx _
E=F(x)—h(t), x(0) = xo.

Here h(¢) is the control. One simple assumed form for h(t) might be h(t)=
E(f)x(f), where E(t) is a combined “effort (by the fishermen) and catchability
coefficient.”

Show that if

(%) h(t)=Ex(t), where E is constant and 0<E <r,

then the system has an equilibrium at x, = (K/r)(r — E). Thus we can maintain
the population at x; under the harvest rate Y = Ex, = KE(1 - E/r). Show also
that each response x(¢; xo, #(+)) - x; as ¢t - 00 (under (*) above). Make a graph
of Y versus E for 0<E <r (a yield-effort graph). Determine x(¢) explicitly
when (*) holds.

A cost functional for this model (cf. p. 38 of Clark) is

CTA(N= [ et ~cGIDaIIh) ds

where p is the (assumed constant) selling price of the fish per unit mass and
c(x[¢]) is the cost to catch a unit mass of the fish when the population is x(¢).
The constant § >0 is a fixed discount rate which can be roughly thought of as
representing the interest lost (when the integration is carried out) if the

fishermen do not harvest all of the fish immediately and put the profits in a
savings account.

9. A Model for the Control of Epidemics. (Reference: Waltman [1974].) For models

of certain diseases, one can divide the population into three disjoint classes of
individuals;

I(¢): the infective class; those who can transmit the disease to others.

S(#): the susceptible class; those who are not infective, but who are capable
of contracting the disease and becoming infective.

R(¢): the removed class; constituting (a) those who have had the disease and
are dead (for any reason), (b) those who have had the disease and are now
immune, and (c) those who are completely isolated from the rest of the
population until recovery with permanent immunity (or death).

Each of these three classes is expressed as a fraction, e.g., S(¢f) =0.5 means
that half the population is susceptible. The population is treated as a continuum
for convenience, and the ‘“progress” of an individual can be thought of as



18

10.

I Introduction and Motivation

S - I > R. The dynamics are assumed given by

S(t)=—rS(OI (), $(0)=S,>0,
) =rSOI()—vI(2), I1(0)=1,>0,
R(t)=+I(1), R(0)=0,

with So+I,=1,S(t)+I(t)+R(t)=1.

The constant >0 is called the infection rate; ¥ >0 the removal rate, and
p = v/r the relative removal rate (note that by the last equation, all removals
from the population are assumed infected). One can use R(t) as a control by
introducing a quarantine, but a more realistic approach is to introduce a class
V(t) of vaccinated individuals and define a () to be the vaccination rate. The
dynamics are then assumed to be of the form:

S(t)y=—rIS—a, [(t)=rIS—vI
R(t)=vyI, V(@t)=a, V(0)=0.

What are some practical restrictions on a (- )? What kind of cost function should
be introduced? The following graph is a numerically obtained sketch of the

progress of an epidemic, with and without vaccination. (From Figure 8.2 of
Waltman.)

A
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Time

Among the many factors we have ignored in the above model are age
dependence (e.g., elderly people are often more susceptible) and time delays
(e.g., there is usually a time delay between exposure and infection). More
complex models are presented in Frank Hoppensteadt’s monograph,
Mathematical Theories of Populations: Demographics, Genetics and Epidemics,
Society for Industrial and Applied Math., Philadelphia, 1975.

The Moon Landing Problem. (Reference: Fleming and Rishel [1975].) We
consider a simplified model for the problem of making a soft landing on the
moon, using a minimum amount of fuel. Let m denote the mass of the
spacecraft, and h(t), q(t) the height and vertical velocity of the craft relative
to the surface of the moon. The control u(t) will be the thrust of the spacecraft
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11.

engine. Taking the gravitational acceleration near the moon as a constant, 7,
we can describe the dynamics:

FO=a,  hO)=ho
QO=—y+—ul®),  q0)=do
m

m(t)=—ku(t), m(0) =mo+Fo, O=u(r)=1,

where my is the weight of the craft without fuel, and Fy is the initial weight of
the fuel on board. The target in (h, g, m)-space is

T(t)=1{(0,0, z)|mo=z <mo+ Fo}.

Study the responses and reachable set for u(+) € Upppc, With, for example, a
single switch. If you have access to a large computer, check to see if it has a
built in “Moon Landing Game.”

Neoclassical Economic Growth Model. (Reference: Intriligator [1971].) The
tools of the calculus of variations and optimal control theory have been used
to analyze many dynamic questions in economics. An early application of these
tools to the topic of optimal economic growth was by Ramsey [1928]. Hadley
and Kemp [1971] have summarized more recent work using modern control
theory and integrating ‘“Ramsey’s Problem” into neoclassical analysis of
economic growth. Intriligator is a good source for a general introduction to
the use of control theory and related topics in economic analysis and for the
problem developed below. (Intriligator [1971], pp. 398-435.)

Let capital per unit of labor k(f) be determined by the differential equation
k(¢) = sf(k(t))— nk(t) where k() represents the rate of change in capital per
unit of labor. The marginal propensity to save s satisfies 0 <s <1. Labor grows
at the constant proportional rate n. The aggregate production function deter-
mines output per unit of labor. It is assumed to be twice differentiable and to
be a strictly concave, monotonic-increasing function satisfying the following
conditions:

flk@®)>0, f'(k())<O0,
f0)=0, f(xo)=00,

lim F(e(e)=c0,  Jim F(k(6)=0.

Utility per unit of labor is given by a function U(c(¢)) where c(¢) is consumption
per unit of labor obtained from 0 <{c(¢) = (1 — s)f(k(¢)) — k (t) — nk(¢)} < 0. The
utility function is twice differentiable with the assumptions U’(c(#))>0,
U"(c(t)) <0 representing positive but diminishing marginal utility. At different
points in time utilities are assumed to be independent and additive. Present
and future values of utility are compared by means of a discount factor e~
where the discount rate is § > 0.

The general optimal control problem is given by:

Maximize the welfare function

W= _[ e %U(c()) dt
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subject to
k(r) = sf(k () - nk (e),
c(0) =1 =s)f(k(0) = k(t)~k(0),
0=c(t)=f(k(r),
k(0) = ko.
Solve this problem under each of the following conditions:
(@) T>»o0,

(b) T=t, and k(t;)=k,,
(c) Re-do (a) and (b) but let U(c(t)) = c(¢).

Notes for Chapter I

1. We have described only a few situations which can be modelled as
control problems. For additional material see Clark [1976] for management
of renewable resources, Milhorn [1966] for applications to physiology, and
Auslander, Takahashi, and Rabins [1974] for a wide range of models. The
last reference has (on pp. 203-211) an analysis of the water-level regulator
described as Example 2. For a historical discussion of feedback control,
see Mayr [1970], and Bennett [1979].

2. Differential Equations. A summary of basic results can be found in the
Mathematical Appendix.

Existence and uniqueness results for the solution(s) of the initial value
problem

x =1(¢, x), x(to) = Xo, tel, x(t)eR",

with I an interval containing f, can be found in any advanced textbook
on ordinary differential equations, for example, . Chapters I and III of
Coddington and Levinson [1955] or Chapters II and III of Hartman [1964].
Extendability of solutions is still a subject of research — the techniques used
and results obtained depend very much on the particular form of the
equation. Surveys of some techniques and results are given in Bellman
[1953], Cesari [1963], Coppel [1965], Sansone and Conti [1964].

3. Game Theory. In certain areas of game theory one can find problems
similar to our general control problem, but with the important exception
that the behavior of the target J(¢) as a function of time is not known to
us in advance — there is an opponent capable of influencing J(¢), who is
trying to keep us from hitting the target. In other game theory problems,
the opponent might be able to directly affect our state x(¢; xo, u(+)) and/or
the control u(-) which we have chosen. We will not treat those types of
problems here. For a complete discussion of the basic theory of differential
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games, see Isaacs [1975]. On pp. 365-368, Isaacs shows how differential
game theory can be applied to control theory.

4. The Calculus of Variations. Optimal control theory is intimately con-
nected with the calculus of variations. We will give one simple example to
illustrate this connection; for a thorough treatment see Hestenes [1966],
and the survey by McShane [1978].

We use a simple form of the problem of Bolza from the calculus of
variations. Let fo<t; be given real numbers, and let & be the class of
functions x(-): [fo, 1] R, absolutely continuous on [#, #1], that satisfy
x(t) =0, x(¢t;) =1 and are such that

T(x)= J PO x (), #() dt exists,

where f°: [to, ti]X R X R > R is a given continuous function. The problem
of Bolza is to determine A =infsJ(x) and to find x,(-) € & that yields this
minimum value (when A and x,(-) exist). To restate this problem as a
control problem, we replace x(¢) by a control u(t), and specify x(t) = u(¢)
as the dynamics of our system. Therefore, our optimal control problem is
to determine u(-) so that the cost function

Clu(= [ " 1% x(0), u(e) dr
is minimized for the control problem:

x()=u(®), x(t0) =0.

The constraint on u(-) is:

J u(t)de=1,
[ {

0

which forces x(#;) = 1. Thus the target state J(¢)=1 is automatically hit
because of the constraint on u(:). Alternatively, we could remove the
constraint on u(-) and specify x(¢;) =1 (note that the time of hitting the
target is also specified).

Conversely, one can under certain conditions interpret a control problem
as a Bolza problem. For a description of this interpretation, see the book
of Hestenes referred to above, or pp. 34-38 of Berkovitz [1974].

5. Dynamic Programming. Dynamic programming was originally con-
ceived by R. Bellman as an effective computational method for dealing
with optimal decision making in discrete-time processes. Later it was
recognized that the same principles can be used in the treatment of con-
tinuous-time processes, including problems in the calculus of variations
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and optimal control theory. A full description of the basic ideas can be
found in Chapter S of Bellman [1967]. A thorough, rigorous treatment of
the use of dynamic programming in optimal control theory can be found
in Chapter IV of Fleming and Rishel [1975]. In Chapter V we give a simple
dynamic programming proof of a restricted form of the Pontryagin
Maximum Principle, and the relevant theory is developed there.

6. Stochastic Effects. The dynamics of a system might be affected by some
random phenomena, for example ‘‘white noise” in communications theory
or “‘random genetic drift”’ in genetics. The dynamics might then be described
by a vector stochastic ordinary differential equation

x(1) =£(t, x, u, £(+))

where £(-) is a probability distribution. The response x(:) must then be
interpreted as an evolving probability distribution. For a thorough treat-
ment of this area, see Fleming and Rishel [1975], and Balakrishnan [1973].

7. Observables, Time Lags, Functional Equations. Sometimes we pick a
state variable x(¢) that cannot be observed directly — perhaps only certain
components of x(), or some function of x(¢), is physically measurable. A
simple example would be an electronic circuit containing micro-electronic
devices, for which one of the state variable components, x'(t), is the current
in some part of a microscopic chip. These chips are so small that one cannot
usually make current measurements in their constituent parts. Engineers
have a simple way of distinguishing the state x(¢) of a system (which may
not be observable) from its observable output c(t) (something we can
measure) by using a picture:

u(t)

\
10

x(t)

The state is inside the box, “‘out of sight.” We can only “see” e(¢).
Mathematically, we then must deal with the behavior of c(t)=Fx(), 1),
where F is assumed known. In many cases, there is a matrix H such that
¢(t) = Hx(#). For a discussion of observability results, see Lee and Markus
[1967].

There is also the question of time lags. In most real-world situations,
reactions are not instantaneous. This means that the dynamics of a system
may involve one or more time lags, for example,

x(¢) = (¢, x(¢), x(t — 7), w(t — 7)),
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or the system might in fact have a memory:

x(t) = Jﬂ M(t, s)i(s, x(s), u(s)) ds.

0

This is presently an active area of research. The book of M. N. Oguztoreli
[1966] treats this type of problem.



Chapter II

Controllability

1. Introduction: Some Simple General Results

The Mathematical Appendix at the end of the book contains most of the
basic results from the areas of linear algebra, functional analysis, convexity,
and differential equations which we will need in this chapter.

Recall that € is the controllable set, i.e., the set of all initial points xo
which can be steered to the target. We will prove some general results on
the nature of the controllable set € for both the general autonomous
problem

(NLA) x=f(x, u), x(t)eR", u(-)eU,,
and the linear autonomous problem

(LA) x=Ax+Bu, A, B constant matrices,

with target J(t)=0. For simplicity we assume that (0, 0)=0 and that
f(x, u) is continuously differentiable on R" X R™. Then for a given initial
state Xo, the response to a given control is unique. Because both (NLA)
and (LA) are autonomous, if u(¢) steers xo to 0 on [0, ¢;] with response
x[t], then u(t—1t,) steers xo to 0 on [to, t;+1t,] with response x[t—1o].
Therefore our standard assumption that 7o = 0 involves no loss of generality.
Also, our assumption J(¢)=0 is for simplicity; any fixed target state x;
would do.
Our main results for (LA) are as follows:

In R", the set € is arcwise connected, symmetric, and convex. Also,

€ is open & the target 0 Int € <& rank M =n,
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where the controllability matrix M is defined as
M={B,AB,...,A" 'B},

and “Int” means interior. Finally, € = R" if and only if rank M =n and
no eigenvalue of A has positive real part.

For (NLA), we form the Taylor expansion f(x, u) = Ax+Bu+o(|x|+ [u]),
where a; =93f'/ax’, by =af'/ou”, both evaluated at x=0, u=0, i,j=
1,...,n;k=1,...,m. We define M;={B, AB, ..., A" "'B}.

Then for (NLA)
rank M;=n = € is open,

but the converse is false. If rank M; = n and the trivial solution x[t]=0 of
x=£(x, 0) is globally asymptotically stable, then € = R".

Finally, we will show that some (but not all) of these results hold if,
instead of being able to use any measurable control from %,,,, we are restricted
to special control classes: piecewise constant, or smooth, or bang-bang
controls.

For xo€ 4, Figure 1 illustrates a typical response path which starts at
xo=x[0] and ends at the target 0 = x[#,]. We will now show that for (NLA),

Akxz

g

/4\.50

x, =x[t]

Figure 1

any point x, = x[#,] on this path is also in €. That is, there is a control a(-)
such that the solution of

x =f(x, ), x[0] = x,

arrives at the target 0 at some time ¢,. This result does not hold in general
for systems in which ¢ appears explicitly (non-autonomous systems). The

reader is asked to work out an example in Exercise 3 at the end of this
chapter.
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Suppose xo € € and let x[¢] = x(¢; X0, #(-)) be the response to the success-
ful control u(-), with x{#,]=0. Let #,,€[0, ,]: we must show that the point
Xx = X[1,] also belongs to 4. Because the system is autonomous, the follow-
ing control is successful:

() =ut+t,), O0=st=t-t,,
with response x[¢]=x[7 +,]. To see this, we write

d

. d

X[0]=x[t,]=x,, X[t -t ]=x[t; -t +1,]=x[11]=0.

Therefore, x, € 6.

Before we discuss general controllability problems, we remind the reader
that %, is the class of measurable functions, u(-), each defined on some
interval [0, #,] (#, may depend on u(-)), with values u(t) € Q, where Q is

the unit cube in R™. The controllable set is defined by €=U, -0 €(tr),
where

%(t1) ={xo€ R"|3u(-) € U,, such that x(t,; Xo, u(+)) = 0}.

Because £(0, 0) = 0, the target 0 is in €. (If xo = 0, then u(¢) =0 is successful,
with response x[¢]=0.)
The basic questions in the area of controllability are

(1) to describe %,
(2) to show how ¥ is changed if we use special classes of controls.

Two desirable properties of € are: (a) 0€Int € and (b) € =R". In case
(b) the system is called completely controllable.

The reason for wanting to know conditions under which € =R" is
obvious. There are several good reasons for wanting 0 € Int €, that is, for
wanting some open ball about 0, of radius &, inside €: %B(0; §) < €. First,
it is nice to know that we can steer to the target if we are close enough to
begin with (regardless of direction). Second, a mathematical model is of
course an idealization of some real-world system, and several (hopefully)
small effects may have been neglected. These facts, plus our inability to
carry out measurements with arbitrarily fine precision, force us to realize
that even if we reach the target, there may be all kinds of effects tending
to move us slightly off. It is reassuring to know that if these perturbations
are small enough, we can always steer back to the target. It is also desirable
that € be open since real-world data concerning the initial state cannot
be exact.

Any results about € or €(t;) which apply to all equations of the form
(NLA) can be restated in terms of reachable sets. Notice that x(¢) solves
(NLA) with x(0) = xo, and x(#;) =x,, if and only if z(¢) = x(¢; — ) solves the
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time-reversed system
(*) i= _f(zv ﬁ), z(o)ley z(t])=X(), ﬁ(t)=“(tl _t)-

Notice that () is again a non linear autonomous equation. The two systems
have the same curves as trajectories, traversed in opposite directions (Figure
2).

2 2
A% AZ
z(ty) =x,
%
X z(0) =x,
&._/j ” X1 )L/J " 21
(NLA) (%)

Figure 2

This means that the set €(t,) of those states which can be steered to X1
at time #; under (NLA) is the same as the reachable set K “(t1; x1) (those
states which can be reached at time ¢, from x,) for the time-reversed system.
Thus when we assert “€(t,) is symmetric for every equation (NLA)” we
are also asserting “K (¢1, x;) is always symmetric.”

Recall that a set in R" is arcwise connected if any two points in the set
can be joined by a path p(¢), which never leaves the set.

Theorem 1. For the system (NLA) described above, € is arcwise connected.
€ is open if and only if 0 € Int €.

Proof. First notice that if x, € €, then there is a path joining x, to 0, namely
the successful response x(¢; xo, u(- )). Furthermore, all points on this path
belong to 4, as remarked earlier. If Xo, Xo are both in €, then they are
joined to 0 by response paths, thus they are joined to each other by a path
consisting of points from €.

If € is open, then since 0 € € we conclude 0 € Int €.

Now suppose that 0 € Int € so there exists an openball Bo=B(0, §,) < €.
Let x, € 4. We want to show that there is an open ball B(x,; ) = €. Now
there exists a successful control u,(#) that steers x, to 0, that is, the solution
of x=f(x, u,), x(0) =x, satisfies x(t,; X4, Wy (+)) =0 for some t;>0. Since
f(x, u) is differentiable, the solutions of (NLA) depend continuously on the
initial value of x(0). Thus, for the fixed control u,(-), and the ball B,,
there is a ball B, = B(x,; ,) such that (Figure 3)

x[0]=x0€ By, > x[t;]e By €.
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s

x[t,]

o

Figure 3

Since x[#1] is in €, there is a control @(¢) that steers the point x[#;] to 0
over the time interval [0, #,]. Then u(-) defined by u(¢) = u,(¢) for 0=t =<t,,
u(t)=u(t—t) for ;, <t =t +1,, steers xo to 0. Thus B, < €. O

2. The Linear Case

To investigate € more deeply, it is worthwhile to investigate a system
whose dynamics is described by a linear autonomous vector differential
equation. We can then use the technique of linearization to study certain
nonlinear cases.

Therefore, we will study controllability problems for the linear
autonomous system:

(LA) x=Ax+Bu, A, B constant matrices.

By the variation of parameters formula (cf. The Mathematical Appen-
dix), for a given u(-) € %, the solution of (LA) with initial state x, at time
t =0 is given by the response formula

t
1) x[1=x(t; %o, u(-))=X(t)X'l(O)Xo+J X ()X ' (s)B(s)u(s) ds
0
where X (¢) is any fundamental matrix for the homogeneous equation
%(t)= Ax(¢). In particular, xo€ 4(t;) (we hit the target J(¢)=0 at time

t,) if and only if there is a u(-) € %, such that

(*) X (t)X 1(0)x0+ J’ B X (t)X (s)B(s)u(s) ds =0.
(1]
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Theorem 2. For the system (LA), the controllable set € = R" is symmetric
and convex.

Proof. Manipulating (*) we see that xo € €(t,) if and only if there isa #;>0
and a u(+) e %,,[0, t;] such that

) X0 = —X(0) L ' X (s)B(s)u(s) ds.

By (2), if xo€ €(t;) (using u(+)), then —xo€ €(t;) (using —u(-)), so €=
U, >0 €(t1) is symmetric.

Since integration is linear, and %,,[0, ¢,] is convex, it easily follows from
(2) that 4(t,) is convex: if xo€ €(t1) with control ue(-) and x, € €(t1) with
control w(-), then [axo+(1—a)xy]eb(t1) with control [auo(-)+
(1—a)uy(+)]. But the union ‘€=U,l>0 %(t1) of convex sets may not be
convex. To show that € is in fact convex, let xo€ (1), x4 € €(t4). Then
(2) holds for xo, and x, satisfies

t*
X =—X(0) I X 71(s)B(s)uy(s) ds.
0
Without loss of generality, assume #; <t,.
If we define a new control ug(¢) to be equal to u(¢) from (2) on [0, #],
and 0 on (#, 4], then (2) can be written with the upper limit #,:
t

X0 = —X(0) j " XY (5)B(s)uo(s) ds,
0

which means xo€ 4(t,). Since €(t,) is convex, any convex combination of
X, and x, belongs to €(t,) < €. d

Remarks

1. The above theorem holds (with identical proof) for A(t), B(¢) con-
tinuous, not necessarily constant, matrices.

2. The above theorem is valid for any control class % which is both
symmetric and convex. Therefore, this theorem holds for the classes
Upc (piecewise constant controls) and 2. (smooth controls). We denote
the corresponding controllable sets by épc and %, respectively.

3. The above proof will not work for the classes of bang-bang controls
Ugg(0, t1] and Upppc[0, t1], since they are symmetric but not convex;
the proof also used a control which takes the value 0, which is thus not
in Ugs. We denote the controllable sets for Upg[0, t1], Upppc[0, £1] by

€sa(t1), €BBrc(t1), respectively. In the Appendix to this chapter we will
prove:

For the linear autonomous system (LA), €gg(t1) coincides with €(t,);

this set is compact, convex, and depends continuously (in the Hausdorff
metric) on t,.
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This implies that for (LA), =, ~., 4(t1) =U,,~o €ss(t1) = €sp. Since
% is convex, it follows that €pp is convex. In fact the following surprising
result holds (see Lee and Markus [1967], pp. 155-168).

The Bang-Bang Principle for
x(t) = A(t)x+ B(t)u+b(r)

For the linear system above, suppose that our usual assumptions hold, except
that the values of u(t) are only constrained to lie in some arbitrary fixed compact
set ¥ < R™. Then the corresponding controllable set €4 (t,) is compact, convex,
and depends continuously on t,. Moreover, if ¥,V are compact subsets of R™
with the same convex hull, then the corresponding controllable sets coincide.

Bang-bang controls take their values (ju’(¢)| = 1) on the vertices of the
unit cube. Since the vertices of the unit cube Q< R™ (or in general, the
extreme points of any given convex set) have the same convex hull as
(namely Q itself) it follows from the above theorem that Gpg(t;) = €(t1)

for all t; >0; thus the theorem we prove in the Appendix is a special case
of the above result.

Notice that the above proposition says nothing about the convexity of
the controllable set ‘&FEU,PO By(t1). If we use ¥, to denote the convex
hull of ¥, and if 0 belongs to this convex hull, then in fact €v is convex.
To see this, note that €y, is convex by the same proof as that of Theorem
2, and also €y (t,) = Gw(t1) for all t; by the Bang-Bang Principle. Thus

Go= U Gu(t;)= U by, (t1)=%y,,
t1>0 >0

so €y is in fact convex.

ExXAMPLE 1 (%€ May Not Contain a Neighborhood of the Target). Consider
the two-dimensional system p=p+u, § =q+u, —1=u(t)<1, which is a
linear system with

B N P

n=2, m=1, T(t)=0.

The solution that satisfies the initial condition x(0) = xo is

x(t) = e'xo+{e' J'O‘ e ‘u(s) ds}[i]

If p(0)>1 and q(0)>1, then the differential equations imply p(t)>0,
4(t)>0 for all t. Clearly €={(p, 9)lp=4q, Ip|<1, |q|<1}, so € does not
contain a neighborhood of the origin (Figure 4). Dropping all restrictions
on the range of u(-) will not change this conclusion.
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Aa

+1

Figure 4

The above example shows that we need some restrictions on the matrices
A and B in the system (LA) to ensure that € contains a neighborhood of
our target, 0. The key to this problem is the n X (mn) controllability matrix
M(A, B):

M=[B,AB,A’B,...,A" 'B].

Theorem 3. For the linear autonomous system (LA),
rank M =n & 0elnt €(& € is open, by Theorem 1).

Proof. We will actually prove the equivalent statement 0¢Int € <
rank M <n.

For t; >0, we recall from (2) that xo € €(¢,) if and only if there isu(- ) € U,,,,
such that

3) Xo= —J- 1 e *Bu(s) ds,
0

using the fundamental matrix X (f) = e’ for (LA).

First, suppose rank M <n. Then there is a unit vector ye R", |lyll=1,
perpendicular to every column of M, that s, the 1 X m row vectory’A*B = 0
for k=0,1,...,(n—1). If (A)=det (AI —A) is the characteristic poly-
nomial of A, then the Cayley-Hamilton Theorem implies that #(A)=0.
This in turn implies that A" can be written as a linear combination of the
lower powers, A" =B,A" '+ . - 4+ B,(), and so

y'A"B=8,y'A" 'B+By"A" > B+-- - +B,y'B=0.

Multiplying (*) by y”A then gives y’A"*'B =0, and continuing in this way,
we see that yTA"B =0fork=0,1,2,.... But
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soy’ e B =0. Thus for all xo€ €(t1), y" xo=0 by (3), and so €(t,) lies in
the hyperplane perpendicular to y, for all t;>0. Since € is the union of
the sets €(t,), it lies in the same hyperplane, and 0 ¢ Int 6.

Conversely, suppose 0¢ Int €. Then for all ¢;>0, 0¢ Int €(¢1), since
€(t1)) = €. Now 0e €(t1) (set u(-)=0), for all #;, and €(¢;) is convex, so
for each #; there must exist a hyperplane through 0 such that €(¢,) lies on
one side of this hyperplane, i.e., there is a non-trivial vector b(¢;) such that
for all xo€ €(t1), b xo=0. Then

Y
4) J b" e **Bu(s)ds=-b"xo=0 forall u(-)e U and all xo € €(t,).
0

This implies (cf. the Lemma below) that (¥x) b” e **B=0o0n [0, ,]. Setting
s =0, we have b"B = 0. Differentiating the identity (**) k times and setting
s =0, we obtain b’A*B=0, k=0,1,2,.... Thus b is orthogonal to the
columns of M, and rank M <n. O

Remarks. We have actually proved that for (LA):

1. rank M <n = 3 a fixed hyperplane which contains all €(¢,), ¢, >0;
2. rankM=n & 0elnté V:>0;

3. rank M = n<>Vb # 0, b” e~ 4'B % 0 as a function of t.

Systems for which b” e ‘B0 for each b# 0, are called proper; for (LA)
this is equivalent to rank M = n. This term will be defined in a later chapter
for systems other than (LA), although we will not have such a nice algebraic
characterization.

The reason we have separated the following lemma from the text of the
proof of Theorem 3 is that it is the only place where the structure of %,,
enters directly. The structure of 4, also enters indirectly in our use of the
convexity of €. This means that if we can establish the convexity of €, and
the lemma, for other classes of controls, then Theorem 3 will hold for these
classes. We will discuss the extension of this lemma immediately following
its proof.

Lemma. Assume that t,>0 and be R™ are given. If (4) holds for all
u(+) € U,[0, t1], then the (1 X m) row vector b e **B=0 forse[0, t;].

Proof. Let v(s) € R™ be the column vector whose transpose is the row vector
bTe *B. If u(-)e U, then —u(-)e U,. But replacing u(-) by —u(-) in
(4) changes the sign of the integral, therefore, j‘f,‘ vT(s)u(s) ds =0 for all
u(-)€ U,,. Suppose that for some so€[0, t1], v(so) #0€ R™. Then define
u(s) to be 0 R™, except for s in a small neighborhood N of so. In N, let
u(s) be the constant vector v(so). By the continuity of v(s), we can choose
N so that [¢: v7 (s)u(s) ds = 5 v" (s)v(so) ds >0, a contradiction. O

The above proof only required two properties of %,:

(1) u(*)€Um > —u(-)€ Unm;
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(ii) given any so€[0, #;] and any fixed nonzero vector v(so)€ R™, there is
an admissible control ug(-) such that v (so)uo(s) is positive in some
neighborhood of s, and is zero outside this neighborhood. The classes
of piecewise constant and smooth controls satisfy these requirements.
Also, the unit cube Q can be replaced by any symmetric compact subset
¥ with Qe Int V.

Since controllability is a concept that is independent of the bases used
in R", R™ respectively, it must follow that if we make the changes of
variables and controls y(¢t) = Px(¢) and v(t) = Qu(¢) where P, Q are nonsin-
gular constant n X n, m X m matrices respectively, then the new system

y=PAP 'y+PBQ 'v=Ay+Bv

must have the same controllability properties (modulo transforming regions
in R" and R™ under the maps Px, Qu) as the original system (LA) x=
Ax+ Bu. This is easy to see algebraically, since

rank {B, AB, A’B, ..., A" 'B}=rank P{B, AB,A’B,...,A" 'B}JQ.

We now turn to the important question of when € =R" (complete
controllability), that is, when can we steer every state X, to the target0e R",

ExAMPLE 2. Consider the one-dimensional problem x=x+u, —1=
u(t)=1. Because of the constraints on u(¢), x(t)>0 if x(¢)>1 and
() <0 if x(f)<—1. Therefore, € =[ -1, 1]. By equation (3), xo€ €(t:) &
Xo= —L’,‘ e ‘u(s) ds, for some admissible control u(-). Therefore, since
lu(t)| =1, xo€ 6(t1) implies that |xo| <[ e *ds =1—e "< 1.If in fact [xo| =
1—e7™", then it is easy to solve the equation and choose u(f) so that
x(t1; x0, u(+))=0. In fact, one can choose u(t)=+1(xo<0) or u(t)=
—1(xo>0) on some interval [0, t,], with u(¢£)=0 on (t, t;]. Therefore
G(t1) ={xo| |xol=1—€7"}, and € ={xo||xo|<1} (see Figure 5). For this

X
A
]

(-)

é(t))

(+)

—-1+e™"

Figure 5 (+) Indicates the Response Curve for u(f)=+1
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example, then, € # R". The problem is that the homogeneous equation
X(#) = x(¢) has the origin x =0 as an unstable equilibrium.

Theorem 4. Suppose that rank M = n for the linear autonomous system (LA)
x=Ax+Bu. If Re A <0 for every eigenvalue A of A, then € =R".

Proof. We know from Theorem 3 that the origin 0 R" has a neighborhood
Bo=RB(0; §) with 0€ B, < €. For any given xo€ R", we first set u(f)=0,
so that the dynamics of (LA) is determined by x = Ax. By standard results
on the stability of linear differential equations (cf. Mathematical Appendix),
our assumption that Re A <O for all eigenvalues A of A implies that each
solution of x= Ax eventually enters and stays in %B,. Once in B,, we are
in €, so we can switch to a control that will steer to the origin. O

The stability assumption in the above theorem is rather strong. For
example, the rocket car has j(t) = u(¢), or in system form

x=[§], x=[g (l)]x+u(t)[(1)], —1=u(t)=+1,

so A has the eigenvalue zero with multiplicity two. Theorem 4 is therefore
of no use. The following result is much deeper, in that it does not require
stability.

Theorem 5. For the linear autonomous system (LA), recall that M =
[B,AB,...,A" 'B). Then

€=R" © rank M = n and Re A <0 for each eigenvalue A of A.

Proof. Suppose that rank M =n and Re A =0 for each eigenvalue A of A.
First we recall that € is convex (Theorem 2). If there were a state wo & €,
then wy could be separated from € by a hyperplane - that is, there would
exist a fixed vector be R" and a real number « such that

(b, xo)=b xo=a forallxoe €.

We will in fact show that for any nonzero vector be R" and any real number
a there is a vector xo € € such that bTxo> a. This contradiction will prove
half of the theorem.

Let b#0e R" be given. We want to prove that € contains vectors Xo
such that bTxo is arbitrarily large. Now xo€ € if and only if %=
— :,‘ e “*Bu(s) ds for some t; and some u(-) € %n, so we have to show that
there is a u(+) € U,, for which

L}
—J b e **Bu(s) ds > a.
0

For convenience, we define the (column) vector v(s)= bTe™B)T in R™
By the discussion below Theorem 3, our assumption that rank M =n
implies that the system is proper, that is, v(s)#0 for s € [0, t,]. We choose
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u'(s)=—sgn vi(s), i=1,2,...,m, with u'(s)=0 when v'(s) =0; then for
any t;, with xo = —[g' e **Bu(s) ds,

4
bTxo=J’ |v(s)| ds, where as always, |v|= |v .

0 '—'
Now some component of v(s), say v 1(s), is nonzero somewhere, say at so.
By contmulty, v'(s)#0 in a neighborhood of so We will show that
fo lv'(s)| ds = +00. Suppose not, and let ¢ (¢) = |;” v'(s) ds. Note that ¢ (r) >
0 as t>0, and —D¢ =v', where D =d/dt. The matrix A satisfies its
characteristic equation, #(A) =0, so

P(-D)v(it)=P(—D){p e *B}=b" e “P(A)B =0.
Therefore ¢ (t) is a solution of the constant coefficient equation

DP(—D)¢(t)=0, ¢()#0, and lim ¢(t)=0.
t—>00
This means that ¢(¢) is a linear combination of terms of the form p(¢) e,
where p(¢) is a polynomial and A is a root of A?(—A) = 0. These roots are
all non-negative (the negatives of the eigenvalues of A, with A =0 added),
which contradicts our conclusion that lim,.. ¢(¢) =0.

For the remaining half of the theorem, we consider the two possibilities:
rank M <n, or Re A >0 for some A. Suppose rank M <n. Then by the
discussion following Theorem 3, €(¢) is contained in a fixed hyperplane
for all t>0,so €(t)#R".

Finally, suppose Re A1 >0 for some eigenvalue A; of A. We want to
show € # R". There exists a real nonsingular matrix Q such that A =
Q7'AQ is in real canonical form (cf. the Mathematical Appendix)

Ji
A= diag I2 0
0 Ji

where the form of the m, X m, matrix J, depends on the eigenvalue of A
to which it corresponds:

Ak 0
for A, real, J,= 1 Alk . ,
0 1A
for A =a+iB (B #0),
R
I, R 0 _
I = 2 , I, [1 O], R___[a B]
Iz 0 1 B a
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If we define x(t) = Qy(¢) then (LA) becomes
(RCF) y=Q 'AQy+Q 'Bu=Ay+w(), y(t)eR"

Since |u(#)|=1, we have |w(t)| <K for some constant K. Without loss of
generahty, assume that A, appears in J,. If Al is real, then y )=
Ay O+w (¢) is the ﬁrst equation in (RCF). If y'(0)> K/A,, then yi(t) is
always increasing, so y '(t)40 and y(2)40.

When Ay =a +iB with a >0 and B # 0 the first two equations in (RCF)
are

y'=ay'-By*+w'(),
y2=By'+ay’+wi(t)

(superscripts denote components). Multiplying the first equation by y'(-),

the second by y>(-), and adding, we get (recall that [I-|| stands for the
euclidean norm)

1d, » 2 y ! w!

gl =l +awo,  a=["] w=["]
The Cauchy-Schwarz inequality implies that |z w(¢)| <|iz|| [w(?)||, and this
combined with the last equation above implies d/dt|z(t)|= a|z(?)]|— K.
Therefore, if [|lz(0)]| > (K/a), it follows that |[z(¢)| is always increasing and
so again y(¢) 40 as t > 00,

Finally, since x(¢) = Qy(¢), in both of the above cases we have x(7)4 0
for the corresponding solution x(¢) of (LA). O

ExaMPLE 3 (Controllability of the Rocket Car). For the rocket car, we have

A=[g (1)] B=[(l’], M=[B,AB]=[(1) (1)]

sorank M =2, and the system is proper, by the remarks following Theorem
3. The only eigenvalue of A is A =0. By Theorem 5, € = R?, that is, for
the rocket car, any initial state can be steered to 0 € R*.

It is interesting that Theorem S becomes considerably simpler for the
case of unrestricted controls (u(t)e R™):

Theorem 5'. For (LA) with unrestricted controls, € =R" <& rank M = n.

The reader is asked to prove this in Exercise 6 at the end of this chapter.

We now prove a result on the generic nature of controllable systems,
i.e., we show that ‘““‘practically all”’ systems are controllable. To make this
idea precise, we define the distance between two systems:

(LA1) x=A;x+Bu
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and
(LA 2) x = A,x+ Bsu,

to be |A;— Az|+|B;1— By|. (Recall that |A| =Y |a;|.) This makes the set of
all systems {x = Ax+ Bu|A an n X n constant matrix, B an n X m constant
matrix} into a metric space. The two systems (LA 1), (LA 2) are “close”
in this sense if each entry in A;, B is ‘“close” to the corresponding entry
in A,, B,. We distinguish between our usual restricted controls u(r)e )
and the case of unrestricted controls (u(t)e R™).

Theorem 6. With unrestricted controls, the set of all completely controllable
(i.e., € =R") linear autonomous systems is open and dense in the metric
space of all linear autonomous systems. With restricted controls, the set of
systems for which € > N (0) is open and dense ; here N'(0) denotes a neighbor-
hood of the origin which may depend on u(-).

Remarks. This theorem roughly states, first, that if a system is controllable,
then so are all nearby systems (open-ness). This is important, since any
model of a real world system is subject to imprecisions and perturbations.
Second, the theorem roughly states that if a system is not controllable,
then there are systems arbitrarily near it that are controllable (denseness),
so lack of controllability is something of an accident.

Proof. We treat only the case of unrestricted controls, using the criterion
from Theorem 5’ (for restricted controls, we would use the same proof,
with the criterion from Theorem 3). By Theorem 5', a given system
x=Ax+ Bu is completely controllable with unrestricted controls if and
only if

rank M =rank {B, AB, A’B,...,A" 'B}=n.

This rank condition implies the determinantal condition (cf. the Mathemati-
cal Appendix):

There exists N, an n X n submatrix of M, such that det N # 0.

If (A, B) is a fixed system close to (A, B), then each matrix O from the
finite collection of n X n submatrices of M ={B, AB, ..., A" 'B} is close
to the corgesponding submatrix Q of M. Also, if det Q #0, then det Q # 0
for |Q - Q| sufficiently small. Thus for (A, B) sufficiently close to (A, B)
we will have rank M = n, and so the controllable systems form an open set.

Now suppose that the system x = Aox+ Bou is not completely control-
lable, that is rank M < n. We need to find matrices (4, B) close to (Ao, Bo)
such t~hat det N # 0 for some n X n submatrix of M ={B, AB, ..., A" 'B}.
Det N, for an n X n submatrix N of M, can be thought of as a polynomial
Py, y% ... v, k =n’+mn, in the entries of A and B. In the present
situation 2 vanishes when we use the entries of A, By for yl, Ceey y".
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Since we only need det N # 0 for some submatrix, we now need only show:

Given a nontrivial polynomial P(y',...,y*) in k variables which
vanishes at yo=(ys, y3,..., &), there are vectors £€= (&', &2, ..., &%)
arbitrarily close to y, such that P(§) # 0.

But this is equivalent to the obvious fact that a nontrivial polynomial in
k variables cannot vanish identically in any k-dimensional ball. (If it

did, we could take enough partial derivatives to conclude all coefficients
are zero.) O

3. Controllability for Nonlinear Autonomous
Systems

We will now investigate the nonlinear autonomous system

(NLA) x=f(x,u), uw()e¥U. IT()=0,

with f(x,u) continuously differentiable in x, u, and £(0,0)=0c R". Our
assumption that £(0, 0) =0 is not unreasonable, since it just means that
when we arrive at the target 0€ R", we can stay there with u(t)=0eR™.
For x(t) near 0 R" we expect to be able to use small controls, so u(¢)
should be near 0 R™. We therefore expand f(x, u) about x=0, u=0:

f(x, u) =£,(0, 0)x +£,(0, 0)u+ o (x| + |ul),
where fx(+, ), fu(+, ) are the nXn, nXm Jacobian matrices [af'/ax’],
[8f'/ou’], respectively. We expect the controllability of (NLA) near 0 R"
to be determined by the controllability of the (autonomous) linearization:
(5) X= f,(O, 0)X+ f..(0, 0)“ = Afx + B/ll.
Recall that the controllability matrix for (5) is
Mf = {Bf, Afo, A%Bf, cesy A?_le}.

Theorem 7. If rank M; = n, then 0€ Int € for (NLA).

Before we prove this theorem, some comments are in order. The con-
verse is false, as Example 4 (following the proof) will show. In the pr90f,
we will use the concept of time-reversal as discussed in the introduction.

If x(¢) solves (NLA) with x(0) = xo, x(#1) = X1, then z(f) = x(t1 —t) solves

(6) z=—f(z, @), 20)=xi, z(t:)=%x0, @)=u(t—1).
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Two Responses under (NLA) The Same Responses under (6)

Figure 6

Thus the response curves are identical for (NLA) and (6), but are traversed
in opposite directions (Figure 6). It follows that X, can be steered to 0 under
(NLA) if and only if xo is in the reachable set from 0 under (6). To say
that any point in a neighborhood %(0, 8) of 0€ R" can be steered to 0 for
(NLA) is equivalent to saying: “‘the fixed initial value 0€ R" can be success-
fully steered under (6) to any point in B(0; §).”” We used K (,; x*) to stand
for the reachable set at time #; from the initial state x* under (NLA), using
all possible controls from %,,. We define K (¢,) to stand for the reachable
set at time ¢, starting from 0 R", under (6) (we omit reference to x* since
x* = 0 always).

We also need the following technical lemma, which states that if we can
cover a neighborhood of xo =0 under the time-reversed system (6), then
we can in fact specify our time of arrival at certain state vectors.

Lemma. Suppose that the time-reversed linear autonomous system
7 x=—Ax—Bu, x(0)=0,

can steer 0 R" to any point in a ball $B(0; 8). Then given a set of scalar
multiples of the canonical basis vectors

S ={aei, aey,...,ae,} with a>0 sufficiently small,

we can find controls wy(+), ..., w,(-) in U,, such that under u;(-) we hit ae;
att=1:

x(1; 0, u;(+)) = ae;, i=1,...,n.
The proof is outlined in Exercise 1 at the end of this chapter.

Proof of Theorem 7. We will prove that 0 R" can be steered to any point
in some open ball B,=2(0; §)= R" under the time-reversed system (6);
in fact we will show that K (1) © %, for some 8 >0, so the time of arrival
at each point of %, can be specified as t =1.
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We cannot be sure that solutions of (6) with x(0) =0 extendto0=¢=<1.
However, because f(x, u) is differentiable, it follows that for supyo,ij |u(?)|
sufficiently small the response x(¢; 0, u(-)) will exist on [0, 1]. To see this,
note that x[t]=0€ R" is the unique response to u(¢)=0, and this response
certainly exists on [0, 2]. Therefore, since the response to u(f)=0 exists

on [0, 2], it follows that there exists € >0 such that (cf. the Mathematical
Appendix):

(%) ?u;; lu()|<e = x(¢;0,u(+)) exists on [0, 1].
0,1

By Theorem 3, 0 € Int € for the linear system (5); therefore under the
linear time-reversed system (7), the origin 0€ R" can be steered to any
point in some fixed neighborhood of 0€ R". Then, by the lemma above,
for some a >0 there are controls u;(:),...,u,(-) such that x.[1]=
x(1; 0, uc(-))=ae, (k=1,...,n) under the linear time-reversed system
(7). Unfortunately, supjo1; [u(f)] may exceed the extendability restriction

in (*) above. To deal with this problem, we define a parametrized family
of controls

u(t, o) =clui()+- - +c"un (),

where ce R" is restricted by [le| = (X; [c'P)"*< e/n. Then each ¢’ satisfies
|c'| < &/n, and since |, (¢)| =1, we have |u(t, ¢)|<e, 0=t=<1.
We now consider the family of responses to the controls u(¢; ¢):

z(t; 0, u(z; ¢))

under the nonlinear time-reversed system (6), 0 <t < 1. We define a function
g(c):

g(-): Bo=RB(0;¢/n)>R" byglc)=2z(1,¢),

i.e., the point in R" reached at t =1 by the response to u(:, ¢) under (6).
Clearly g(0) =z(1, 0) = 0 (the response under (6) to u(f)=0 is x[t]=0, since
xo = 0). If we can show that the Jacobian matrix J = gc(0) is nonsingular,
then g(-) will map open sets into open sets, in particular, the image of Bo
will contain a neighborhood %, of g(0)=0€ R". This will imply that the
set of points reached at t =1 by the responses under (6) to the family of
controls {u(t, ¢)|ce B} contains a neighborhood of 0 (see Figure 7.

To complete the proof then, we need to show that J is nonsingular. We
have by definition

() 2(t,c)=—f(z,u(t,c)), z(0,¢)=0.
Let the n X n matrix N (¢) be defined by

N(t) =z(t, ©)|c=0, s0J =N(1).
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Figure 7 Each Point ¢ € B, Defines a Control u(t, ¢). This Control in Turn Generates
a Nonlinear Response z[t], and g(c) =2[1]

Then N(0)=0, and we can take partial derivatives with respect to the ¢
in (**) to see that N satisfies the linear system

N (#) = ~£(0, O)N (1) — £(0, 0)uc(t, ©)|c-o,
ie.,
N () = —£(0, O)N (1) —£u(0, O)[u:1(1), w2(8), . . . , ua (1)].
Then each column n;(t) of N (¢) satisfies (7):
n;(t) = —Am;(t) — Bpu(t), n;(0)=0,

and therefore coincides with the response z(¢; 0, u;(-)) to u;(-) under the
linear time-reversed system (7). But for this system u;(-) steers 0 to ae; at
t =1, thereforen;(1)=ae;,j=1, ..., n. Thus N(1) = aI andso z.(1, ¢€)|c—0 =
N(1) is nonsingular. 0

EXAMPLE 4. As promised, we show that 0 e Int € for (6) does not imply
rank M; = n. Consider the following two-dimensional system with scalar
control: p=—p+u, §=—q—[p()T, or in vector form

x= [Z]’ x= [_(1) —(1)]’” ”(’)[(1)] "[[;:3)]3]‘

First we show that 0 Int €. We restrict our attention to the domain
lp(0)=1, |q(t)|=1. If we set u(t)=—1, responses within this domain move
towards the equilibrium point (—1, 1) as sketched in Figure 8. For x; =
(po, q0) = (1, 1), the response to u(t)=—1 successfully reaches the target
(0, 0), and the part of this trajectory from (1, 1) to (0, 0) we denote by I'_.

For u(t)=+1, a dual analysis applies, as sketched in Figure 9. In this
case we have a single successful response, I'., from (—1, —1) to (0, 0).

We will show that we can steer any initial state in some small disc about
the origin so as to hit one of the trajectories I'y or I'_. Once we hit I, or
I'_, we can steer to the target 0 by using u(#)=+1 or u(t)=—1 respectively.
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As a first step, we claim that if x, lies above I', UT_ with ||xo| <1 and
Po<0, then we can choose u(tf)=+1 and have p(t) positive before |x(¢)|
exceeds 1. Thus responses with sufficiently small initial states will remain
in the disc D of radius 1 at least until p(¢) becomes positive. To see this,
we write p=—p+1, §=—q—[pT’, and set r(t) ={{p(t)* + [q())}"/%. Then

rF=pp+qq=-[r(t)I’+p—qlpT.

As long as p(t)=<0, we have ri=-[r+1/2{[q]+ [p1°} (using the
inequality 2ab <[a]’+[b]), thus fr=< —[rP+1/2[rF+1/2[r]°. So as long
as p(£)=0 and r(+)<1, we have p(f)=1 and 7(t)=0. Therefore, p(t) will
be positive before ¢, = 2|po|, yet for 0=t=t,

r)=r(0)<1.
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Therefore, if X, is sufficiently close to (0, 0) and lies above I', U I'_, we
can set u(f)=+1 and still remain in D, until the response reaches a state
(p1, q1) with p;>0. We then set u(t)=py, so p(t) =0, 4(t) =—q(£)— [p:)>.
The trajectory therefore will move straight down until it intersects I, at
which instant we switch to u(f)=—1; the response will then move to (0, 0)
(Figure 10). A dual argument works for xo below I', U |

Aa

V r_

6><

Figure 10

Thus the controllable set € for (NLA) contains a neighborhood of (0, 0).
However, the linearized problem is p = —p+u, ¢ = —¢q, so

-1 0 1 1 -1
A’=[0 —1]’ Bf:[o]’ MfE[B”A’B’]=[0 o]’

and rank My =1.

Theorem 8. For the nonlinear system (NLA), suppose rank M;=n. If the
solution x(t)=0 of the free system x=f£(x,0) is globally asymptotically
stable, then € =R" for (NLA).

Proof. The previous theorem guarantees the existence of § >0 such that
B(0; 6) < € for (NLA). Global asymptotic stability of the free (u(t)=0)
equation means that lim,.X(¢; Xo, 0) = 0 for any x, € R", thus each solution
can be ‘“steered” (using u(f)=0) to inside B(0;8) within a finite time.
Because the system is autonomous, we can then use the fact that 8(0; §) < €
to steer to 0 in a finite time. O

ExAMPLE 5 (Application to a Nonlinear Damped Spring). Consider the
scalar equation p(¢)+g(p, p)p(t)+h(p)=u(t), —1=u(t)<1, with g(-, *)
and h(-) continuously differentiable (so solutions to initial value problems
are unique). This is equivalent to the following two-dimensional system
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with scalar control:

®) x(t)=[28], i=[g —g(lp,q)]x+[—h(p())+u(t)]'

The linearized system is

) *=[_h0'(0) - g(IO, 0)]“[(1)] “

and

0 1
v ] -
=11 —g,0)l rank M; =2

Therefore, under any conditions which will imply that (8) with u(f)=0
is globally asymptotically stable (g.a.s.) it will follow that € = R for (8).
For example, if g(p,q)>0 for all (p,q), ph(p)>0 for p#0, and
lim|»e Jo 4 (s) ds = +0, then the system is g.a.s. We sketch a proof, using
a Liapunov function. Define

2 14
V(p, q) =%+H(p), where H(p) =j h(s) ds.

0
Then

V(p,q)>0 forall (p,q)#(0,0), lim V(p, q) =+,
le—»fx)
and along free (u(¢) =0) solutions of (8),

. d
Vip, 9 = 2 V(p(), q(0) = 94 + h(p)p = —q%g(p, 9) <O.

Then standard results from stability theory (Hahn [1967], Theorem 26.2,
p. 108) imply that (8) is g.a.s.

4. Special Controls

In the preceding sections we established basic results for both linear and
nonlinear systems when u(-) € %,,, that is, when u(- ) is measurable on some
interval [0, #;] with range u(¢) € Q, the unit cube in R™. Such functions can
be quite pathological from the practical point of view, and therefore difficult
(or impossible) to synthesize. It is an important problem, therefore, to
establish controllability results when the set of admissible controls is one
of the classes Upc, U., Upp, Usppc introduced in Chapter I. We define
the corresponding controllable sets Gpc, 6., €8, €BBPC.
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For convenience, we briefly summarize our principal reﬁulti for (LA)
and (NLA) when u(+) € %, Recall that (LA) is propfr ifb'e B0 for
any b= 0; this is equivalent to rank [B, AB, . . ., A" Bl=n.

Theorem 1. For (NLA), € is arcwise connected, and € is open < 0 € Int %.
Theorem 2. For (LA), € is symmetric and convex.

Theorem 3. For (LA),

(i) rank M <n & 4(t,) is contained in a hyperplane.
(ii) rank M =n < 0€Int €.

Theorem 5. (LA) is proper and Re A <0 for all eigenvalues of A & € =R".

Theorem 7. For (NLA), rank M;=n = 0€Int €.

Theorem 8. For (NLA), if the free (u(t) = 0) system is globally asymptotically
stable, and rank M; = n then € = R".

We can then summarize what is known about the extension of each
theorem to the cases when our control classes are ¥pc, U., Usp, Usppc.

Theorems 1, 2, 3(i), 5, and 8 are valid for all of the classes €pc, €.,
%sB, €sBrc. The extensions are direct, paralleling the given proofs, for all
but Theorem 2. Theorem 2 is a special case of the theorem from Lee and
Markus which was stated just after the proof of Theorem 2.

Theorem 3(ii) holds for €. and €pc. Our proof of Theorem 3(ii) fails
to extend to the class Ugp, because we needed to use a control which takes
the value zero.

In Example 3, we showed thatrank M = n,and Re 4 < Ofor all eigenvalues
of A, for the rocket car. Therefore, 4, = %pc = R? for the rocket car, by
Theorems 3-and 5. This means, for example, that for the rocket car we can
steer to 0 from any initial state, using a control which changes values smoothly
and as slowly as we wish.

Theorem 7 holds with any class of controls for which we can prove the
associated lemma. The proof of this lemma is outlined for %,, in Exercise
1. Theorem 7 fails for %gg, as the following example shows.

ExaMPLE 6 (Linearization Does Not Give Full Information About €gg).
Consider the scalar (n =m =1) equation x(¢) = u(t) +[u()?, with —1=<
u(t)=1. Then

Ar=£.(0,0)=0, Bs=£.(0,0)=1, M;=1

so rank M; =1 = n. Thus 0 lies in the interior of €pc, €., and € (Theorem
7). But u(-) € Ugp implies that u(t)+[u(r)]? is either 0 or 2, so x(t)=0.
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Thus 0 ¢ Int €gp since no point xo>0 can be steered to 0.
There is a close relationship between €pc and %, as the following results
show. Note that the system (NLA) contains (LA) as a special case.

Theorem 9. For (NLA), if 0elInt Gpc then Gpc=%. In other words, if
0cInt €pc, then anything you can accomplish with measurable controls
can, in fact, be accomplished with piecewise constant controls.

Proof. Let xo € € and choose u(-) € U,, steering x, to 0 on [0, ¢,]. We must
show that there is a uo(*) € Upc that steers x, to 0. Choose & >0 so small

that the ball Bo= %(0; ) = €pc in R". Define (the shaded region in Figure
11) the 6-tube

N5 ={xeR"|inf |x—x(t; Xo, u(+))| = 8},
[0,11]
and ¥ =N xQc R"™™, The idea is to approximate u(-) by a uo(*) € Upc

so closely that the resulting response x(z; xo, uo(*)) stays in ¥ and is pulled
into the ball By < €pc.

Ax2

x(tx5u()

Figure 11

Because f(x, u) and the entries of the Jacobian matrix f,(x, u) are (uni-
formly) continuous on the compact set J, there are constants K >0, A =0,
p >0 such that on ¥,

ix, =K, [f(x,u)—f(y, w|<A|x—yl,

and

—AL.
e "1

41, )

If S is a Lebesgue measurable set of real numbers, then |S| will denote the
Lebesgue measure of S. Now ¥Upc[0, #1] is L'-dense in %[0, t;], which
implies that it is dense in measure. This means that there is a measurable
set S <[0, ;] and a u;s(*) € Upc such that |S|< & e /8K, and

lu—v|<p > [f(x, w)—f(x, v)| <

lu(®) —us(t)|<p if te @Q=[0,t,]nS".
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We use x;(¢) to denote the characteristic function of a set S. We can use
(NLA) plus some judicious additions and subtractions to measure the
difference between the ¥Upc-response Xs[t]=x(f; Xo, us(+)) and the U, -
response x[t]=x(t; xo, u(-)):

o1 -x{r]= [ Ixslr] 0a(r) el wMl[xa(r) + xs ()] dr

+[ K6l w) ~ 073, wr)
(V]

8 e-Ml
=

+2K|S|+A j |xs[r]—x[r]| dr.
o

Using Gronwall’s inequality (Hartman [1964], p. 24) we find that

8 e—Atl
4

8 e—Atl
Ixs[r1—xL1]] S[ +2K|S|] eti< [_2__] oM <5,

Therefore x5(t1) € Bo< €rc. This means that there is a control () € Upc,
defined on [0, f] that steers x5(t;) to 0, that is, the response X[t]=
x(t; x5(t1), 6(+)) satisfies %(f)=0. Because our system is autonomous, the
following control from %pc will then steer x, to 0:

us(t), O=t=t;
i(t—1t), h<t<t+t

uolt) =

The associated response is x5[¢t], 0=t =t;, X(t —t1) on (¢4, t, +{]. Od

The above proof is of course valid for any class 4 of controls that is

(1) dense in measure in U, fmd satisfies
(2) for ui(:)e U[O0, t,], uz € U[O0, t,] the juxtaposition

u (), O=t=t;
w(t—t), H<tsth+n
is in 9. For example, the theorem holds if %pc is replaced by % =

U.,>o 910, t,], where %[0, t,]is the class of C™ functions which vanish,
along with all derivatives, at 0 and ¢;.

ws(t) =

We now turn to controllability problems for %gg. This class is symmetric,
but not convex, and since many of our proofs have depended heavily on
convexity this class does not look promising. However, physical intuition
tells us that %gg should be effective, since we are using all available power.
This intuition is correct for linear problems, as we have already mentioned
in the discussion following the proof of Theorem 2. To conclude this
chapter, we now re-state our special case of the Bang-Bang Principle. We
give a proof based on ideas of Jim Yorke in the appendix to this chapter.
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Proofs of the Bang-Bang Principle usually involve either a theorem of
Liapunov on the range of a vector measure, or the Krein—-Milman Theorem
from functional analysis (cf., for example, H. Hermes and J. P. LaSaile
[1969]). Our proof is long, but does not use such powerful tools.

Theorem 10 (The Bang-Bang Principle). For (LA), we have €gg(t:) = €(t1)
for all t,> 0; this set is compact, convex, and depends continuously on t,.

Exercises

Remark: Unless stated otherwise, we always assume that |u'(f)| < 1,i=1,...,m.

1. (A proof of the lemma used in the proof of Theorem 7.) Consider the time-
reversed autonomous system x = —Ax— Bu. Suppose that 0 can be steered to
any point in a fixed ball B,= %B(0; §). Then, given a set of scalar multiples of
the canonical basis vectors,

S ={ae,, ae,,...,ae,}

with a >0 sufficiently small, there are controls u,(:), u,(+), ..., u,(:) which
respectively steer 0 to ae;,...,ae,att; =1, i.e.,

x(1;0,u;(-)) = ae; i=1,2,...,n

2. Consider the system (n =2, m =1):

ST S 2 RO

a slight modification of the rocket car (compare the 2 X 1 matrices B). Use one
of the theorems in this chapter to show that € # R?. Find € by direct integration.

3. (For xo€ %, the states lying on the successful response curve from x, may not

be in €.)

Consider the system p=—(1—1t)q, §=(1—-1t)p for 0=t<1, with p=0,
q=[u()-2])(t—1)for 1=t<oo.

Show that for 0=t <1, responses move counterclockwise on circles in the
(p, q) plane, while for t> 1 responses move vertically downward. Describe ¢,
and sketch a typical successful response from €. Show that no state on a
successful response, except the initial state, is in €.

4. (Although %(t,) = €ss(t1), the number of switches required may be infinite.)
For the scalar problem % =[t*sin (1/6)Ju(t), —1=u(t)=<1, I(t)=0, show
1

that €(1)=[—a, a], where
1
— 3|gin( =
a—_[ot sm(t)

Show that a is only attained by a control with an infinite number of switches.

dt.
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5.

10.

Investigate the controllable set (with J(¢)=0) for the following systems.

0 -1 1 -1 1
(a) x=|2 -3 1|x+| 0 2|u (m=2,n=3)
1 -1 -1 13
-p+3[qF+rq —ae®+pB
() x=| -q-3pg-mp |+| a’+2B |,
—r[pP-rlqP-[rP e” +e*
with
p
(]
x=|q|, u=
1 8
r

. Prove Theorem 5'.

Hint: It might be helpful to compare the controllable set for u(¢) € Q with the
controllable set for u(f)e kQ, k> 1, kQ={kvlve Q}.

. Consider the system (m =1, n =3):

0o 1 o0
x={0 -1 1(|x+u(s)b.
0 0 -1

For which constant vectors bis € =R"?

. Consider the nonlinear system (m =n =2):

p=qe’—p—u’,
4=pe’—q+u’, x=[p].

Show that € # R>.

. Let (r, ¢) be polar coordinates in the plane, and consider the control problem

f=ur, (b.:_ua u(')eouly

with ¢(0) =0, r(0) = 1. Show that the reachable set in the plane is not convex.
(It is a spiral.)

Let (r, ¢) be polar coordinates in the plane and consider the control problem

u'(+)

F=u'r, é=—u? u(-)=[u2(')

]E"le

with initial state r(0) =1, ¢(0) = 0. Show that K (; x,) is not convex. (It is an
annulus.)
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Appendix to Chapter II: Proof of the Bang-Bang
Principle

The proof is long, so we have broken it down into a series of propositions.
First we need a general compactness result.

Proposition 1 (Weak Sequential Compactness of U,,[0, ¢;] in L*[0, t,]). If
{w,(")}=U.[0, t;] is given (n=1,2,...), then there exists a subsequence
{u,. ()} and a wy ()€ U[0, t1], such that for all n X m matrices Y (t) whose
entries are in L0, t,], we have

L3} 31
lim j Y(Hu,, () dt= j Y (t)u,(¢) dt.
k->00 JO 0

Proof. The sequence of first components {u (- )} -, is asequence in L*[0, #,],
since u(+) is measurable and satisfies |u, (f)| < 1. Also if || |, is the L[0, t,]
norm, then

ty 1/2
||u:(-)||2={jo [whF di}  <dl”.

Now the ball in L?[0, ;] about the origin of radius ¢;* is weakly compact
(cf. the Mathematical Appendix), therefore, there is a subsequence
{u,‘.,.( 2 andauy(-) e L7[0, t;]such that for all real-valued f(-) € L0, t,],

t t
lim f F()un,(t) dt =j F(Ouy () at.
i-»00 JQ 0

We throw away the original sequence {u, ()} < %,, and work with the new
subsequence {u,,(:)}< %, and for simplicity we relabel these functions
{u,(+)}. Beginning with this relabelled sequence, we now repeat the above
procedure for the second component, then for the third, and so on. The
end result is a subsequence {u.(-)}<%,, and a u,(+)e L?[0, t;] such that

t t
im [ foma (0 dt= [ " fOuato) dt
k-0 J0 0

for all real-valued f(-) € L0, t,], where we integrate componentwise.

We claim that u,(:) € U, i.e., luk(@)|=1on[0,4] for j=1,2,...,m.
Let % ={t|3j, uk(¢)>1}. If ¥ has Lebesgue measure zero, |9 =0, then
we can redefine u,() to be zero on % without affecting anything, and thus
uy(+) € U. So assume || > 0 and for definiteness assume ¥, = {tlug(t)>1}
has positive measure. Then if x(2) is the characteristic function of %1, we
have (recall ux ()€ U = |ur ()| <1):

t ty 51
|af1|<j $(O)u(@) dt = lim j $(Oube) dt < j 2(0) dt = | #,],
0 k- JO o

a contradiction. Thus u,(+) € U.. If Y(¢) is any n X m matrix with entries
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yii(+)e L[0, t;], then Y (f)u(¢) is a vector whose i component [ Y ()u, ()]’
satisfies

m 3 m t .
(Z )’iiu]k) dt= Y lim I Yiiltk dt
i=1 0

j=1 k-0

lim I Y (e (e)) dr = :imj'

k- JO (V]

-5 L' youdly dt =j Y (Ouy )] d. O

i=1 0

To continue with the proof of Theorem 10, we set m =1, that is, u(t)
real-valued (the extension to m >1 is easy, working with each entry of
u(+)). Recall

U0, t;]={u(-)|-1=u(t)<1, u(-) measurable on [0, #,]},
Ugg[0, t1) ={u(:) € Ui[0, ;]|u(t)| =1 forall £ [0, #,]}.
Our system is (LA) x= Ax+ Bu, B an n X 1 matrix, and
€(t,) ={xo€ R"|3u(-) € U4[0, t,] steering x, to 0},
@rr(t1) ={xoc R"|3u(-) e Upg[0, t,] steering x, to 0}.

We want to show that €(¢;) = €ss(f1), and that both sets are compact and
convex. Now by Equation (3),

31
Xo€ €(t) ©x0= —I e “*Bu(s) ds for some u(+)e %[0, t,],
0

Xo€ €pa(t1) ©x0= —j e “*Bu(s) ds for some u(-)e Ugg[0, t,].
0

Therefore, if T is the mapping from %,[0, #;] into R" defined by
t

(10) T (u(+)) =I 1 y(s)u(s) ds, y(s)=e “°B (recall that B is n X 1),

0

then we need to prove that

(11) T(U[0, t1])=Q = Q=T (Uss[0, t;]).

The remaining propositions are devoted to the proof of (11). Notice that
Qss < Q always, since Upp < U. For simplicity we set t; =1,

Proposition 2. The mapping T defined in (10) maps convex sets into convex
sets, and weakly compact sets in L*[0, 1] into compact sets in R". (In
particular, by Proposition 1, Q is convex and compact.)

Proof. T is linear, so the convexity assertion is immediate.

It is a standard result in functional analysis that a mapping which takes
weakly convergent sequences into strongly convergent sequences will map
weakly (sequentially) compact sets into (sequentially) compact sets (cf.
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Mathematical Appendix). Since %,,[0, 1] is weakly compact by Proposition
1, we need only show that the mapping T[u(-)] has the above property.
Let {u.(-)}= %[0, 1] converge weakly to u(-)e U,[0, 1], that is, for all
feL’0,1],

n->00

1 1
lim L f(®u,(2) dt=J; f@)u(e) de.

Then by looking at components we see that T(u,)- T(u). Thus Q =
T (U4[0, 1]) is compact. O

We now come to the heart of the proof of the Bang-Bang Principle. For
G, H disjoint measurable subsets of [0, 1] (G U H need not be [0, 1]) we
define the special control classes (Figure 12):

UG, H)={u(-)e U:[0,1)ju(t)=—10n G, u(t)=+1 on H},
Ups(G, H)= Upg[0, 11" U%(G, H).

Figure 12 Example of u(-)e %(G, H)

Notice that if G U H =[0, 1], then %(G, H) is a single bang-bang control,
while if G=H = (the empty set) then U(J, &)= U,[0, 1]. The basic
idea of the proof is to start with G = H = J, in which case

1
T, 21={| y6)ue) dslyts) =B, u() e wfo, 11} =0

Nowif pe Q = T[U(J, )], we will systematically choose larger and larger
sets G, H so that p remains in the convex set T[%(G, H)] (cf. Figure 13),
but the dimension of T[% (G, H)] drops. Eventually we get pe T[% (G, H)]
with dim T[% (G, H)]=0. Since T[%(G, H)] is convex, it must be a single
point, so {p} = T[U%(G, H)]> T[Uss(G, H)]# &. Thus p= T[Uss(G, H)),
so p€ Qgs.
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\x3

-

~

Figure 13 dim Q =3, dim T[%(G, H)]=1

Proposition 3. T[U (G, H)] is always compact and convex in R".

Proof

(i) %(G, H) is convex and T[-] is linear on %(G, H), so T[U(G, H)] is
convex.

(i) %[0, 1] is weakly compact (Proposition 1) and T[-] maps weakly
convergent sequences into strongly convergent sequences. If we can
show that U(G, H)< U4[0, 1] is always weakly closed, then it will
follow from standard results (cf. Mathematical Appendix) that % (G, H)
is weakly compact and T[% (G, H)]is compact. To this end, let {u,.(-)} <
%(G, H). Then we may assume that this sequence converges weakly
(in L0, 1]) to u(-) € U,[0, 1]. We want to show that u(-)e %(G, H),
i.e., that u(t)=—1on G, u(t)=+1 on H. Suppose that there is a subset
E =G, |E|>0 such that u(t) # —1 on all E (if |E| =0, we can redefine
u(t) to be —1 on E without affecting the response). Since u(-)e
%,[0, 1], we have u(t)>—1 on E, so

1

-|E|l< L u(t) dt= L xe(tu(t) dt.

Now u,(+)e U(G, H) for each n,so u,(t)=—1on E, therefore as n - oo,
1 1

[l = | xe(tun(t) de» [ xe0u()>-|E]

This contradiction shows that % (G, H) is weakly closed and so
T[U(G, H)] is compact. O

To finish the proof, we need to establish two final propositions. We state
them here, and immediately use them to finish the proof of the Bang-Bang
Principle. Their proofs are given after. Recall that for a convex set K = R",
dim K is the dimension of the smallest hyperplane containing K.

Proposition 4. If peInt T[U(G, H)), then there exist disjoint measurable
subsets of [0, 1], G* > G, H* > H such that pe dT[U(G*, H*)].
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Proposition 5. If pedT[U(G*, H*)], then there are disjoint measurable
subsets of [0, 1], G** > G*, H** > H* such that pe T[U(H**, G**)] and

dim T[%(G**, H**)] < dim T[%(G*, H*)].

To complete the proof of the Bang-Bang Principle using these results,
let pe Q =T (%[0, 1]) = T[U (D, )] be arbitrary. Applying Propositions
4 and 5 alternately, starting with H; = G, = J, we obtain increasing sequen-
cesofsets =G <Gy, F=H,cH,<- - - with

n=dim T[U(G, Hi)]>dim T[%(Gx+1, Hi+1)],

so dim T[%(Gx, H,)] drops by at least one at each step. After at most n
such steps, we will have two disjoint measurable sets G, H such that
dim T[%(G, H)]=0 and pe T[%(G, H)]. But T[%(G, H)] is convex,
therefore T[%(G, H)]={p}. Also Ups(G, H) is nonempty and contained
in U(G,H), so & #T[Uss(G, H)]< T[U(G, H)]={p}. Thus {p}=
T[%BB(G, H)] (= T(%BB[O, 1]) = QBB- This shows that Q = QBB, SO QBB =
Q. O

Proof of Proposition 4. Fix G and H in [0,1], GNH=. Let pe
Int T[%(G, H)]. For s €[0, 1], define

G, =G u{[0,s]-H}, H,=H,

(so that we can ‘‘increase G smoothly without hitting H”). Since
T[%U(G,, H;)] is a compact subset of R", we can use the Hausdorff metric
on the family of sets {T[%(G,, H;)]0=s=<1} in R". For fixed sets
G, H, we claim that the set-valued map

W(-): s> T[U(G,, H;)]

is continuous on [0, 1]. To see this, let s, t€[0, 1], and without loss of
generality let s <¢, so G; < G, (as always, H = H, = H;). Then W(s)< W(z)
and the Hausdorff distance can be computed by

h(W(s), W()= sup d(p, W()),
pe W(s)

where d(p, W(t)) =infqew() [p—q|. We will show that for any pe W(s),
there is a € W(¢) such that |p— q| < K|t — 5|, for some fixed constant K >0,
and therefore h(W(s), W(t)) < K(t — s) and the continuity of W(-) follows.
Given pe W(s), i.e.,

1

p= I y(7)us(r) dr for some u,(-) € U(G;, Hy),
0

where y(r) = e *"B, we define u,(-) € %(G,, H,):

-1 on G,
u(r)=< 1 on H,=H,
us(r) on(G,uUH)".
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Then u,(7) # u,(7) only for 7 € (G, — Gs)<[s, t], and so

1 1
J. y(2)uy(r) dr — j y()ur) dr| < 2<max IY(T)|> |t — sl.

0 0 [0,1]
Therefore W(s)= T[%(G,, H,)] is a continuous map from [0, 1] into the
subsets of R".

Given pelntT[%(G,H)], we define o=sup{sel0, 1]lpe
T[%(G,, H,)]}. This set of numbers is nonempty (s =0 belongs), sO o exists.
From continuity and the definition of ¢, p¢Int T[%(G,, H,)]". On the other
hand, because T[#(G,, H,)] is continuous in s, p¢Int T[%(G,, H,)]. Thus
pedT[#%(G,, H,)]. O

Proof of Proposition 5. This proof is similar to the proof of Pontryagin’s

Maximum Principle for general linear systems. Recall that xe T[%(G, H)]
means

1
x=I y(s)u(s) ds forsome u(-)e U(G, H),
4]

ie.,u(*)=—10onG, u(-)=+1on H. Let peaT[U(G, H)]; by Proposition
3, pe T[U(G, H)], so p= s y(r)u,(r) dr for some u,(-)€ U(G, H). Since
T[%(G, H)] is convex, there exists a unit vector ge R, |q|=1 such that
(cf. Mathematical Appendix)

1
L q7y()u,(r) dr=q" p=sup {q" x|xe T[%(G, H)]}

1
(12) Esup{jo 4Tyl drlo(-) € %G, H)),

y(7)= e “B.

Now to maximize I; q"y(r)v(r) dr, we want sgn v(r) =sgn q"y(r) on [0, 1].
With this in mind, we define

Gy=Gu(t|lq"y(t)<0}—H), Hy,=Hu({tq y(t)>0}-G),
D ={xe T[%(G, H))| q"x=q"p}.

The set D is the intersection in R* of the k-dimensional set T[% (G, H)]
with the hyperplane {x|q” (x—p) = 0}. This hyperplane in turn is a translate
of the subspace {x|q” x = 0} which has dimension k —1. Thusdim D <k —1,
i.e., dim D <dim T[%(G, H)].

We will show that D = T[%(Gy, Hy)]. The fact that D > T[U(G,, H,)]
is easy to verify. If xoe D = T[U(G, H)], then

1
q xo= L q"y(?)uo(r) dr for some uo(:) e U(G, H).
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We will show that uo(:)€ %(Gy, H,). From the definition of D and (12)
we have

1 1
(13) L q y(r)uo(r) d'r——‘=qTx0=sup{J.0 q y(r)v(r) drlv(-) e U(G, H)}.

Clearly, then, sgn uo(7) =sgn qu(T), sO uo(*) € U(Gy, Hy). Thus xoe D >
xo€ T[U(Gy, Hy)] so D = T[U(Gy, Hy)]. O

The extension of the above proofs to the case m > 1 is relatively straight-
forward. In this case we have a continuous matrix Y(r)=e “"B defined
on [0, 1], and T[:]: %.,,.[0,1]> R" is defined by

1
T[u(-)]=I Y (s)u(s) ds.
0
For two families of subsets of [0,1], G={G!,G?%...,G™}, H=

{(H,H?, .. ,H™,withG'nH' =,i=1,2,..., m, we define
UG, H) ={u(-)e Un[0,1] u'(t)=—10n G, u' ()= +1 on H',
i=1,2,...,m}
and we “extend G without hitting H’ by defining
G:=G'u{0,s1-H'}, H,=H', i=12,...,m

Finally, we set o = sup {s| pe T[% (G, H,)]}, and if the i column of Y (¢)
is denoted y;(¢), we define

Gi=G'u(ltla"y()<O-H), Hy =H'0llq"y.(0>0}. O



Chapter III

Linear Autonomous Time-Optimal
Control Problems

1. Introduction: Summary of Results

In this chapter we will give a complete treatment of the linear optimal
control problem:

(LA) x(t) = Ax(¢) + Bu(t), x(t)eR", u(t)eQQ=R"™,

with A, B constant n Xn and n X m matrices, u(:) € U,,, target 7(t)=0,
and cost function

C[u(-)]=Llldt=t1,

where ¢, is the time of arrival at the target 0. A successful control and its
response are time-optimal if there is no successful control which gives a

smaller value of #;. There may be many time-optimal controls for a given
initial state.

We assume throughout this chapter that
no column of B consists entirely of zeros.

This assumption involves no loss of generality. If, for example, the first
column of B is all zeros, then the first component u'(+) of u(+) is irrelevant
in (LA). Therefore, we may replace the m-vector u(-) by the (m —1)-vector

[ua(+), us(+), ..., um(+)]". This eliminates the first column of B in (LA)
without changing the problem.

Many results from this chapter are true for the general linear system
x(t) = A()x(t) + B(t)u(t) +¢(t),

and we have summarized these extensions in the final section. We are
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devoting an entire chapter to the specific problem (LLA) because the
geometry of the situation is much more clear than in the case of a general
optimal control problem. The intuition gained from an understanding of
this geometry should help in Chapters IV and V.

First we give an outline of the results to be proved in this chapter. To
do this, recall that Q is the unit cube in R™:

Q={vlveR™ |v'|=1,i=1,2,...,m};
that K (¢; xo) is the reachable set from x, at time ¢:
K (t; %0) = {x(t; X0, u(-))|u(-) € Un};

that RC =0 {t} X K (¢; x0) is the reachable cone, and that a bang-bang
control u(-) always satisfies |u’(¢)]=1,i=1, 2, ..., m. Notice that K (¢; Xo)
is a subset of R" and RC is a subset of R"*" (cf. Figures 4 and 5 of
Chapter I).

K (¢, xo) and RC may be imbedded in hyperplanes of minimal dimension
in R" and R"*! respectively. Then Int K, 9K, etc., are all taken relative to
the appropriate hyperplane. For the autonomous system (LA), given an
initial state xo€ R", suppose that there exists a successful control from U,

steering X, to 0 (not necessarily time-optimal). Then the following proposi-
tions hold:

(@) There exists at least one bang-bang time-optimal control in %,, (not
necessarily piecewise constant).

(b) The response to any time-optimal control lies on the boundary of
K (t; xo) for all ¢, i.e., if x[t]=x(¢; Xo, u(+)) is time-optimal, then x[¢]e
9K (t; xo) (equivalently, (¢, x[¢]) € 6RC) for 0=t =t,.

(c) A time-optimal control u(t) satisfies the maximum principle: there is
a constant vector h # 0 such that

h™ e *'Bu(t)=suph” e “'Byv, 0=t=<t;
veQ

equivalently,
u'(f)=sgn (h" e *B)’, i=1,2,...,m,

whenever (h" e 'B)' #0.

(d) Under a certain normality condition, the time-optimal control is unique,
bang-bang, and piecewise constant.

(¢) If the normality condition holds, then the converse of (c) is valid: any
successful control which satisfies the maximum principle is in fact
time-optimal (hence, by (d), unique, bang-bang, and piecewise con-
stant).

Remark. We will also show that the number of switches depends in certain
cases on the eigenvalues of A.
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To begin, we need to make some preliminary observations. Recall that
the Bang-Bang Principle (Theorem 10 from Chapter II) states that for any
linear autonomous system, €ss(t) = €(¢) for all >0, where €(¢) (%ss(?))
is the set of initial states for which there exists a successful control from
U, (Ugp) steering the system to the target state 0. Note also that we choose
F(t)=0 for convenience — any fixed point in R" could be the target. We
claim that the Bang-Bang Principle is equivalent to the following statement
about the reachable set:

For (LA), K(t; Xo) = Kgg(t; Xo) for all t =0, and all x,.

That is, the states which can be reached from a given x, at a given time
are the same whether we use general controls from %,,[0, t], or bang-bang
controls.

This follows from the idea of time-reversal discussed in Chapter II.
Recall that x(¢) solves (LA) with x(0) = X, if and only if z(¢) = x(#, — t) solves
the time-reversed system

(*) z=—Az—Bu, z(t;)=Xo.

Therefore the two systems have the same curves as trajectories, traversed
in opposite directions. The time-reversed system is again linear and
autonomous, so the Bang-Bang Principle asserts that €pp(t:) = €(t1) for
(*) — that is, the states steerable to xo under (*) are the same for bang-bang
as for general controls. But x; can be steered to x, under (*) if and only
if xo can be steered to x; under (LA) (Figure 1). Thus x; is in the controllable
set for (*) if and only if it is in the reachable set for (LA). Therefore the
Bang-Bang Principle implies that Kgg(#1; Xo) = K (¢1; Xo) for (LA).

€(t,) for (LA) (with target xo) K (t1, xo) for (%)
Figure 1

We also need the following technical lemma, which is just the remainder

of the statement of the Bang-Bang Principle (Theorem 10) from Chapter
II.
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Lemma. For (LA), K(t; X,) is always convex and compact; if X, = 0 it is also
symmetric. Furthermore, the set-valued mapping

t-> K(t; xo), 0=st<oo,

is continuous (using the Hausdorff metric in the range).

Proof. The response formula for (LA) is (compare Equation (1) from
Chapter II)

X(t; Xo, u(+)) = et'x, + Jt e4t"9Bu(s) ds = e*'x, + Q[u].
0

Therefore y e K(t; X,) if and only if y = e4'x, + Q[u] for some u(:)e%,,[0, ].
For t fixed, the convexity of K(t; X,) (and the symmetry of K(t, 0)) follow
immediately from the linearity of Q and the fact that #,,[0, ] is symmetric
and convex. Proposition 1 of the Appendix to Chapter II states that %,,[0, ]
is weakly sequentially compact in L2[0, t], and Proposition 2 of that Appen-
dix shows that for each ¢, the set

D(t)= {J’ol e “*Bu(s) ds|u(-) € U,.[0, t]}

is compact in R". The set K (f, xo) is obtained from this set by multiplying
each element by ¢’ and adding the fixed vector by e”’xo (both continuous
operations), hence K (¢, xo) is compact in R".

Finally, we will show that the map ¢t — 9(t) is continuous. For fixed t,
and any ¢ > 0, we must show that there is a d(¢) > O such that [¢t, — ;| < J
implies that 2(t,), 9(t,) are each contained in an e-sack about the other.
Let us agree that 6 < 1, and set T =1t, + 1, M = maxo r,le”**B|. We will
show that 9(t,) is contained in an e-sack about 2(t,) for |t, —t,| < ¢/M.
Let y, €9(t,), ie, Y, = j'o‘ e~ **Bu,(s) ds for some u,(-)e#,[0, t,]. Extend
u,(s) to [0, T] by setting it equal to zero on (t,, T], then define y, =
[ e™4*Bu,(s) ds. Clearly yo € 2(t;) and |y, — Yol < |]'::M ds| < e Thusy, is
in the e-sack about 2(t,). O

2. The Existence of a Time-Optimal Control;
Extremal Controls; the Bang-Bang Principle

Theorem 1. If there exists a successful control steering Xo to 0 under (LA)
then there exists a time-optimal control.

Proof. Our assumption that there is a successful control means that 0 €
K (t; xo) for some ¢,. Let

t: =inf {t =0[|0e K (¢; xo)}.
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This set is non-empty and bounded below, so the infimum exists. We claim
0 e K (1; Xo), which will imply that there is a control in U,, steering X, to
0 in the minimal time ¢;.

Suppose 0e K(t,; Xo). Since K(t;; xo) is closed there is a ball #(0; p)
about 0 € R" such that B(0; p) N K (t1; Xo) = &. Since K (¢; Xo) is continuous
in t, we can preserve this empty intersection for ¢ near #; if we shrink
B(0; p), i.e., there is a 6 >0 such that

BO;p/2)nK(t;x0)=F forty=t=t;+86.
This says that 0c R" is not reachable for t; <t =t +8, contradicting the
definition of ;. O
Corollary. If there exists a successful control from U,, steering Xo to 0, then
there exists a bang-bang time-optimal control.
Proof. By the Bang-Bang Principle, Kgg(?; Xo) = K (¢; Xo) for each t=0. OJ
Definition (Figure 2). A control u(-) defined on [0, t,] is extremal if the
associated response lies on the boundary of RC, i.e.,
(1) X(t; X0, u(+))€dK(t;%0), O=r=t,

An extremal control may or may not be successful, and if successful, it
may or may not be optimal.

A X2

RC

(n)

N

N\ -

(e)

Figure 2 The Curve (e) Is Extremal, (n) Is Not

Theorem 2. If w(-) is a time-optimal control for (LA), then w() is extremal.

Proof. The proof is in two parts. First, we will show that if w(-) is opti-
mal, then at the instant ¢, of arrival at 0, the response will lie on
0K(ty; Xo). Second, we will show that if a response lies on JK(t,; X,) at
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any fixed instant ¢, then (1) holds for 0 <t <¢,. (In other words, a response
can never move from the interior of RC to the boundary, 4RC.)

For the first part of the proof, assume that w(-) is an optimal control,
steering Xo to 0 in time ¢y, i.e.,

x[tl] = x(tl; Xo, w( * )) = 0,

and suppose that x[#;]= 0 is not on 3K (1; xo). Then there is a ball B(0; p) =
K (t1; Xo). Because K (t1; Xo) is a continuous function of ¢, we can vary ¢t and
still preserve the above inclusion if we shrink the ball, i.e., there is a § >0
such that B(0; p/2) = K (¢; xo) for t; — 8 =<t <t,. Then 0 would be attainable
at time t;—8§, contradicting the optimality of ¢,. Therefore, 0=x[t;]e
0K (t1; Xo)-

Turning to the second part of the proof, suppose that x,=x[t,]e
Int K (t4; xo) for some 0<t, <t;, where x[t] is the response to w(-). We
must show that x[t]€ Int K (¢; xo) for all £ > ¢,. Since x, € Int K (45 Xo), there
isaball B=B (X4; 8) = K (t4; Xo). Thus each state X, B can be reached
from x, at time ¢,, using some admissible control @(-). We consider the
new problem

y=Ay+Bw, y(ty) = Xo, L <t

with fixed control w(-). Note that for Xo=x,, we have y[t]=x[t]. The
solution of this problem can be written

t
y[t]= e %%, +I e PBw(s) ds = R(t)%o+ c(2).
e
This one-to-one linear map from Binto K (_t; Xo) takes open sets into open
sets, thus the image of the open sphere B lies in Int K(¢; Xo). Thus the
image of x,, which is just x[¢], lies in Int K (¢; xo). Od

Exercise 1 at the end of this chapter shows that the converse of Theorem
2 is false — we need a ““normality’’ condition for the converse. Since extremal
controls give responses which lie on a boundary, it is not surprising that
they are in fact intimately related to bang-bang controls, representing the
maximum use of available power. This is the content of the following
theorem, which states that ‘normally,” extremal controls are bang-bang
controls.

Theorem 3. Let u(-) € U,,[0, t,). Then u(-) is extremal for (LA) if and only
if there is a nonzero constant vector h such that for 0=t =<t,,
(2a) u'(t)=sgn{h” e *'BY, i=1,...,m.

Furthermore, for each t, 0=t =<t,,

(2b) h" e *Bu(t)=suph” e *'Bv.

ve)
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Proof. Suppose that u.(¢) is extremal on [0, ty], so x.[t]=x(t; X0, u.(+)) €
oK (t; Xo), 0=t =t,. Since K (t4; Xo) is convex, there is a supporting hyper-
plane P through x.[t,] (Figure 3) such that K(t,; Xo) lies on one side of
P. Let n be such that (cf. the Mathematical Appendix)

(3) <n’ xe[t*]) = Sup {(n1 x)lxe K(t*; xO)}'
AX
//0’
/ 7
lo)//<n, S <a S
AP

Figure 3

By the response formula, xe€ K (t,; Xo) if and only if
%
X=xo e+ I e "9 Bu(s) ds, u(+)e Un[0, t,],
0

so (3) is equivalent to the following (the terms involving x, cancel):

@)

1, L
nTI e* " Bu,(s) ds = sup {nrj e Bu(s) ds|u(-) € U[0, t*]}.
0 0

Define h" =n"e”*, and Y(s) = e “*B. Then

®) L HTY (o, (s) ds =sup {L “hTY (s)uls) dslu(-)e ”Ilm},

. A . . .
and h # 0 since e”* is non-singular. Since

ty m el
J' WY (s)u(s)ds= Y J' WY (s)Yu'(s) ds,
0] i= 0

it follows that the sup in (x) is attained for u'(s)=sgn{h”Y ()}, i=
1,...,m, 0=t=t,, and then h” e **Bu,(s) =SUPven h"e **Bv. Con-
versely, if we choose u. () according to (2a), and define n by nT=h"Te
then (4) holds, which is equivalent to (3). But (3) implies that x.[?,] must
lie on the boundary of K (#,; xo) (cf. the Mathematical Appendix).
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Corollary (The Maximum Principle for (LA)). If u(-) is optimal then there
exists an h# 0 such that (2a) holds, and

h" e *Bu(t) =suph” e *'Bv.
ve)

Remark. Each component of h” ¢ ‘B is an analytic function of ¢; therefore
on a compact interval [0, ¢,] it is either identically zero, or vanishes at most
a finite number of times. Therefore, the right side of Equation (2) either
makes sense for all ¢, except for a finite (and unimportant) set of values of

t, or it is undefined for all t. In this second case, the theorem tells us nothing
about the corresponding component of u(¢).

ExAaMPLE 1 (The Rocket Car). The dynamics is given by p(t) =q(¢), 4(t) =
u(t) (q = velocity, p = position). In system form,

B o)

A 1 —t]
rea]
¢ 0 1

—At - "‘t
e "B [1]

By our previous work (Example 3 of Chapter II), € = R*. If W' =[a, B],
thenh"e “'B=B—-at.
The corollary above says that any optimal control u(f) must satisfy

u(t) =sgn(B — at) where a, B are not both zero. Thus the optimal control
from any initial state is bang-bang with at most one switch.

ExAMPLE 2 (The Linearized Pendulum). The angular displacement 0(¢t) of
a free pendulum from the vertical satisfies 8(¢) +sin O(t) =0. If we linearize

about 8(t)=0, and also add a forcing term, we have 6 + 6 = u. Our target
is 6(t1) = 6(t;) =0, i.e., we want to bring the pendulum to rest. In system

form,
we[50) 53 Heewe])

_ cost —sint _ —sin ¢
e At = [ ) ]’ e AfB = [ ],
sin ¢ cos t cos t

If h” =[a, B], then

Then

h”e B =B cost—asint=psin (t+8),
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where p = [a2+32]1{2>0, & =arccos (—a/p). So an optimal control u(t)
satisfies u(f) =sgn [sin (¢ + 8)], which means that it is bang-bang and peri-
odic with period 7. We will see later that the optimal control does not
always strictly oppose the motion of the pendulum.

3. Normality and the Uniqueness of the Optimal
Control

ExAMPLE 3 (An Indefinite Case). Consider the two-dimensional system
x(¢)=wu(t) (m =n=2). Then

) b s wonl)

and h” e B =h" =(a, B). Thus
() ul(r)= sgn a, u’(t)= sgn B.

If either of a, B is zero, then (*) does not tell us anything about the
corresponding component of u(¢). In the preceding two examples, we didn’t
have to know h” in order to reach certain qualitative conclusions; in this
example we need more information.

To study this example more closely, consider the initial point (-1, 0)
(Figure 4). This state can be steered to the target (0,0) on the darkly
sketched curve by the control

un®)=[ ],

A X2

ke

e
>

f
(-1,0)

Figure 4

in the optimal time ¢, = 1. The time is optimal because we cover the shortest
distance using maximum velocity. This is not a bang-bang control, and we
must have in this case >0, B =0. Actually there are infinitely many
optimal controls steering from (-1, 0) to (0, 0), e.g., u'(H)=1, and
1, 0=t=aq,
ul(t)=4 o0, a<t<l-—a,
-1, 1-a=t=1.
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(The response is the dashed curve in Figure 4.) The idea is to ‘“bump”
x%(t), and then bring it back to zero. This control will be bang-bang in
exactly one case (a =3). Interestingly, there are infinitely many optimal
bang-bang controls - just keep bumping x2(¢) up and down, instead of
leaving it constant for a <t<1-—a.

Analytically, in this example the difficulty stems from the fact that
h” e *'B has a component identically zero; geometrically, the problem is
that K (¢, xo) has ““flat spots” on its boundary (cf. Exercise 2).

Definition. We call (LA) normal if for each constant vector h# 0, no
component of h"e B can vanish on a set of positive measure
(equivalently, no component can vanish identically).

Of course this definition is of little practical use. We will eventually
show that (LA) is normal if and only if the vectors {b;, Ab,,..., A"_lb,-}
are linearly independent for j=1, 2, ..., m, where b; is the j"' column of
B. This is an analytical characterization. Geometrically, (LA) is normal if
and only if K (¢; xo) is strictly convex for all ¢, for one (hence all) xo. (The
response formula (1) from Chapter II:

. pt
yeK(t;X0) Oy = e xo+ I e*“ " Bu(s) ds
0
for some u(-) € U, shows that the convexity of K (¢, xo) is independent of
Xo.)

Theorem 4. If (LA) is normal, and if there exists a successful control (steering
Xo to 0), then there exists a unique time-optimal control, which is bang-bang
and piecewise constant.

Proof. Existence follows from Theorem 1. By Theorem 3, normality implies
that any optimal control must be bang-bang. If u(t) and v(f) were two
distinct time-optimal bang-bang controls, then (because (LA) is linear)
w(t) = 3[u(¢)+v(¢)] would also be time-optimal, but not bang-bang. This
contradiction to Theorem 3 implies that the optimal control is unique.
Finally, the unique time-optimal bang-bang control is piecewise constant,
since each of its components can only change sign when the corresponding
component of h” e *'B is zero — as remarked earlier, each of these com-
ponents is analytic in ¢, so it can only vanish a finite number of times for
O=t=t. ) O

ExXAMPLE 4. (Uniqueness Does Not Imply Normality). Consider the two-
dimensional system

well oo a0 %) el
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We compute

ot 11 ro-an_ |2+ B _|a
e“B=[1 1], heAB_I:oc+,B:|’ h-l:ﬂ].

Thus u'(f)= u?(t)=sgn (a +B), by Theorem 3, and so if a +8 #0, there
will be at least one optimal control which is bang-bang. Notice that the
problem is not normal (e.g., h" =[1, —1]).

We can use Theorem 3 of Chapter II - we compute the controllability
matrix:

M=[B,AB]=[1 1 0 O]

11 0 of

Rank M =1, so the controllable set € is not all of RZ. Actually, a direct
(and stranghtforward) mvestlgatlon of the differential equation involved
shows that € ={(x', x )|x =x?}. Consider the initial state xo=(—1,-1).
For this xo, K (t; xo) is a line segment of length 4t, centered at (-1, —1),
on the line € (Figure 5). Note that any vector h” = (a, B) normal to K (¢; x,)
has a+B 0. Clearly, the optimal time is tl—i, with optimal control
u'(t)=u?(t)=1. This optimal control is clearly unique, and it is bang-bang,
in spite of the fact that the problem is not normal.

Y

Figure 5

Note that in this example, K (¢; xo) is contained in a one-dimensional
hyperplane, so 8K and Int K are taken relative to this hyperplane:

IntK ={(p, p)|-1-2t<p<-1+2¢},
0K =(—1-2t,-1-20) U(-1+2¢, —1+2¢).
In the preceding example, we had uniqueness of the optimal control in

spite of non-normality. Notlce that the target is an extreme point of K (¢; xo)
at the optimal time ¢ =3. Exercise 2 (a continuation of Example 3) shows
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that when 0 is not an extreme point, the optimal control may not be unique.
Theorem 5 below shows that this is no accident. In order to prove this
theorem, we first must investigate the uniqueness of successful responses.
It often happens that there are many controls steering from xo to the target.
However the associated responses may all coincide.

Definition. Let x, be given. We say that the response from x, to a point y
in K (t4; xo) is unique if every control which steers from x, to y in time ¢,
generates the same response function, i.e., if u(-), v(-) are successful
controls for 0=t =t,, then x(¢; Xo, u(-))=x(¢; xo, v(+)) on [0, t4].

There are two types of uniqueness we need to keep in mind. The type
defined above says that there may be many time-optimal controls, but they
all-generate the same response function. Then there is the idea of a unique
time-optimal control, which of course would generate a single response.
The lemma below shows that these concepts are identical: we have a unique

response function if and only if we have a unique time-optimal control
steering Xo to y.

EXAMPLE 5. With m =n =2, we consider the system from Example 4.
Then u(¢)=[1, 0]" and v()=[0, 1] both steer the state (=1, —1) to 0 at
the time ¢, = 1, with the same response: x[t]=(-1+ )[1]. A consequence
of the following lemma is that in this case there must be a third control
which steers (—1, —1) to 0 in unit time with a different response function.
For example (Figure 6):

[1], Osts%;
1
w(t)=
-1 5
[_1], i<t=1
’
,/
-
s

Figure 6

The proof of this lemma is the first place we need our (nonrestrictive)
assumption that b; # 0 for all columns b; of B.



3 Normality and the Uniqueness of the Optimal Control 69

Lemma. Assume that B does not contain a column of zeros. Let y € K (ty; Xo).
Then the control steering Xo to y at time ty is unique if and only if the response
function from xo to y in time ty is unique.

Proof. If the successful control is unique, then of course there is only one
response.

On the other hand, suppose there are two controls uy(-), uy(+) which
steer X, to y in time t,.. Without loss of generality assume u, (x) is bang—bang.
We will show that there are at least two distinct response functions. One (or
more) of the three controls

w(), w(s),  w()+u(+)]

is not bang-bang - call it uo(f). Then (since (LA) is linear), uo(-) steers xo
to y in time t, and some fixed component u}(t) satisfies |u6()| <1 on a
set S [0, t,] of positive measure. The response formula (Equation (1)
from Chapter II) for (LA) states that

(5) y = e {xo + J.t‘ e 4*Buy(s) ds}.

o

Now y is attained at time t,, ie., (5) holds, with uy(-) replaced by u, ("),
)
t.

" *
I e 45Buy(s) ds = j e™5Bu,(s) ds.
0

]
But this is not quite good enough for our purposes, so we have to be a bit

more subtle. We claim that there is a scalar bang-bang function ¢ () such
that

©) j " e A bul (s) ds =j " e Mbb(s) ds,
0 0

where b; is the j™ column of B. This stems directly from the response

formula and the Bang-Bang Principle in one (control) dimension, applied
to the following control problem:

X(t) = Ax(t) + but) +c(t) (m=1), c(t) = By

where the n x (m — 1) matrix B is obtained from B by removing the j®
column b;, and @,(t) is the fixed (m — 1)-vector uy(t) with uj(f) removed.
The forcing term ¢(¢) doesn’t affect the validity of the Bang-Bang Principle
and the response formula will change in an obvious way.

All of the above is a precise but complicated way of.describing the
control problem obtained from (LA) by fixing each component of u(-),
except the j™ to be the corresponding (given) component of uo(-), thus
leaving u’(-) as our control, and reducing the dimension of the control
space to one. Then the response formula and the Bang-Bang Principle (for
a one-dimension control source) give us (6).
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We now define a new m-dimensional control w(-) for our original
problem by fixing w'(¢) = ub(¢) for i #j, and using w’(t) = ¢(¢) as control.
Then w(-) steers Xo to y in time 7.

We will show that the response functions x(¢; X, uo(-)) and x(¢; xo, w(-)),
0=t=1t,, are not identical. We suppose that

x(2; X0, W(+)) =x(¢; X0, wo(+)), O=t=t,,

and look for a contradiction. This equality implies that

t

.[ e “Bw(s)ds = I e “*Buo(s) ds, 0O=t=t,
o

0

and so B[w(t)—uo(¢)]=0 a.e. on [0, t,] (Exercise 5). But w(f) —uo(¢) has
only the j™ component nonzero, so b'[é(t)—ub(t)]=0 a.e. But |p(t)|=1
for all ¢, while |ub(¢)]<1 on a set of positive measure, hence b =0, a
contradiction to our basic assumption that B does not have any column
of zeros. Od

Theorem 5. Suppose that y € K (t4; Xo). Then the control steering from X, to
y at time t, is unique if and only if y is an extreme point of K (ty; Xo).

Proof. Suppose that there are two controls u;(-), ux(-) steering Xo to y in
time ¢, with distinct responses, i.e., for at least one ¢, 0 <t <t,,

21 =X(Z.; Xo, w1(+)) # X(1; Xo, U2(+)) =122,

tc_
Z;= eA'°x0+I e Bu;(s) ds, i=1,2.
o

We “cut, interchange, and splice” u;(-) and u,(+) to form new controls

w(), 0=t=t¢,
u(t), t<t=t,.

w(), O0=t=¢,
u (), t.<tst,.

v(e)= { w(t) = {

We will show that the states p=xX(fy; Xo, v(+)) and q=x(ty; Xo, W(*)) are
distinct and y = 5(p+q), hence y is not an extreme point of K (f4; Xo).
Now

‘*
y= eA'*xo+J- eA %9 Bu,(s) ds, i=1,2,
0
and also

t*
y=e* g, +J‘ e 2“9 Bu;(s) ds, i=1,2.
t,

c
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Therefore

t

%
p= eA'*x0+J‘ A% By(s) ds
0

3 l*
= y—I i e %" Buy(s) ds +j e Bu,(s) ds
¢, L,

c c

‘*
— - At — At —
="l '°)11+I e s)Buz(s) ds = ™' '=)zl+y—e =t
t

c

=y+e4(z, —12)).

Similarly, q=y+e““ (2, ~2,), and so p # q, with y =3(p+q).
Conversely, suppose that y is not an extreme point of K(ty;Xo), SO
y=3[y:1+y2] where y; and y, belong to K(t;Xo). By the Bang-Bang
Principle there are bang-bang controls u;(+), uz(+) steering xo to y1 and y,
respectively. Then u(¢) = S[ui(f) +uy(t)] steers xo to y and is not bang-bang.
But the Bang-Bang Principle insists that there is a bang-bang control
steering Xo to y. Thus there is more than one control steering xo to y. By
the preceding lemma, the response from xo to y is not unique as well. [

Recall that a set is strictly convex if the boundary consists only of extreme
points; equivalently, if two points belong to the set, then the open segment
between them lies in the interior of the set. (See the Mathematical
Appendix.)

Theorem 6 (A Geometric Characterization of Normality). (LA) is normal
on [0, t, ) K (ty; Xo) is strictly convex for one (hence all) xo.

Proof. Suppose that (LA) is normal and that y € aK (¢,; Xo) (¢4« may not be
the optimal time for y). We want to show that y is an extreme point of
9K (t4; Xo). The second part of the proof of Theorem 2 shows that all
responses from x, to y at time ¢, must be extremal (lie on aK (¢; xo) for all
0=t=t,) and Theorem 3 states that the associated controls must all be
bang-bang (here is where we use normality). But if there were two bang-
bang controls steering from x, to y at time ¢, their average — which is not
bang-bang — would also steer from x, to y at time ¢,. Thus there is exactly
one control steering xo to y (and it is bang-bang). By Theorem 5, this
implies that y is an extreme point.

Conversely, let K(t,; Xo) be strictly convex. Suppose that (LA) is not
normal. Then there is a nonzero vector h such that some component, say
the j™, of the row vector h” ¢ ‘B vanishes identically on [0, t,]. Then
h™ e *'b; = 0 where b; is as usual the ;™ column of B.

Define the (column) vector n by n” =h” e %, and choose q € K (t4; Xo)
such that n is normal to the support hyperplane through q (this can be
done by starting with an arbitrary plane P through K (¢,; Xo) normal to n,
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and translating P parallel to n until the last point q of contact with the
strictly convex set K (£4; Xo)). Letu(- ) € %,, be chosen so that x(t,; xo, u(-)) =
q. By the proof of Theorem 3,

u'(t)=sgnhe b, i=1,...,m.

Let v(+) € Uy, be defined by v'(t)=u'(t) for i #j, and v’ (t) # u’(¢) on all of
[0, #4]. Since q is an extreme point of K (ty; Xo), Theorem 5 implies that
the response from x, to q is unique. Then by the lemma preceding Theorem
5, we can conclude that the control steering x, to q is unique. Therefore,
since u(t) #Zv(t),

q=x(ty; Xo, u(+)) # X(t; Xo, v(+)).

Butn”q= nTx(t*; Xo, u(+)) = nTx(t*; Xo, ¥(-)), since by the response formula
(4), the definition of n, and the fact that hTe_Asb,- =0,

t

%
n"q=n"x(ty; X0, u(-)) =nT eA*xo+ nrj e Bu(s) ds
0

= th0+] h™ e **Bu(s) ds
0

t

=th0+[ C Y hTe bt (s) ds
0 i=1
te m .
=tho+I Y h"e *b'(s) ds
0 i=1

= nTx(t*; Xo, ¥v(+)).

Thus nT[q—x(t*; Xo, v(+))]=0, so the line segment from q to x(¢,; Xo, v(*))
lies in the hyperplane P. But K (¢4; Xo) is convex, so each point on this
segment is also in K (¢,; Xo), thus K (¢,; Xo) is not strictly convex —a contra-
diction. O

We can now give an analytic characterization of normality.

Theorem 7. (LA) is normal on [0, t,] if and only if {b, Ab,, ..., A" 'b;}
is a linearly independent set of vectors in R" for each column vector b; of
B,j=1,2,...,m.

Proof. Suppose that for some j, {b;, Ab,, ..., A" 'b;} is dependent. Then
there is a vector d # 0, such that

d™b;=d"Ab;=---=d"A""'b;=0.
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Now the n X n matrix A satisfies its own characteristic equation so we can
write

(6) A"b,-=a0b,~+a1Ab,-+- . ~+a,._1A"_1b,~,

and therefore dTA"b, = 0. Multiplying (6) successively by A, A% ..., we
conclude that d"A* b; =0 for all integers k =0. This implies in turn that
d"e“'b;=00n[0, t*] Thus (LA) is not normal.

Conversely, suppose there is a d#0 in R" and a column b; of B such
that d” e *'b; =0 on [0, ;). Setting t=0 we get d Tp,; = 0. Differentiating
and then setting =0, we get d"Ab, =0. Continuing, we conclude that
d"A"b;=0 for h=0,1,...,n—1. Therefore d is perpendicular to all
of the vectors {b;, Ab;, ..., A" 'b;} and this set is linearly dependent. [J

The above proof is very similar to the proof of Theorem 3 in Chapter
II, in which we proved: “rank M =n if and only if 0cInt€,” where
M ={B, AB, ..., A" 'B} is the controllability matrix. There is in fact an
obvious connection between the controllability matrix and the criterion for
normality contained in Theorem 7:

(LA) normal >rank M =n.
Then, by Theorem 5 of Chapter II:
(LA) normal and Re A =0 for all eigenvalues A of A=> %6 =R".

ExXAMPLE 6 (Rank M = n Need Not Imply Normality). Let m =n =2, and
x=u. Then rank M =rank {B, AB}=2. But {b;, Ab;} is

ol [} o= o ([} [} -2

therefore the system is not normal. Geometrically the general situation is
as follows when K (¢; xo) is not a single point:

rank M =n & K (t; xo) has nonempty interior
(LA) normal & K (t; xo) is strictly convex.
Corollary. Let (LA) be normal. Then there is a neighborhood N of the origin
such that every point of N can be steered to 0 by a unique time-optimal
control which is bang-bang and piecewise constant. If Re (A)=0 for each

eigenvalue A of A, then N=R".

The proof immediately follows from the preceding theorem and Theorem
5 of Chapter II.
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4. Applications

ExAMPLE 7 (The Rocket Car (Continuing Example 1)). We now apply the
preceding results to the rocket car:

w s} ol oL} sl wermen

It is easy to see that this is a normal system, and the only eigenvalue of A
is A =0. The above corollary then applies. From the analysis in Example
1 of this chapter, we know that a time-optimal control must satisfy sgn u(¢) =
sgn (a — Bt), so the time-optimal control has either no switch or one switch
(Figure 7), exactly as our intuitive analysis showed in Chapter I.

ﬂxq \

Figure 7

N

ExaMpLE 8 (The Linearized Pendulum (Continuing Example 2)). We have

(w(f) = 6(2)):

0 IS N

The set {b;, Ab;} is linearly independent, so the problem is normal, and
the eigenvalues of A are +i, so the above corollary applies. Thus for each
initial state xo€ R?, there exists a unique time-optimal control, which is
bang-bang, steering x, to (0, 0). We showed in Example 2 that any time-
optimal control satisfies u(¢)=sgnsin (¢+8), so u(t) changes sign with
period . To give a complete synthesis for this problem, we find the
responses to u(f)=+1 and u(t)=-1. In the case u(t)=+1 the system
becomes

0 =w, o=—60+1.

Letting v(¢)=0(t)—1, we have v =w, @ =—v which represents clockwise
motion around a circle centered at w =» =0. In the original state space,
we have clockwise motion around a circle centered at 6 =+1, o =0, and
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each response traverses its circle in 277 units of time (Figure 8a). If u(t)=-1,
we can use a similar argument to show that the responses move clockwise
around a circle centered at § = —1, w =0 (Figure 8b), traversing the circle
in time 2.

Ao Aw

l ;0 | —3

(a) u(r)=+1. (b) u(r)=-1
Figure 8

There is only one trajectory in each case which hits the target 0 (Figures
9a, 9b).

4\ ) Ao

(a) Successful Response for u(f)=+1 (b) Successful Response for u(t)=-1

Figure 9

Clearly, we must get onto one of these to reach the target with a
bang-bang control. Now u(#) must change sign every 7 units of time, and
7 units of time is required to traverse a semicircle. Therefore, if we use
the response in Figure 9a, for example, we must hit the lower semicircle
in order to reach the origin (the upper semicircle is too far away from 0
in time). To hit this semicircle, we must have traversed a semicircle centered
on 8 =—1, w =0 (Figure 10a).

The easiest way to get an exact semicircle, ending at the switching state
A, is to draw in the dashed semicircle and start the trajectory (—) at the
obvious switching point [J. The time to get from state (] to state A is m,
so we must have switched from a u(¢t)=+1 response at (] (Figure 10b),
that is, from a circle centered on # =1, w =0. In order to get exact
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(a) (b)
Figure 10

semicircles, we have sketched in ‘‘switching semicircles” on the positive
x-axis. Continuing this analysis, we obtain a complete synthesis for the
linearized pendulum (Figure 11). We switch control values whenever our
response intersects the curve formed by the semicircles. Below this curve
we use u(t)=+1, above it we use u(t)=—1. One response is drawn in.

6’(

+)

Figure 11

Notice that on three parts of the trajectory in Figure 11 (the darker
segments) the control does not oppose the motion of the pendulum (u and
6 = w have the same sign). In contrast to the rocket car, the number of
switches for the pendulum depends on how close the initial state is to the
target 0 —the farther away we start, the more switches. The following
theorem gives us some general information on the number of switches in
one special case.
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Theorem 8. Suppose that (LA) is normal and that every eigenvalue of A is
real. Then each component of any time-optimal control has at most (n—1)
switches.

Proof. Since sgn u'(t)=sgn h"e b, i=1,2,..., m, we need only show
that h” e 'b; has at most (n — 1) sign changes. We assume that the eigen-
values Ay, ..., A, of A are distinct. This is no restriction, since if not, we

could perturb the entries of A by an arbitrarily small amount (preserving

the number of sign changes for h” ¢ ™*'b;) to obtain a matrix A with distinct
eigenvalues. Now since e~4'b; solves X = — Ax, we have e™'b, = ¥, _ c,e™**,
and

h e A bi=are ™ +are ™+ - +a,e ™ =f,(1).

Since (LA) is normal, f,(¢) is nontrivial — at least one «; is non-zero. We
will show by induction on n that any such function can vanish at most n —1
times on R. For n =1 this is clear. Suppose it is true for any such function
fn-1(2). If there were a function f,,(¢) with n (or more) zeros on R, then
g()=efu()=a; e* " +. ..+, would also have n zeros. Therefore
fu-1(t)= g, (t) would have (n —1) zeros, a contradiction. O

5. The Converse of the Maximum Principle

The following theorem provides us with a partial converse to the maximum

principle (corollary to Theorem 3). If (LA) is normal, then the hypothesis
of Theorem 9 (that (LA) is proper) holds.

Theorem 9. Suppose that (LA) is proper, that is rank M = n where M is the
control matrix {B, AB, ..., A" 'B}. Then any successful control u(+) which
satisfies the maximum principle: for some h#0: h”e *'Bu(t)=
supyeah’ e ™ Bv, 0<t=< Ly, is time-optimal on [0, t.].

Proof. Suppose that u,(-) satisfies the maximum principle for some he R",
on [0, #,] and assume that x,[t]=x(t; Xo, u,(-)) satisfies x,[,]= 0. Assume
that there is a control u,(-) which steers x, to 0 at time t.< t, via the
response X[ - ]. We wish to derive a contradiction. By the response formula,

tu
0=hTe **x,{t,]=hTxo+ j h” e ™ Buy(s) ds
) °

L
>hTxo= —J h™ e **Buy(s) ds.

0
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Using the response formula for uy(-), we get
t#
hTe_A'*‘x*[t#] =hTx,+ J h” e'A’Bu*(s) ds
0
= I [hTe_A‘Bu*(s) —h" e *Buy(s)] ds =0,
0

where the inequality follows from the fact that u,(t) maximizes hT e~4*By
over all ve Q). Now an easy differentiation shows that

d - ~At
7 [h" e “'x,[t]]=h" e *Bu,(s).

Since hTe_A'*x*[t*] =0 (u(-) is successful at time ¢,.), we have

® 0<hTex,[t,]=hTe4*x [t,] —hTe4x,[t,]
ts

- _[ hT e~4*Bu,(s) ds.
t,

*

But u,(s) maximizes h" e **Bv for ve (), and since v=0 is in Q, this
maximum is non-negative, i.e., hTe"A’Bu*(s) =0 on [t4, t,]. Since tx<t,,
this means that the last integral in (8) is nonpositive, which implies that
(8) collapses to equalities throughout, so

t*
I hTe_A’Bu*(s) ds =0.
t,

w

Since the integrand is non-negative, this in turn implies that
hTe_A’Bu*(s) =0a.e.on[ty, t,]. Thush” e “*Bv=0forallve Qon[t, te],
and if in fact h”e “*BV<0 for some ve(), then we would have
h” e “°*B(—¥)>0. Since —v € , this would be a contradiction. Therefore,
h" e ™*Bv=0forallve(, ty<t=< t,. For each ¢ and each v the expression
é(t)=hTe *Bvis an analytic function of 7, which must vanish identically
since it vanishes on [t4, t,]. Therefore ¢(0)=¢'(0)=" - =¢""P(0)=0,
which reduces to

h’Bv=h"ABv=---=h"TA" 'Bv=0
for all ve (). This implies that:
h"'B=h"AB=---=h"A""'B=0,

which implies that h is perpendicular to every column of M, contradicting
our assumption that rank M = n. ] Od
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6. Extensions to More General Problems

First of all, we consider the system
9) %= Ax+Bu+c(?),

where ¢(¢) is a given continuous function from [0, ) into R". The Bang-
Bang Principle holds for this system, in fact as mentioned in Chapter II,
it holds when A and B are continuous functions of ¢ (Lee and Markus
[1967], p. 164). The response formula for (9) is

t

x[t]= eA’(xo+ J.O‘ e e(s) ds) +e™ Io e “*Bu(s) ds.

For fixed ¢, introducing ¢(¢) has just translated the response, so clearly the
geometry and continuity of K(¢;Xo) are unchanged. Also, any convex
combination of two responses is again a response —in fact, to the same
convex combination of the corresponding controls. Using these observa-
tions, one can simply parallel the proofs in the preceding sections to show
that, with the exception of the corollary to Theorem ‘1, every single result
from this chapter holds for (9).
For the general linear system

L) x=A({)x+B(t)u+c(2)

with continuous coefficients, the response formula is
x[t]=X(t)xo +I XX 1(s)[B(s)u(s) + c(s)] ds,
(1]

where X (¢) is the fundamental matrix for x = A(¢)x with X (0) = I. For an
optimal control u(-), the maximum principle can be written either as:
there exists a constant vector ho, such that

(10) hoX '()Bu(t) = max hoX '(t)Bv,

or: there exists h(t) such that

(11) h™ (/)Bu(r) = max h” (t)Bv

where h(t) is some solution of the adjoint system
(12) h=-AT()h.

These two formulations are equivalent, since [X T (¢)]™" is a fundamen-
tal matrix for (12), and therefore h(t)=[X T(t)]_lho for some constant
vector ho.

The system (L) is defined to be normal if for all >0, no two distinct
(ignoring sets of measure zero) controls u;(-), uy(-) can steer an initial
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state xo to the same state on 0K (¢; xo). Normality is equivalent to the
uniqueness of the function u(-) satisfying (10) (or (11) for any given solution
of (12)). Even with these modifications, not all of our theorems carry over;
hgwever, the propositions (a)-(e) stated at the beginning of this chapter
do carry over to (L). For details, see Sections 2.2 and 2.5 of Lee and
Markus [1967], and Sections V.7, V.8 of Berkowitz [1974].

Exercises

Remark: In these exercises, unless stated otherwise, |ui(t)| < 1,i=1,2,...,m.

1. Consider the one-dimensional system (m =n =1) x = u, xo=—1 with 7(¢t)=0.
Show that there is an extremal control which is not optimal. (Hint: Since the
state space is one-dimensional, you can sketch the reachable cone RC. The
lower boundary of RC is a trajectory which never reaches the target.)

2. With m = n =2, consider x =u with x, = (-1, 0), 7(¢) =0. Sketch the reachable
cone RCin (x', x%, t)-space. Show that K (t; x,) is always a square. Show that
the control u'(¢) =1, u?(t) = ¢ (¢) with ¢ (- ) any function for which [, ¢(s) ds =0
is time optimal. Thus there are infinitely many bang-bang time optimal controls.
Why does this not contradict Theorem 4 (compare also Theorems 5, 6, and
7)? Show that if q is a corner of dK (¢; Xo) then the control steering to each q
is unique, but the support hyperplane P and normal h are not unique. If q is
not a corner point of dK (¢; o), show that the support hyperplane and normal
are unique, but the path to q is not unique.

3. Give a concise, precise proof that if A,>0, A;>0, A; +A,=1, and u,("), u(+)
are distinct bang-bang controls, then A,u;(+)+Azu,(+) is not a bang-bang
control.

4. Consider the system (m =n =2)
1 0 -1
yk(t)=[1 O]u(t), x0=[_1], T()=0.

Sketch RC (it is two-dimensional in (¢, x', x?)-space) and show that there are
infinitely many support hyperplanes to any extreme point in K (t; x0). Show
that ¢, = 1 is optimal. Show that there is an infinite number of optimal controls,
but the response is unique. Why is the lemma preceding Theorem 5 not violated?

5. (From the proof of the lemma preceding Theorem 5). Prove that if
fo e~**B[w(s)—u(s)] ds =0 for 0=t =t,, then B[w()—u(r)]=0a.e. on [0, t,).
Here w(-) and u(+) are bounded measurable functions from [0, t,] into R™.

6. Carry through the proof of Theorem 5 for the more general system x=
Ax+ Bu+c(t), assuming Theorems 1-4 and their ocorollaries are valid for this
system.

7. (Exercise 6 from Chapter I). Give a complete synthesis for the time-optimal
control problem (m =n=1)

x(t)=bx(t)+u(?), T()=0, b<O0.
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8. Refer to Section 5 of Chapter I and Example 1 of this chapter. Compute the
optimal time for an initial point (po, qo) above the switching curve (+)u(—)
(cf. especially Figure 10 of Chapter I).

9. Prove Theorems 1 and 2 for the case when J(¢) is a compact continuously
varying set.



Chapter IV

Existence Theorems for Optimal
Control Problems

1. Introduction

In this chapter we discuss sufficient conditions for the existence of an
optimal control for the general problem:

(1) * = f(t’ X, “)1 X(O) = Xo, “( ¢ )E %m,
with associated cost
@) Cla(-)1=[ " 70650}, () d,

Here, f, /0 are given continuous functions with values in R" and R,
respectively, 7(t)=0, and ¢; (which depends on u(-)) is the time at which
the response arrives at the target.

Our aim is to present a representative sample of theorems which assert
that there exists at least one optimal control, that is, a control u.(:) € %,
for which Cluy(:)]=Cl[u(-)] for all u(:)€ %,. In this chapter we are
interested in sufficient conditions for at least one optimal control to exist,
while in Chapter V we will deal with necessary conditions which an optimal
control must satisfy. To understand the distinction, consider the calculus
problem of finding the minimum of a real-valued function k(x, y) of two
variables, on a set ¢ in R>. One sufficient condition for A(-,-) to have a
minimum is that ¢ be compact and A(-, *) be continuous (or at least lower
semi-continuous). If A(-, +) is twice continuously differentiable on ¥, then
a necessary condition for A(:, ) to have a minimum at (x, y4) inside ¢
is: h,=h, =0, hiy —hyehyy <0, by, >0, at (x4, Yi)-

The reader should notice that the above sufficient condition for A(-, )
to have a minimum, while reassuring, is not at all useful in helping us find



1 Introduction 83

the minimum. The necessary condition, on the other hand, gives a concrete
method for searching - find the critical points (h, = h, =0) and apply the
second derivatives test at these points. The situation is similar in control
theory. In this chapter, we present a reasonably broad survey of sufficient
conditions for the existence of at least one optimal control, while Chapter
V will be devoted to the most important necessary condition which an
optimal control must satisfy — the Pontryagin Maximum Principle.

The level of mathematical abstraction in the present chapter is quite
high, and the results will not help us find the optimal control(s). The reader
with little taste for mathematical abstraction should perhaps first read
Sections 1 and 2, followed by the statements of Theorems 1-4 (omitting
proofs) and all of our examples.

An outline of the chapter is as follows: In Section 2 we describe the
basic approach te existence proofs, and discuss several problems which can
occur, thereby motivating certain basic assumptions. In Section 3 we state
and prove a fairly straightforward existence theorem. In Section 4 we state
and prove an existence theorem for the general system (1)(2) under a
standard convexity condition, and describe generalizations. In Section 5 we
state and prove an existence theorem for problems which are linear in the
state. Finally, in Section 6 we apply our theorems to certain examples,
including the rocket car.

2. Three Discouraging Examples. An Outline of the
Basic Approach to Existence Proofs

Nonlinear differential equations can be very pathological. For example,
the solution of the scalar initial-value problem

dy 2

—=[y( 0)=1

i by, (O
is y(¢)=1/(1—1), which is unbounded, and in fact undefined at t = 1. This
equation (modulo a shift in coordinates) is the basis for the following
example of a problem for which there is no optimal control because, roughly

speaking, there is an unbounded sequence of responses which generates a
decreasing sequence of costs.

ExampLE 1. Consider the problem (n =2, m =1)

=[Z], p=1, qd=[q+1T xo=[_3], (=0,

Clu()]= j 0, x, u) d,



84 IV Existence Theorems for Optimal Control Problems

where

1 if g <0;
fo(”x’”)_{l/(qﬂ)’ if g=0.

Notice that #, =2 for any successful response, since p =1, p[0]=—-2, and
the target value of p[¢] is 0. For the extremal control u(f)=+1, the
(unsuccessful) response is p[t]=t—2, q[t]=1t/(1—1t), which only exists for
0=t<1. To generate an unbounded increasing sequence of successful
responses we define, for any constant 0 <a <1,

a forO0=t=1,
—a forl<it=2.

ua(t)={

The corresponding successful response is

at/(1—at), O0=t=1,;
a-)/[1-2-Ha], 1=t=<2.

As atl, q.[t] tends to a singular function (Figure 1). It is easy to see that

Clu.(-)]>3% as a?1. Therefore, an optimal control u,(-) would have to
satisfy Clu,(-)]=<3.

pa[t]=t_2’ qa[t]={

|
N
|
-
-

Figure 1

But we can show as follows that every admissible control generates a
cost strictly greater than 3. For a successful control, we must have g[0]=
q[2]=0, and the equation ¢ = [q + 1], with the restriction ~1=u()<1,
implies that

~[q+1F=4[r]=[q+1T.

The right-hand inequality implies that (i) 1-¢=<1/(q[t]+1) for 0=¢<1
(remember that g[0]=0); the left inequality, integrated from ¢ to 2 (with
t>1), implies that (i) t — 1= 1/(g[¢]+1) for 1 <t =<2 (remember that q[2] =
0). But a successful response must be bounded, therefore we will have strict
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inequality in (i) for ¢ in some interval. Thus,

1 2
C[u(')]>J‘ (1-1)? dt+J (t—1)*dt=3.
Y 1
Therefore our problem has no optimal control.

The preceding example was linear in the control u(:), while a non-
linearity in the state variable created difficulties. The next example shows
that even when the responses are bounded and the problem is linear in
the state, a nonlinearity in u(-) can lead to the nonexistence of an optimal
control.

ExaMPLE 2. Consider the problem (n =3, m=1)

D sin 27ru 0
=1q|, x=|cos2mwu/l, xo=|0]1,
r -1 1

with 7(£)=0, C[u(-)]=f {{p[{1*+[q[£]]*} dt. The time of arrival at the
target 0 is always 1, since 7 =—1, r[0]=1. Every response x[¢] satisfies
[x[¢]|=3, so x[¢] will satisfy the a priori bound [x[t]|=<|xo|+3¢=<4 for
0=t=1. Suppose we could construct a sequence of controls {u.(-)} for
which C[u,(-)]»>0. Since C[u(-)]=0 always, any optimal control u,(-)
would then have to give a cost C[u,(+)]=0. This would lead to a contradic-
tion, since Cluy(-)]= 0 implies p,[t]=q4[t]=0a.e., hence py[t]=4.[t]=0
a.e., which is impossible, since p,[t]=sin 27u.(t), G«[t]= cos 27u,(t).

The sequence of controls which will accomplish this is u; (¢) = kt —[kt],
k=1, 2,..., where [-] means “integer part” (Figure 2). Then wu.(-)e
%,[0,1] and

sin 27ru; (t) = sin 27rkt, cos 2mu (t) = cos 2mkt.

The associated responses are
pilt]= (1 —cos 27kt) /2 7k, qi[t]=sin 27kt/ 27k, nftl=1-t.

A direct evaluation shows that C[u(-)]=1/27’k*>0 as k > .

The preceding examples should convince the reader that some fairly
restrictive hypotheses are needed in order to prove a general existence
theorem for the problem (1) (2). To describe these, we introduce some
notation. Let A(T) be the class of all admissible controls which steer x, to
the target 0 in time #;, 0<t;=T. One basic assumption will be that for
some T, A(T) is non-empty, A(T)# &, since you can’t have an optimal
control without at least one successful control. We will also assume that
successful responses on [0, T] satisfy an a priori bound:

3) |x(¢; %0, u(*))|<a forallu(:-)eA(T), O=t=t,

where a = a(T) is a constant depending only on T. This condition is implied
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4 u(t)

_a —- —— e —_— — -

<A ———— —- ———
N g — e —— —— — —— —

Figure 2 wu;(t)
by either of the following:

@ Mexwisaki+s  (=Zk));

® K6 x wl<alxl+p, (W =x");

on [0, T]X R" X, where a, B are nonnegative constants depending only
on T. For example, to show that (a) implies (3), we write:

Ix[]| = IXo + L f(s, x[s], u(s)) ds| = |xo| + L a|x[s]| ds+BT.

Applying Gronwall’s inequality we obtain:
Ix[]l= (jxo| + BT)e"".

Therefore all responses on [0, T] (successful or not) satisfy an a priori
bound. That (b) implies (3) is Exercise 1 at the end of this chapter. Note
that by the above argument, responses for the continuous linear system
x = A(t, u)x+b(¢t, u) from a fixed initial state satisfy an a priori bound.

Even with the assumptions described above, Example 2 shows that we
need some assumptions about dependence on the control. We will either
restrict our control class or make a convexity assumption: the endpoints
of the set of vectors

£ x, Q) ={(°¢, x, v), 7 (t,x, v))Tlve O}

form a convex set in R™*! for each (¢, x).

Before we state and prove our existence theorems, we outline the general
idea behind the proofs of such theorems. The problem (1) (2) is in essence
a mapping

C:u(-)~>Clu(+)]

from %,, into the real numbers. This mapping can be extremely complicated
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since the cost functional C[u(-)] usually involves the response x[‘]. In
principle, most existence theorems ought to be reducible (via the correct
topology on %,,) to the statement: ““a lower semicontinuous real-valued
function on a compact set attains its minimum on that set.” However, it
is often less complicated to directly approach an existence proof as follows:

(i) Show that C[u(-)] is bounded below, hence there exists a minimizing
sequence {u, ()} with associated responses {x,[-I}.
(ii) Show that {x.[- ]} converges to a limit x,[ - ] (not necessarily a response).
(iii) Show that there is a u,(+) € %, for which x,[ -] is a response.

Notice that we make no claim about the convergence of {ux(+)} to u,(+).
For problems linear in the control, we can first prove {u.(-)}->uy(-), and
then prove x;[+]=>x,[-] (cf. Strauss [1968], p. 81), but in general this is
not possible. The following example shows that we can have a minimizing
sequence of controls which does not converge in any sense, even though
the associated responses converge to an optimal response!

ExAMPLE 3. Consider the problem (n =2, m =2)

x=["] p=1-loF, q-1,

w=[o]  g0=[]], ctu<-)]=j01[p(t)]2dr.

Notice that ¢, =1 since §=1 with ¢q(0)=0, q(t;) =1. Any control
u(-)e#,[0,1] with |u(t)|®> =1 is optimal, but notice that the optimal
response p(t) = 0, q(t) = t, is unique. Let

we(f) = [sin kt],

cos kt k=0,1,2,....

Then {u(-)} is a minimizing sequence, but {u,(:)} does not converge in
any usual sense to an optimal control. Obviously it does not converge
pointwise. By the Riemann-Lebesgue Lemma,

1 1
lim I & (t) sin kt dt = lim j &(t) cos ktdt=0,
k->c0 J0 k—o Jo

for any ¢(-)e L*[0, 1]. So this sequence converges weakly to u,(f)=0 in
L0, 1], but u,(f) =0 is not successful. Notice that the associated responses
p«[t1=0, qi[t]=1t, do converge to an optimal response.

As if all of the above weren’t enough, we also must be careful to keep
the process restricted to a compact time interval. This is demonstrated by
the minimum fuel problem for the rocket car (p. 15). In this example, the
cost function was the amount of fuel used to move the car from one fixed
point to another (with initial and terminal velocities zero). We saw that we
could use an arbitrarily small amount of fuel by using an increasingly long
time, and for this reason there was no optimal control.



88 IV Existence Theorems for Optimal Control Problems

3. Existence for Special Control Classes

As we mentioned above, existence theory is in essence a study of a
continuous or lower semicontinuous function C[u(-)] on a compact set
U~ [0, T]. For example, if ,,[0, T]is given the weak topology of L[0, T,
then %,,[0, T]is (sequentially) compact - this is the content of Proposition
1 in the Appendix to Chapter II. The requirements of the theorems of this
chapter (e.g., i(4, x, ) convex) are designed to imply that the function
Clu(-)] is lower semicontinuous in this weak topology.

If we restrict our controls to take their values in certain special subsets
of %[0, T], then it is possible to choose these subsets so they are compact
in stronger topologies, e.g., in the sup norm. Then we can weaken our
restrictions on f° and f and still have Clu(-)] lower semicontinuous. This
is the motivation behind the Theorem 1 below, which deals with two special
classes of controls, %, and ,. This first class is a compact subset of %,,
in the sup norm, the second is compact in the L' norm.

For a given A >0, we define %, < %,, to be those controls which satisfy
a Lipschitz condition on their interval of definition:

lu(t)—u(s)|=Alt—s|.

For a given integer r =0, we define %, < %,, to be those controls which
are piecewise constant with at most r points of discontinuity on their interval
of definition.

Theorem 1. Let [0, T'] be a fixed interval. Suppose that our usual control
class U,,[0, T] is replaced by either U\[0, T] or [0, T] for some fixed A >0
or integer r =0 and assume A(T) # . Assume that f° and £ are continuous,
and that successful responses satisfy an a priori bound (3). Then there exists
an optimal control.

Proof. The first part of the argument applies to both %, and %,. Since
|x[¢]| =<« for any successful response, and f° is continuous on the compact
set [0, T]X[—a, a]x[—1, 1], it follows that £2(t, x[1], u(¢)) is uniformly
bounded for all successful controls on [0, T]. Therefore, since we are
restricted to [0, T'], C[u(+)] is bounded below for u(-)e A(T). Let {ux(-)}
be a minimizing sequence for C[u(-)] from the appropriate class, %, or
U,, that is,

Cluk(-)Nc=inf Clu(+)], wu(:) defined on [0, #;(k)],

where the infimum is taken over the control class being used, %, or %,.
Since the points {t:(k)} belong to [0, T], we may assume that t;(k)>t: €
[0, T']. We will show that both {u,(-)} and the associated response sequence
{x«[- ]} are uniformly bounded and equicontinuous families on [0, ], hence
by passing to subsequences (again denoted {u}, {x.}) we will have u(t)~>
u, (1), X [t]> x¢[t] uniformly in ¢, for some continuous pair uy(+), Xyl ]
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But xk[t]=xo+j(; £(s, xk[s], uk(s)) ds, so by taking the limit as k > 0o, we
will have

x,[1]= xo+I €5, x,[s], uy(s)) ds,  O=t=t,.
0

Therefore, x,[+] will indeed be a response to u,(-), and u,(-) will be
optimal, since {u,(-)} is minimizing Xi(+)->X4(+) and uc(+)->uy(-) uni-
formly, and the cost function f° is continuous.

To complete the proof, then, we must prove that for both classes, U,
and %,, the sequences {u, (+)}, {x«[- ]} are uniformly bounded and equicon-
tinuous. First we have to make a technical comment. Whenever #;(k) <t;,
we extend u, (+) to [#1(k), t;] as the constant vector u,(#;(k)), and we extend
xk[+] as the constant x,[f;(k)]. We cannot extend x.[f] as a solution of
%, = (¢, xi, ux ), because we might exceed our a priori bound.

Suppose we are dealing with the class %, [0, T]. Then the entire class is
equicontinuous and uniformly bounded (u(t) € ), so certainly {u,(-)} is,
also. The associated responses satisfy x; = (¢, X, ux), x(0) =x0 on [0, #,(k)],
*k =0 on [tl(k), tl], and

(t’ xk[t]’ uk(t))e [Os T]X[_a’ a]X[—l, 1] on [O, tl]'

Since f is continuous, it follows that {|x.|} is uniformly bounded, which
implies that {x,[-]} is equicontinuous and uniformly bounded on [0, ¢,].
This completes the proof for the class %, [0, T].

For the class %,[0, T], we assume r =2 for definiteness. Then for each
u(+) e «,[0, t;] we have

a, O=t<o;
u(t)=!b, o<t<r;
¢, T<I=Hh,

where (a, b, ¢, 0, 7) depend on u(-). Of course, we may have o =7 (one
jump), or o =7=1; (no jumps). If {u,(-)} is a minimizing sequence, with
ti(k)- t1, then each u,(-) is described by a S-tuple (ay, by, ¢k, ok, 7). We
may assume that each sequence converges: oy - 0y, Tk > Ty, 8; > 84, b > by,
¢i —> ¢y, since the vectors all belong to the unit cube in R™, while oy, 7
belong to [0, t;] (we ignore the behavior of u,(-) beyond ?;). We define

u,(#) on [0, #,] by (ay, by, €4, 04,74). In fact u,(+) > uy(+) uniformly on the
set (Figure 3)

%, =[0,0,—¢]u[o, +& 1, —e]Ulr, +¢1]

for £ >0 small. (For o = 7, etc., the proof is even simpler.) The responses
{xi[- ]} to {ui ()} are uniformly bounded and equicontinuous, by the same
argument as for the class %, (x,[0]= xo, |X;| bounded), so a subsequence
(again denoted {x«[- J}) converges uniformly to a limit x,(¢) on [0, #,]. If ¥¢
is the complement of %, in [0, ¢,], the fact that (¢, x[¢], u(¢)) is continuous
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and (¢, x,[¢], u(¢)) lies in a compact set implies that jyi
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Au(®)
—
u(t) L
. : 1
— h
uk(t) : : : :
1 : 1) 1
'l 11 1 -
% 1% Ter 1% >t
1o ]
1 L ]

Figure 3 For k Large, u.(-) Is Uniformly Close to u,(:) Away from o, 7.

£(2, xi[1], uk(2))] dt

can be made arbitrarily small by choosing £ small.

Sinceu, ()= uy(+) uniformly on &,, and x, [t] = xo + [ £(s, X, [5], uk(s)) ds,

we can let k - oo, then € - 0, to conclude that

x4(1) = Xo+ j £(s, X4[5], u(s)) ds.

Therefore, x,[ -] is a response for u,(-). O
Remarks
1. The optimal response might hit the target 0 before the time ¢;. It it does

2.

so, it must be at a higher or equal cost.

Theorem 1 remains valid for fixed-endpoint problems, i.e., both initial
time fo and final time ¢; fixed in advance.

We can allow ¢ to vary within [0, T].

We can drop the restriction to a fixed interval [0, T'], if we penalize
responses that go for too long, to prevent ¢, and/or #; from becoming
unbounded. For example, if ¢, = 0 is fixed and ¢; only restricted by #; =0,
then we need to assume f°(¢, X, v) = 0 (¢) for ¢ large, with [ 7 () dt = +00.
If ¢, varies, we need the restriction fo(t, X, v)=n(¢t) for ¢ negative and
large, with [_,, n(t) dt = +c0. (See Exercise 10 at the end of this chapter.)

. The proof of Theorem 1 goes through with no essential changes if all

successful responses are required to take values in some specified com-
pact subset of R". This is sometimes called the “problem with restricted
phase coordinates.” For example, we could require an a priori bound plus

i1 2 ,
h'(x,x%...,x")=<0, i=1,...,r

for some specified continuous functions h'. The important point is to
keep (t,x(t),u(t)), 0=t=ty, in a fixed compact set for all successful
responses.

The proof of Theorem 1 goes through with no essential changes if the
unit cube ) — the range space of admissible controls — is replaced by a
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continuously varying compact set (f,x). (The convexity of Q is
irrelevant.)

7. One can add terms of the form ¢ (x[t;]) and max(,, .,; ¢[x(#)] to the cost,
with ¢, ¢ continuous.

8. Both the initial state xo and the target state J(t)=0 may be replaced
by continuously time-varying nonempty closed sets Xo(¢), X1(¢) in R".

4. Existence Theorems under Convexity
Assumptions

Theorem 2. Consider the problem (1) (2) on a fixed interval [0, T, with
Xo given, I (t)= 0 and f(t, x, u), f°(t, X, u) continuous. Assume that A(T) # &,
and that successful responses satisfy an a priori bound (3). If, in addition,
the set of points f(e, x, Q) ={( 2, x,v), £ (¢, x, v))Tlve Q} is a convex set in
R"™*, then there exists an optimal control.

Before we prove this theorem, we discuss the convexity hypothesis. The
vector f is often called the extended velocity vector.

ExAMPLE 4 (Examples of f(t, x, ).

(a) Consider the scalar problem % =|u|"?, C[u(-)]= g lu(s)|"*x(s) ds.
Then f(¢, x, ) = {(|v]"%x, |v]|'?)|-1 = v =1} is convex (Flgure 4(a)).

(b) For the scalar system x=u, Clu(-)]= IO [u(s)Pds, i x, 0)=
{(v?, v)|-1=wv =1} is not convex (Figure 4(b)) even though f is linear
and f° is convex.

(©) If f(z, x,u) = A(t, x)u+g(, x), fo(t x,u)=a(, x)7 u+g (¢, x), with A an
n X m matrix, 8 an n-vector, a an m-vector and g° real-valued, then
i@, x, Q) ={@” v+g Av+g)lve Q} is convex. Therefore, Theorem 1
covers the case when f and f° are both linear in the control.

1
A fl
(% 1) 1

1=%)

(@) (x>0) (b)
Figure 4 f(t, x, ()
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The reader can see from Example 4 that the assumption “f(t, X, (1) is
convex” is roughly a statement about the geometry of the relationship
between f° and f. This assumption does not imply that f and/or f, are
convex functions of u (Example 4(a)), nor does the converse hold (Example
4(b)).

Proof. As we argued in the proof of Theorem 1, the cost functional C[u(-)]
is bounded below on the set A(T) of successful responses. Therefore,
¢ =infa C[u(-)] exists. Let {u,(:)} be a minimizing sequence for C[u(+)]:

Cluc(")I=cile.

F?r any control u(-) € A(T') we define the extended response vector in
R™:

0
x= [1] where °=f°(z,x,u),  x°(0)=0,

so that x°[¢] = [y f°(s, x[s], u(s)) ds, x°[t,]= C[u(+)]. Each pair (u(+), &[]
is defined on some interval [0, #,(k)], and we may assume that t,(k)>#; < T.
Whenever t;(k)<t; we extend X.[-] to [#;(k), 1] as the constant vector
Xe[t1(K)].

The dynamics of our extended system is

dx . 0 s [f°
E—i(t,x,u), x[O]—[xO], wheref—[f].

We will show that there is a response X,[¢] for this system which satisfies

xdnl=[ ]

which means that the associated control u,(:) is optimal. The proof is
carried out by means of the following propositions:

(i) The sequence {%[:]} is uniformly bounded and equicontinuous on
[0, #,] so a subsequence (again denoted {&[-]}) converges uniformly
to a continuous limit X, (¢). Since X.[#1(k)]= (ck 0)7, and t,(k) - t;, we
will have X, (#;) = (c, 0)”. Therefore, if X,[-] is a response, then it is
optimal.

(i) The function &.[t] is absolutely continuous and {a(d&i/dt) >
[4(dk,/dt) for any measurable subset s{ of [0, #;]. (Equivalently:
d%,/dt converges weakly in L’[0, ;] to d&,/dt, i.e., fo' & (t) d&i/dt >
for ¢ (£) dxy/dt for all ¢(-)e L0, t;].)

(iii) The function &,[¢] satisfies the generalized differential equation

d;t* eft, x4(1), Q) for0O=t=m.
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(iv) (Fillipov’s Lemma). There exists a control u, ()€ WUn[0, t;] such that
di,/dt =(t, xy, uy). Thus u,(-) is optimal, with response x,[t].

Proof of (i). Since f is continuous, {dX./dt} is uniformly bounded on
[0, t,], with X,[0]= (O, xo)" so {&x[- ]} is uniformly bounded and equicon-
tinuous. We select a subsequence (again denoted {&[ - ]}) which converges
uniformly on [0, #] to a continuous limit X(:). As remarked above,
Xy (11) = (c, 0)".

Proof of (ii). Define fels] =f, (s, xk[s], uk(s)) ds. Then, since Ri[t]=
o+ [o fi[s]ds, we have |%c[f]—Ri[t']|<!|t—¢'| where [ is any constant
satisfying  [k(t, x, w)| =|f°(t, x, w)| +|f(t, x,w)|=! on [0, T]1X[-e, a]X
[—1, 1]. Therefore %,(¢) is absolutely continuous on [0, #1], so dX,/dt exists
a.e.,and as k >

t

ik[t]=io+j

0

fi[s]ds > &y (2) =ﬁo+j (d&,/ds) ds.

0

This means that fofic[s1ds - [ (d&y/ds) ds for any 0=t =<t;, which in turn
implies that [/f, - [;d&,/ds for any interval I <[0, t;]. This implies that
[w(d&y/dt) =[4fi > [ 4 d&,/ds for any measurable set o < [0, t;].

Proof of (iii). Let S ={t|(d&,/dt) & i, x.(2), Q)}. We want to show that the
measure of S is 0, |S| = 0. Assume the contrary, |§|>0. Since for each € S,
the set f(z, x, (), 1) is convex and compact, there is a vector f)(t) and a
number a(f) such that the hyperplane P(r)={%|<b, &> =a} separates
dx,/dt fron) this set in R"** (Figure 5). Therefore (see the Mathematical
Appendix) deﬁ*/dt >a, b7, x4 (2), vV)=a for ve (), so

Figure 5 (n=2)
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b (£)(d&y/dt)>max bT (1)E(t, x4 (1), v)
ve)

(4) = lin"n sup f)T(t)i(t, x*(t), llj(t))

j—>00

=lim sup b” ()i(s, x;(¢), u;(¢))

j=>co

(since f is continuous and X;[#]-> x,(#) uniformly). Because the inequality
above is strict, we may assume b(¢) has rational entries. The set of all
possible vectors B(t) is thus denumerable, while |S| > 0, therefore a fixed

vector b, satisfies (4) in a set o = S, |o/| > 0. Then (remember dg;/dt =
£z, x;, u;))

J' Ba(dky/dt)> | lim sup BIE(s x, w) dr >limsup | B (dk,/dr),
the last by Fatou’s Lemma. But this contradicts the weak convergence of
dx;/dt to dX./dt. Therefore, (dXy/dt)ef(t, x,[t], Q) a.e., and so we can
redefine dx,/dt on a set of measure zero and drop the ““a.e.”.

Finally, to prove (iv) we state and prove:

Fillipov’s Lemma. Let QCR'"Abe compact, §(t,u) a continuous function
from R xQ into R "H; Suppose () is a bounded measurable function from
R into R™, with $(f)e g(t, Q). Then there is a measurable u(-) with
u(t) € Q for all t, such that ¥(¢) = g(¢, u(z)).

Proposition (iv) follows by taking (l; =dX,/dt, g(t,u)= i, X4 (1), u).

Proof of Fillipov’s Lemma. For fixed t€[0,t], the set €=
{ve Qllil(t) =g(¢, v)} is nonempty. Let €; be that subset of € for which v’
is as small as possible. () is compact and g is continuous, therefore % is
compact and 4, is nonempty. Let &, be that subset of €; for which the
second components v are as small as possible. Continuing in this way, we
obtain a nonempty set €,,. A moment’s thought shows that €,, is a single
vector (compare any two vectors in ,,), and we define u(¢) to be this vector.

We claim that the resulting function u(-) is measurable on [0, ¢;]. We
prove this by showing that &, = {t|u’(f)<a} is closed for any real a (an
induction on the components completes the aArgument). First, we note that
by Lusin’s Theorem, for each integer k >0, ¥s(¢) is continuous on a closed
subset %, of [0, t;] with |[0, t;\%F|<1 /2. We will show that £, N %, is
closed for every a and any integer k >0. Suppose not. Then there is a
sequence {t;} = &, N %, converging to t¢ %, N %, u'(t;) < a < u'(f). Since
%, is closed, f € %, and since () is compact, we can assume that the sequence
of vectors {u(#)} converges to a limit ve (). Then ul(t)->0',

v =a<u'(h).
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Now J:(t,)—» JJ(E) because (- ) is continuous on Fy. Also, \f:(t,) =§(t;, u(t)),
SO
b)) =G, v), withov'=a<u'@).

This contradicts our algorithm for constructing u(-), so we must conclude
that &, N % is closed for any « and any k.

Thus £, N %, is measurable, and so Uz-1 (Za " Fi) =L N Ur=1 %)
is measurable. But U%-1 % differs from [0, #;] by a set of measure zero
s0 Z, n(U¥r-1 %) differs from £, N[0, t;]= Z. by a measurable set, hence
Z. is also measurable. O

The remarks following the proof of Theorem 1 carry over verbatim to
Theorem 2. In most cases, the proofs of the extensions are straightforward.
For a full discussion, see Lee and Markus [1967], pp. 259-281.

The assumption in Theorem 2 that f(¢, x, Q) is a convex subset of R
implies that the sets 72t x, Q) and (¢, x, Q) are convex in R and R",
respectively. This is easily seen using an argument by contradiction. The
following corollary to Theorem 2 shows that whenever (¢, x, (1) is convex,
the reachable set K (¢; Xo) is convex, compact, and continuous as a function
of ¢. This result was proved for linear autonomous systems as the Lemma
of Section 1, Chapter III and used extensively in our analysis of time-optimal
problems. This corollary establishes the result, in particular, for the general
linear system x=A(#)x+B(tf)u, and we can then extend many of the
theorems of Chapter III to this system.

n+1

Corollary. For problems (1) (2), under the assumptions of Theorem 2, the
reachable set K(t; X,) is compact, and varies continuously with time.

Proof. The convexity immediately follows from the response formula x[¢]=
Xo+ fof (s, x[s], u(s)) ds and the convexity of f(s, x[s], Q).

Since respdnses satisfy an a priori bound, the set K (¢, xo) is bounded.
To see that it is closed, hence compact, let {xi} = K (¢, xo) with x, >x, € R".
Then each x, is the value of a response x,[s] at s =¢. We now repeat the
proofs of propositions (i)—(iv) from the proof of the theorem word for word,
with tAhe “hats” removed - that is, working with x[¢], f(¢, x, u) rather than
&[t], £(z,x,u). The conclusion is that the sequence of responses {x.[s]}
converges to a function x,(s) with x,(¢) = x,, and x,(s) is indeed a response
for some admissible control, i.e., x, € K (¢; xo).

To prove that K(¢;xo) is continuous, we must show that K(¢; xo) is
contained in an e-sack about K(t4; Xo), and vice-versa, for |t —t,| small.
Now for a given control we have

IXEA1-x] = [ 160, XL Dl dr<e it o=t < 8.

(If the control only exists on the shorter of the intervals [0, t], [0, #,], we
can extend it as 0 and still have |x[¢]—x[t,]| < for |t — t,| small.) Therefore



96 IV Existence Theorems for Optimal Control Problems

K (t; x0) is contained in an e-sack about K (t,; xo) for any t, close enough
to ¢, and vice-versa. |

Finally, we state without proof an existence theorem far more general
than Theorem 2. The difficulty of the proof makes it beyond the level of
this monograph (cf. Berkovitz [1974], Theorem 5.1 of Chapter III). Instead
of the set f(¢, x, (1) we consider the ‘‘super-set”

2°(,x)={(° y")lforsomeve Q, y=f(txv), y°=f(tx ).

ExaMPLE 5. Consider the scalar problem x = x + u, C[u(:)]= ](;‘ [u(s)T ds.
Then (Figure 6) for any (¢, x):

2%, x)={(y°% yly=x+v, y°=v’forsome veQ}.

Notice that f(¢, x, Q) is not convex while 2*(¢, x) is convex.

y° y°
1

Figure 6 2*(¢, x) with (a) x =0, (b) x=1

If £(#, x, Q) is convex, then so is 27(¢, x). As the above example shows,
however, the converse is not true. Therefore, the following theorem is
more general than Theorem 2.

Theorem 3. Consider the problem (1) (2) on a fixed compact interval [0, T').
Assume that A(T)# & and that all successful responses x[-] satisfy an a
priori bound (3). Assume that f is continuous, fo is lower semicontinuous,
and that 27 (¢, x) is convex for (t,x)€[0, T]1x{|x|=a}. Then there exists an
optimal control.

This theorem can be substantially generalized, but a discussion of these
generalizations would be a major digression. We refer the reader to
Berkowitz [1974].
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As an example of a practical class of problems of considerable interest
to which Theorem 3 applies, we have the linear plant with quadratic cost
criterion:

x=A(t)x+B(t)u+b(s),

Clu(-)] =1, j X[ -y(OF e+ J' (o) di,

where y(¢) is given. The cost measures the mean square deviation of x[¢]
from a desired trajectory y(¢) as well as the “fuel consumption” (assumed
proportional to |u(f)|?). Theorem 2 does not apply to this problem — the
situation is essentially that of Example 4(b), in which f° is quadratic, while
f is linear in the control. However, Theorem 3 does apply to this problem.

5. Existence for Systems Linear in the State

In the following theorem, notice that there is no convexity assumption.

Theorem 4. Consider the problem
6)  k=AOx+bGw,  Cla()=[ O+ 6 ue)} ds
0

with A, b, a and ¢ continuous n Xn, n x1, n X1 matrices and real-valued
functions, respectively. As usual x, is assumed fixed and T (t)=0. If there
exists a successful control (A# &) and if successful responses satisfy an a
priori bound (3), then there exists an optimal control.

Remark. We will only prove this theorem for the autonomous case:
x=Ax+b@,  Clu()l=[ X[+ slu(o] do,
0

with A, b and a constant. The proof for the non-autonomous case is
essentially identical, except that it requires:

1. The Bang-Bang Principle for non-autonomous problems as stated just
before Example 1 in Section 2 of Chapter II.

2. Certain of the extensions of Theorem 2 noted in the remarks following
the proof of that theorem.

In our proof of the autonomous version of Theorem 4, we will use the
Bang-Bang Principle in the following form (see the Introduction to Chapter
11I):

If < R™ is any set, in R" let K4(t, xo) denote the reachable set for the
system

(LA) x=Ax+By, x(0) =xo, v(t)e?, v(-) measurable.
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Then Kg(t, Xo0) = K oo () (8, Xo0) where co () denotes the convex hull of &.

Proof of Theorem 4. We will study the extended response §[¢] for a slightly
different system (we replace ¢ (u), b(u) by linear terms):

é) y=[yyo], P=aly+0°0),  §=Ay+v(0), o=[”°]

where ¥(¢) is constrained to belong to the convex hull of
O=¢(@)xb(Q) inR",

The target is the set 7(t) = {[§]l¢c R} in R"*", while &0 =[2,].

. We will show that (3) satisfies the hypotheses of Theorem 2, with cost
C[¥(-)]=y°(t,). Since there is by assumption a successful control u(s) for
the oAriginal problem (5), there is a successful control ¥7 (¢) = (¢ (u), b"(u))
for (5). All responses y[¢] starting at X, satisfy an a priori bound, since
the system (3) is linear. The extended velocity set for 5)

aTy+ 0° . A
{[ Ay+v ] veQ},

is convex, since (3) is linear in ¢ and ¥(¢) is restricted to a convex set.

Theorem 1 (with the easily verified Remark 8 following the proof)
therefore may be applied to the problem (5) with the given cost function
é[if(-)]. We conclude that this problem has an optimal control, ¥v4(f) e
co ({)) with optimal response %4[¢t]. By the Bang-Bang Principle there
exists a control v,(f)e)(¢) with the same response, hence V.(¢) is also
optimal. Now ¥,(f) € ¢ (Q) Xb(Q) for 0=t = 1,, so Fillipov’s Lemma implies

that there is a u,(+)€ %, such. that v%(t) = ¢[u(t)], v(t) =buy(r)]. The
control u, () is easily seen to be optimal for (5). O

The extensions described in the Remarks following the proof of Theorem
1 are also valid for Theorem 4.

6. Applications

The Rocket Car

The most general optimal control problem formulated by us for the rocket

car was:
1)l el

t

Clu(=[ i+ Asla @+ Aalu(ol de

0
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with A; =0, Zf A; =1. We already know that any initial state in R % can be
steered to the target 0, so for any fixed initial state, A(T') will be nonempty
for T sufficiently large. Because the dynamical equations are linear in the
state, all responses from a fixed initial state satisfy an a priori bound.
Theorem 1 implies that there is an optimal control in each of the classes
«,[0, T, U,[0, T] for T sufficiently large. If A; # 0, then

%, u)=A1+A[q(OF + Aslul= A,

and we can take n(f)=A, in Remark 4 to remove the restriction to [0, T']:
there is an optimal control in each %,, %,.

If A, =0, then Theorem 4 applies directly to yield the conclusion that
there is an optimal control in 4,,[0, T] for T large, and if A; >0 then we
can again drop the restriction to [0, T'].

To see whether or not Theorems 2 and 3 apply to the rocket car, we
must examine the sets (note that £(z, x, u) =[2]):

fe, x, Q) ={(A1+A2[qg (O +A3lv], (1), v)T|-1=v =1}
and

20t x)={(v, q(0), W) o= A+ A[q(VF +A3ul, ~1=u =1}

in R>. We can write

X Aslu| A1+)\2[q(f)]2
i x, Q)={c(t, oy -—1Sus1], = q0
0

Therefore, in (f°, f', fz)-space, f(z, x, Q) is the translate by c(¢, x) of the set
{(A3]ul, 0, u)|—1=u <1} - this set lies in the (f°, f*) plane (Figure 7(a)).
27(t,x) is just the translate by c(t,x) of the set {(v, 0, u)lv =Ajlul, —1=<
u = 1} (Figure 7(b)).

A2 A2

1T 14

(a) (b)

Figure 7 (a) f(t, X, ) Is the Broken Line Segment, with Slopes £1/A5. (b) 2*(¢, x)
Is the 2-Dimensional Shaded Strip
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From the sketches, we see that f(t, x, (1) is only convex when A3=0,
while 2 (¢, x) is always convex. So Theorem 2 applies only when we ignore
fuel consumption (A3 = 0), while Theorem 3 covers all cases.

The Linearized Pendulum and the Physical Pendulum

In Chapter III (Example 2) we treated the time-optimal problem for a
linearized pendulum, p + kp = u:

x=[s], i&=[_0k é]x+[(1)]u, (k>0), C[u(-)]=J-llldt=t1.

0

Any of our theorems can be applied to assert the existence of an optimal
control. We are not restricted to a compact interval, since f°(¢, x, u) = 1 and
[ 1=+o00.

The physical pendulum is actually governed by the nonlinear equation
P +PBp +k sin p=u(t), with B8 >0 representing the damping, so the time-
optimal problem is:

xz[:]’ "‘=[—Bq—qk sinp]+[(1)] “

with C[u(-)] as above. Responses are bounded on any compact interval,
since f is bounded by a linear function:

|f(t, x, u)|<[lq|+|Bq + k sin p[]+|u|=kylx|+1,  k,=max (B, k,1).
In this case, f(t, x, () is convex, since it is just a line segment:
i, x, 0)={(1,q, —Bg—ksinp+u)"|-1=u=1}
=c(t, x)+{(0,0,u)"|-1=u=1}

where c(t,x)=(1, q, —Bq —k sin p)". Therefore, Theorem 2 applies if we
can show that A(T) # 0 for the given initial state and some T >0. This is
indeed possible for any initial state, but a proof would be too lengthy here
(see Lee and Markus [1967], p. 446).

Exercises

1. Show that if |x"E(, x, v)|<a|x|?+B for all 0=t=<T, xeR", ve{l, then any
solution of x = f(t,x, u()), u(-)e %[0, T], with x(0) =x, fixed, satisfies an a
priori bound (3). (Hint: What is d(x"x)/dt?)

2. In Example 2 we considered a particular system linear in the state, and showed
that there was no optimal control. Explain why each of Theorems 2-4 does
not apply. Explain why our presentation of this counterexample does not go
through when we are restricted to the control classes U,, U, (Theorem 1).
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3. Consider the scalar problem % = u, x(0) =0, with target J(f)=1, the control
class {u(-) measurable, 0=<u(t)<co}, and cost Clu(-)]= fo  [x[s]) ds. Show
that there is no optimal control. (Hint: Show that the optimal cost is zero, by
constructing {u. (- )} for which C[u,(-)]- 0). Explain why our theorems (includ-
ing the extensions noted in the remarks) do not apply.

4. Consider the scalar problem % =u, x(0)=0, J(t)=1, with the control class
{u(+) measurable, 0=<u(r)<1}, and cost C[u(-)]=1,=[;' dr. Show that there
is no optimal control, and explain why our theorems don’t apply. (Hint: Note
that x(r;) = 1=[;' u() dt. Show that the optimal time ¢, is 1.)

5. Consider the scalar problem % = u, with x(0) =0, the usual control class U,y
the target set

Tt)={x|0<x=1},
and cost C[u(-)]= ;' (x[¢])? dt. Show that no optimal control exists, and explain
why our theorems do not apply. (Hint: Let u,(1)=1/kon0=t=<1.)

6. Consider x =u, x(0)=0, J(t)=1 with control class {u(-) measurable, 0=
u(t)=<1}, and cost Cu(-)]={;' [u(t)+1]e " dt. Show that there is no optimal
control and explain why our theorems do not apply. (Hint: Let u,(t)=1/k on
[0, k).

7. Consider the system (n =3, m =2)

0 10 p .
x=|0[|+|0 1 u, x:{q}’ uz[uz}
1] Lo o r 4

with
0 0 .\
x(0)=| 0|, T=|0], C[u(')]=_[ {IxI? +[1 = |jul®} 4.
-1 0 ¢

We use our usual control class 4,,, and remind the reader that ||x|*=p*+ g%+ r%
Show that {u, (¢)} = {(sin 27kt, cos 27rkt)T} is a minimizing sequence. Show that
there is no optimal control, and explain why our theorems do not apply.

8. Consider the problem (n =2, m =1)
=[] p=-taPru  a=u
q
with our usual control class %,,, X, = (0, 0)7,
T ={1,9)-1=q=1},

ty
and C[u(*)] = I ds = t,. Sketch 2*(t, x) in R3. Show that, although 2" is convex,
o

there is no successful control.
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9. (Continuing problem (8) from Chapter I). Consider the scalar problem

d
Zn(1-7)-u,  xO=x
on [0, T], with r, k constant and u(-) measurable, 0=u(t)<1, and cost
Clu(-)]=lq e ®[p—c(%[t])]dt where >0, p>0 are given constants and
¢(v)=0 is continuous. Discuss conditions on ¢(-) under which the theorems

of this chapter can be applied. Pay special attention to the control classes %,,
U,.

10. Prove Remark 4, which follows the proof of Theorem 1. (Hint: If A # J, then
there is a successful control u(-) with cost a. Show that for ¢, sufficiently large,
a successful tontrol which hits the target at time ¢, will have a cost exceeding
a.)

11. (See the discussion following the statement of Theorem 3.) Show that for the
linear plant with quadratic cost, Theorem 2 does not apply, while Theorem 3
asserts the existence of an optimal control.

Notes

Theorem 1 for %, is due to Lee and Markus; for 4, it is due to Strauss
[1968]. Theorem 2 is due to Fillipov [1959] and Roxin [1962]. Theorem
3 is due to Cesari —for a full discussion of this type of result, see Cesari
[1971] and Berkovitz [1974].

Remark 4 following the proof of Theorem 1, to the effect that we can
work on [0, ) or (—00, c0) if we assume a high cost for controls which go
on for too long, was first observed by Russell [1964]. He also used the
interesting concept of a penalty function, associating high cost with leaving
a prescribed (¢, x, u)-set.

Theorem 4 was first stated by Neustadt, and extended by Olech [1966]
and Jacobs [1968]. For a full discussion of this theorem, see Section 6 of
Chapter 4 of Berkovitz [1974].

For a survey of the state of existence theory as of 1978, see Berkovitz
[1978].



Chapter V

Necessary Conditions for Optimal
Controls — The Pontryagin
Maximum Principle

1. Introduction

In Chapter IV we described conditions which guarantee the existence of
at least one optimal control — we call these sufficient conditions. However,
these sufficient conditions are not very helpful in actually finding an optimal
control. In this chapter we will describe one rather complicated set of
conditions which any optimal control must necessarily satisfy. This set of
necessary conditions is collectively known as the Pontryagin Maximum
Principle (PMP). For many important problems, the conditions of the PMP
will only be satisfied by a small subset of our control class (perhaps only
by a single control). In this case there is a reasonable chance of our finding
an optimal control if one exists. We emphasize that the PMP is a necessary
set of conditions — there may be no optimal control, yet the PMP may
delineate a nonempty class of candidates. To be sure that an optimal control
actually exists, we must appeal to sufficiency theorems from Chapter IV.

In Section 2 we describe the PMP for autonomous problems. Because
a complete proof is very technical, we have placed ours in the Appendix
to this chapter. Section 3 is entirely devoted to examples illustrating the
application of the PMP. In Section 4 we give a heuristic proof of the PMP
which shows how the concept of costate arises naturally, and in Section 5
we give two important extensions, one to non-autonomous problems, and
the other to problems involving sets as initial and target data:

{X[to] =Xo

x[t]= X1} is replaced by {X[to] € So}’

x[t:]e S,

where S, and S are specified sets.



104

V Necessary Conditions for Optimal Controls

Throughout this chapter we use measurable controls, the Lebesgue
integral, and the phrase ‘‘almost everywhere” (a.e.) occurs frequently. The
reader may use instead piecewise smooth or piecewise continuous controls
with the Riemann integral. This involves replacing the phrase ‘“a.e.” by

the phase “at all but a finite set of points.” The proofs are easily modified - in
fact, often simplified.

2. The Pontryagin Maximum Principle for
Autonomous Systems

We consider the autonomous problem:

(1) x =f(x, u), x[t]eR", u(t)eR™

with fixed initial instant and state x[to]=xo, fixed target state J(f)=x,,
and cost

Clu(-)]= j " P&Le, u() dr.

Here ¢, is the unspecified time of arrival at the target state, x[t,] = x,, and
f° is assumed given. We use the control set

u(-)e ¥,n={u(-)|u(-) measurable, u(t) e ¥ for to =t < t,}

where ¥ is a given bounded set in R™ and t, depends on u(:). We will
always assume that f and f° are continuous in (x,u) and continuously
differentiable in x. Notice that the set in which u(-) takes its values need
not be convex (nor open, nor need 0 belong to the set). For example,

u 1
v={[%]
u
is allowed.

Before we can even state the PMP we need some notation and analysis.
For a given control u(-) and (any) associated response x[ - ], we define the
‘“dynamic cost” variable

|u11+|u2|=1}

x°[t]=I f°(x[s], u(s)) ds.

If u(-) is successful, then x[#;]=x; for some ¢, = ¢y, and the associated cost
is x°[#,]. If u(-) is optimal, then x°[#,] is as small as possible.

We increase the dimension of our problem by defining the (n + 1)-vector
&[1]= (x°[¢], x"[e]7. If we set f(z, %) = (f°, £7)7, then our original problem
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can be restated as follows:

Find an admissible control u(+) such that the (n +1)-dimensional solution

of
A A %a . 0
(1) X[t] = t(x[t]r “(t)) a'e'v x[tO] = Xo ’
terminates at
Lt
[x ,E l]] (x, the given target state)
1
with x°[t,] as small as possible. Again we emphasize that t, is not specified.

In other words, we want the extended state vector X[¢] to hit the line
I (1) ={(& x1)|€ real, x, the given target}

as far down the x%-axis as possible. Figure 1 represents a two- dlmenswnal
problem (n =2) extended to three dimensions. We can only require (1)

to be satisfied a.e. because f(%,u(t)) is only measurable in ¢ (cf. the
Mathematical Appendix).

7

Figure 1 The x° Axis Is Vertical for Clarity. If (u*(+), x*[-]) Is Optimal Then No
Extended Response Can Hit the Line J(t) Below £*

Having extended the dimension of our original problem, we now turn
to a rather complicated animal, the adjoint to the linearization of (1)

For a given admissible control u(-) and associated (extended) response
X[+ 1, we consider the (n +1)-dimensional linear system

(Adj.) W(t) = —Ryx[t], () TW(D), a.e.

The solutions of this system are called extended costates. Here
x(x[t] u(®) = af ‘fo£; i, j=0, 1,...,n is the Jacobian matrix of f with
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respect to X. Because none of the f*s involves x°, this Jacobian has the form
0 affax* --- of°ex"
A 1 1 1 n
a d 0 of /Jox~ -+ of [ox
kot uon =L)< ¥ Filox™|
ax :
0 of"/ox' --- of"/ox"

Before we continue, we discuss for the reader’s benefit a geometric
interpretation of (ﬂj.) The details are outlined in Exercises 1 and 2 at
the end of the chapter. For a given constant control u(-), any solution X[ - ]
of &[]=1x[r), u(?)) is a curve in R"™'. If by is a tangent vector to %[-]
at X[#o], then the solution b(¢) of the linearized equation:

©m) b)) =[], u@®)b(), Blt)=bo  u(t) constant,

will be tangent to this curve at X[¢] for all £. Thus the linearized equation
describes the evolution of tangent vectors along the solution curves of the
resulting autonomous equation (Figure 2).

? B,

b (1)

<~

A a—
B = bo

Xt

Figure 2

ExAMPLE 1. For u(t)=+1, the three-dimensional problem

0
' =x ' =—ux®, P=u-1, f[0]1=|1]|,
0
has response
x%[t]=sint, x'[t]=cos t, x*(t)=0.
Then
x! 010 010
f(x, u)= —ux®|, fi(x[t],u(t))= -u 0 0f=|-1 0 O
u—1 0 0O 0 00
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Therefore the linearized equation is:

. 010
b()=[-1 0 0|b().
0 00

Clearly, the vector bo= (1, 0, 0)7 is tangent to X[ -] at 3[0] (Figure 3)1 and
the solution of the linearized equation with b(0)=b, is b(s)=
(cos t, —sin t, 0)T. Since %[¢] is the radius vector of a circle, and ﬁ(t) ?'s
perpendicular to &[] for all ¢, it follows that b(¢) is always tangent to this
circle.

T X
b
A 0
A
X5
» XO
i
x2
A
b(t)
Figure 3

Now the significance of (A/d\j.) is that (W(¢), l;(t)) =constant for any
solutions of (A:HT) and (IjiB.), respectively, (cf. Exercise 2). Thus, if ﬁ(t)
is tangent to &[ - ] at &[¢] for all ¢, and if W(to) is perpendicular to b(f,), then
W(t) will be perpendicular to &[ -] at &[¢] for all ¢.

Thus (/Td\j.) describes the evolution of vectors lying in the n-dimensional
hyperplane P(t) attached to the extended response curve X[ -] (Figure 4).

When u(¢) is not identically constant, the situation is more com licated,
and we discuss it in the Appendix to this chapter. In this case, (Lin) does
not in general describe the evolution of a tangent vector to (). Instead,
it describes a first approximation to the evolution of perturbations in the
state—if you perturb %[0] to %,+9, the response at a later time ¢ is
approximately changed from &[] to &[]+ b(r), where B(-) solves (fi?l)
with B(O)=3. (Kd\j) will then describe the evolution of vectors in the
hyperplane which moves along &[] with normal b(s).
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lo>
o

A
b

Figure 4

Before we state the PMP, we need one more concept. For a given control

and (extended) response (X[-], u(-)), we take any costate W(-) and form
the real-valued function of time:

@) H, & 0=, D= T w0 1], ().

Then H is a Hamiltonian for (i) and (Kd\j.), i.e., we can write:

. oH oH oH\T
i &= orady, H(W, &, =(—— —)
(1) x = grady H(W, %, u) WO oW Tawt) * A€

—~ H OH T
(A&j) W= —grad, H(W, %, v) = —(a i aH)

e — a.e.
0x%’ oxt’ " ox™)

The concept of Hamiltonian is from the science of mechanics (a discussion
can be found in Pontryagin et al. [1964]). The function H does not depend
on x° (since no f’ depends on x°), so we write H (W, x, u).

We now look at H=Y"_, w'fi(x, v) as a function of arbitrary vectors W,
x, and ve V. For fixed vectors xe R" and We R "*1 we define

M (W, x) =sup H(W, x, V).
ve¥

In plain English, M is the largest value of H you can get for the given
vectors (W, X), using admissible values for v. And now, finally,

Theorem 1 (The Pontryagin Maximum Principle). Consider the extended
control problem (1) with measurable controls u(-) taking values in a fixed
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bounded set V< R™. Suppose (u(:),X[+]) is an optimal control-respgrise
pair. Then there exists an absolutely continuous function W(+) solving (Adj.)
a.e. on [to, t1], with

(i) H(W(1),x[t], u(t)) = M(W(t),x[t]) ae.,
(ii) MW(1),x[t])=0 on [to, t1],
(iii) wl(t)=w(t)) <0 and W()#0 on [to, 11].

The principle says that if u(:) is optimal for (i), then there is an
associated response-adjoint pair, (X[-], W(+)), such that for each instant ¢,
H(W(t),x[t],v)<0 for any ve ¥, and equality is attained for v=u(r) (it
may be attained for other values of v as well). It is this ‘“maximum’ part
of the theorem that will often single out a small class of candidates for the
optimal control. We emphasize there may be a nonempty set of candidates,
yet no optimal control for a given problem —the Pontryagin Maximum
Principle assumes that an optimal control exists. This is why we need the
sufficient conditions of Chapter IV.

Remark. Notice that the Pontryagin Maximum Principle applies to a
minimization problem. If instead, one wishes to maximize a cost

J[u(-)]=jo' g(xls], u(s)) ds,

then one would apply the PMP to the problem of minimizing C[u(-)]=
—J[u(-)], s0 f°=—g.

EXAMPLE 2. To help the reader become more familiar with the notation

and concepts used in the PMP, we will work through some of the details
of its application to the time-optimal problem for the Rocket Car:

p i K
x=["] s=|p} ctun=["1de=n,
. 0
q

. —_ — o2
w=w =0, wi=—w!,

HW,x, v)={, W)= w"0)+w'(0)qg + [w2(0)4 w'(0)t]o.
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The PMP asserts that if u () is time-optimal, then there are numbers w'(0),
i=0,1, 2, such that H =<0 for all ve ¥, and H =0 a.e. when v = u(t). For
example if ¥ =Q=[-1, 1], then clearly

M=maxH = w®(0)+ w'(0)q[t]+|w*(0)—w'(0)¢,
and this is clearly only attained for
u(t) =sgn [w?(0)— w'(0)¢].

Now the linear function w?(0)— w'(0)t is either identically zero, or vanishes
exactly once; thus if a time-optimal control exists it is almost everywhere
either identically zero or bang-bang. In fact, it cannot be identically zero,
since if it were the case that w'(0) = w>(0) = 0, then we would have w°(0) # 0
(W(t) can never vanish), which would imply H = w°(0)#0 and so M =
max,cy H = w’(0)#0 contradicting assertion (ii) of the PMP. Notice that
all of the above conclusions were derived without knowing the explicit
form of w(z).

Before we further illustrate the use of the PMP, we need to reduce the
nuisance caused by the ‘“a.e.” in part (i).

Lemma 1. The equality (i) H(W(¢), x[¢], u(z)) = M (W(z), x[t]) (a.e.) from the
PMP is valid at every point t for which there is a sequence t, -t with H =M
at each t, and u(t)~>u(t). In particular, (i) holds at every point of left or
right continuity of u(-).

Proof. Choose t, -t with u(#,)>u(¢) and H = M at each #.. For any ve ¥
HW(t), X[t], w(te)) = H(W(te), X[t ], v).

Now Ww(:) and x[-] are continuous, and H is a continuous function of
(W, x, u), therefore we let f, > ¢ to obtain

H (W(t), x[t], u()) = H(W(2), x[t], v).

Since ve ¥ was arbitrary, the result follows. O

Corollary. Consider the optimization problem described in the PMP, with
u(+) restricted to the class Vps of piecewise smooth functions with values in
V. If (u(-),X[+]) is an optimal pair, then there exists a continuous costate
w(-), never ﬁ, with piecewise continuous derivative, such that

V)i’ = —[ii]Tﬁ’

holds except perhaps for finitely many points (and at those poir'zts, tl.te
one-sided limits of w and —[fs Tw exist and are equal). In addition, (i),
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(i), and (iii) of the PMP hold everywhere. The same conclusion holds if
we replace Vps by Vecn, the piecewise continuous control functions with
values in V.

Proof. The only assertion which is not obvious is the claim that W=
—[£:]"W at all but a finite number of points. This stems directly from the
method for solving an equation of the form y = A(t)y with A(t) piecewise
continuous. Specifying a value of y(f)=yo for some to, this differential
equation can be solved on each interval [a,, b,] over which A(¢) is con-
tinuous, using the value y(b,) for the initial value on the next interval. This
solution is clearly piecewise smooth, and y = A(¢t)y everywhere except at
the discontinuities of A (where the one-sided limits are equal).

To show that A(f)=—[f«(x[¢], u(¢))]” is piecewise continuous, we need
only show that x[-] is piecewise continuous. But x[ -] solves x = f(x, u(¢))
a.e., and the right-hand side is piecewise continuous in ¢ (since f is con-
tinuous and u(:) is piecewise continuous), and so we can generate a
piecewise continuous solution in the manner just outlined. O

3. Applying the Maximum Principle

ExAMPLE 3. We return to the Rocket Car, continuing the discussion of
Section 5 of Chapter I:

p=a, d=u x=["],
q

with C[u(+)] =j,'; [qls1F ds A\1=2A3=0, A,=1). We allow u(+) to be any
piecewise continuous function satisfying —1=u(¢)<1, (u(:)€ ¥pcn) and
we specify position zero, velocity zero as target: J(f)=(0, 0)". We will
show that an optimal control exists only when the initial state xo = (po, qo) "
lies on the “switching curve” (+)u (—) sketched in Figure 5. To refresh
the reader’s memory, (+) is the only response through the target when
u(t)=+1; (-) is the only response through the target when u(f)=—1. In
Chapter II we gave a synthesis (with no cost restriction) which would

take the system from any initial state to the target in the simplest manner
(Figure 6):

(a) if xo lies above (+)uU (=), use u(f)=—1 until you hit (+), then switch
to u(t)=+1.

(b) if xo lies below (+)uU (=), use u(t)=+1 until you hit (=), then switch
to u(t)=-1.

Of course, this may not be the optimal way to do things when a cost
function is involved. The PMP will tell us there is no optimal control unless
we are on the curve (+) u(-).
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) A9
> p
(+)
+): q=—V2p, p=0 (=) q=v=2p, p=0
Figure 5
AQ
(=)
ee. uly=-1
i U So
'; =+ ‘\‘
7 > P
‘. ’

(&)

Figure 6 Dashed Trajectory Is Case (a); Dotted Trajectory Is Case (b); Switching
State Is Labelled (J

To apply the PMP, we set #o=0 for notational convenience. Since the
problem is autonomous, this involves no loss of generality. Our dynamlc
costis x°[t]= j(, [q[s]]2 ds, and our extended state vector is X[t] = (x e, ple),

q[t])7". To keep superscripts to a minimum, we write

al(t)
3) wity=| BW)|, W) =—klr], u(@)] W),
y(1)

for any costate associated with a successful pair (x[+1, u(+)). Equation (3)
can be written out by components:

00

0
0 0 0 a=0=8 v=-2qa-8,
1 0

Ei(x’ u)T =

N
_Q
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so a(t)=a(0), B(t)=pB(0). Now
HW,x,v)=W,ix u)=alq]+Bq+yv.

The PMP asserts that if (R[], u(+)) is optimal then there is a costate
w(-) such that for each ¢ in [0, t,], H =a(0)[q[t]]*+B(0)g[t]+y(t)v <0
for all numbers —1<v=<+1, and H=0 for v=u(t). In general, our
equations % =f(x, u) and (@) would only be satisfied a.e., but since
u(+) is piecewise continuous, the corollary applies. By (iii) of the PMP,

wl()=a(t)=a(0)=<0.
Case 1. a(0)=0. Then
a(t)=0, B(t)=p(0), y(t)=—B(0)t +v(0),

H =W, 1 =pB0)q[t]+[y(0)—B0)t]o,
max H =M (W, x) = 8(0)q[t]+]|y(0)—B(0):|=0.

—1=sv=+1
We are using the control class %pc, so the corollary applies, and an optimal
control must give H = M = 0 everywhere. Therefore,

u(t) =sgn[y(0)—B(0)],
M=pB(0)q[r]+|y(0)-B(0)|=0, O=t=t.

Since a (0) = 0, by assumption, y(0) — 8(0)¢ cannot vanish identically (W(¢) #
0). Thus u(-) is bang-bang with at most one switch.

If v(¢) does not change sign, then either u(¢)=+1 or u(t)=—1. In either
case, we can only reach the target by starting on (+) U (—).

Now suppose y(t)=v(0)—B(0)¢t changes sign, say at t=7>0. Then
v(0)#0 and B(0)# 0 and at 7,

y(r)=0, H=pB(0)q[r]=M=0.

Therefore g[7]=0. Now u(#) made its single allowed switch at time 7,
hence u(t)=+1 or u(t)=-—1 for ¢t > . Therefore, to hit the target at some
t;> 7, we must be on (+)uU(~) at time 7. But the only point on (+) U ()
with q[7]=0 is the origin. Thus we had already arrived at the target at
time 7, and switching was not necessary. But to have arrived at the target
without switching, we must have originally started on (+) U (-).

Case 2. a(t)=a(0)<0. Since (Afd\j.) is linear, we can assume without
loss of generality/t&at a(t)=-1 (just multiply w(¢) by —1/a(0) to get a
new solution to (Adj.) — this will not change max H = 0).

H(W, x, v) =—[q[t]]*+ B(0)q[t]+ vy(t)v,

max H =M = —{q[{] + BO)q[1]+ |y (),
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so as before u(f) =sgn y(¢). The function y(¢) is in general no longer linear:
v(t) =2q[t]—B(0). It is tempting to say that u(z) =sgn y(¢) is again bang—
bang, but unfortunately y(¢) might now vanish on large sets. We will show
that y(¢) can only vanish on at most a single interval (or at a single point).
On such an interval, we will show that u(¢)=0. Thus our optimal control
may not be “bang-bang” but instead ‘‘bang—coast-bang.”” Finally, we will
show that this latter case cannot happen, in fact we cannot have u(t) switch
from 0 or +1 to —1, nor can it switch from —1 or 0 to +1. Therefore no
switching is possible, and u(f)=+1 or u(¢)=—1. This forces us to start on
Hu ().
Now to the details. We have

y(0)=2q[t]-B(0),  ¥=2u(t)=2sgny(),
where y(-) is piecewise continuous. Therefore
v(r)>0=>y(t) concave up near 7,
v(7)<0=>y(t) concave down near 7.

Figure 7 shows the eight possible local shapes for y(¢); the dot indicates
(7, v(7)). Notice that y(t) cannot have two distinct zeros (try to sketch it).
More precisely, if y(a) =vy(b) =0, then y(t)=0 on [a, b].

N v/

y () A

AR >t
<
Figure 7

Therefore, y(¢) can only vanish on a single interval. On such an interval
I, y(t) =0 which implies y(¢) =0, therefore

2q[t]-B(0)=0=>g[r]=constant=>q[t]=0.

But g[t]=u(t), so u(t)=0o0n L

Finally, we show that such a control cannot exist, in fact, no switching
is possible.

Suppose u(+) switches from 0 or +1 to —1 at . Now u(¢) =sgn y(t) so
the continuous function y(¢) changes from non-negative to negative at 7,
and (as remarked above) cannot vanish again. Thus u(¢z)=—1 for t=7 and
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(p[7], q[+]) must lie on (+)uU(-). Since §[t]=u()=-1for t=7, and our
target specifies q[t]=0, we must have q[7]>0. Now v(r)=0,so0att=r,

H =—[q[*]F +B(0)q[r]=0.

But g[7]>0, so the above implies g[7]=B(0). Since y(¢) goes from non-
negative to negative at 7,

0=y[r]=2q[r]-B(0)=q[7],

contradicting q[7]> 0. Therefore no such switching point can exist for an
optimal control. The argument for the case of switching from 0 or —1 to
+1 is entirely analogous.

To summarize, we have shown that no switching points are allowed for
the optimal control problem we are treating in this example. Therefore,
an optimal control can only exist for initial states on (+)uU (-), and in this
case either u(¢f)=+1 or u(t)=—1 for the entire time interval [, #,].

ExAMPLE 4. We again consider the Rocket Car, but with a different cost:
1(n
Clu(=5 [ A+l dt (1=22=1/2,23=0)
0

We will minimize 2C[u(-)] for notational simplicity. The PMP gives us

°=1+[q) a=0,
4) p=4q, (Adj) B=0,
q=u’ ')"=—2qa—[3,

with the Hamiltonian
H=a(1+[q])+Bq+.
M (W, x) = maxyeq H = a(1+[q) +Bq +|v|, so
u(t)=sgn y().

Note that a(f)=a(0). By exactly the same argument as in the previous
example, if a(t)=a(0) =0, then xo=(po, qo)T lies on (+) U (-).

Now suppose that a(0)<0; as before we may assume without loss of
generality that a(f)=a(0) = —1. In this case, we have

(5) B()=B(0),  y(t)=2q[t]-B(0),
and

H =—(1+[qF)+B0)q[r]+y(Du().

As before, ¥ =2u(t)=2sgn y(t), so y(t) can only have the local shapes
sketched in Figure 7. Therefore, y(¢) can vanish on at most a single interval
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(or point) I. Therefore, an optimal control u(-) is piecewise constant with

+1 when y(#)>0,
u(t)=9 0 wheny(#)=0,
—1 when y(¢) <0.

We will show that there is an optimal control for any initial state xo,
and we shall synthesize it. Suppose u(#)=0 on an interval I, so y[t]=0 on
I. Then v(t)=0 and Equations (5) imply that on I, 2q[¢t]=(0). Also

H=-(1+[q[])+B(0)q[]=0,

so [q[t]¥=1 on I This means that if there is a time interval I on which
u(t)=0, then we are letting the Rocket Car coast with fixed velocity +1
or —1.

We will show that the PMP selects a single candidate for an optimal
control, for any initial state, and the synthesis is given by Figure 8. The
fact that this control is in fact optimal follows from the discussion at the
beginning of Section 6 of Chapter IV.

) AQ
O
7 7o)
__<_Y_ ____
w
R )

Figure 8 u(t)=0 on the Dashed Lines, u(f)=+1on (+), u(t)=-1lon(-).u(t)=-1
in Regions I, II, IIL, IV. u(f)=+1 in Regions V, VI, VII, VIII

Some typical optimal responses are sketched in Figure 9 The control for
.Xo 18 “bang—oﬁ—bang” with qo<+1. The control for x4 is “bang-bang.”
The control for x¢ is “‘bang-off-bang” with go<-—1.

To show that the above synthesis is implied by the PMP, we first show
that if u () = sgn y(¢) switches from 0 or +1 to —1 at time 7 then 0<qr]=1.
At 7, y(r)=0 and for t=7, y(t)=u(t)=sgn v(t)=—1 since no more
switches are allowed. Then g[t]=u(¢) =—1 for t = . Since the target state
specifies q[#1]1=0, we must have 0=g[7]. But q[7]=0 is impossible, since

(6) H =—(1+[q[7]})+B(0)q(7)=0.

Therefore q[7]>0, and (6) implies that both B(0) and g[7] are positive.
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Figure 9

Since y(¢) changed from non-negative to negative at 7,

0=1vy(r)=2q[7]-B(0).
Equation (6) and the above imply that

0=-1+[q[r]f, ie., 1=[q[r]]

Therefore 0<q[r]=1. A dual argument shows that if u(-) switches from
—1or0to +1 at 7, then —1=¢q[r]<0.

The constraints on g[r] at a switching time 7 force us to switch if we
hit the dashed lines in Figure 8 with a response that is moving away from
the p-axis —we will never get another chance. A little experimentation
shows that ‘“‘bang-off-bang” is the only way to hit the origin for such a
trajectory. (Remember we can only switch at most twice.) For trajectories
that are moving toward the p-axis, the analysis is not difficult. From the
state xo in Figure 10, we can begin with u(¢) = +1 (dashed), u(¢) =0 (dotted)
or u(t) =—1 (solid). However, from our earlier analysis we know that the
dotted line (“‘coasting”) can only happen if g[¢t]=+1, so the dotted line is
out. The dashed trajectory is out because

(i) we cannot switch from +1 to —1 unless —1=<gq[r]<0. Therefore we
can never switch to a ‘““falling” trajectory.

(if) Switching from +1 to 0 would require g[7]=1 and we are always above
q=1.

Similar arguments cover the remaining cases.

A study of Figure 8 and the cost function ;' (1+[q]?) dt leads to the
following remarks: for small velocities, the integral of [q]* is much smaller
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AQ

(+)

Figure 10 xo=(po, qo)” with 1< go<v—p,

than the integral of the constant term. Thus the strategy should be (and
is) the time-optimal strategy. In fact, near the origin, the phase portrait is
the same as the time-optimal phase portrait, given in Figure 7 of Chapter
II1. For large velocities, [q]* > 1, the strategy should be (and is) to decrease
the velocity as quickly as possible. Similar analysis performed for the cost
function

A+(1-2)gT

suggests that as A -» 1, the optimal phase portrait should ‘‘approach” that
of Figure 7 of Chapter III. This is indeed the case.

4. A Dynamic Programming Approach to the
Proof of the Maximum Principle

In this section we present a proof of the PMP which is valid under certain
smoothness assumptions. Unfortunately, as we shall show by example,
these assumptions often do not hold, but this proof shows how the costate
arises in a natural way.

We consider the autonomous problem as stated in Section 2:

k=,  Cla()]=[ Falr, ue) d

with #o and x(#p) =x, specified. For this autonomous problem, we have a
basic Principle of Optimality:

Any piece of an optimal trajectory is optimal.
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More precisely (Figure 11), let (u(-), x[]) be an optimal pair on [to, 1],
steering state Xp to state x;.

o

X
S—

Figure 11 The Optimal Response x*[]

If [0, 7] < [to, t; ], then u() is an optimal control steering state x[o] to state
x[].

Proof. Suppose u*(-) is better than u(-) for steering x, =x[o] to x3 =x[7].
This implies that the solution x*[¢] of the problem

X* = E(X*: U*)’ X*(o') =X2

eventually reaches the state x; =x[7] at some time 7' with

M cwOl=] Pets)utends<[ fals)us)ds

We can then piece together a better control than u(-) for the original
problem:
u(t) on[t, o],
u?(6) =< u*(r) on (o, 1),
u(t—7"+7) onl[r,nh+71'—1],
with associated response:

x[¢] on [to, o],
xX*[£] =4 x*[] on (o, '),
x[t—7'+7] on[7,t+7'—7].

Because f and fo are independent of ¢, this response satisfies x* =f(x*, u®)
a.e.on [to, 1+ 7' — 7], and x*[to] = X0, X*[t1 + 7' — 7] =x[H1 + 7' —7— 7'+ 7] =
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x[#,]=x,. The cost is lower than the cost for u(-):

cwr (=[Pl ds

to

=I F(x[s], u(s)) ds
+ j P s], uk(s)) ds

+J,l _ Px[s—7'+7),u(s — 7' +17)) ds.

A change of variable in the last term reduces it to [.* f°(x[r], u[r]) dr. The
middle term on the right is strictly less than | f°(x[s], u(s)) ds, by (7). Thus
C[u”(-)]1< C[u(+)], contradicting the optimality of u(-). O

The above Optimality Principle is useful in a wide variety of situations.
We will use it to prove:

Theorem 2. Consider the optimal control problem stated at the beginning of
Section 2. If for each initial state xo in some neighborhood N of the target
state X, there is an optimal control u*(t, xo) with associated response x*[t]
which stays in N, and if the associated minimum cost C[u*(t, xo)] is twice
continuously differentiable with respect to Xo, then for each xoe N there is
an extended costate W(-) satisfying (Adj.) a.e., for which H(W(t), x*[t], v)<0
forall ve ¥ and all t€[0, t,]; H(W(¢), x*[t], u*(t, x0)) =0 a.e. in t.

Proof. Let u*(t,xo) always denote the optimal control from x,€ N. For
simplicity we write C(xo) for C[u*(¢, xo)], the lowest cost in getting from
state xo to the target state x,. We choose an instant o near time 0, >0,
and a constant vector ve V¥, to form the perturbed control

v, O=st=o,

u*(t, x0), o<t=t.

(e, x0) = |

The associated response is denoted X[ -] (Figure 12). It is possible (in fact
probable) that v will not be the optimal control for getting from state xo
to the state X[o]. In fact, for any ¢ between 0 and o,

Clxo) sj PGlsT, v) ds + CGL1).
0
We rewrite this as

CGIO) - CElr) = jo PIs), v) ds.
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/

x‘

Figure 12 (u*(:), x*[-]) Is Optimal

Note that x[-] is continuously differentiable on [0, o), since it solves
%=£(%,v) on this interval. Therefore, f’(X[s],v) is continuous in s, so
dividing the above by ¢ and letting ¢t - 0, we get

_Zi‘it CX[¢] <f%xo,v) forallve V.
t=0

Under our smoothness assumptions we can write this in the form
(8) —(grad, C(x), f(X, V))|x=x, =f (X0, V),

for all ve V. But xo€ N was arbitrary, hence this last equation holds with
xo replaced by any xe N.

Given a fixed xo€ N, for the optimal pair (u*(¢, xo), x*[¢]) we define an
associated (n + 1)-vector w(¢) as follows:

= —grads (xo’ C(x))|X=x‘(1)'

x=x*[1]

()= [—g_rtlld, C(x)]

Then (8) is equivalent to
W), fx*[e], vy<0, =17

This is just the statement H (W(¢), x*[¢], v)<0. To complete the proof, we
must show that

(1) HW(), x*[t],u*(1))=0 a.e.,
(2) W(t) solves (Adj.) a.e.
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To prove (1) we note that the Principle of Optimality implies that if
u*(-) optimally steers xo to x;, with response x*[ -], then

C(xo) = I FP(x*[s], u*(s)) ds + C(x*[1]),

for to <t <t;. We can differentiate to obtain

0 = f2(x*[¢], u*(#)) +(grad, C(x), £(X, w*(£)))x=x*(1

a.e. in t. Therefore (1) holds.
To prove (2), we first note that if ¢ is fixed, then

H(W, x, u) = —f°(x, u) —(grad, C(x), f(x, u))

is continuously differentiable with respect to x in N, and attains a maximum
whenever we substitute (u*(¢), x*[¢]) for any ¢ in [to, 1] (a.e.). Therefore,
if we fix both ¢ and u=u*(¢), and let x vary, then

grad, H(W(t), x, u*(t)) =0 atx=x*[¢r], a.e.int
Now

grad (1), %, (1) = ~grady 2 u¥(0) —grads 3. 2 /x w*(0),

so grad, H (W(¢), X, u*(#))|x=x*1= 0 implies

O it o 4 o FCETD o
T O L 0¥ 0) + 3 — 5= 0 [1], 0 (0)

Jj=1
n OC(x*[1]) o (x*[t], w*(r) _

NP ™ '

0, i=1,2,--"n,

a.e. in t. With

w(r) = [—grad, C(x*[t])
this last implies that w(-) satisfies
wo(t)=0 (infact w'(t)=-1),
o\ of° . of
(0= (w5 ~(#r) 2e

fork=1,...,nie, % = —[F(x*[£], u*()]" % ae. 0

Remarks

(1) Notice that w®(t) # 0 for all ¢, and that w(¢) = —grad, C(x) is normal to
the surfaces of constant cost, C(x) = constant.

(2) The hypothesis that C(x) be twice differentiable is quite severe; as will
be shown in Example S below, this hypothesis is false even for the
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Rocket Car. One can eliminate this hypothesis by assuming some rather
complicated conditions involving the dimension of the set where C(x)
is not smooth. For the details, see Fleming and Rishel [1975], Chapter
IV, Section 6.

EXAMPLE 5 (C(x) is not always differentiable). As we showed intuitively
in Section 5 of Chapter I, and verified in Examples 1 and 7 of Chapter III
and Example 2 of this chapter, the Rocket Car problem has an unique
time-optimal bang-bang control of the form u(t)=sgn (a« —p¢). In fact
(Figure 13)

AQ
X
-) 2
\\\
a=v-2p Sy =-1
\\
\
‘\
7 » P
/
’
4
4
4
d
4
,’
4
(Pyag)
s a=-v2p
(+)
Figure 13

We will first compute C(xo) for xo above (+)u(-), taking fo=0. For
u 2gt) = —1, we can solve the equations of motion p = q, § = u to get [q[¢t]]* =
qo+ 2p02— 2p[t]. The switching point (ps, qs) occurs where this curve inter-
sects q=2p, which gives (p,, q;)=G(2po+q3), (po+393)'’%), and the
switching time is #, =qo—q,. After the switch, we can again solve the
equations of motion to conclude that the elapsed time from switch to arrival
at target is 1 —t, =, —q; = qo—2q; (note g, <0). Therefore, for the time-
optimal problem, with x, above (+) U (-),

Clu(-)]=t:=qo+ (2[qo)* +4po) /.

The same type of analysis for xo below (+)u(—) gives #=
~qo+V2[qo]’ — 4po. Therefore

Clx) = qo+(2[qo)’ +4p0)'/* above (+)u (),
(%o) { —qo+ (2[qo)> —4po)'’?* below (+)u (-).

This function is continuous but not differentiable on (+) U (-).
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5. The PMP for More Complicated Problems

We will treat two extensions of the PMP. The first is for the case when
the initial and target states x[#o] = Xo, X[#1] =X, are replaced by sets So, S;.
The second is to non-autonomous problems - this extension will make use
of the first.

Let Sp and S; be smooth manifolds, of dimension 1=ro<n, 1=r,<n
respectively. The simplest way to define a smooth r-dimensional manifold
in R" is as the intersection of surfaces defined by d implicit equations:

g (x', %% ..., x")=0, i=1,...,d

with 1=<d =<n and rank [dg’/9x’]=n —r on an open set in R" containing
the manifold. For example, the vertical line Lo={(0, 0, £)|é € R} can be
thought of as the intersection of the two planes gl(xl, x%, x*)=x"=0and
gz(xl, x5 x)=x*=0 (Figure 14). Here,

rank [0g’/dx;]=rank [(1) (1)] =2,

so it is a one-dimensional manifold.

Figure 14

Theorem 3. Consider the problem
% = f(x, u), x[to] € So, x[t1]€ S,

with cost C(u(+)) =I,'; O(x[s], u(s)) ds. If (u*(),x*[-]) is an optimal pair,
then there exists a continuous (n + 1)-vector function W(-) solving (Adj.) a.e.
and satisfying conclusions (i), (ii) and (iii) of the PMP. Also, if To and Ty
are the tangent planes to So and Sy at x[to], X[t,] respectively, then we can
select the vector function W(t) so that w(t) is perpendicular to T, at time to
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and perpendicular to Ty at time t;:

9) (W(to), Vo) =0=(w(t;),v1) VvoeTo, vieT.

Remarks. The conditions (9) are called the transversality conditions; they
assert that the vector w(¢) (not the curve described by w(-)) is perpendicular
to Sp and S, at times ¢, and #; respectively. For a proof of this theorem,
see Lee and Markus [1967], Chapter 5.

ExAMPLE 6. Consider the time-optimal problem for the Rocket Car:
4
p=a. d=u CluCN=n-t=] d
to
with piecewise continuous controls satisfying —1=u(¢)<1. Suppose that
X0 = (po, qo)T is fixed, and the g-axis is the target:

So=1{Xo}, S:1={(0, f)lf real}.

This means we want to steer to the zero position, p =0, in minimum time
without worrying about our terminal velocity. S is 0-dimensional, so there
is no transversality condition at x[#,]. Theorem 3 asserts that:

2= u)=1 a=0, "
p=4q, (Adj)B=0, w=|B|;
q=u’ ?z_ﬁ9 Y

H=a+Bq+yw;  (w(t),b)=0, w=[f],

for any vector b tangent to S;. Clearly such a vector has the form b = (0, o7,
so the transversality condition becomes 0 = (w(¢), b) = y(¢;)& Thus y(¢,) = 0.
As in earlier examples, we can easily show that a(¢)=a(0), 8(¢)=p(0),
y(t) =v(0)—B(0)t and u(t) =sgn y(¢).

We claim y(¢) # 0 on [0, ;). If y(-) had another zero, then y(¢4x) =0 for
some tx. Then, since y=—p, we would have g(t)=8(0)=0. Then at ¢,
we would have H = «(0). But max,.q H =0 would imply a(0) = 0, in which
case W(t;) = 0 contradicting the PMP.

Therefore, y(t) #0 on [#, t;). Thus u(¢) =sgn y(¢) is either identically
+1 or —1 on [#, t;). Theorem 3 has given us the intuitively obvious solution
“full power until you hit p =0.”

There is a hitch, however. Referring to Figure 15, in state space regions
Q: and Q3 we obviously use u = +1, u = —1 respectively. But in the shaded
regions Q, and Q,, we can hit the g-axis (p =0) using either u=+1 or
u=-1 (recall § = u, p = q); we have sketched the two possible trajectories
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as dashed curves for one state xo:

Q,:u(t)=+1

Figure 15

Here we can use the Principle of Optimality. Beginning in the state x§
in Qs, we use the optimal control u =—1, generating the dotted trajectory
through xo. By the Principle of Optimality, for each initial state on this
trajectory, we use u(tf) = — 1. Since the region Q, can be covered by such
optimal trajectories (by varying xg ), we conclude that u(t)=—1 is always
optimal for po>0. A dual argument shows u(#)=+1 is optimal for p,<0.

We now turn to the PMP for non-autonomous problems. We consider
the problem

(NA) x=£(1,x, ), cmo»=j’ﬁmﬂﬂmu»m

with xo and J(t)=x; specified. We will use measurable controls taking
values in a fixed bounded set. We assume that t, is fixed, and as usual allow
t; to vary. We define a new coordinate x"*! by

x-:n+1= 1’ xn+1[t0]=to,

and we adjoin this initial value problem to (NA) to get the autonomous
(n +1)-dimensional problem:

x[]1=£x""", x, u)

) = h n+1
e S R A U G T O

a0 {

with initial state (xo, fo) and as target the line:

T*(t) ={(x1, tr)|t1 = to}.
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We can now use the autonomous version of the PMP with transversality
to find necessary conditions for optimal controls and responses, in terms
of the (n +2)-dimensional vector (x°, x, x"*"), where as always

=1t x, w) =", x, ).
Using the fact that x""'[¢t]=¢, we may then rewrite these conditions in

terms of the usual extended state vector & = (x°, x) and the usual Hamiltonian
H as follows:

Theorem 4. Assume that f(t, x, u) and f0 (1, x, u) are continuous in (t, x, u)
and continuously differentiable with respect to (t,x). If (u(:),x[-]) is an
optimal pair for (NA), then there exists a non-zero absolutely continuous
(n + 1)-vector function W(-) such that on [t,, t,] with H = (W, f),

wo(t) = wl(to) <0,

w(t) = — [t x[£], u@®)1™W@  ae.,

H(W(), x[t], t, u(t)) = M(W(t), x[t], t) a.e,

MW(), x[t],t) = I t é‘b w"(s)a% f¥Gs, x[s], u(s)) ds + K (a constant).

As always, M = max,cy H(W(2), x[t], t,v), and H =(W, f). The analogues
of Lemma 1 and its corollary also hold for (NA).

EXAMPLE 7. In the appendix to Chapter III, we proved the autonomous
version of the Bang-Bang Principle. Theorem 4 allows us to prove the
time dependent version.
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Let u(-) be an optimal control on [0,t,] for the problem: x=
A(t)x+B(t)u+c(t), with Clu(-)]=t,—to, and measurable controls with
values in the unit cube Q. Then there is a non-zero vector be R" such that

u'(t)=sgn "X '()B()Y, i=1,2,...,m,

where X (t) is a fundamental matrix for x = A(t)x.
The associated systems are
an )_c0=f0=1 a5y @ =0
(i) x=A()x+B()u+c(t) (i) w=—AT()w
with
H =(w, f) =wl+wA()x+w B(Hu+w’ec.

Clearly, M =max,cy H =wl+wlA()x+w ¢+ max,cy w'B(t)v. Now if
X (t) is a fundamental matrix for x = A(t)x/tllen [X7'()]" is a fundamental
matrix for (Kaj.) (ii). Since w(-) solves (Adj.) (ii), it must be of the form
w(t)=[X"(t)]"b for some constant vector b. Then by Theorem 4, the
optimal control u(-) maximizes

wBOv=b"X"'()B(t)y, -1=v'=1.
Clearly, this last is maximized for

ui(t)=vi=sgn {bTX_l(t)B(t)}i i=1,...,m.

Exercises

Remark: Unless stated otherwise, the time of arrival at the target is not specified.
1. For a given initial value problem in R",
x = g(x), X(to) = Xo,
let x(¢) be a fixed solution. Consider the associated linearized system
b= g.(x(1))b

Show that if b, is tangent to the curve x(-) at x(#,), then the solution b(¢) that
satisfies b(#y) = b, will be tangent to x(-) for all ¢, t,<t=1,.

2. If b(-) solves (Lin.) and w(-) solves (Adj.), show that

(w(t), b(¢)) = constant.

3. In Example 3 of this chapter, we showed that the Rocket Car problem:

p=a  d=u  CluC)=| la@Fds

to
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has no solution if (po, qo) is off (+) U (). Which conditions fail from Theorem
3 of Chapter IV? (Cf. the discussion in Section 6 of Chapter IV.)

4. (Continuing Example 2.) Consider the Rocket Car: p = g, 4 = u, with C[u(-)]=
ti, I(t) =0, and u(-) piecewise smooth with 0= u(t) = 2. Describe the control-
lable set, prove that an optimal control exists for all xo€ %, and use the PMP
to synthesize the optimal control.

5. (Continuing Exercise 1 from Chapter II1.) Consider the scalar problem x = u
with xo=-1, 7(t)=0, —1=<u(t)=+1 with u(-) piecewise continuous. If
C[u(-)]=t;, form H and (Adj.), and synthesize the optimal control.

6. Consider the linear system x = Ax + Bu, J(t) = 0 with A, B constant, u(t)eQ
and piecewise continuous, and

ty m X
Clu(")] = J. lu@®)l dt,  |u(@®)| = jZl [ (@)
o <
Show that for an optimal control, u(-), the expression
— 3 |v/] + vTBTw(t) + wT(t)Ax.
j=1

is maximized when v = u(t). Deduce from this that
ui(t) = dez{[BTw]’}
where the dead-zone sign function is defined by

sgna, if|a|=1,

deZ{“}z{o, if || < 1.

7. (A Variation of Exercise 7.) We consider the same system as Exercise 7, except
for a different cost function

1 n 1 m n .
Cla(n=; [ wromdi=3 & [ o a
0 i=1Jo

Show that an optimal control u(-) must make
—WTv+vIBTw(r)
a maximum when v = u(t). Show that
w(t) =sat{[BTw()}'}, j=1,....m
where the saturation function is defined by

o, iflal<1,
sgna, if|a|=1.

sat {a} ={

8. Carry through the complete synthesis of the optimal control for (a) Exercise
7, and (b) Exercise 8 when (n =1, m =2)

A=1, B=[2,-1].
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9.

10.

11.
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(Much harder than Exercise 9.) Carry through the complete synthesis of the
optimal control for Exercise 7 when (n =2, m=1)

1 -1 -1
a-lo )=
0 1 1
Sketch the switching curves: responses which go through (0, 0) for 3 cases:
u=0,u=+1,u=-1.

(The PMP is not sufficient.) Consider the scalar problem x = u with
Clut-N= [ OF( - 2x{rlu()+ u(OF) de
0

x0=0, J(t)=0. We will use piecewise continuous controls with values u(t)
unrestricted. Obviously, one can take u(f)=0, x[t]=0, which gives a cost of
zero. Show that this solution satisfies the PMP with w(z)=—1, w'(f)=0. Show
that it is not optimal. (Hint: Let h >0 and

1/h, 0<t<h,
~-1/(1—-h), h=t<l1.
Show that limj,_¢. Clu,(+)]=—00). Carry through a similar example when u(¢)

is restricted by u(t)e[—-1, 1]. (Hint: Clun(-)]<0, for some ho, and lun (D<K
for some K. Now modify f° and/or f.)

un(0) = |

(Continuing Exercise 2 from Chapter I.) A boat travels at velocity v(¢), [v()| =1,
relative to a river whose current moves at velocity c¢. Use the PMP to decide
how to steer from a specified P, to a specified P, (see figure), in minimum
time. (Let |¢| = c.) For a steering angle of vy relative to ¢, derive

x'=c+|v|cosy=c+cosy
*2=|v|sin y =sin y.
Let u(r) = [$27]. Describe ¥, form the Hamiltonian H. Show that W is constant.

Find M(x, W) and show that M is attained for tan y =constant. Find the
constant. (Hint: M =0).

Figure E.12
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12.

13.

14.

(Continuing Exercise 12.) The situation is the same as in Exercise 12, except
the target P, is replaced by a circle of radius r centered at (£', £%):

T@t)={(x", x|[x" - &' P+[x*- TP =r?}.

Show that the time-optimal trajectory must be normal to the target circle, thus
the optimal response moves on the straight line from P, to (¢, £2).

(An example with ¢, specified, 7 () = R".) The state of a servomechanism is
described by

x =f(x) + Bu, x[0] = xq, u(r)e

with u(+) piecewise continuous, and ¢, specified, xftl] not specified (7(t)=R".)
Let the cost be measured by the deviation from a given fixed desired state X[ ]:

Clu(-))= j folxuls]—x(s) ds

with f° a given function from R" into R. For example, we might be dealing
with a heating system in a large space station (or greenhouse), with u(-) a list
of (time-varying) settings for various thermostats and x.[s] a given list of the
desired temperatures at various locations. Then S, could be the fixed period
of time over which the spaceship would be operating. Show that transversality
implies w(#,)=0. (Hint: S;=R".) Form the Hamiltonian, and show that an
optimal control must be bang-bang or some combination of coasting with
bang-bang. However, to obtain the state and costate vectors, show that we
must solve a two-point boundary value problem involving a system of 2n +2
differential equations. (A two-point boundary value problem is a system of
ordinary differential equations on which some unknown functions are specified
atf =0, and the remaining unknowns are specified at ¢ = ¢,. This type of problem
is intrinsically much more difficult to solve than an initial value problem.)

(Using change of variables in linear problems.) Consider the time-optimal
control problem

p+3p+2p=u(t)

with p[0] and p[0] specified, |u(¢)| =<1, u(-) piecewise continuous, and target
plt:J=p[H]=0. Write this as a system 2= Az+Lu in the obvious way. Show

that if
1 1
Q—[—l —2]’

then D = Q"' AQ isdiagonal. Lety[ - ]= Q~'z[ - ]and derive the control problem
for y[-]. Show that the resulting system is normal, and prove that there exists
a time-optimal control. Derive the Hamiltonian and show that an optimal
control must satisfy

u(t)=sgn[w'(t)+2w?(1)).

Solve (Xd\j.). Solve the state equations for u(f)=+1 and u(f)=-1, and plot
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the two responses, Q. and Q_ (in y-space), which pass through 0. Show that
these are switching curves for optimal responses when x, does not lie on

Q.uQ..

15. (Change of Variable When A Cannot Be Diagonalized.) Consider the time-
optimal control problem

p+a’p=u (a®>0 a given constant),

with |u(f)|=1, u(-) piecewise continuous. Let y=[p, p, 517, and write the
problem as a system, y = Ay +bu. If

1 0
Q=(0 1 -a7?|,
0 0

show that the change of variable z= Q'y gives a system z=Jz+ Q 'bu with
J in Jordan canonical form. If we define

a® 0 0
x=|0 a* 0]z
0 0 a2

then derive the problem for x[-]. Form the Hamiltonian and show that an
optimal control must satisfy

u(t)=—sgn[w'(t)—w?(t)—w?()].

Solve (Kd\j.) and argue that u(-) switches at most twice.
16. (The Rocket Car with a New Target.)

(a) Use the PMP (with the transversality conditions) to solve the problem of
bringing the rocket car to rest, i.e., 7(t) ={(x", 0)|]x' € R}.
(b) Same as (a) except I (¢) ={(x", 0)||x'|=d}, d given.

17. (Singular Control Problem.) We say that an optimal control (or the problem
from which it stems) is singular if maximizing the Hamiltonian does not
explicitly determine u(¢) as a single-valued function of x[¢] and w(¢). Consider
the optimal control problem

x=[s], p=q  4=-iqr+u,

n
Clue=[ t+luilds  TW=0,
0
with A, given, 0<A, <2, |u(t)| =1 and piecewise continuous. Form the Hamil-
tonian and the system (Adj.). Show that
w2 ()] < 1=>u(t) =0,

[w?(®)] > 1=>u(t) = sgn w?(t).
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18.

wi(t)=+12>0=<u(t)=+1,
wi(t)=—-1>-1=<u(t)<0.

Thus the problem is singular, since u(f) is not specified when |[w?()[=1.
Supposing that |w?(f)| =1 on some interval I, show that g[¢]=constant and
u(®) =[q]3/3onl.

(How to Handle a Problem with a Fixed Time Interval.) Consider the scalar
problem p = —u for 0=t=1, with p[0]=0, p[1]=0 both specified,

1
C[u(')]=j (u+1)d,
0
and u(f) € Q with u(-) piecewise continuous.

(a) Show that any control for which L; u(t) dt =0 is optimal. Attempt to apply
the PMP directly and derive w(t)=0.

(b) To use the PMP on the above problem, introduce the new state variable
q[ -] with

q=1, q(0)=0.
Then define

x= [s] with x[0]=0, x[1,]= [(1)]

Show that the new problem for x[-] is equivalent to the original problem
for p[-]. Use the PMP to synthesize the optimal control.



Appendix to Chapter V: A Proof of
the Pontryagin Maximum Principle

We consider the problem
x =f(x, u), x[0] = xo, u(*) measurable,

with x[t]e R", u(t)e ¥ =< R™ with ¥ an arbitrary bounded set. We assume
that f is continuous in (x, u) and continuously differentiable in x. Finally
we assume a fixed target 7 (¢) =x; and a cost function

Clu()]= j (xs], uls)) ds

with fo bounded below on R" X ¥, continuous in (x, u), and continuously
differentiable in x. Here ¢, is the (unspecified) time of arrival at the target.
We define a regular point of a control u(-) as a point ¢ at which

t
lim j [f(x[7], u(r)) — k([ ], u(r))1 d7 = 0.
h->0 h t—h

Under our assumptions, almost all points are regular.

The reader who prefers to avoid measure theory can assume piecewise
constant controls, and use non-jump points as regular points. In either
case, the set of non-regular points has measure zero, i.e., almost all points
are regular. .

Given a particular control-response pair (X[¢], u()) we can form f:[]=
[9f'/6x'] evaluated along (X[¢], u(?)), i=0,1,2,...,n;j=0,1,...,n We
can then form the associated linear and adjoint systems:

(]_/j;.) §= ‘fi[t]g,’
(Adj.) w=—{] W
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We can then define the Hamiltonian associated with any control-response
pair and adjoint solution W(-):

3, %, w) =, B, w) = 3 ()61, w(0),

and its maximal function

M (W, X) =sup H (W, X, v).

veW¥

Theorem. If (X,[- ], uy(+)) is an optimal pair for the control problem described
above, then there exists a solution W(-) of (.«(d?‘.) such that almost everywhere

HW(D), R[1], uy(8) = MW(P), R4[1]).

Furthermore, M (W(t), X,[t])=0 on [0, t;].
Remarks

(1) The extension to non-autonomous problems is relatively straightfor-
ward, if one introduces an additional state variable x"*'[ -], defined by
Xn+1=0, x,41[0]=0. This imbeds ¢ in the state vector, and the new
problem is autonomous. This approach requires (¢, x, u) to be con-
tinuously differentiable in ¢ in order to make the new system con-
tinuously differentiable in x"*'. One can prove the PMP under weaker
assumptions by a direct attack on the non-autonomous problem - see
Lee and Markus [1967], Chapter 5, or Berkovitz [1974], Chapter VI.

(2) The statement and proof of the PMP is more complicated when the
target J(¢) is a closed time-varying set. We will not deal with this case.

The interested reader can find the details in Lee and Markus or
Berkovitz (op cit.).

Proof

Our proof of the PMP will occupy most of the remainder of this appendix.
At the end of this appendix, we describe other approaches to the proof.
Our approach is essentially that of the original proof of Pontryagin et al.
[1964]; the presentation in Lee and Markus [1967] is based on this same
approach. We follow in part the presentation in a paper of Diliberto which
appears in Leitmann [1977], and the presentation in Lee and Markus.

The key idea is to perturb an optimal control u,(-) by changing its value
to any admissible vector v over any small time interval (Figure 1):

()= {n*(t), te [T,-—eci, T —¢ek r]’
v, te[ri—ec’, 1,—€k'], veW.

Here 7, is any instant in (¢, t,), and c', k' are any non-negative constants.
In Lemma 1 we show that if &.[ - ] is the response associated with u, (- ), then
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ui ?
i | |
°r | |
/\l\x__a’—:\_/
| |
| |
| |
t t —> t
T—&ci Ti—eki

Figure 1 The i" Components of u,(-) and u,(*)

Re[r]=%[r]+ec'T+o(e),
E=Hx,[7:], v) —Fxy[7.], ug(r)).
In Lemma 2 we show that this perturbation in the response at 7;

propagates to time ¢, under (fi;.). (The fact that &.[ -] exists on [0, ¢;] for
¢ small follows from standard results):

R [t]=%[t)+ec’Y (1, ) +0(e),
where Y (¢, ;) is tlle fundanlc\ntal matrix forA (fi;.) satisfying Y (7, 7;)=1
(thus 2[¢]= Y (¢, 7,)C solves (Lin.) with 2[7;]=10).
If we select a distinct set of times 7;: to<T1<Tp<:+:< 7p <t1, and

perturb u,(-) near each 7; by v; as described above, then for any ¢ > 7, the
resulting response can be written

g [1]=%,[)+e LY (, )i+ o(e),
where i,— =f(x*[-r,-], V,')—f(x*[ﬂ'], u,(7:)). Thus the effect at time ¢#; of all

possible such perturbations is, to first order in &, a cone (recall c'=0)
formed from the elementary state perturbation vectors

8= Y(t, )8, where & =f(xy[7], vi)) —Exy[7], ug(7).

This leads to the following definitions:
P A . A a A
O k@ ={ T c'ble'=0,& =Txlr], v -Texulr], ualr),
i=1
v; € ¥, p any natural number},

@ #w={E Y6l =0, e 0 n).biekm).
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H(ty)

u(tq)
k(fi)

>

’:‘0 / Klri)

x1
Figure 2

At a regular point ¢, the cone ¥/(¢) is only an approximation to the reachable
set at time ¢, but it is adequate for our purposes. If (u.(*), x,[ - ]) is optimal,
then ¥ (¢) is either of dimension less than n + 1 and/or it does not contain
any vertical downward vector d= ®n(1,0,..., 07, w <0, at x,[#;]. This is
the content of Lemma 3. This lemma is the most difficult part of the proof
of the PMP, in that it requires a variant of Brouwer Fixed Point Theorem.

As a consequence of Lemma 3, if t, is regular we can separate R"*"
into two halfspaces by means of a support hyperplane at the vertex of
J(t,). We choose a vector w; normal to this plane, pointing away from
the cone H(t1). Then W;:2=<0 for all Ze ¥ (¢;). We then define a solution
of (Adj.) by W(#;) = w;. Then, almost everywhere

Wl={Y (5 t)]"} Wi

(If ¢, is not regular, we replace it in the above argument by any regular
point from (0, #,).) Here as usual Y (¢, 7) is the matrix solution (as a function
of ¢) of (fiH.) satisfying Y (7, 7) =L (Ijgre we use the familiar fact that if
Yt 7)is a fundamental matrix for (Lin.), then [Y"T]" is a fundamental
matrix for (Adj.).)

Assuming the validity of the lemmas described above, we can complete
the proof of the first part of the PMP as follows. At any regular instant ¢,

HW(2), Re[£], V) — F(W(2), & [£], uy (1)) = (W), Rx,[£], v) — E(x,[£], 0, (£)))
=LYt )]} "Wy, D)
=(W;,2) a.e.,

where §=[f(x,[¢], v)—(x,[r], uu(1))]e k(t), and 2=[Y(t, t,)] e X (r).
Therefore, (W1,2)<0, i.e.,

F(W(L), Xy[1], v) = HO(W(2), R4 [1], uy(2)).
Since ve ¥ was arbitrary, this shows that

H(W(D), Xy[1], uy (1)) = M(F(2), x4[2]), ace.
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To see that # is in fact zero requires additional efforts, and these are
described in detail in Lemmas 4 and 5, and the subsequent discussion.
The reader should note that the PMP is valid for any extremal solution,

that is, any solution which lies on the boundary of the attainable set at
time #; in the extended state space.

Lemma 1. For positive constants k, ¢, and €, let u () be defined by

_[us(®), tela, o) ulo, 7],
u. ()= {v, teloy, 02),

whereor=1—¢e(c+k),oo=17—¢€k,ve V.
If x.[ -] is the corresponding response, then at all regular points
(1) R [t]=%e[o]+(— o )ix[7], ue(r)) +0(e), on[o, 7];
@) x[=% [0+~ oDix[rl V) +o(e), onon, 02];
3) &[r=&[o1]+eckx[7], V) + (1= o xil7), us(r) +0(e) on [0, 7];
@) Relo1]=%ylo1); |
(5) Rell-&[r)=2(t—0)M forte[oy, 7];
6) &[r]-Ril7]= ecll®Relr], V) T Ril7], we(r))]+0(e).

Remarks

(1) Equation (6) shows that the perturbation at time 7 is differentiable in
g, even though f_(x, u) is only continuous in &.

(2) Equation (1) holds for any response control pair; optimality does not
play a role here.

Proof. (4)Ais obvious.
Since |fj<K* on R" x ¥, for any response we have

|i[7'2]_i[71]| = J‘T2 il =K*(r2—11).

Therefore,

(i) |i*[t]—f‘*[0'1]‘5K*(t“0'1),
(ii) |is[t]_is[0'1]|-<—K*(t"0'1),
SO
|&.[£]— &) < X [1] - &[] + [Ri[or1 ] - Ro[1]| = 2K*(t — 1)

and (5) holds.
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To establish (1), we write

&, [1] =R, [o1]+ j f(x4[s], uy(s)) ds

=& [o1]+ j f(x,[7], uy(7)) ds

g1

+ j [yl T, () —Fxalr), us(s))] ds

o1

+ j [RxL7], wa(s)) ~ Exel7], wy())] s

o1

=&, [o1]+Ex4[7], ug (D))t —01) + F1 + £

Since f is continuously differentiable with respect to x, it is locally
Lipschitzian with respect to x, so

194 = L Klx,[s]—x,[] ds < L K

I f(x[r], uy(r)) dr| ds

SI KK*(r—s)ds <KK*(r—a1)*=0(¢).

At a regular point 7,

tim —— [ a0, wal) ~Eexal], ) ds =0,

o> T — 01 oy

which implies that $, = 0(1)(r — 1) = o(¢). This proves (1).
To establish (2) and (3), we write

8.0 = £.00,] + j bx,[s1, u(s)) ds

o1

=00+ [ Hslvds + j [, [, u.(5)

—Rx.[r], we(s))] ds + [ Ex.[], we (5)) — Exe [7], )] ds

foroist=r

The last two integrals on the right side are o(e) by arguments exactly
as above, so

% [11=&[o1]+ (t —oDix.[7], V) +0(e), o1st=T.

In particular,

(7) ﬁ5[02]=i5[01]+€c§(x5[1], V)+0(E).
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If we now begin with x.[¢]= xe[o-z]+[ f(xe[s], u.(s)) ds, and parallel the
derivation of (1) and (2), we get

is [t] = ie [0'2] + (t - UZ)E(XS[T]’ “(T)) + 0(5)’
and this combined with (7) gives (3).
Finally, we obtain (6) as follows. From (1) and (3) we have: (recall
i*["'l] = ie[‘h])
[ 7]=Re[o1]+ & (c + k)RL[7], uy(7)) +0(e)
&[] =% [0, + ec?(x,[t], V) + akf(xe[t], u, (7)) + o(e).
But from (5), we have X.[7]=%,[7]+0(¢), so we can replace &.[7] by &[]
on the right side of the last equation above to get
R.[7]=&e[o1]+ eckx,[7], v) + eki(x,[7], uy(7)) + 0 (e).
Subtracting this from the first equation above, we obtain (6). O
Lemma 2. Let u(-) be any fixed admissible control, with response X[ on
(70, t1]. Suppose that X.[ -] solves the same differential equation as %[ - ]:
x. =f(x., u(r), on[r, 1]
with & [r]1=#&[r]+el+o(e), L a fixed vector in R"**. Then
& [t]1=&[1]+eY (s, )i+ 0(e)
where Y (t, 7) is the fundamental matrix for (m.) which satisfies Y (1, 7)=1.

Proof. This is a well-known folk theorem. The lemma asserts that for any
§, the function X.[¢] is differentiable with respect to ¢ and at £ =0 this
derivative is

% [ Dleco= Y (1, 7).

To see this, we use the standard rf:sult (Coddington and Levinson [1955],
Chapter 2) that the solution §(¢; 7, {) of the initial-value problem

y=ig,u@), §(m=f r=i=n,
is differentiable with respect to its specified initial value §(7), and this

derivative is

A

oy
9§(7)

=Y(, 7).

Then, by the chain rule,

F|  _ oy a3

- =Y(t, 1)L O
2el.0 930 de loeo” Y BTE
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Lemma 3. If t is a regular point for the control-response pair (X[ -], u(-)), if
the associated perturbation cone X (t) is such that dim 9? (t)=n+1 and the
interior of X (t) contains a vertical downward vector d=u(1,0,..., 0)7,
w <0, then (X[-], u(+)) is not optimal.

Proof. In Part A we show that if (X[ - ], u(-)), (J[ - ], v(-)) are control-response
pairs and if for some instants 7, 7':

x[rl=yl7],  x[1>y°[7]

then (%], u(-)) cannot be optimal. In Part B we show that under our
assumptions such a §[ - ] exists.

Part A. Given the situation described above, with x[#;] = x;, we define

v(t), O<t=17;
u(t+7r—17"), T'<ts=ti+7' -7

u#(t)={

Clearly, the response &,[¢]= §[¢]for 0=<¢=7'. In particular, x.[7']=§[7']=
(0°@), x(@)). . .

We claim that X.[t]=%[t+7—7']+(c,0,...,0)" on [7,t;+7'—7],
where ¢’ =y%[#']—x°[7]<0. This means that &[] is successful at lower
cost:

o1+ —7rl=x(t:]=x1, x[H+7 —7]=x"[t:]+c"

Recall first of all that f does not depgnd on x°. Therefore the function
&[t+7—77+(c%0,...,0)7 solves k=f(x,u). At =7,

&' +7—71+(°%0,...,0" =(y°(), x()")".

This is exactly the value specified for X4[7'], and since solutions of initial-
value problems are unique,

R[t]=X[t+7—7'].

Part B. Let (X[ - ], u(-)) be a control-response pair. According to (6), the
control change that replaces u(t) by theA admissible constant vector v; on
[r:—e(c'+k'), 7. —ek'] changes &[] by & = ec'[R(x[7:], v;) — Fx[7:], u(r))],
(to first order in £). By Lemma 2, this change at 7; propagates to a later
time 7 as 2, = Y(z, 7;){,. If we make a finite set of such perturbations at
times 0 <7, <7,<:- <7, <7, then for sufficiently small g9 >0, the corres-
ponding response satisfies

P
L[r,c]=%[r]+e ¥ c'z:+o(e), 0<e<egg.
i=1

Now if dim %(r) =n +1 and de % (), then

ﬁ='2 a'i, a'>0,
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for some independent set of vectors 2; € % (7). Since d is in the interior of
% (7), all of the a'’s are positive. We want to show that there is an actual
response §[ -] such that §[t] = &[] + 4, for ¢ and u sufficiently small. This will
give the desired result. Now for every vector in the cone B ={¢§|§ in the

convex hull of 24, 2,, . .., Z,+1, 0 <& < g¢}, there is an associated attainable
state X.[7]:

T ¢t £,[c] — &[] = h()

where &, [-]is generated by the perturbations t; at time 7, with parameters

k' (arbitrary, but small) and ¢'. This defines a continuous map h of B into
Rn+1.

Figure 3 The Cone B

Notice that for § € B,
I§ —dl|=»>o.

Thus for ¢ sufficiently small and § € 6B,
Ih@) —§1 =R [7]-&[r]—¢ T c'2| = o(e) <|§ —d.

A standard variant of the Bropwer Fixed-lzoint Theorem (Lee and Marj(us
[1967], p. 251) implies that h(B) covers d. Thus there is a response y[-1
such that §[¢] — &[] = d. m|

Remark. The time t; may not be a regular point, but if #(¢,) is of dimension
(n+1) and contains d, then ¥ (r) will have the same property (using, say,
idin place of d) for 7 near #,. Since almost every point is regular, some
such 7 will be regular, and we can apply the lemma to conclude (X[ -], u(-))
is not optimal.

The proof that J(W(t), X.[t], uy(r)) =M (W(t), X,[t]), a.e. now follows
easily, as outlined earlier.
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To show that .4 =0, we need to enlarge our cone ¥ (¢;) to a new cone
F(t,) by using additional perturbations. We define (Figure 4)

H(t) = %(11)@§(X*[t1], u, (1)),
where A® B ={a+Bb||8| <Bo, 4 A, be B}.

T

AV
/ / // /////’/,/—
’/ ’L / 7@&\‘1\"}“‘»’
7[ - —fottyLutty)

Figure 4 #(t,) Is the Shaded Half-Space

Lemma 4. Assume that t, is regular. Then for B, sufficiently small, each §
in J(t,) represents an approximation to a reachable state at time t,, in the
sense that there is a response X.[t] such that

g [n]=%[t:1]+ey+o(e).

Proof. We need only show that vectors of the form B§=Bi(x,[t1], uy(t1))
for B sufficiently small are attainable in the sense described. We will use
formula (1) of Lemma 1. To get such a perturbation with g8 >0, we use
u,(t+e(c+k)), starting at to=—e(c + k) rather than ¢, =0. Because the
system is autonomous, this time-shift will bring us to the target'x; at time
ti—e(c+ k). We now leave u.(¢) constant at w,(#;) for t;, —e(c +k)st=<t,.
Then by (1) (applied to &.[-] rather than &,[-]),

& [n]=&[t—e(c+k)]+e(c+k)ix.[t:], u(tr) +o(e)
=&, +BE(xy, uy(t1)) + 0 ().

To get the final equality we used the continuity of fto replace x.[#;] by
x4[11].

To obtain the perturbation with opposite sign, we start late, with u.(t) =
u,(t—e(c +k)) starting at time #,= e(c + k). This control will steer to x;
at time t; +e(c + k). If in formula (1) we take t=7=t+e(c+k), o1=11,
then

&) =&[11+e(c + k)] =R [t:]+e(c + k7], u (7)) +0(e),

which we can rewrite as

e [t1]=%—e(c + k)X, uy(t1)) + 0 (). O
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Lemma §

M(W(2), X[1])=0.

Proof. If t, is a regular point, then Lemma 4 shows that the vector
B?(x* [t,], u,(z,)) is within o(e) of being in the reachable set. Lemma 3 carries
over verbatim with ¥ (¢;) replaced by %(¢,). Thus if (X[ - ], u,(+)) is optimal,
then either dim % £t1)<n +1 and/or J(t;) does not contain any vertical
downward vector d=u(1,0,..., 0)". Therefore there is a hyperplane at
the vertex of %(t;) which separates it from a half-space. As before, we
choose a vector Ww; such that (W;,2)<0 for all ze¥(s;). Since
Bi(x*[tl],Au*(tl))ef{ (t1) for B both positive and negative, we conclude
that (V‘\Vl, f(x*[tl], ll*(tl))) =0.

If ¢, is not a regular point, we can make the above argument at any
regular point in (0, #,). In this way, we obtain a single regular point at
which %= (W, H)=0. We already know, from the discussion following
the proof of Lemma 3, that at any regular point,

H(W(E), X[ 1], uy (1)) = M (W (1), Ry 1)),
W (8), R[], 03(1)) = (W(2), B [1], (1)) = M (P (1), Ry [1]) = 0.

To complete the proof we will show that m(f)=M(W(t), Xs[t]) is
absolutely continuous on [0, #,], and r(¢) =0, a.e. Since m(f)=0 at one
point we will be able to conclude m(¢)=0 on [0, #,].

To show that m(:) is AC, we need to show:

Given €>0, 36>0 such that for any finite set of intervals [t,t],
i=1,...,N,

Z

.;1 lt—1ti|<6 > .g:: |m(t)—m(t)|<e.
Because the inequalities are strict, we can use regular points ti. Then
m(t;)—m(t}) = HW (L), R[], u (1)) — FW(ED), Rl 11], 0 (11)
= H(W(8:), R[], 0 (1)) — HW(21), K111, uy(11)
= (W(t), ROxyle], wa () = (W(e0), BxaLti], (1))
= —K{W(t:) —W(eh)| + xale] - xiL o1},
since H (W, %, u) is continuously differentiable with respect to W, X. Similarly,
m(t) —m(t}) < HW(L), Re[t:], wg (1)) — F WD), X[ 1], 04 (1))
= H{W(e) = WD)+ Ixalt] —x 1]}

But W and W, are absolutely continuous, and the absolute continuity of
m(-) follows.
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Now m(t') = H(w(t'), x.[1'], ue(¢") = ¥(¢') when t' is regular, and m(t) =
9(¢) for any t. Let us compute dm/dt at a regular point t'

m(t)—m(t) _ x(t)— ()

= fort—1t'>0,

t—t' t—t
8
® m()—m(t) _HO-H) . a0

-t t=t '
We write
©) %’(tz:i%’(t') —Z 1) +9’f(V‘V(t’), X,[t'], u*(t)z:if’(v‘V(t’), X, [1'], uy(2)
where

(t=1)Z(t, t") = [ W(2), Ry[£], uy (1)) — H(F(2'), X[ 1], 0y (£))]
+[HW(t"), Re[], ug (1)) — H(W (), Ry [1'], 0y (2))].

From (9) and the fact that v = u,(¢') maximizes X(W(t"), X,[¢'], v), we see that

———%(tz:;’,((t)zZ(t,t') ift—1'<o0,
(10) "
&’Et,(—”szm') if t—¢'>0.

A straightforward application of the chain rule shows that (recall that
W, H=wTit=f"W)

oKX
lim Z(t, t') = <—., v‘v) + (ﬁ ﬁ)
t->t' ow X

=&, —[H] W)+ ([i"w, b =0.

Therefore, letting ¢t > ¢’ from the left and right, respectively, we see from
(8) and (10) that

dm dm
—=0, —=0,
dt dt
respectively, for ¢t = t'. Thus dm/dt = 0 at any regular point. d

In conclusion, we very briefly describe alternate methods of proof for
the PMP. One can interpret the control problem as an abstract minimization
problem, C[u(-)]= [ f°(x[s], u(s)) ds, on a function space, with constraints.
Among the constraints are x=f(x, u), and x[#;]=x;. One then obtains an
abstract Lagrange multiplier problem; the Lagrange multiplier is exactly
the costate W[-]. This approach is used in Neustadt [1976], for example.
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There is a very nice treatment in Craven [1978]. The advantage of this
approach is that it extends quite readily to problems involving integro-
differential equations, equations with delay, and so on. Its disadvantage is
that it is based on a considerable amount of sophisticated mathematics,
and there are subtleties which can lead the beginner into mistakes.

Another approach is that of convex analysis. This type of analysis tends
to get very powerful results under minimal assumptions. This approach has
led to one of the most general formulations of the PMP, with very weak
hypotheses — cf. F. Clarke [1976]. Convex analysis also tends to cover a
broad range of problems in optimization.
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Control theory is an area of application of concepts from linear algebra,
convexity, classical analysis, functional analysis, and differential equations.
We present a selection of relevant information from each of these areas.
We do not try to ‘“‘survey the field,” but instead concentrate on a direct,
intuitive presentation of those facts which may not be familiar to all readers.
In certain places we assume a familiarity with Lebesgue measure and the
concept of a normed linear space.

1. Linear Algebra (References: Finkbeiner [1978], Gantmacher
[1964].)

Let R denote the real numbers, let C denote the complex numbers, and
let R", C" denote the corresponding spaces of n-tuples.

If A =[a;]is an n X n matrix with entries from C, then a column vector
xeC", x#0, is called an eigenvector of A if there exists a A € C such that
Ax=Ax. The number A is called an eigenvalue. Even if the entries of A
are real, some or all of its eigenvalues and eigenvectors may be complex.
For a given eigenvalue A, the associated eigenvectors form a vector space,
called the eigenspace. The eigenvalues of A coincide with the roots of the
characteristic equation Po(A)=det (A —A)=0, where “det” stands for
determinant, and I stands for the n X n identity matrix. The characteristic
polynomial #4(A) has degree n, and we can factor 4(A) over C,

Pa)=A=A)" A =A2)"2- - (A =Ap)™.

The (complex) numbers Ay, ..., A,(1=p=n) are the distinct eigenvalues
of A, and the (natural) number v; is the algebraic multiplicity of A;. The
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dimension d; of the eigenspace of A; is called the geometric multiplicity of
Aj; and d;=v; An nXn matrix A always satisfies its own characteristic
equation, i.e., if we replace A in 24(A) by the matrix A, the result is the
zero matrix, P4(A)=0. We write 0 for the real or complex number zero,
0 for a null vector, and 0,,,, for a matrix with all entries zero. When the
context makes the meaning clear, we will write O for 0,,,,.

Given an n Xn matrix A whose distinct (complex) eigenvalues are

{A1, A2, ..., Ap}, there exists a nonsingular matrix P such that P'APisin
Jordan canonical form, i.e., P 'AP = % where # is block diagonal, i.e.,
J1 0
(*) F=| I »  pP=k=n;
0 T
each matrix J; is square and has the form
A 10
Ji= )«;: 1 for some eigenvalue A; of A.
0 A
The matrices J,, [=1,2,...,k, can vary in size from 1x1 to n Xn, the

same eigenvalue may appear in several J;’s, and each eigenvalue appears
in at least one J,.

If A is an n X n matrix over R, that is, all entries a;; € R, it might be the
case that some entries in the matrix P and/or some eigenvalues of A are
complex. We have no control over the eigenvalues of a given matrix A,
but if we wish to avoid using complex entries in P, we can use the real
canonical form of A:

There exists a real nonsingular matrix P such that § = P AP is block
diagonal, exactly as in (%) above, except the form of J, is different. If the
corresponding eigenvalue is real, then

Ak 0
]l= 1‘ Ak‘
0 "1 A
If the corresponding A, = ay +iBi (ax, Bk 1eal, i =+ —1) is complex, then
Ry
10 a. —B
.n .0 k
0 " E, "R, .

If A =[a;]is any (m X n) matrix, then AT = [a;]is Tits n ><1m 2transpose.
If x, yarecolumnvectorsinR",xT =& x3 . x"),y =Ly Yy,
then

wy=x"y=T &y, M=% Wl [l=0"
j=1 i=

We say x is orthogonal (perpendicular) to y (x Ly) if (x,y)=0.
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If #={x1,X2,...,X,}is aset of vectors in R", then & is linearly indepen-
dent over R if only the trivial linear combination can be zero:

Y ax;=0, a;eR forj=1,....r>a1=ar=-+-=a,=0.
j=1

If there is a nontrivial linear combination which yields the vector 0, then
the set & is dependent. If a set & is dependent, then there is a nontrivial
vectoryl %, ie., (y,x;)=0forj=1,2,...,r. & is a maximal independent
set in R" if and only if it is a basis for R" - every vector ye R" can be
written in a unique way (y=Y;_, axX.) as a linear combination of the
vector in &. Every basis for R" contains exactly n vectors.

For any set & of vectors in R" and any fixed vectors xo€ R", we define
the translate of & by x:

X0+y={X0+y,y€y}.

If xeR", yeR", then the Cauchy-Bunyakovskii-Schwarz inequality
states

Kx, y)=Ix] Iyl

where |a| denotes the absolute value of the real number «. The matrix
norm of any matrix A is

Al= .

There will only be a few instances where we will need to work with n-tuples
of complex numbers, thatis x=(x',..., x")T € C". The only changes in the
above are: (1) to define (x, y)ExTy*E-Z;;l x'(y")*, where ( )* denotes
complex conjugation; (2) to define |a + iB| as the modulus (a®+ B3Y?; and
(3) to allow the a;’s to be complex in the definition of independence.

If B is an (m X n) matrix, then its rank, rank B, is the number of vectors
in any maximal set of linearly independent row vectors of B; rank B is
also the maximal number of linearly independent column vectors in B. If
rank B = r then there is a number & >0 (depending on B) such that

|A-B|<€e > rank A=r.

Finally, rank B =r implies that at least one (rxr) submatrix C, satisfies
det C, # 0, where the (r X r) matrices C. are formed by choosing any r rows

i1,i2,...,I, and any r columns, ji,..,j, of B and forming C, from the
entriesb,-,d-,,k=1,...,r,l=l,...,r.

2. Topology, Convexity, Hyperplanes (References: Eggleston
[1958], Valentine [1964].)

Given xe R" and 6>0, we define the ball of radius & centered at x
by B(x; 8)={ylye R", |ly~x||<8}. If = R" is a subset of R", then the
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n-dimensional interior of & is defined
Int ¥ ={xe ¥, 36 >0 such that B(x; §) = ¥} (6 may depend on x).

& is symmetric means xe ¥ < —xe ¥. & is open if every point of & is in
Int &.

If ¢ is a set in R", % will denote its complement. % is closed means
H° is open.
If ¥ < R" is a set, the boundary of % is defined by

0% ={x|x & Int ¥, x & Int X°},

and the closure of % is cl% = ¥ U o%.

A set X = R" is convex if the entire line segment between any two points
of ¥ is contained in %, i.e.,

x,y in ¥>{ax+(1-a)yl0<a<l}c¥.
X is strictly convex if
X,y in ¥>{ax+(1-a)yl0<a<l}cIntK.

Intuitively, the line segment between any two points of ¥ lies in the interior
of & (except perhaps for its endpoints).

Convex, but Convex, but Strictly convex
not strictly not strictly (no line segments on
the boundary)

Given a finite set of points {x, . . . , X,} = R", any point of the form Zf;l a;xj,
withe; =0forj=1,2,...,pand Z,';l a; =1, is called a convex combination
of the points xy, ..., X,. Given a (finite or infinite) set of points ¥ <R",
the convex hull of %, co ¥, is the smallest convex set containing J. It is
the intersection of all convex sets that contain %, and is also equal to the
set of all convex combinations of finite numbers of points in ¥.

S A % @

K coX

The convex hull of a finite set of points is called a convex polytope (e.g.,
co i above).
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A subspace of R" is any set of vectors closed under addition and
multiplication by scalars. Every subspace is the solution set of a
homogeneous system of equations, Ax=0. In R? a subspace is either a
plane or a line through the origin. A translate of a subspace & is ¥ +cfor
some ce R", i.e., {xjx=y+¢, ye ¥}. For example, the set {x|2x1 -x*>=10}
is the translate by ¢ = (4, — 2)" of the subspace & = {x|2x ! _x?=0}. (Sketch
it!)

An (n —1)-dimensional hyperplane P in R" is the solution set of a single
linear equation

P={x|xeR", (a,x)=a}

where a is a given vector in R", and «a is a given real number. It is an
affine space, i.e., a translate of the subspace {x|(a, x) = 0}. This affine space
is indeed a subspace of dimension n — 1, and its normal is parallel to a.

An (n —1)-dimensional hyperplane P defines two sets which are called
half-spaces (they are not, unfortunately, subspaces),

{xjxe R",(a,x)—a <0}, {x|xe R", (a, x)—a =0}

and P is said to separate these sets. Given any two sets & and ¥ in R",
P separates them if & lies in one half-space determined by P, and &
lies in the other. Two bounded closed disjoint convex sets in R" can be
separated by some hyperplane.

For a set &, the carrier plane of ¥ is the affine space of lowest dimension
which contains &. For example, the segment ¥ ={(2, y)|—1=y=1} has
the affine space 2 + ¥ as a carrier, where ¥ ={(0, y)|y € R}. When discussing
%, Int &; etc., we are always referring to the relative topology in the carrier
plane of &. For the above example, ¥ =(2, —1),(2,1), and Int ¥=
{(2, y)|—-1<y<1}. If we were to use the topology of R? in which & lies,
then the boundary of ¥ would be & itself, and & would have no interior.
Intuitively, we work in the natural dimension of a given set rather than in
the dimension of the space in which the set is given.

Let ¥ <R" be convex and closed. An (n —1)-dimensional hyperplane
P supports J at pe 9K N P if X lies entirely in one half space defined by P.

P

P supports ¥ at p P and P' both support £ at p
P' does not support ¥ at p P' supports £ at q

Through each p on the boundary of a closed convex set there passes at
least one supporting (n —1)-dimensional hyperplane.
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A point p is an extreme point of a convex set ¥ = R" if p does not lie on
the line segment between any x, y in % with both x# p, y # p. Such a point
necessarily lies on 99. A convex set ¢ is the convex hull of its extreme
points. Every supporting (n —1)-dimensional hyperplane of a compact
convex set must contain at least one extreme point.

z

Ix

y

Extreme points are All boundary points All boundary
labelled x, y, z except the (open) top points are
line are extreme extreme

If % is closed and strictly convex then each supporting (n—1)-
dimensional hyperplane meets J in exactly one point. A closed strictly
convex set containing more than one point must have a nonempty interior,
and every boundary point is extreme.

If % is convex and compact (closed and bounded) in R", and y ¢ %, then
y and  can be strictly separated by a hyperplane P = {z/(z, a) = a}: (a, X) =«
for all xe ¥, and (a,y)>a.

Finally we need to establish one special, but simple, result for convex
sets. Let i be convex and pe€d. Then there is an (n —1)-dimensional
supporting hyperplane P = {x|(a, x) = a} at p. In particular (a, p) = a. Since
X lies on one side of P we have either (a, @) < a for q€ %, or the opposite
inequality throughout . By using b= —a in the latter case and b=a in
the first case, we can assert:

For each p€ 3% there is a vector be R" (depending on p) such that

(b, p)=sup (b, q).
qe¥H

Metric and Normed Spaces, the Hausdorff Metric, Weak Compactness
(References: Yosida [1966], Goffman and Pedrick [1965], Royden
[1963].) A metric space is any collection of objects X ={A, B, C, .. .} with
a (distance) function p : X X X - R which has the following properties: For
all A, B, C in X,

(@) p(A,B)=0,and p(A,B)=0& A=B.
(ii) p(A, B)=p(B, A).
(iii) p(A, B)=p(A, C)+p(C, B).

R" is a metric space with either pl(zx, y) = |x—y] or p2(x, y) =|lx—yll, where
. T P1
as always, |z| =X |2'], |z[P =27 2"
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Let X be the collection of all closed subsets of R " For xeR", AeX,
B € X, we define

d(x, A)=inf{|x—yllye AL,  N(A;e)={xlxeR", d(x,A)<e}.
Then we can define the extended Hausdorff metric on X:

h(A,B)=inf{e|AcN(B;e), BcN(A;¢)}

AcN(B,e)but BEN(A,¢)

For any two closed sets A, B in R", h(A, B) is either a non-negative real
number or +. For example if A is a single point in R? and B is the
closed half space {(x", x?)|x" =<0}, then h(A, B) = +0. This extended metric
will satisfy the distance axioms above if we adopt the usual convention
00+00=00. If we choose X to be the closed and bounded subsets of R",
then h(A, B) will be a metric. If we were to allow the target set J(¢) in
control theory to be unbounded, then we would need the extended metric.
One simple fact which we will need later for closed sets A, B in R" is:

AcB > h(A, B)=supd(x, A)=sup inf [x—y]|.
xeB

xeB ye A

A set S in a metric space is sequentially compact, if any sequence from
S contains a subsequence which converges to a limit in S.

We will make considerable use of the normed linear spaces of R"-valued
functions, L?[0, t;] and L'[0, t,]. For measurable functions f(-):[0, {]> R",
we define the norms as, respectively,

ty 1/2 ty
Ok={[ P ar} L = [ ol

where |If(7)|| = [ (n)E(r)]"/2.
If S <[0, t,], then |S| will denote the Lebesgue measure of S, and ys(¢)
is its characteristic function i.e., ys(¢) is +1 on S, 0 elsewhere.
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If X is a normed linear space (NLS), with norm |- ||, then for xe X and

8 >0 we define the ball B(x; 8§) ={y||x—yl]|<8}. If Z = X, then the closure
of Z is

Z={xe X|V6>0,3zc Z, 2z B(x, 5)}.

If Z=X then Z is dense in X. We will use the fact that Upd0, 1,] is
L'-dense in %,,[0, t,]. This means that given any u(*) € %,,[0, t;] and any
6 >0, there is a us(+) € Up[0, t1] (i.e., a piecewise constant function) such
that us(-) € Z(u(-); 8). In other words,

L‘ lus(r)—u(r) dr <.

In fact Upc[0, ;] is “dense in measure’ in L'[0, #,], that is, us(+) is “point-
wise close to u(-) most of the time”: For any §,>0, §,>0,

35<[0, ], with|S|<8;,such that|jus(¢)—u(t)]| <8, on S°.

For a full discussion of this, see Royden [1963].

We will need a few facts about weak convergence and weak compactness.
In L?[0,1,], a sequence {vi(-) (k=1,2,...) converges weakly to v(-),
vi(+)>v(-); if

’1 tl
Vg(-)e L0, t,], lim j g’ (r)vi(r)dr =I g" (r)v(r) dr.
=00 J(Q (1]

A subset Z<L*0,t,] is sequentially weakly compact if any sequence
{z,} = Z has a weakly convergent subsequence with limit in Z. If X, Y are
normed linear spaces, and F(:):X->Y is such that x, 3xo>
limg o F(x,) = F(xo) then F(-) maps weakly sequentially compact sets
into sequentially compact sets. This is an analogue of the standard result
that a continuous function maps compact sets into compact sets.

In LZ[O, t], any closed bounded set (in particular, every closed ball
cl B((-);8)) is weakly sequentially compact.

Absolute Continuity; Jacobians; the “0”’-Symbol. A function f:R '5>R!
is absolutely continuous (AC) on an interval I if for each £ >0 there exists a
8 >0 such that

Z

T (8-a) <53 I If(B)—flal<e,

i=1

whenever (a1, 81), . .., (an, Bn) are dls]omt subintervals of I If f(¢) is AC,
then f(t) exists, a.e., and fe)= f(a)+ja f(s) ds whenever [a, t] is in the
domain of f. The extension to vector functions f(-): R'-> R" is immediate,
using components.

The set of contmuous functions possessing all partlal derivatives up to
and including the k™ on a set D = R will be denoted C*(D; E), where E



Mathematical Appendix 155

is the range space (usually R"). By a k'™ partial derivative of a function
f(x) from R” to R™ we mean one of:

kpi
f p ,
, Y ki=k; ji=1,...,n
aFixtafax? . - - gfex? s=1

The Jacobian matrix at X, of a function f(x) in C!'(R? R9) is the
(g x p)-matrix f,(x,) = [of Y0x ]| z=x,- f P =1¢ and det f,(x) # 0 on an open
set & < RP, then f(*) is an open map, i.e., for any open X < <,

f(%)={f(x)|xe ¥} isopen.

If f(z) is a real or complex valued function of the vector variable z, then
the statement “f(z) = o(|z]) as z—»> 0’ means
lim f_(zl =0.
20 2]

4/

For example, for x real, f(x)=x*?is o(x]), g(x) = x'/? is not.

3. Theory of Ordinary Differential Equations (References:
Coddington and Levinson [1955], Hartman [1964].)

General Existence and Continuity Theorems (Coddington and Levinson
[1955], Chapters 1 and 2.) The differential equation x=1f(¢, x), x(t)e R",
f(¢, x) e R", with specified initial condition x(¢o) = X0, will have a solution in
some neighborhood of ¢, if either

(a) f(¢, x) is continuous in its (n + 1) variables or

(b) £(¢, ¢) is a measurable function of ¢ for any constant ¢ in a neighborhood
of xo, f(¢1, X) is a continuous function of x for each ¢ in a neighborhood
of to, and (¢, x)| < m(¢) near (o, Xo), where m(¢) is integrable.

Of course, condition (a) is contained in (b), but (a) is easier for the novice
to grasp. The conditions in (b) are called the Caratheodory conditions. In
case (b), a solution is an absolutely continuous function which satisfies the
differential equation almost everywhere.

In either case, the solution will be unique if f(¢, x) satisfies a Lipschitz
condition in x:

l£(2, x1) — (2, x2)| = K |x1 — x5

for some constant K, all ¢ near t,, and all x;, X, near xo. For more general
uniqueness results see Hartman [1964], Chapters II and III.

The equation % = x2 with x(0) = 1, has the solution x(f)=1/(1 —1),
which only exists on (—o0, 1). This shows that even for simple equations,
extendability can be a problem.
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If the solution of the initial value problem (IVP) x =£(¢, X), X(¢o) = Xo is
unique and exists in [a, b], in either case (a) or case (b), then the solution
of the “nearby” IVP y =1{(¢, y), y(#1) = x, will exist on [a, b] for (#,, x1) close
to (Zo, Xo) (it may not be unique). In addition, the solution y(¢; ¢, X,) depends
continuously on (¢, X1): as (¢1, X1) = (o, Xo), Y(¢; t1, X1) = X(¢; to, Xo) uniformly
on [a, b]. Furthermore, if f(¢, x) contains any parameters on which it depends
continuously, then the solutions will depend continuously on these param-

eters. In fact, even the interval of existence of a solution will depend
continuously on these parameters.

Linear Equations. If A(t) is an n Xn matrix and b(f)e R", for ¢ on an

interval I < R, then any vector ordinary differential equation (o.d.e.) of
the form

(L) x(t)=A()x(t)+b(d), teIcR,

is a linear o.d.e. If each entry in A(¢), b(¢) is an integrable function on I,
then the solution of the initial value problem (L), x(f0) =X, (given €I,
Xo€ R") is unique and exists on all of I. By a solution of (L) we mean an
absolutely continuous function x(¢) that satisfies (L) almost everywhere. If
A(?), b(¢) are in fact continuous on I, then a solution will be differentiable
throughout I and will satisfy (L) everywhere. We will assume throughout
this section that A(¢), b(¢) are continuous, to avoid repeating the phrase
“almost everywhere.” Associated with the nonhomogeneous system (L) is
the homogeneous system

(H) x(1) = A()x(1).

Let x,(¢), x2(2), . . ., X,(¢) be solutions of (H) on I. These functions yield
linearly independent vectors at one # €I if and only if they give linearly
independent vectors at every t €I (fo is arbitrary). In this case, the set of
solutions is called a fundamental solution set for (H), and the # X n nonsin-
gular matrix function

X)) =[x1(), x2(0), ..., xa(8)], tel

is called a fundamental matrix. If X (), Y (¢) are two fundamental matrices
for a given equation (H), then there exists a nonsingular n Xn constant
matrix C such that X (¢) = Y (¢)C. Given a fundamental matrix X (¢) of (H),
the entire solution set of (H) is {X (f)cjce R"}.

The unique solution of the nonhomogeneous initial value problem (L),
x(fo) = Xo, is given by the variation of parameters formula:

x(£) = X ()X (to)x0+ X (1) j X1 (s)b(s) ds,

where X (¢) is any fundamental matrix for (H) (we integrate matrices and
vectors component-wise).
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Constant Coefficients. If A(t)= A is a constant matrix, then one fundamental
matrix for the constant coefficient homogeneous equation

(CCH) x=Ax

is the matrix exponential X (f) =e™' =Y _, (A“t*/k!). Each entry of e’ is
a linear combination of terms of the form * ¢**, where {A1,..., A} are the
distinct eigenvalues of A, and for each j, k=0,1,2,..., m; with m; =0.
In particular, an application of the theory described above shows that the
general solution of the constant coefficient scalar equation, ZL‘O aD*y(t) =
0 (D=d/dt), is a linear combination of terms of the form ¢ ¢*’, where A
satisfies ¥ _o @A “ =0 and j is a non-negative integer.
The nonhomogeneous constant-coefficient initial-value problem

(CCNH) x(t)=Ax(t)+b(2), x(fo) =Xo

has the unique solution

t
x(1) = ey + eA'J- e **b(s) ds.
1

0

Stability (References: Cesari [1963]; LaSalle and Lefschetz [1961], Hahn
[1967]). Consider the initial value problem

X(t) = f(t’ x(t)), x(to) = Xo, fe C([t01 CD) XR n)'

If x[t]=x(t; to, X0) is a solution of this problem, then x[¢] is said to be
Liapunov stable (to the right) if

(1) x[t] extends to [¢t,, ),

(2) there is a 8;> 0 such that all solutions x(¢; o, Xo) = k[] with X —%o| < &
extend to [¢g; 00);

(3) for any £ >0 there is a § >0 such that xolxo—&o| < 5(¢) > x[¢]—%[¢]] <
g, 0=t=+00.

Briefly, x[ - ] Liapunov stable means that solutions which start close to x[to]
stay close to x[ - ]. If in addition to (3) we require

(4) there is a § >0 such that for all Xo,
[xo —Xo| < & = lim |x[#]—X[¢]| =0,
t—>00

then x[t] is asymptotically stable. This solution is globally asymptotically
stable if it is stable and all solutions tend to it, i.e., we can choose 8§ = +00
in (4). Any solution satisfying (4) is called an attractor. An attractor need
not be stable, a stable solution need not be an attractor.
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One useful result for simple stability conclusions is Gronwall’s
Inequality .

If f(¢), g(¢), h(¢) are continuous on [a, b], with h(t) =0, and if
xO=fO+8(0) [ h©)x(s)ds,  ast=b

then

XO=[(0+5(0) | () L7 g

Autonomous Equations. A system is called autonomous if there is no explicit
appearance of ¢ in it:

(A) x = f(x).

Notice that if x(¢) solves (A), then so does x(f + a) for any a € R. Suppose
x(1) solves (A) on [to, #;] and traces out the path sketched below.

x(t) =y(t, +1,)

y(0) =x(ty) /~/
/\\-/ > X

Then y(¢) = x(¢ — t,) also solves (A), and traces out the same path as ¢ varies
from 0O to t;+1to, 0=t =<t + 1. Thus with an autonomous equation there is
no loss of generality in setting 7, =0.

A vector ¢ such that f(c) =0 is called an equilibrium point (rest point,
critical point) of (A), since x(¢) =c is then a solution. One can then discuss
the stability of this equilibrium.

Because the general solution of the linear autonomous system (LA)
x=Ax, with A a constant matrix, is completely known in terms of the
eigenvalues of A, the stability of the trivial solution x(f)=0 of (LA) can
be described in terms of these eigenvalues (below, Re z means ‘“‘the real
part of the complex number z”°):

The zero solution of (LA) is stable if and only if: Re A;<0 for each
eigenvalue of A, and when Re A, =0, then A, only occurs in 1X1 blocks
in the Jordan form of A. This last is equivalent to saying that if A, has
multiplicity m, in the characteristic equation of A, then corresponding to A,
there are my linearly independent eigenvectors.

The zero solution of (LA) is asymptotically stable if and only if Re A; <0
for each eigenvalue of A (and this solution is therefore globally
asymptotically stable).
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An analysis of the stability of a critical point ¢ for a system x = x = f(x)
with fe C*(D; R"), with ce D and D open, can be carried out to a certain
extent by using Taylor’s expansion about ¢ (remember f(c) =0). One then
gets the linearized system

x(2) =[af/3x" ] x=ex(t) + (2, X),

where €(-, -) is the remainder. Under reasonable conditions, the stability
of the linear system (e(f,x)=0) determines the stability of the original
system.
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