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Preface

This book covers two main areas of mathematical finance. One is
portfolio risk management, culminating in the Capital Asset Pricing
Model and the other is asset pricing theory, culminating in the Black—
Scholes option pricing formula. Our discussion of portfolio risk
management takes but a single chapter. The rest of the book is devoted to
the study of asset pricing models, which is currently a subject of great
interest and much research.

The intended audience of the book is upper division undergraduate or
beginning graduate students in mathematics, finance or economics.
Accordingly, no measure theory is used in this book.

I realize that the book may be read by people with rather diverse
backgrounds. On the one hand, students of mathematics may be well
prepared in the ways of mathematical thinking but not so well prepared
when it comes to matters related to finance (portfolios, stock options,
forward contacts and so on). On the other hand, students of finance and
economics may be well versed in financial topics but not as
mathematically minded as students of mathematics.

Since the subject of this book is the mathematics of finance, I have not
watered down the mathematics in any way (appropriate to the level of the
book, of course). That is, I have endeavored to be mathematically
rigorous at the appropriate level. On the other hand, the reader is not
assumed to have any background in finance, so I have included the
necessary background in this area (stock options and forward contracts).

I have also made an effort to make the book as mathematically self-
contained as possible. Aside from a certain comfort level with
mathematical thinking, a freshman/sophomore course in linear algebra is
more than enough. In particular, the reader should be comfortable with
matrix algebra, the notion of a vector space and the kernel and range of a
linear transformation. The method of Lagrange multipliers is used in a
couple of proofs related to risk management, but these proofs can be
skimmed or omitted if desired.

Of course, probability theory is ever present in the area of mathematical
finance. In this respect, the book is self-contained. Several chapters on
probability theory are placed at appropriate places throughout the book.
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The idea is to provide the necessary theory on a “need-to-know” basis. In
this way, readers who choose not to cover the continuous pricing theory,
for example, need not deal with matters related to continuous probability.

The book is organized as follows. The first chapter is devoted to the
elements of discrete probability. The discussion includes such topics as
random variables, independence, expectation, covariance and best linear
predictors. If readers have had a course in elementary probability theory
then this chapter will serve mostly as a review.

Chapter 2 is devoted to the subject of portfolio theory and risk
management. The main goal is to describe the famous Capital Asset
Pricing Model (CAPM). The chapter stands independent of the
remainder of the book and can be omitted if desired.

The remainder of the book is devoted to asset pricing models. Chapter 3
gives the necessary background on stock options. In Chapter 4, we
briefly illustrate the technique of asset pricing through the assumption of
no arbitrage by pricing plain-vanilla forward contracts and discussing
some simple issues related to option pricing, such as the put-call option
parity formula, which relates the price of a put and a call on the same
underlying asset with the same strike price and expiration time.

Chapter 5 continues the discussion of discrete probability, covering
conditional probability along with more advanced topics such as
partitions of the sample space and knowledge of random variables,
conditional expectation (with respect to a partition of the sample space)
stochastic processes and martingales. This material is covered at the
discrete level and always with a mind to the fact that it is probably being
seen by the student for the first time.

With the background on probability from Chapter 5, the reader is ready
to tackle discrete-time models in Chapter 6. Chapter 7 describes the
Cox—Ross—Rubinstein model. The chapter is short, but introduces the
important topics of drift, volatility and random walks.

Chapter 8 introduces the very basics of continuous probability. We need
the notions of convergence in distribution and the Central Limit Theorem
so that we can take the limit of the Cox—Ross—Rubinstein model as the
length of the time periods goes to 0. We perform this limiting process in
Chapter 9 to get the famous Black—Scholes Option Pricing Formula.
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In Chapter 10 we discuss optimal stopping times and American options.
This chapter is perhaps a bit more mathematically challenging than the
previous chapters.

There are two appendices in the book, both of which are optional. In
Appendix A, we discuss the problem of pricing nonattainable alternatives
in a discrete model. The material may be read anytime after reading
Chapter 6. Appendix B covers background information on convexity that
is used in Chapter 6.

A Word on Definitions

Unlike many areas of mathematics, the subject of this book, namely, the
mathematics of finance, does not have an extensive literature at the
undergraduate level. Put more simply, there are very few undergraduate
textbooks on the mathematics of finance.

Accordingly, there has not been a lot of precedent in setting down the
basic theory at the undergraduate level, where pedagogy and use of
intuition are (or should be) at a premium. One area in which this seems to
manifest itself is the lack of terminology to cover certain situations.

Accordingly, on rare occasions I have felt it necessary to invent new
terminology to cover a specific concept. Let me assure the reader that I
have not done this lightly. It is not my desire to invent terminology for
any other reason than as an aid to pedagogy.

In any case, the reader will encounter a few definitions that I have
labeled as nonstandard. This label is intended to convey the fact that the
definition is not likely to be found in other books nor can it be used
without qualification in discussions of the subject matter outside the
purview of this book.

Thanks Be to...

Finally, I would like to thank my students Lemee Nakamura, Tristan
Egualada and Christopher Lin for their patience during my preliminary
lectures and for their helpful comments about the manuscript. Any errors
in the book, which are hopefully minimal, are my reponsibility, of
course. The reader is welcome to visit my web site at
www.romanpress.com to learn more about my books or to leave a
comment or suggestion.

Irvine, California, USA Steven Roman
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Introduction

Portfolio Risk Management

Risk is an inevitable side effect of the effort to make more money than
the next guy. To be sure, money makes money and this process can be
carried out without any significant measure of risk: All an investor needs
to do is buy United States Treasury bonds, generally considered to be
riskfree investments. The price paid for such an investment is generally a
boring rate of return.

The real problem is that if everyone makes the same rate of return, then
this return serves only to maintain the status quo. Put another way, if you
want to buy a Rolls Royce or a yacht or even a Rolex watch, then you
need to make more money than the next guy, and this requires taking
risk.

The first problem is to decide how to quantify the level of risk of an
asset. This turns out to be simple. However, like the rest of life, simple
answers often turn out to be incomplete. In particular, not only is it
important to measure an asset's risk, but it is essential to measure the risk
that results from the asset's interaction with the other assets in a
portfolio. After all, in the end it is the performance of an investor's entire
portfolio that separates one investor from another.

Of course, the future return of an asset is generally unknown in the
present. In probabilistic terms, an asset's return is a random variable. So
too is the return on an entire portfolio of assets. However, it is not hard to
see that by combining assets in a careful manner, it is possible to
engineer the overall risk of the portfolio, possibly even to a point that is
below the level of risk of each individual asset. This nsk-lowenng
process of asset selection is called diversification.

Speaking more mathematically, it is generally accepted that a good
measure of an asset's risk is the variance (or standard deviation) of the
return. As the reader probably knows, the variance (or standard
deviation) is a measure of the spread of possible values of a random
variable. The greater the variance, the greater is the probability that the
risk will deviate significantly from the average. By the same token, the
covariance of an asset's return with respect to the returns of the other
assets in the portfolio provides a good measure of risk-interaction.

S. Roman, Introduction to the Mathematics of Finance

© Steven Roman 2004
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Thus, in portfolio management theory, one examines the expected value
of an asset's return as well as its variance and covariance with other
assets. Only through these statistics can one determine whether adding a
particular asset to a portfolio is justified based on a risk-return analysis.
As we will see, a remarkably simple procedure is provided by the Capital
Asset Pricing Model (or CAPM).

The CAPM leads to the notion of a market portfolio, which is a portfolio
of risky assets that has perfect diversification. In theory, such a portfolio
must contain a positive amount of every available asset in the universe.
This is because all investors will want to invest exclusively in this
portfolio (along with the riskfree asset) and so any asset that is not in the
market portfolio will wither from neglect and die.

From a practical standpoint, the market portfolio is nothing but hot air.
On the other hand, studies indicate that it is possible to approximate a
market portfolio by investing in a few dozen or so well-chosen assets.
Fortunately, this also partially mitigates the problem of withering assets,
because an asset that doesn't make it into one investor's “market
portfolio” may very well make it into another's portfolio.

Once a market portfolio (or approximation thereof) has been identified,
there remains only one consideration for the rational investor (at least in
theory) and that is how much to invest in the risky portfolio and how
much to invest instead in a riskfree asset. This is a question not for
mathematics but for personal introspection and this is where our story
will end.

Option Pricing Models

A financial security or financial instrument is a legal contract that
conveys ownership (such as in the case of a stock), credit (such as in the
case of a bond) or rights to ownership (such as in the case of a stock
option).

Some financial securities have the property that their value depends upon
the value of another security. In this case, the former security is called a
derivative of the latter security, which is then called the underlying
security for the derivative. The most well-known examples of
derivatives are ordinary stock options (puts and calls). In this case, the
underlying security is a stock.
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However, derivatives have become so popular that they now exist based
on more exotic underlying financial entities, some that would not
normally be considered financial securities, such as interest rates and
currency exchange rates. Perhaps this is why it has become common to
refer to the underlying entity simply as the underlying.

It is also possible to base derivatives on other derivatives. For example,
one can trade options on futures contracts. Thus, a given financial entity
can be a derivative under some circumstances and an underlying under
other circumstances.

Indeed, the business of investors is to make money and this can only be
done (arbitrage opportunities aside) by taking risk, that is, by gambling.
Just as the Las Vegas casinos are always on the lookout for a new game
of chance with which to increase their profits, the investment community
is always on the lookout for a new financial game of chance. These
games often take the form of exotic derivatives.

In this book, we concentrate on simple derivatives, primarily ordinary
stock options. We are interested in both the purchase and sale of such
securities. When a purchase is made the buyer is said to take a long
position in the security. When a sale is made, the seller is said to take the
short position in the security. The two positions are said to be opposite
positions of one another.

The central theme of this portion of the book is to find ways to determine
the initial value (or price) of a derivative as a function of the price of its
underlying asset. This is the derivative pricing problem.

The only time at which the derivative pricing problem is relatively easy
to solve is at the time of expiration of the derivative. For example, if a
certain derivative gives you the right to buy a stock at $100 per share at
this very moment (the time of expiration) then this option is worthless if
the current market price of the stock is below $100. On the other hand, if
the current market price of the stock is $110 then the current value of the
derivative is $10. More generally, if the current stock price is S then the
option is worth max{S — 100, 0} assuming, as we do, that there are no
external costs or fees involved.

At any time before expiration, the connection between the current value
of a derivative and the current value of its underlying asset is complex
and this is why the theory of derivative pricing is also complex. At the
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current state of knowledge, the only way to deal with the full complexity
of this relationship is to assume it away.

Assumptions

Financial markets are complex. As with most complex systems, creating
a mathematical model of the system requires making some simplifying
assumptions.

In the course of our analysis, we will make several such simplifying
assumptions. For example, we will assume a perfect market, that is, a
market in which

e there are no commissions or transaction costs,
o the lending rate is equal to the borrowing rate,
e there are no restrictions on short sales.

Of course, there is no such thing as a perfect market in the real world, but
this assumption will make the analysis considerably simpler and will also
let us concentrate on certain key issues that appear less clearly under less
restrictive conditions.

Arbitrage

Surprisingly, the term arbitrage suffers from a bit of a dichotomy. In a
general, nontechnical sense, the term is often used to signify a condition
under which an investor is guaranteed to make a profit regardless of
circumstances.

The more commonly adopted technical use of the term is a bit different.
An arbitrage opportunity is an investment opportunity that is
guaranteed not to result in a loss and may (with positive probability)
result in a gain. Note that the gain is not guaranteed, only the lack of loss
is guaranteed. Also, we must be very careful how we measure the gain.
For instance, if $100 today grows to $100.01 in a year, is this true gain?
Put another way, would you make this investment? Probably not,
because there are undoubtedly riskfree alternatives, such as depositing
the money in a federally insured bank account that will produce a better
gain.

As we will see, the key principle behind asset pricing is the notion that
the market tries to avoid arbitrage. More specifically, if an arbitrage
opportunity exists, then prices will be adjusted to eliminate that
opportunity.
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As a simple example, suppose that gold is selling for $380.10 per ounce
in New York and $380.20 in London. Then investors could buy gold in
New York and sell it in London, making a profit of 10 cents per ounce
(assuming that transaction costs do not absorb the profit). However, the
purchasing of gold in New York will drive the New York price higher
and the selling of gold in London will drive the London price lower.
Result: no more arbitrage.

As a consequence of this tendency to an arbitrage-free market
equilibrium, it only makes sense to price securities under the assumption
that there is no arbitrage.

The No-Arbitrage Principle

The no-arbitrage principle for pricing is actually quite simple. Imagine
two portfolios of assets (stocks, bonds, derivatives, etc.). Let us refer to
these portfolios as Portfolio A and Portfolio B. Let us also consider two
time periods: the initial time ¢ = 0 and a time ¢ = T in the future.

Accordingly, each portfolio has an initial value (value at time 0) and a
final value (value at time T') or payoff. Let us denote the initial value of
the two portfolios by V40 and Vg, and the final values by V4 r and
V.. The values of Portfolio A are shown in Figure 1. A similar figure
holds for Portfolio B.

Possible
Values of
VA,T

time 0 time T

Figure 1: The values of Portfolio A

As can be seen in the figure, Portfolio A has an initial value that is either
known or capable of being determined. On the other hand, the final value
of portfolio A is unknown at time ¢t = 0. In fact, we assume that this
value depends on the state of the economy at time 7", which can be one
of n possible states wy,...,w,. Thus, the final value V4 r is actually a
function of these states.
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Similarly, we assume that the initial value of Portfolio B is known or
capable of being determined and that the final value is a function of the
possible states of the economy.

Now, consider what happens if Portfolios A and B have exactly the same
payoffs regardless of the state of the economy, that is

Var(wi) = Ver(w:)

for i = 1,...,n. The no-arbitrage principle then implies that the initial
values must be equal, that is

Vao = VB

For suppose that V4 > Vpo. Then under the assumption of a perfect
market, an investor can purchase the cheaper Portfolio B and sell the
more expensive Portfolio A, pocketing the difference. At time T, no
matter what state the economy is in, the investor receives the common
final value of the portfolios and must pay out the same amount. Thus, he
loses nothing at the end and can keep the initial profit. This is arbitrage.

Thus, we see that the no-arbitrage principle can be used to price a
portfolio, that is, to determine an initial value of a portfolio. To price
Portfolio A, for example, all we need to do is find another portfolio, say
Portfolio B, that has the same payoff function as Portfolio A and has a
known initial value. It follows that the initial value of Portfolio A must
be equal to the initial value of Portfolio B.

The no-arbitrage principle can be used in other ways to determine prices.
For example, if the initial values of the two portfolios are equal, then it
cannot be that one portfolio always yields a higher payoff than the other.

We will see many examples of the use of the no-arbitrage principle
throughout the book.



Chapter 1

Probability I: An Introduction to Discrete
Probability

Asset pricing involves the prediction of future events and as such relies
very heavily on the mathematical theory of probability. In this chapter,
we begin a discussion of basic probability. This discussion will continue
in later chapters, as the need for more information arises in connection
with subsequent topics to be covered in the book.

Probability seems to have had its origins in an effort to predict the
outcome of games of chance and is generally considered to have begun
as a formal theory in a series of letters between the two famous
mathematicians Blaise Pascal and Pierre de Fermat in the summer of
1654.

1.1 Overview

In the study of probability, the typical scenario is that of an experiment,
such as rolling a pair of dice, administering a drug to a patient or
predicting the future price of a stock. The key is that the experiment must
have a well-defined set of possible outcomes. This set is referred to as the
sample space of the experiment.

Subsets of the sample space, that is, subsets of outcomes, are referred to
as events. When an outcome occurs that is in a particular event, we say
that the event has occurred. Thus, for example, we have the event of
getting a sum of 7 on the dice, the event that a patient's temperature
drops to 98.6 after receiving a drug or the event that a stock price rises
by 10%.

Next, a method must be determined to measure the probability, or
likelihood that various events will occur as a result of conducting the
experiment. More specifically, the probability of an event is a real
number between 0 and 1 that measures the likelihood that the outcome
will lie in the event. A probability of 0 indicates that the event cannot
occur (is impossible) and a probability of 1 indicates that the event is
certain to occur.

S. Roman, Introduction to the Mathematics of Finance

© Steven Roman 2004
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The method that is used to determine these probabilities is not really part
of the subject of probability per se. Two approaches are common. One is
simply to assume the probabilities. For instance, consider the experiment
of tossing a single coin. Assuming that the coin is fair is equivalent to
assuming that the probability of heads and tails are both 1/2. Another
approach is statistical in nature, using empirical data to assign
probabilities. For example, if the coin is flipped 10000 times and results
in 5003 heads, we may decide to set the probability of heads equal to
5003,/10000.

The flavor of probability theory depends quite markedly on the nature of
the sample space. The basic concepts of probability theory require far
less mathematical machinery when dealing with finite sample spaces, for
in this case probabilities can be assigned to individual outcomes in the
sample space, as we did with the coin-tossing example just discussed. As
we will soon see, all that is required is that the probabilities be numbers
between 0 and 1 (inclusive) that add up to 1. Then the probability of an
event is simply the sum of the probabilities of the outcomes that lie in
that event. The term finite probability theory is used to refer to the theory
of probability on finite sample spaces.

As an example, suppose that based on market research, we decide that a
certain stock, currently selling at $100 per share, will be selling at either
$99, $100 or $101 by the end of the day. Thus, we have an experiment
whose sample space consists of the possible stock prices

Q = {99,100,101}

Further, after research into the price history of the stock, we may decide
to assign empirical probabilities as follows:

P(99) = 0.25,P(100) = 0.5, P(101) = 0.25

In this case, the event that the price does not fall is {100,101}, whose
probability is P(100) + P(101) = 0.75.

Probability theory for countably infinite sample spaces is also relatively
approachable, at least at the beginning. Again, probabilities can be
assigned to the individual outcomes in the sample space. However, the
issue of convergence of an infinite sum now comes into play. The term
discrete probability is used to refer to the probability of finite or
countably infinite sample spaces. Whole books have been written on the
subject of discrete probability alone.
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As an example of a discrete (but nonfinite) sample space, consider the
experiment of tossing a coin until the first heads appears. The outcome is
the toss number of this first heads. At the outset, we cannot confine the
set of outcomes to any finite sample space, because there is no way to tell
in advance how many tosses will be necessary before a heads appears. So
the sample space must be the set

Q=1{1,2,3,..}

of all positive integers. Indeed, one must argue (or assume) that a heads
must eventually appear, for if not then even this set does not represent all
possible outcomes.

It is possible to show that if the coin is fair, that is, if the likelihood of
heads is the same as that of tails, then the probability that the so-called
waiting time to the first heads is & is given by

1
PP(first heads at toss k) = o

Since the infinite sum

1
%7

converges to 1, we have a legitimate probability measure. (We will
define this term precisely in a moment.)

To get some idea of why these probabilities make sense, it should be
rather obvious that the probability that the first heads occurs at toss
k =11is 1/2 = 1/2'. The only way that the first heads can occur at toss
k = 2 is if the first toss results in tails and the second in heads. But there
is a total of four equally likely possibilities for the first two tosses

(H,H),(H,T),(T,H),(T,T)

so it is reasonable to set the probability of waiting until the second toss
for the first heads to 1/4 = 1/2%. This reasoning can be extended to
larger values of k.

We do not want to leave the reader with the impression that discrete
probability is somehow “easier” than nondiscrete probability, where the
sample space is uncountable. This is decidedly not the case. However, it
is true that a basic understanding of discrete probability requires much
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less mathematical background. For example, discrete probability does
not, in general, require the notion of integrability and finite probability
does not, in general, require the notion of limit.

For the nondiscrete case, things take a dramatic turn toward more
sophisticated mathematics. For example, imagine the stock in a company
that is headed for (or has already declared) bankruptcy. It is only a matter
of time before the stock price is essentially 0 (say). Let us call it the time
to failure of the stock. The waiting time for this event could, at least in
theory, be any positive real number (assume the stock trades 24 hours per
day) so the sample space is the set €2 of all positive real numbers, which
is uncountable.

Unlike the case of a discrete sample space, we cannot simply assign a
probability to each of the uncountably many times to failure because it is
a fact of mathematics that the sum of uncountably many positive
numbers is never finite, let alone equal to 1. So rather than attempt to
determine probabilities for individual outcomes (failure times), we must
limit ourselves to assigning probabilities directly to events. However, not
all subsets of the sample space can qualify as events. This issue gets
rather involved and we will not discuss it here.

The most direct and elegant way to assign probabilities to events is to use
a function. Figure 1 shows how this might be done.

[ 0.1 | T Daysto
5 6 Failure

Figure 1: A probability density function

This figure shows the graph of a function that specifies the probability of
failure for any time interval. In particular, it is the area under the curve
that specifies the probability. For example, the probability that failure
will occur sometime between the 5th and 6th day is the area under the
curve between the vertical lines x = 5 and x = 6, which is 0.1. This
function is referred to as a probability density function. Probability
density functions, such as the well-known bell-shaped curve that students
often want professors to use in determining their grades, are often, but
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not always, used to specify probabilities in the nondiscrete case. Indeed,
some probability measures cannot be specified using a probability
density function.

In any case, the point we. wish to make at this time is that even the
specification of probabilities requires much more mathematical
machinery in the nondiscrete case than in the discrete case.

We will need only finite probability for our study of discrete-time pricing
models. We will discuss some aspects of the general theory (including
the nondiscrete case) much later in the book, as a prelude to our
discussion of the Black—Scholes option pricing formula.

So let us proceed to set down the basic principles of the subject of finite
probability. Since this is not, after all, a textbook on probability, we will
tend to be brief, covering what we need for our immediate purposes. In a
subsequent chapter, we will expand our discussion of discrete probability
to cover what is necessary to make sense of the general discrete-time
pricing model.

1.2 Probability Spaces

We may as well begin with the main definition.

Definition A finite probability space is a pair (Q,P) consisting of a
finite nonempty set §), called the sample space and a real-valued

Sfunction P defined on the set of all subsets of ), called a probability

measure on (). The function P must satisfy the following properties.
1) (Range) Forall A C ()

0<P(4) <1
2) (Probability of )
P(Q) =1
3) (Additivity property) If A and B are disjoint then
P(AUB) =P(A) + P(B)

In this context, subsets of §) are called events. [

As mentioned earlier, the sample space is intended to represent the set of
all possible outcomes of an experiment. The probability P(w) of a
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particular outcome w is intended to represent the likelihood that the
outcome of the experiment will be w.

On the other hand, this is all intuition, not mathematics. Formally
speaking, all we care about is that €2 is a finite nonempty set and PP is a
probability measure as defined by the properties in the definition.
Property 2) says that the event consisting of the entire sample space is a
certain event, that is, any outcome must lie in the sample space. Property
3) says that if two events have nothing in common, then the likelihood
that either one occurs is the sum of the likelihood of each event. Note
that it is vital that the events be disjoint for this to hold.

Sometimes we will forget ourselves and engage in a common abuse of
terminology by referring to the set {2 by itself as a probability space. In
this case, the probability measure PP still exists, but we just don't need to
mention it explicitly at that time. The student would be well-advised to
avoid this peccadillo.

Probability Mass Functions

If Q is a finite set, then for each w € Q the event {w} is called an
elementary event. The simplest way to define a probability measure on
a finite sample space {2 is just to specify the probability of all elementary
events. Equivalently, we assign to each of the elements w € 2 a number

P, satisfying 0 < p, < 1 and
> po=1

Then we can define a probability measure P by setting
P({w} ) = Dw

and extending this to all events by finite additivity. This is a fancy way
of saying that the probability of any event E is the sum of the
probabilities of the elementary events contained in E.

The set {p, | w € 2} is referred to as a probability distribution and the
function f: Q — R defined by

fw)=mp,

is called a probability mass function. (Do not confuse the term
probability distribution with the term distribution function, which has a
different meaning that we will define in a later chapter.)
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Note the subtle but important difference between the probability measure
P and the probability mass function f, namely, P is defined on all
subsets of Q2 whereas f is defined on all elements of (2.

When a probability distribution is given, the probability of any event
A C Q is the sum of the probabilities of the outcomes in the event, that is

P(4) = pr

w€EA

Moreover, if each outcome in the sample space is equally likely, that is,
if each outcome has the same probability, this probability is 1/|€2| and so
the probability of any event E is simply the size of E divided by the size
of the sample space (2, that is

|El

P(E) = =

12|
EXAMPLE 1 Studies of the price history of a certain stock over the last
several years have shown that, for the month of January, the probability
that the stock will reach a certain maximum value during the month is as
follows:

P(0—4.99) = 0.65

P(5—9.99) = 0.2
P(10—14.99) = 0.1
P(15—19.99) = 0.04
P(20—24.99) = 0.01

What is the probability that the stock will reach $10 during the month?
What is the probability that the stock will either not reach $5 during the
month or will reach $20?

Solution The stock will reach $10 during the month if and only if the
maximum stock price during the month is at least 10. Hence

P(price reaches 10)
= P(10—14.99) + P(15—19.99) + P(20—24.99)
=0.1+0.04+4+0.01 =0.15
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Similarly,
P(not reach 5 or reach 20) = P(0—4.99) + P(20 — 24) O
= 0.65+ 0.01 = 0.66

Probability theory tends to have its own vocabulary, even when it comes
to simple concepts like the disjointness of sets.

Definition When two events A and B are disjoint as sets, we say that
they are mutually exclusive. When a collection {A;, ..., A,} of events
satisfies

AN Aj =0
for all i,j we say that the collection is pairwise mutually exclusive.[]

Some easy consequences of the definition of probability space are given
below.

Theorem 1 Let (2, P) be a finite probability space. Then
1) (Probability of the empty event)
P@®) =0
2) (Monotonicity)
ACB=P(A) <P(B)
3) (Probability of the complement)
P(A°) =1-P(A)

4) (Finite additivity property) If {Ai, ..., An} is a finite collection of

pairwise mutually exclusive events in €) then

P(A; U+ U Ay) = P(A)) + - + P(An) O

Partitions and the Theorem on Total Probabilities

The following simple concept will play a central role in our discussion of
derivative pricing models.

Definition Let ) be a nonempty set. Then a partition of Q) is a collection
P ={B,...,Bn} of nonempty subsets of 2, called the blocks of the
partition, with the following properties:



1. Probability I: An Introduction to Discrete Probability 15

1) The blocks are pairwise disjoint

B; N Bj =0
forall i, j.
2) The union of the blocks is all of
BiU---UB,=Q O

The following important theorem says we can determine the probability
of an event E if we can determine the probability of that portion of E
that belongs to each block of a partition. We leave proof to the reader.

Theorem 2 (Theorem on Total Probabilities) Let €2 be a sample space
and let F1,..., E, be events that form a partition of ). Then for any
event A in Q,

P(A) = Z P(AN Ey) O
k=1

1.3 Independence

A fair coin is one for which the probability of heads is 1/2. Indeed, this
is the definition of the term fair coin. Suppose we toss a fair coin 99
times and get heads each time, admittedly an unlikely event but
nevertheless possible. Would you be willing to bet that the 100th toss
will result in another heads? Many people would not, reasoning
(incorrectly) that since heads has occurred so many times in a row, an
outcome of tails is way “overdue.”

The fact is, however, that the outcome of each toss of the coin is
independent of the outcomes of the other tosses, and so the probability of
getting a heads on the 100th toss is still 1/2, despite the previous results.

Perhaps the reason for confusion on this point has to do with the
probability of getting 99 heads in a row in the first place, which is
certainly very small. But once that has happened, the extreme
unlikeliness has been “factored out” so-to-speak and we are back to the
likeliness of the outcome of a single toss.

Intuitively speaking, two events are independent if the knowledge that
(or assumption that) one event will happen does not affect the probability
of the other event happening. We will be able to make this statement
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precise when we discuss conditional probability in a later chapter. In any
case, we can state the formal definition of independence now.

Definition The events E and F on the probability space (Q0,P) are
independent if the probability that both events occur is the product of
the probabilities of the events, in symbols

P(EN F) = P(E)P(F) O

For example, suppose that a certain stock can move up in price or down
in price over a day and a certain bond can do likewise. If we assume that
the actions of the stock and the bond are independent then

PP(stock up and bond down) = P(stock up)P(bond down)

We can also define independence of a collection of events.

Definition The collection of events {E;,..., E,} is independent if for
any subcollection {E;,, ..., E; } of these events we have

P(E;, N---NE;) =P(E;)--P(E,) |

Note that to check whether or not 3 events A, B and C' are independent,
we must check 3 conditions:

A and B are independent
A and C are independent
B and C are independent

In general, to check that a collection of k events is independent, we must
check a total of 1/ 2k — 1 conditions. Thus, the number of conditions
grows very rapidly with the number of events.

1.4 Binomial Probabilities

The simplest type of meaningful experiment is one that has only two
outcomes. Such experiments are referred to as Bernoulli experiments,
or Bernoulli trials. The two outcomes are often described by the terms
success and failure, and the probability of success is usually denoted by
p. Hence, the probability of failure is 1 — p.

For example, tossing a coin is a Bernoulli experiment, where we may
consider heads as success and tails as failure (or vice versa). As a more
relevant example, we will consider a derivative pricing model in which at
any given time t; the price of a certain stock may rise from its previous
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value S to Su or it may fall from its previous value S to Sd where
0 < d < 1 < u. Thus, at each time ¢; we have a Bernoulli experiment.

If a Bernoulli experiment with probability of success p is repeated n
times, this is called a binomial experiment with n trials. Note that since
the exact same experiment is being repeated, the outcomes of the trials
are independent, that is, the outcome of the kth trial does not affect the
outcome of the (k+ 1)-st trial. The parameters of the binomial
experiment are p and n.

For example, tossing a coin n times is a binomial experiment. Drawing a
card n times, with success being the drawing of an ace, is a binomial
experiment provided that we replace each card before drawing the next
card. This is necessary since we must repeat the same binomial
experiment each time.

Because the individual Bernoulli trials in a binomial experiment are
independent, it is easy to compute the probability of any particular
outcome of the binomial experiment, as the following example
illustrates. Indeed, we will study a generalization of the following
example carefully in a later chapter.

EXAMPLE 2 Consider a stock whose price can change at any one of 6
times

o<ti <<ty

Suppose the stock's initial price at time t, is S. Moreover, during each
time interval [tx,tx+1] the stock price goes up by a factor of u or down
by a factor of d, where 0 < d < 1 < u, independently of the previous
changes in the price. The probability that the stock price goes up is p.
Thus, for each time interval we have a Bernoulli experiment with
probability of success p. Moreover, the entire price history is a binomial
experiment with parameters p and n = 5.

A typical outcome of this binomial experiment can be written as a
sequence of U's and D's of length 5 and so the sample space is the set

Q= {U,D}y’

of all such sequences. For instance, the sequence UU DU D says that
during the intervals [to,t1], [t1,t2] and [ts,t4] the stock price went up
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whereas during the intervals [to,t3] and [t4,t5] the stock price went
down.

To compute the probability of this outcome, we use the fact that the
individual trials are independent and so the probability of their
intersection is the product of their probabilities. Thus

P(UUDUD) = pp(1 — p)p(1 — p) = p*(1 — p)?

It is clear that the probability of an element w € () depends only upon the
number of U's and D's in w and not their order. Thus, if we set

Ny (w) = number of U's in w
Np(w) = number of D's inw

then
lP’(w) — pNU(“’)(l _ p)ND(w)

Let us compute the probability of the event of having exactly 3 up-ticks
in the stock price. The tedious method is to list all such price histories
thusly

vvUDD |UUDUD
UUDDU | UDUUD
UDUDU | UDDUU
DUUUD | DUUDU
DUDUU | DDUUU

Since there are 10 of these histories and each one has probability
p*(1 — p)? the probability is 10p3(1 — p).

The smart way to compute this probability is to observe that there are
(%) = 10 such histories—one for each way to choose the 3 spots for the
U's. Since each history has probability p*(1 — p)?, the probability of the

event is 10p*(1 — p)2.

It is now easy to generalize this result. The probability of having exactly
k up-ticks (and thus n — k down-ticks) is just

(})pra—pr* =

We have established the following useful result.
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Theorem 3 Consider a binomial experiment with parameters p and n.
The sample space of this experiment is the set Q= {s, f}" of all
sequences of s's and f's of length n, where s stands for success and f for
failure. For any w € S let

N;(w) = number of s's in w
1) Ifwe Qthen
P(w) = p"¥)(1 - p)" N
2) The probability of getting exactly k successes is given by
P(exactly k successes) = (Z) pF(l-p)" O

EXAMPLE 3 Four cards are drawn, with replacement, from a deck of
cards. What is the probability of getting at least 3 aces?

Solution The probability of getting at least 3 aces is equal to the
probability of getting exactly 3 aces plus the probability of getting
exactly 4 aces. Since we are dealing with a binomial experiment, with
probability of success (getting an ace) equal to p =4/52 =1/13 we
have

IP(getting at least 3 aces)
= PP(getting exactly 3 aces) + P(getting exactly 4 aces)

-OEEOEE

= 28561
~ 0.0017

which is quite small. O

The probability distribution described in the previous example and
theorem is extremely important.

Definition Let 0 <p<1 and let n be a positive integer. Let
Q = {0,...,n}. The probability distribution on §) with mass function

b(k;n,p) = (:)p'“(l -p)"

for k =0,...,n is called the binomial distribution. This distribution
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gives the probability of getting exactly k successes in a binomial
experiment with parameters p and n.0]

Figure 2 shows the graph of two binomial distributions.

0.2 b(k;12,0.75)

k;12,0.5
o ) 0.2

0.1
0.1

1| |1 . | II

1 2 3 4 5 6 7 8 9 10 11 12 1 2 3 4 5 6 7 8 9 10 11 12

Figure 2: Binomial distributions

Empirical Versus Theoretical Probabilities

As alluded to earlier, there are two common ways in which to assign
probabilities. Consider, for example, the problem of setting the value of
the probability p in Example 2. This is the probability that the stock price
will rise.

One approach is to carefully examine the history of the stock's price over
a substantial period of time. Then we can estimate p by taking the
number of times that the stock price increased divided by the total
number of times. For instance, if the stock price increased 5003 times in
the last 10000 time periods, then we can set

5003
P= 10000
Of course, it follows that the probability of a decrease is
5003 4997

1—-p=1- =
P 10000 10000

Because these probabilities are the result of analyzing empirical data, or

at least because they are the result of some analysis of actual physical

phenomena, they are referred to as empirical probabilities.

On the other hand, we could simply have assumed, perhaps through lack
of any actual data for analysis that p = 1/2. This type of probability is
termed a theoretical probability. As we will see, both types of
probabilities have their place in the mathematics of finance.

1.5 Random Variables

The following concept is key.
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Definition A real-valued function X:CQ) — R defined on a finite sample
space () is called a random variable on (). The set of all random
variables on Q) is denoted by RV(?). O

As the definition states, for finite (or discrete) probability spaces, a
random variable is nothing more or less than a real-valued function.
However, as we will see in a later chapter, for nondiscrete sample spaces,
not all real-valued functions can qualify as random variables.

Since RV() is just the set of all functions on €, it is a vector space
under ordinary addition and scalar multiplication of functions. Thus, if X
and Y are random variables on 2 and a, b € R then

aX +bY
is a random variable on (). Note also that the product of two random

variables on €2 is a random variable on Q.

One of the most useful types of random variables is those that identify
specific events.

Definition Let A be an event in ). The function lﬁ defined by

1 wed

Q —

La(w) = { 0 w¢A

is called the indicator function (or indicator random variable) for A.

When the set Q) is clear, we may also write 1 4 for the indicator function
for A.J

EXAMPLE 4 Let
Q ={0.5,0.75,1,1.25,1.5,1.75}

be a sample space of possible federal discount rates. Consider a company
whose stock price tends to fluctuate with interest rates. The stock prices
can be represented by a random variable S on (2. For example
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S(0.5) = 105
$(0.75) = 100
S(1) = 100
S(1.25) = 100

S(1.5) =95
S(1.75) = 90

The event that {S = 100} is the event consisting of the discount rates
{0.75,1,1.25}, that is,

{S =100} = {0.75,1,1.25} O

EXAMPLE 5 Consider the experiment of rolling two fair dice and
recording the values on each die. The sample space consists of the 36
ordered pairs

Q={(1,1),(1,2),(1,3),...,(6,4),(6,5),(6,6)}

Since the dice are fair, each ordered pair is equally likely to occur and so
the probability of each outcome is 1/36.

However, for some games of chance, we are interested only in the sum of
the two numbers on the dice. So let us define a random variable

S:Q — Rby
S(a,b) =a+b
The event {S = T} of getting a sum of 7 is
{§=71={(1,6),(2,5),(3,4),(4,3),(5,2),(6,1)}
and

6 1
P(sumequals 7) =P(S =7) = 6= 6 O
Perhaps the most fundamental fact about random variables is that they
are used to identify events. In fact, there are times when we don't really
care about the actual values of S—we only care about the events that are
represented by these values. For example, in the previous example if we
instead used the “doubled sum” random variable

D((a,b)) =2(a+b)

then D serves equally well to describe the relevant events in the game of
chance. For instance, {S = 7} = {D = 14}.
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Of course, this is not always the case. The actual values of some random
variables are important in their own right: Some examples are stock price
random variables, the interest rate random variables, the cost random
variables. All of these random variables serve to describe a particular set
of events in which we are interested. Let us look at this a bit more
formally.

The Probability Distribution of a Random Variable

Let X be a random variable on a probability space (§2,P) where

Q={wi,...,wp}. Since Q is finite, X takes on a finite number of
possible values, say A = {z1,...,2,,}. For each z; we can form the
event

{(X =z} = X Y(z:) = {w; | X(wj) =z}

which is simply the inverse image of z;. The expression {X = z;} is the
most common notation for events described by random variables. Since
the range of a random variable is the set of real numbers, we can also
consider events such as

{X <z} = X((—00,2:)) = {wj | X(w;) < x:}
The events
{(X=oh,{X =x},...,{X=2zn}

form a partition of the sample space €2, that is, the events are pairwise
disjoint and their union is all of €2 (because X must be defined on all of
). Thus,

iP(X = .’I}i) =1

1=1
Note that it is customary to replace the somewhat cumbersome notation
P({X = z}) by the simpler P(X = z).

It follows that the numbers P(X = z;) form a probability distribution on
the set A = {x1,...,Zy}, which is a subset of R. Thus, the random

variable X describes a probability measure Px on the set .A of values of
X by

Px({z:}) = P(X = z;)
This is called the probability measure (or probability distribution)
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defined by X. The corresponding probability mass function f: A — R
defined by

f(zi) =P(X = ;)
is called the probability mass function of X.

Thus, for example, to say that a random variable X has a binomial
distribution with parameters p and n is to say that the values of X are
{0, ...,n} and that the probability mass function of X is the function

n n
P(X = k) = b(k;n,p) = (k)p’“(l —p)
It is also common to say in this case that X is binomially distributed.

These facts about random variables are so important that they bear
repeating. Random variables are used to identify certain relevant events
from the sample space. Moreover, a random variable serves to “transfer”
the probability measure from the events in the sample space that it
identifies to the range of the random variable in R.

We will also have need of random vectors.

Definition A function X: ) — R™ from a sample space S to the vector
space R™ is called a random vector on Q. O

The set RV*(Q) of all random vectors on a sample space 2 is also a
vector space under ordinary addition and scalar multiplication of
functions.

EXAMPLE 6 Let
Q={0.5,0.75,1,1.25,1.5,1.75}

be a sample space of possible federal discount rates. Consider a company
whose stock price tends to fluctuate with interest rates. Of course, bond
prices also fluctuate with respect to interest rates. We might define the
price random vector S: Q2 — R? by S(w) = (s, b) where s is the price of
the stock and b is the price of the bond when the discount rate is w. For
example,

$(0.5) = (105,112)
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means that if the discount rate is 0.5% then the stock price is 105 and the
bond price is 112.01

Independence of Random Variables

Two random variables X and Y on the sample space {2 are independent
if the events {X = z} and {Y = y} are independent for all choices of =
and y. Intuitively, this says that knowing the value of one of the random
variables provides no knowledge of the value of the other random
variable. Here is a more formal definition, where the notation
P(X =z,Y = y) is shorthand for P({X = z} N {Y = y}).

Definition The random variables X and 'Y on () are independent if’

PX=z,Y=y)=PX=z)PY =y)

for all x,y € R. More generally, the random variables X1,...,X, are
independent if

P(Xy = @1,..., Xo = 23) = [ [P(Xi = @)
i=1

forall z1,...,2, e R. O
1.6 Expectation

The notion of expected value plays a central role in the mathematics of
finance.

Definition Let X be a random variable on a finite probability space

(Q,P) where Q = {w1,...,wn}. The expected value (also called the
expectation or mean) of X is given by

E(X) = > X (wi)P(wi)
=1

This is the sum of terms of the form: value of X at w; times probability
that w; occurs. If X takes on the distinct values {zi,...,x,} then we
also have

g]p(X) = i(B,P(X = IL'i)
i=1

(Note the different upper limit of summation.) This is a weighted sum of
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the values of X, each value weighted by its probability of occurring. The
expected value of X is also denoted by px.00

The expected value function £:RV(Q) — R maps random variables on
(Q,P) to real numbers. One of the most important properties of this
function is that it is a linear functional.

Theorem 4 The expectation function E:RV(Q) — R is a linear
functional, that is, for any random variables X and Y and real numbers

aandb
E(aX +bY) =a&(X)+bEY)

Proof. Let us suppose that X has values {z1,...,z,} and Y has values
{v1,.-.,Ym}. Then aX + bY has values az; + by; for i =1,...,n and
j=1,...,m. To compute the expected value of aX + bY consider the
events

Ei,j = {X = CIIi,Y = y]'}

fori=1,...,n and j=1,...,m. These events form a partition of 2
with the property that aX + bY has constant value ax; + by; on E; ; and
so, using the theorem on total probabilities, we have

E(aX +bY) = z":f: (az; + by;))P(X =z, Y =y;)

i=1 j=1

= ai T; [zm: P(X =z;,Y = yj)]
=1 |j=1
+ bi Yj [En: P(X =z;,Y = yj):|
=1 |i=

m

=a) oP(X =) +b)_yP(Y =y;)
i=1

J=1

=a&(X) + bE(Y)
as desired.[d

Expected Value of a Function of a Random Variable

Note that if f:R — R is a real-valued function of a real variable and X
is a random variable, then the composition f(X):2 — R is also a
random variable. (For finite probability spaces, this is nothing more than
the fact that the composition of functions is a function.)
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The expected value of the random variable f(X) is equal to
E(f(X)) Zf (wi))P(ws)

or

m

&(f(X)) = Zf(xi)]P(X = z;)

i=1

When there is no need to emphasize the probability measure, we will
drop the subscript and write £ instead of £p but it is important to keep in
mind that the expectation depends on the probability.

EXAMPLE 7 Consider a stock whose current price is 100 and whose
price at time 7' depends on the state of the economy, which may be one
of the following states:

Q= {51>52>53>54}

The probabilities of the various states are given by

P(s;) = 0.2
P(Sg) =0.3
P(s3) = 0.3
P(s4) = 0.2
The stock price random variable is given by
S(s1) =99
S(s2) = 100
(53) =101
(54) =102

If we purchase one share of the stock now the expected return at time 7’
is
E(S) =99(0.2) + 100(0.3) +101(0.3) + 102(0.2) = 100.5

and so the expected profit is 100.5 — 100 = 0.5. Consider a derivative
whose return D is a function of the stock price, say
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D(99) = —
D(100) = 5
D(101) =5
D(102) = —6

Thus D is a random variable on 2. The expected return of the derivative
is
E(return) = D(99)PP(99) + D(100)P(100) |
+ D(101)P(101) + D(102)PP(102)
= —4(0.2) + 5(0.3) + 5(0.3) — 6(0.2)
=1

The previous example points out a key property of expected values. The
expected value is seldom the value expected! In this example, we never
expect to get a return of 100.5. In fact, this return is impossible. The
return must be one of the numbers in the sample space. The expected
value is an average, not the value most expected. (The value most
expected is called the mode.)

Expectation and Independence
We have seen that the expected value operator is linear, that is,
E(aX +bY) =a&(X) +bEY)

It is natural to wonder also about £(XY'). Let us suppose that X has
values {zi,...,z,} and Y has values {y;,...,yn}. Then the product
XY has values z;y; fori =1,...,nandj=1,...,m

Consider the events
Em’ = {X = :Z:i,Y = yj}

fori=1,...,nand j=1,..., m, which form a partition of {2 with the
property that XY has constant value z;y; on E; ;. Hence

E(XY) = ZZ Ty P(X =z, Y = y;)
i=1 j=1

In general, we can do nothing with the probabilities P(X = z;,Y = y;).
However, if X and Y are independent then
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3

E(XY) =

i

>

iL'iyj]P(X = T, Y = y]')
1

3 |l

\NgERANGE

iL‘iyj]P’(X = CB,)IP(Y = yj)

= [i zP(X = xi)] [i yP(Y = yj)]
i=1 J=1
=E(X)EY)

Thus, we have an important theorem.

Theorem 5 If X and Y are independent random variables on a
probability space (2, P) then

E(XY)=E(X)EY) O
This theorem can be generalized to the product of more than two
independent random variables. For example, it is not hard to see that if

X,Y and Z are independent, then XY and Z are also independent and
SO

E(XYZ) = E(XY)E(Z) = E(X)EY)E(Z)

1.7 Variance and Standard Deviation

The expectation of a random variable X is a measure of the “center” of
the distribution of X. A common measure of the “spread” of the values
of a random variable is the variance and its square root, which is called
the standard deviation. The advantage of the standard deviation is that it
has the same units as the random variable. However, its disadvantage is
the often awkward presence of the square root.

Definition Let X be a random variable with finite expected value p. The
variance of X is

ok = Var(X) = (X - n)?)
and the standard deviation is the positive square root of the variance
ox = SD(X) = 4/ Var(X) O

The following theorem gives some simple properties of the variance.
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Theorem 6 Let X be a random variable with finite expected value .
IT)her{’ar(X) =E(X?) — p? = E(X?) - £(X)?
2) For any real number a

Var(aX) = a*Var(X)
3) IfX andY are independent random variables then

Var(X +Y) = Var(X) + Var(Y)

4) If cis a constant then

Var(X + ¢) = Var(X)
Proof. We leave proof as an exercise.[]
Note that, unlike the expectation operator, the variance is not linear.

Thus, the quantities
Var(aX +bY)

and
aVar(X) + bVar(Y)
are not the same. We will explore this matter further a bit later in the
chapter.
Standardizing a Random Variable

If X is a random variable with expected value x and variance o we can
define a new random variable Y by

Y =

and

Var(Y) = Vm<u> = izVar(X —p) = %Var(X) =1
o o o

Thus, we see that Y has expected value 0 and variance 1. The process of
going from X to Y is called standardizing the random variable X.
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Expected Value of a Binomial Random Variable
We can easily compute the expected value and variance of a binomial
random variable.

Theorem 7 Let X be a binomial random variable with distribution
b(k;n, p). Then

£(X) =
Var(X) = np(1 - p)

Proof. Let ¢ = 1 — p. For the expected value, we have

E(X) = Zk]P’X k)

We leave derivation of the variance as an exercise.[]
1.8 Covariance and Correlation; Best Linear Predictor

We now wish to explore the relationship between two random variables
defined on the same sample space.

Definition If X and Y are random variables with finite means then the
covariance of X and Y is defined by

oxy = Cov(X,Y) = E[(X — px)(Y — py)] O

Some properties of the covariance are given in the next theorem.

Theorem 8 The covariance satisfies the following properties.
1) Covariance in terms of expected values

Cov(X,Y) = E(XY) — E(X)E(Y)
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2) (Symmetry)
Cov(X,Y) = Cov(Y, X)
3) The covariance of X with itself is just the variance of X
Cov(X, X) = 0%
4) If X is a constant random variable (that is, if o x = 0) then
Cov(X,Y)=0
5) The covariance function is linear in both coordinates (that is, it is
bilinear)
Cov(aX +bY,Z) = aCov(X, Z) + bCov(Y, Z)
6) The covariance is bounded by the product of the standard deviations
|Cov(X,Y)| < oxoy
Moreover, equality holds if and only if either one of X or Y is
constant or if there are constants a and b for which
Y=aX+0b

Proof. We prove only part 6). If X or Y is constant then the result
follows since both sides are 0, so let us assume otherwise. Let ¢ be a real
variable. Then

0<E((X+Y)P)
= E(t2 X% 4+ 2tXY +Y?)
= t26(X?) + 2tE(XY) + £(Y?)
= f(t)
where f(t) is a quadratic function in ¢. Since f(t) > 0 and since the
leading coefficient of f(t) is positive, we conclude that the discriminant

of f(t) must be nonpositive (draw the graph and look at the zeros), that
is,

[26(XY)]2 —4E(XHEY?) <0
or
E(XY)? < E(XPE(Y?)

Furthermore, equality holds (the discriminant is 0) if and only if there is
a value of ¢ for which f(t) = £((tX + Y)?) = 0. But this is possible if
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and only if Y = —¢X. (Our assumption that Y'is not constant implies that

t+£0)

Since this applies to any random variables X and Y we can also apply it
to the random variables X — pux and Y — py to conclude that

[Cov(XY)]? < 0%0%
that is,
|Cov(XY)| < oxoy

with equality holding if and only if at least one of X or Y is constant or
there is a nonzero real number a such that

Y —py = a(X — px)
that is,
Y=aX-apx+py=aY +b
This concludes the proof of part 6).C]

The following definition gives a dimensionless version of covariance.

Definition If X and Y have finite means and nonzero variances then the
correlation coefficient of X and Yis

Cov(X,Y
PXyY = —-——( ) O
0x0y
It follows immediately that
-1<pxy <1

Moreover, as we will soon see, px y assumes one of the boundary values
+1 if and only if there is a linear relationship between X and Y, that is,
there exist constants a # 0 and b for which

Y=aX+0b

In fact, px y = +1 implies that the slope a > 0 and pxy = —1 implies
that a < 0. Thus, if pxy = +1 then Y moves in the same direction as X
(both increase or both decrease) whereas if px y = —1 then Y decreases
when X increases and vice-versa.
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Also, it is easy to see that if X and Y are independent then pxy = 0.
However, the converse is not true. The condition pxy = 0 does not
imply that X and Y are independent.

Two random variables are said to be uncorrelated if px y = 0, perfectly
positively correlated if px y = 1 and perfectly negatively correlated if
pxy = —1. We will have much use for these terms during our study of
portfolio risk management.

Best Linear Predictor

Let us examine the meaning of the correlation coefficient more closely. It
is often said that the correlation coefficient is a measure of the linear
relationship between X and Y. Indeed, we have just said that perfect
correlation is equivalent to a (perfect) linear relationship between the
random variables.

To explore this further, suppose we wish to approximate Y using some
linear function X + o of X. Such an approximation is called a best
linear predictor of Y by X. The error in this approximation

e=Y-pBX—-a
is called the residual random variable. The best fit is generally

considered to be the linear predictor that minimizes the mean squared
error, defined by

MSE = £(€%) = E[(Y - BX — a)?]
When pxy = +1 we have said that the approximation can be made

exact and so the MSE = 0.

In general, the MSE can be written
MSE = £(Y?) — 2BE(XY) — 20€(Y) + F2E(X?) + 2a8E(X) + o?

The minimum value of this expression (which must exist) is found by
setting its partial derivatives to 0. We leave it to the reader to show that
the resulting equations are

BE(X?) + a€(X) = E(XY)
BEX)+a=E(Y)
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Solving this system gives

_oxy
p="%
o= E(Y) - BE(X)

Let us summarize, beginning with a definition.

Definition Let X and Y be random variables. Write
Y=0pX+a+e

where (3 and o are constants and € is the random variable defined by
e=Y-0BX-a

Thus, Y is approximated by the linear function X + o with error
random variable €. The best linear predictor of Y with respect to X,
denoted by BLP is the linear function 3X + « that minimizes the mean
squared error £(c2). The coefficient B is called the beta of Y with
respect to X. The line y = Bx + a is called the regression line.[]

Theorem 9 The best linear predictor of Y with respect to X is

BLP = XX x 4y - TEY
Ox Ox

Moreover, the minimum mean squared error is
2y _ 2 2
E(e*) = oy (1 — pxy) O

Now we can state the following properties of the correlation coefficient.

e pxy = %1 if and only if there is a linear relationship between X and
Y.

e The closer pxy is to 1 the smaller is the mean squared error in
using the best linear predictor.

o If pxy is positive then the BLP has positive slope. Hence, as X
increases so does the BLP of Y and as X decreases so does the BLP
of Y.

e If pxy = —1 then the slope of the BLP is negative. Hence, as X
increases the BLP of Y decreases and vice-versa.

It is worth mentioning that a strong correlation does not imply a causal
relationship. Just because a random variable Y is observed to take values



36 Introduction to the Mathematics of Finance

that are in an approximate linear relationship with the values of another
random variable X does not mean that a change in X causes a change in
Y. It only means that the two random variables are observed to behave
similarly. For example, during the early 1990s the sale of personal
computers rose significantly. So did the sale of automobiles. Just because
there may be a positive correlation between the two does not mean that
the purchase of personal computers caused the purchase of automobiles.

The Variance of a Sum

The covariance is just what we need to obtain a formula for the variance
of a linear combination of random variables. Theorem 6 implies that if
the random variables X and Y are independent then

Var(aX + bY) = a*Var(X) + b*Var(Y)

However, this does not hold if the random variables fail to be
independent. In this case, we do have the following formula.

Theorem 10 If X and Y are random variables on (2 and a,b € R then
Var(aX + bY) = a*Var(X) + b*Var(Y?) + 2abCov(X,Y)

More generally, if X1, ..., X, are random variables on ) and a4, ... ,a,
are constants then

Var (iazXz> = zn:iaiajCov(Xi, X]) O
i=1

i=1 j=1.

Exercises

1. A pair of fair dice is rolled. Find the probability of getting a sum that
is even.

2. Three fair dice are rolled. Find the probability of getting exactly
one 6.

3. A basket contains 5 red balls, 3 black balls, and 4 white balls. A ball
is chosen at random from the basket.
a) Find the probability of choosing a red ball.
b) Find the probability of choosing a white ball or a red ball.
c) Find the probability of choosing a ball that is not red.

4. A certain true-and-false test contains 10 questions. A student guesses
randomly at each question.
a) What is the probability that he will get all 10 questions correct?
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b) What is the probability that he will get at least 9 questions
correct?

c) What is the probability that he will get at least 8 questions
correct?

5. A die has six sides, but two sides have only 1 dot. The other four
sides have 2,3,4 and 5 dots, respectively. Assume that each side is
equally likely to occur.

a) What is the probability of getting a 1?

b) What is the probability of getting a 2?

¢) What is the probability of getting an even number?

d) What is the probability of getting a number less than 3?

6. Four fair coins are tossed. Find the probability of getting exactly 2
heads.

7. Four fair coins are tossed. Find the probability of getting at least 2
heads.

8. A fair die is rolled and a card is chosen at random. What is the
probability that the number on the die matches the number on the
card? (An ace is counted as a one.)

9. Studies of the weather in a certain city over the last several decades
have shown that, for the month of March, the probability of having a
certain amount of sun/smog is as follows:

P(full sun/no smog) = 0.07  P(full sun/light smog) = 0.09,
P(full sun/heavy smog) = 0.12,P(haze/no smog) = 0.09,
P(haze/light smog) = 0.07, P(haze/heavy smog) = 0.11,
P(no sun/no smog) = 0.16,  P(no sun/light smog) = 0.12,
P(no sun/heavy smog) = 0.17

What is the probability of having a fully sunny day? What is the
probability of having at day with some sun? What is the probability
of having a day with no or light smog?

10. a) Consider a stock whose current price is 50 and whose price at
some fixed time 7" in the future may be one of the following
values: 48,49, 50, 51. Suppose we estimate that the probabilities
of these stock prices are
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If we purchase one share of the stock now, what is the expected
return at time 7'? What is the expected profit?

b) Consider a derivative of the stock in part a) whose return D is a
function of the stock price, say

D(48) = 2
D(49) = -1
D(50) =0
D(51) =3

Thus, the return D is a random variable on 2. What is the
expected return of the derivative?

11. Suppose that you roll a fair die once. If the number on the top face of
the die is even, you win that amount, in dollars. If it is odd, you lose
that amount. What is the expected value of this game? Would you
play?

12. For a cost of $1, you can roll a single fair die. If the outcome is odd,
you win $2. Would you play? Why?

13. Suppose you draw a card from a deck of cards. You win the amount
showing on the card if it is not a face card, and lose $10 if it is a face
card. What is your expected value? Would you play this game?

14. An American roulette wheel has 18 red numbers, 18 black numbers
and two green numbers. If you bet on red, you win an amount equal
to your bet (and get your original bet back) if a red number comes
up, but lose your bet otherwise. What is your expected winnings in
this game? Is this a fair game?

15. Consider the dart board shown below

A single dart cost $1.50. You are paid $3.00 for hitting the center,
$2.00 for hitting the middle ring and $1.00 for hitting the outer ring.
What is the expected value of your winnings? Would you play this
game?

16. Prove that Var(X) = £(X)? — u? where pu = £(X).
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18.

19.

20.
21.

22.

23.

24.
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Prove that for any real number a
Var(aX) = a*Var(X)
Prove that if X and Y are independent random variables then
Var(X +Y) = Var(X) + Var(Y)

Let X be a binomial random variable with distribution b(k;n, p).
Show that Var(X)=np(l—p). Hint: use the fact that
Var(X) = £(X?) - £(X)2.

Prove the theorem on total probabilities.

Show that if X, Y and Z are independent random variables then so
are XY and Z.

Let X and Y be independent random variables on (2, P). Let f and
g be functions from R to R. Then prove that f(X) and g(Y) are
independent.

Show that pxy = +1 implies that the slope @ > 0 and pxy = —1
implies that a < 0, where Y = a X + b.

Show that for any random variables X and Y

Var(aX + bY) = a*Var(X) + b*Var(Y?) + 2abCov(X,Y)






Chapter 2

Portfolio Management and the Capital Asset
Pricing Model

In this chapter, we explore the issue of risk management in a portfolio of
assets. The main issue is how to balance a portfolio, that is, how to
choose the percentage (by value) of each asset in the portfolio so as to
minimize the overall risk for a given expected return. The first lesson that
we will learn is that the risks of each asset in a portfolio alone do not
present enough information to understand the overall risk of the entire
portfolio. It is necessary that we also consider how the assets interact, as
measured by the covariance (or equivalently the correlation) of the
individual risks.

2.1 Portfolios, Returns and Risk

For our model, we will assume that there are only two time periods: the
initial time ¢ = 0 and the final time ¢ = T'. Each asset a; has an initial
value V), o and a final value V; 1.

Portfolios

A portfolio consists of a collection of assets aj,...,a, in a given
proportion. Formally, we define a portfolio to be an ordered n-tuple of
real numbers

0 =(6,...,6n)

where 6; is the number of units of asset a;. If 6; is negative then the
portfolio has a short position on that asset: a short sale of stock, a short
put or call and so on. A positive value of #; indicates a long position: an
owner of a stock, long on a put or call and so on.

Asset Weights

It is customary to measure the amount of an asset within a portfolio by its
percentage by value. The weight w; of asset a; is the percentage of the
value of the asset contained in the portfolio at time ¢ = 0, that is,

;Vio

w; = —4
lejvi,o

J
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Note that the sum of the weights will always be 1:
w+-- 4w, =1

Asset Returns

The return R; on asset qa; is defined by the equation
Vir =Vio(1+ Ry)
which is equivalent to
_Vir—Vio
= Vio

Since the value of an asset at time T in the future is a random variable, so
is the return R;. Thus, we may consider the expected value and the
variance of the return. The expected return of asset a; is denoted by

pi = E(R;)
The variance of the return of asset q;
o} = Var(R)

is called the risk of asset a;. We will also consider the standard deviation
as a measure of risk when appropriate.

Portfolio Return

The return on the portfolio itself is defined to be the weighted sum of
the returns of each asset

R = i'wiR,
i=1

For instance, suppose that a portfolio has only 2 assets, with weights 0.4
and 0.6 and returns equal to 10% and 8%, respectively. Then the return
on the portfolio is

(0.4)(0.10) + (0.6)(0.08) = 0.088 = 8.8%

Since the expected value operator is linear, the expected return of the
portfolio as a whole is

n= iwiﬂi
i=1
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Since the individual returns generally are not independent, the variance
of the portfolio's return is given by the formula

o2 = Var (En:wiRi) ZZwleCov(R, R;j)

zl]

= E E WW; 05,050

i=1 j=1

where Cov(R;, R;) is the covariance of R; and R; and p;; is the
correlation coefficient. Let us make some formal definitions.

Definition The expected return p on a portfolio is the expected value of
the portfolio's return, that is,

p==E (iwiRi) = zn:wiﬂi
=1 i1

The risk of a portfolio is the variance of the portfolio's return, that is,

0% = Var (iwiR,) ZZw,w]Cov(Rz, Rj)
i=1

zl]

= E :E :wszPz,JUzUJ

i=1 j=1

An asset is xisKy if its risk o? is positive and riskfree if its risk is 0.0]

Until further notice, we will assume that the all assets in
a portfolio are risky; that is, o7 > 0.

More on Risk

Let us take a closer look at the notion of risk. Generally speaking, there
are two forms of risk associated with an asset. The systematic risk of an
asset is the risk that is associated with macroeconomic forces in the
market as a whole and not just with any particular asset. For example, a
change in interest rates affects the market as a whole. A change in the
nation's money supply is another example of a contributor to systematic
risk. Global acts such as those of war or terrorism would be considered
part of systematic risk.
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On the other hand, unsystematic risk or unique risk is the risk that is
particular to an asset or group of assets. For instance, suppose that an
investor decides to invest in a company that makes pogs. There are many
unsystematic risks here. For example, customers may lose interest in
pogs, or the pog company's factory may burn down.

The key difference between these two types of risk is that unsystematic
risk can be diversified away, whereas systematic risk cannot. For
instance, an investor can reduce or eliminate the risk that the pog
company's factory will burn down by investing in all pog-making
companies. In this way, if one pog factory burns down, another pog
company will take up the slack. More generally, an investor can reduce
the risk associated with an apathy for pogs by investing in all toy and
game companies. After all, when was the last time you heard a child say
that he was tired of buying pogs and has decided to put his allowance in
the bank instead?

A Primer on How Risks Interact

To see the effect of individual assets upon risk, consider a portfolio with
a single asset a;, with expected return p; and risk o%. The overall risk of
the portfolio is also o2. Let us now add an additional asset as to the
portfolio. Assume that the asset has expected return y; and risk o2.

If the weight of asset a; is ¢ then the weight of asset a2 is 1 — ¢. Hence,
the expected return of the portfolio is

p=tuy+ (1 —1t)pe
and the risk is
0% = 202 + (1 — t)%02 + 2t(1 — t) p120102

How does this risk compare to the risks of the individual assets in the
portfolio? We may assume (by reversing the numbering if necessary) that
0<o; <oo.
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o’ o? o?
[ A4

o}
(Le?)
(1,6
1,62

t 1 1 t 1

P10 pi=1 P =1

Figure 1: Some risk possibilities. Bold curves indicate no short selling.

Suppose first that the assets are uncorrelated, that is, p;o = 0. The
portfolio risk is equal to

o2 =202 + (1 — t)202 = (0F + 02)t* — 203t + o}

This quadratic in ¢ is shown on the left in Figure 1. A bit of
differentiation shows that the minimum risk occurs at

2

t o= 22
m = 3 2
o] + 0y
and is equal to
2,2
2 0103

o —_— ——
™ g2+ ol
Note that since
0 < 02, < min{o?, 02}

the minimum risk is positive but can be made less than either of the risks
of the individual assets.

Now suppose that the assets are perfectly positively correlated, that is,
p1.2 = 1. Then the risk is

o? = t?0 4+ (1 —t)%02 4 2t(1 — t)o109 = [(01 — O)t + 09)?
This quadratic is shown in the middle of Figure 1. The minimum risk is
actually 0 and occurs at
o9

02 — 01

Note that
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—0a
L <0

1—ty =
02 — 01

and so the minimum-risk portfolio must take a short position in the asset
ap with larger risk.

Finally, suppose that the assets are perfectly negatively correlated, that
is, p12 = —1. Then the risk is

0? =t 4+ (1 —t)%02 — 2t(1 — t)o102 = [(01 + 09)t — 09)?

This quadratic is shown on the right side of Figure 1. The minimum risk
is again 0 and occurs at

In this case

and so the minimum-risk portfolio does not require short selling.

Thus, the case where the assets are perfectly negatively correlated seems
to be the most promising, in that the risk can be reduced to 0 without
short selling. Short selling has its drawbacks, indeed it is not even
possible in many cases and when it is, there can be additional costs
involved. Of course, it is in general a difficult (or impossible) task to
select assets that are perfectly negatively correlated with the other assets
in a portfolio.

2.2 Two-Asset Portfolios

Let us now begin our portfolio analysis in earnest, starting with
portfolios that contain only two assets a; and ay, with weights w; and
woy, respectively. It is customary to draw risk-expected return curves with
the risk on the horizontal axis and the expected return on the vertical
axis. It is also customary to use the standard deviation as a measure of
risk for graphing purposes.

The expected return of such a portfolio is given by
Y= wipy + wapg

and the risk is
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2
0? = wio? + wios + 2wiwep; 20109

As before, we assume that the assets are risky, in fact, we assume that
0<oy <09

For readability let us write
pP=pP12

The Case p = +1

Let us first consider the case p = £1. In these cases, the expression for
o? simplifies considerably and we have

g = |w101 + ’tU20’2|

where the plus sign is taken if p =1 and the minus sign is taken if
p = —1. Since w; + we = 1, let us for convenience set

wy=s,w=1-—s
to get the parametric equations

p=(1—8)u + sps
o =|(1-8)o; % s09|

where s ranges over all real numbers. For s in the range [0,1] both
weights are nonnegative and so the portfolio has no short positions.
Outside this range, exactly one of the weights is negative, indicating that
the corresponding asset is held short and the other asset is held long.

To help plot the points (o, ) in the plane, let us temporarily ignore the
absolute value sign and consider the parametric equations

p=(1-s)u1+ sus
o' = (1-5s)oy £ 509

These are the equations of a straight line in the (¢, u)-plane. When
p =1 the plus sign is taken and the line passes through the points
(01, 1) and (o9, ). For p = —1 the line passes through the points
(01, 1) and (—o39, u2). These lines are plotted in Figure 2.
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[ [

(-021y)
(Gzalh) \
(Gl’pl) \pu))

p.=1 pr=-1

Figure 2: The graphs before taking absolute values

Now, the effect of the absolute value sign is simply to flip that part of the
line that lies in the left half-plane over the u-axis (since o = |o’|). The
resulting plots are shown in Figure 3. The bold portions correspond to
points where both weights are nonnegative, that is, no short selling is
required.

W o
(oum
(o21)

(OLHy) (o)

p12=1 pr=1

Figure 3: The risk-return lines

From the parametric equations (or from our previous discussion), we can
deduce the following theorem, which shows again that there are cases
where we can reduce the risk of the portfolio to 0.

Theorem 1 For p = pi2 = x1 the risk and expected return of the
portfolio are given by the parametric equations

p=(1—8)u +sp
o= |(1-8)o; % so9|

where s is the weight of asset ay and ranges over all real numbers. For
s € [0, 1] both weights are nonnegative and the portfolio has no short
positions. Outside this range, exactly one of the weights is negative, for
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which the corresponding asset is held short. The plots of (o,p) are
shown in Figure 3.

Moreover, we have the following cases.
1) When p=1 and o, = 09 then all weights give the same (and
therefore minimum) risk Opmin = 01 = 09.
2) When p =1 and 01 < 09 then the minimum risk weights are
—02 o1

y W2 =
o1 — 02 01— 02

w, =

with
O1l2 — 02l
Hmin = —
o1 — 09
Omin = 0
3) When p = —1 then the minimum risk weights are
02 o1

w; = ) wr =
o1+ 09 o1+ 09

with
_ O12 + oo

; s A O
Hmin 01+ 09

Omin =0

Let us emphasize that it is not in general possible to find assets that
satisfy p = 1 and so the previous theorem is more in the nature of a
theoretical result. It does show the dependence of the overall risk upon
the correlation coefficient of the assets.

TheCase —1< p<1

When —1 < p < 1 the parametric equations for the risk and expected
return are

P = w1y + w2

0? = wlo? + wiok + 2wiwopai o

Parametrizing as above by letting
wy=8,w=1-—3s

gives
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p= (2 — p1)s+ m
0% = (62 + 0% — 2p0109)s? — 201 (01 — pog)s + o

We next observe that since p < 1 the coefficient of s? in o satisfies
02 + 0% — 2pa109 = (01 — 02)2 4 20109(1 — p) > 0

and so the expression for o2 is truly quadratic (not linear). The graph of
the points (02, 1) is a parabola lying on its side, opening to the right and
going through the points (0%, u;) and (02, u2). Figure 4 shows the graph
as well as two possible placements of the points (02, 11;) and (03, u2). In
the graph on the right, the minimum-risk requires a short position.

M M

(6,51,) (o,5m,)

(012’“1)

(o%m)

(CAATH)

o? o?

Figure 4: The risk-return graph

Let us assume again that 0 < o; < oy. Differentiating the risk o with
respect to s gives

d
d—s(02) = 2(0? + 0% — 2p0103)s — 201 (01 — poa)

so the minimum-risk point occurs at

_ o1(o1 — po3)
0% + 02 — 2poi09

Smin

and the minimum risk is
292 2
2 _ 0y05(1 — p%)
min —
0% + 02 — 2poi0y

The minimum risk portfolio will have no short positions if and only if
Srnin e [O, 1].
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We can incorporate the previous cases p = 1 if we exclude the
degenerate case p = 1,07 = gy for which the denominator above is 0.
Since the degenerate case is excluded, a little algebra shows that
Smin < 1. (The degenerate case corresponds to smin = 1.) Moreover,

0<smn<lée-1<p<t

02
o
Snxin:()@p:"_l
02
01
Smin <0& —<p<1
02

Here is the final result.

Theorem 2 Assume that 0 < o1 < 09 and let p = p; 3 be the correlation
coefficient. Assume further that if p = 1 then o1 # 09. If Spin denotes the
weight of asset ay required to minimize the risk, then

o1(01 — po2)
0% + 02 — 2pai0y

Smin =

and
Pmin = (K2 — 1) Smin + M1
ol = aio3(1 - p?)
ol 4+ 02 — 2poi0y
Furthermore

1) When p=1 and o, = 0y then all weights give the same (and
therefore minimum) risk

Omin = 01 = 02

2) The condition —1 < p < 01/ 09 is equivalent to 0 < Spi, < 1 and so
the minimum risk can be achieved with no short selling.
Furthermore,

a,znin < min{af, ag}
but
arznin =0& p= -1

3) The condition p = 01/09 (except for p = 1,01 = 03) is equivalent to
Smin = 0, in which case
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2 2

Omin = 01

which is achieved by holding only asset a;.
4) The condition g,/02 < p < 1 is equivalent to smin < 0 and so short
selling of asset ay is required in order to minimize risk. Furthermore

a?nin < min{a%, ag}

but

ol =0ep=1 O

min —

As with the previous theorem, this result is also in the nature of a
theoretical result, but it does show the dependence of the overall risk
upon the correlation coefficient of the assets.

2.3 Multi-Asset Portfolios

Now let us turn our attention to portfolios with an arbitrary number
n > 2 of assets. The weights of the portfolio can be written in matrix (or
vector) form as

W=(w w2 - wy)
It is also convenient to define the matrix (or vector) of 1's by
O=(11 - 1)
(this is a script upper-case “oh” standing for “one”) so that the condition
w4 tw, =1
can be written as a matrix product
ow'=1

where W is the transpose of W. We will also denote the matrix of
expected returns by

M=(m p2 - pn)
and the covariance matrix by
C = (ciy)
where
¢, = Cov(R;, ;)
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Note that c;; = o2 is the variance of R;. It can be shown, although we
will not do it here, that the matrix C is symmetric (that is, C* = C) and
positive semidefinite, which means that for any matrix A = (ay,...,a,)
we have AC A* > 0. We shall also assume that C is invertible, which in
this case implies that C' is positive definite, that is, for any matrix
A= (ay,...,a,) we have ACA® > 0.

The expected return can now be written as a matrix product
p=MW"= pw + - + pinwn

and the risk can be written as

0% = Var(w Ry + -+ + woRy) = Z cijwiw; = WCW*

i,j=1

The Markowitz Bullet

Let us examine the relationship between the weights W = (wy, ..., w,)
of a portfolio and the corresponding risk-expected return point (o, 1) for
that portfolio, given by the equations above. Note that we are now
referring to risk in the form of the standard deviation o.

Figure 5 describes the situation is some detail for a portfolio with three
assets and this will provide some geometric intuition for the multi-asset

case in general. (We will define the terms Markowitz bullet and
Markowitz efficient frontier a bit later.)

W, 1) Markowitz efficient
| 4’ frontier
e , f (Ommk) o -
A -“MAKT’*’:} Markowitz
™ /,// (CARTERA fﬁ W et
',f -Wz-Wa) \\“M
=7 L
.
/ WHW, W, =1
W,

Figure 5: The Markowitz bullet

The left-hand portion of Figure 5 shows the n-dimensional space in
which the weight vectors (wj,...,w,) reside. (In Figure 5 we have
n = 3 of course.) Since the sum of the weights must equal 1, the weight



54 Introduction to the Mathematics of Finance

vectors must lie on the hyperplane whose equation is

w4 +w, =1
For n =3 this is an ordinary plane in 3-dimensional space, passing
through the points (1, 0,0), (0,1,0) and (0,0, 1). For the sake of clarity,
the figure shows only that portion of this hyperplane that lies in the
positive orthant. This is the portion of the plane that corresponds to

portfolios with no short selling. Let us refer to the entire hyperplane as
the weight hyperplane.

We denote by f the function that takes each weight vector in the weight
hyperplane to the risk-expected return ordered pair for the corresponding
portfolio, that is,

fw,...,w,) = (o,p)
where
p=pws + - + pawn, = MW*
ol = Zn: Ci jWiw; = wCewt

ij=1
The function f is also pictured in Figure 5. Our goal is to determine the
image of a straight line in the weight hyperplane under the function f.

This will help us get an idea of how the function f behaves in general. (It
is analogous to making a contour map of a function.)

The equation of a line in n-dimensional space (whether in the weight
hyperplane or not) can be written in the parametric form

£(t) = (a1t + by, ..., a5t + b,) = At + B
where

A= (ay,...,an)
B = (by,...,by)

and where the parameter ¢ varies from —oo to co. The value ¢ =0
corresponds to the point £(0) = A and ¢ = 1 corresponds to £(1) = B. It
is also true that any equation of this form is the equation of a line.

Now, for any point W = (wy,...,w,) on the line, corresponding to a
particular value of ¢, the expected return is
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p=MW =M(At+ B) = (MA}t+ MB
which is a linear function of t. This is a critical point. Solving for ¢ gives

_p—MB
- MA

where o and (@ are used simply for convenience and where we must
assume that the denominator M A is not 0.

t =au+pf

Now let us look at the risk (in the form of the variance)

o’ =WCW*
= (At + B)C(A't + BY)
= (ACA"t* + (BCA' + ACB')t + BCB'
=’ +6t+e

where we have used the letters , 6 and € to simplify the expression,
which is just a quadratic in ¢. Replacing ¢ by its expression in terms of
gives

o’ =y(ap+ B)* +6(au+B) +e

which is a quadratic in p.

Thus, as t varies from —oo to oo and £(t) traces out a line in the weight
hyperplane, the risk-expected return points (o2, 1) trace out a parabola
(lying on its side) in the (o, u)-plane. Taking the square root of the first
coordinate produces a curve that we will refer to as a Markowitz curve,
although this term is not standard. Thus, straight lines in the weight
hyperplane are mapped to Markowitz curves in the (o, )-plane under
the function f. Note that Markowitz curves are not parabolas.

Figure 6 shows an example of a Markowitz curve generated using
Microsoft Excel. For future reference, we note now that the data used to
plot this curve are

(11, pa, p3) = (0.1,0.11,0.07)
(0’1,02,03) = (0.23,0.26,0.21)
p12 = p21 = —0.15

p13 = p31=0.25

p2,3 = p2,3 = 0.2
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Markowitz Bullet

0.35
0.3
0.25
0.2
0.15
0.1
0.05

Return

Risk

Figure 6: A Markowitz bullet
The Shape of a Markowitz Curve

It is important to make a clear distinction between the parabola traced out
by (o2, 1) and the Markowitz curve traced out by the points (o, 1), as
pictured in Figure 6. To get a feel for the differences in more familiar
territory, consider the functions

y=az’+br+c

and

z=vVar:+br+c

for a > 0. The first graph is a parabola. The slope of the tangent lines to
this parabola are given by the derivative

v =2azx+b

and these slopes increase without bound as x tends to co. On the other
hand, for the function z, for large values of x the first term dominates the
others and so

z=vVax? + bz +c = Vaz? = \/alz|

The graph of the equation z = \/a|z| is a pair of straight lines. This
shows that as z tends to oo the graph of z flattens, unlike the case of a
parabola. In particular, the derivative is
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, 2ax + b

2 =
2v/az? 4+ bz + ¢

Squaring this makes it easier to take the limit

g .. 4d’x? + dabz +b?
lim (2')* = lim =
200 z—o0 4(ax?+ bz +c)

so we see that 2’ approaches \/E as z approaches 0o.

Thus, unlike parabolas Markowitz curves flatten out as we move to the
right. One of the implications of this fact, which is important to the
capital asset pricing model, is that (looking ahead to Figure 9) if ps is
too large, there is no tangent line from the point (0, ) to the upper
portion of the Markowitz curve.

The Point of Minimum Risk

Let us denote the point of minimum risk by (Omin, min). We will be
content with finding the portfolio weights (in the weight hyperplane) that
correspond to this point. For any particular case, these weights can easily
be plugged into the formulas for o and u to get the actual point. (As the
reader will see, the general formulas can get a bit messy.)

The next theorem gives the minimum-risk weights. The proof uses the
technique of Lagrange multipliers, which can be found in any standard
multivariable calculus book, so we will not go into the details here. The
reader may skim over the few proofs that require this technique if
desired.

Theorem 3 A portfolio with minimum risk has weights given by
oC!
oC-10¢
Note that the denominator is a number and is just the sum of the

components in the numerator.
Proof. We seek to minimize the expression

W =

n
0’2 = Z CijWW; = WCWt

i,j=1

subject to the constraint
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OWl=w+-+w, =1

According to the technique of Lagrange multipliers, we must take the
partial derivatives with respect to each w; and « of the function

n
g(wy, ..., wy) = Z cijwiw; + ol —wy — - — wy)
ij=1
and set them equal to 0. We leave it as an exercise to show that this
results in the equation

wt = 2ot
C 2O
and so
_ N
W = 2OC’

Substituting this into the constraint (and using the fact that C' and C~!
are symmetric) gives

a__ 1
2 0C-10¢
and so we get the desired result.[]
The Markowitz Efficient Frontier

The set of points (omin, i) that gives the minimum risk for each expected
return p is called the Markowitz efficient frontier (“frontier" is another
word for boundary). The next theorem describes this set of points. While
the formula is a bit messy, there is an important lesson here. Namely, the
minimum-risk weights are a linear function of the expected return. This
means that as the expected return y takes on all values from —oo to oo,
the minimum-risk weights trace out a straight line in the weight
hyperplane and the corresponding points (omin, 4) trace out a Markowitz
curve!

In other words, the Markowitz efficient frontier is a Markowitz curve.
The weight line that corresponds to the Markowitz curve is called the
minimum-risk weight line.

Theorem 4 For a given expected return i, the portfolio with minimum
risk has weights given by
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p MCO! MCMt o
1 0oCo! oc—imt 1
MC-Mt MC-10!
oc-'Mt OC-10t

MC™+

‘ ’OC"1
W =

In particular, each weight w; is a linear function of .
Proof. In this case, we seek to minimize the expression

ol = i Ci jWW; = WCow?
ij=1
subject to the constraints
MW" = wip + - + Wnptn = o
and
OW'=w 44w, =1

This is done by setting the partial derivatives of the following function to
0

ij=1
This results in the matrix equation
2CW' = aM* + SO’

and so
W= —;—(aM 1+ 80)C!

Substituting the expression for W into the matrix form of the constraints
gives the system of equations

(MC'MYa+ (MC™0"8 =2u
(OC*MYa + (OC710Y) B =2
Cramer's rule can now be used to obtain a formula for o and 3.

Substituting this into the expression for W gives the desired result. We
leave all details to the reader as an exercise.[]
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An ordered pair (z, y) is said to be an attainable point if it has the form
(0, 1) for some portfolio. Since the Markowitz efficient frontier contains
the points of minimum risk, all attainable points must lie on or to the
right (corresponding to greater risk) of some point on this frontier. In
other words, the attainable points are contained in the shaded region on
the right-hand side of Figure 5. This region (including the frontier) is
known as the Markowitz bullet, due to its shape.

To explain the significance of the Markowitz efficient frontier, we make
the following definition.

Definition Let P, = (01,p11) and Py = (09, u2) be attainable points.
Then (01, p1) dominates (o2, u2) if

o1 < o9 and py > o

In words, P, has smaller or equal risk and larger or equal expected
return.[]

Theorem 5 Any attainable point is dominated by an attainable point on
the Markowitz efficient frontier. Thus, investors who seek to minimize
risk for any expected return need only look on the Markowitz efficient
frontier.(

EXAMPLE 1 Let us sketch the computations needed in order to get the
Markowitz bullet in Figure 6. The data are as follows:

(1, a2, p13) = (0.1,0.11,0.07)
(01,02,03) = (0.23,0.26,0.21)
pr12=p21 = —0.15

p13 = p31 = 0.25

p23 = p23 =02

Since the computations are a bit tedious, they are best done with some
sort of software program, such as Microsoft Excel. Figure 7 shows a
portion of an Excel spreadsheet that has the required computations. The
user need only fill in the gray cells and the rest will adjust automatically.
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Capital Asset Pricing Model-Fill In Grey Cells
User Data Returns Risks o; Correlation
C=(c;j)=(pijoi0))
i=1 0.0529 -0.00897 0.012075)
i=2 -0.00897 0.0676 0.01092
i=3 0.012075 0.01092 0.0441
Inverse of C 21.10168374 3.888932099 -6.740815639
3.888932099 16.12598046 -5.05792657
-6.740815639 -5.05792657 25.77387544
Min Risk Point oc’'= 18.2498002 14.95698599 13.97513323
oc'o'= 47.18191942
W= 0.386796477  0.31700673 0.296196793
p= 0.094284164
WC= 0.02119456  0.02119456 0.02119456
WCW'= 0.02119456
o= 0.145583514
Min Risk Line MC'= 2.06609381 1.808696201 0.573717794
Mc'O'=  4.448507805
OC'M'=  4.448507805
MC'M'=  0.445726209
Denom Det= 1.24099637

Figure 7: Excel worksheet

Referring to Figure 7, the point of minimum risk is given in Theorem 3
by

-1
These weights can be used to get the expected return and risk
p=MW?!
and
o =WCW'

Thus, the minimum-risk point is
(Ominy Mmin) = (0.146,0.094) = (14.6%,9.4%)

Next, we compute the minimum risk for a given expected return u. The
formula for the minimum risk is given in Theorem 4. All matrix products
are computed in Figure 7, and so is the denominator, which does not
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depend on p. Figure 8 shows the computation of the minimum risk for
three different expected returns. O

Return p Num Det 1
-4 448507805
-4 212508708

Num Det 2 Num 2
0445726209 8

0423
0401241131

nd Term
34414252

Num of W
-1 056620188

Return p
1.11022E-16
0.005

0.04

0.099011513 0281277439 0.539701

Figure 8: Computing minimum risk for a given expected return
The Capital Asset Pricing Model

Now that we have discussed the Markowitz portfolio theory, we are
ready to take a look at the Capital Asset Pricing Model, or CAPM
(pronounced “Cap M”). The major factor that turns Markowitz portfolio
theory into capital market theory is the inclusion of a riskfree asset in the
model. (Recall that up to now we have been assuming that all assets are
risky.)

As we have said, a riskfree asset is one that has 0 risk, that is, variance
0. Thus, its risk-expected return point lies on the vertical axis, as shown
in Figure 9.

The inclusion of a riskfree asset into the Markowitz portfolio theory is
generally regarded as the contribution of William Sharpe, for which he
won the Nobel Prize, but John Lintner and J. Mossin developed similar
theories independently and at about the same time. For these reasons, the
theory is sometimes referred to as the Sharpe—Lintner—Mossin (SLM)
capital asset pricing model.

The basic idea behind the CAPM is that an investor can improve his or
her risk/expected return balance by investing partially in a portfolio of
risky assets and partially in a riskfree asset. Let us see why this is true.

Imagine a portfolio that consists of a riskfree asset a;r with weight w¢
and the risky assets aj, ..., a, as before, with weights wy, ..., w,. Note
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that now the sum of the weights of the risky assets will be at most 1. In
fact, we have

n
1=1

n
Wrisky = Zwi <1
i=1
The expected return of the complete portfolio is
n
= Wit flet + ) Willi = Wef et + hrisky
i=1

and since the variance of the riskfree asset is 0, the return Ry is a
constant. Hence, its covariance with any other return is 0 and so

0’2 = Var(w,erf + ZwiRi)

1=1
= Var(ZwiRi)
i=1

_ 2
- Urisky

Hence

0 = Orisky

We also want to consider the portfolio formed by removing the riskfree
asset and “beefing up” the weights of the risky assets by the same factor
to make the sum of these weights equal to 1. Let us call this portfolio the
derived risky portfolio (a nonstandard term). For example, if the
original portfolio is composed of a

riskfree asset with weight w,s = 0.20
risky asset a; with weight w; = 0.30
risky asset a; with weight w; = 0.50

then the sum of the risky weights is 0.80 so the derived risky portfolio
consists of the

risky asset a; with weight w; = 0.30/0.80 = 0.375
risky asset a; with weight w; = 0.50/0.80 = 0.625
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which has a total weight of 1. Let us denote the expected return of the

derived risky portfolio by fi4er and the risk by o2, . It follows that

n
= Wet et + Zwiﬂi

i=1

n
Wi
= Wrf et + Wrisky i
; Wrisky

= Wrf fhef + Wrisky Mder

and
n
o’ = Var(ZwiRi)
=1
= w?iskyvar(z - Rn)
— Wrisk
i=1 T1SKy
a2 2
- wriskyader
Thus

b = Wrf lhef + Wriskybder
0 = WriskyOder

Or SINCe Wyt + Wrisky = 1

W= Uef + wrisky(,uder — Mef )
0 = WriskyO der

(1

As wyigky ranges over all real numbers, equations (1) trace out a straight
line. Solving the second equation for wrsy and using that in the first

equation, we get the equation

Hder — Mrf
b=——
Oder

O+ et

Figure 9 shows this line.

@)
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Capital market Capitfl market
" line

u portfolio P
(Ombtn) A

/”? -
A /‘\:{:‘_(\Sdenuder)
ue¥ (o) =

P

SRR el

Figure 9: The capital market line

It is clear that if wyigy = 0 then

(07 /J’) = (Oa 'u'l'f)

and if wysky = 1 then

(07 /-L) = (Uder, /Jlder)

Moreover, the point (Oger, fider) cOrresponding to wrisky = 1, being the
risk-expected return point for a purely risky portfolio, must lie in the
Markowitz bullet.

So where do we stand? An investor who invests in a riskfree asset along
with some risky assets will have risk-expected return point lying
somewhere on the line joining the points (0, ) and (0'ger, fhger ). But it is
clear from the geometry that among all lines joining the point (0, pif)
with various points (0ger, 4der) in the Markowitz bullet, the line that
produces the points with the highest expected return for a given risk is
the tangent line to the upper portion of the Markowitz bullet, as shown in
Figure 10.

Investment
Portfolio Capital market
_~" line

= Capital market
portfolio

9

Acceptable
risk

Figure 10: The investment portfolio for a given level of risk
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The tangent line in Figure 10 is called the capital market line and the
point of tangency on the Markowitz efficient frontier is called the
(capital) market portfolio.

The reader may recall our previous discussion about the flattening out of
the Markowitz curves. It follows from this discussion that if the riskfree
rate is too large then there will be no capital market line and hence no
market portfolio.

Assuming that a capital market line does exist, by adjusting the balance
between the riskfree asset and the risky portion of the portfolio, that is,
by adjusting the weights wy and wrgy, any point on the capital market
line can be achieved. To get a point to the right of the market portfolio
requires selling the riskfree asset short and using the money to buy more
of the market portfolio.

We can now state the moral of this discussion:

In order to maximize the expected return for a given
level of risk the investor should invest is a portfolio
consisting of the riskfree asset and the market portfolio
(no other risky portfolio). The relative proportions of
each is determined by the level of acceptable risk.

The Equation of the Capital Market Line

If the market portfolio has risk-expected return point (o5, i) then the
equation of the capital market line is

_ KM — Hrf
oM

I 0 + [t

For any point (o, i) on the line, the value
By — Pt
—0

Ho— e =
oM

which is the additional expected return above the expected return on the
riskfree asset, is called the risk premium. It is the additional return that
one may expect for assuming the risk. Of course, it is the presence of risk
that implies that the investor may not actually see this additional return.

To get a better handle on this equation, we need more information about
the market portfolio's risk-expected return point (o7, par). The weights
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that correspond to the market portfolio's risk and expected return are
given in the next theorem.

Theorem 6 For any expected riskfree return s, the capital market
portfolio has weights

(M — pyO)C™!

W= (M = p,;0)C-10"

Note that the denominator is just a number, being the sum of the
coordinates of the vector in the numerator.

Proof. For any point (o, 1) in the Markowitz bullet, the slope of the line
from (0, pf) to (o, p) is

I el Y R U

s
o Y6 jww;

It is intuitively clear that the point of tangency is the point with the
property that this slope is a maximum among all points (o, ) in the
Markowitz bullet. So we seek to maximize s subject to the constraint that
Yw; = 1. Using Lagrange multipliers once again, we must take the
partial derivatives of the following function and set the results to 0:

D oW — fhe
f= 4

Zci,jwiwj
1/7.7

+ )\(1 - sz)

We leave it as an exercise to show that the resulting equations are

Of _ mXcijwiw; — (Bpsw; — pur) (B pwi)

— A=
8wk (Eci7jwiwj)3/2 0

This can be cleaned up to get
(WCWH g — (MW? — g ) Ct Wt = \(WCW1)3/2
where C}, is the kth row of the covariance matrix C. This can be written
ok — (1 — pet)Ce W' = Ao®
Since this holds for all k, we have

o’ M — (u — peg) CW?' = Ao®O"
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Taking transposes and recalling that C* = C gives
o*M — (i — ) WC = Ao®0
Multiplying on the right by W* and recalling that OW* = 1, we get
MW — (u— pr) WCW? = \o®

or
o’p— (4 — put)o? = Ao’
and so
\ = At
o

We can now use this value of A in an earlier equation to get
o*M — (p — pug)WC = pirg0®O

This can be rewritten as

Bty — (M — 110)C !

o2
Multiplying on the right by O! and noting that WO! = 1 we get

I —2/er _ (M _ ,LerO)C_IOt
g

Using this in the previous equation gives

(M — us0)C™!
(M — ps0)C-10"

W =

as desired.[]
To illustrate, let us continue Example 1 to derive the market portfolio.

EXAMPLE 2 Continuing Example 1, Figure 11 shows more of our
Excel worksheet. This portion computes the market portfolio's risk-
expected return based on various riskfree rates (in this case only three
rates).
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Markst Portfolio
-Frae Rate

M-RFR*O {MRFR'O)C"

W Return wce o=WEW Risk o

For instance, a riskfree return on investment of u,s = 0.03 leads to an
expected return of

tm = 1.02956084

and a risk of

om = 0.155092557 O

More on the Market Portfolio

According to our theory, all rational investors will invest in the market
portfolio, along with some measure of riskfree asset. This has some
profound consequences for this portfolio. First, the market portfolio must
contain all possible assets! For if an asset is not in the portfolio, no one
will want to purchase it and so the asset will wither and die.

Since the market portfolio contains all assets, the portfolio has no
unsystematic risk—this risk has been completely diversified out. Thus,
all risk associated with the market portfolio is systematic risk.

In practice, the market portfolio can be approximated by a much smaller
number of assets. Studies have indicated that a portfolio can achieve a
degree of diversification approaching that of a true market portfolio if it
contains a well-chosen set of perhaps 20 to 40 securities. We will use the
term market portfolio to refer to an unspecified portfolio that is highly
diversified and thus can be considered as essentially free of unsystematic
risk.

The Risk—Return of an Asset Compared with the Market Portfolio

Let us consider any particular asset a; in the market portfolio. We want
to use the best linear predictor, discussed in Chapter 1, to approximate
the return Ry of asset a; by a linear function of the return Rj; of the
entire market portfolio. According to Theorem 9 of Chapter 1, we can
write
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Ry =BxRy + o + €
where

. Cov(Ry, Ryr)
fr=——m—""
Om

ap = g(R,) — ﬁkg(RM)

and e is the error (residual random variable). The coefficient 5y is the
beta of the asset's return with respect to the market portfolio's return and
is the slope of the linear regression line.

To get a feel for what to expect, Figure 12 shows the best linear predictor
in the case of a relatively large beta and three magnitudes of error,
ranging from very small to rather large.

Rk

R, Ry

Ru Ry Ry

Figure 12: A large beta and different magnitudes of error

Because the beta is large, in all three cases when the market return
fluctuates a certain amount, the asset's return fluctuates a relatively larger
amount. Put another way, if the market returns should fluctuate over a
specific range of values (as measured by the variance, for example), the
asset returns will fluctuate over a larger range of values (as measured by
the variance). Thus, the market risk is “magnified” in the asset risk.

Figure 13 shows the best linear predictor when the beta is small, again
with three magnitudes of error.



2. Portfolio Management and the Capital Asset Pricing Model 71

Rk Rk Rk

Ry Ry Ry

Figure 13: A small beta and different magnitudes of error

Because the beta is small, in all three cases when the market return
fluctuates a certain amount, the asset's return fluctuates a relatively
smaller amount. Thus, the market risk is “demagnified” in the asset risk.

It is intuitively clear then that an asset's systematic risk, that is, the risk
that comes from the asset's relationship to the market portfolio (whose
risk is purely systematic) is related in some way to the beta of the asset.

In addition, it can be seen from the graphs in Figures 12 and 13 that there
is another factor that contributes to the asset's risk, a factor that has
nothing whatsoever to do with the market risk. It is the error. The larger
the error €, as measured by its variance Var(¢) for example, the larger the
uncertainty in the asset's expected return.

Now let us turn to the mathematics to see if we can justify these
statements. In fact, the BLP will provide formulas for the expected return
and the risk of the individual asset R}, in terms of the beta.

The Risk
As to the risk, we leave it as an exercise to show that

COV(RM, 6) =0
and so the risk associated with the asset ay, is (since oy is a constant)

02 = Var(Ry) = Var(Bi.Ry + oy + €)
= Var(Br Ry + €)
= B0y + Var(e)

Thus, the quantity 3%02,, which is referred to as the systematic risk of
the asset ay, is proportional to the market risk, with a proportionality
factor of (2.



72 Introduction to the Mathematics of Finance

The remaining portion of the asset's risk is the term Var(e), which is
precisely the measure of the error that we discussed earlier. This is called
the unsystematic risk or unique risk of the asset.

According to economic theory, when adding an asset to a diversified
portfolio, the unique risk of that asset is canceled out by other assets in
the portfolio. Hence, the unique risk should not be considered when
evaluating the risk-return performance of the asset and so the asset's beta
becomes the focal point for the risk-return analysis of an asset.

The Expected Return
To justify this viewpoint further consider the expected return of the
market portfolio '

v = MWy
and the expected return of the individual asset a;
i = Megt
where
ek=(0 - 01 0 - 0)

is the matrix with a 1 in the kth position and Os elsewhere. To relate
these two quantities, we need an expression for M.

Recall that the weights of the market portfolio are given in Theorem 6 by

(M — ,urfO)C_l

Wi = (M = p10)C-10t

Since the denominator is just a constant, let us denote its reciprocal by 6.
Thus

Wi = §(M — pg0)C ™

Solving for M gives

1
M = EWMC + ,UrfO

We can now write
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v = MWy,

1
= <5WMC + /-erO) W]t\,I
_ %WMcwﬁ + 1OWY,

—102+

Also
pk = Mej,

1

= <5WMC + lerO) 62
1

= EWMcez + /erfOef9

1
= ECOV(Rka Ru) + it

Now, the reader may notice a resemblance between some of these terms
and the beta
_ Cov(Ry, Ryr)
= 2
oM

Bk

Solving the previous equations for the numerator and denominator of S
gives
_ Cov(Ry, Rar) _ 6(pk — put) _ ok — it

ol S(par = ) MM — biut

B

Finally, solving this for yy gives
e = Br(pnr — piet) + phot

Let us collect these important formulas in a theorem.

Theorem 7 The expected return and risk of an asset ay, in the market
portfolio is related to the asset's beta with respect to the market portfolio
as follows:

Pk = Br(par — tor) + oy 3)

and
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0,2c = ﬂ,%alzw + Var(e)

where € is the error (residual random variable).(]

The expression for the expected return justifies our earlier discussion: An
asset's expected return depends only on the asset's systematic risk 3202,
(through its beta) and not on its unique risk Var(e). This justifies
considering only the term (3203, in assessing the asset's risk relative to
the market portfolio.

Since ppr — s is positive under normal conditions, the slope of the
linear relation is positive, meaning that large betas imply large expected
returns and vice versa. This makes sense—the more (systematic) risk in
an asset the higher should be its expected return under market
equilibrium.

Of course, there is no law that says that higher risk should be rewarded
by higher expected return. However, this is the condition of market
equilibrium. If an asset is returning less than the market feels is
reasonable with respect to the asset's perceived risk, then no one will buy
that asset and its price will decline, thus increasing the asset's return.
Similarly, if the asset is returning more than the market feels is required
by the asset's level of risk, then more investors will buy the asset, thus
raising its price and lowering its expected return.

The mathematics bears this out. For instance, if the asset's systematic risk
is less than the risk in the market portfolio, that is, if
Biohs < o
or equivalently if B; < 1 then the asset's return satisfies
= Br(pnr — pies) + pee < (s — piut) + et = ping

that is, its expected return is less than that of the market portfolio. On the
other hand, if By = 1 then ux = ups and if Bx > 1 then px > ppr, just as
we would expect in a market that is in equilibrium.

The graph of the line in equation (3) is called the security market line or
SML for short. The equation shows that the expected return of an asset is
equal to the return of the riskfree asset plus the risk premium

Br(par — ) of the asset.
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EXAMPLE 3 Suppose that the riskfree rate is 3% and that the market

portfolio's risk is 12%. Consider the following assets and their betas

Asset | Beta

a 0.65

Qa9 1.00

as 1.20

ay -0.20

Qs —0.60
Since

fing — g = 0.12 — 0.03 = 0.09

the security market equation is

We can now compute the expected returns under market equilibrium

e = 0.098 + 0.03

Asset | Beta | Expected Return
a 0.65 | 8.85%

s 1)) 1.00 12%

as 1.20 13.8%

ay —0.20 | 1.2%

as —0.60 | —6.9%

The expected returns in the previous table are the values that the market
will sustain based on the market portfolio's overall systematic risk (and
the riskfree rate). For example, since asset a; has a beta less than 1, it has
a smaller risk than the market portfolio. Therefore, the market will
sustain a lower expected return than that of the market portfolio—in this
case 8.85% rather than 12%. Asset as has the same systematic risk as the
market portfolio so the market will sustain an expected return equal to
that of the market portfolio.(]

Exercises

1.

2.

What is the beta of the market portfolio? Can a portfolio have any
real number as its 3?

For a riskfree rate of 4% and a market portfolio expected return of

8% calculate the equation of the security market line.
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Show that the parametric equations

p=(1-s)u1+ spp
o' = (1-58)o; + s09

are the equations of a straight line in the (o’, u)-plane. (Here s is the
parameter and ranges over all real numbers. Take the plus sign first
and then the minus sign.)

For p;2 =1 we have R; = aR; + b for a > 0. If the risk is 0 then
compute the expected return.

Under the assumption that o7 < o2 and p; o < 1 show that

a1(01 = p1,202)
2 2
o1 + 0y — 2p1,20102

Smin = <1

If € is the error in the best linear predictor of an asset a; with respect
to the market portfolio, show that Cov(Rjs, €) = 0.

Show that the regression lines for all assets in the market portfolio go
through a single point. What is that point?

Let Py be the market portfolio, where asset a; has weight w;. Write
the best linear predictor of R; as

Consider the first two assets a; and ag, with theip respective weights
w; and ws. The return from these two assets is

Ry =wiR; +waRy
If the best linear predictor is

BLP(Ry) = BoRm + aum

what is the relationship between [, 3; and (32 and between o, o
and ay? Can you generalize this result to any subset of assets in the
market portfolio, that is, to any subportfolio?

Verify the data in Figure 14 (at least to a few decimal places). For a
5% return, show that the minimum risk is 0.238952. If the riskfree
rate is 3% show that the market portfolio has weights
(0.335,0.372,0.293) and risk—return (0.194, 0.196).
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Capital Asset Pricing Model-Fill In Grey Cells
User Data Returns y Risks o; Correlation
i = 5 E e — -0.1 =pl,2=p2,l
=P13=P1y
: d =P23=P32
C=(c;j)=(pijoi0)) =1 =2 =3
i=1 0.04 -0.006 0.016
i= -0.006 0.09 0.024
i=3 0.016 0.024 0.16
Inverse of C 26.6075388 2.58684405 -3.048780488
2.58684405 11.8255728 -2.032520325
-3.048780488  -2.032520325 6.859756098
Min Risk Point oc'= 26.14560237 12.37989653 1.778455285

oc'o'=  40.30395418

u=MW'=  0.139541547

o’=WCW'=  0.024811461
o=  0.157516543

w=0Cc'/0C"0'= 0648710602 0.307163324 0.044126074

WC= 0.024811461 0.024811461 0.024811461

For Min Risk Line MmC'= 2263488544 2.014042868 1.346544715

MC'O'= 5624076127
oc'M'= 5624076127

MC'M'= 1.033120843
Denom Det= 10.00862281

Figure 14






Chapter 3

Background on Options

In preparation for our study of derivative pricing models, we need to
discuss the basics of stock options. Readers who are familiar with these
derivatives will want merely to skim through the chapters to synchronize
the terminology, as it were.

3.1 Stock Options

Stock options take two forms: put options (puts) and call options (calls).
Here are the definitions.

Definition A4 call is a contract between the writer (or seller) of the call
and the buyer of the call. The buyer has the right to buy from the writer
(that is, call for) the stock at a fixed price called the exercise price or
strike price, which we denote by E or K (both are commonly used
symbols). In a European call, the right to buy can only be exercised on
the expiration date of the call. In an American call, the right to buy can
be exercised at any time on or before the expiration date of the call.

A put is a contract between the writer (or seller) of the put and the
buyer of the put. The buyer has the right to sell to (or put to) the writer
the stock at the exercise price or strike price. In a European put, the
right to sell can only be exercised on the expiration date of the call. In an
American put, the right to sell can be exercised at any time on or before
the expiration date of the call.

The writer of an option has a short position and the buyer of an option
has a long position. (]

3.2 The Purpose of Options

Options are primarily used for hedging and for speculation. (Arbitrage is
always good too if you can get it.) Also, options have one significant
advantage over owning the underlying asset, namely, leverage.

A hedge is an investment that reduces the risk in an existing position,
such as another investment. To illustrate the hedging feature of an
option, suppose an investor currently (October) owns 1000 shares of a
stock IBM whose current price is about $88 per share. The investor is

S. Roman, Introduction to the Mathematics of Finance

© Steven Roman 2004
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justifiably concerned that a significant drop is the stock's price will cause
his portfolio to take a big hit.

So to hedge against this possibility the investor buys a December put
with strike price $85. This gives him the right to sell the stock at $85 per
share for the next 3 months. Thus, if the stock price tumbles the investor
can bail out at $85 per share. The price paid for this hedge is the price of
the put, which is currently selling for $1.50. So a total cost of $1500 will
protect an $88,000 investment.

Leverage

At the moment of this writing, IBM is selling for about $90 per share. A
small investor with $450 can purchase only 5 shares of the stock. If the
investor feels that the stock price is about to rise significantly, then the
use of options allows him to leverage his meager bankroll and speculate
on the stock in a much more meaningful way than buying the shares.

For example, the current price of a 1-month call with strike price of $90
is $3.80. Thus, the investor is able to purchase 118 such calls (ignoring
commissions). If the price of IBM is $95 at exercise time the profit on 5
shares would be only $25 whereas the profit on the calls would be $590.
The return is thus over 100% on the investment in options, whereas it is
less than 6% for the stock investment. This is leverage.

Of course, the downside to the call options is that if the stock does not
rise, or does not rise before the expiration date, the investor will receive
nothing from the options and will be out the commission on the purchase
of these options, whereas the stockholder still owns the stock.

3.3 Profit and Payoff Curves

When the expiration date arrives, the owner of an option will exercise
that option if and only if there is a positive return. Thus, if the strike
price of the option is K and the spot price of the stock is S, the owner of
a call will exercise the option (call for the stock at the price K) if and
only if K < S. On the other hand, the owner of a put will exercise the
option (put the stock at the price K) if and only if K > S. Some terms
are used to describe the various possibilities.

Definition A call option is

1) in-the-money if K < Sy

2) at-the-money if K = Sp

3) out-of-the-money if K > St
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A put option is

4) in-the-money if K > St

5) at-the-money if K = St

6) out-of-the-money if K < Sr[]

It is important to note that just because an option is in the money does
not mean that the owner makes a profit. The problem is that the initial
cost (as well as any commissions, which we will ignore throughout this
discussion) may outweigh the return gained from exercising the option.
In that case, the investor will still execute because the positive return will
help reduce the overall loss.

Figure 1 shows the payoffs (ignoring costs) for each option position.
Note that the horizontal axis is the stock price at exercise time and all
line segments are either horizontal or have slope £1.

For example, for a long call, the owner will exercise if and only if the
spot price S of the.stock is greater than K. In this case, the payoff to the
owner is S — K. Otherwise, the owner will let the call expire, receiving
nothing.

Payoff Payoff

/ Stock Stock
K Price \ Price

Long Call Short Call

Payoff Payoff

\ Stock Stock
I'( Price / Price

Long Put Short Put
Figure 1: Payoff curves

Figure 2 shows the actual profit curves, which take into account the cost
of the purchase or sale of the option. (As mentioned, we will ignore all
commissions.)
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Profit Profit

K_/ Stock %St T\ Stock
—cost / Price K \ Price

Long Call Short Call

Profit Profit

\ K Stock oSt /" Stock
_cost N\ Price / K Price

Long Put Short Put

Figure 2: Profit curves

The payoff formulas are actually quite simple. For a long call, if the
stock price S satisfies S > K then the payoff from exercising the call is
S — K whereas if S < K then the call will expire and so the payoff is 0.
Thus, the payoff is

Payoff(Long Call) = max{S — K, 0}
On the put side, we have
Payoff(Long Put) = max{K — S, 0}

As mentioned, the payoff curves are very informative. Here are some of
the things we can see immediately from these curves.

Long Call

o Limited downside: The downside is limited to the cost of the call.

e Unlimited upside: The upside is unlimited since there is no limit to
the price of the stock.

e Optimistic position: The buyer hopes the stock price will rise.

o A long call should be exercised when the stock price is above the
strike price K.

Short Call

o Unlimited downside: The downside is unlimited because there is no
limit to the price of the stock.
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Limited upside: The upside is limited to the selling price of the call.
Pessimistic position: The buyer hopes the stock price will fall.

A short call should be exercised when the stock price falls below the
strike price K.

Long Put

Limited downside: The downside is limited to the cost of the put.
Limited upside: The upside is also limited because the stock price
can only fall to 0, in which case the profit is equal to the strike price
times the number of shares minus the cost of the put.

Pessimistic position: The buyer hopes the stock price will fall.

A long put should be exercised when the stock price falls below the
strike price K.

Short Put

Limited downside: The downside is limited because the stock price
can only fall to 0, in which case the loss is equal to the strike price
times the number of shares plus the cost of the put.

Limited upside: The upside is also limited to the selling price of the
put.

Optimistic position: The buyer hopes the stock price will rise.

A short put should be exercised when the stock price rises above the
strike price K.

It is also worth noting that long calls and short puts are related in that
they are both optimistic (bullish) positions, that is, they are profitable
when the stock rises. It is the degree of risk and the degree of profit that
distinguish the two in this regard, however. Similarly, long puts and
short calls are both pessimistic (bearish) positions.

The profit curves also hold some interesting information. Setting aside
for the moment the risk factor, we can say the following:

If we believe that a stock's price will decline but only slightly,
settling within the interval (K — Cost, K|, then a short call is the
most advantageous position. In this case, a long put will still be in
the red, due to the cost of the put. However, if we believe that a
stock's price will decline sharply, then a long put is the most
advantageous position.

If we believe that a stock's price will rise but only slightly, then a
short put is the most advantageous position. If we believe that a
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stock's price will rise sharply, then a long call is the most
advantageous position.

Covered Calls

We have said that a short call position has an unlimited downside
because the stock price can theoretically rise indefinitely. Of course, this
assumes that the writer of the call buys the shares at exercise time in
order to deliver them to the owner of the call. However, if the writer of
the call already owns the shares his downside is limited to the price paid
for those shares, because they can be used to “cover” the call.

If the writer of a call owns the shares at the time he writes the call, then
he is said to write a covered call. Writing covered calls is far safer than
writing uncovered (also called naked) calls.

Profit Curves for Option Portfolios

An option portfolio consists of a collection of options. The following
example shows how to obtain the profit curve for a simple portfolio.

EXAMPLE 2 Consider the purchase and sale of options, all with the
same expiration date, given by the following expression:

— Pigo + Pigg + 2C150 — Cigo

This position is: short a put with strike price 100, long a put with strike
price 120, long two calls with strike price 150 and short a call with strike
price 180. The overall profit curve can be obtained from the individual
profit curves by plotting them all on a single set of coordinates, as shown
in Figure 3. Note that it is simpler to ignore all costs in drawing the
curves and then simply translate the final curve up or down an amount
equal to the total cost for all the options involved, which in this case is

—COSt(PlO()) + COSt(Plg()) + 2COSt(Cl50) — COSt(Clgo) O
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(180,360)

Long Call

180 Stock

120 150 Price
Short Put Short Call

Figure 3: Profit curve (no costs)
3.4 Selling Short

A complete analysis of options cannot be made without also discussing
the notion of selling a stock short. Simply put, to sell a stock short, the
investor borrows the stock (usually from a broker) and sells it
immediately (in one transaction), thus realizing an amount equal to the
current price of the stock (less the ever-present commission). For this
privilege, the investor must return the stock (not the money) to the
lender.

As with short calls, selling a stock short incurs a potentially unlimited
downside, unless the seller also owns shares of the stock with which to
cover the inevitable return of the stock borrowed. Figure 4 shows the
profit curve for a short sale of stock, as well as the profit curve for a long
position.

Profit Profit

S
\ Stock / Stock
S\ Price /S Price
-S

Short a Stock Long a Stock
Figure 4: Profit curves for short and long stock positions

Exercises

1. Without looking in the book, draw the profit curves for a long put,
short put, long call and short call.

2. To write a covered put, the investor writes a put and at the same
time must be short the same quantity of the underlying stock. For
example, suppose an investor writes a put for 100 shares of IBM and
is also short 100 shares of IBM. This means that the investor has
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borrowed 100 shares of IBM and sold them. Describe the upside and
downside to writing covered puts. Why would someone want to
write a covered put?

3. Draw the payoff graph for the following option portfolio

— Pgo + Pigo + 2C130 — Ciso

A spread is a transaction in which an investor simultaneously buys one
option and sells another option, both on the same underlying asset, but
with different terms (strike price and/or expiration date). A call spread
involves the purchase and sale of calls, and similarly for a put spread.
The idea is that one option is used to hedge the risk of the other option.

4. In a bull spread, the investor buys a call at a certain strike price K
and sells another call at a higher strike price Ky, with the same
expiration date. Draw the profit curve for a bull spread. When is a
bull spread most profitable? Is this an optimistic or pessimistic
investment? Hint: you must first decide how the costs of the two
calls compare.

5. In a bear spread, the investor buys a call at a certain strike price K
and sells another call at a lower strike price K5, with the same
expiration date. Draw the profit curve for a bear spread. When is a
bear spread most profitable? Is this an optimistic or pessimistic
investment? Hint: you must first decide how the costs of the two
calls compare.

6. In a calendar spread also called a time spread an investor sells a
call with a certain expiration date D; and buys a more distant call,
that is, a call with a longer expiration date Dy > D;. Assume that the
calls have the same strike price. Consider the following calendar
spread. The current (JAN) price of XYZ is $50. Call prices are as
follows:

APR 50 call: (expiring in April at a strike price of $50) costs $5
JUL 50 call: $8
OCT 50 call: $10

Suppose that in 3 months (in April) the stock price is still $50. Then
if all things else are equal the call prices should be

APR 50 call: $0 (expiring)
JUL 50 call: $5
OCT 50 call: $8
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Is there a profit here for the investor? Describe the reason.

A butterfly spread is a combination of a bull spread and a bear
spread. A call butterfly spread consists of buying a call at strike price
K, selling two calls at strike price Ky > K and selling another call
at strike price K3 > Kj. All calls have the same expiration date.
Draw a profit curve for a butterfly spread. Hint: They don't call it a
butterfly spread for nothing.






Chapter 4
An Aperitif on Arbitrage

As a simple introduction to the concept of arbitrage and how to use the
assumption of no arbitrage to price assets, let us briefly discuss the
pricing of forward contracts and some simple issues related to option
pricing.

4.1 Background on Forward Contracts
We begin with the necessary background on forward contracts.
Forward Contracts

A forward contract is an agreement to buy a certain quantity of an
asset, called the underlying asset at a given price K, called the
settlement price or delivery price to be paid at a given time 7' in the
future, called the settlement date or delivery date. Entering a forward
contract does not require any initial purchase price—it is free.

The party that agrees to buy the asset is taking the long position on the
contract and is said to be the buyer of the contract. The party that agrees
to sell the asset is taking the short position on the contract and is said to
be the seller of the contract.

Futures Contracts

In contrast to plain-vanilla forward contracts as described above, a
futures contract is a forward contract with a number of constraints and a
much more complicated payoff model. Indeed, futures contracts seldom
come to maturity, that is, very few (perhaps on the order of 1 or 2
percent) of all futures contracts survive to the delivery date. The main
properties of futures contracts are as follows.

1) Futures contracts trade on an organized exchange. For example, the
Chicago Board of Trade (CBT or CBOT) is the largest futures
exchange.

2) Futures contracts have standardized terms, specifying the amount
and precise type of the underlying, the delivery date and delivery
price. Just like you can only buy bolts of specific lengths and
diameters at the hardware store, you can only buy futures contracts
with specific terms.

S. Roman, Introduction to the Mathematics of Finance
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3) Performance (delivery of losses or gains) of futures contracts is
guaranteed by a clearinghouse.

4) The purchase of a futures contract requires that the buyer post
margin, that is, some amount of money to cover potential day-to-day
price changes.

5) Futures markets are regulated by a government agency, whereas
forward contracts are largely unregulated.

6) Futures contracts can be closed (terminated) either by delivery, by
offset (that is, by a reversing trade that cancels both contracts) or by
exchange-for-physical (which is a form of “settle up early”
arrangement).

We will not discuss the details of futures contracts in this book.
Forward Prices

Consider forward contracts for a given underlying (such as wheat) that
have a given delivery date 7' (such as December 2003). At any time
t < T, one can potentially enter into such a contract. Of course, the
delivery price will depend on the time ¢ of formation of the contract, so
we will denote it by F, 7. This would-be delivery price is called the
forward price of the contract.

For example, on July 1 the forward price of a contract to deliver 5000
bushels of wheat in September might be 170 cents (per bushel). A week
later, the forward price for such a contract might be 168 cents.

Spot Prices

In contrast to forward prices, the spot price S; of an asset at a given time
t is the price of the asset at that time for immediate delivery. For
example, we can speak of the current spot price of a bushel of wheat. We
can also speak of the spot price of wheat in one month. This is the price
that investors would pay in one month for immediate delivery at that
time. Of course, at the present time, this spot price is unknown.

4.2 The Pricing of Forward Contracts

To determine the forward price of a forward contract, we can use a
simple no-arbitrage argument. Suppose that the forward contract is for
one “share” of an asset whose initial price is Sp. (One share of a wheat
contract is 5000 bushels of wheat, for example.) Consider the following
two portfolios.
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Portfolio A: Long the Contract
One forward contract.

Portfolio B: Cash-and-Carry the Asset
One share of the asset itself and a debt of Sy dollars

In a perfect market it is possible to go either long or short on either
portfolio. To short Portfolio A, we short (sell) the forward contract. To
short Portfolio B, we sell the asset short (borrow the asset and sell it for
So) and then lend the resulting income. This is referred to as reverse
cash-and-carry.

The initial values for these portfolios are 0. The final payoffs are

V(long contract) = St — For

V(short contract) = For — St
V(cash-and-carry) = Sy — Spe™
V(reverse cash-and-carry) = Soe'” — Sp

For example, in the case of cash-and-carry, at time T the investor owns
the asset, worth S7 but must repay the loan, which values Soe'™.

Now consider the following two strategies.

Strategy 1: Long the contract and reverse cash-and-carry the asset
The final payoff for this strategy is

V(long contract) + V(reverse cash-and-carry) = Spe” — Fy 1
Strategy 2: Short the contract and cash-and-carry the asset
The final payoff for this strategy is
V(short contract) + V(cash-and-carry) = Fy 1 — Sge™

If either of these conmstant payoffs is positive, the investor has an
arbitrage strategy. Hence, the lack of arbitrage implies that

SoerT - FOT =0

that is,
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Theorem 1 Consider a forward contract to buy an underlying asset
whose current price is Sy at time T in the future. In a perfect market with
no arbitrage, the forward price is

FO,T = SgerT
where 1 is the interest rate.(]

4.3 The Put-Call Option Parity Formula

We can also apply the no-arbitrage principle to derive relationships
between the prices of puts and calls for the same underlying under the
same conditions (strike price and expiration date).

First, let us make a comment about riskfree bonds. We will assume that it
is possible to buy or sell any amount of a riskfree bond (such as a U.S.
Treasury bond). The bond pays a continuously compounded interest at
the rate ». We will assume that the value of 1 unit of riskfree bond at
time 0 is 1 dollar.

It is important to keep separate in one's mind the notion of quantity and
price of the bond. For example, if we invest in A units of riskfree bond at
time 0 then at time ¢ the quantity is still A but the value is Ae™. Also, if
we invest K dollars in the riskfree bond at time ¢ we get Ke™ ™ units.of
bond each worth e".

The use of riskfree bonds is traditional in pricing models. However, we
can also think in terms of riskfree cash earning a fixed interest rate r. We
will use both types of riskfree assets interchangeably in our discussion.

It will also be convenient to use the following common notation:

X" = max{X, 0}

The European Case

The put-call option parity formula is a formula that compares the price P
of a European put to the price C' of a European call on the same
underlying stock and with the same expiration date and strike price K.

Assume that the underlying stock pays no dividend and is currently
selling for Sy. Consider the following two portfolios.



4. An Aperitif on Arbitrage 93

Portfolio A
A long position on the put and a short position on the call. The initial
value of this portfolio is P — C' and the payoff is

max(K — Sr,0) — max(St — K,0) = K — St

where St is the final price of the stock.

Portfolio B
A short position on one share of stock and Ke™™ worth of riskfree
bond. The initial value of this portfolio is

Ke T — So
and the final payoff is
K- Sr

Since the final payoffs of the two portfolios are the same, the initial
values must also be the same. Otherwise, an investor could sell the more
expensive portfolio and buy the cheaper portfolio, which would produce
a guaranteed profit at time 7. Hence

P-C=Ke™M-§8,

This is the put-call option parity formula.

If the stock pays a dividend then the analysis is somewhat different. The
reason is that the investor from whom the stock was borrowed under
Portfolio B will demand not only the return of his share of stock, but also
the return of the dividends that he has foregone by lending the stock.
Suppose that the time-t, value of the dividend is dy. Then the final
payoff of Portfolio B is

K- ST - doe'T

Thus, we cannot compare the initial values of the two portfolios, since
the final payoffs are not equal. This calls for an adjustment to Portfolio B
so that the payoff is the same as that of Portfolio A.

Portfolio B/
A short position on one share of stock and Ke™"" + dy worth of riskfree
bond. The initial value of this portfolio is

Ke™ T +dy — Sy
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and the final payoff is
K +doe'T — Sp — doe™m = K — Sr

Now we can equate the initial values of Portfolio A and Portfolio B’ to
get

P-C=Ke™ +dy— Sy

Theorem 2 (European Options with Dividends) Suppose that a stock is
currently selling at a price of Sy per share, a European put on this stock
sells for P dollars and a European call for C dollars, both having the
same strike price K and expiration time T. Suppose that the present
value of any dividends paid by the stock during the period in question is
do. Then assuming that no arbitrage occurs, we have

C—PZSo—Ke_rT—do

where 1 is the riskfree interest rate. This formula is called the put-call
option parity formula. (]

The American Case

The case of American options is more complicated. Here the price
difference C' — P is not a constant as it was in the European case.

Consider the following strategy: Go long one put, short one call and long
one share of stock (to cover the call in case it is exercised). The initial
portfolio is thus

1) 1put@P
2) —lcall@C
3) 1share @ Sy

with initial value
Vo=P-C+ 5

Now, one of two things can happen during the lifetime of the holdings:
The call can be exercised against us or it can expire worthless. If the call
is exercised at time ¢ then we give up the stock to cover the call, taking in
Ke™" units of cash. Our position at the final time 7" is thus

1) 1put@ (K —St)*
2) Ke ™ dollars @ e
3) doe' dollars if the call was exercised after the dividend was paid



4. An Aperitif on Arbitrage 95

This has final value
Vr1 = (K — Sr)t + KT 4 doe™™s

where 6 = 1 if the call was exercised after the dividend payment date
and § = 0 otherwise.

If the call is not exercised, we do nothing until the final time, when the
holdings are

) 1put@ (K — Sp)*
2) —1lcal@0

3) 1share @ Sr

4) dye'™ dollars

This has final value
Vre= (K -8r)* +Sr+ doe’T = max{Sr, K} + doe’™”

Both of these expressions for the final value are a bit complicated, but we
can get upper and lower bounds. In fact V1 and Vr 5 both satisfy

K <Vr; < Ke'T 4 dpe’”
K <Vrs< Ke'T + doerT

An alternative to this portfolio is to invest the initial price V, in bonds at
the riskfree rate, giving a final payoff of

Voe'l = (P —C + Sp)e’"

Now, if Vye'T < K then the bond strategy always pays less than the
portfolio so there is arbitrage: Sell the bonds and buy the portfolio. This
has initial cost 0 and final payoff at least

K-V >0
Hence, to avoid arbitrage, we must have
K< (P-C+S8)e”
A little algebra turns this into
C-P<S—Ke™
Similarly, if Voe'T > Ke™ + dye’” then the bond strategy always pays
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more than the portfolio and so there is also arbitrage: Buy the bonds and
sell the portfolio. Hence, to again avoid arbitrage we must have

(P—C+8Sp)e" < Ke'T +doe™™
or, with a little algebra
So—-K—-dy<C-P

Let us summarize.

Theorem 3 (American Options With Dividends) Suppose that a stock is
currently selling for Sy per share, an American put on this stock sells for
P and an American call sells for C, both having the same strike price K
and expiration time T. The present value of any dividends paid by the
stock during the period in question is dy. Then assuming that no
arbitrage occurs, we must have

So—K—-dy<C—-P<Sy—Ke™

where T is the riskfree interest rate. Thus, in the American case, the
difference C' — P can be no larger than in the European case, but it can
be smaller.C]

4.4 Option Prices

Simple arbitrage arguments, along with some common sense, can give us
some information about option prices. For instance, since an American
option provides all of the features of a corresponding European option
and more, it seems obvious that American options should not be less
expensive than their European counterparts. In symbols,

CA > CE, PA > PE

We leave it to the reader to produce an arbitrage argument to support
these inequalities.

It is not hard to see that the price of an American put can exceed the
price of its European counterpart. The idea is that early exercise of the
American put can turn a share of stock into bonds that earn the riskfree
rate r. If that rate is sufficiently high, the profit can be higher than that of
the European put, which is limited by the strike price, since the best case
scenario for the owner of a European put is when the stock price is 0 at
time T'.
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More specifically, suppose that the bond rate is 7 and a share of stock is
selling for Sp. Consider an American put with strike price K. The
maximum profit from a similar European put is K, which happens if the
stock price drops to 0 at time 7'. On the other hand, suppose we exercise
the American put at time 0, and invest the resulting K — Sy dollars at
rate 7. The resulting profit is (K — Sp)(1 + r). Hence, if

(K—So)(1+7') > K

then the American put is more valuable than its European counterpart.

As a numerical example, there was a time when the bond rate was 12%
(and even higher). Suppose a share of stock is selling for $5. Consider an
American put with strike price 50. The resulting profit is

(K = Sp)(1 4 1) = 45(1.12) = 50.40 > 50

Thus, the American 50 put is worth more than the European 50 put.

On the other hand, it is a perhaps somewhat surprising result that an
American call is worth exactly the same as a European call with the same
terms. That is,

cA=CF

(We are assuming that the stock does not pay a dividend.) However,
some reflection reveals the reason. Namely, the ownership of a European
call implies that the owner can borrow a share of stock at any time and
can use the call to cover the short position at time T" for at most the strike
price K. This provides protection against early exercise of the American
call.

To be specific, suppose that C4 > C¥ and consider the following initial
portfolio

1) —1 American call @ C“4
2) 1 European call @ CF
3) CA-CF? > 0bonds @1

This portfolio has initial value 0. As mentioned, the ownership of the
European call protects us against exercise of the American call since we
can always borrow a share of stock to cover early exercise of the
American call.
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In particular, clearly, if the calls are never exercised then there is a
guaranteed profit from the riskfree position. If the American call is
exercised at time 7" then we can also exercise the European call in
response, again resulting in a net profit from the bonds. Finally, if the
American call is exercised at time ¢ < 7' then we borrow one share of
stock and cover the call. At that time, the portfolio is

1) —1 share @ S;

2) 1 European call @ ?

3) C4—CF > 0bonds @ e™
4) K dollars

At time T this becomes

1) —1share @ St

2) 1 European call @ (K — St)*
3) CA—CE > 0bonds @ €T
4) Ke" T dollars

Now we simply exercise the call to cover the short stock position or, if
the stock price has fallen below the strike price K, buy the stock on the
open market. In this way, we cover the short stock position at a cost of
min{ K, Sr}. The final profit is thus

(- CE)eT + K™Y —min{K, St} > 0

The essence of this inequality is that Ke"T~" > K. In words, it is better
to pay the strike price at the end than anywhere in the middle.

There is one more lesson to be learned here. Namely, it is never wise to
exercise an American call early.

There are several ways to see this. First, if the intention is to hold onto
the stock until expiration 7', then exercising early, say at time ¢, results in
the same portfolio at time 7". The difference in that with early exercise,
the investor pays the strike price at time ¢ rather than at time 7', thus
losing interest on the strike price for the period of time from ¢ to 7. On
the other hand, if the intention is to immediately sell the stock, early
exercise and sale nets the investor S; — K (assuming this is positive).
This is the intrinsic value of the option. But the market value of the
option must be at least this amount and is probably more. Hence, rather
than exercise, it is more advantageous to sell the option itself.
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Another way to see this is to note that
CA=CF>8) - Ke™

(we ask you to prove the latter inequality in the exercises). However, the
value of early exercise at time 0 is Sy — K so as long as 7 > 0 the value
of the American call is greater than its early exercise value.

Finally, we can observe that the alternative of borrowing the stock still
gives the investor possession of the stock but at no immediate cost. The
cost K can be deferred to the final time 7' by exercising the option at that
time (or buying the stock on the open market if it is cheaper) to cover the
short position on the stock.

Theorem 4 Assume that the underlying stock does not pay a dividend.
For an American and European call under the same terms, we have

CA — CE
For an American and European put under the same terms, we have
PA > PE

with strict inequality possible. Moreover, it is never wise to exercise an
American call before the expiration date. O

Exercises

If the underlying asset of a forward contract provides a dollar income
during the life of the contract, then the long investor in the contact will
lose out on this income and the cash-and-carry investor will get the
income. This effects the previous no-arbitrage argument. The following
exercises are d propos to this situation.

1. Suppose that the income from the underlying asset has present value
I. What are the payoffs in this case? Assume that the annual interest
rate is » compounded continuously.

2. What are the payoffs for the two strategies in this case?

3. Show that the assumption of no arbitrage implies that

FO,T = (So - I)GTT

We have seen that in the simplest case of a forward contract that does not
produce an income, the nonarbitrage forward price at time 0 is



100 Introduction to the Mathematics of Finance

F 0T = SoerT

However, we derived this formula under the very idealistic assumption
of a perfect market. Let us examine what happens if this restriction is
lifted. In particular, suppose that the lending and borrowing rates are
different, as is almost always the case in real life. Let the lending rate for
the investor be 7, and the borrowing rate be r;. Of course, life being what
it is for individual investors, we have r; < 7.

4. Under these conditions, what are the payoffs? Assume that the
annual interest rate is r compounded continuously.

What are the payoffs for the two strategies in this case?

6. Show that the assumption of no arbitrage implies that

w

Soe™’ < Fyr < Spen”

Hint: To avoid arbitrage, both strategies must yield a nonpositive
payoff.

The upper and lower bounds given in Exercise 6 are called no-arbitrage
bounds and the range of values of the futures price that is implied by the

absence of arbitrage is the no-arbitrage spread. Thus, in the absence of
a perfect market, the lack of arbitrage implies that the futures price can
lie anywhere within a range of values.

Upper Bounds for Option Prices

7. Prove by an arbitrage argument that the initial value of a European or
American call is less than the initial price of the stock, that is,

CF < S
CA< 8,
8. Prove the following by an arbitrage argument

PE < Ke—rT
PA<K
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Lower Bounds for Option Prices
9. Prove that
So—Ke™™T —dy < CF
Ke™T +dy— Sy < PE
10. a) Prove that for a nondividend paying stock
So - K e“’T S C 4
K-S <P4
b) If the stock pays a dividend whose discounted value is dj then

max{So - Ke‘TT - do,So - K} < CA
max{Ke™ T +dy — S, K — Sy} < pPA






Chapter 5
Probability II: More Discrete Probability

In this chapter, we cover the material on finite probability spaces that is
needed for the discussion of discrete-time models in the next chapter.

5.1 Conditional Probability

When additional information is available about an experiment, the notion
of conditional probability can be used to take that information into
account. The idea is to “concentrate” all of the probability of {2 onto the
set F, in a manner that is proportional to the original probability measure
P.

Definition Let (Q,P) be a probability space. Let E be an event with

P(E) > 0. Then for any event A, the conditional probability of A given
Eis

P(ANE)

P(A|E)= ———= O

The symbol P(A | E) is read “the probability of A given E.” Note that
we do not need to worry about the case P(F) = 0, for it makes little
sense to ask about a probability conditioned upon the occurrence of an
impossible event.

Conditioning on an event allows us to define a new ‘“conditional”
probability measure on 2.

Theorem 1 Let (2, IP) be a finite probability space and let E be an event
for which P(E) > 0. Then the set function Pg, defined by
Pp(A) =P(A| E)

is a probability measure on ) for which Pg(E) = 1.
Proof. To show that Pz is a probability measure on {2 we must verify a
few facts. First, monotonicity of P implies that

0<P(ANE) < P(E)
andso 0 <P(A | E) < 1, that is,
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0<Pp(4)<1
Also

PQNE) P(E)

PE)  PE)

P5(Q) = (2| B) =

Finally, if AN B = () then since AN E and B N E are also disjoint, we
have
Pz(AUB)=P(AUB | E)
((A UB)NE)

((Aﬂ E)U(BNE))
P(E)
P(ANE)+P(BNE)
P(E)
P(ANE) P(BNE)
PE) | PE)
=P(A|E)+P(B|E)
=Pg(A) + Pp(B)

This completes the proof. [J

The theorem on total probabilities takes on a nice form using conditional
probabilities.

Theorem 2 (Theorem on Total Probabilities) Let 2 be a sample space
and let Ey, ..., E, form a partition of Q). Provided that P(E}) # 0 for all
k, we have for any event A in (),

P(4) =) P(A| E)P(Ex) O
k=1
5.2 Partitions and Measurability

For convenience, let us repeat the definition of a partition.

Definition Let §) be a nonempty set. Then a partition of () is a collection
P ={B,...,Bx} of nonempty subsets of (2, called the blocks of the
partition, with the following properties:
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1) The blocks are pairwise disjoint
B,NB;j=10
2) The union of the blocks is all of
BiU---UBk=0Q O

Figure 1 shows a partition of a set (2.

r—

Q

Figure 1: A partition of {2
We will also have use for the notion of a refinement of a partition.

Definition Let P = {By,..., By} be a partition of a set Q). Then a
partition Q = {C1,...,C,} that comes from P by breaking up some of
the blocks B into smaller blocks is called a refinement of P. Thus, Q is
a refinement of P if each block of Q is contained in a some block of P

or, equivalently, each block of P is a union of blocks of Q. We denote
thisby P < Q. O

Note that when we say that a set A is the union of sets in the collection
{Bi,...,By} this includes the possibility that A is the “union" of a
single set By, that is, A = By.

Figure 2 shows a refinement of the partition in Figure 1. Note that

By =C1UCQC,

By, =C3UC U5
B; =Cs

B, =Cq

and so each block B; is the union of blocks Cj.
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(3
c
e | G c,
C2
CS
~—_ Q

Figure 2: A refinement
The Partition Defined by a Random Variable

If X is a random variable it is customary to denote the inverse image of a
set B under X not by X~!(B), as for ordinary functions, but instead by

{X € B}
Also, instead of writing X ~!(z) it is customary to write
X=2)

We also remind the reader that the set of distinct values {z1,...,z,} of
X is called the image of X and is denoted by im(X).

Any random variable X on a finite sample space {2 defines a partition
Px of 2, as shown in Figure 3.

The partition Py
{X=x,} {X-_-Xz} (X {X=X“} PR R

Figure 3: The partition defined by a random variable

Q

Definition Let X be a random variable on Q) with
im(X) ={z1,...,2n}

Then X defines a partition of () whose blocks are the inverse images of
the elements of im(X), that is,

Px={{X=z}|zeimX)}={{X=x1},...,{X =2z,}}
This is called the partition defined by X.[]
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Measurability of a Random Variable with Respect to a Partition

The partition Px defined by a random variable has one very important
property: X is constant on the blocks {X = z} of Px. In fact, at the risk
of being redundant, X takes the constant value z on {X = z}. This
property is expressed by saying that X is Px-measurable.

Definition Let P be any partition of ). A random variable X on ) is
said to be P-measurable if X is constant on each block of P.OJ

There is another rather obvious property of X with respect to Py,
namely, not only is X constant on the blocks of Py, but it is a different
constant on each block of Px.

Now, given a nonconstant random variable, there are many partitions Q
for which X is constant on each block of @, that is, for which X is Q-
measurable. However, Py is the only partition for which X is a different
constant on each block. We can characterize all partitions @ for which X
is Q-measurable quite simply. (See Figure 4.)

The partition Py

XEx X=X} eee {X=x}

A refinement Q of Py

Q

{X=x} {X=x} ooe {X=x.}
Figure 4: A refinement of Py

Theorem 3 Let X be a random variable on .

1) Then X is Q-measurable if and only if Q is a refinement of Pyx.

2) Px is the coarsest partition for which X is measurable and the only
partition for which X is measurable and takes on a different
constant value on each block.

Proof. For 1), if X is Q-measurable and Q = {Bj,..., By} then for any

w € B; we have
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B; C{X = X(w)}

and so Q is a refinement of Px. The converse is clear. We leave proof of
part 2) to the reader.[]

The following very important theorem states that there is a very stroﬂg
connection between a random variable X and any other random variable
Y that is Px-measurable.

Theorem 4 Let X and Y be random variables. Then Y is Px-
measurable if and only if' Y is a function of X, that is, if and only if there
is a function f:R — R for which

Y = f(X)

Proof. We know that Y is constant on the blocks of the partition
Px = {Ba,..., Br}. Let us assume that

Y(B;) = {v:}
Of course, X is also constant on the blocks of Py, so let
X(Bi) = {z:}
Define f by setting
f(z:) = yi

Then for w € B;
f(X)(w) = f(X(w)) = f(z:) =y =Y (w)

and so Y = f(X), as desired. The converse is much easier and we leave
it as an exercise..J

Partitions and Independence

Let us take another brief look at the notion of independence. Here again

is the definition.

Definition The events E and F of (2, P) are independent if
P(ENF)=P(E)P(F)

The events FEi,...,Eyx are independent if for any subcollection
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E;,...,E; ofthese events
P(E,N---NE; ) =P(E;)P(E;) a

We can extend the definition of independence to families of collections
of events.

Definition The collections Cy, ... ,Cy of events is independent if for any
choice of events E; € C; the events E, ..., Ey are independent. [

We will have reason to apply this definition when the collections are
partitions of 2. In fact, let us recall that the random variables X;, ..., X,
are independent if

P(Xl = .’L‘l,...,Xn = :L‘n) = HP(X’ = mz)

forall zy,...,z, e RO
This definition can be reformulated in terms of partitions as follows.

Theorem 5 The random variables X1, ..., X, are independent if and
only if the partitions P(X3),...,P(X,) are independent collections of
events.

Proof. This follows immediately from the fact that the blocks of P(X;)
are precisely the sets {X; = z;}.00

5.3 Algebras

We have seen that for a finite sample space, partitions are intimately
connected with random variables. As it happens, the notion of a partition
does not generalize readily for nonfinite sample spaces. For this, we need
another concept called an algebra.

We will not use the topics discussed in this section directly, because
partitions are sufficient for our analysis of discrete time pricing models,
and they are a bit more intuitive than algebras. However, we do want to
discuss algebras here because they provide a helpful bridge between the
intuitive notion of partition and the notion of o-algebra, which we will
need for our analysis of continuous-time pricing models and the Black—
Scholes option pricing formula.
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Definition Let () be a nonempty set. A collection A of subsets of Q) is
called an algebra of sets (or just an algebra) if it satisfies the following
properties:

1) (Empty setisin A)

PeA
2) (A is closed under complements)
Ac A=A A
3) (A s closed under unions)

A BeEA=AUBe A O

It is not hard to show that any algebra of sets is closed under
intersections and differences as well, that is,

A BEA=ANBe A
A BeEA=A\Be A

The following concept will be very useful. It makes precise the notion of
the “smallest” nonempty sets in an algebra A.

Definition Let A be an algebra of sets on ). An atom of A is a
nonempty set A € A with the property that no nonempty proper subset of
Aisalsoin A.O0

Partitions and Algebras

Starting with a partition P of 2 we can generate an algebra A(P) of sets
simply by taking all possible finite unions of the blocks of P. The
reverse is also possible: Starting with an algebra of sets on a finite sample
space, we can get a partition.

Theorem 6 Let ) be a nonempty finite set.
1) For any partition P of Q) the set
A(P) ={C C Q| C =0 or C = union of blocks of P}

is an algebra, called the algebra generated by P.
2) If Ais an algebra on () then the set of all atoms of A

P(A) = {all atoms of A}
is a partition of Q, called the partition defined by A.
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Proof. We prove part 2), leaving part 1) as an exercise. Let
P={A,..., A}

be a complete list of distinct atoms of .4. We must show that P is a
partition of Q. By definition, atoms are nonempty. If A; N A; # 0 for
i # j then A; N A; would be an element of .4 that was nonempty and a
proper subset of A;, which is not possible. Hence, the atoms are pairwise
disjoint. Finally, suppose that w € 2. The intersection I of all elements
of A containing w is an element of A that contains w. Moreover, I is
nonempty and no proper subset of I is in A, for any such proper subset
would have been part of the intersection that defined I. Hence, I is
actually an atom of A. This shows that every element of € is contained
in some atom of A and so the union of the atoms of A is all of Q. Thus,
P is a partition of A.CJ

The main theme of our current discussion is that for finite sample spaces,
the notions of partition and algebra are in some sense equivalent

Partitions of {2 < Algebras on 2

By this we mean that, while these concepts are certainly not the same, all
statements made about partitions have an analog for algebras and vice-
versa. Put another way, whatever theory we can develop in the context of
partitions could just as well have been developed in the context of
algebras and vice-versa.

The precise connection between the two concepts is made by the
correspondences

Q — A(Q) [Partition to algebra generated by partition]
B — P(B) [Algebra to partition defined by algebra]

described in Theorem 6. The first correspondence takes any partition of
) and produces an algebra and the second takes any algebra and
produces a partition. It is a fact that these correspondences are inverses of
each other (and are therefore one-to-one).

To see this, suppose that Q is a partition of Q2. The algebra A(Q) is the
set of all unions of blocks of Q. Hence, the blocks of Q are precisely the
atoms of the algebra A(Q), that is,

P(A(Q)) =Q
Similarly, if we start with an algebra B of (2, then the partition P(B) is



112 Introduction to the Mathematics of Finance

the set of atoms of B. But all elements of B are unions of atoms of B and
so A(P(B)) is the same as B, that is,

A(P(B)) =B

This shows that the two correspondences are one-to-one and are inverses
of each other. This is a very tight connection indeed between the two
concepts.

The next theorem strengthens the connection between partitions and
algebras. It says that the concept of refinement of partitions corresponds
to set inclusion of algebras. Notice that there are two statements in the
theorem. These statements say exactly the same thing: One from the
point of view of partitions and the other from the point of view of
algebras. Recall that we denote the fact that Q is a refinement of P by
P =< Q.

Theorem 7
1) Let P and Q be partitions of ). Then
AP)CAQ)eP=<Q
2) Let A and B be algebras on (). Then
ACB& PA) < P(B)

Proof. We only need to prove statement 1). (Why?) Suppose that
A(P) C A(Q). Then the blocks of P are the atoms in A(P). If A is an
atom of P then it is also in .A(Q) and so it is the union of blocks of Q.
In other words, each block of P is the union of blocks of Q and so Q isa
refinement of P.

Conversely, suppose that Q is a refinement of P. Then any block of P is
the union of blocks of Q. It follows that any element of .A(P), being the
union of blocks of P, is also the union of blocks of Q and so belongs to

A(Q). Thus A(P) C A(Q).O
The Algebra Generated by a Random Variable
We have seen the strong connection between partitions of {2 and algebras
on €. It is now time to bring random variables into the picture.
Just as a random variable X defines a partition Px of (2
Px ={{X ==z} |z ecim(X)}
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consisting of the inverse images of the elements of im(X), the random
variable also defines an algebra Ax on {2 consisting of the inverse
images of the subsets of im(X).

Definition Let X be a random variable on ). Then X defines an algebra
on Q whose elements are the inverse images of the subsets of im(X), that
is,

Ax ={{X € B} | BCim(X)} O
It is easy to see that Py and Ax are connected (see Figure 5).
/ X\
P, <——> A,
Figure 5: The partition and algebra generated by a random variable

In fact, Ay is nothing more than the algebra generated by Px, in
symbols
Ax = A(Px)
To see this, note that if B = {b1,..., by} is a subset of im(X) then
{X e B} = | J{X =b:} € A(Px)
i=1

and so Ax C A(Px). But A(Px) is the smallest algebra that contains
the blocks of Py, that is, the sets { X = b;}. Hence, Ax = A(Px).

Theorem 8 Let X be a random variable on a finite sample space ().
Then the algebra generated by X is the algebra generated by Px, in
symbols

Ax = A(Px)
and the partition defined by X is the partition defined by Ay, in symbols
Px = P(Ax) O
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Measurability of a Random Variable with Respect to an Algebra

We have defined measurability of a random variable X with respect to a
partition P of 2. This simply means that X is constant on the blocks of
P. We have also seen that X is P-measurable if and only if P is a
refinement of Px. Now let us turn to measurability of X with respect to
an algebra of sets on (2.

It should come as no surprise that we want this concept to be defined so
that a random variable X is .A(P)-measurable if and only if it is P-
measurable, that is, constant on the blocks of P. In fact, since any
algebra A is generated by a partition

A = A(P(A))

we can actually use this as the defining property of measurability with
respect to an algebra. This definition reads as follows: If A is an algebra
on ) then X is .A-measurable if X is constant on all of the atoms of A.

While this definition is quite intuitive, it is not standard and we would be
doing the reader a disservice by adopting it. To understand the usual
definition, note that the following are equivalent:

1) X is P-measurable

2) X is constant on the blocks of P

3) X is constant on the atoms of .A(P)

4) Each set {X = z} is the union of atoms of A(P)

5) Eachset {X =z} isin A(P)

6) For any subset B C im(X), the set {X € B} isin . A(P)

Now we are ready for the standard definition, which we have just shown
is equivalent to the previous intuitive definition.

Definition Let X be a random variable on a finite sample space ). Let
A be any algebra of sets on (). Then X is A-measurable if

{X =B} € A, forall B C im(X) O
We have shown that X is P-measurable if and only if X is A(P)-

measurable.

Theorem 9 Let X be a random variable on ).
1) If A is an algebra on (2 then X is .A-measurable if and only if it is
P(A)-measurable.
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2) If P is a partition of 2 then X is P-measurable if and only if it is
A(P)-measurable.]

Just as we have characterized measurability with respect to a partition by
showing that X is P-measurable if and only if Px <P, we can
characterize measurability with respect to an algebra.

Theorem 10 4 random variable X on () is measurable with respect to
an algebra A if and only if Ax C A.

Proof. The following statements are equivalent and prove the theorem

1) X is A-measurable

2) X is P(A)-measurable

3) P(A) is a refinement of Px

4) A(Px) is contained in A(P(A))

5) Ay is contained in A [

5.4 Conditional Expectation

We can put together the notions of conditional probability and
expectation to get conditional expectation, which plays a key role in
derivative pricing models.

Conditional Expectation with Respect to an Event

Conditional expectation with respect to an event A with positive
probability is pretty straightforward—we just take the ordinary
expectation but with respect to the conditional probability measure P4
defined by

P4(B) =P(B | A)
Definition Let ({2, P) be a finite probability space and let A be an event

for which P(A) > 0. The conditional expectation of a random variable
X with respect to the event A is

Ep(X | A) = &p,(X) O
The symbol Ep(X | A) is read “the expected value of X given A.”

A little algebra gives another useful expression for the conditional
expectation in terms of the nonconditional expectation.

Theorem 11 Let (2, P) be a finite probability space and let A be an
event for which P(A) > 0. The conditional expectation of a random
variable X with respect to the event A is
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Ep(X [A)=

where 14 is the indicator function of A.
Proof. We have

o, (X) = ianm(wi | 4)
= ZX w;) —-—% n4)
.EZX(%)IP(% N A)
=1

_ ﬁ;xwu(w»w)

= mgp(XlA)

as desired. OJ

One simple consequence of the previous theorem is the following useful
result.

Theorem 12 If A and B are events with P(AN B) > 0 then
&,(X|B)=EX | ANB)

Proof. Using the previous theorem, we have

&p,(X1p)
Pa(B)

_ Ep(X1ply)
P(A)P(B)

_ &(X1anB)
(A N B)

g]p(X ] AN B)

&, (X | B) =

as desired.d

Next we have the expected value analog of the theorem on total
probabilities.
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Theorem 13 Let P = {By,..., B,} be a partition of . Then for any
random variable X on )

= _E(X | B)P(B)
i=1

Moreover, if A is an event of positive probability then
E(X|A)=) E(X|B;nAPB; | A)
i=1

These sums are valid provided that we consider each term in which the
conditional probability is not defined as equal to 0. Put another way, if
either of the factors in a term is O then the term is considered 0, that is,

undefined - 0 = 0

Proof. For the first part, suppose that
a) P(B;))>0fori=1,...,m

b) P(B;)=0fori=m+1,...,n
Since

X = ZXlB +Z X1,

i=m+1

applying expected values gives

Ze X1g,) +Z £(X1g)

i=m+1
E(X15) (B)

which proves the first statement.

For the second statement, we apply the first statement to the conditional
probability P4

Ep(X | A) = & (X ng (X | B;)Pa(B;)
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where the undefined terms are 0. But these are the terms for which
&p,(X | B;) is not defined, that is, for which P4(B;) =0, or finally
P(ANB;) =0. [Note that P4(B;) is always defined because A is
assumed to have positive probability.] For all other terms, we may write

Ep, (X | By) =&(X | BiNA)
to get the desired sum.[J

Conditional Expectation with Respect to a Partition

Next we define conditional expectation with respect to a partition of the
sample space. Unlike the conditional expectation given an event, which
is a real number, the conditional expectation given a partition is a
random variable.

By way of motivation, let us briefly revisit the ordinary expected value
of a random variable. Of course, the expected value £(X) of a random
variable X is a constant. In fact, it represents the best possible
approximation of X by a constant. The measure that is used to judge the
quality of the approximation is the mean squared error or MSE,
defined by

MSE = £[(X - ¢)?]

where c is a constant. As it happens, for all constants c, the mean squared
error is smallest if and only if ¢ is the expected value px, that is,

ENX — px)*] S E[(X ~ )]
with equality if and only if ¢ = px. To prove this, we write

ElX )] = E{(X - px) + (nx — ¢)}’]
= E[(X — px)?] + E[(X — px) (bx — )] + El(px — ©)?]

But the middle term is 0 (why?) and so
E(X = ¢)’) = E[(X — px)] + El(ux — ¢)’] 2 E[(X — px)?]

with equality holding if and only if ¢ = px.

Now, we want the expected value with respect to a partition P of (2 to be
the best approximation to X that is constant on each block of the
partition. The point is that if we are given a block B of the partition, then
we can get a better constant approximation to X on B than the ordinary
expected value. In fact, we get the best constant approximation by using
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the conditional expectation £(X | B). This idea is shown in Figure 6 for
a random variable X that is defined on an interval [a, b] of the real line.
(We chose this illustration because it is easier to picture the conditional
expectation for such intervals than for random variables on a finite
sample space).

NEAR

T ExP)

3 3 3 } 3
T T T T T

aB B B B b

Figure 6: Conditional expectation

The definition of £p(X | P) should now be fairly clear: Its value on each
block B; of P is £(X | B;). Hence, we can define the random variable
Ep(X | P) as a linear combinations of the indicator functions of the
- blocks of P.

Definition Let (Q2,P) be a finite probability space and let
P ={By,..., B,} be a partition of 2 for which P(B;) > 0 for all 7. The

conditional expectationof a random variable X with respect to the
partition P is a random variable

X |P2-R
defined by
Ep(X | P)=Ep(X | Bi)lp, + -+ &(X | By)1p,
In particular, for any w € )
&(X | P)(w) = &p(X | [w]p)

where [w]p is the block of P containing w.O]

Here is a formal statement of the value of the conditional expectation in
approximating X.

Theorem 14 The random variable £(X | P) is the best approximation to
X among all functions that are constant on the blocks of P, that is, the
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best approximation to X among all P-measurable random variables, in
the sense of mean squared error. By this, we mean that

El(X - EX | P’ < E(X -Y)

for all P-measurable random variables Y, with equality holding if and
only if Y = (X | P).
Proof. As an aid to readability let us set

E(X | P) = pxp
We begin by writing for any P-measurable random variable Y’

E(X =) = E{(X — pxpp) + (pxip — Y)}]
= E[(X — puxp)?] + El(pxp - Y)?]
+ E(X — pxip) (uxip = Y)]

Now, we want to show that the last term is 0. This can be done by using
Theorem 13. Assuming that P = {Bj, ..., B,} we have

E[(X = pxp)(uxp = Y)] = ig[(x — pxp)(uxp = Y) | B]P(B;)

i=1

Let us now focus on the expressions
1
E((X — pxp)(uxp —Y) | Bi] = mg (X = pxip)(exip — Y)1B]

for the terms with P(B;) > 0. (The other terms are equal to 0.) Since Y
is P-measurable, the random variable uxp —Y is constant on each
block B; and can be pulled from under the expectation to get
1
— -Y)E[(X - 1
P(B;) (kxip )EN( 1xp) Bl
But since puxplp, = £(X | B;)1p, we have

1 1
Wg[(x — pxip)lB] = B(B)

Lo
i)
| B

———[£(X1p,) — E(uxipls,)]

[£(X1p,) — E(E(X | Bi)1B,)]
i) —E(X | By)

'i

(B
(X

|
om

Thus, we have shown that the last term is 0 and so
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E[(X = Y)*] = E[(X — uxip)’] + Ellpxp — Y)?] 2 E((X — pxip)’]

with equality if and only if Y = pxp. This completes the proof.[]

The following theorem gives some key properties of conditional
expectation.

Theorem 15 Let (Q,P) be a finite probability space. Let

P ={B,..., By} be a partition of X for which P(B;) > 0 for all i. The

conditional expectation Ep(X | P) has the following properties.

1) The function E( - | P) is linear, that is, for random variables X and
Y and real numbers a and b,

E(@X +bY |P)=a&l(X |P)+bEY | P)
2) The conditional expectation satisfies
EE(X |P)) =E(X)
3) The conditional expectation £(X | P) can be characterized as the
only random variable Y that is P-measurable and satisfies
E(Y1p,) =&(X1p,)
for all blocks B; of P.

4) (Taking out what is known) If Y is a P-measurable random variable
then

EYX|P)=YEX|P)
5) If X is P-measurable then
EX|P)=X
6) (The Tower Properties) If Q is a finer partition than P we have
EEX|P)|Q)=EX|P)=EEX|Q)|P)

In words, if we take the expected values with respect to P and Q in
either order then only the expected value with respect to the coarser
partition has any effect.

7) (An Independent Condition Drops Out) If X and P are independent,
that is, if Px and P are independent then

£(X | P) = £(X)
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Proof. To prove 1), we have

k
E(aX +bY | P) = E(aX +bY | Bi)lp,
i=1

k& aX+bY )15,)
Z s

E(aX1p, +bY1p)
P(B;)

aE X].B + bg(Ylg)
15
P(B;) '

kEXl :
Z;B DI

i=1 ’

1p,

SM“M“

Il
S

1,

Zk: X|B)1B+bzk:8Y|B B,
— E(X | P) L HE(Y | P)

(Z x| Bt )

£(X | Bi)é(1g,)

To prove 2), we have

EE(X | P))

Il
Mw

.
I
—

1 1

E(X | B;)P(By)

E(X1g,)

()

(X)

To prove 3), let Y = £(X | P). Then Y is P-measurable by definition.
Also (since 1p,1p, = 0 unless i = j)

.
Il
—

™M
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E(Y1p) =E(E(X | P)ig,)

as desired. Now we show that Y = £(X | P) is the only such random
variable. So suppose that Z is a random variable that is 7P-measurable
and for which

E(Z1p,) = &E(X1p)

for all blocks B; of P. Since Z is constant on B;, suppose that Z(w) = ¢
forall w € B;. Then Z1p, = clp, and so

g(ZlBi) = 8(01Bi) = Cg(lBi)

It follows that
cf(1p) = £(X1p,)
and so
X1
2w) =c= EE1B) _ ex | By = £(X | P)(w)
g(lBi)

which shows that Z(w) = £(X | P), as desired.

To prove 4), suppose that Z is P-measurable. Let Z (w) =b for all
w € B;. Then since ZX1p, = bX1p, we have

EZX |P)w)=E(ZX | B))
_&(ZX1p)
- P(B)
_ bE(X1p)
~ P(B)
=bE(X | P)(w)
=Z(w)EX | P)(w)

andso £(ZX | P) = ZE(X | P), as desired.
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To prove 5) take X = 1 in part 4), to get
EZ1|P)=ZEQ|P)=2
which is 5) with Z in place of X.

To prove 6), first we have for w € Q2
EEX|P)]Q)w) =E(E(X | P) | wle)
_EEX | P)y,)
P(lwl,)
Now, since £(X | P) is constant on the blocks of P and since Q is finer

than P, it follows that £(X | P) is also constant on the blocks of Q.
Hence

EX | P)w)é(1y,
EEX|P)] Q)w) = al ()[Eu]))(”‘*)

P Q
=E(X | P)(w)

Since this holds for all w, we have
EEX|P)|Q)=EX|P)

Now we must show that
EEX[Q)|P)=EX|P)

It is possible to do so directly, but the computation is a bit long. So
instead, let us use part 3). First, set

Y=£X]|Q)
Then according to 3)
E(Y1p) = E(X1p) (1)

for all Be A(Q). Since Q is finer than P, it follows that
A(P) C A(Q) and so the equation above holds a fortiori for all
B € A(P). Now let

Z=EX|P)
Then according to 3)
£(Z1p) = £(X1p) @
for all B € A(P). Putting together (1) and (2) we have
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E(Y1p) = E(Z1p)
for all B € A(P). Finally, since Z is P-measurable, part 3) implies that
Z=EY|P)
Substituting for Z and Y we have
EX|P)=EY =EX]|Q)|P)

as desired.

To prove 7) suppose that Px and P are independent. Then for any block
B of P we have

P(X=r|B)=P(X=r)
and so

EX | P)(w) = E(X | [w]p)

—Z rP(X =r| [w]p)
reX(Q)

= Z rP(X
reX(Q)

= &(X)

This completes the proof. O

Conditional Expectation with Respect to a Random Variable

We can use the results concerning conditional expectation with respect to
a partition to define conditional expectation with respect to a random
variable. Indeed, this is really nothing new at all (for finite sample
spaces).

Definition Let (Q,P) be a finite probability space. Let Y be a random
variable whose distinct values are {yi,...,yr}. Then the conditional
expectation of a random variable X with respect to Y is the conditional
expectation of X with respect to the partition Py generated by Y, in
symbols

o

EX|Y)=EX|Py)=) EX[{Y =yDly~y O

1=1
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5.5 Stochastic Processes

We will be very interested in the price of a stock as it progresses through
a sequence of times ¢y < t; < to < --- < ty. If the stock price at time ¢;
is denoted by X; then initially these prices are unknown and so they can
be thought of as random variables on some probability space. This leads
to the following simple concept, which plays a very important role in
many areas of applied mathematics, including the mathematics of
finance.

Definition A (finite) stochastic process on a sample space () is a
sequence X1, ..., Xn of random variables defined on Q). [

Stochastic processes are used to model phenomena, like stock prices, that
evolve through time. In such cases, there is a relationship between the
random variables that gives substance to the stochastic process. We
explore this relationship next.

5.6 Filtrations and Martingales
Let us introduce the notion of a filtration using an example.
Filtrations
Consider the following game. At each time
to<ti<ta<: - <ty
a coin is tossed. A record is kept of the sequence of results.
Let us denote by {H,T}* the set of all sequences of H's and T's of

length k. These sequences are called words or strings of length k£ over
the alphabet { H,T'}.

Thus, at time ¢;, the current state of the game is a string of length i over
{H,T}. The final states of the game consist of all words of length N
over {H,T}

Q={H,T}" ={e;en|ei=Hore;=T}

The State Tree

Figure 7 gives a pictorial view of the states of the game, called the state
tree for the game. (In this case N = 3.) The states are indicated on the
lines of the tree. At time ¢, there is only one state, which is not shown. It
is the empty string.
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Figure 7: A state tree

The boxes (nodes of the tree) contain the set of still possible final states
of the game given the current state. In particular, if the current state is
0 = e;---¢e; then the set of still possible final states is the set of all final
states with prefix ¢, in symbols

Fi(6) = {w € Q| [w]; = 6}

where [w]; denotes the prefix of w of length 7. Let us make some
observations about these sets.

First, at each time t; the 2° subsets F;(8) form a partition P; of (2. For
instance,

Py ={F(HH), Fo(HT), Fo(TH), F(TT)}
and in general
P = {Fi(b1),-.., Fi(62)}

where 61, ..., 6 are the 2¢ elements of {H, T} .

Next, each block F;(6) in P; is contained in a block F;_;(e) of the
previous partition P;_;. In fact,

Fi(6) C Fim1([0)i-1)
Hence P; is a refinement of P;_; and
Py<Py <+ <Py

is a sequence of finer and finer partitions of (2.
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Finally, note that Py = {Q} is the coarsest possible partition of (2, with
only one block consisting of (2 itself. On the other end, Py = (2 is the
finest possible partition, since each block has size 1, containing just one
final state. We are now ready for a definition.

Definition A sequence F = (Py,...,Pn) of partitions of a set
Q= {wy,...,wn} for which

'P0-<’P1-<-'--<'PN

is called a filtration. Moreover, if a filtration satisfies the following
conditions it is called an information structure:
1) Py is the coarsest possible partition

Po = {2}

representing no knowledge about ).
2) Py is the finest possible partition

PN = {{wl}a RN {wm}}

in which each block has size 1, representing complete knowledge
about Q. O

Thus, an information structure starts with no knowledge of the final state
(other than the fact that it is in {2), possibly gains some additional
knowledge at each time instance (but never loses information) and ends
with complete knowledge of the final state.

We should probably mention explicitly that the partitions in a filtration
need not double in size as is the case in the example. All that is required
is that P; be a refinement of P;_;.

One final note. At any time t; there is a one-to-one correspondence
between the possible states § at that time and the blocks of the partition
P;, given by

§ o> {we Q| w] =6}

This allows us to identify the intermediate states of the game at time ¢;
with the blocks F;(6) of P;. In fact, when we discuss discrete-time
derivative pricing models, we will actually define the intermediate states
of the model as the blocks of the partitions in a filtration.
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Probabilities

Let us now assume that the probability of getting heads is p and that the
coin tosses are independent. Then for any k£ >0 we can define a
probability measure on the set { H, T}* by setting

P(6) = pNH(5)qNT(5)
where

Ny (6) = Number of H's in 6
Nr(6) = Number of T"s in 6

It is not hard to show that ({ H, T}*,P) is a finite probability space.

Theorem 16 For any § € {H,T}* let
P(6) = pNH(‘S)qNT(‘S)
1) If6 € {H,T} and e € {H,T}" then
P(6€) = P(6)P(e)

2) The pair ({H,T}*,P) is a probability space.
Proof. For part 1), we have
]P)((SE) — pNH(ée)qNT(ée)
— pNH(5)+NH(€)qNT(5)+NT(€)
— pNH(5)qNH(5)pNT(€) Nr(e)

= P(5)P(e)

q

For part 2), it is clear that for any 6 € {H,T}*
0<P$)<1

so we need only show that

> Po)=1

oe{H,T}*
This is clear for k¥ = 1 since then we simply have
P(H)+P(T)=p+(1-p) =1

We proceed by induction on k. Assuming it is true for & then
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Po)= Y PHo)+ Y P(To)

oe{H T}k oe{H T}* o€{H,T}*

= Y PHPO)+ Y. P(T)P(o)

oe{H,T}* oe{H,T}*

[P(H)+B(T)] ), P(o)
o€{H,T}*

= P(H) + B(T)

=1

and so the result is also true for k + 1. Thus, it is true for all k£ > 1. [0

Adapted Random Variables

Now let us suppose that for each heads, a player wins 1 dollar and for
each tails the player loses 1 dollar. Let the random variable X; denote the
player's winnings at time ¢;.

Thus, for a given time-t; state § € {H, T}*, the winnings are
Ny (6) — Nr(6)

At first, it seems natural to define X;(6) to be Ng(6) — Nr(6). The

problem is that in this case each function X; would be defined on a
different domain {H,T}* and so the functions X; would not form a

stochastic process.

Instead, we define each X; on the same set Q = {H,T}" of final states
simply by ignoring that portion of a final state that comes after time ¢;. In
other words, for any w € (2 we define

Xi(w) = Ng([w];) — Nr([w)i)

where [w]; is the prefix of w of length i. In this way, the random variables
X; have a common domain and yet no “future knowledge” of the state of
the game is required in order to compute the time-¢; winnings X;.

Moreover, under this definition the function X; is P;-measurable. In fact,
for any w € F;(6) we have

Xi(w) = Ny(6) — Nr(6)

Hence, knowledge of P; implies knowledge of the value of X;.
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In summary, we have a filtration
F=(Py,...,Pn)
on the sample space €2 and a stochastic process
X = (Xo,X1,...,Xn)

on § (with Xy = 0) for which X; is P;-measurable for all i. Because X;
is P;-measurable for all i, we say that the stochastic process X is
adapted to the filtration F, or is F-adapted.

Martingales

We would now like to compute the conditional expectation
E(Xk+1 | Pr), which is the expected value of the time-t;,; winnings
given knowledge of the previous time-t; partition. To this end, let us
collect a few simple facts.

Theorem 17 Let ({H, T}*,P;) be the probability space defined by
Py (8) = pNH(5)qNT(5)

Then
1) Forée{H,T}F

Pn(Fi(6)) = Pk(8)
2) If6 € {H, T} and e € {H,T}" then
Prier1(0He) £ Prigrs(6T€) = Pryo(€)(p + q)

Proof. For part 1), we have

Py(F()= Y Pu(60)=Pu) Y. Py-i(0)=Pi(6)

oe{H T}N-k oe{H,T}N-k

For part 2), we have

Pk+g+] (6H6) + Pk+[+1 (6T€) = Pk+[+1 (6€H) + Pk+£+1 (66T>
= Prye(6€)[P1(H) £ P1(T)]
= Prse(be)[p £ q]

and the proof is complete. [1

Now we can proceed with our computation of &(Xy4q | Px). For
§€{H,T}*
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EXin | Fe(8) = Y Xpn(w)Py({w} | Fi(6))

we{H TN
1

= W Z Xi+1(w)Py ({w} N Fi(6))

we{H,TIN

But the set {w} N Fi(6) is empty unless w € Fy(6), in which case
{w} N Fi(6) = {w} and so

E(Xis1 | Fi(6)) = PNm Z Xis1(w)Py({w})
wefk)

As w ranges over the set () we can write w = §o where o ranges over
the set {H, T}V ~* so

1

(ch—i—l | ]:k((s)) PN(fk(é))oe{I;}N_k

Xi1+1(60)Py(60)

Now, in order to evaluate X, ;(6c) we need the prefix of §o of length
k + 1 so we need to know something about the first symbol in o. This
prompts us to split the sum into two parts based on the first symbol in o
to get

1

EXert | F0) = 55 Xy1(6Ho)Py(§Ho)
oe{H T}N-k-1

1
+

Xk+1 ((5T0’)]PN ((STO')
k(6) JG{H,T}N"k"l

We can now evaluate Xy

Xy+1(6Ho) = Ny(6H) — Nr(6H)
— 1+ N (6) - Nr(6)
= Xk((S) +1

and

Substituting gives
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EXin | ) =5 Y 1Xl0) +1Pu(EH0)
oc€{H,T}V-k-1
1

+ [X4(6) - 1Py (6T0)

k( ) UE{H,T}N_“_I

1
"B, ., P CHO) - BT

+Xk(§) S [Py(6Ho) + Py(6T0)]

]Pk( ) O‘G{H,T}N_k_l

1
= MUE{H,ZT;N_k_IPN—l(‘SU Jp—q)

Xi(6
+(0) Py-1(60)(p+q)
]Pk (6) o€{H T}N-k-1

=[p-9+X:6)] Y  Po)
oc{H,T}N-k-1

= (p—q) + Xk(6)
and so for any w € ) we can write w = §o and get

E(Xy+1 | Pr)(w) = E( X1 | Fi(6))
= (p—q) + Xi(5)
= (p—¢q) + Xi(w)

+

and so
EXir1 | Pr) = X+ (p— )1

where 1 is the random variable whose value is always 1.

For p = ¢ this takes on special significance, for we get
E(Xk+1 | Pr) = Xk

which says that if we know the time-t;, partition Py, that is, if we know
the state of the game at time t;, then the expected value of the time-
tr+1Winnings is the time-t; winnings. In other words, just as we would
expect from the fact that p = g, the game is a fair one in that the
expected gain from one time to the next is 0.

We are ready for an important definition.
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Definition A stochastic process
X = (Xo, X1,..., XN)
is a martingale with respect to the filtration
F=(Py<P1 < <Py)

or an F-martingale if X is adapted to F (that is, X; is P;-measurable)
and

E(Xkt1 | Pr) = Xk
that, is, given P;, the expected value of X1 is just X;.O

Thus, martingales model fair games. The following result says that given
P; the expected value of any future random variable is just X;.

Theorem 18 If X = (X, X1,...,Xn) is an F-martingale where
F = (Po, P1,-..,Pn) then for any i > 0

E(Xk+i | Pr) = Xk
Proof. We know that

E( Xk | Pry1) = Xk
Taking conditional expected values gives
E(E(Xkr2 | Prar) | Pr) = E( X1 | Pr) = X
But by the tower property;
E(E(Xk+2 | Prs1) | Pr) = E( X2 | Pr)

and so

E(Xk+2 | Px) = Xi

An induction argument can now be used to complete the proof. We leave
the details to the reader. O

Exercises

1. Show that if X is a random variable on {2 then
a) X 1(AUuB)=X"1(4A)uX(B)
b) X1(ANnB)=X"1(A)nXYB)
¢) X }(A\B)=X"14)\X(B)
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Let P and Q be partitions of a nonempty set ). Prove that the
following are equivalent.

a) @ is arefinement of P

b) Each block of Q is the union of blocks of P

¢) Each block of P is contained in a block of Q

d) A(P) C A(Q).

Prove that if X is a nonnegative random variable, that is, X (w) > 0
forallw € Qthen £(X | P) > 0.

Let X be a random variable on (€2, P). Show that X can be written as
a linear combination of indicator functions of the blocks of the
partition generated by X.

A certain operation results in complete recovery 60% of the time,
partial recovery 30% of the time and death 10% of the time. What is
the probability of complete recovery, given that a patient survives the
operation?

Imagine the following experiment. You have an unfair coin, whose
probabilities are

P(heads) = g, P(tails) = %

You also have two urns containing colored balls, where

1) urn 1 has 3 blue balls and 5 red balls

2) urn 2 has 7 blue balls and 6 red balls

First you toss the coin. If the coin comes up heads, you draw a ball at
random from urn 1. If the coin comes up tails, you draw a ball at
random from urn 2. What is the probability that the ball drawn is
blue? Hint: Use the Theorem on Total Probabilities.

Let 2 be a sample space and let Ej,..., E, form a partition of (2
with P(E}) # 0 for all k. Show that for any event A in 2,

P(4) = > P4 | E)P(EL)
k=l

Let P = {B,..., By} be a partition of (2, P) with P(B;) > 0 for all
i. Prove Bayes' formula, which states that for any event A in ) with
P(A) > 0, we have

P(4 | E)P(E)
ié“’(“* | E)P(E)

P(E; | A) =
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10.

11.

12.

13.

14.

15.

16.

17.
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Show that any algebra of sets is closed under intersections and
differences. What about symmetric differences? (The symmetric
difference of two sets is the set of all elements that are in exactly one
of the two sets.)

Prove that any nonempty collection of subsets of € is an algebra if
and only if it contains 2 and is closed under differences. (The
difference A \ B is the set of all elements of A that are not in B.)
Prove thatif E1, ..., F, are events with P(E; N --- N E,;) > 0 then

P(E;N - NE,)
= P(E,)P(E; | E\)P(Es | E1 N Es)---P(E, | EyN -+~ N Ep_y)

Prove in detail that for any partition P of 2 the set
A(P)={C C Q| C =0 or C = union of blocks of P}

is an algebra.

Suppose that words of length 5 over the binary alphabet {0,1} are

sent over a noisy communication line, such as a telephone line.

Assume that, because of the noise, the probability that a bit (0 or 1)

is received correctly is 0.75. Assume also that the event that one bit

is received correctly is independent of the event that another bit is

received correctly.

a) What is the probability that a string will be received correctly?

b) What is the probability that exactly 3 of the 5 bits in a string are
received correctly?

Let X and Y be random variables on (2, P). Suppose that X and Y’

have the same range {a, ..., a,} and that

P(X=a;)=P(Y =0a;) =p

Compute P(X =Y.

Let P be a partition of a probability space (2, P). What is £(1 | P)
where 1 is the constant random variable 1(w) = 1?

Let (X;)i=1,.n be a martingale with respect to the filtration
(Pi)i=1,..n- Prove that £(X;) = £(Xo) for all k =1,...,n. Hint.
Use the fact that £(E(X | P)) = £(X).

Let X3,..., X, be random variables on (2, P) all of which have the
same expected value p and the same range {ry,...,r,}. Let N be a
random variable on (§2,P) where N takes the values 1,...,n.
Assume also that N is independent of the X;'s. Then we can define a
random variable S by
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S=X1+--+ Xy

where

S(w) = X3(w) + -+ + Xn(w)(w)

Show that

a)
b)

©)

E(S|N =k)=pk
E(S|N)=uN
E(S) = pé(N)

Explain in words why part c) makes sense.
Prove if Q is finer than P then £(£(X | Q) | P) = £(X | P). Prove
this directly.

Exercises on Submartingales and Supermartingales

Let X = (Xj,...,Xn) be a stochastic process with respect to a filtration
F = (Py,...,Pn). Then X is an F-submartingale if X is adapted to F

and

E(Xpy1 | Pr) > Xy

Similarly, X is an F-supermartingale if X is adapted to F and

E(Xiy1 | Pr) < Xy

A stochastic process A = (Ay,..., Ay) is predictable with respect to
the filtration F if A, is Pj_;-measurable for all k.

19. Show that X is an F-supermartingale if and only if —X is an F-sub-
martingale. Are submartingales fair games? Whom do they favor?
What about supermartingales?

(Doob Decomposition) Let (Xj,...,Xy) be an F-adapted
stochastic process.

20.

a)

b)

Show that there is a unique martingale (My,..., My) and a
unique  predictable process (Ao,...,Ax) such that
Xy = My + A and Ay = 0. Hint: Set My = X, and Ay = 0.
Then write

X1 — X = My — My + Agyr — Ay

and take the conditional expectation with respect to Px. Use the
martingale condition to get an expression for Ay, in terms of
Ag.

Show that if (X}) is a supermartingale then Aj, is nonincreasing
(thatis A1 < Ag). What if (X}) is a submartingale?
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21. LetX = (X) | k=0,...,T) be a stochastic process.
a) Prove that for any partition P

max{£(Xe | P)} < E(max{X,} | P)
b) Prove that if X and Y = (Y;,...,Yy) are submartingales then
the process defined by
Zy, = max{Xg, Y}

isalsoa submartingale. What about supermartingales?
22. Define the positive part of a random variable X by

Xt =max{X,0}

If X = (Xp,..., Xn) is a martingale show that X* = (X{,..., X})
is a submartingale.



Chapter 6

Discrete-Time Pricing Models

We are now ready to discuss discrete-time pricing models, that is, pricing
models in which all transactions take place at a series of discrete times.

The derivative pricing problem is to determine a fair initial value of
any derivative. The difficulty is that the final value of the derivative is
not known at time ¢ = 0, since it generally depends on the final value of
the underlying asset. However, we will assume that the final value of the
underlying is a known random variable and so the set of possible final
values of the asset is known. Consequently, the set of possible final
values of the derivative is also known. Knowledge of this set along with
the no-arbitrage principle is the key to derivative pricing.

6.1 Assumptions
We will make the following basic assumptions for the model.
A Unit of Accounting or Numeraire

All prices are given in terms of an unspecified unit of accounting or
numeraire. This numeraire may be dollars, Eurodollars, pounds Sterling,
Yen and so on. A phrase such as “stock worth S” refers to S units of
accounting. Later we shall find it useful to use one of the assets of the
model as a numeraire. This will have the effect of expressing all prices in
relative terms, that is, relative to the chosen asset.

Assumption of a Riskfree Asset

We will assume that there is always available a riskfree asset. The idea
of the riskfree asset is simple: For each time interval [t;_,, t;], the riskfree
asset is an asset that cannot decrease in value and generally increases in
value. Furthermore, the amount of the increase over each interval is
known in advance. Practical examples of securities that are generally
considered risk free are US Treasury bonds and federally insured
deposits.

For reasons that will become apparent as we begin to explore the
discrete-time model, it is important to keep separate the notions of the
price of an asset and the quantity of an asset and to assume that it is the
price of an asset that changes with time, whereas the quantity only
changes when we deliberately change it by buying or selling the asset.

S. Roman, Introduction to the Mathematics of Finance

© Steven Roman 2004
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Accordingly, one simple way to model the riskfree asset is to imagine a
special asset with the following behavior. At time ¢ the asset's price is 1.
During each interval [t;_1,1;], the asset's price increases by a factor of
e"i(ti=t-1) where r; is the riskfree rate for that interval.

It is traditional in books on the subject to model the riskfree asset as
either a bank account or a riskfree bond. For a normal bank account,
however, it is not the value of the units (say dollars) that change, but the
quantity. If we deposit $10 (10 units of dollar) in an account at time %
then after a period of 5% growth we have $10.5, not 10 “dollars” each
worth $1.05.

Whatever the nature of the riskfree asset, the important thing for our
analysis is the asset's price structure, which we will define when we
formally define asset prices in a moment.

Additional Assumptions

In addition to the previous assumptions, we must also make some not-so-
realistic simplifying assumptions. These assumptions are very helpful to
the analysis and despite their presence, we can still learn a great deal
about how the market works based on these simple models.

Infinitely Divisible Market
The market is infinitely divisible, which means that we can speak of, for
example, \/5 or —7 worth of a stock or bond.

Frictionless Market
All transactions take place immediately and without any external delays.

Perfect Market

The market is perfect, that is,

e there are no transaction fees or commissions,

e there are no restrictions on short selling,

o the borrowing rate is the same as the lending rate.

Buy-Sell Parity

As an extension of the notion of a perfect market, we assume that any
asset's buying price is equal to its selling price, that is, if an asset can be
bought for S then it can also be sold for S. For instance, if shares of a
stock can be bought for S per share then shares can also be sold for S per
share. If a bond can be purchased for S then a similar bond can be sold
for S.



6. Discrete-Time Pricing Models 141

Prices Are Determined Under the No-Arbitrage Assumption

As we have discussed, if an arbitrage opportunity exists in the market,
then prices will be adjusted to eliminate that opportunity. Therefore, it
makes sense to price securities under the assumption that there is no
arbitrage.

6.2 Positive Random Variables

We wish to define the terms nonnegative, strictly positive and strongly
positive for random variables on a sample space 2.

Definition Let X be a random variable on Q). Then
1) X is nonnegative, written X > 0 if

X(w) > 0forallwe N

(The term positive is also used in the literature for this property.)
2) X is strictly positive, written X > 0 if

X(w) > 0 forallw € Q and X (w) > 0 for at least one w € )
3) X is strongly positive, written X > 0 if
X(w) > 0forallwe N O

6.3 The Basic Model by Example

Before defining the discrete-time model formally, it seems like a good
idea to motivate the definition with an example.

Suppose we are interested in a certain stock that is very sensitive to
interest rates, in such a way that the stock price generally rises when
interest rates fall and vice versa. (A home-building company would be
such a company, for example.)

Thus, we decide to track the discount rate over the next few times that
the Federal Reserve Board meets to consider changes in this rate. For our
purposes, a state of the economy will correspond to a discount rate. (The
discount rate is the rate that the federal government charges member
banks to borrow money. This rate is often used as a starting-off point for
other interest rates.)

It is important to emphasize that when setting up a model of interest
rates, we can only speculate about future changes based on economic
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reports, research and other often tenuous tools. However, the model must
be created at time ¢, so we have no other choice.

Referring to Figure 1, let us assume that at the current time ¢, the
discount rate is 2%. At this time, the economy has only one state,
denoted by wy.

1]3-25 75
3 80
3 80
275 85
275 85
25 90

3 80
275 85

o|275 85
25 90

Figure 1

Now, the latest economic information leads us to believe that at time t;
the Fed will raise interest rates either 0.25 points or 0.5 points. Thus, at
time ¢; there will be two states of the economy, denoted by w; ¢ and w ;.
The interest rates are shown next to each state in Figure 1.

We further believe upon good information that at time ¢, the Fed will be
inclined to raise rates again. We speculate that if the previous rate hike
was 0.5 points, there is a possibility of further hikes of 0.5 or 0.25 points
and also a possibility of no change in the rate. However, if the previous
hike was only 0.25 points, the strong feeling is that another rate hike of
0.5 or 0.25 points will occur.

In general, we produce a model of interest rates, or states of the economy
by speculating on the path of the discount rate over a period of time.
Based on predicted interest rates, we also speculate on the price of the
stock. These prices are shown in Figure 1 in italics.

Note that there is a stock price for each state and each time. Thus, for
example, the time-t; price function S, can be defined by

Si(wig) =90, Si(wy) =95
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and the time-t, price function Sy i
So(wa1) = 80
Sa(wa2) = 85
Sa(wa3) = 90
Sy(waa) =
gz(wz 5) =

While these functions are simple to understand, they do suffer from a
significant drawback when it comes to doing mathematics, namely, they

are defined on different domains. In particular, §1 is defined on
{wl,o,wl,l} and 52 is defined on {u)z,l, e ,w2,5}.

Accordingly, it is preferable to work with a sequence of price random
variables defined on a single probability space. The first step in this
endeavor is to take a slightly different view of the states of the economy.
We begin with the set of final states

Q = {w3,1, ,w3,10}

and define all intermediate states as subsets of the final states. This idea
is pictured in Figure 2.

3 75
©y 325
25 {o .coaz}
30 ©3,/3 80

{031, @320

£ W,,|3 80
@33, W4, {0)3 3,03 4} ‘ 33
55 ©,,412.75 85

W5, O. 8 3.4
3'590 L 25 045|275 85
2 _owma} ‘ :
m 90 ®36(25 90

100 275
* ®,,|3 80
2.25 {057,050} m” 275 85
85 38|
{@37, @30,
39,03 40} 25 275 85
95 2-5 90
90 3,10 <
to t1 t2 t3
Figure 2

Thus, for example, at time ¢; there are two intermediate states

={ws1,..., w36}
59 = {w3,7, --',ws,lo}
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Now, for example, we can define the time-t; price random variable S;
on the set (2 of final states by assigning the value 90 to all elements of s;
and the value 95 to all elements of s,. In symbols

_ [ 90 forallw € s
Si(w) = { 95 forallw € sy

It is important to emphasize that this procedure is just a mathematical
expediency. It makes no economic sense to talk about the time-¢; price of
a final state, since the final state does not exist at time ¢;. However, this
expediency does no harm and is very useful.

Of course, for this to make sense, the random variable S; must be
constant on each of the subsets s; and s, of €2, as it is in our example.

Note that at each time ¢; the set of intermediate states is a partition P; of
the set 2 of final states and that the time-t; partition is a refinement of the
previous time-t;_; partition. Moreover, the price random variable S; is
‘P;-measurable.

With this example for motivation, we are ready to formally define the
general discrete-time model.
6.4 The Basic Model
Here are the basic ingredients of the discrete-time model M.
Time
The model M has T" + 1 times
o<t <--<tr
Note that there are precisely T time intervals [t;—;,t;] fori=1,...,T.
Assets
The model has a finite number of basic assets
A={ay,...,a,}
The asset a; is assumed to be the riskfree asset.
States of the Economy

At the final time ¢, we assume that the economy is in one of m possible
final states, given by the state space



6. Discrete-Time Pricing Models 145

Q={wy,...,wn}

Initially, that is, at time ¢, we know nothing about the final state of the
economy other than the fact that it lies in 2. However, as time passes, we
may gain some information (but never lose information) about the
possible final state of the economy.

To model this partial knowledge, at each time ¢;, we assume that there is
a partition

P, ={Bi1,...,Bim}

of the state space (2, called the time-t; state partition. For i < T, the
blocks of P; correspond to the possible states of the economy at time ¢;
and are called intermediate states. Figure 3 shows the state tree or
information tree for the model.

Thus, the term state can refer to either an intermediate state (which
includes the initial state) or a final state. Also, we will think of both the
element w; and the singleton set {w;} as a final state, whichever is more
convenient at the time.

Py P, P, Px

B ={0m.1}
to t ] t2 t.
Figure 3

Since no loss of information can occur, it follows that P; is a refinement
of P;_;. In fact, we will assume that the state filtration is an information
structure

F = (Py,...,Pr)
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on Q. Thus
Po={Q} = {{w1,...,wn}}
and

Pr = {{wi},..., {wn}}

Natural Probabilities

It is also customary to assume the existence of a probability measure on
() that reflects the likelihood that each final state in Q will be the actual
final state. These are called natural probabilities.

Asset Prices

In a discrete-time model, each asset must not only have a price at each
time ¢; but that price may depend on the state of the economy at that
time. This calls for a price random variable for each time and for each
asset. For reasons made clear in the previous example, the time-t; price
random variable should be defined on the sample space 2 and be P;-
measurable.

Definition For each time t; and each asset aj, the price random

variable S; ;:() — R is a P;-measurable random variable for which

Sij(w) is the time-t; price of asset a; under the final state w. The price

random variables must satisfy the following properties.

1) For the riskfree asset, the price random variables are constant, that
is, they do not depend upon the state of the economy (which is
precisely why they are called riskfree). In particular,

So1 =1
and for all times i > 0
Si1 = e"'i(ti'ti—l)si_l’l

where r; > 0 is the riskfree rate in effect during the time interval
[ti—h tz]
2) For all other assets (that is, for j > 1) and for all times t;

Si; >0



6. Discrete-Time Pricing Models 147

3) For a fixed time period t;, the price vector is the random vector of
time-ty, prices

Sk = (Sk,1s--- 3 Skn)
4) For a fixed asset a; the sequence
(SO,j> ey ST,])

is a stochastic process, called the price process for a;. It describes
the evolution of the price of a; over time.[]

Using the Risk-Free Asset as Numeraire

As we will see in some detail, rather than using dollars, yen or other
constant (inflation aside) units of accounting, the use of the riskfree asset
itself will provide a great simplification (although it may not seem like it
now).

As an example, suppose we wish to assess the quality of various
investments. Consider an investment that turns $100 into $104 in one
year. Is that a good investment? It is not possible to tell because the
quality of an investment must be measured relative to some guaranteed
standard. For example, if the riskfree asset turns $100 into $105 in a
year, then the 4% investment is not good.

Now, if we use the riskfree asset as unit of accounting instead of dollars,
then it is easy to decide whether or not an investment is good (relative to
the riskfree investment). For example, if an investment turns 100 riskfree
asset units of value into any number greater than 100, then it is a good
investment, at least relative to the minimal standard riskfree investment.

The discounted asset prices are given by

— S
S =4
Y Sia
Thus, the discounted price is the nondiscounted price divided by the
price S;1 of the riskfree asset at the same time. The value S, ; is also
called the (time-0) present value of the amount S; ;. Note in particular
that

Si1=1

In words, the riskfree asset has constant unit price at all times. This is
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because the riskfree asset is neutral (not good and not bad) compared to
itself.

The discounted price vector is given by

-g’i = (-gi,l) ce ag’i,n)

6.5 Portfolios and Trading Strategies

Portfolios are designed to model the holdings of an investor over a fixed
period of time. Of course, it is reasonable to allow adjustments to the
asset holdings at each intermediate time. It is also reasonable to allow
these adjustments to depend on the state of the economy at that time.
Here is the formal definition.

Definition 4 portfolio for the time interval [t;_1,t;] is a random vector
61 = ( i1y + ) n)

on Q2 where 0; j(wy) is the quantity of asset a; acquired at time t;_; and
held during the interval [t;_y,t;| assuming state wy. Moreover, 0;; is
required to be P;_1-measurable. This corresponds to the obvious fact
that the quantities 0; ; must be known at the time t;_; at which the assets
are acquired. [J

It is worth repeating: The portfolio ©; is acquired at time ¢;_; and held
up to time t;.

Note also that the random variables 0; ; indicate the position as well as
the quantity: 6; ; is positive for a long position and negative for a short
position.

It will be convenient to define a (nonstandard) term to denote the
holdings of the risky portion of a portfolio, that is, all assets except the
riskfree asset.

Definition 4 risky holding for the time interval [t;—,t;| is a random
vector

@;iSky - ( 1,29 zn)

on Q where 0; j(wy) is the quantity of the risky asset a; acquired at time
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ti—1 and held during the interval [t;_1,t;] assuming state wy. Moreover,
0; ; is required to be P;_,-measurable.]

Portfolio Rebalancing

The use of portfolios in a discrete-time model is a dynamic process that
proceeds as follows. At the initial time ¢y the investor acquires the first
portfolio

©1=(011,...,010)

which is held through the time interval [to,%;]. Note that the random
variables 0; ; are Po-measurable, that is, constant.

At time ¢; the investor must liquidate the portfolio ©; and acquire a new
portfolio ©2. Of course, there is nothing to prevent the investor from
simply rolling over the portfolio, by which we mean that ©, = ©;. Even
in this case, however, for reasons of consistency it is simpler to think in
terms of liquidation followed by acquisition. This does no harm since the
model is assumed to be commission-free.

In general, at time ¢;_; the portfolio ©;_; is liquidated and a new
portfolio ©; = (6;1,...,6;,) is acquired. This process is referred to as
portfolio rebalancing.

The sequence & = (04, ...,Or) of portfolios obtained through portfolio
rebalancing has a name.
Definition 4 trading strategy for a model M is a sequence of portfolios

® = (61,...,@7‘)

where ©; is a portfolio for the time interval [t;—1,t;]. O

We can isolate an individual asset from a trading strategy to obtain a
stochastic process that describes the evolution of that asset's holdings. In
particular, for each asset a;, the asset holding process is the stochastic
process

@] - (91,], “on ,BT,])
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A trading strategy can be represented by a matrix of random variables

©: 611 012 - bin
o= : | = : : :
Or bry Oro -+ Orp

where the rows correspond to the times (the first row corresponding to
time ¢y) and the columns correspond to the assets. In fact, the jth column
is the asset pricing process for asset a;.

Let us also give a (nonstandard) name to the risky portion of a trading
strategy.

Definition 4 risky substrategy for a model M is a sequence of risky
holdings

orisky — (@’l'iSky’ e @;sky)
where ©7® is a risky holding for the time interval [t;_1,t;]. O

In terms of matrices, the risky portion of a trading strategy & is the
matrix consisting of all columns of the matrix except the first column

sky o b2 - Oin
risky — . _

@;sky 6T,2 9T,n

Recall that a random process X = (Xj) is adapted to a filtration
F = (F) if Xy is Fy-measurable for each k. This corresponds to the
idea that X, is known at time ¢, when JF}, is known.

On the other hand, an asset holding process ®; = (6, ...,0r;;) has the
property that 6y ; is Fj—1-measurable. This corresponds to the fact that
0k ; is known at the previous time t;_;, when Fj_; is known. There are
many situations in which such knowledge is common. For example,
when placing bets in a game of chance, the player knows the amount Xj,
of the time-t;, bet before the outcome of the game at time ¢. This is often
modeled by saying that X} is known at time tj,_;.

Definition A stochastic process
X= (le"'aXT)
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is predictable or previewable with respect to the filtration
F=(Py<P1<-+<Pr)
if X; is P;_1-measurable for all i.(]

With this new language, we can say that an asset holding process is just
another name for a predictable stochastic process. Also, a trading
strategy is just a predicable stochastic process of random vectors.

The Valuation of Portfolios

If ®=(0,...,07) is a trading strategy then since the portfolio ©;
exists only during the time interval [t;_1,;], it makes sense to assign a
value to ©; only at the acquisition time ¢;_; and the liquidation time ;.

The acquisition value or acquisition price of the portfolio ©; is defined
by the inner product (dot product)

Vi——l(@) @za51 1 29 ,]Sz 1,j

and the liquidation value or liquidation price of ©; is defined by

Vi(©;) = (8, Si) Ze iSi
We can also discount the portfolio values
Vio1(©;) = (84, Si-1) Ze Sic1j= _1“2”:01-,jsi_1,j
Si-1, =
and

1 n
Vi(6y) = (85,5)) 29 1iSii = g 0,354,
=1
Note that the discounted value can be computed directly using the
discounted price or indirectly by first computing the nondiscounted price
and then discounting the result.
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Self-Financing Trading Strategies

For a trading strategy ® = (04, ..., Or) if the acquisition price of ©;1;
is equal to the liquidation price of ©;, then no money is taken out or put
into the model during the time-¢; rebalancing process.

Definition 4 trading strategy ® = (0,,...,Or) is self-financing if for
any time t; (for i # 0,7T) the acquisition price of ©;,1 is equal to the
liquidation price of ©;, that is,

Vi(©is1) = Vi(6:)
The set of all self-financing trading strategies is denoted by T. (0

Thus, a self-financing trading strategy is initially purchased for the
acquisition value V(©;) of the first portfolio and is liquidated at time
tr, producing a payoff of Vy(O7). No other money is added to or
removed from the model during its lifetime.

The set 7 of all self-financing trading strategies is a vector space under
the operations of coordinate-wise addition
(©11,--+,017) + (O21,...,027) = (011 + O21,...,017 + Oa1)
and scalar multiplication
a(©y,...,07) = (aBy,...,a07)

Demonstration of this is left to the reader.

We can extend the use of the symbol V; to self-financing trading
strategies by defining the time-¢; value of ® to be the common value of
the liquidation price of ©; and the acquisition price of ©;,;. In symbols

Vi(®) = Vi(6:) = Vi(6i11)

It is worth emphasizing that this extension applies only to self-financing
trading strategies.

We will refer to V(®) as the initial cost of the trading strategy ® and to
Vr(®) as the payoff of ®. The following theorem gives some key
properties of the valuation functions V.

Theorem 1
1) For the valuation function defined on portfolios
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The ith valuation function
V;:RV™(2) — RV(Q))

is a linear transformation, that is, for portfolios
01,04 € RV"™(Q) and real numbers a,b € R we have

Vi(a@1 + b@g) = aVi(@1) + bVi(@z)

The acquisition random variable V;(©;;,) is P;-measurable. In
other words, at time t; we know the purchase price of ©;,.

The ith valuation function defined on self-financing trading
strategies

Vi: T — RV(Q)

is a linear transformation on T, that is, for ®1,®9 € T and a,b € R
we have

Vi(a®; + b®s) = aVy(®y) + bVi(®2)

Proof. Left to the reader. (I

Discounted Gains

For self-financing trading strategies we can make the following
definitions regarding the change in price or value.

Definition Let ® be a self-financing trading strategy. The discounted
change in price from time t;_; to time t; is

AS;=8;—S;_1=(AS;1,...,ASi,)

The discounted change in value from time t;_; to time t; is

AV{(®) = Vi(®) — Vi1 (®)
= (0, Agi)
= (64, (Si — Si-1))

= 6i(Si; — Si-1;)
=1



154 Introduction to the Mathematics of Finance

The discounted (cumulative) gain Gy, is
Gi(®) = Vi(®) — Vo(®)

Vi(®) — Vi-1(®)]

f

M- 1

Il
—

(©;,AS;)

For k < { the discounted gain G is
Gro(®) = V(@) — Vi (D) O

14
=" V(@) - Viaa(®)]

i= k+1

Z (64, AS;)

i=k+1

A key property of the riskfree asset is the following. Suppose that we are
given an initial value Vy(®) for a self-financing trading strategy
® = (0, ...,0r) and we are also given all of the quantities 6; ; of assets
(for all i =1,...,T) in ® except the quantities 6, of the riskfree asset.
Then the self-financing condition implies that there is one and only one
possibility for the quantities of the riskfree asset.

Intuitively speaking this is quite reasonable. To illustrate, suppose that
the initial value of ® is $1000. If the risky assets of ©; account for $900
then there is one and only one choice for the quantity 6;; of riskfree
asset, namely, the rest of the initial value 6; ; = 100. Now at time ¢; the
portfolio ©; is liquidated. Suppose it yields $1100 (in time-¢; dollars). If
we are given the quantities and hence value of the risky assets in O, say
$1050 then the quantity of riskfree asset must be such that its value is
$50. Hence, the quantity is 65 ; = 50/S7 ;.

In general, if at time ¢, we know the liquidation value Vj(©y) of © and
we know the quantities and hence the value V}(©y1) of the risky assets,
then the remaining value

Vi(©k) — Vi (Ok+1)

must be spent on the riskfree asset in order to preserve the self-financing
condition. Hence
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Vi(Ok) — V(O = —
b = OO -5, 0,) -V 01)

It follows from this discussion that there is one and only one self-

financing trading strategy ® for any given

1) Initial value V), which is a Py-measurable random variable, that is, a
constant random variable

2) Risky substrategy

™ = (0%, ..., 07)

that is, set of asset holding processes ®,, ..., ®,, for the risky assets
ag,...,0n.

In matrix terms, we have shown that the initial value and the self-
financing condition uniquely determine the missing values in the matrix

0, ? b - Oip
o= : |=1: :
Or ? Org - Orp

Thus, all that is required to specify a self-financing trading strategy is the
initial value and n — 1 predictable processes (one for each risky asset).

Locking In a Gain

Now suppose that we are given a self-financing trading strategy ®.
Suppose further that at some intermediate time ¢; we wish to “lock in”
the discounted gain G(®) at that time. This can be done simply by
liquidating the portfolio O at time ¢; and using all proceeds to buy only
the riskfree asset. In symbols

®k+l = (vk(@k), Oa ceey 0)

From this point forward, no changes are made to the quantities in the
trading strategy. The new trading strategy &' = (©],...,07) is thus
defined by

o — O; ifi <k
T (Vr(6%),0,...,0) ifi>k

Since the discounted gain _(?k,T(d)) from t; to tr is 0 because the
portfolios contain only the riskfree asset, we have

Gr(?') = Gi(®) + G 1(®) = Gi(?)
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which expresses the fact that we have locked in the discounted gain
G (®). Let us refer to the trading strategy @’ as the trading strategy that
is obtained by locking in the discounted gain of ® at time ¢;.

Here is a summary of what we have been discussing.

Theorem 2
1) Discounted gains are additive, that is, for j < k < { we have

Gie(®) = Gji(®) + Gie(®)

2) The contribution of the riskfree asset to the discounted gain of a self-
financing the trading strategy is 0.
3) Given any constant random variable Vy and any risky substrategy

prisky — (@;isky, . @;fsky)

that is, set of asset holding processes ®,, ..., ®,, for the risky assets
as, ..., Qam, there is one and only one self-financing trading strategy
® with initial value Vo(®) = Vj that has these risky asset holdings.
Thus, all that is required to specify a self-financing trading strategy
is the initial value and n — 1 predictable processes (one for each
risky asset).

4) Given a self-financing trading strategy ® and a time ty, it is possible
to find a self-financing trading strategy ® that locks in the
discounted gain at time ty, that is, for which

ET(‘I),) = ak(é) + ak,T(é) = @k(q’) O

Value Shifting
Let

¢ =(0,,...,0r)
be a self-financing trading strategy. Let us consider what happens if we
initially change the quantity of the riskfree asset by an amount a € R. In

order to maintain the self-financing condition, we must roll over this
asset at each subsequent time. In symbols, the new portfolios are

e; = (ei,l +a19a0i,27"'70i,n) = ®’i +a(]'Q’O""’O)
fori=1,...,T.
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Let us take a moment to examine the rolling-over procedure. If, for
example the initial portfolio contains 100 units of the riskfree asset, then
at time ¢, the portfolio is liquidated, which realizes 100e™(*1~%) from that
asset. This money is immediately used to purchase 100 units of the
riskfree asset again, so that the portfolio ©, also contains exactly 100
units of the riskfree asset.

On the other hand, if the initial portfolio contains —100 units of the
riskfree asset (a short position) then the investor has sold 100 units of the
riskfree asset and the value of this asset is —100. (The investor is “on the
hook” for 100 units.) At time t;, the portfolio is liquidated and the
riskfree asset must be redeemed at a cost of 100e™® %) ynits. The
riskfree asset is then immediately sold for its time-t; value of
100em (%) ypits. Hence, O, also has a short position of —100 units of
the riskfree asset.

The self-financing condition for ®’ is
Vi(©)) = Vi(0}41)
which is easily verified formally and we leave the details as an exercise.

Comparing values for the trading strategies ®' and ® gives
Vz(‘I),) = Vl(q)) + aSm

which shows that the shift in the initial value of a trading strategy by an
amount o using the riskfree asset will ripple through the model,
producing a shift in value at time ¢; for all states by the amount aS; ;. On
the other hand, the discounted values are changed by a constant amount

Vi(@') = Vi(®) + alg

and the discounted gains are not affected.

Theorem 3 Let ® be a self-financing trading strategy and let a € R. Let
' be the self-financing trading strategy obtained from ® by adjusting
the initial quantity of the riskfree asset by a, that is,

0, = 0; +a(lg,0,...,0)
fori=1,...,T.
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1) The time-t; value of ®' is
Vi(®') = Vi(®) +aSiy
In particular, the initial value is
Vo(®') = Vo(®) + alg
and the final value is
Vr(®') = Vr(®) + aSr;
2) In discounted units
Vi(®') = Vi(®) + alq
It follows that the discounted gain is not affected by value shifting
Gal@) = Ga(®)

3) In particular, taking a = —Vo(®) (which is a constant) gives
another self-financing trading strategy ® with the same discounted
gain as ® but with zero initial value.[(]

6.6 The Pricing Problem: Alternatives and Replication

Our goal is to price assets that are derivatives of the basic assets. By
price we mean determine an initial price for the derivative under the
assumption that the market is free of arbitrage.

To effectively price a derivative at time 0, we need to have some
information about the possible payoffs of the derivative at time 7". For
stock options, this is not a problem, as we have seen. For example, in a
two-state economy, suppose ag is a stock with initial cost 100 and final
payoff vector (120, 90). Then a call with strike price 95 has final payoff
vector (25, 0).

Consider an arbitrary derivative D of one (or more) of the assets in the
model. This derivative is not initially part of the model, but we want to
add it to the model in such a way that the no-arbitrage opportunities will
result. The only thing we know about the derivative is its final payoff X,
which is a random variable on (2.

Now, from the point of view of pricing the derivative, all that matters is
its payoff random variable—the precise nature of the derivative (call,
put, strike price, etc.) is no longer important. Thus, we are really
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interested in pricing random variables in a manner that is consistent with
the absence of arbitrage. In this context, random variables have a special
name.

Definition 4 random variable X:() — R is called an alternative, or
contingent claim. (]

Note that some authors require nonnegativity in this definition, the idea
being that a claim based on an option will not have negative payoffs. In
such cases the “claim” will simply expire. However, we do not make this
additional restriction.

Thus, the pricing problem is the problem of pricing alternatives. Perhaps
the simplest and most intuitive method for pricing an alternative X is to
find a self-financing trading strategy ® whose payoff vector is equal to
X, that is,

Vr(®) = X

and set the initial price of X equal to the initial price of ®. Indeed, any
other choice will lead to arbitrage. For if the initial price Py of X is not
equal to V(®) then an investor could buy the cheaper of ® and X and
sell the more expensive one. This produces an immediate profit and at
the end, the investor liquidates his long position and uses the proceeds to
exactly pay off the short position.

This prompts the following definition.

Definition Ler X:{) — R be an alternative. A replicating trading
strategy (or replicating strategy or hedging strategy) for X is a self-
financing trading strategy ® = (04, ..., Or) whose payoff is equal to X,
that is,

Vr(®) = Vp(O7) = X

An alternative X that has at least one replicating strategy is said to be
attainable. 4 model is said to be complete if every alternative is
attainable. [

The set M of all attainable alternatives is a subspace of the vector space
RV(Q) of all random variables on 2. We leave verification of this to the
reader.
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The strategy of pricing an alternative X by first finding a replicating
trading strategy ® for X and then setting the initial price of X equal to
the initial value of @ is the replicating trading strategy procedure. We
will deal with the issues involved in employing this strategy as soon as
we look at an example of finding replicating trading strategies.

EXAMPLE 1 Let us consider an example of computing the replicating
trading strategy for an attainable alternative. This is not hard, but it does
involve solving systems of linear equations, which is generally best done
by computer these days.

Figure 4 shows a state tree with stock prices for a two-asset model. For
convenience in doing hand computation, we assume that the riskfree
rates are 0.

Figure 4: A state tree

We will see later that this model is complete, so that all alternatives are
attainable. Let us compute a self-financing trading strategy ® = (0;, ©2)
that replicates the alternative

X(w1) =100, X (w2) = 90, X (w3) = 80, X (wq) = 70
that is, for which V»(0,) = X, or equivalently,
V2(02)(w1) = 100
Vz(@z)(wz) = 90
Va(02)(ws3) =
Va(02)(wy) =
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Writing out these equations gives

5271((4)1)0271(&)1) + Sy 2(&)1)92 2((4)1) =100
52,1((.«)2)9271((.02) + SQ,Q(CU )92 2(w2) =90
S2,1(w3)b2,1(w3) + S2.2(ws)Ba2(ws) = 80
S2.1(wa)02,1 (wa) + S2.2(ws)ba2(ws) =70

Substituting the actual prices gives

92,1(0.)1) + 900, 2(0) ) =100
0211({4)2) + 800, 2(0)2) =90
0211((4)3) + 806, 2(&)3) =80
9271((.04) + 7502 2(LU4) =170

The condition that ©, be P;-measurable is

02,1 (w1) = 0,1 (w2)

02,1(w3) = 02,1 (ws)

022(w1) = Oa2(w2)
( (

922 ws) = 92,2 w4)

and so the previous system can be written using only w; and ws as

9211((4)1) + 906, 2((.«)1) =100
0271((4)1) + 8092 2((.01) =90
9211({4)3) + 806, 2( ) = 80
02,1(0.)3) + 7502 2((4)3) =170

The first two equations have a unique solution and so do the second two
equations, giving

@2((4)1) = @2(0)2) = (10, 1)
O2(ws3) = O2(ws) = (—80,2)

Working backwards in time, we next compute the acquisition values for
@21

Vl(@g)(wl) =10+ 8-1=095

Vl(ez)(w;3) =-80+78-2=176

The self-financing condition requires that these are also the liquidation
values of ©; and so
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V1(®1)(w1) = 95
V1(01)(ws) = 76

Writing these out and substituting the actual prices gives the system

91,1 (wl) + 8501,2((4)1) =95
91,1((4)3) + 7891,2((4)3) = 76

But O, is Py-measurable, that is, constant on €2, and so for any w € {2

91,1(0.)) + 8501»2((0) =95
91,1 (w) + 7801,2((4)) =176

This system has solution
950 19
O1(w) = (‘7’ 7)

which is a portfolio consisting of a short position (sale) of
950/7 ~ 135.71 bonds and a purchase of 19/7 ~ 2.71 shares of stock,
for an initial cost of

950 19 570
Thus, for a cost of 81.43 we can acquire a portfolio that is guaranteed to
pay the following

X(wi) = 100, X(ws) = 90, X (w3) = 80, X (ws) = 70

Note that in some states we have a profit; in others a loss. This is
expected in a model with no arbitrage. (We will prove that the model has
no arbitrage later.) (]

The Law of One Price and the Initial Pricing Functional

It is clear that the replicating strategy procedure can only be used to price
attainable alternatives. However, there is still one potential problem, and
that is the problem of multiple replicating strategies for a given
alternative having different initial values. The solution is to require the
Law of One Price.

Theorem 4 The following are equivalent.
1) (Law of One Price) For all trading strategies ®1 and ®,

VT((I’l) = VT(@Q) = Vo(q)l) = Vo(q)g)
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2) For all trading strategies ®
VT(@) =0= V()(@) =0
Proof. Left to the reader. [

The Law of One Price ensures that the following initial pricing
functional is well-defined.

Definition The initial pricing functional Z: M — R is defined on the
vector space M of all attainable alternatives by

I(X) = Vo(®) for any trading strategy D replicating X a

The existence of an initial pricing functional is the key to pricing
attainable alternatives in a discrete-time model. For if X is an attainable
alternative, that is, if there is a trading strategy ® such that

Vr(®) = X

then X can be unambiguously priced at Z(X) = V(®). In addition, we
can price X at any time ¢j by setting

Z(X) = Vi(®) for any trading strategy ® replicating X

Note that any other pricing will lead to arbitrage. For if at time t; we
have Z;(X) # Vi(®) then an investor can enter the market at this time
buying the cheaper of ® and X and selling the more expensive one. This
produces a profit at time ¢, and at the end, the investor can liquidate his
long position and use the proceeds to exactly pay off the short position.

6.7 Arbitrage Trading Strategies

It is now time to formally consider the notion of arbitrage in a discrete-
time model. The idea is simple: Arbitrage is a situation in which there is
no possibility of loss but there is a possibility of a gain. However, one
must be careful to measure loss and gain relative to the “natural”
guaranteed gain of the riskfree asset. For example, suppose that the
simple annual riskfree rate is 10%. Then an investment of $100 that
produces $105 in one year could hardly be considered a true gain, for the
same $100 investment in the riskfree asset would have produced a
riskfree $110! Thus, the first investment is a loss relative to the
guaranteed riskfree investment.

It may seem natural to define an arbitrage trading strategy ® to be one
whose discounted final gain is strictly positive, that is,



164 Introduction to the Mathematics of Finance

Gr(®) >0

While this definition is used by some authors, the following definition
seems a bit more common. It requires that the initial value be 0 as well,
in which case the issue of discounting is moot. It is important to point out
that while the definitions are not the same, they are equivalent in a sense
we will make precise as soon as we have given the formal definition that
we will adopt.

Definition A self-financing trading strategy ® is an arbitrage trading
strategy (or arbitrage opportunity) if

Vo(®) = 0and Vr(®) >0
or, equivalently in terms of gain,

Vo(®) = 0 and G7(®) > 0

This says in words that ® has zero initial cost, is guaranteed never to
result in a loss at time ty and under at least one final state, will result in
a positive payoff at time tp.0]

Let us show the equivalence of the two definitions of arbitrage
mentioned earlier. We also show that a strictly positive discounted gain
at any time will imply an arbitrage opportunity. After all, we have
already seen that we can lock in any such gain until the model expires.

Theorem 5 The following are equivalent for a model M.
1) M has an arbitrage opportunity ®, that is,

Vo(®) = 0 and ET((I)) >0

2) M has a self-financing trading strategy ® with strictly positive
discounted final gain, that is,

Gr(®) >0

3) M has a self-financing trading strategy ® with strictly positive
discounted gain at some time t, that is, for some 1 < k <T

Ek(q)) >0

Proof. Obviously 1) implies 2) and a simple value shift shows that 2)
implies 1). (See the last statement of Theorem 3.) Clearly 2) implies 3).
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Finally, if 3) holds then we may lock in the discounted gain to get a
trading strategy satisfying 2).00
6.8 Admissible Arbitrage Trading Strategies

Some authors require that arbitrage trading strategies never assume a
negative value, as described by the following definition.

Definition 4 self-financing trading strategy ® is admissible if its value
at all times is nonnegative, that is,

Vi(®@) >0
foralli=0,...,7.0

Thus, an admissible self-financing arbitrage trading strategy ® satisfies

1) Vo(®) =0
2) Vi(®)>0alli
3) Vr(®) >0

In terms of gain this is

1) V(@) =0
2) Gi(®)>0alls
3) Gr(®) >0

The next result shows that requiring admissibility for arbitrage strategies
is not an important distinction.

Theorem 6 4 model has an arbitrage opportunity if and only if it has an
admissible arbitrage opportunity.

Proof. Since an admissible arbitrage strategy is an arbitrage strategy, we
only need to show the converse, namely, that a model that has an
arbitrage strategy

¢ =(0y,...,07)
also has an admissible arbitrage strategy.
Of course, if ® is admissible, then we are done, so let us assume it is not.

Let t; be the latest time for which the value of ® is negative for some
state By, € Py. Since Vi (Oy41) is constant on By, we can write
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a = Vi(Or)(w) = Vi(Ok+1)(w) <0

for any w € By 4.

Now the plan is actually quite simple: We want to isolate the holdings
that produce the negative value by setting all other unrelated values to 0
and then do a value shift to bring this value to 0. The devil is in the
notational details.

The first step is to do nothing before time ¢y, that is,
I'h=0fori <k

From time ¢) forward, we follow the strategy ® if and only if the state of
the economy is in By, where ® has negative value for the last time. For
other states of the economy we do nothing. Thus, I" is defined by

ro_ 0 for: <k
" 1B,0; fori>k+1

To examine the values, we consider two cases. For w ¢ By, the
acquisition and liquidation values are always 0, that is,

Vi([i)(w) = Vi(Ti31)(w) =0

for all 5. For w € By, the values are 0 up to and including the liguidation
value at time t;. However, the acquisition value at time tj is negative
(equal to a). Subsequently, all values are nonnegative. Hence, for
w € By, we can write the sequence of values in the suggestive form

0,...,0, [Vk(I‘k)(w) =0, Vk(I‘kH)(w) =a< O], >0,:.., >0

Now we are close to our goal. It is just a matter of adjusting the trading
strategy to restore the self-financing condition at time ¢;, (and not destroy
it at subsequent times). This is done by adding the quantity —a/Sk1 > 0
of riskfree asset to the acquisition portfolio O, at time ¢, under the
states in By, only and rolling this quantity over.

In particular, set

o [0 fori <k
© 1Bk,u6i'—(alBk,u/Sk,lyoa"'yO) fOI'iZk-i—].

Forw ¢ By, we still have
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Vi(T})(w) = Vi(Ti)(w) =0
for all 4 but for w € By, the values are now
0,...,0, [Ve(Th)(w) = 0, Ve(Tk41)(w) = 0], > —a>0,..., > —a >0

Thus, (T,...,T7) is a self-financing admissible arbitrage trading
strategy, as desired.[]

6.9 Characterizing Arbitrage

We now come to the issue of characterizing arbitrage in a way that can
be used to price alternatives. The key concept here is the martingale
measure.

Definition Let M be a discrete-time model. A probability distribution 11
on () is a martingale measure (or equivalent martingale measure or
risk-neutral probability measure) for M if

1) The probability measure Py is strongly positive, that is,

Pn(w) >0

Sforallw € Q) B B
2) For each asset a;, the discounted price process (So j, ..., Stj) is an
F-martingale, that is, for all k > 0

En(Sk+1,j | Pe) = Sk
or equivalently, for any i,k > 0
En(Sk+ig | Pr) = Sk O

The next theorem characterizes martingale measures in terms of
valuations and gains.

Theorem 7 For a model M the following are equivalent for a strongly

positive probability measure.

1) 11 is a martingale measure, that is, the discounted price process for
any asset is a martingale. In particular, for all k > 0

En(Sks1,5 | Pr) = Sk
or equivalently, for any i,k > 0
En(Sksij | Pr) = Sk
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2) The discounted valuation process Vi(®)of any self-financing
trading strategy ® is a martingale under 11. In particular, for all
k>0

En(Vi+1(®) | Pr) = Vi(®)
or, equivalently, for all i,k > 0
En(Vi+i(®) | Pr) = Vi(®)

3) At any time, the expected discounted value under 11 of any self-
financing trading strategy ® is equal to the initial value of ®, that is,
forany k >0

En(Vi(®)) = Vo(®)
or equivalently, the expected discounted gain under 11 is 0, that is,
En(Gr(®)) =0

4) The expected discounted final payoff under 11 of any self-financing
trading strategy ® is equal to the initial value of ®, that is,

En(Vr(®)) = Vo(®)

or equivalently, the expected discounted final gain under 11 is O, that
is,

En(Gr(®)) =0
Moreover, if any of these conditions holds, then for all k > 0
En(Sk;s) = Sog

that is, the initial price of asset a; is the discounted expected price of a;.
Proof. Assume that 1) holds and let ® = (0;,...,07) be a self-
financing trading strategy on M. Multiplying both sides of the martingale
condition by 61 ; gives

Ok+1,;€0(Sk+15 | P) = Ors1,;Sk,j

Since 0y;;; is Pi-measurable, it follows from the properties of
conditional expectation that we may move 61 ; under the expectation
operator to get

En(Ok+1,;Sk+1,5 | Pr) = Oks1,Sk
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Summing on j and using the linearity of the conditional expectation
gives

En() Ok138ks15 | Pi) =Y Oks1,iSk;
=1 =1
that is,
En(Ve41(Bk41) | Pr) = Vi(Ors1)
or, equivalently
En(Ves1 (@) | Pr) = Vi ()

which is the desired martingale condition for Vj(®) and so 2) holds.

If 2) holds then
En(Vi+i(®) | Pi) = Vi(®)
Taking k = 0 gives
En(Vi(®) | Po) = Vo(®)

or

or in terms of gain
&n(Gi(®)) = En(Vi(®) ~ Vo(®)) = 0

which proves 3). Of course, 3) implies 4) since the latter is just a special
case of the former.

Suppose now that 4) holds. Thus,
En(Gr(®)) =0

for all self-financing trading strategies ®. Consider the following trading
strategy. Fix a block By, of the time-t;, partition Py. Also fix an asset a;.
For time prior to ¢; acquire nothing, that is,

B1=6,==6;=0

At time ¢, act only if the state is By, ,, in which case borrow the cost Sy, ;
of one share of asset a; and buy one unit of the asset. Since a bond is
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worth Sj; at time ¢, the cash equivalent of —S;; dollars is
—Sk,j/Sk,1 = —Sk,; units of bond. Thus, the time-t;, portfolio is

Ok+1 = (—Sk;1B,,:0,...,0,15,,,0,...,0)
The acquisition value of this is
Vi(Ok+1) = (—=Sk;1B,,)Sk1 + 15,5k = 0 = Vi(O%)

and so the self-financing condition does indeed obtain at time ¢;.

At time t;4; liquidate ©,; and invest only in the riskfree asset. Then
roll over this asset until the end of the model. Thus, ©;,9,...,0r
contain only the riskfree asset and so there is no discounted gain from
time tj, forward.

It follows that the only discounted gain takes place during the interval
[tk, tk+1]. Thus, the discounted gain of the self-financing trading strategy
& =(6y,...,0r)

is
ET((I>) = éo,k(q)) + aIc,lc+1((1)) + 6k+1,T(‘1>)
= Grr+1(P)
= Vi+1(Ok+1) — Vi(Ok)
= Vi41(Ok+1)
= (=Sk,;1B,,)Sk+11 + 1B,,Sk+1,
= _gk:lek,u + lBk,u§k+1»j

Now, by assumption, the expected value of this is 0, so we have
En(—Sk 1B, + Skr141p,,) =0
or
En(Sk+1518,,) = En(Sk1s,,)
Dividing by the probability of By, gives
En(Skr1,j | Bru) = En(Sk,j | Bru)
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and since this works equally well for any u we have
En(Ske1,5 | Pr) = En(Sk,j | Pr)
But S} ; is Pr-measurable and so this is
En(Sk+14 | Pr) = Sk

which is precisely the martingale condition for the discounted asset
pricing process. Hence, II is a martingale measure and 1) holds. This
completes the proof.(]

The First Fundamental Theorem of Asset Pricing

The preceding theorem shows clearly that martingale measures are
highly desirable. The First Fundamental Theorem of Asset Pricing tells
us precisely when such probability measures exist.

Theorem 8 (The First Fundamental Theorem of Asset Pricing) For a
discrete-time model M the following are equivalent.

1) There are no arbitrage trading strategies.

2) There is a martingale measure 11 on M.

Proof. The key to the proof of this theorem are the characterizations of
arbitrage in Theorem 5 and of martingale measures in Theorem 7, along
with one fact from convexity theory to connect them.

Let us compare the two properties. Since arbitrage implies a self-
financing trading strategy ® for which G7(®) > 0, we have

No Arbitrage: For all self-financing trading strategies ®
Gr(®) #0

Existence of Martingale Measure II: For all self-financing trading
strategies ¢

En(Gr(®)) =0

We must show that these two properties are equivalent. One direction is
actually quite easy. If there is a martingale measure II for M then there
cannot be any self-financing trading strategies ® for which

Gr(®) >0

because such a strategy must have a positive expectation under a strongly
positive probability measure. To see this, suppose that
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0= (m,...,Tm)
where 7; > 0 for all 7 and suppose that
Gr(®) = (915> 9m)
where g; > 0 for all 7 and g; > 0 for some j. Then
En(Gr(®)) = mg1 + -+ + Tyngm > 0

Since this violates the martingale measure condition, there are no
arbitrage opportunities. This proves one-half of the First Fundamental
Theorem.

For the converse, we must show that the absence of arbitrage implies that
there is a martingale measure. In order to give the proof a more
geometric flavor, we wish to view a random variable not as a function,
but as a vector. This is possible because the sample space (2 is finite. In
particular, if we fix the order of the elements of (2, say
Q = (wi,...,wn), then any random variable X: 3 — R can be identified
with its vector of values

X~ = (X(Ldl), e )X(wm))

It is also clear that a random variable X is nonnegative, strictly positive
or strongly positive if and only if the corresponding vector has this

property.

Now, the condition that IT be a martingale measure can be written as a
condition involving the inner product

(Gr(®)~,10) =0

since
(@(@)",1) = 3 Gr(®)wm = EnGr(®)

Let us consider the set G of all final gain vectors
G = {G7(®)™ | ® is a trading strategy} C R™

Since the valuations V7 and VY are linear transformations, so is G and
so G, being the image of Gr is a subspace of R™. The absence of
arbitrage condition
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Gr(®) #0

is equivalent to the condition that G is a vector space that does not
intersect the nonnegative orthant in R",

Ri ={(1L'1,.--,1L'n) | i >0}

except at the origin, that is,
gNR; = {0}

It follows from Theorem 5 of Appendix B that G contains a strongly
positive vector IT = (7, ..., Ty). In other words, for any self-financing
trading strategy ® we have

(Gr(2)~,IM) =0

exactly as required to show that Il is a martingale measure. This
completes the proof.[]

The Second Fundamental Theorem of Asset Pricing

Let us now turn our attention to the Second Fundamental Theorem of
Asset Pricing. Recall that a model M is complete if every alternative in
R™ is attainable, that is, if for every X € R™ there is a self-financing
trading strategy ® such that

Vr(®) = X

We will have use of the following fact from linear algebra. Any strongly
positive probability distribution ' = (y1,...,7,) on €, where
Pr(wg) = 7 defines an inner product on the vector space R™ by

m

(X,Y)r =) @iy

i=1

We leave it to the reader to verify that this has the properties of an inner
product, which are
1) (Bilinearity)

(aX +bY, Z)r = a(X, Z)r + b(Y, Z)r
<X,aY+bZ>1" = a(X, Y>[‘ + b(X, Z>1"
2) (Symmetry)
<X’ Y)I‘ = (YvX>F
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3) (Positive definiteness)
(X, X)r>0
with equality if and only if X = 0.

Observe also that if 1 = (1, ...,1) then for any vector (random variable)
X

X, D = 30z = £0(X)

Now we can turn to the theorem at hand.

Theorem 9 (The Second Fundamental Theorem of Asset Pricing) Let
M be a model with no arbitrage opportunities. Then there is a unique
martingale measure on M if and only if the model M is complete.

Proof. We first show that the completeness of M implies the uniqueness
of the martingale measure on M. Suppose that II; and II, are martingale
measures on a complete model M. We want to show that IT; = II5.

Since II; is a martingale measure, Theorem 7 implies that
En,(Vr(®)) = Vo(®)
and similarly,
Em,(Vr(®)) = Vo(®)
Hence,
&n, (Vr(®)) = &n,(Vr(®))
Since the discounting periods are the same, we have
Em, (Vr(®)) = &n,(Vr(®))

But since M is complete, all random variables on 2 have the form Vr(®)
for some self-financing trading strategy. Hence

£H1 (X) = £H2 (X)
for all random variables X on Q2. Taking X = 1y, for w € Q2 gives
Py, (w) = P, (w)
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which implies that II; = II,. Thus, the martingale measure on M is
unique.

For the converse, suppose that II is a martingale measure on M and that
the market is not complete. We want to find a different martingale
measure II* on M. As with the proof of the First Fundamental Theorem,
we wish to fix the order of the elements of 2 = (wy,...,wy,) and think
of a random variable on {2 as a vector in R™.

Since M is not complete, there is a vector that is not attainable. Put
another way, the vector space M of all attainable vectors is a proper
subspace of R™.

Let us consider the inner product defined on R™ by the martingale
measure I1

(X,Y)u=>_ zyim;
i=1

It is a simple fact of linear algebra that if a subspace, such as M, is not
all of R™ then there is a vector Z = (z1,..., 2n,) that is orthogonal to
every vector in the subspace. Thus, for any attainable vector
X = (z1,...,2m) we have

(X, Z)r[ = leznr, =0
=1

Moreover, since the vector 1 = (1,...,1) is attainable (just buy 1/S7;
units of the riskfree asset and roll it over), we have

0= (1,Z)H = izim = gH(Z)
i=1

Now let us attempt to define a different martingale measure
II* = (n},...,m,) on M. This probability measure must be strongly
positive, it must satisfy the martingale condition and it must be different
from II.

Of course, it must first be a probability measure. Noting that

m
E Zim; = 0
i=1
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we could try something of the form
T, = + czm;
where c is a constant. At least this is a probability measure

iﬂ =§:7rz+ in:znr1 Zm—l

1=1 i=1 i=1

=Z -{—cE:Q:,zmz
) +(X, >

Hence, for any self-financing trading strategy ¢ we have
En-(V1(®)) = En(Vr(®))
and since II is a martingale measure, Theorem 7 implies that
& (Vr(®)) = En(Vr(®@)) = Vo(®)

But this same theorem then tells us that I1* is also a martingale measure,
that is, provided that II* is strongly positive. So all we need to do to
complete the proof is choose the constant ¢ so that IT*is strongly
positive, that is,

T =T+ czim > 0
or equivalently
14¢2z>0
for all i. To this end, let M = mzax{lzil}. Then
—-M<z<M

and so
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Z,

~-1< Mﬂ <1
Dividing by 2 and adding 1 gives
1 Zi 3
st =3
and so we can take
1
2M

This completes the proof.[]
6.10 Computing Martingale Measures

177

We now want to consider the issue of computing a martingale measure

II= (7r1,‘..,7rm)

for a model M. The technique is quite simple, although writing down the

details is a bit messy.

First, note that any final outcome w, € Q2 lies in a sequence of blocks,

one from each partition Py, say
{wr} = Bri; € Bro14;, € - € By, = Q
Then 7, = P (w,) is just a product of conditional probabilities

Ty = ]P)l'l (wr)
= Pa(wr | Br-1,ir_,)Pu(Br-1,ir_,)
= Pu(wy | Br—1,i7_,)Pu(Br-1,r, | Br—2,r_,)Pu(Br-2,ir_,)

= Pu(w, | Br-1,ir_)Pu(Br-1,ir; | Br-2,i7_,) - - Pr(Bu, | Bojiy)

Thus, we can compute the probabilities in II if we can compute the

conditional probabilities
Pri(Bk+1,u | Beo)

for all pairs of blocks By1,, € Bgu.

()

The state information tree gives a very intuitive picture of the conditional
probabilities and how they are combined to get the martingale measure
probabilities. Figure 5 shows a path from the initial block By ; to a final
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block w, = By;,. The conditional probabilities are used to label the
edges of the path.

B, [V
1"',,.’,,L:~‘ P(Ba_:,IBZJ) —_P(B,|B;,)
/ y ety B s el
P(Bt,.,IBO.1L” P(BZJJB“’)‘-\_, = B
o

—
1 k]

| “3
=B
/’/ Bz, (i P
T2

]

-

Bos[_

Figure 5: A path probability

Moreover, the martingale probability 7, = Pr(w,) is just the product of
the conditional probabilities that label the edges of the path from By ; to
wy. For this reason, we may refer to the martingale probabilities as path
probabilities.

To actually compute the conditional probabilities in (1), we do not look

at paths but rather at individual blocks and their immediate successors, as
shown in Figure 6. This forms a submodel of the entire model M.

j By ismd(on B,

P( Bh1 R | Bk,v)ﬂv"’
/

// /, Bkn.z ; sk,u(on Bkﬂ.?)
A :
vl
_‘—| ,;//’ P(B,.Llex‘v)

8, (on B, er\

.
.,

",
N

.
\\\\ [Tr—
PBwdBN B, [5,..(0nB,...)
1}

Figure 6: The submodel starting at By, ,,
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Fix a block B ,. Suppose that the blocks emanating from By , are
B= {Bk+1,1> >Bk+l,c}

Then for each asset a;, the martingale condition is
Skj = En(Sk+1 | Pe)

The random variable £n(§k+1,j | Px) is Pr-measurable, that is, it is
constant on the blocks of Py, so we may suggestively write

Skj(on Biy) = En(Sk41;5 | Pe)(on Byp)
or equivalently
Sk,j(on Biy) = En(Sk+1,5 | Brw)
Since §k+1,j is constant on the blocks of Py we have

S j(on Bry) = En(Sk+1,; | Bro)

1

= mfn(lm,yskﬂ,j)

IP’n(Bk - Z[]‘Bkvsk+1 31(0n Bi11,:)Prr(Bg1,)

= Z§k+1,j(on By11,i)Pr(Bit1,i | Bro)
i=1
The equations (one foreach j =1,...,m)
—— c —
Skj(on Bry) = > Sks1,j(0n Bes1)Pr(Brsri | Bro)
i=1

provide the means to compute the conditional probabilities. Note that
from 57 = 1 we have Sy; = 1 so the equation in this case is

1= Pu(Bis1i | Bro)
i=1

Theorem 10 Let IT = (7, ..., 7,) be a martingale measure for M. Each
wy € (2 is contained in the unique chain of blocks

Byi 2 By, 2 -+ 2 Brji, = {w}

Then the martingale probability n, = Py(w,) is just a product of
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conditional probabilities
T = Pn(wr) = Pu(Bu,, | Bop)Pn(Bay, | Bui) - Pr(Brr | Br-1ir.,)

To compute the conditional probabilities Pri( - | Byy), suppose that the
blocks emanating from By, are

B= {Bk+1,1a cee ,Bk+1,c}

Then we have the system of equations (one for each j = 2,...,m)

Skj(on Bry) =Y _Sks1,j(0n Bs1:)Pu(Bsvi | Bio) (1)

i=1

along with

C

Y Pu(Bsri | Bro) =1 2)

1=1

Let us illustrate the computation of a martingale measure.

EXAMPLE 2 The left half of Figure 7 shows the state tree of Example
1. Recall that riskfree rates are assumed to be 0.

Figure 7: Computing martingale probabilities

We can compute the conditional probabilities starting with each block of
the penultimate partition P;. For the block B;; equations (2) and (3)
give
90]?[1(32,1 | Bl,1) + SO]PH(Bz,z | Bl,l) =85
Pn(Ba1 | B11) + Pu(Bsz | Biy) =1

Solving this system gives
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1
2
as shown on the right in Figure 7. Similarly, for block B; » we get

80Py (B3 | Big) + 75Pn(Bay | Bi) = 78
Pn(Bas | Bi2) + Pu(Baa | Big) =1

Pu(Bs | Big) = Pu(B2g2 | Bia) =

with solution
3 2
Pu(Bas | Bi2) = E’PH(BM | Bi12) = R

Finally, for the block By ; we have

85PH(B1’1 l BO,l) + 781[”1‘[(31,2 l BO,I) =80
Pu(Bi, | Bog) + Pa(Biz2 | Bog) =1

with solution

2 5
Pr(Bi,1 | Boy) = '7-,11”11(31,2 | Bo1) = =
The right half of Figure 7 shows the conditional probabilities. We can
now compute the martingale measure II simply by taking the products
along each path from the starting state to the final states

Let us now consider once again the alternative
X(wy) =100, X (wp) = 90, X (w3) = 80, X (wq) = 70

The payoffs for a replicating self-financing trading strategy
® = (0,,0,) are
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Vz(@2)(w1) = 100
Vz(@z)(&)z) =90
Vz(@z)(w;;) =80
Vz(@z)(td4) =170

At this point, we can use Theorem 7, which tells us that
Vo(®) = En(Vr(®))
Hence,

— 2 2 3 2 570
V0(<I>)—100-ﬁ+90-ﬁ+80-;{-+70-;(;—7~81.43

just as we found in Example 1. O
Exercises

1. For the state tree in Figure 4, compute a self-financing trading
strategy ® = (O, ©) that replicates the alternative

X(wy) =95, X(wq) =90, X(w3) = 85, X(ws) =75

Assume that the riskfree rates are 0.
2. For the state tree in Figure 8

Figure 8

replicate the alternative
(100, 100, 95, 90, 90, 85)

Assume that the riskfree rates are 0. Hint: There is more than one
possible answer.
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Consider the following game. Three fair coins are flipped. The
player wins if three heads occur, otherwise the casino wins. For
every $0.25 the player wagers, the casino must put up $2.00, making
the wager fair. Imagine now that the casino wants to hedge its
position against a player who wishes to wager $1 million dollars.
(The casino is at risk for $8 million.) Accordingly, the casino finds a
“market maker” in coin-tossing bets and done the following: Before
the first toss, it bets $1 million dollars on heads at even money;
before the second toss (if there is one), it bets $2 million dollars on
heads at even money and before the third toss (if there is one), it bets
$4 million dollars on heads at even money. Track the value of the
casino's and the player's portfolio during the game. Justify the
statement that the casino has entered into a self-financing, replicating
complete hedge.

Prove that the set 7 of all self-financing trading strategies is a vector
space under the operations of coordinate-wise addition

(©11,...,017) + (O21,...,027) = (011 + O21,...,017 + Oa7)
and scalar multiplication
a(6s,...,07) = (aBy,...,a0Or)

Consider the self-financing trading strategy

®=(04,...,0r)
where

©; = (0i1,...,0in)
For any nonzero real number a, let

' =(01,...,0r)
where

©) = (6;1 + alq,...,0;in)

Show that @’ is self-financing.

Prove that the set M of all attainable alternatives is a subspace of the
vector space RV((2) of all random variables on 2.

Prove Theorem 4.

Consider a model M with two assets: The riskfree asset and a stock.
If the riskfree rates r; are large enough, will there always be an
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arbitrage opportunity? Explain your answer. Does this apply to
models with more than one risky asset?

9. Consider the following game. A set of 3 coins exists. The first coin is
fair, the second coin has probability of heads equal to 0.55 and the
third coin has probability of heads 0.45. Draw a state tree indicating
the possible outcomes along with their probabilities. Find the path-
weight probability distribution.

10. Show that the replicating relation defined by ®; = @, if and only if
®; replicates P, is an equivalence relation on the set of self-
financing trading strategies, that is, the relation satisfies the
following conditions:

a) (reflexivity) ®; = &,
b) (symmetry) ®; = &, implies & = &,
c) (transitivity) ®; = &, and &, = &3 implies ; = P;

11. Prove that if any strictly positive alternative is attainable then the
market is complete.

A Single-Period, Two-Asset, Two-State Model

Consider a simple single-period, two-asset, two-state model M. The
model has two assets A = (a;, ay) where a; is the riskfree bond at rate r
and ay is an underlying stock with initial price Sy and final price St. The
model has only two states of the economy = (w;,w;). It is customary
to express the final stock price in terms of the initial price. In state w; the
stock price is multiplied by a factor u so that

St = Spu
and in state w, the price is multiplied by a factor d so that
St = Sod
We will assume that d < u. The following exercises pertain to this

model.

12. Show that M is complete if and only if d < u.
13. Consider an option with payoff X given by

X(wl) = fu
X(w2) = fa

Find a replicating portfolio for X.
14. Find the initial price of X.
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15. Set

el —d
u—d

and show that the price of the derivative is
e lmfu+ (1 —m)fd]

What does this tell you about (7,1 — 7)?

16. Show that there is no arbitrage in this model if and only if
d<el <u.

17. A day trader is interested in a particular stock currently priced at
$100. His assessment is that by the end of the day, the stock will be
selling for either $101 or $99. A European call is available at a strike
price of $99.50. How should it be priced? Assume that r = 4%.

18. a) Suppose a certain security is currently selling for 160. At time T
the security will sell for either 200 or 140. Price a European put
on this asset with strike price 180, assuming no arbitrage and
interest rate r = 0.

b) Suppose you are fortunate enough to acquire the put described
above for only 20. Describe the various portfolios that include
the put that will guarantee a profit.

A Single-Period, Two-Asset, Three-State Model

™=

Consider now a single-period, two-asset model with three states. Assume
a riskfree rate of 0. Suppose that Sy » = 25 and

Sl,Q(wl) = 40, Sl,g(LUz) = 30, Sl,z(w;}) =20

19. Show that the model is not complete.
20. Find all martingale measures for this model.
21. Show that the following are martingale measures:

1 4 7
Hl—(ﬁ,ﬁ,ﬁ)
114
L=G5s

22. Find a replicating trading strategy (portfolio) and price a call option
with strike price 20 using the two martingale measures of the
previous exercise.






Chapter 7
The Cox—Ross—Rubinstein Model

In this chapter, we discuss a specific discrete-time model known as the
Cox—Ross-Rubinstein model because it was first described by these
gentlemen in 1979. We will abbreviate Cox—Ross—Rubinstein by CRR.
The CRR model is also referred to in the literature as the binomial
model for reasons that will become apparent as we proceed.

In a later chapter, we will use this model to derive the famous Black—
Scholes option pricing formula.
7.1 The Model

Times

The Cox—Ross-Rubinstein model is a discrete model, in that it has a
finite number of times

to<t1 < <t
Moreover, the time intervals [t;, t;—1] have equal length At, that is,
t; —ti_1 = At
Thus, the entire lifetime of the model is
L=tr—ty=TAt

Assets

The CRR model has only two assets: The riskfree asset a; and a risky
asset as.

The States of the Model
Figure 1 shows a portion of the state tree for the CRR model.

S. Roman, Introduction to the Mathematics of Finance

© Steven Roman 2004



188 Introduction to the Mathematics of Finance

Figure 1: State tree for Cox—Ross—Rubinstein model

The CRR model assumes that during each time interval [¢;,¢;,1] the state
of the economy changes in one of two ways: It goes up or it goes down.
Also, the direction of change in the economy is independent of past
changes.

If we denote an up-tick in the economy by U and a down-tick by D then
a final state of the economy is a string of U's and D's of length T'. Let us
denote the set of all strings of U's and D's of length k by {U, D}*. For

instance,
(U, D} = {UU,UD, DU, DD}
Thus, the final state space is
Q= {U,D}’
Note that {U, D}* has size 2¥, in particular, 2 has size 27.
Since we will be dealing regularly with strings of U's and D's, let us

establish a bit of notation. For any w € {U, D}* we denote the prefix of
w of length 7 by [w];. Thus, if w = e;---er then

W) = 1€
for any ¢ < T. We also set

Ny (w) = number of U's in w
Np(w) = number of D's in w

The intermediate states of the model are defined as follows. There is one
time-t,, intermediate state for each string in {U, D}*. In particular, for



7. The Cox—Ross—-Rubinstein Model 189

6 =ey---ex € {U, D}* the intermediate state Bs € P is the set of all
final states having prefix 6

By={we Q| =6}

Thus, Py, has exactly 2 blocks (intermediate states).

For example, if T = 4 then P; consists of the two intermediate states

By = {UUUU,UUUD,UUDU,UUDD,
UDUU,UDUD,UDDU,UDDD}

Bp = {DUUU, DUUD, DUDU, DUDD,
DDUU,DDUD, DDDU, DDDD}

The partition P, consists of the four intermediate states

Byy = {UUUU,UUUD,UUDU,UUDD}
Byp = {UDUU,UDUD,UDDU,UDDD}
Bpy = {DUUU,DUUD, DUDU, DUDD}
Bpp = {DDUU,DDUD, DDDU, DDDD}

At time t( there is only one (initial) state B, = 2. This corresponds to
the empty string €, which is a prefix of all strings.

It is clear that each block B,,...., of P gives rise to exactly 2 blocks of
the next partition P41, namely

Bel-uekU and Bel---ekD
Put another way, each node of the state tree has exactly two edges
emanating from it.
Natural Probabilities

We also need to consider the natural probability that the economy takes
an upturn at any given time. Let us denote this probability by p. We
should emphasize that the natural probability is estimated by economic,
not mathematical means.

The Price Functions

To simplify the notation a bit, let us denote the time-t; price of the
riskfree asset by By and the time-t; price of the risky asset, which we
may think of as a stock for concreteness by S.



190 Introduction to the Mathematics of Finance

The CRR model specifies that the stock price is determined by a pair of
real numbers u and d satisfying

0<d<u

If during the time interval [ty, k1] the economy goes up then the stock
price goes up from Sy to Siu and if the economy goes down then the
stock price also goes down from Sy to Sid. Note that v and d are
constants, that is, they do not depend on time.

It follows that the time-t;, stock price function Sy, is given by
Sp(w) = SoulNv () gNo(wlk)
for any final state w € {U, D}7. In particular, the final price is
Sr(w) = SoulNv (@) gNp()

The fact that Sy is P-measurable is reflected in the fact that the value
Sk(w) depends only on the prefix [w]; of w and thus only on what has
happened up to time ;. Note also that the price of the stock at time #j
depends only on the number of U's and D's in the state up to that time,
and not on their order. This is a key feature of the CRR model that is not
possessed by discrete-time models in general (and is probably not very
realistic as well).

Note that the stock price functions also satisfy a recurrence relation
Sp(w) = Sk_luEk(W)dl—Ek(W)

The price of the riskfree asset is, as always, given by the riskfree rate. In
the CRR model, we assume that this rate r is constant throughout the
lifetime of the model. Thus, for all final states w, the price of the riskfree
asset at time ¢y, is

e‘r(tk~t0)

(Of course, the units must match. For example, if r is an annual rate then
the times ¢, must be measured in year.)

7.2 Martingale Measures in the CRR model

Suppose that II is a martingale measure for a CRR model M. Theorem
10 of Chapter 6 tells us how to compute the conditional probabilities that
are used to compute II.
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Consider a block
Bs ={we Q| [w]; = 6}
of Px. The blocks of Py ; that are contained in Bjs are
Bsy = {w € Q| [w]is1 = 86U}
and
Bsp = {w € Q| [w]i+1 = 6D}

Figure 2 shows the block Bj and its successors.

4 By [Swi(onBy)

P(BSUIB;)//’/ T =uS,(on By

S(onB,) | B, K

S

P(B|B) .
( .<o| cs) ~\§ Bip is‘m(oﬂ Bypo)
T =dS,(onB,)

Figure 2: The block Bj and its successors

Let us denote the conditional probabilities by

psu = Pu(Bsu | Bs)
1 - psy = Pn(Bsp | Bs)

The CRR model dictates that

Sk+1(on Bsy) = uSk(on By)
Sk+1(on BgD) = dSk(on B&)

or in discounted form (multiplying both sides by e~(k+1)rat)

§k+1(on Bsy) = e"Atugk(on Bg)
§k+1(on B5D) = e”’AtdEk(on Bg)

Theorem 10 of Chapter 6 then gives
Sy (on Bs) = e "5 (on Bj)[upsy + d(1 — psp)]
or

e = upsy + d(1 — psy) = (u— d)psy +d

191
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It follows that ps i is independent of § and writing

TU = psU
we have
erAt__d
= u—d
and
u — erAt
L=m = u—d

Now, the ordered pair (7y,1 — my) is a strongly positive probability
distribution if and only if 0 < 7y < 1. In this case, the conditional
probabilities depend only on u, d and r and are unique. This implies that
the martingale measure is unique and so the model is complete.

The condition 0 < 7y < 1 is equivalent to

0<e® _d<u—d

or

rAt

d<e™ <u

Assuming that this is the case, the resulting unique martingale measure II
is given, for any w € {U, D}T by

Pr(w) = WgU(w)(l -~ WU)T_NU(‘”)

We now have a very nice theorem describing martingale measures in the
CRR model.

Theorem 1 The Cox—Ross—Rubinstein model is complete and free of
arbitrage if and only if

d<e®<u

In this case, the unique martingale measure 11 on M is defined, for any
w € {U, D}T by

Py(w) = mp" ) (1 — w0
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where

7.3 Pricing in the CRR Model

Let us assume that M is a complete CRR model with no arbitrage. Then
the replicating strategy procedure can be used to price alternatives. In
particular, if X is an alternative then there is a replicating trading
strategy ® for X and the price of X is
I(X) = W(®)
= e LEn(Vr(®))
= e " En(X)

=L Z X(w)Pp(w)

we

_ e—rLZ X(w)wg”(“’)(l _ 7rU)T—N,,(w)

weN
For a stock option, such as a call, the final payoff is
VT = max{ST - K,O} = (ST - K)+

where z7 is shorthand for max{z, 0}.

Now, the stock price St is the same for all final states that have the same
number of U's, in fact

Sr(w) = SoulNv (@) gT-Nu(w)

So, we can regroup the terms in the final summation above based on the
number of U's in w. Since there are

() ==
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sequences of length T that have exactly k£ U's, we have

e-—rLZ X(w)ﬂgv(w)(l _ WU)T“NU(W)

weN

— e—rLZ (SOUNU(w)dT—NU(w) _ K)+7rgu(w)(1 _ WU)T_NU(w)

weN
I (T
= e“’"LZ (k ) (Sou’“dT‘k - K)*vrﬁ(l - ﬂU)T"“
k=0

This formula is important enough to be placed in a theorem.

Theorem 2 Let M be a complete CRR model with no arbitrage. Then a
European call option with strike price K expiring at the end of the model
has initial value

Z(Call) = —TLZ ( )(Soude_k — K)tab (1 = mp)TF
and a European put option has initial value

Z(Put) = “TLZ ( ) K — SpufdTF)trnk(1 —mp)TF O

EXAMPLE 1 A certain stock is currently selling for 100. The feeling is
that for each month over the next 2 months, the stock's price will rise by
1% or fall by 1%. Assuming a riskfree rate of 1%, calculate the price of a
European call with the various strike prices K = 102, K =101,
K =100,K =99,K =98 and K = 97.
Solution The martingale probability is

erdt _ g (001)(1/12) _ (g9

=4 T 0.02 ~ 054

and so

I= e-O-OI/SkZi; (Z) (100(1.01)%(0.99)%7% — K)*(0.54)(0.46)**

= 0.9983[0.2116(98.01 — K)™ + 0.4968(99.99 — K)*
+0.2916(102.01 — K)*]
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Thus, some calculation gives

K S O
102 | 0.0029
101 | 0.2959
100 | 0.5888
99 | 1.3725
98 |2.1632
97 | 3.1615

7.4 Another Look at the CRR Model via Random Walks

Let us take a somewhat different perspective on the CRR model. During
each time interval [t;,¢;11] of length At the stock price takes either an
up-tick or a down-tick. Thus, the individual price movements can be
modeled as a sequence E; of independent Bernoulli random variables
where

E;=d)

p
P(E; 1

—D
that is,

B =lU with probability p
7\ d withprobabilityg=1—p

where p is the natural probability of an up-tick in the economy. Hence
the stock price at the final time ¢7 is given by

St = SoEy--Ep = Soeleg(Ei) — SoeHT

where

g T
Hr =108('S%) =) log(E;)
im1

is the logarithmic growth of the stock price. Next, we define the
constants 4 and o by

1 1
p=7;6(log Ei) = = (plogu +qlogd)
1 1
2 _ ) — _ 2
o= AtVar(log E) Atpq(logu log d)

The significance of these constants will be discussed later. Now, since
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E(log E;) = pAt
and
Var(log E;) = oAt
we can standardize the random variable log E; to get (since o # 0)

log E; — pAt

o/ At

X, =
Now let us write

log E; = pAt + \/—

log Bi — ﬂAt} = pAt + oV AtX;

ov/At

where the random variables

X = log E; — pAt
' oV At

are independent Bernoulli random variables with

—jp—q with probability p
X, = . ..
' 7‘% with probability g

Hence

E(X:) =
Var(X,-) =1

We now have

T
Hp = ZIOS(E )
i=1
T
= Z[/LAt + 0\/—&;X¢']
i=1
T
= uL +oVAtS X;
=1

that is,
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T
HT = ,LLL + U\/ZEEXz
i=1

This formula expresses the logarithmic growth as a sum of a
deterministic part pL, which is a constant multiple of the lifetime L of
the model and a random part

T
i=1

which is a constant multiple of a sum of independent Bernoulli random
variables. Each term X; describes the movement of the stock price

during a subinterval of the model. Finally, the stock price itself is given
by

T
Lt+o/ At X;
St = Seer = Spe’ &
The constant y is called the drift and the constant o is called the
volatility of the stock price. These terms will be explained in a moment.

Note that the expression

is referred to as the return by some authors. The reason is that the
equation above is equivalent to

St = Spe*T

which shows that the stock price grows at a continuously compounded
rate of s. Thus, s is the rate of return.

Random Walks

The sequence (X;) that describes the behavior of the stock price over
each subinterval is an example of a random walk. To understand random
walks, imagine a flea who is constrained to jump along a straight line,
say the z-axis. The flea starts at the point z = 0 at time ¢t = 0 and during
each interval of time (of length At) jumps randomly a distance a to the
right or a distance b to the left. Assume that the probability of a jump to
the right is p. This is shown in Figure 3.
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| - | 1 | [ — | | | 1 | | 1
L/ R R T T T T T T T T T T

0
Figure 3: The random walk of a flea

Each variable X;; in the sequence (X;) describes a single step in the flea's
perambulations and the partial sums

k
Ui = EX:‘

- represent the position of the flea at time #;,.

Figure 4 shows a couple of computer-generated random walks with
p=g¢=1/2 and a = b. (These are called symmetric random walks.) As
is customary in order to see the path clearly, each position of the flea is
marked by a point in the plane, where the x-axis represents time and the
y-axis represents position.

Figure 4: Random walks

There are many formulations of the random walk scenario, involving for
example, drunks who are walking randomly along a street or gambler's
playing a game of chance, or the price of a stock. Indeed, entire books
have been written on the subject of random walks.
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There are also many questions that can be asked about the behavior of a
random walk. For example, given integers a and b for whicha < 0 < b
is it necessarily true that the flea must eventually arrive at one of these
“boundary points” or can the flea oscillate back and forth forever, never
reaching either boundary?

Since the answer to the previous question is that the flea must eventually
reach one of the boundary points, we can ask about the probability of
reaching each of the boundary points and the expected time to reach a
boundary. We might also inquire about whether the flea must return to
the origin at some time in the future.

In any case, this is not a book on random walks, so let us return to the
situation at hand, namely

T
Hr = puL + oV ALY X;
i=1

The deterministic term pL is a constant multiple of the lifetime of the
model and accounts for a steady change (drift) in the stock's price (if
w # 0). It is akin to the behavior of the riskfree asset with interest rate u.
The random term is a constant multiple of the position of the random
walk.

Let us summarize what we have learned about the CRR model. In a later
chapter, we will use this model to derive the famous Black—Scholes
option pricing formula.

Theorem 3 For a CRR model with probability of up-tick equal to p and
down-tick equal to q =1 — p, lifetime L and time increments At the
stock price is given by

T
pL+o /AT X;
St = Spe i=1

where the drift and volatility are defined by

1
p= 7 (plogu +glogd)

1
2 2
0" = —— logu — logd
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The random walk portion of the stock movement is given by

T
Yr = ZXi
=1

where the random variables X; are independent and

q . 3 K
v { 71? with probability p -
’ — ith probability q
717_11 wil, P
Exercises
1. A certain stock is currently selling for 50. The feeling is that for each

month over the next 2 months, the stock's price will rise by 10% or
fall by 10%. Assuming a riskfree rate of 1%, calculate the price of a
European call with strike price K given by

a)52 b)51 ¢)50

d)49 e)48 1)47

What about a European put with the same strike price and expiration
date?

A certain stock is currently selling for 10. The feeling is that for each
month over the next 2 months, the stock's price will rise by 5% or
fall by 10%. Assuming a riskfree rate of 1%, calculate the price of a
European call with strike price K given by

a)ll b10 ¢)9 d)8

What about a European put with the same strike price and expiration
date?

Referring to Example 1 explain why there is a loss in all states
except the first, that is, there is a loss with probability 3/4.

Show that {U, D}* has size 2¥. Hint: Use mathematical induction or
the fundamental counting principle (also known as the multiplication
rule).

Show that

j‘p—q with probability p
Xi = 2 with probability g

Show that the two values of a Bernoulli random variable X with
p = 1/2 are given by £(X) £ /Var(X).

An alternative X that depends on the final state only through the
number of U's in the state is called a path-independent alternative.
In particular, if P is the partition of {2 whose blocks are the subsets
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G, of Q that contain exactly k U's
Gk={w€Q|NU(w)=k}

then X is path-independent if and only if there are constants X, for
which

Xy = X(any w € Gy)

i (1)

b) Show that the probability (under the martingale measure) of any
w € Gy is

fork=0,...,T.
a) Show that

7!'1[},”(“))(1 _ WU)T_NU(M) — WI[CJ(]. _ ,n.U)T—k

c) Show that the probability of Gy, is

Pn(Gy) = (i)w,’}(l —my)T*

d) Show that if X is a path-independent alternative then

T
I(X) = e-"LkZ Xk (i)w'{;(l — )Tk

Write a computer program or an Excel spreadsheet to compute the
price of a European call under the CRR model where T' = 2.
Verify that

Ey(log E;) = plogu + glogd
Var,(log E;) = pq(logu — log d)*

In a general discrete-time model, knowledge of the state of the
economy at a given time implies knowledge of the asset prices at that
time. Why? Is the converse necessarily true? What if at time ¢, we
know all previous states and asset prices? Support your answer.
What happens in the case of the CRR model?






Chapter 8
Probability III: Continuous Probability

In this chapter we discuss some concepts of the general theory of
probability, without restriction to finite or discrete sample spaces. This is
in preparation for our discussion of the Black—Scholes derivative pricing
model.

Since this is not a book on probability and since a detailed discussion of
probability would take us too far from our main goals, we will need to be
a bit “sketchy” in our discussion. For a more complete treatment of
probability, please consult the references at the end of the book.

8.1 General Probability Spaces

Let us recall the definition of a finite probability space.

Definition A finite probability space is a pair (Q2,P) consisting of a
finite nonempty set ), called the sample space and a real-valued
function P defined on the set of all subsets of S, called a probability

measure on ). Furthermore, the function P must satisfy the following

properties.
1) (Range) Forall A C )

0<P(4)<1
2) (Probability of 1)
P(Q) =1
3) (Additivity property) If A and B are disjoint then
P(AUB) =P(A) + P(B)

In this context, subsets of §) are called events. (]

We have also seen that the additivity property of P is equivalent to the
finite additivity property, that is, if
AlaA2""aAn
is a finite sequence of pairwise disjoint events then
P(AjU---UA,) =P(A) + -+ P(A,)

S. Roman, Introduction to the Mathematics of Finance
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Now, we would like to generalize this definition to sample spaces of
arbitrary size, while preserving as much of the spirit of the current
definition as possible. In particular, it is essential that P not only satisfy
the three properties above but also that P be countably additive, that is, if

Ay, A, ...

is a sequence of pairwise disjoint events then

]P([j A,-) - ip(Ai)

where the infinite sum on the right must converge. We must fit as much
of the previous definition as possible into the context of countable
additivity.

It turns out that this can be done by making only one compromise,
namely, not all subsets of the sample space can be considered events. Put
another way, it is not in general possible to define a countably additive
set function on all subsets of an infinite set (2. We would very much like
to give an example to support this statement, but such examples involve
more mathematical machinery than is appropriate for this book, so we
must ask the reader to take this point on faith.

Given this fact, we need to consider what types of collections of subsets
of the sample space can act as the collection of events of a probability
measure. This leads us to the concept of a o-algebra.

Definition Let §) be a nonempty set. A nonempty collection ¥ of subsets

of QY is a o-algebra if

) QeX

2) X is closed under countable unions, that is, if A, As,... is a
sequence of elements of ¥ then

GAi €Y
i=1

3) X is closed under complements, that is, if A € ¥ then A° € ¥.00

Note that ) = Q°¢ € ¥. Also, DeMorgan's laws show that ¥ is closed
under countable intersections. (We leave details as an exercise.)
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Definition 4 measurable space is a pair (Q0,X) consisting of a
nonempty set ) and a o-algebra ¥. of subsets of .00

Now we can define a general probability space.

Definition 4 probability space is a triple (0, X,P) consisting of a
nonempty set (), called the sample space, a -algebra ¥ of subsets of
whose elements are called events and a real-valued function P defined
on % called a probability measure. The function P must satisfy the

following properties.
1) (Range) Forall A C Q

2) (Probability of )

3) (Countable additivity property)
Ay, Ag, ...

is a sequence of pairwise disjoint events then

]P’(D Ai> - EOO:IP’(Ai) O

A very useful property of probability measures is given in the following
theorem. A decreasing sequence of events is a sequence of events
satisfying

A1 DA D

Similarly, an increasing sequence of events is a sequence of events
satisfying

A C A C

Theorem 1 Probability measures are monotonically continuous in the
following sense.
1) If Ay D Ay D ---is a decreasing sequence of events then

s -+({)
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2) IfA; C Ay C ---is an increasing sequence of events then

limP(4;) =P (UAZ)
1—00 =1

Proof. For part 1), suppose that A; O Ay D ---. Then the sequence
P(A;) of probabilities is a nonincreasing sequence of real numbers
bounded below by 0. It is a theorem of elementary real analysis that such
a sequence must converge, so the limit in question does exist.

o0
For convenience, let A = (] A;. We first consider the events
i=1

Ar\ Az, Ay \ 43, ...
These events are disjoint, since if i < jtheni+1 < jandso A; C A;.
Hence if
a € (A \ Ait1) N (45\ 4j11)

then a would be in A; but not in the superset A;,;. Also, each of these
events is disjoint from the intersection A. Thus, A; is the disjoint union

Ay = (D(Ai \ Am)) UA

For if a € A; then if a ¢ A then we can let ¢ + 1 be the first index for
which a ¢ A;;;. It follows that a € A; \ Ai41.
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Now we can apply countable additivity to get

P(A) =P (U(A\Az_> P(4)
=§:11> A\ Aiy) + P(A)

= lim Z P(4; \ Ai-1) + P(A)

n—0o04«
1=

= T}LrEO]P (Lnj (A; \ Ai—l)) +P(4)
= lim p(,Z \ 4n1) +P(4)
= lim [P(A;) — P(An-1)] + P(4)

= P(A1) - lim P(4y-1) +P(4)

Thus
lim P(4,) = lim P(A4,-;) = P(A)

n—00
as desired. We leave proof of part 2) as an exercise.[d
8.2 Probability Measures on R

The most important sample space from the point of view of both theory
and applications is the real line R. In fact, the only nonfinite probability
space that we will need to consider in this book is R.

The most important o-algebra on R is the Borel o-algebra B. A formal
definition of the Borel o-algebra is simple to state, if not quite as simple
to comprehend.

Definition The Borel o-algebra B on R is the smallest o-algebra on R
that contains all open intervals (a, b) where a,b € R. O

Let us examine this definition. First, we must show that there is such a o-
algebra. After all, just because we use a phrase such as “the smallest set
... doesn't mean that there is such a set.

The usual procedure for showing that there is a smallest set with some
property is to show two things: First, that there is at least one set with the
desired property and second that the intersection of any collection of sets
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with the desired property also has the desired property. It follows that the
intersection of all sets with the desired property exists and is the smallest
set with that property.

For the case at hand, it is easy to see that there is at least one o-algebra
on R containing the open intervals: It is the collection of all subsets of R.
Second, it is not hard to see that the intersection of o-algebras is also a o-
algebra. We leave the details to the reader. Hence, the Borel o-algebra
does indeed exist and is the intersection of all o-algebras that contain the
open intervals.

Note that while we have established the existence of the Borel o-algebra,
its description as the intersection of all o-algebras that contain the open
intervals is not very practical. From a practical perspective, it is more
useful to consider some examples of elements of B, that is, of Borel sets.

Theorem 2

1) All open, closed and half-open intervals are Borel sets.

2) All rays (—o0,b], (—00,b), [a,00) and (a, o) are Borel sets.

3) All open sets and all closed sets are Borel sets.

Proof. We sketch the proof. For 1), to see that the half-open interval
(a, b] is a Borel set observe that

o0

(a,b] = ﬂ(a,b—!— %)

n=1

and so (a, b] is the countable union of open intervals and is therefore in
B.

For 3) let us briefly discuss open sets in R. A subset A of R is open if for
every z € A there is an open interval (a, b) for which

z € (a,b) C A

A set is closed if its complement is open. Let A be an open set in R.
Then A is the union of all open intervals contained within A. In fact, A is
the union of all maximal open intervals in A. An open interval I in A is
maximal in A if no open interval containing I as a proper subset is also
in A.

Now, we claim that any two maximal open intervals are disjoint and that
there are at most a countable number of maximal open intervals. As to
the former, any two distinct maximal open intervals contained in A must
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be disjoint, for otherwise their union would be a strictly larger open
interval contained in A. As a result, each maximal open interval in A
contains a distinct rational number and since there are only a countable
number of rational numbers, there are at most a countable number of
maximal open intervals containing A.

Hence, A is the union of at most a countable number of open intervals
and is therefore a Borel set.

Finally, since all open sets are Borel sets and since a closed set is the
complement of an open set, all closed sets are also Borel sets.[]

At first, the more one thinks about Borel sets, the more one comes to feel
that all subsets of R are Borel sets. Nevertheless, this is not the case.
However, it is true that most “nonpathological” sets are Borel sets. Put
another way, it is very hard (but not impossible) to describe a set that is
not a Borel set. We must reluctantly ask the reader to take it on faith that
there exist subsets of R that are not Borel sets.

From now on, the phrase “let IP be a probability measure on R” will carry
with it the tacit understanding that the o-algebra involved is the Borel o-
algebra.

Theorem 3 A probability measure on R is uniquely determined by its
values on the rays (—oo, t]. That is, if P and Q are probability measures
on R and

P((—00, ]) = Q((—o0, )

forallt € R thenP = Q.
Proof. Since for s <t

(Sat] = (—OO,t] \ (—OO, S]
we deduce that
P((s,t]) = Q((s, ])

Since any open interval (s, t) is the union of an increasing sequence of
half-open intervals

o0

(5,0 = st - 2]

n=1
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the monotone continuity of probability measures implies that
. 1 . 1
B((e,0) =JimP( (51~ 1) =1im@((s.t~ 1) = A(s.0)

Thus, P and Q agree on open intervals. Now, it is possible to show that if
P and Q agree on open intervals then they agree on all Borel sets.
However, we will omit this part of the proof, since it requires additional
concepts (such as monotone classes) that would lead us too far from our
goals.[]

8.3 Distribution Functions

For finite (or discrete) probability spaces, probability measures are most
easily described via their mass functions

fw) =P({w})

However, the concept of a mass function is not general enough to
describe all possible probability measures on the real line, let alone on
arbitrary sample spaces. For this, we need the concept of a probability
distribution function.

Definition A (probability) distribution function is the function
F:R — R with the following properties.
1) F is nondecreasing, that is,

s<t= F(s) < F(t)

(Note that some authors use the term increasing for this property.)
3) F is right-continuous, that is, the right-hand limit exists everywhere
and

lim F(t) = F(a)

t—a

4) F satisfies

lim F(t)

t——o0

lim F(t) =

t—o0

0 O
1

Figure 1 shows the graph of a probability distribution function. Note that
the function is nondecreasing, right continuous (but not continuous) and
has the appropriate limits at + oo.
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Figure 1: A probability distribution function

The extreme importance of probability distribution functions is given in
the next theorem. Basically, it implies that there is a one-to-one
correspondence between probability measures on R and probability
distribution functions. Thus, knowing one uniquely determines the other
and so the two concepts are essentially equivalent. We will omit the
proof of this theorem.

Theorem 4
1) Let P be a probability measure on R. The function Fp:R — R
defined by

Fp(t) = P((—o00,t])

is a probability distribution function, called the distribution
function of P.

2) Let F:R — R be a distribution function. Then there is a unique
probability measure Pr on R whose distribution function is F, that
is,

Pp((—00,1]) = F(t) O

Suppose we begin with a probability measure P, take its distribution
function Fp and then form the probability measure Q of Fp. According
to the definitions,

Q((—00,1]) = Fp(t) = P((—o00,1])
and so P and QQ agree on the rays (—oo, t|]. We have seen that this implies
that P = Q. Consequently, the correspondence
P— F]p

from probability measures to distribution functions and the
correspondence
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F — Pp

from distribution functions to probability measures are one-to-one and
are inverses of one another. This establishes the fact that the notions of
probability measure and distribution function are equivalent.

EXAMPLE 1 Perhaps the simplest probability measures on R are those
that convey the notion of “equal likelihood” or “uniform probability”
over an interval [a, b] of R. For example, consider the closed unit interval
[0,1].

How do we convey the notion that each outcome in [0, 1] is somehow
equally likely? In the finite case, say of a sample space {1,...,n}, we
simply assign the same probability 1/n to each elementary event {k}.
However, unlike the finite case, it is not possible to assign a positive real
number p to each elementary event {r} for all r € [0, 1] because there
are an infinite number of elementary events and so the sum of their
probabilities is not finite, let alone equal to 1. We must accept the fact
that the probability of each elementary event is 0 and turn to more
complex Borel sets.

First we observe that if B is a Borel set then that portion of B that lies
outside of the interval [0,1] should not contribute anything to the
probability. In other words,

P(BN[0,1]°)=0
As for the rest of B, that is, the set BN [0, 1], the notion of uniform

probability suggests that P(B N [0,1]) should be proportional to the
“length” of B N [0, 1], whatever that means.

For intervals, the concept of length is well-defined
len([a,b]) =b—a
Thus, it seems reasonable to define
0 t<0
]P((_Ooat]) = P([O’t]) =4t 0<t<1
t>1

This is the uniform distribution function on [0, 1]. Figure 2 shows the
graph of this distribution function.[]



8. Probability III: Continuous Probability 213

(1.1)

Figure 2: The uniform distribution function for [0, 1]

EXAMPLE 2 The most important of all probability distributions is the
normal distribution, whose distribution function is

1 P
ol = s | H s

This is quite a complicated function, but there is not much we can do
about it. Nature does not always make our lives easy with simple
formulas. Figure 3 shows the normal distribution function.

0.5

Figure 3: The normal distribution function

The parameters p and o? are called the mean (expected value) and
variance, respectively. The standard normal distribution is the normal
distribution with mean 0 and variance 1 and thus has distribution
function

1 [t 2
¢o,1(t)=ﬁ/ e 7dz

The reason that the normal distribution is considered the most important
goes beyond the fact that it appears often in applications. Actually, it is
the reason why it appears so often in applications that is the key. This



214 Introduction to the Mathematics of Finance

reason is expressed mathematically by the most famous theorem in
probability—the central limit theorem. We will discuss this theorem later
in the chapter.[]

Note that the uniform and the normal distribution functions are both
continuous not just right-continuous. Put another way, their graphs have
no jumps. A jump in the distribution function indicates a point at which
the probability is not 0. Let us illustrate with an example.

EXAMPLE 3 A public drug manufacturing company has a new drug
that is awaiting FDA approval. If the drug is approved, the company
estimates that its stock will end trading that day somewhere in the range
[10, 15], with each price being equally likely. However, if the drug is not
approved, the stock price will likely be 5. Let us assume that the
probability of approval is 0.75.

We could model this situation with the sample space 2 = {5} U [10, 15]
but it may be simpler to use the sample space R and simply assign a 0
probability outside the set 2. The distribution function for this
probability measure is

0 t<5
Py - 025 5<t<10
)= 0.25+0.75(52%) 10<t<15
1 t>15

The graph is shown in Figure 4. Note the jump at ¢t = 5.0

0.25 __/

5 10 15
Figure 4: A distribution function with a jump
8.4 Density Functions

The distribution function of a probability measure is extremely
important, but it is not always the simplest way to describe a probability
measure. Many probability measures that occur in applications have the
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property that their distribution functions are differentiable and that the
derivatives are very “well-behaved”.

By well-behaved, we mean that the derivative of the distribution function
F can be integrated and the integral is again equal to F. (There are
functions that have derivatives that are integrable, but the integral of the
derivative is not the original function.) This can be expressed in symbols
as follows:

F(t) = /_t F'(z)dz

The function f(z) = F'(z) is called a density function for P. Let us have
a formal definition.

Definition A probability measure P or equivalently a distribution
function Fp is absolutely continuous if it has a density function, which
is a nonnegative function f:R — R for which

t
F]P‘(t)=/— f(z)dz O

From this definition, it follows that

b
P((a,b]) = / f(z) de

In other words, the probability of the interval (a,b] is the area under
graph of the density function from a to b.

Note that a density function must be nonnegative and satisfy
o0
/ f(z)dz =1
—00

that is, the area under the entire graph of f over the entire z-axis must be
equal to 1. In fact, any nonnegative function f with this property is a
density function for some probability measure.

Probability measures that have density functions, that is, absolutely
continuous probability measures, are special. For example, their
distribution functions are continuous (not just right-continuous). Thus,
there are no points that have positive probability, as happened in a
previous example.
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EXAMPLE 4 The uniform distribution function on [0, 1] is absolutely
continuous, with density function

0 z¢[0,1
f(””)z{l ze{o,d

The graph of f is shown in Figure 5.00

1

Figure 5: The uniform density function on [0, 1]

EXAMPLE 5 The normal distribution is absolutely continuous, with
density function

1 ~ G’
r)= e 2
@)= —7—
The density of the standard normal distribution is
1

fz) = ﬁe

This is pictured in Figure 6. The graph of the normal density function is
the oft-spoken-of bell-shaped curve.(]

S%

1/ (2nya

Figure 6: The standard normal density function
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8.5 Types of Probability Measures on R

Probability measures on R can be classified into the following groups:
Finite, discrete, absolutely continuous, singular continuous and mixed.
Let us take a quick look at each of these groups.

Finite Probability Measures

A probability measure P on R is finite if there are a finite number of real
numbers {ry, ..., 7, } for which

2:1:]?(7‘2) =1

Put another way, all of the probability is concentrated in a finite number
of points. A finite probability measure can be described by its
probability mass function, which is 0 everywhere except at the points
of positive probability

_JP(r) xz=m
fa) = {0 otherwise

This is also referred to as the density function of P. The distribution
function of a finite probability measure has a finite number of jumps and
is constant everywhere else. Figure 7 illustrates.

Figure 7: The distribution function of a finite probability measure
Discrete Probability Measures

A probability measure P on R is discrete if there are a countable number
of real numbers {7y, 7, ... } for which

ip(n) =1

Put another way, all of the probability is concentrated in a countable
number of points. (By countable we mean finite or countably infinite.
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Hence, a finite probability measure is a discrete probability measure.) As
with finite probability measures, a general discrete probability measure
can be described by a probability mass function, although the term
“density function” is more common in this case

_JP(ry) z=m
fz) = {O otherwise

The distribution function of a discrete probability measure can actually
be quite complex. While it is true that the function has only a countable
number of jumps, these jumps can occur at sets, such as the set of all
rational numbers, that are spread “uniformly” throughout the real line.

Absolutely Continuous Probability Measures

As we have seen, a probability measure P on R is absolutely continuous
if it has a density function, that is, a nonnegative function f: R — R for
which

R()= [ f)a

Singular Continuous Probability Measures

Singular continuous probability measures are definitely pathological in
nature. A singular continuous (or just singular) probability measure is
one whose distribution function is differentiable (and hence continuous)
but whose derivative is 0 on “almost” the entire real line (all except a set
of probability 0). Fortunately, we do not need to deal with such
pathological probability measures in this book.

Mixed Probability Measures

It is a fact that any probability measure P on R can be decomposed (in a
unique way) into a linear combination of a discrete (including finite), an
absolutely continuous and a singular continuous probability measure, in
symbols

P = aPy + a,P, + o, P,

where the coefficients a4, a, and s are nonnegative and satisfy
aq + o4 + a5 = 1. Thus, all probability measures are either discrete,
absolutely continuous, singular continuous or a (convex) combination of
these types.
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8.6 Random Variables

Just as the issue of events is more complex in the nonfinite case, so is the
notion of random variable. In particular, not all functions are random
variables.

Definition Let (§2,X) be a measurable space. A function X:Q) — R is
Y.-measurable if the inverse image of every open interval is in ¥, in
symbols

X 1((a,b)) € B

A measurable function on (2, X) is also called a random variable.[]

This definition says that a random variable X has the property that the
set X ((a, b)) must be “measurable.”

Here are a few facts about random variables, whose proofs we omit.

Theorem 5

1) The sum and product of random variables are random variables, as
is any constant multiple of a random variable.

2) The composition of random variables is a random variable.

3) Continuous and piecewise continuous functions are random
variables.(]

The Distribution Function of a Random Variable

If (Q2, X, P) is an arbitrary sample space and X is a random variable on
(©,X) then X defines a distribution function Fx and a corresponding
probability measure Px on R by

Fx(t) = Px((~00,1]) = P(X < t)

This can be proved by showing that the function F'(t) = P(X <t) is a
distribution function. If Py is finite, discrete or absolutely continuous
then we say that the random variable is finite, discrete or absolutely
continuous, respectively. Absolutely continuous random variables are
often simply called continuous random variables.

The o-Algebra Generated by a Random Variable

If X:(Q2,X) — R is a random variable then the inverse image of any
Borel set is in ¥. However, it is not required that all elements of ¥ are
inverse images of X. Those elements of ¥ that are inverse images form
another o-algebra that is a sub o-algebra of ¥.
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Definition 7he o-algebra generated by a random variable
X:(Q,%) — R is the o-algebra o(X) whose elements are the inverse
images of the subsets of the Borel sets in R, that is,

o(X)={{XeB}|BeB} a
The o-algebra o(X) has a unique property, namely, it is the smallest o-
algebra of 2 under which X is measurable. In loose terms, it is just what

is needed and no more to make X measurable. The following theorem is
little more than the definition of measurability.

Theorem 6 Let X: ) — R be a function and let ¥ be a o-algebra on .
Then X is Q-measurable if and only if ¥ contains o(X).Od
Independence of Random Variables

Here is the definition of independence of arbitrary random variables.

Definition 7wo random variables X andY on R are independent if
P(X <t,Y <s)=P(X <t)P(Y <s)

for all s,t € R. More generally, a collection X, ...,X, of random
variables is independent if

P(Xy <ty Xn < tn) = [[P(X: < 1) O
i=1

This definition expresses formally the feeling that if random variables are
independent then the value of one random variable does not affect the
value of another.

Expectation and Variance of a Random Variable

Recall that for a random variable X on a finite probability space (2, P)
with Q = {wy, ..., wy}, the expected value (or mean) is defined by

£6(X) = 3 X (i) B(ws)
=1

If g: R — R is a function then the expected value of the random variable
9(X) is
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Eo(g(X)) = zfjgmwmﬁb(wi)

Also, the variance is defined by
Var(X) = £((X - p)?)

Let us now extend these concepts to absolutely continuous random
variables.

Definition Let X be an absolutely continuous random variable, with
density function f. The expected value or mean of X is the improper
integral

£(X) = / " o f(2) do

—00

which exists provided that

/ 12]f(2) dz < oo
The variance of X is
Var(X) = £((X — p)?)
and the standard deviation is the positive square root of the variance

SD(X) = 4/ Var(X) a

Also, if g:R — R is a measurable function then the random variable
g(X) has expected value

provided that

/ " 19@)|f (@) de < oo

—00

Here are some basic properties of expectation and variance.



222 Introduction to the Mathematics of Finance

Theorem 7
1) The expected value operator is linear, that is,

£(@X +bY) = a(X) + bEY)

2) IfXi,...,X, are independent random variables on R then
n
E(Xy--Xp) = [[€(X3)
i=1

3) Var(X) = £(X?) — u? = £(X?) - £(X)?
4) For any real number a

Var(aX) = a’Var(X)
and
Var(X — a) = Var(X)

5) If Xi,..., X, are independent random variables on R then

Var(X; + -+ X,) = ZVar(Xi) a
i=1

8.7 The Normal Distribution

Let us take another look at the normal distribution, whose density
function is

1 e

Nu,a(x):\/’zw—age a

We mentioned that the parameters p and o are the mean and variance,
respectively. To calculate the mean, we need only a bit of first-year
calculus. The definition is

o0 212
£ = L me_g_zﬁ)_dm

V2mo?J -0

Writing z = (z — p) + w and splitting the integral gives

1 00 o2 0 z—p)2
/ (x — u)e_g_zﬁLdm + LB / e de
V2mo?J - V2m0?J -

The second integral is p times the integral of N, , and since this integral
is 1, we get u. As to the first integral, the substituting y = x — u gives

£ =
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00 2
/ ye w2 dy

—00

But the integrand ye V127" is an odd function, from which it follows that
the integral from —oo to oo must be 0. (We leave elaboration of this as
an exercise.) Hence, £ = 0+ p = p.

Computation of the variance of the normal distribution requires the
beautiful but nontrivial integral formula

S 2

/ y2e'y2' dy=+2m

From here, the rest is straightforward, especially using the formula
Var(X) = £(X?) — £(X)?

The upshot is that Var(N,, ,) = 2. We leave the details as an exercise.

Suppose that NV, , is a normal random variable with mean p and variance
o2. Consider the random variable

Z=N/‘L10_lu'
g

In view of the properties of expectation and variance,

E(Z) = ~ENuo 1) = ~(E(WNio) — ) =0

and
1 1
Var(Z) = ;2'Var(Np,a' - /J') = ;Var(N#,U) =1

To compute the distribution of Z we have

MZsﬂ=Mﬂ%§ﬁsw

=P(Nuo <0t +p)
1 ot+pu o)
= / e—% dz
—00

2mo?

The substitution y = (z — p) /o gives
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1 [t e
P(ZSt):ﬁ/ e 2dx

and so Z = N is a standard normal random variable. The process of
going from X to Z is called standardization.

Theorem 8 If N,, is a normal random variable with mean p and
variance o then

Ng—'
-/V0,1=u’—u
o

is a standard normal random variable. Similarly, if Ny, is a standard
normal random variable then

M,a = U-A/b,l + M

is a normal random variable with mean u and variance o*. O

A distribution related to the normal distribution that we will have use for
is the lognormal distribution. If a random variable X has the property
that its logarithm log X is normally distributed, then the random variable
X is said to have a lognormal distribution. (Note that X is lognormal if
its logarithm is normal, not if it is the logarithm of a normal random
variable. In other words, lognormal means ‘“logisnormal” not
“logofnormal.”)

Proof of the following is left as an exercise.

Theorem 9 If X is lognormally distributed, say Y = log X is normal
with mean a and variance b® then

E(X) = E(eY) = et2 0
Var(X) = Var(e’) = 2+ (e? - 1)

8.8 Convergence in Distribution
You may be familiar with the notion of pointwise convergence of a
sequence of functions. In any case, here is the definition.

Definition Let (f,) be a sequence of functions from R to R and let f be
another such function. Then (f,) converges pointwise to f if for each
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real number z, the sequence of real numbers (f,(z)) converges to the
real number f(z).00

If you are familiar with convergence of ordinary sequences of real
numbers, then you are essentially familiar with pointwise convergence of
functions. There is very little new here.

Now consider a sequence (X,,) of random variables. Of course, these
random variables are functions, albeit special kinds of functions. Let X
be another random variable. It turns out that there are several useful ways
in which the notion of convergence of the sequence (X,) to X can be
defined (only one of which is pointwise convergence). However, we are
interested in one particular form of convergence. Here is the definition.

Definition Let (X,,) be a sequence of random variables, where we allow
the possibility that each random variable may be defined on a different
probability space (Qy,,P,,). Let X be a random variable on a probability
space (2, P). Then (X,,) converges in distribution to X, written
X, & x
if the distribution functions (Fx) converge pointwise to the distribution
function Fx at all points where Fx is continuous. Thus, if Fx is
continuous at s then we must have
lim Fx (s) = Fx(s)

that is,
lim P, (X, <s)=P(X <s)

n—oo

Convergence in distribution is also called weak convergence.[]
We need the following results about weak convergence.

Theorem 10 Let (X,,) be a sequence of random variables where X, is
defined on (0, Py). Let X be a random variable defined on (2, P).
1) We have

dist

Xn — X ifand only if &p,(9(Xn)) — Ep(9(X))
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for all bounded continuous functions g:R — R. In particular,
&p,(Xn) — Ep(X)

2) For all continuous functions f:R — R

dist

f(Xn) — F(X)

Proof. We will omit the proof of part 1). As to part 2), let f be
continuous. Then for any bounded continuous function g the composition
g o f is also bounded and continuous. Hence, by part 1),

E(g(f(Xn))) = E((g0 f)(Xn)) — E((go f)(X)) = E(g(f(X)))
Part 1) then implies that

as desired.[]

Theorem 11 Let (X,,) be a sequence of random variables with

dist

X, — X

where X is a random variable whose distribution function is continuous.
If (a,) and (by,) are sequences of real numbers for which

G, — a, b, > b

then

dist

an X, +b, —aX+b
In particular, if a # 0 and X, A, No,1 where Ny, is a standard normal
random variable then
X + by 25 )
where N, is a normal random variable with mean a and variance b?.

Proof. The following proof requires the concepts of uniform
convergence. The reader may omit this proof if these concepts are not
familiar. Let F'x, and Fx denote the distribution functions of X, and X,
respectively.

The first step is to show that for any s € R there is an interval
(s = A, s+ A) in which Fx, converges to F'y uniformly. For this, we use
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the fact that distribution functions are nondecreasing. So let € > 0 be
given and write

FXn(t) - Fx(t) < FXn(S + a) — Fx(s — a)
= [Fx,(s+ ) — Fx(s+a)] + [Fx(s+ a) — Fx(s — a)]

Since Fx, converges pointwise to F'y we can choose an o for which
Fx (s+ o) — Fx(s+ o) < €/2
Moreover, because F'y is continuous at s we can choose a5 such that
Fx(s+ag) — Fx(s — a2) <€/2
Hence, taking o to be the minimum of the two previous choices gives
Fx (t) — Fx(t) <e
forallt € (s — a, s + ). In the other direction, we also have

Fx,(t) — Fx(t) > Fx,(s — B) — Fx(s + B)
= [Fx,(s — B) — Fx(s = B)] + [Fx(s = B) — Fx(s + B)]

It is clear that we can choose a 3; for which
Fx (s— 1) — Fx(s — B1) > —¢€/2
and (3, such that
Fx(s— B2) — Fx(s + B2) > —¢/2
Hence, taking (3 to be the minimum of 3; and 3, gives
—e < Fx (t) — Fx(t)

forallt € (s — a, s + ). Finally, taking A to be the smallest of o and 8
we get

—e< Fx (t)— Fx(t) <e

for all t € (s — A, s + \). This proves the uniform convergence of Fx_
to Fxon(s— M\ s+ A).

Now we can address the issue at hand. Let ¢t € R and choose a A such
that Fx, converges uniformly to Fx in the interval
t—b t—2>

I=(—=—-A\—+)
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For any € > 0, there is an N; > 0 such that

n> Ny = |Fx,(s) — Fx(s)| < =

2
for all s € I. Also, there is an Ny > 0 such that
n>Ny=—"¢l]

an

It follows that
t—2b t—b,
n>max{N1,N2}=> FX.,( n)—Fx( a ) <-;—
n n

Also, the continuity of Fx implies that there is an N3 > 0 for which

t— by t—>b €
n > N3 = |Fx( o )_FX(T)| <3
Hence,
n > max{Ny, N3, N3} = FXn(t ; b") - FX(t—;—ll) <= % =
But
FXn(t ;nb") =P(X, < t ;nb") =P(apXn + by, < t)
and
Fﬂ?) =P(X < t—;——b) =PaX+b<1t)

and so we have shown that
Plap X, +b, <t) > PlaX +b<t)

that is,

an X, + by 20X + b

The second part follows from the fact that aNy 1 + b = N, .0
8.9 The Central Limit Theorem

The Central Limit Theorem is the most famous theorem in probability
and with good cause. Actually, there are several versions of the Central



8. Probability III: Continuous Probability 229

Limit Theorem. We will state the most commonly seen version first and
later discuss a different version that we will use in the next chapter.

Speaking intuitively, if X is a random variable then it is the distribution
function of X that describes its probabilistic “behavior” or
“characteristics.” More precisely, if X and Y are random variables with
the same distribution function then

Pa<X<b)=Pa<Y <b)

for all real numbers a and b. (Note that the functions X and Y need not
be the same. In fact, they need not even be defined on the same sample
space.) When two or more random variables have the same distribution
function, they are said to be identically distributed.

Informally speaking, the Central Limit Theorem says that if S, is the
sum of n random variables that are

1) mutually independent
2) identically distributed

and if we standardize S, then the resulting random variable S} has very
special characteristics. In particular, the distribution function of S}
approximates the standard normal distribution regardless of the type of
distribution of the original random variables. Moreover, the
approximation gets better and better as n gets larger and larger.

Thus, the process of summing and standardizing “washes out” the
original characteristics of the individual random variables and replaces
them with the characteristics of the standard normal random variable.

Here is a formal statement of the Central Limit Theorem.

Theorem 12 (Central Limit Theorem) Let X1, X, ... be a sequence of
independent, identically distributed random variables with finite mean p
and finite variance o* > 0. Let

GoSx
i=1

be the sum of the first n random variables. Thus, £(S) = nu and
Var(S) = no®. Consider the standardized random variable
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_ Sn — E(Sn) _ S —nu
v/ Var(S,) V/no

The sequence of standardized random variables S converges in
distribution to a standard normal random variable N, 1, that is,

Jlim Fy, () = ¢o.(t)

Sn

Put another way

1 [t .
P <)~ / % dz

where the error in the approximation tends to 0 as n tends to co.[]

As you might expect, the proof of the Central Limit Theorem is a bit
involved and we will not go into it in this book. However, the reader is
advised to pause a while to consider the somewhat surprising nature of
this theorem. It certainly accounts for the extreme importance of the
normal distribution.

As mentioned earlier, we need a different version of the Central Limit
Theorem for our work on the Black—Scholes formula. On the one hand,
we need only to consider Bernoulli random variables with mean 0 and
variance 1, which are among the simplest of useful random variables. On
the other hand, we need to make things more complex because our
Bernoulli random variables are not identically distributed!

In particular, we want to consider not just a simple sequence of random
variables but a triangular array of random variables

B,
By By

B31 Bsa Bss

For each row, the random variables are independent, identically
distributed Bernoulli random variables with mean 0 and variance 1. In
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particular, By, ; is a Bernoulli random variable with

where q, = 1 — p,. However, random variables from different rows need
not be independent, nor are they necessarily identically distributed. In
fact, they need not even be defined on the same probability space. This
will turn out to be very important to us later on.

We must also assume that the probabilities p, are “well-behavied" in the
sense that they do not get close to 0 or 1. In fact, we will assume that
there is a p satisfying 0 < p < 1 for which

DPn—D
It follows also that
Qn_“)qzl_pe(oal)

Now, there is a version of the Central Limit Theorem that addresses just
this situation (even when the random variables are not Bernoulli random
variables).

We begin by “standardizing” each random variable in such as way that
its mean is 0 and that the sum of the variances in each row is 1. Since
E(Bp;) =0
Var(B,;) =1
The standardized random variables are

B:L,i:% ;
the new array is
B
71532,1 71532,2
71333,1 71533,1 71533,1

Now, the version of the Central Limit Theorem that covers this situation
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says that under a certain condition the distribution of the row sums

S1 = Bi1a

1
Sz=%(

1
S3 = —=(Bs1+ B3z + Bs3)

V3

converges pointwise to the distribution ¢ ; of a standard normal random
variable.

By1+ Bsy)

The certain condition is a bit messy. Intuitively speaking, it says that
each term in the sum S, is “negligible” with respect to the entire sum. In
the case of the Bernoulli random variables in which we are interested, the
possible values of the standardized Bernoulli random variables Bj, ; that

appear in the sums .S, are
—Dn

an
d
v/ "Pndn o v/ Pnln

Now, as n tends to oo, we have

qn q
vV Pndn - \/p_q

—Dn q
N VPa

and since p and q are both positive these limits are finite. Hence, the
possible values of By, ; satisfy

dn

v/ Prdn

—Pn
v/ Pnqn

This turns out to be a sufficient condition for the Central Limit Theorem
to apply. We have finally arrived at the theorem that we need.

—0

-0
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Theorem 13 Consider a triangular array of random variables

By
By1 Bso

B3i By Bsgs

where for each row n and 1<1i<mn, the B,; are independent,
identically distributed Bernoulli random variables with

P(Bn; = —2r) = p,
Pnan
—DPn

Pnln

&’

P(Br,” =

)

) =t

&’

However, the random variables in different rows need not be
independent or identically distributed, or even defined on the same
probability space. Suppose also that p, — p € (0,1). Then the
“standardized” random variables

1 &
Sp=—Y B,
n \/ﬁ; n,

converge in distribution to a standard normal random variable. More
specifically, if Z is a standard normal random variable on any
probability space then S,, converges in distribution to Z.[1

As mentioned earlier, we will use this theorem in the next chapter to help
derive the Black—Scholes option pricing formula.

Exercises

1. Let f(t) be a piecewise linear probability density function with the
following properties: f(t) = 0 fort < 0andt > 2, f(1) = a. Sketch
the graph and find a. Sketch the corresponding distribution function.

2. Let X have distribution function F' given by

0 t<0
Ft)=4 3t 0<t<2
1 t>2

LetY = X2 Find
a) PO<X<1)
b) P(1<X<3)
c) P(Y <X)
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None

10.

11.
12.
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d P(X+Y <3)

e) the distribution function of the random variable ﬁ

Let Q@ = {w;,ws,ws} and let P be the uniform probability measure
on €, that is, P(w;) = 1/3 for i = 1,2,3. Consider the following
random variables

Are these functions the same? What about their distribution
functions?

Show that a o-algebra is closed under countable intersections.

Show that all rays are Borel sets.

Show that all closed intervals are Borel sets.

Prove that

P(AUB) +P(ANB) =P(A) + P(B)

for any events A and B. This is called the Principle of Inclusion-
Exclusion (for two events).
Prove that a probability measure is subadditive, that is,

P(A U B) < P(4) + P(B)

for any events A and B.

Find and graph the uniform distribution function on the interval
[a, b].

Show that the most general Bernoulli random variable B with mean
0 and variance 1 is given by

P(B =

where g =1 —p.

Fill in the details to show that the normal distribution has mean .
Compute the variance of the normal distribution using the integral
formula in the text.
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14.

15.

16.
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Prove that if A; C A, C --- is an increasing sequence of events, each
contained in the next event, then limP(4;) exists and
1—00

limP(4;) = <UA )
Let X be a random variable on R. Prove that the function

7t) =P(X <)

is a probability distribution function. Hint: Make heavy use of
monotone continuity.

Fora probability measure P with distribution function F’ verify that
a) P((a,b]) = F(b) - F(a)

b) P((a,b)) = F(b-) — F(a)

) P([a,b)) = F(b—) - F(a—)

d) P([a,b]) = F(b) — F(a—)

where the negative sign means limit from below.

If X, 95 X show that for any real numbers a # 0 and b

dist

aXp+b—aX+b






Chapter 9
The Black—Scholes Option Pricing Formula

The models that we have been studying are discrete-time models,
because changes take place only at discrete points in time. On the other
hand, in continuous-time models, changes can take place (at least
theoretically) at any real time during the life of the model.

The most famous continuous-time derivative pricing model culminates in
the Black—Scholes option pricing formula, which gives the price of a
European put or call based on five quantities:

The initial price of the underlying stock, which is known.

The strike price of the option, which is known.

The time to expiration, which is known.

The riskfree rate during the lifetime of the option, which is assumed
to be constant and can only be estimated.

o The volatility of the stock price, a constant that provides a measure
of the fluctuation in the stock's price and thus is a measure of the risk
involved in the stock. This quantity can only be estimated as well.

Our goal in this chapter is to describe this continuous-time model and to
derive the Black—Scholes option pricing formula. We will derive the
continuous-time model as a limiting case of the Cox—Ross—Rubinstein
model.

9.1 Stock Prices and Brownian Motion

In 1827, just 35 years after the New York Stock Exchange was founded,
an English botanist named Robert Brown studied the motion of small
pollen grains immersed in a liquid medium. Brown wrote that pollen
grains exhibited a “continuous swarming motion” when viewed under
the microscope.

The first scientific explanation of this phenomenon was given by Albert
Einstein in 1905. He showed that this swarming motion, which is now
called Brownian motion, could be explained as the consequence of the
continual bombardment of the particle by the molecules of the liquid. A
formal mathematical description of Brownian motion and its properties

was first given by the great mathematician Norbert Wiener beginning in
1918.

S. Roman, Introduction to the Mathematics of Finance

© Steven Roman 2004



238 Introduction to the Mathematics of Finance

It is especially interesting for us to note that the phenomenon now known
as Brownian motion was used in 1900 by the French mathematician
Bachelier to model the movement of stock prices, for his doctoral
dissertation!

Brownian Motion

Let us look a little more closely at Brownian motion. We have defined a
finite stochastic process as a sequence Xj, ..., Xy of random variables
defined on a sample space {). A continuous stochastic process on an
interval I C R of the real line is a collection {X; | ¢t € I'} of random
variables on () indexed by a variable ¢ that ranges over the interval I. For
us, we will generally take I to be the interval [0, 00). Often the variable ¢
represents time and so the value of the process at time ¢ is the value of
the random variable X;.

Definition 4 continuous stochastic process {W; | t > 0} is a Brownian

motion process or a Wiener process with volatility o if

1) Wo=0

2) W, is normally distributed with mean 0 and variance ot

3) The process {W;} has stationary increments, that is, for s < t, the
increment W; — W, depends only on the value t — s. Thus W, — W
(which has the same distribution as W;_; — Wy = W;_s) is normally
distributed with mean 0 and variance o*(t — s).

4) The process {W;} has independent increments, that is, for any
times t; <ty < --- < t,, the nonoverlapping increments

th - Wtw W/t;g - Wtz, teey th - W/tn_l
are independent random variables. [

Brownian Motion with Drift

It is also possible to define Brownian motion with drift. This is a
stochastic process of the form {ut + W, |t > 0} where y is a constant
and {W;} is Brownian motion. Here is a formal definition.

Definition A4 continuous stochastic process {W; | t > 0} is a Brownian

motion process or a Wiener process with volatility o and drift y if

1) Wo=0

2) W, is normally distributed with mean ut and variance o*t

3) {W:} has stationary increments. Thus, W; — Wy is normally
distributed with mean u(t — s) and variance o*(t — s).
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4) {W,} has independent increments. U]
Sample Paths

Figure 1 shows three simulated sample paths for Browhian motion with
drift ;& = 0.08 and volatility o = 0.20 on the interval [0, 1]. The straight
line shows the drift.

0.3

0.2¢

0.1t

-0.1¢

-0.2

0 02 04 06 08 1

Figure 1: Brownian motion sample paths: p = 0.08,0 = 0.20

More specifically, if we fix an outcome w € {2 then we can define a
function

t— Wt(w)

The graph of this function is called a sample path.

Figure 2 shows a discrete sample path for a Brownian motion process
that is the same as the previous one except that the volatility is only
o = 0.05. As you can see, volatility is aptly named.
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03 —

0.2¢

-0.1¢

02 - - J -
0 02 04 06 08 1

Figure 2: Brownian motion with small volatility

Brownian motion is one of the most important types of random processes
and has a great many applications. This should not be a surprise in view
of the Central Limit Theorem, which tells us that the normal distribution
is so important. (Brownian motion is a kind of “traveling normal
distribution.”)

In any case, Brownian motion has some very special properties. For
instance, the sample paths are always continuous functions. In other
words, the sample paths do not have any jumps. On the other hand, these
paths are also essentially nowhere differentiable, that is, it is not possible
to define a tangent line at any place on the curve. Thus, a sample path
has no jumps but is nonetheless very jerky, constantly changing direction
abruptly. (The previous figures do not do justice to this statement
because they are not true sample paths.)

Standard Brownian Motion

A Brownian motion process {W; | t > 0} with 4 = 0 and o = 1 is called
standard Brownian motion. In this case W; has mean 0 and variance ¢.
If {W; | t > 0} is Brownian motion with drift 4 and variance o then we
can write
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Wt = /Jt +o Zt
where {Z, | t > 0} is standard Brownian motion.

Geometric Brownian Motion and Stock Prices

How does Brownian motion with drift relate to stock prices? One
possibility is to think of a stock's price as a “particle” that is subject to
constant bombardment by “smaller particles” in the form of stock trades,
or other local events. As further support of this viewpoint, we can note
that the normal distribution seems like a reasonable choice to model a
stock's price if we think of the vicissitudes of that price as being the
result of a large number of more-or-less independent (and similarly
distributed) factors.

However, there are some obvious problems with the Brownian motion
viewpoint for stock prices themselves. First, a Brownian motion process
can be negative whereas stock prices are never negative. Second, in a
Brownian motion process, the increments

Wi — Wi

have distributions that depend only on ¢ — s. Thus, if a stock's price were
to behave as a Brownian motion process W; then the expected change
E(W; — W) in the stock's price over a period of time would be u(t — s),
which does not depend on the initial price W;. This is not very realistic.
For instance, imagine a length of time ¢ — s for which the change in price
is p(t—s)=29%10. A $10 expected price change might be quite
reasonable if the stock is initially priced at W = $100 but not nearly as
reasonable if the stock is initially priced at W, = $1.

To resolve these issues, it would seem to make more sense to model the
rate of return of the stock price as a Brownian motion process, for this
quantity seems more reasonably independent of the initial price. For
example, to say that a stock's rate of return is 10% is to say that the price
may grow from $100 to $110 or from $1 to $1.10.

This can be handled by assuming that the stock price S; at time ¢ is given
by

St = SoeH‘

where S; is the initial price and H; is a Brownian motion process. The
exponent H; represents a continuously compounded rate of return of the
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stock price over the period of time [0,¢]. Note also that H;, which we
will refer to as the logarithmic growth of the stock price, satisfies

Ht = 10g<%>

Definition A stochastic process of the form {e":|t> 0} where
{W;|t>0} is a Brownian motion process is called a geometric
Brownian motion process.[]

Figure 3 shows a simulated sample path from a geometric Brownian
motion process with the same drift (u = 0.08) as before but with an
unnaturally large volatility in order to demonstrate the exponential nature
of the growth.

0 02 04 06 08 1

Figure 3: Geometric Brownian motion

If we assume that H; follows a Brownian motion process with drift then
we can write

H; = log(?—é) = ut +oW;

where {W;} is standard Brownian motion. Therefore, H; has a normal
distribution with
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Var(H;) = ot
As we have seen, if a random variable X has the property that its
logarithm log X is normally distributed, then the random variable X is
said to have a lognormal distribution.

Accordingly, S;/S is lognormally distributed. Figure 4 shows a typical
lognormal density function.

1 -
0.75 7

0.50 1

0.25 t

TR ' N
T N —T T

1 2 3 4
Figure 4: A lognormal density function

According to Theorem 9 of Chapter 8

E(S) = Spelita!
Var(Sy) = (Soe® 7)) (e — 1)

This value of £(S;) is quite interesting, for it tells us that the expected
stock price depends not only on the drift u of H; but also on the
volatility o. This should not necessarily be surprising from a
mathematical point of view, for there is no law that the mean of a
function of a random variable should be a function only of the mean of
the random variable.

A Different Approach to the Model

As mentioned earlier, our approach to the continuous-time model is as a
limiting case of the Cox—Ross—Rubinstein model. We will endeavor to
be as mathematically rigorous as possible in this approach, which is often
handled rather informally. However, we should take a few minutes to
discuss what is generally considered to be a more rigorous approach to
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the model. Since a formal discussion would require considerably more
mathematical machinery than we have at hand, we will proceed
informally.

Let us begin by taking a closer look at the notion of rate of return on a
stock price. This term has more than one meaning. We have already
considered the continuously compounded rate of return H; over the time
period [0, t], which satisfies the equation

St = Soth

The simple rate of return of the stock price over a short period of time
[t,t + At] is given by
AS; _ Si+at — St
St St

In the limit as At — 0, the simple rate of return can be thought of as a
rate of return over an infinitesimal time period dt. This is more
appropriately called the instantaneous percentage return of the stock
price and is denoted by

dS;
St
Now, the most common approach to the continuous-time model of stock
prices assumes that the instantaneous percentage return is a Brownian
motion process, more specifically
as
—t = o dt + oo dW;
St
where {W; |t > 0} is standard Brownian motion and p( and o, are
constants. This equation must remain somewhat vague for us, because

the meaning of the differentials dS; and dW; are rather involved.
However, we can say that the stochastic process

dSt |
—1t>0
{ Se 1T }
(whatever that really is) is assumed to follow a Brownian motion process
with drift 1y and volatility oy.
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The previous formula can be written
dSt = }L()Stdt + O'OSt th

This is an instance of what is known as a stochastic differential equation,
whose formal solution requires some rather sophisticated mathematical
machinery known as stochastic calculus. Fortunately, our plan of
approach, through the CRR model, will lead us to an expression for the
stock price itself without having to solve this differential equation.

9.2 The CRR Model in the Limit: Brownian Motion

At the end of Chapter 7 we took a look at the Cox—Ross—Rubinstein
model from the point of view of the logarithmic growth in the stock
price. Let us recall the pertinent results.

Recap of the CRR Model
We specify the model times
h=0<t1 < - <tr_1 <tp=t

Thus, the lifetime of the model is [0, t]. Note that we are using ¢ instead
of L because we want to think of ¢ as a variable. Each of the T intervals
has equal length

t
tk+1_tk=At:T

During each subinterval, the stock price may rise by a factor of u or fall
by a factor of d. The sample space for this model is the state space

QT = {Ua D }T
of all sequences of U's and D's of length 7.

We will be dealing with two different probabilities on Q7: The natural
probability and the martingale measure. Let us denote the natural
probability of an up-tick by v (the Greek letter nu) and the martingale
measure probability of an up-tick by 7 (dropping the subscript U used in
earlier chapters). Before dealing with these probabilities and their
interactions, however, it may help clarify the exposition to take another
look at the logarithmic price growth using an arbitrary probability p for
the up-tick in the stock price. (Then ¢ =1 — p is the probability of a
down-tick.)
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Let E; give the stock price movement over the interval [t;,¢;41], that is,
for any final state w = e;---ep € Qr where e; = U or D we set

Ei(w) = u ife; = U (up-tick at time ¢;)
21 d ife; = D (down-tick at time ¢;)
Hence, the stock price at the final time ¢ is given by
ST = S()Ey . -ET = S()GZIOg(Ei) = S()CHT

where

T
S
Hr = Z;log(Ei) = log(?f)

is the logarithmic growth of the stock price. If the probability of an up-
tick in the stock is denoted by p then we define p, and o, by

1 1
tp = 2 Ep(log Bi) = —(plogu + glogd)

1 1
g;‘; = KtVarp(log E) = -EPQ(IOEU - logd)2

Thus, p, is the expected value and 012, is the variance of the logarithmic

price change log F; per unit of time.

Since
Ep(log E;) = ppAt
and
Var,(log E;) = 02At

we can standardize the random variable log E; to get (since o # 0)
log E; — ppyAt

oo /AL

Xi,p =

Now let us write

log E; — pupAt

apv/ At

log E; = ppAt + 0,V At

] = upAt + opV AtX;

where
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log E; — ppAt

/At

Xp,i =

After a bit more algebra, we see that

-\7(1— ifei=U
XP,i(w)"_‘{_j:qL; ife; = D

The logarithmic growth is
T
Hr = Elog(Ei)
i=1
T
= Z[NpAt +0pV ALX ]
i=1

T
= pipt + 0y VALY Xy
i=1
Note that this formula
T
Hr = ppt + 0,V ALY Xy
=1

is valid for any 0 < p < 1. The number p, is called the drift and the
number o, is called the volatility of the stock price. These quantities are
with respect to the up-tick probability p, as the subscript notation
indicates. Note, however, that Hr itself does not depend on p. It is just a
function on the state space {27 and has a different expression in terms of
each probability p € (0,1).

More on the Probabilities

As mentioned, p is the probability of an up-tick in the stock price over a
subinterval. Later, we will take p = v or p = 7 but we do not want to
make that restriction now.

The probability p defines a probability measure P, on the state space ()
for which

]P’p(w) — pNU(w) qlen(w)—Ny(w)

From the definition of X,,; we get
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9\ e~ =
Pp(Xp,z \/p_q) Ples=U)=p

Pp(Xpi = L) =Pe;=D)=¢q

VP

and so the random variables X,,; have this Bernoulli distribution under
P,..

We can also compute expected values and variances with respect to this
probability measure

Ep(Xps) = 2 - L g=0

VPe /P4
and
Var,(X,:) =1

(We leave verification of this as an exercise.)

The formula
T
Hr = ppt + opv AtEXpyi
i=1

can now be seen as expressing the logarithmic growth Hr as the sum of
two components: A deterministic component [t which is a constant
times the time and thus grows at the fixed rate p, just like a riskfree asset
and a random component

T
Qp = ap\/EZX ¥
=1

which is 0,1/ At times a sum of Bernoulli random variables. Since the
terms in the sum are independent, we also have

E(Qp) =0
Var,(Q,) = crf,t

9.3 Taking the Limit as At — 0

In taking the limit as 7" — oo, or equivalently as At — 0 we want to be
careful to make it clear which quantities vary with 7. We also want to
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make it clear that some quantities depend on the lifetime ¢, which we
now think of as a variable. So let us change the notation as follows:

e Let S;r denote the final stock price and H; T denote the logarithmic
growth. The initial stock price Sy does not depend on T" so we do not
need to change this notation.

e Let ur and dr denote the up-tick and down-tick factors for the stock
price, respectively.

Let pr denote the probability of an up-tick.
Let pp,,7 and o, 1 denote the drift and volatility.
Let X, 7; denote the random variable X, ;.

With this notation at hand, the formula for H; becomes

T
Hir = pp, 7t + 0pr. 7V AtZXpT,T,i

i=1

with deterministic part ., 7t and a random part
T
QurT = Oprr VALY Xy,
i=1

for which

Epr(Qpr,r) =0
Var,, (Qpr1) = ?;T,Tt

We now want to apply the Central Limit Theorem to the random part. To
this end, consider the triangular array of Bernoulli random variables

Xp,1,1
X;m21 Xp22
Xps1l Xps2 Xpss

f

For each fixed T, that is, for each row of the array, the random variables
are independent (by assumption of the CRR model) and satisfy

1_
Pm(Xm,T,i = —"L) =pr
pr(1—pr)

]Ppr(Xpr,T,i = l’) =1- pr
pr(1 - pr)
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and so they are also identically distributed. Note, however, that X,,. 7; is
a random variable on the probability space (Qr, Pp,) and so for different
values of T (that is, different rows of the array) the random variables
Xpr1,i are defined on different probability spaces. This is precisely why
we need the Central Limit Theorem in the form of Theorem 13 of
Chapter 8, which applies provided that the probabilities pr satisfy

Requirement 1: pr — p for some p € (0, 1)

Assuming that this requirement is met, we can conclude that the random
variables

1 < 1 I 1
== Xp1i= VA Xpri=—F
! ﬁ i=1 erols \/Z i=1 ref Opr,T \/ZQPT’T

converge in distribution to a standard normal random variable, that is,

Qprw = Epr(Qprr) _ Qprr dist
\/VarPT(Qpr,T) Opr,T \/—

where Z; is any standard normal random variable on some probability
space. To be more specific, this means that for any real number s

Qprr = — Z

lim P, Qm’ = ¢p,1(s)

T—o0 Um‘,T \/_

where ¢ ; is the standard normal distribution function. To emphasize the
fact that the convergence involves the probability measures P, we write

Qpr,_dist(pr)

Upr,T\/_

We would now like to conclude that H; r itself converges in distribution

to something. For this, let us recall Theorem 11 of Chapter 8, which says
that if

—'Z

Requirement 2: i, 7 — L, 0p, 7 — 0 for real numbers p and o # 0

then we have the following limit:

Hyr = pipp 7t + 0pr1V/t ( Q. \T/Z)dm ut + o\/1Z,

Opr,T
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As to the stock price itself, since S; 7 is a continuous function of H; 7
Sy = Soet

Theorem 10 of Chapter 8 tells us that as long as requirements 1 and 2 are
met we have

St lest So ¢ pt+o \/; Z

where Z,,.; has a standard normal distribution. Setting

W, = \/tZ,
gives
Hyr 5 H, = ut + oW,
and
dist(pr t-+oW,
StT —> St Soeﬂ ¢
where
EWy) =0
Var(W;) =t

Brownian and Geometric Brownian Motion

Although we have derived these formulas for a fixed total lifetime ¢, as
mentioned earlier, we want to think of ¢ as a variable. Unfortunately, our
derivation does not directly expose the very important relationship
between the different random variables W; as t ranges over all
nonnegative real numbers.

We will not go into this issue formally. However, we can make a few
informal observations. First, it should be intuitively clear that our model
s “translation invariant” or “stationary” in the sense that we obtain
essentially the same model over the interval [s,t] as over the interval
[0,£ — s]. Second, because we assume that the changes in each
subinterval are independent, we should be able to piece together models
from disjoint contiguous intervals into a model for one large interval.
Thus, it should not come as a surprise that as ¢ varies, the stochastic
process
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{W: |t >0}
is actually a standard Brownian motion process. Hence,
{H: |t >0}

is a Brownian motion process with mean ut and variance o>, that is,
with drift ¢ and volatility o. Finally, the stock price process itself
{S: |t >0}

is a geometric Brownian motion process with this drift and volatility.

We can now summarize our knowledge of the behavior of the stock price
in the limiting case of a CRR model.

Theorem 1 Let S;1 be the final stock price for the CRR model with
probability pr of an up-tick, lifetime [0,t| and T equal-sized subintervals
of length At. Assume that

1) pr — pforsomep e (0,1)
2) WprT — Wy Opp1 — O for real numbers pand o # 0

Let
St
H,r =1 —
6T og< So )

be the logarithmic price growth. Then

Ho g, — ut + oW,
and

St,Tdmﬁ{)St = Spet toWt
where

{W; |t =0}
is a standard Brownian motion process. Hence, the logarithmic growth
{H: |t >0}

is a Brownian motion process with mean ut, variance o*t, drift u and
volatility a. The stock price process itself
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{S: |t >0}

is a geometric Brownian motion process with drift p and volatility o.
Note also that the stock price growth S;/Sy is lognormally distributed
with

E£(S) = Speltaot O
Var($;) = (Soe# 172 (et — 1)

9.4 The Natural CRR Model

We have done what we can for the general CRR model. Now it is time to
consider how we should structure the model to reflect the “real” world.
We will refer to the following model as the natural probability CRR
model and denote it by CRR,,.

First, we will assume that there is a probability, called the natural
probability that reflects the true probability of an up-tick in the market.
Also, it is customary to make the following assumption about the natural
probability.

Assumption 1
The natural probability of an up-tick is constant with respect to T
throughout the lifetime of the model. We will denote this probability by

V.
It is also customary to make the following assumption.

Assumption 2
Under the natural probability, the drift and volatility

Wy = é(vloguT + (1 —v)logdr)

1
o= Zty(l — v)(logur — log dy)?

are constant with respect to At (and T'). Thus, we can drop the subscript

T and write y, and o,. The number p,, is called the instantaneous drift

and o, is called the instantaneous volatility.

It is important to emphasize that the second assumption has some
important consequences for the up-factor, down-factor and martingale
measure parameters of the model.



254 Introduction to the Mathematics of Finance

In the general CRR model the quantities ur, dr and pr (=v) are
unrelated, whereas the drift and volatility are defined in terms of these
quantities. However, specifying that y, and o, are specific constants
amounts to specifying a relationship among ur, dr and v. To draw a
simple analogy, suppose that z and y are arbitrary variables and that we
define the quantity A by

A=z+y

As soon as we postulate that A =5, for instance, we have drawn a
relationship between x and y.

The relationship among w7z, dr and v is obtained simply by solving the
equations defining the drift and volatility to get
1-
logu, r = u, At + o,V At z
v(1-v)
v

Vr(l—v)

The right-hand side depends on T through At =t/T. Also, we write
uy,r and d, 7 to emphasize the dependence on v as well. Note that this
dependence flows through to the martingale measure

logd, r = At — o,V At

erT _ du,T

Ty T =
g Uy, T — dl/,T

In fact, we can express the martingale measure directly in terms of the
probability v and the drift and volatility. This also leads to an interesting
limit.

Theorem 2
1) The martingale measure up-tick probability in the model CRR, is
given by

e(r—uy)At+moy\/ At 1

Ty, T =

1 /
37_"(1-")0" At _1

2) The martingale probability T, T approaches the natural probability
vas T — oo or equivalently as At — 0, that is,

lim m, 7 =v
T—o0
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Proof. For part 1), the martingale measure up-tick probability is given by

erT _ du,T eTAt(dV,T)_l -1
Ty, T = =

- Uy, T — dl/,T - uV,T(dV,T)_l -1

The previous equations for log u, 7 and logd, r give

/ 1-v
uu = eﬂuAt'i‘O’u Atm

(dy,T)_l _ e_#uAt'{'O'u\/Em

and so

erAt(dV T)—l — e(r_l‘u)At'{'mou\/E

)

and
— 1 oyV At
u,,,T(d,,,T) 1 _ v

Plugging these expressions into the right-hand side of the previous
expression for 7, 7 gives the desired formula.

Part 2) is a simple application of 1'Hopital's rule to evaluate the limit

_ v /
e(r [L,,)At+m0,, At _ 1

lim m, 7 = lim
T—00 v At—0 e V(II_V)UVV At 1

We leave this to the reader.[]

The assumption that the instantaneous drift and volatility are constant is
perhaps a questionable one (as is the assumption of a constant natural
probability), but is based on practical considerations (as is often the case
with questionable assumptions). In fact, this assumption is usually
extended into the past. In particular, it is assumed that the drift and
volatility can be computed (or at least estimated) under the natural
probability by looking at the past history of the price for the stock in
question.

Specifically, for the natural probability, the instantaneous drift and
volatility can be estimated empirically as follows. First we choose a
small value for At (for example, At may correspond to one day). Then
over a large number of these short periods of time, we compute the
logarithmic growth factors
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log E, = log( Stock price at end of period >

Stock price at start of period

The average of these sample values is an estimate of u, At and the
sample variance of these sample values is an estimate of o2At. Of
course, the more samples we take, the better will be the estimates. Let us
consider an example.

EXAMPLE 1 The following portion of an Excel spreadsheet shows
closing stock prices over a 10-day period. Here we are taking At to be
one day, that is, 1/365 years. The initial price is $50.

Day Price  Growth Log Growth Average  Sample Var
50 0.000359354 0.000677264

50.95 1.019 0.018821754  Per Unit Per Unit

49.74 0.976251 -0.024035321 0.131164046 0.247201227

49.46 0.994371 -0.005645176

49.83 1.007481 0.00745295

48.7 0.977323 -0.022938182

50.2 1.030801 0.030335997

49.57 0.98745 -0.012629215

51.78 1.044583 0.043618162

52.17 1.007532 0.007503643

50.18 0.961855 -0.038891076

CQOWoO~NOTOMPWN-2O0O

—_

The growth column contains the quotient of the stock price and the
previous stock price. For example,

50.95

—— =1.01
) 019

The average is simply the sum of the logarithmic growths divided by the
number of logarithmic growths. The sample variance is computed using
the formula

1 n
Sample var = m;(ith value — average)?

(The reason for dividing by n — 1 instead of n has to due with obtaining
an unbiased value.) Finally, the “per unit” values are obtained by
multiplying the average and variance by 1/At = 365. It follows that
iy = 0.13 and o2 ~ 0.25 on an annual basis (that is, the units of time are
measured in years).[J
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With the aforementioned assumptions concerning the natural probability
in mind, the conditions of Theorem 1

1) pr — pforsomep € (0,1)
2) pprT — W, Op. T — O for real numbers i and o

become evident. Since pr = v for all T, we have p=v and since
Wpr T = oy and o, 7 = 0, for all T', we have u = p, and 0 = 0,,.. Thus,
the conditions of Theorem 1 are satisfied for the natural probability and
we have the following.

Theorem 3 Let S 1 be the final stock price for the natural model CRR,,.
Let

be the logarithmic price growth. Then

dist(v)
Hyp — Hy =t + o, Wy
and
i
St 10) 8, = Spert+ortin
where

{Wu,t I t Z 0}
is a standard Brownian motion process. Hence, the logarithmic growth
" {H;|t>0}

is a Brownian motion process with mean y,t, variance o*t, drift p, and
volatility o,,. The stock price process itself

{S: |t >0}
is a geometric Brownian motion process with the same drift and

volatility. Note also that the stock price growth S;/Sy is lognormally
distributed with

E(Sy) = Spelhwtiot O
Var(S,) = (Spel 170120t — 1)
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9.5 The Martingale Measure CRR Model

Let us take a peek at our main goal to see what to do next. The payoff for
a European put (for example) with strike price K is

X = max{K — S; 1,0}
= max{K — Speler 0}
The absence of arbitrage implies that the initial price of the put must be

Z(Put) = e " &, (max{K — Spe7,0})

where Ilr is the martingale measure (with up-tick probability 7).
Taking limits as 7" tends to infinity gives

P,, = lim Z(Put) = ™" lim &y, (max{K — Spe™7,0})
T—o0 T—o0

where P,, denotes the limiting price random variable. Setting
g(z) = max{K — Sye®,0}
which is bounded and continuous on R gives

P, =e" lim Eny(9(Her))
T—o0

Now, we would like to pass the limit inside the expectation to get
Py = e"E(g(Hy))

Let us recall Theorem 10 of Chapter 8, which says that if

x, )

then
(‘:HT (g(Xn)) - 8(g(X))

for all bounded continuous functions g: R — R. This is just what we
need, but in order to apply this theorem, we need to know the weak
convergence of H;r under the martingale measure probability, not the
natural probability, as given in Theorem 3.

This tells us what to do next. In particular, we need a new CRR model to
do the following.
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1) The probability of an up-tick should be the martingale measure up-
tick probability m, v so that Theorem 1 will give the weak limit of
H; r under the martingale measure.

2) At the same time, the model must preserve the “true” stock prices Sk
from the natural model CRR,, which is done by using the values
uy,r and d, 7 from that model.

Thus, we define a new CRR model with the following parameters.

1) The up-factor u,, v, down-factor d, 7 and martingale measure up-tick
probability

erT _ du,T
Ty T = ——F—
Uy, T — du,T
are as in the natural probability model CRR,. It follows that the
stock prices Sy are the prices are the “natural” prices, as desired.

2) The probability of an up-tick is the martingale measure up-tick
probability, that is,

Pr =TyT

Hence the drift and volatility are

1

P, 7T = —A;(WV,T logu,,r + (1 —m,r)logd,r)
1

02 T = " v (1 = m,1r)(logu,r — logd,r)?

We will call this model the martingale measure CRR model and denote

it by CRR,;.

The next theorem describes the relationship between the drift and
volatility of the model CRR, and the drift and volatility of the model
CRR,.

Theorem 4 The following hold:

b =t + Oy AL )
e v \/—A_Z \/1/(1 -v)

2 2 7‘u,T(1 - 7‘u,T)
o =0 ——
Ty, T v 1/(1 I/)
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Proof. For the sake of readability, let us write 7,7 = 7, u, 7 = u and
d, 7 = d. Then

Mr, 2, T — Ky
Oy
_ ag(mlogu+ (1 —m)logd) — z;(vlogu + (1 —v)logd)
713;\/1/(1 —v)(logu — logd)
B A (m —v)(logu — logd)
71'&\/”(1 —v)(logu — logd)

1 T—V
VAt -v)

From here we solve for pi,, . 7 to get the desired result. The computation
for o, T proceeds as follows:

orr (1 —7)(logu — logd)?

o2 Lv(l-v)(logu — logd)?
(1 — )
v(l—v)

as desired.d

Now we can compute the required limits in order to use Theorem 1 in the
context of the model CRR .

Theorem 5 The following limits hold.

) o
im r=r—-=%
T—iooplﬂ.VYT’ 2

A On, 7 =0y
where r is the riskfree rate.

Proof. Theorem 4 gives

1 (mr-—v)

w1, T — v+ oy
pral = T O TR o T 0)

and so
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lim =y + — i | L Y
T_»ool"m,,T,T My \/I/(l — I/) At—0 VAt
Now we use the formula for 7, 7 from Theorem 2 to evaluate the limit
e(r"l‘v)At""W(l;__,,‘)Uv\/E -1

1
lim
At—0 4/ At 67"(11_"’)%\/52 -1

-V

This is a bit messy. Either 1'Hopital's rule and a strong constitution or a
symbolic algebra software package gives the limit

2(r — ) — o)
ok S o CY A} 1—
%, v(l-v)
and so
. o 2(r — ) — o2
1 = v v 1-—
Jim = o+ s | AL = T
2
—r_ T

as desired. For the limit of the sequence o, we begin with the

formula
2 _ 2 Tl —mr)
%ﬂ‘%(:m—m )

from Theorem 4. Since by Theorem 2 we have

limm,r=v

At—0
it follows that
. Trl/,T(]- - 7ru,T) _
lim ——~2 =1
At-0  v(l—v)
and so

: 2 — 2
A0 O, 7 = O

Taking square roots gives the desired result.[]

Now Theorem 1 will give us the desired weak limit.
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Theorem 6 Let S, be the final stock price for the CRR, model with
martingale measure up-tick probability m, r, lifetime [0,t] and T equal-
sized subintervals of length At. Let

be the logarithmic price growth. Under the martingale measure we have
di 2
H g, = (7‘ - %)t + 0, Wiy

and

dist(rr) (,-_253) t+o, Wiy
St T — St 806 ’

where
{Ww,t | t2 0}
is a standard Brownian motion process. Hence, the logarithmic growth

{H7r,t l t Z 0}

is a Brownian motion process with
2

1) mean (r — %)t
2) variance 02,%t

. o,
3) drifir — ¥
4) volatility o,
The stock price process itself

{S: |t >0}

is a geometric Brownian motion process under the martingale measure
with this drift and volatility. Note also that the stock price growth S;/ Sy
is lognormally distributed with

£(S,) = Spe™ O
Var(Sy) = (Soe™)2(e7 — 1)
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9.6 More on the Model from a Different Perspective:
Ito's Lemma

Earlier in the chapter, we spoke of the usual approach to developing a
continuous-time model, namely, the assumption that stock prices behave
according to the stochastic differential equation

@ = po dt + oo dW;

St
where {W; |t > 0} is standard Brownian motion and yy and o( are
constants (not to be confused with p,, ., 0, and o). We also
mentioned that the precise meaning of this equation must remain
somewhat vague for us, because it requires considerably more
mathematical machinery than we will develop here. While this is true, we
can “wave our hands” a bit to get some further insight into how this
equation is used to develop the model. This is at least worthwhile from
the perspective that the reader may encounter this equation when reading
the literature. However, the reader may feel free to skip this discussion
without loss of continuity.

The previous equation can be written
dSy = poSt dt + 0¢Sy dW;
which is a special case of the formula
dS; = a(St, t) dt + b(S, t) dW;
where a(z,t) and b(x, t) are functions of two variables. In our case

G'(Sta t) = ,UJOSt
b(St,t) = 005y

A process {S;} that obeys the preceding equation is sometimes called an
It6 process.

Now, if f(z,t) is a function of two variables, then we may form the
composition f(S;,t), which is a stochastic process since {S:;} is a
stochastic process. We are interested in finding a formula for d f. This is
done by applying a result from the stochastic calculus known as Itd's
lemma.
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Theorem 7 (Ité's Lemma) Let {S;} follow an Ité process
dSt = a(.S’t, t) dt + b(St, t) th

where {W;} is standard Brownian motion and a(x,t) and b(x,t) are

functions of two variables. Let f(z,t) be a (sufficiently differentiable)
function of two variables. Then

fo.90 10°f ., of
df = ( at 5+ 550 |dit 5 bW, O

In the case at hand, we have

a(St, t) = ,LL()St
b(St, t) = UoSt

and so Itd's lemma becomes

of of 18 of
df = ( oSt + 5t T 35,290 02 S? |dt + aaostdwt
Let us now apply this formula to the function
f(z,t) = logz

In this case

of
oz

(Stat) = '1_

St
0
8—{(St,t) =0
0’ f 1
@(St,t) = %

and we get
d(log St) = (S [l,ost 2 S2 S2> dt+ St UoSt th
= (/J,o — ?O>dt + o) th

This says that d(log S;) is normally distributed with mean (po - ﬁ221)dt
and variance o3 dt. It follows that the change in log S; over [0, t], that is,

log S; — log Sy
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being the sum of independent normal random variables, is also normally
distributed with mean

2 2
_ % Vgt = _%
Z(Mo 2>dt (Mo 2>t

Z (o8dt) = oft

and variance

Hence,
H; = log(&> = log S; — log Sy
So
o2
= (p,o - ?0>t + Uo\/ZZt

where Z; is standard normal. Thus we see that (in general terms) the
stochastic differential equation leads to the same conclusion as that of
Theorem 6. (We have not dealt specifically here with the martingale
measure.)

9.7 Are the Assumptions Realistic?

We cannot continue without a short pause to comment on whether the
assumption that stock prices are lognormally distributed, or equivalently
that the logarithmic growth in the stock price is normally distributed, is a
realistic one. There has been much statistical work done on this question,
resulting in evidence that growth rates exhibit a phenomenon known as
leptokurtosis, which means two things:

e The probability that the logarithmic growth is near the mean is
greater than it would be for a normal distribution (higher peak).

e The probability that the logarithmic growth is far away from the
mean is greater than it would be for a normal distribution (fatter
tails).

There is other statistical evidence that the assumption of normality is
perhaps not realistic. For a further discussion, with references, we refer
the reader to Chriss [1997]. Of course, this should not necessarily come
as a surprise. After all, the assumptions that lead to the formula

o2
H, = <r - 7”)15 + o, Whry
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are not very realistic. Nevertheless, the Black—Scholes formula, which
relies on this normal model, and to which we know turn, is the most
widely used formula for option pricing.

9.8 The Black—Scholes Option Pricing Formula

We now have the tools necessary to derive the Black—Scholes option
pricing formula for a European option. Consider again the complete,
arbitrage-free CRR; model.

The payoff for a European put with strike price K is
X = max{K — S; 1,0}
= max{K — Spe7, 0}

The replicating pricing strategy implies that in order to avoid arbitrage,
the initial price of the put must be

T(Put) = e "€, (max{K — Spe7,0})

where II7 is the martingale measure, with up-tick probability 7. Taking
limits as 7" tends to infinity gives

Py, = lim T(Put) = e Jim &, (max{K — Seef7,0})

where P, denotes the limiting price random variable. This is a case for
part 2) of Theorem 10 of Chapter 8, where g is the function

g(z) = max{K — Spe”, 0}
which is indeed bounded and continuous on R. In this case, we have

Py, = e lim En,(g(He 1))
T—o00
and since

di 2
-Ht,T l'Stﬁzﬂ).l::[t = <’I" - %)t + O'V\/ZZW,t

Theorem 10 of Chapter 8 implies that
Po = ™ lim £r,(9(Hy,r)) = e "€ (g(H)

Since H; is normally distributed with mean
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and variance

we have

-t (o d]

° 9(z
vV 27I'b2 —00

(Here the 7 under the square root sign is just pi, not the martingale up-
tick probability.)

_ (x—a)2
Je 2 dx

Po = e E(g(Hy)) =

All we need to do now is evaluate this integral. Making the substitution

_zT-a
Y=
gives
—rt 00 yf
P, = g(by+a)e” 7dy
AV 27!‘ —00
Now the function

g(by + a) = max{K — Spe?*?, 0}
is nonzero if and only if
K — Spe?*t >0

that is, if and only if

by +a< log(E)
So
or finally

1 K
y < 5 [log(S—O) - a]

Let us denote the right-hand side of this by h:
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h= % [log(—g—(;) — a}

We can write the integral as follows:

et h
vV 27 J -0
Splitting this into two integrals gives

3 Ke™t h Soe—rt h eby+ae—3";d
=7 Y
V2r J- V2r J-xo

The first of these integrals is in pretty good shape because

2
Py, = (K — Soe®**)e~ T dy

2
Py e Tdy —

Ke™ h
V2 Joo

where ¢g1(z) is the standard normal distribution function. The second
integral could use some work

Soe—rt h

Vor Jow

2 —rt
e 7dy=Ke "¢y1(h)

Soe—rt h R
e 3 (y°—2by 2a)dy

Ver Jooo

—rt ph
_ Soe / e~ Hlw-b2-b-2a] g,
V2T J-x

—rt h
= ‘S’Oc;re%[b2+2a]/ e_%(y_b)Zdy
vV 2T —00

2
-
eby+ae 2 dy =

h—b
—rt+1b*+a 1 S
= Spe " T —— e Y dy

V2r) -
— Soe_rt+%b2+a¢0,1(h —b)
Thus
Py = Ke ™ 1(h) — Soe 260 1 (b — b)

Now we have a pleasant surprise with respect to the exponent in the
second term:
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1 1 t
—rt + §b2 +a=—rt+ ~to2+ =(2r — o2)

272

1 _
= —rt+ -2-t03 +tr— —21-ta,2,)
=0

and so we arrive at our final destination

Py = Kep1(h) — Sogo,1(h — /t0,)
where
1[ K K 1.,
h = b [log(so) ] \/_Gu [log —)—tr+ §t0”

This is the famous Black—Scholes formula for the value of a European
put.

We can use the put-call option parity formula to get the corresponding
price of a European call. Recall that this formula says that the price of a
call is given by

C=P+8,—Ke™
Taking limits as 7" tends to oo gives
Coo = Poo + Sy — Ke™"
= Ke™"(go1(h) — 1) = So(do1(h — Vto,) = 1)
Since
$o,1(—t) =1 — oa(?)

the price of the call is
O = —Ke ™ ¢o1(=h) + Sodo1 (Vto, — h)

By setting do = —h and d; = dy + a\/t-f as seems to be commonly done,
we get the formulas shown in the following theorem.

Theorem 8 (The Black—Scholes Option Pricing Formulas) For
European options with strike price K and expiration time t we have
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C = Sogo1(d1) — Ke " ¢p1(da)
P =Ke " ¢y1(—dz) — Sodo,1(—d1)

where Sy is the initial price of the underlying stock, o is the
instantaneous volatility, ¢, is the standard normal distribution function
and
1 S 1
d = —= [log(EO) +t(r+ —02)]

cr\/z 2

1 S 1,1
dy = m[log(%)%—t(r— 50 )] =d, — o/t

where T is the riskfree rate.(]

We note that these formulas do not involve the instantaneous drift. In
fact, the only “unknown” quantities are the instantaneous volatility o,
and the riskfree rate 7.

EXAMPLE 2 Consider a European call option on a stock that is
currently selling for $100. The option expires in 1 year at a strike price of
$100. Suppose that the riskfree rate is 0.05 and that the volatility is
o = 0.15 per year. Compute the value of the call.

Solution This is simply a matter of plugging into the formula. First, we
have

1 1 )]
dy = 572 [0+0.05 — 2 (0.15)*| ~0.2583

and
dy = dy + 0/t ~ 0.2583 + 0.15 = 0.4083

Hence, with the aid of a calculator or some other means of evaluating
values of ¢ 1, we get

C = 100¢p(0.4083) — 100e % ,(0.2583) ~ $8.596 O

9.9 How Black—Scholes Is Used in Practice:
Volatility Smiles and Surfaces

The assumption that the volatility o is constant is a very unrealistic one,
to say the least. This (among other things) raises questions about the
quality of the Black—Scholes option pricing formula. A great deal of
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research has been done to determine how the Black—Scholes formula can
be used in light of the questionable assumptions about the parameters.
Our intention is to very briefly discuss one method that is used in
practice.

The Volatility Smile

We have said that the volatility can be estimated using historical data.
However, in practice, the Black—Scholes formula is not used by simply
plugging in an estimate for the volatility and grinding out option prices.
Instead traders usually work with a quantity known as the implied
volatility. Loosely speaking, this is the volatility that must be used in the
Black—Scholes option pricing formula in order to make the formula
reflect the actual market price at a given moment in time.

Definition Consider a European option that has a particular market
price of M. The implied volatility of this option is the volatility that is
required in the Black—Scholes option pricing formula so that the formula
gives M.(1

The implied volatility is, in effect, the market's opinion about the Black—
Scholes volatility of a stock. The implied volatility is a quantity that can
be computed from the Black—Scholes formula by numerical methods
(that is, educated guessing and reguessing).

As it happens, and as further evidence that the Black—Scholes formula is
not perfect, if one computes the implied volatility of otherwise identical
options at various strike prices, one gets different values. Figure 5 shows
a typical graph of implied volatility versus strike price. Because of the
shape of the graph, it is known as a volatility smile.

Implied
Volatility

Strike

K, Price

G4

Figure 5: A volatility smile
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Now, suppose that an historical estimate of volatility for a particular
stock is 0. Then the Black—Scholes formula gives an option price that
matches the market price for only one strike price, namely K.

For larger strike prices, which correspond to out-of-the-money calls and
in-the-money puts, the market price corresponds to a volatility that is
much less than o;. Now, the Black—Scholes formula gives prices that
vary directly with the volatility, so a smaller volatility produces a smaller
price. Hence the market price is below the Black—Scholes historical
price. Put another way, the Black—Scholes formula, when used with a
constant volatility based on historical data, tends to overprice out-of-the-
money calls and in-the-money puts relative to market prices.

For smaller strike prices, which correspond to in-the-money calls and
out-of-the-money puts, the market price corresponds to a volatility that is
much greater than o;. Hence the market price is above the Black—Scholes
historical price. Put another way, the Black—Scholes formula, when used
with a constant volatility based on historical data, tends to underprice in-
the-money calls and out-of-the-money puts relative to market prices.

The Volatility Surface

To understand how the Black—Scholes formula may be used in practice,
consider Table 1, which shows data for a volatility surface, that is, a set
of implicit volatilities for various maturity dates as well as strike prices.
The columns represent different strike prices expressed as a percent of
the stock price. (The data in this table is for illustration only.)

90% | 95% | 100% | 105% | 110%
1 month | 14 13 12 113 | 144
3months | 14.2 | 14.1 | 13.6 | 13.8 | 14.1
6 months | 14.5 | 143 | 142 | 145 | 14.6
1 year 15.1 | 15 146 |147 | 148
2 years 16.2 | 16.1 | 16 16.1 | 16.2
Table 1 — Data for a volatility surface

Now, a trader who wants to price an option that has a maturity and strike
price that is not in this table can interpolate from the table to get an
implied volatility. For example, consider an option that matures in 9
months at a strike price of 95% of stock price. A linear interpolation
between the 6 month and 1 year maturity implied volatilities gives a
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volatility of (14.3 + 15)/2 = 14.65. This volatility can be used in the
Black—Scholes formula to produce a price for the option in question.

9.10 How Dividends Affect the Use of Black—Scholes

The Black—Scholes option pricing formula assumes that the underlying
stock does not pay a dividend. We should briefly discuss how dividends
can be handled in this context.

First a bit of background on dividends. Four dates are important with
respect to dividends. The declaration date is the date that the board of
directors declares a dividend. The record date is the date that the
registrar compiles a list of current shareholders, to whom the dividend
will be paid. The key point is that an investor must be on record as
owning the stock on the record date or else he will not receive a
dividend. The payment date is the date that the dividend will be paid.

Now, normal stock purchases take 3 days to clear. This is referred to as
regular way settlement. Thus, an owner must have purchased the stock at
least 3 days prior to the record date in order to be considered an owner of
record on the record date and hence eligible for the dividend. The first
date after this date is called the ex-dividend date. For example, if a
dividend is declared as payable to stockholders of record on a given
Friday then the New York Stock Exchange (who sets the ex-dividend
dates for NYSE stocks) would declare the stock “ex-dividend” as of the
opening of the market on the preceding Wednesday.

We note that when the stock goes ex-dividend, typically the stock price
will decline by an amount similar to the amount of the dividend. This
makes sense from the perspective that the dividends are known in
advance and are therefore built into the stock's price in some way.

Now, a European option on a stock that pays a dividend can be thought
of as composed of two separate processes: A risky process that represents
the stock price itself and a riskfree process that represents the cash
dividend payments. Thus, to price an option on such a stock, we first
discount all of the forthcoming dividend payments to the present. If this
amount is d then we can think of the components as a risky stock that has
initial value Sy — d and a riskfree asset that has initial value d. The
Black—Scholes formula can then be applied to the risky stock.
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Exercises

1.

A stock has the initial price of $50. Over a five-day period, the stock
price at day's end is given by $49.82, $50.02, $49.69, $49.34,
$50.10. Estimate the instantaneous drift and volatility.

Consider a European call option on a stock that is currently selling
for $80. The option expires in 1 year at a strike price of $80. Suppose
that the riskfree rate is 0.05 and that the volatility is ¢ = 0.1 per
year. Compute the value of the call.

Consider a European put option on a stock that is currently selling
for $50. The option expires in 1 year at a strike price of $51. Suppose
that the riskfree rate is 0.04 and that the volatility is o = 0.15 per
year. Compute the value of the put.

Prove that
Var,(X,7,) =1
Prove that
£,(Q, t p—Ss
O
Var,(Q;) = o2t E ;

Let X be a random variable with a lognormal distribution, that is,
Y =log X is normally distributed with mean a and variance b2.
Show that

a) E£(X) = evta¥

b) Var(X) = 2+t (eb” — 1)

Apply this to the random variable X = S;/S; to deduce that

C) En (St) S()Crt

d) Var,(S;) = (Spe™)?(e%t — 1)

Show that the function f(z) = max{K — Sye”, 0} is continuous and
bounded on R.

Show that ¢o1(—t) =1—¢1(t) for the standard normal
distribution function. Hint. Draw a picture using the graph of the
standard normal density function.

Show using 1'Hopital's rule that

e(r—p)At+#a\/Zt _1

lim 77 = lim =p
1
T—o00 At—0 CVEUV At -1



10.

11.

12.

13.

14.
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Hint: Write = = (At)2.

Suppose we assume that there is a martingale probability measure in
the limiting case when 7" — oo and that the Fundamental Theorem
of Asset Pricing holds in this limiting case. If we denote this
martingale measure by II then

SO — e—rtgn(St) — e‘"é‘H(Soe“"””"\/ZZ*)

Evaluate the last expression to show that

1
ﬂu:"'_ggu

Let Ny be the random variable representing the number of up-ticks
in stock price over the lifetime of the CRR model. Show that

St = SoeNU(]og u—logd)+Tlogd

and so
H;7 = Ny(logu — logd) + T'logd
Show that

E(Hr) = Tv(logu — logd) + Tlogd
Var(H;7) = Tv(1 — v) (logu — log d)?

Standardize the random variable H; r to show that
H ;: T - N [}

Hence, the random variables H{ are standardized binomial random
variables.

Using the Black—Scholes formulas show that the value of a put and a
call increases as the volatility o increases. Looking at the profit
curves for a long put and long call, explain why this makes sense.
Does the same effect obtain for the owner of a stock?

Show that the probability that a European call with strike price K
and expiration date ¢ will expire in or at the money is

p log(Sr/K) —t(r — 0}/2)
0,1 0_\/2

where ¢ is the standard normal distribution.







Chapter 10
Optimal Stopping and American Options

The models that we have created thus far, including the Black—Scholes
option pricing model, are designed to price European options, which are
options that can only be exercised at the expiration time. However, in the
real world, most stock options are of the American variety. In this
chapter, we want to take a look at the issue of pricing American options.

American options are far more complicated than European options,
because they give up nothing but add one major additional feature—they
can be exercised at any time between the purchase date and the
expiration date. This is clearly a significant interpolation, since there is
no way to look into the future to decide when to execute. An investor
cannot call his broker and say, “If the stock price falls below $50 then
sell the stock before it falls.”

The mathematics used to model American options has a significantly
different flavor and is a bit more sophisticated than we have thus far
encountered.

10.1 An Example

To aid the discussion, let us set up a simple example to which we will
refer in the sequel.

EXAMPLE 1 Figure 1 shows a CRR model state tree with stock prices
(and option payoffs).

S. Roman, Introduction to the Mathematics of Finance

© Steven Roman 2004
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L o, |26.62/5.62

ABy = —

g — @, 21.78/0.
A ,|21.78/0.78

(B o, 21.78/0.78
= 2 EJ r::”*AAA-Ai'_‘
19.8/0 | 2] 97520
5 121.78/0.78

22— B8 17 82/0
19.8/0 L

~ "é"‘!ff’ w, |17.82/0
=17, 14,580
16.2/0 !

t, t, t, t,
Figure 1: A CRR model state tree

We will assume that r = 0. Note that for this model
T=3u=11,d=09

and the martingale measure probability is
_1-d 01 1

= u—d 02 2
Finally, let C' be an American call C with strike price K = 21.00

Before beginning, a bit of notation. For any random variable X, it will be
convenient to define the shorthand notation [X € A] as

X e Al={we Q| Xw) e A}

10.2 The Model

In general, our context will be a discrete-time model that is arbitrage-free
and thus has a martingale measure II, as is the case for Example 1.
Consider an investment in an American option (also called an American
claim). At any of the model's times

to<t1 < - <tr
the owner may exercise the option.
10.3 The Payoffs

The payoff of the option at any time ¢ is a random variable Y. We will
assume that (Yj) is adapted to a filtration F = (Py). For our example,
the payoffs of the American call C' are
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5.62 forw=uw;
Y3 = max{S; — 21,0} = ¢ 0.78 forw = ws,ws3,ws
0 otherwise

3.2 forwé€ By,
0 otherwise

1 forwe Bl,l
0 otherwise

Y2 = max{Sg — 21,0} = {
Y; = max{S; — 21,0} = {

and finally

Yo=0
These payoffs are shown in Figure 1 as well.
10.4 Stopping Times

The decision about when to exercise can be modeled as a random
variable with special properties, called a stopping time. The idea is quite
simple: A stopping time is a rule, that is, a random variable that
identifies, for each time t; the outcomes in 2 for which we should
exercise (stop the option, so to speak) at time tj. Let us refer to the set of
these outcomes as the stopping event for time t;. For the final time tr,
however, the stopping event consists of the outcomes for which we either
exercise at time ¢ or let the option expire worthless.

The only requirement for a stopping time is an obvious one: We must be
able to tell which outcomes belong to the stopping event for time ¢y at
that time. This is an important issue. We cannot say that the exercise
event for time ¢, for example, is based on what happens at time ¢3. This
is akin to asking our broker to sell the stock before its price drops below
50.

Definition 4 (bounded) stopping time is a random variable
7:Q—{0,...,T}
whose range is the set of integers from 0 to T. Moreover, it is required
that the stopping event “stop at time ti,” defined by
[r=kl={weQ|7(w) =k}
is in the algebra A(Py) generated by Py, for all k =0,...,T. We will

denote the set of all stopping times with range {k, ..., T} by Sy . These
are the stopping times that cannot stop before time t;.(]
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Let us consider an important example of stopping times.

EXAMPLE 2 It would not be uncommon for an investor to tell his
broker to “sell the stock if the price reaches $50 or more” for example.
This rule is a stopping time. In fact, it is referred to mathematically as the
first entry time of the stock price process (Si) into the set [50, 00).
Formally, it is defined as follows:

( )_ min{k|5k250} if{k|5k250}#0
TW=\r otherwise

It is not hard to show that this is indeed a stopping time. For if k < T
then we have

[ =k] ={w]| Sk > 50 but S; < 50 for j < k}
= [Sp < 50] U --- U [Sk—1 < 50] U [Sk > 50]

But since the price S; is P;-measurable and since (7;) is a filtration, we
deduce that each of the events [S; < 50] and the event [S; > 50] are in
the largest algebra A(Py). This is the condition required of a stopping
time. Finally, for k = T we have

[T=T]=[So <50]N---N[Sr-1 < 50] € A(Pr)

Thus, 7 is a stopping time. Note that the same argument will work for
any value other than 50.

In fact, it is also possible to show that the first entry time into any Borel
set B is a stopping time. For example, the set

B = (—00,17) U (20, 00)

corresponds to the first time that the stock price drops below 17 or rises
above 20. The shaded blocks in Figure 1 show the stopping events for
the first entry time into B.[]

10.5 Stopping the Payoff Process

Here is the scenario. Imagine that an investor has acquired an American
option at time tp. The investor sits down and looks at all possible
stopping times in the set Sp 7. (This is possible at least in theory since
there are only a finite number of such stopping times.)
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Suppose that the investor has decided upon a particular stopping time
T € Sp,r to use in determining when to exercise. We will discuss how
this decision is made a bit later. In fact, that is the main issue of the
chapter.

It may help to think of the investor as phoning his broker at time ¢, and
giving him the stopping time rule 7. From this point on, the broker can
proceed without bothering the investor. In particular, at each time ¢ the
broker checks to see if the current state of the economy is in the stopping
event [T = k] for that time. He can do this because [r = k] € A(P%) is
just a union of the blocks of Py and the broker knows which of the
blocks represents the current state at that time. If the current state is in
[T = k], then the broker exercises the option; otherwise he does not.

10.6 The Stopped Value of an American Option

In order to determine how to choose a stopping time, we must first
discuss the consequences of any choice of stopping time. Suppose that
the investor has decided upon a particular stopping time 7 € So 7. Then
for any w € (2, the option will exercise at time ¢,(,) and give a payoff of

Yr(w) (Q))
It is customary to denote this function by Y.. Thus
[Y7](w) = Yr() (w)

The random variable Y; is referred to as the final value of the process
(Y%) under the stopping time 7.

EXAMPLE 3 Referring to Example 1, consider the stopping time 7
shown in gray in Figure 1. This is the first entry time into

B = (—00,17) U (20, )

The (discounted) final value Y; is

1 ifw e {wr,ws, ws,ws}
Y (w) =< 0.78 ifw=uw;s a
0 ifw € {wes,wr,ws}

A Detail About Discounting

Now we must discuss a detail concerning discounting. If X} is any
process and 7 € S 7 is a stopping time then the final value is X,. To
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discount this value, we must discount each of the values
(X7)(w) = X7, (w) by the appropriate amount

X = 52 = (5@

Byyw)  \Bs
Thus, we set
x, - X
T — BT

Note that in Example 1 we assume that the riskfree rate is 0 and so the
issue of discounting is not relevant.

10.7 The Initial Value of an American Option,
or What to Do at Time ¢,

At time ¢, the possible choices for stopping times are the elements of the
set Spr. If the investor stops the payoff process using a particular
stopping time 7 € Sy 7 then he will realize the final value Y;. However,
there is a subtlety here, namely, for each w € Q the payoff Y, (w)
comes at time t,(,). In keeping with the spirit of self-financing trading
strategies, we will assume that the investor does not remove the funds
from his brokerage account until the end of the model, at time ¢z and so
the payoff at time ¢,(,) is allowed to grow at the riskfree rate for the time

period from 7(w) to T'. This results in a final payoff of

rd— BT
e T T, () (w) = B_T(JYT(“’) (w)

where By, = e* is the discounting factor.

Thus, the final time-t7 payoff resulting from the stopping time 7 is really

Br —
2Ly, = BrY,
B, T
where
— Y.
Y,=-"
T BT

Put another way, each stopping time turns an American option into a
guaranteed sequence of payoffs, where the time-t; payoff is



10. Optimal Stopping and American Options 283

Yilir=g
The final value of this payoff stream is

T
Br Br =
Y;1 r=k| = Yr =B YT
2B Eli=h = g T

The Initial Value of an American Option

Now let us consider what the investor should do to determine which
stopping time to employ at time ¢y. Keep in mind that the investor may
change his mind at time ¢;, but we will not worry about that problem yet.

In order to determine the best stopping time at time t;, as mentioned
earlier, the investor can look at all possible stopping times in the finite
set Sor. At first, it seems logical that the investor should choose the
stopping time that maximizes the final payoff

max {BrY .}

TESyT

However, the payoffs BrY , are functions (random variables) and there
is no guarantee that there is a single stopping time that is best for all
states w € (2. Indeed, this is highly unlikely.

So an alternative is needed: We can maximize the initial value of the
payoff. Assuming that the final payoff BrY , is attainable, there is a self-
financing trading strategy ® for which

Vr(®) = BrY,

and the arbitrage-free price of this final payoff is (according to the
martingale measure condition)

Vo(7) = Z(BrY,)
=Wo(®)

- BiTean(@))
- —BI-T-sn(BT?,)
=&n (_Y—‘r)

The quantity Vp(7) is the initial value of the American option under 7.
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We have shown that assuming that the owner of the option follows the
stopping time T, the nonarbitrage price of the claim must be V(7).

Now, at time t( the investor can choose a stopping time that maximizes
the initial value of the option, since these values are constants. So let us
define

Vo = max Vy(7) = max En(Y,)

T ESO,T T ESO,T

Then we can assume that the investor will choose a stopping time 7* with
the property that

gl'[(?‘r*) = VE)

This is the stopping time that maximizes the initial value of the option or,
equivalently, the expected final payoff £n(Y ;) under the martingale
measure. It is called an optimal stopping time. With no vision into the

future, this is the best that can be done.

Let us look a bit more closely at this situation as it relates to arbitrage. As
we have seen, for a European option with attainable final payoff V()
the nonarbitrage initial value of the option must be V(®). For if not,
then an investor could buy the cheaper and sell the more expensive of ®
and the option, realizing an immediate positive return. At the final time
tr the European option has payoff Vr(®) and so the two ending
positions (one long and one short) cancel each other out, leaving the
investor with the future value of his initial profit.

However, for an American option with payoff
Vr(®) = BrY -

the situation is not as simple because the seller of an American option
does not really know what the final payoff will be. (The buyer doesn't
know either, but at least he has some control over the value.)

We can say that if the option can be purchased for an amount A that is
less than V;(®) then arbitrage is available to the investor who purchases
the cheaper option and shorts the more expensive trading strategy ®. As
with the European option, if the owner holds the option until expiration,
there is an initial profit and offsetting positions at the end.
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However, if the option is purchased for an amount A that is greater than
Vo(®) then the immediate profit is made by the seller of the option (who
also buys ®). But the seller does not have control over the option and
cannot be certain that the owner will not achieve a higher payoff than
that given by ®. The real point here is that replication by ® does not
work for American options in the same way that it does for European
options.

Thus, an arbitrage-free argument leads to the inequality A > Vy(®). On
the other hand, who would be willing to pay more than Vy(®) for the
American option when there is no guarantee that a payoff greater than
Vr(®), obtained by following a time-t, optimal stopping time, can be
arranged? Thus, we come to the conclusion that Vy(®) is a fair price
(more-or-less) for the American option.

EXAMPLE 4 Again referring to Example 1, we have seen that the final
payoff for the first entry time into

B = (—00,17) U (20, 00)

is

1 ifw e {w,ws,ws, ws}
Y (w) =< 0.78 ifw=uw;s
0 ifw € {w67w77w8}
Hence,
— 1 1 3
n(Y,)==-14+-=-0.7+=-0=0.
w(Y,) 5 + 2 + 3 0 =0.5975

Consider the stopping time o defined by

{2 ifwe {w,ws,wr,ws}
o(w) = { 3 otherwise

We leave it to the reader to show that this is a stopping time. In this case,
the (discounted) final value is

3.2 ifw € {w,wy}
Y,(w) =14 0.78 ifw = {ws,ws}
0 ifw € {wy,ws,wr,ws}

Hence,
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— 1 1
&nlYs,) = 1 3.2+ 1 -0.78 = 0.995
Hence, o is a better stopping time than 7. In fact, as we will see, ¢ is an

optimal stopping time.[J
10.8 What to Do at Time ¢,

Now suppose that at time t; the investor has not yet exercised an
American option. Then the previous discussion is still valid mutatis
mutandis (that is, with the necessary changes). In particular, the choice of
stopping times must now be made from the set i, r since at time ¢, the
investor cannot exercise at any earlier time.

If the investor stops the payoff process using a particular stopping time
T € Sk r then he will realize the value Y, whose final time-t7 value is

Br
—Y,=BrY,
B, T

as before. Assuming that the final payoff BrY, is attainable, there is a
self-financing trading strategy ® for which

Vr(®) = BrY,
and the arbitrage-free time-¢;, price of this final payoff is

Vi() = Ik(BT?r)
= Vi(®)
By,

- B—fn Vr(®) | Fi)

= En(BrY | Fr)

The quantity Vi (7) is the time-t;, value of the American option under 7.

Now, at time t; we again assume that the investor makes the best
possible stopping decision, which in this case amounts to choosing a
stopping time 7* for which Vi (7*) is maximized. Accordingly, let us
define Vj by

Vi = max Vi (1) = maxfn B.Y, | F)

TESkT TESKT

and say that a stopping time 7* is optimal if
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En(B.Y -

Fr) =W

We call (V) the value process of the American option.

Let us take a moment to compare the decision process at time ¢y, namely
to maximize according to

Vo = max Vp(7) = max En(Y,)

TESO,T TESO,T
and the time t; decision process, namely, to maximize according to

Vi = max Vi (1) = max Eq(ByY, | Fi)
S TESLT

TEOKT

In the latter case, we are taking the maximum over a smaller set, since

Skt € Sor

so this would tend to make the maximum smaller. On the other hand, at
time t; we are maximizing with more information, that is, we are
maximizing the conditional expectations £r(ByY , | Fi), which would
tend to make the maximum larger. Thus, we have two conflicting forces,
the result of which is that we cannot say anything about which is larger.

Definition For an American option with payoff process
(Yx | k=0,...,T) the arbitrage-free value process is

Vi = max En(ByY | Fr)
TESk,T

and the discounted value process is

Vi =max &n(Y, | Fr)

TES}C,T

The discounted value process (V) is called the Snell envelop of the
discounted payoff process (Y).O

Definition 4 stopping time T* is optimal for the interval [k, T) if it
maximizes the expected discounted payoff process (Y'i), that is,

gn(?7-~ fk) = Vk = max EH(?T | fk)
TESk,T

that is, if T* achieves the best expected discounted payoff.[]
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10.9 Optimal Stopping Times and the Snell Envelop

To simplify the notation, we will stud}" Snell envelops in terms of
arbitrary nondiscounted processes. The only difference is whether or not
we need to include the overbar.

Definition If Z = (Zy | k=0,...,T) is a random process then the
process U = (Uy) defined by
Ur = max &n(Z; | Fr)

TESkyT

is called the Snell envelop of Z. A stopping time T* that realizes this
maximum over the interval [k, T), that is, for which

gn(ZT* fk) = Uk = max gn(ZT ’ fk)
TESkT

is called an optimal stopping time for Z over [k, T]. O

Thus, if Z is the discounted payoff process of an American option then
the Snell envelop U is the discounted value process of the option.

We will compute the Snell envelop of the payoff process (Y;) from
Example 1 a bit later, when we have some additional tools that will make
the computation simpler.

10.10 Existence of Optimal Stopping Times

The very first question that should be addressed with respect to optimal
stopping times is whether or not they exist. For k = 0 it is clear that
optimal stopping times exist because we are simply maximizing a finite
set of constants £(Z;). But for £ > 0 we are maximizing nonconstant
functions En(Z; | Fi).

Theorem 1 For any interval [k, T an optimal stopping time for Z exists.
Proof. Recall that for

Pk = {Bk,h oo >Bk,c}

the conditional expectation is defined by
En(Zr | Pe) = Y En(Z: | Bru)ls,
u=1

Thus, for each By, the random variable &n(Z; | Px) is equal to the
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constant Eq(Z; | Bk,) on By,. Hence, we can find a stopping time 7y ,,
that maximizes these constants, that is, for which

fn(Zmu i Bk,u) = max EH(ZT | Bk,u)
TGS};‘T

Consider the random variable

which maximizes the conditional expectation on each block of P.. To
see that 7 is a stopping time in Sy 7, note that 73 > k and for any h > k

c c

[t =R =J (%t = k] N Biy) = J ([0 = R 0 Bip) € A(Py)

v=1 v=1

as required of a stopping time.

Now, if w € By, then
[Z‘r,:] (w) = ZT,:(w) (w) = Zrky,,(w) ((.U)

and so

C
Iy = Z Zn, 1By,
u=1

Hence, for any 7 € Sy, 1

SH(ZT):

Pi) =Y En(Zn,15,, | Pr)
u=1
> ZSH(ZTIBM | Pk)
u=1
=Y &u(Z, | Py)lz,
u=1

=&n(Z; | P))_ 15,
u=1
= EH(ZT | Pk)

as required of an optimal stopping time.[]
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We should also prove that the Snell envelop is F-adapted.

Theorem 2 The Snell envelop (Uy) is F-adapted.

Proof. The random variable U} is the maximum of a finite number of
random variables & (Z; | Px), each of which is Pi-measurable. Hence,
sois U, k.D

10.11 Characterizing the Snell Envelop

Consider again the situation of the investor who, at time ¢; needs to
make a decision among the stopping times in Sy 7. When casting about
for an optimal stopping time, he can divide the candidates Sj 7 into three
subsets based on the stopping event for the current time .

The investor could simply decide to stop now (at time ¢;) and be done
with it, he could decide not to stop at time ¢;, under any circumstances, or
he could decide upon a stopping time that may stop now or may stop
later, depending on the state of the economy. In symbols, the set Sy 7 is
the disjoint union

Skt = Skt USkp USk
corresponding to the following:

1) Do not stop now, that is, stop at time £;1 or later
Skr1,r = {1 € Sk | [T = k] =0}
2) Stop now, at time k
Ser={klo} ={7 €S| [T =k =Q}
3) May stop at time t;, or may stop later

SI:,T = {7‘ S Sk,T ’ [7' = k‘] 7é @,Q}

We wish to show that the Snell envelop can be computed without the
need to consider stopping times of type 3). Note that we are not saying
that there is no optimal stopping time of type 3), but only that the values
Uy, can be computed without regard to stopping times of type 3).

The mathematical version of this statement is that the Snell envelop
satisfies
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Uy = max {Zy, max &n(Z;|Px)}

TESk41,T

Note that the maximum is now being taken over the set Sx41.7.

Theorem 3 The Snell envelop satisfies
Ur = max {Zy, max En(Z: | Pr)}

TESk41,T
forallk =0,...,T.
Proof. First, since 7=k is a (constant) stopping time and since
Sk+1,1 € Sk, We clearly have

Uk max EH(Z | Pk)

TES kT

> max {En(Zy | 'Pk), max En(ZT | Pe)}
= max {Zk, max 811(Z | ’Pk)}

k+1 T

We must establish the reverse inequality. Let 7 € Sk, r and consider the
stopping time 7’ defined from 7 by postponing any stopping from time ¢
to tx+1, that is,

7 (w) = max{r,k + 1} = {k(:)l iizg{:zg

Since the maximum of two stopping times is a stopping time, we have
T € Spt17-

Now, since [T > k| = [T = k| € o(Py) we have
En(Z: | Pr) = En(Zrl =iy | Pr) + En(Zr1ir>k | Pr)
= En(Zxli=k) | Pr) + En(Zrlirsiy | Pr)
< max{Z,&n(Z» | Pr)}
= max{Zk, max En(Z; | Pe)}

k+lT
But the left-hand side is valid for all 7 € Sk r and so
Uy = max €n(Z | Pr) < max{Z, Inax En(Z: | Pe)}

k+1,T

as desired.J
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The most important use of the previous formula is that from it we can
derive a backward recurrence relation for Uy. Note that

Ur = max &n(Z; | Pr) = €n(Zr | Pr) = Zr

This provides the initial step in the backward recurrence.

Let us look more closely at the random variable

X = max &n(Z; | Pr)

TESk41T

that appears in the Theorem 3. If the conditioning was with respect to
Pr+1 then X would just be Ugy;. This prompts us to condition further
and use the tower property of conditional expectation. First, we need to
mention that in general for any two random variables X and Y we have

max{E(X | P),E(Y | P)} < E(max{X,Y} | P)
We leave proof of this as an exercise. Now we have

X = max &n(Z; | Px)

TESk41,T
= max &n(fu(Z; | Pr+1) | Pr)
TESk+1T
< &n( max {&n(Z: | Prs1)} | Pr))
TESk41,T

= En(Uk+1 | Pr)
and so
X < En(Uks1 | Pr)

For the reverse inequality, let 7* € Sk41,r be an optimal stopping for the
interval [tg41, T, that is,

Uk1 = Eu(Zr | Prs1)
Then

En(Uk+1 | Pr) = En(én(Zr | Prs1) | Pr)
= Eu(Z,e | Pe)
< max &n(Z: | Pr)

TESk+1,T

=X

Hence,
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X =En(Uks1 | Pr)

and we arrive at the following recurrence relation for the Snell envelop.

Theorem 4 The Snell envelop satisfies the backward recurrence relation
1) Ur=12r
2)

Uy = max {Z, En(Uk+1 | Pr)}
forallk =0,...,T-1.0

Now we can compute the Snell envelop of the payoff process from
Example 1.

EXAMPLE 5 Again referring to Example 1, let us compute the Snell
envelop of the payoff process (Yy). First, we have

Us=Y;
Next, we need
1(5.26 +0.78) =32 ifw € By
1(0.784+0)=039 ifweB
En(Us | Po) = En(Ys | Py) = { 2 22
n(Us [ Po) = Eu(¥s [ Po) 10.7840) =039 ifwe Byg
0 ifwe B2,4

from which we get

32 ifw=w,ws
0.39 ifw=ws,w,y
0.39 ifw=ws,wg
0 ifw=wr,wg

Uz = max{Ys,&n(Us | P2)} =

Next, we need

(3.24+0.39) = 1.795 ifw = w;,ws,ws,wy

1
En(U: =2
(U2 [ P1) { 3(0.39+0) =0.195  ifw = ws,ws, wr,ws

which gives
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Uy = max{Yy, &n(U; | P1)}
= &n(Uz | P1)
1795 ifw = wy,ws,ws,wy
- { 0.195 ifw = ws,ws, wr, ws

Finally,
Us = max{Yp, En(Uy | Po)} = max{0, %(1.795 +0.195)} = 0.995

Let us recall from Example 4 that the stopping time o defined by

|2 ifwe {w,ws,wr,ws}
o(w) = {3 otherwise

has expected (discounted) final value

£n(Y,) = i 32+ i .0.78 = 0.995
which is equal to Uj. Hence, o is indeed an optimal stopping time. In
fact, as we will see, o is the smallest optimal stopping time in the sense
that it stops before any other optimal stopping time. (Observe that we
could have waited until time ¢3 in states w7 and wg and still achieved
optimality.)(]

This is a good time to emphasize a point about optimal stopping times,
namely, optimal stopping times represent the best guess as to when to
stop without being able to see into the future. Thus, an optimal stopping
time is not guaranteed to produce the best possible payoff. Indeed,
looking at Figure 1, it is clear that the best possible exercise procedure
involves exercising at time £ if the final state is wp but waiting until time
t3 if the final state is w;. However, at time ¢, we do not know which state
will prevail: w; or ws so this plan is not a stopping time.

The Smallest Dominating Supermartingale
It is clear from condition 2) of Theorem 4 that

En(Uky1 | Pr) < Ui

which is the condition that Uy be a supermartingale: Formally, an F-
adapted process (Xj) is an F-supermartingale if

E(Xks1 | Pr) < Xi
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It is also clear that
Zr < Uy
that is, Uy dominates Z;. It is not hard to see using the recurrence

relation that Uy is the smallest supermartingale that dominates Zj.

Theorem 5 The Snell envelop Uy, is the smallest F-supermartingale that
dominates Zy.

Proof. We have seen that Uy is a supermartingale that dominates Zj.
Suppose that Vi is a supermartingale that dominates Zj. This is
equivalent to the single inequality

Vi > max {Zg, En(Visr | Pr)}

We can now proceed by backward induction using the recurrence
relation. For the basis step in the induction, we have

Vr > Zr =Ur
Assuming that Vi1 > U4 then
Vi > max {Zg, En(Viy1 | Pr)} > max {Zg, En(Uk+1 | Pr)} = Uk
and we are done.[J

10.12 Additional Facts About Martingales

In order to continue our discussion of optimal stopping times, we need
some additional results relating to martingales and supermartingales.

Theorem 6
1) IfXis an F-martingale then for all j < k

£(X;) = E(X)
2) IfXis an F-supermartingale then for all j < k
£(X;) 2 €(Xi)
Proof. For a martingale, we have
E(Xk | Pj) = X;
Taking expected values and using the tower property gives
E(Xy) = E(E(Xx | Py) = E(X;)

For submartingales, the proof is similar.[]



296 Introduction to the Mathematics of Finance

Stopping a Process: Doob's Optional Stopping Theorem

We begin with a formal definition of a sample path for a stochastic
process.

Definition Consider a stochastic process X = (Xy,...,Xr). For each
element w € (2 the sequence

Xo(w), ceey XT(LL))

is called a sample path. O

Intuitively, to stop a stochastic process, we stop the sample path for each
w € Q when T tells us to do so, that is, at time 7(w). Thus, a sample path
looks like this

Xo(w), Xl(w)a aXr(w)(w)a X‘r(w)(w)’

Thus, the indices in this path are equal to n A 7(w) = min{n, 7(w)} and
we can write

XO/\T(w) (w)a Xl/\-r(w) (w)a teey Xn/\T(uJ) (w)v X(n+1)/\r(w) (w)a s

Definition Let X = (Xy,..., Xr) be a stochastic process adapted to a
filtration F and let T be a stopping time T on F. The stopped process or
sampled process is defined by

X" = (X}) = (Xinr) = (Xknoy - -+ » Xiar)

(Note that the first three expressions are just notation for the fourth.)[]

Observe that for each n

n—1

Xonr = ) Xiliriy + Xaliran) M

1=1

The following theorem is one of the key results in martingale theory. (A
stopping time is also called an optional random variable.)

Theorem 7 (Doob's Optional Sampling Theorem) Let X = (X;) be a
martingale (or supermartingale) and T a stopping time. Then the stopped
process X7 is also a martingale (or supermartingale).

Proof. We know that

g(Xn l fn—l) = Xn—l



10. Optimal Stopping and American Options 297

Starting from the expression (1) we have

—

n—

g(Xn/\'r | fn-—l) = g(Xil{-r=i} | ]:n-—l) + g(an{-an} | fn—l)

,.
Il
-

Now, this simplifies quite a bit since {r =i} € A(P,-;) fori <n -1,
X;; is P,—1-measurable and {T > n} € A(P,_1) this becomes

n—1
EXnnr | Fac1) = Y Xilrmy + Lomy€ (X | Fact)
i=1
n—1

= ZXil{'r=i} + 1oy Xn-1

i=1
n

-2
= ZXil{‘r':i} + 1{T=n—1}Xn—1 + 1{1’2n}X -1
i=1
n—2

= inl{'r=i} + Liron-13Xn-1

i=1
=X (n=1)AT

as desired. The proof for a supermartingale is almost identical.[]

The Doob Decomposition

Finally, we need the following decomposition result.

Theorem 8 (The Doob Decomposition) Let X = (X),..., X7) be an F-
adapted stochastic process.

1) There are a unique martingale M = (M, ..., Mr) and a unique
predictable process A = (A, ..., Ar) such that
X = My — Ax
with Ay = 0.

2) If X is a supermartingale then A is nondecreasing, that is,
Apy1 2> Ay
Proof. For part 1), set My = Xy, Ap =0and fork > 0

k
M, =) [Xi — En(Xi | Fica)] + Xo

i=1

and Ay = M — Xi. Then it is easy to check that the desired properties
hold. For part 2), suppose that X is a supermartingale. Then
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My — Ap = Xy 2 E(Xp41 | Fi)
= E(Mps1 | Fi) — E(Ap+1 | F)
= My — Ak+1
and so Ay < A0
10.13 Characterizing Optimal Stopping Times

Note that if two discrete random variables satisfy X <Y and
En(X) = &n(Y) then because II is strongly positive, it follows that
X =Y. This fact will prove very useful.

Armed with the previous additional facts about martingales and
supermartingales, we can return to the matter at hand, namely
characterizing optimal stopping times.

We begin by exploring what happens if we stop the process (Uy). Since
Uk is a supermartingale, it follows by Doob's optional sampling theorem
that for any stopping time 7 € Sy r the stopped process (U)) is also a
supermartingale, that is,

En(Ui | Pr) <UL

Moreover, since Z; < Uy it follows that the final values satisfy Z, < U,.

The fact that (U}) is a supermartingale and Z, < U, implies the chain of
inequalities

En(Z:) < En(Ur) = En(UF) < -+ < En(U]) < - < En(UF) = Upy
Now, if 7* is an optimal stopping time for [0, 7], that is,
Uo = &n(Z)

then the previous sequence of inequalities becomes a sequence of
equalities. The first of these equalities

En(Z,) = En(Uy)

implies, since Z,. < U+ and II is strongly positive, that Z,. = U,+. (See
the remark at the beginning of this section.)

Looking further down the chain of inequalities we also see that

En(UF) = En(ULy)
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The supermartingale property now implies that (U7') is in fact a
martingale. To see this, the supermartingale property is

En(Uf | Pecr) S Upy

But both sides have the same expected value. In fact, taking the expected
value of the left side gives, by the tower property

En(En(UF | Pr-1)) = En(UF) = Ea(U,)

In general if A < B and £(A) = £(B) then A = B and so we deduce
that

En(Uf | Per) = Ui,
that is, (U]") is a martingale.
For the converse, suppose that Z, = U, and that U, is a martingale.

Then the sequence of inequalities is a sequence of equalities and in
particular,

Up = En(Z,)

which implies that 7 is optimal for the interval [0, T'].
We now have a characterization of optimal stopping times.

Theorem 9 A stopping time T € Sy is optimal for the interval [0, T) if
and only if

) Z,=U;

2) Uj is a martingale.U]

10.14 Optimal Stopping Times and the Doob Decomposition

We have seen that a stopping time 7 is optimal if and only if Z, = U,
and U™ = (U]) is a martingale. This prompts us to take a closer look at
when U” is a martingale.
We have seen that the Snell envelop
U = (Uy,...,Ur)
is a supermartingale. Using Doob's decomposition, we can write
U=M-A
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where M = (My,...,Mr) is a martingale and A = (A;,...,Ar) is
predictable and nondecreasing and Ay = 0.

Suppose we now stop this sequence
U =M -A" = (Mg — Ap,..., My — A7)

We know that M" is a martingale. It follows from the uniqueness of the
Doob decomposition that U” is a martingale if and only if A" is the zero
process.

Now, for any w € Q the sequence A} (w) is
AO(UJ), cey A‘r(w)—l(w)a AT(w) (w)’ (AR Ar(w) (w)

Since this sequence is nondecreasing from 0, it is the zero sequence if
and only if

[AT] (UJ) = AT(w) (w) =0

Hence, A™ = 0 if and only if A, = 0, that is, U” is a martingale if and
only if A, = 0.

Theorem 10 Let U = (Uy) be the Snell envelop of (Zy). For a stopping
time T € Sy the stopped process U = (UY) is a martingale if and only
if A; =0 where A = (Ay) is the predictable process in the Doob
decomposition of U.O0

10.15 The Smallest Optimal Stopping Time

The previous theorem makes it easy to determine the smallest optimal
stopping time. First, we recall the recurrence formula

Uy = max{Z, En(Uk+1 | Pr)}
Using the Doob decomposition, we notice that

En(Uks1 | Pr) = En(Mis1 | Pr) — En(Ars1 | Pr)
= My — Arp1
= (Mg — Ax) — (Ak+1 — Ax)
= Ur — (Ak+1 — Ax)

and so
Uy, = max{Zy, Uy — (Ar+1 — Ar)}
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Hence, the strict inequality
Ux > Zy
implies that
Ap1 = A

It follows that prior to the first time t; that Uy = Z; we do have the
strict inequality U; > Z; (1 < k) and so A;;; = A; (1 < k). But 4g =0
and so

0=Ay=--= A4
This prompts us to define 7 by
Tmin(w) = min{k | Zx(w) = Uk(w)}
which exists since Zr(w) = Ur(w). In addition, 7, is the first entry

time of the adapted process (Z; — Uy) into the Borel set {0} and so is a
stopping time. By definition we have

Z.. =U

Tmin Tmin

If Tmin is an optimal stopping time then it must be the smallest optimal
stopping time because all optimal stopping times 7 satisfy Z, = U,, that
is, Z(w)(w) = Uy(w)(w). Moreover, we have just seen that

0 = Ao(w) = Al(w) = e — ATmin(w)(w)
Hence A, = 0, which implies that U is a martingale. Finally,

Theorem 11 The smallest optimal stopping time is
Tmin(w) € min{k | Zy(w) = Uy (w)} O

EXAMPLE 6 In Example 4 we defined the stopping time

2 ifwe {w,ws,wr,ws}
o(w) = { 3 otherwise

and showed in Example 5 that o is optimal. In fact, it is easy to see that o
has the property

o(w) € min{k | Zx(w) = Ux(w)}

and so it is the smallest optimal stopping time.[]
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10.16 The Largest Optimal Stopping Time

In view of Theorem 10, in casting about for the largest optimal stopping
time, it is natural to consider the function

Tmax(w) = max{k | Ax(w) =0}

which exists since Ay = 0. Since any optimal stopping time 7 satisfies
A; = 0 if T is an optimal stopping time then it must be the largest
optimal stopping time. Note that 7« can also be defined by

(@) = {min{k | Agr1(w) >0} if {k | Ap1(w) >0} #0
max T otherwise

and since this is the first entry time (into (0, 00)) of the adapted process
A we see that T,y 1S a stopping time. Also, since A, = 0 we know by
Theorem 10 that (U;™) is a martingale. Thus, to show that Ty, is
optimal, we need only show that U, = Z

Once again we look at the recurrence relation
Ur = max{Z, En(Uk+1 | Px)}
which, using Doob's decomposition can be written
Ur = max{Z, Uy — (Ak+1 — Ax)}
But for k£ = Timax(w) we have
A, o w)— A, (w)=A,, +1(w) >0
and so the maximum above is just Zy, that is,
U, (w) =27, (w)
Thus U, = Z,, as desired.

Theorem 12 The largest optimal stopping time is
Tmax(w) = max{k | Ax(w) =0}

_ {min{k | Aeni(@) > 0} if{k | Arpa(w) > 0} #0
T otherwise

where
Uy, = M, — Ag

is the Doob decomposition.[]
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Exercises

1.

10.

11.

12.

Show that the first entry time into any set of the form (a,b) is a
stopping time.

Show that the first entry time into any Borel set B is a stopping time.
Show that the first time that a stock's price doubles its initial price is
a stopping time.

Show that the first time that a stock's price doubles its previous price
is a stopping time, that is, the random variable

(W) =

{min{k | Sk(w) > 28k-1(w)} if {k | Sk(w) > 2Sk—1(w)} # 0

T otherwise

is a stopping time.

Show that the first exit time from a set of the form (a,b) is a
stopping time.

Prove that the maximum, minimum or sum of two stopping times is a
stopping time. How about the difference?

Prove that for any random variables X and Y’

max{€(X | P),E(X | P)} < E(max{X,Y} | P)

Prove that since Z; < Uy for all k, it follows that Z, < U, for any
stopping time 7. _

Prove that if two discrete random variables satisfy X <Y and
En(X) = €En(Y) then because II is strongly positive, it follows that
X=Y.

Prove that if (Ay,...,Ar) is a martingale and (Ai,...,Ar) is
predictable then (Ag) is a constant sequence, that is,

Aj=...= AL
For the CRR model with
u=12,d=0.8,r=0,5 =20

compute the price process, payoff process for an American call with
K = 21 and the Snell envelop. Find the first optimal stopping time.
Write an Excel spreadsheet that given u, d, 7, Sy and K will compute
the price process, payoff process for an American call/put with strike
price K and the Snell envelop.






Appendix A

Pricing Nonattainable Alternatives in an
Incomplete Market

In this appendix, we discuss the problem of pricing nonattainable
alternatives in an incomplete discrete model. The material is not required
for the main body of the text and may be read anytime after reading
Chapter 6.

A.1 Fair Value in an Incomplete Market

It is often the case that a discrete model is not complete. Consider, for
example, a single-period model. In such a model, a trading strategy
reduces to just a single portfolio © = (61, ...,0,), acquired at time %,
and held for the single period of the model. Hence, 6; is a constant for
each 1.

Consider now an alternative X = (z, ..., ). For this to be attainable,
there must be a portfolio (vector) © for which Vp(0) = X, that is, the
following system of m equations (m is the number of states) in the n
variables 61, ..., §, must be satisfied:

Sra(w1)by + -+ + St p(wr)bn = 21

ST,I (wm)el + -+ ST,n(wm)en.: Tm

As you may know, if the number m of equations is greater than the
number n of variables, then there cannot be a solution for all possible
vectors X = (z1,...,Zm,). (Writing this system in the matrix form
SO = X we see that the left-hand side defines a linear transformation
f(©) = SO from R" to R™ and so the image f(R") has dimension at
most n. Thus, if n < m the image cannot be all of R™.)

Thus, we see that the market is incomplete whenever n < m, that is,
whenever the number of states of the economy is greater that the number
of assets in the model (and possibly at other times as well). But it is not
at all unreasonable for a model to have more states than assets.

This discussion raises the issue of how to assign a fair price to a
nonattainable alternative in an incomplete discrete model. In particular,
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suppose that a model M is incomplete and let W be a nonattainable
vector, that is, W ¢ M. Since the replicating alternative pricing
procedure cannot be used to assign a fair value to W, how can we assign
a fair value to W?

Let us consider the question from the point of view of an investor who
wants to sell the payoff W. This investor knows that he cannot duplicate
the payoff with a self-financing trading strategy, since W 1is not
attainable. However, in order to hedge the risk of the short position, the
investor could purchase a self-financing trading strategy ® whose payoff
dominates W, that is, Vr(®) > W, since then the payoff from & would
be enough to cover W and possibly more.

Put another way, consider the set of all attainable alternatives that
dominate W, written

Dw={X€M|XZW}

Then the investor can hedge W by investing in any self-financing trading
strategy that replicates any vector in Dyy.

Of course, there are some issues here, the first of which is whether or not
the set Dy is nonempty. If Dy, is empty then there are no dominating
alternatives and this strategy cannot be applied. Setting this aside for the
moment, let us assume that the hedger has no trouble finding, at least in
theory, a dominating attainable alternative X € Dy,. Of course, all
dominating attainable alternatives X have a fair (nonarbitrage) price
Z(X), where Z is the initial pricing functional. We could then define the
price of W to be the minimum price of these dominating attainable
alternatives, that is, the minimum price required to hedge the risk of W.
In symbols, this is

P(W) = min Z(X)

A.2 Mathematical Background

In order to explore this issue further, we must first cover some
mathematical background as it relates to linear functionals.

Bases of Strongly Positive Vectors

We begin with a result about bases consisting of strongly positive
vectors.
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Theorem 1 Let S be a k-dimensional subspace of R™ that contains a

strongly positive vector Z.

1) All vectors “close enough” to Z are also strongly positive.
Specifically, there is a real number € > 0 such that all vectors
X € 8 that satisfy | X — Z| < € are also strongly positive.

2) S has a basis consisting of strongly positive vectors.

Proof. For part 1), write Z = (21,...,2,) and let e = min{z;}. If

|X — Z| < e then

zi—xi§|zi—mi|§|Z—X|<e$zi

and so we must have z; > 0 for all 4, whence X is strongly positive. For
part 2), the idea is that a sufficiently small ball about Z contains enough
“directions” to define a basis and in view of the first part of the theorem,
these vectors are strongly positive. Specifically, write Z = Z; and
extend {Z; } to a basis B = {Z1, Zy, ..., Zx} for S. Consider the vectors

Zz()\) =1+ (1 - )\)Zl

fori =1,...,k and X\ € R. We claim that for any given X\ € [0,1) these
vectors are linearly independent and hence form a basis for S. To see
this, suppose that

for scalars a;. Then

k
=Y a(\ i+ (1-N)Z)

[

and since B is a basis, it follows that a;(1 — \) = 0 for all 7 > 2, which
implies that a; = 0 for all <.

k
Z1 + Zai(l - /\)Zz
i=1

Finally, note that
1Zi(N) = Z1| = A2+ (L =N Z; — Z| = (1 — N)|Z; — Z4]

so by choosing A sufficiently close to 1 we can apply the first part of this
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theorem to deduce that the vectors Z;(\) are strongly positive. This
completes the proof.[]

Dominating Vectors

We now want to turn our attention to the issue of when dominating
vectors exist.

Theorem 2 If a subspace S C R™ contains a strongly positive vector
then for any Z € R™ the set Dz = {X € S | X > Z} is nonempty.
Proof. Suppose that S contains a strongly positive vector
A= (a,...,an), that is, a; > 0 for all 7. Then all we need to do is
multiply A by a scalar o that is sufficiently large so that aa; > 2; for
each 7. We leave the details to the reader.[]

The Space of Attainable Vectors

The following result shows why we have stated the previous two
theorems.

Theorem 3 The set M of all attainable vectors for a discrete model
contains a strongly positive vector. Hence,

1) M has a basis consisting of strongly positive vectors

2) Dz ={X € M| X > Z} is nonempty for any Z € R™.

Proof. Let ® be the trading strategy that invests 1 unit in the riskfree
asset and rolls it over. Then the final payoff X = Vr(®) e M is
strongly positive.[]

Linear Functionals
For the record, here is the definition of linear functional, with which you
are probably familiar.
Definition Let S be a subspace of R™. A linear functional on S is a
function f: S — R satisfying

f(@aX +bY)=af(X)+bf(Y)
foralla,b € Rand X,Y € §.00
Since the image of a linear functional is only 1-dimensional, the kernel is
“very large,” that is,

dim(ker(f)) = dim(S) — 1

Hence, there is a nonzero vector W for which
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S =ker(f) & (W)

where the direct sum is orthogonal, that is, W L ker(f). Thus, any
vector X € R™ has the form X = Z + oW where Z € ker(f) and
a € R and so

f(X)=f(Z +aW) = f(Z) + af(W) = af(W)

which shows that f is completely determined by its value on the single
vector W.

This has a several useful implications. For example, if g is another linear
functional on S with the same kernel as f then we also have
9(X) = ag(W) and so (assuming f is not zero)
g(W) g(W)
g(X)=ag(W) =05 f(W) = =—=f(X) = Af(X
(%) = ag(W) = a i f(W) = S (%) = M (X)

where A = g(W)/f(W) is a constant. We have proved the following
theorem.

Theorem 4 Let f and g be linear functionals on a subspace S C R™. If
ker(f) = ker(g) then there is a real number X for which g = f\.00

The Representation Theorem for Linear Functionals

The following well-known theorem also characterizes linear functionals
in terms of a single vector, through the notion of an inner product. We
will denote the standard basis vectors in R™ by Ey, ..., Ep,.

Theorem 5 (The Representation Theorem for Linear Functionals)
1) Let f:S — R be a linear functional on a subspace S C R™. Then
there is a unique vector Yy € S such that

F(X) =(X,Yy)

forall X € S.
2) If f:R™ — R is a linear functional on R™ then

Yy =(f(EL), ..., f(Em))

Proof. For part 1), let W € (ker(f))* have unit length and let
Y; = f(W)W. Since any X € S has the form X = Z + oW where
Z e ker(f), it is easy to see that f(Z) = (Z,Y}) (since both are 0) and
f(aW) = (aW,Yy) (since (W, W) = 1) and so f(Z) = (Z,Yy) for all
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Z € S, as desired. As to uniqueness, suppose that

f(X)=(X,Y) = (X, Z)
forall X € S. Then

(X, Y-2)=0
forall X € S. Taking X =Y — Z gives
(Y-Z,Y-2)=0

which can only happen if Y — Z = 0, that is Y = Z. We leave proof of
part 2) to the reader.[]

From now on, we will reserve the notation Y; for the vector described in
the previous theorem.

Extensions of Linear Functionals

If a linear functional f is defined on a proper subspace S of R™ there are
an infinite number of ways to extend f to a linear functional on all of
R™. In fact, if X1,..., X} is a basis for S and we extend this to a basis
X1, Xk, Y1, ..., Y of R™ then we can define f on the additional
basis vectors Y; in any way whatsoever. The result will uniquely
determine a distinct linear functional on R™.

We want to explore the notion of extensions a bit further, but first, let us
give a formal definition of an extension.

Definition Let f: S — R be a linear functional on a subspace S of R™.

Then an extension of f to R™ is a linear functional f:R™ — R for
which

F(X) = £(X)
forall X € 8.0

The following theorem characterizes extensions of a linear functional in
two ways.

Theorem 6 Let f:S — R be a linear functional on a subspace S of R™
and let K = ker(f) C S.
1) Then g:R™ — R is an extension of f if and only if

Yg=Yf+W
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for some W € S+, that is,
9(X) = (X,Y; + W)

where W € S*.

2) If f is nonzero and g:R™ — R is an extension of f then
Y, € K+ \ 8t. Moreover, for each vector U € K+ \ St there is
exactly one scalar )\ for which the linear functional

9(X) = (X, A\U) is an extension of f.
Proof. For part 1), suppose that g(X) = (X,Y;). Then to say that g is an
extension of f is to say that
(S,Y) = (S,YF)
or
<Sa Y;] - Yf) =0

for all Se€&. In other words, Y,—Y; €St or equivalently
Y, =Y;+ W where W € S*.

For part 2), the first statement follows from part 1), since Yy = Y; + W
where W € §*. Now Y; € K+ and W € S* C K+ and so Y, € K*.
On the other hand, if Y, € St then we would also have Yr e St, which
would imply that f = 0, contrary to assumption. Hence Y, € K+ \ S*.

As to the second statement, let U € K+ \ S* and let g be defined by
g9(X) = (X, AU). Let us denote the restriction of g to S by g|s. We first
show that

ker(gls) = ker(f)
First, note that
ker(gls) = ker(g) NS = (U)* NS

Since U € K+ it follows that (U) C K* and so K C (U)*. Also,
K C S and so K C (U)*NS. To complete the proof of equality, we

show that these two subspaces have the same dimension. Since U ¢ St
we know that S ¢ (U)* and so

dim((U)* + 8) > dim((U)4) =m — 1

which means that dim((U)* + S) = m. Hence, by a well-known
formula from linear algebra, we have
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dim((U)* N S) = dim((U)1) + dim(S) — dim((U)* + S)
=m—1+dim(S) —m
= dim(S) — 1
= dim(ker(f))

Thus K = (U)* NS, that is ker(g|s) = ker(f). Hence, by Theorem 4
there is a scalar p for which g|s = pf. If A = 1/u we have f = (\g)|s,
that is, Ag is an extension of f.

To finish the proof, we need to show that there is only one such scalar \.
Suppose that \; and Ay have the property that g;(X) = (X, \,U) and
92(X) = (X, AU) are both extensions of f. Since g;(X) = go(X) for
all v € S we have (X, (A\; — A2)U) =0 for all X € S. This means that
(A1 — X2)U € S*. Butsince U ¢ S* we conclude that A\; — \; = 0, that
is, A\; = A2, as desired.(]

Positive Linear Functionals
We have defined positivity for vectors. For linear functionals, we have
the following definition.
Definition Let f: S — R be a linear functional on S C R™. Then
1) f is nonnegative (written f > 0) if
X>0= f(X)>0

forall X € S.
2) f is strictly positive (written f > 0) if
X>0=f(X)>0

forall X € §.0

It is not hard to see that the initial pricing functional Z is strictly positive
(in the absence of arbitrage). For if X > 0 is an attainable alternative and
® is a replicating trading strategy for X, then V3 (®) = X > 0 and so the
initial price

I(X) =Vo(X)

must be positive or else there will be arbitrage. This accounts for why we
are studying strictly positive linear functionals.



A. Pricing Nonattainable Alternatives in an Incomplete Market 313

The following theorem characterizes positivity for linear functionals on
R™.

Theorem 7 Let f: R™ — R be a nonzero linear functional. Then
1) f is nonnegative if and only if Y} is strictly positive, that is,

Yy = (f(Er),..., f(En)) >0
2) f is strictly positive if and only if Yy is strongly positive, that is,
Yy = (f(E1),..., f(En)) >0

Proof. For 1), assume first that f is nonnegative. Then since E; > 0 it
follows that f(E;) > 0. Since f(E;) cannot all be 0 or else f would be 0,
we conclude that Y; > 0. Conversely, if f(E;) > 0 for all 4 (not all 0)
then since any X > 0 has the form

X =(z1,...,Zm)

where z; > 0 we conclude that
F(X)=> zif(E) >0
=1

Part 2) is similar and we leave the proof to the reader.]

It is worth pointing out that this theorem applies only to linear
functionals on all of R™. For instance, consider the subspace
S = {(a,—a) | a € R} of R2. Then for any nonzero vector W € R? the
linear functional g: S — R defined by g(X) = (X, W) is nonnegative
since the zero vector is the only vector in S satisfying X > 0. In fact, f it
is strictly positive since there are no vectors in S satisfying X > 0!

Extensions and Positivity

Let us consider the issue of whether a strictly positive linear functional
on a subspace S can be extended to a strictly positive functional on R™.
For any linear functional f let

Eso(f) = {nonnegative extensions of f}
Eso(f) = {strictly positive extensions of f}

Since strictly positive linear functionals are also nonnegative, we have
E>o(f) € Ex0(f)
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Theorem 8 Let f:S — R be a strictly positive linear functional on
S CR™. Then f has a strictly positive extension to R™, that is, the set
Eso(f) is nonempty and therefore so is Eso(f).

Proof. Since

X>0=f(X)>0
for all X € S it follows that if f(Z) = 0 then Z ¥ 0. In other words
ker(f) NRY = {0}
where
R ={(z1,...,Zm) | zi > 0}

is the nonnegative orthant in R™. It follows from Theorem 5 of
Appendix B that (ker(f))* contains a strongly positive vector W >> 0.
Then according to Theorem 1, (ker(f))* has a basis B = {W,..., Wi}
consisting entirely of strongly positive vectors.

We claim that at least one of the strongly positive basis vectors W; € B
is not in S*. Since dim(ker(f)) = dim(S) — 1, we have

dim(S) + dim(St) = m
= dim(ker(f)) + dim((ker(f))*)
= dim(S) — 1 + dim((ker(f))")
and so
dim((ker(f))*) = dim(8*) + 1

which implies that the entire basis for (ker(f))* cannot be in S*. Thus,
W; € (ker(f))*\ S* for some i. Now we can apply Theorem 6 to get a
scalar A for which

9(X) = (X, \W;)
is an extension of f. Since f > 0 and W; > 0 we have
AW, Wi) = (Wi, \WW) = g(Wi) = f(Wi) >0

which implies that A > 0. Thus, AW; is strongly positive and therefore g
is a strictly positive extension of f to R™ according to Theorem 7.1



A. Pricing Nonattainable Alternatives in an Incomplete Market 315

A.3 Pricing Nonattainable Alternatives

Now that we have the necessary background, let us return to the issue of
pricing nonattainable alternatives. Figure 1 shows the situation that we
wish to consider (at least in the two-state case). We wish to price the
nonattainable alternative . The attainable alternatives that dominate W
are highlighted by a thick line.

M,

Figure 1: The set Dy

Recall that the set of all attainable alternatives that dominate W is
denoted by

Dw={X€MIXZW}

Then an investor can hedge W by investing in any self-financing trading
strategy that replicates any vector in Dyy.

Since the alternatives in Dy are easily priced using the initial pricing
functional Z, it seems reasonable to set the fair price of W to be the
minimum price of these dominating attainable alternatives, that is, the
minimum price required to hedge the risk of .

Definition For a nonattainable alternative W, the minimum
dominating price is defined to be

P(W) = min Z(X) O

XeDy

Now, since the set of dominating attainable alternatives is an infinite set,
we do not know whether there is a particular dominating alternative
X € Dy that actually achieves the price P(W). (By analogy, think of
the set of all real numbers greater than 0. There is no real number in this
set that achieves the minimum value 0.)
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Thus, we come to the question of whether or not there is an X, € Dy for
which

I(Xo) = P(W) = min Z(X)

Before pursuing this question, let us consider a slightly different
viewpoint. The initial pricing functional Z applies only to the vectors in
M, but it is certainly possible to extend Z to a linear functional Z on the
entire space R™, perhaps in infinitely many ways. What about pricing W
as the price Z(W) of one of these extensions?

Since the initial pricing functional Z is strictly positive, perhaps we
should restrict attention only to strictly positive extensions of Z.

Definition For a nonattainable alternative W, the maximum extension
price is defined to be

P(W)= max {Z(W)} O
Te&5o(T)

For this pricing strategy, we can also ask whether or not there is a strictly
positive extension Z of Z that achieves this maximum, that is,

Io(W) = _max {I(W)}

€&>0

In this case, the answer is no, as the following example shows.

EXAMPLE 1 Suppose that M = {(z,z) |z € R} CR? and let
I((z,x)) = ax for some a > 0. Then Z((z,x)) = ((z,x), (5, 3)) and so
Yz = (%,2). Any extension Z of T has the form

T(X) = (X, Yz + W)
where W € M*. Hence, W has the form (%,—%) for z € R and we
have
aa  ,z z

1
33 (5 —5)=3lat+za-2)

20 277 2
Thus, Z is nonnegative if and only if —a <z <a and Z is strictly
positive if and only if —a < z < a. Now let W = (0, 1), which is not
attainable. Then

Y=
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(W) = (W, Y3) = 5(a—2)
and so

P'(W) = r?a)(( ){I(W)} = _max { (a—2)}=a

But no strictly positive extension achieves this maximum. In fact, the
only extension that achieves this maximum is the one for which z = —a,
and this extension is only nonnegative.(]

In view of the previous example, we might want to broaden our view to
include the nonnegative extensions. As it happens, we get the same
maximum price, that is,

max {Z(W)} =_max {Z(W)}
Tekso(T) TeE5o(T)

and, furthermore, the maximum is always achieved by a nonnegative
extension. However, we will not prove these statements here.

Optimal Solutions to the Pricing Problem

Thus, for a nonattainable alternative W we have two prices: The
minimum dominating price

P(W) = min Z(X)

and the maximum extension price

P'(W)= max {Z(W)}
Te€>(T)

and we have said that both these prices are achieved. Moreover, it is a
very pleasant fact that the two prices are the same

P(W) = P'(W)

The following theorem summarizes the results we have been discussing.

Theorem 9 Let W be a nonattainable alternative.
1) The sets Exo(T), E50(Z) and Dw are nonempty and

max {Z(W)} = max {Z(W)} = mm Z(X)
ZE€>0( Iegzo(l- XeDw
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2) There is a dominating attainable alternative Xy € M for which
Z(Xo) = min I(X)

3) There is a nonnegative extension I of I for which

TO(W)zzmax {Z(W)} m|

E>0

Thus, it doesn't matter whether we choose to price a nonattainable
alternative W using dominating attainable alternatives or nonnegative
extensions of the initial pricing functional Z7—the result is the same.
Hence, we can make the following definition.

Definition The fair price of a nonattainable alternative W is defined to
be

max {I(W)} = min Z(X a
zmax {Z(W)} = min T(X)

The complete proof of Theorem 9 is a bit complicated and relies on an
area of mathematics known as linear programming. Since we assume no
familiarity with this subject on the part of the reader and since the
necessary background would take us too far afield, we will not prove the
theorem. In the exercises, we do ask the reader to prove that

max {Z(W)} = max {Z(W)}

Te€0(T) Te€so(T)
and that
max {Z(W)} < min Z(X
jmax (Z(W)} < min 7(X)
Exercises

1. Suppose that f is a linear functional on R? for which

z>0= f(z)>0

for all z € R2. Show that f need not be strictly positive.
2. If f:R™ — Ris a linear functional on R™ prove that

Yy = (f(En),..., f(Em))

where F; are the standard basis vectors for R™.
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3. For Example 1, verify that

max {7 = min Z(X
s {TW)} = min 7(X)

4. Let M ={(2a,3a) | a € R} CR? and let Z(2,3) = a. Show that
the price of an arbitrary alternative W = (z,y) is
o oy
"3

5. Let W be a nonattainable alternative. Prove that

T < min Z(X
zr?fo’f{( )}_)g%()

ma{

Hint: First show that if X € Dy and Z € €5¢(Z) then
I(W) < I(X)

using the fact that 7 is linear and Z(X) = Z(X). Then take the
maximum over all strictly positive extensions and finally the
minimum over all elements X € Dy .

6. Prove that

“max {Z(W)} = _max {I(W)}
Te€50(T) Ze&x(T)

Hint: Let the maximum over £50(Z) be denoted by M. Then there is
a sequence Z,, of extensions in £>0(Z) for which

limZ,(W) =M

n—o0

If g € £59(T) show that for any n > 0 the linear functional
1. = 1
fo=(1=2)Int g

is a strictly positive extension of Z. What is the limit of f,(W) as
n — 0o0? How does this prove the result?






Appendix B

Convexity and the Separation Theorem

In this appendix, we develop the necessary material on convexity.
B.1 Convex, Closed and Compact Sets
We shall need the following concepts.
Definition
1) Letxy,...,xx € R" Any linear combination of the form
tizy + - + trxk

where
tl + -+ tk =1
0<t; <1
is called a convex combination of the vectors 1, ..., xj.

2) A subset X C R" is convex if whenever x,y € X then the entire line
segment between x and y also lies in X, in symbols

{sz+ty|s+t=10<st<1}CX

3) A subset X CR" is a cone if x € X implies that ax € X for all
a > 0.

4) A subset X C R" is closed if whenever x, € X is a convergent
sequence of points in X then the limit is also in X. Simply put, a
subset is closed if it is closed under the taking of limits.

5) A subset X C R" is compact if it is both closed and bounded. O

We will also have need of the following facts from analysis.

1) A continuous function that is defined on a compact set X in R takes
on its maximum and minimum values at some points within the set
X.

2) A subset X of R" is compact if and only if every sequence in X has
a subsequence that converges in X.

Theorem 1 Let X and Y be subsets of R". Define
X+Y={a+blaeX,beY}
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1) If X andY are convexthensois X +Y

2) If X is compact and Y is closed then X + Y is closed.

Proof. For 1) let ag + by and a; + b; be in X + Y. The line segment
between these two points is

t(ao + bo) + (1 - t)(a1 + bl) =
tag + (1 —t)a; + thy + (1 — t)bs
€eX+Y

and so X + Y is convex.

For part 2) let a,, + b, be a convergent sequence in X + Y. Suppose that
an, + b, — c. We must show that ¢ € X + Y. Since a, is a sequence in
the compact set X, it has a convergent subsequence a,, whose limit o
lies in X. Since an, +bn, — ¢ and a,, — o we can conclude that
by, — ¢ —a. Since Y is closed, we must have c—a €Y and so
c=a+(c—a)€e X+Y,asdesired. O

B.2 Convex Hulls
We will have use for the notion of convex hull.
Definition The convex hull of a set S = {1, ...,zx} of vectors in R" is

the smallest convex set in R™ that contains the vectors x1,...,xr. We

denote the convex hull of S by C(S). O
Here is a characterization of convex hulls.

Theorem 2 Let S = {z1,...,zx} be a set of vectors in R"™. Then the
convex hull C(S) is the set A

A={t1$1+"'+tk$klOStiSI,Etizl}

of all convex combinations of vectors in S.
Proof. First, we show that A is convex. So let

X=tr1+ -+ tgxk
Y =812+ + sz

be convex combinations of S andleta + b =1,0 < a,b < 1. Then

aX +bY =a(tizy + -+ + tkzk) + b(s1z1 + -+ + skTk)
= (at; + bs1)zy + -+ + (atx + bsk)zk

But this is also a convex combination of S because
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0<at‘+bs‘<{(“+b)8z‘=8iﬁl ti < s

(a-l-b)ti:tigl ti > 8;

and
k k k

(at; + bs;) = aZti + szi =a+b=1
=1 i=

i=1 1=1

7

Thus,
X, YeA=aX+bDY eA

which says that A is convex. It is also clear that x; € A for all 7 and so
A is a convex set that contains all of the vectors in S. It follows that

c(S)c A

To show the reverse inclusion, we must show that any convex set that
contains S must also contain A. So suppose that D is a convex set that
contains S. Then D contains all convex combinations of any two vectors
in S. Consider a convex combination, say t;x1 + toxs + t3z3 of three
such vectors. We can write

t3

t1z1 + taxo + t3x3 = 11 + (t2 + t3)( to + t3m

2+

3)

2 .
o +t3

Now, the expression in the parentheses at the far right is a convex
combination of two vectors in S and so is in D. If we denote it by d then

tix1 + toxg + t3x3 = t1x1 + (tg + t3)d

But the expression on the right side of the equal sign is a convex
combination of two elements of D and so is in D. Thus, we see that any
convex combination of three vectors in S is in D. An inductive argument
along these lines, which we leave as an exercise, can be used to furnish a
complete proof. [

B.3 Linear and Affine Hyperplanes

We next discuss hyperplanes in R”. A linear hyperplane in R” is an
(n — 1)-dimensional subspace of R™. As such, it is the solution set of a
linear equation of the form

a1+ -+ anz, =0

or
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(a,z) =0
where a = (ay,...,a,) and z = (z1,...,z,). Geometrically speaking,

this is the set of all vectors in R" that are perpendicular to the vector o.

An (affine) hyperplane is a linear hyperplane that has been translated by
avector 3 = (by, ..., b,). Thus, it is the solution set to an equation of the
form

ar(z1 = b))+ -+ an(zp, —b,) =0
or
a1r1 + -+ apTy, = a1by +---azby
or finally
(@,z) = (a, B)

Let us write H(a, b), where « is a vector in R™ and b is a real number to
denote the hyperplane

H(a,b) = {z € R" | (a,z) = b}
Note that the hyperplane
H(a, laf?) = {z € R* | (a,z) = |||}

contains the point «, which is the point of H(c, b) closest to the origin,
since

(@,2) = a|® = ||z]lcos 6 = [la]l = l|z]| > [la]

A hyperplane divides R" into closed half-spaces

Hi(a,b) = {z € R" | (o, z) > b}

H_(a,b) = {z € R" | (o, z) < b}
and two open half-spaces

H (o, b) = {z € R" | (o, z) > b} '

H (a,b) = {z € R" | (o, z) < b}
It is not hard to show that

Hi(a,b) NH_(a,b) = H(a,b)
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and that HS (o, b), H° (o, b) and H(c, b) are pairwise disjoint and
HS (e, b) U HZ (b)) UH (e, b) =R
Definition The subsets X and Y of R" are completely separated by a

hyperplane H(c,b) if X lies in one open half-space determined by
H(a,b) and Y lies in the other. Thus, one of the following holds:

1) {a,z) <b< (a,y)forallre X,yeY
2) {a,y) <b< (ayz)forallz e X,yeY O

B.4 Separation

Now that we have the preliminaries out of the way, we can get down to
some theorems. The first is a well-known separation theorem that is the
basis for many other separation theorems.

Theorem 3 Let C be a closed convex subset of R™ that does not contain
the origin, that is, 0 ¢ C. Then there is a nonzero a € R™ for which

(@) 2 [lodl”

for all x € C. Hence, the hyperplane H(a, %Ha||2) completely separates
0andC.

Proof. First we want to show that C' contains a point that is closest to the
origin from among all points in C. The function

d(z) = ||z

which measures the distance from x to the origin is a continuous
function. Although C need not be compact, if we choose a real number s
such that the closed ball B;(0) = {z € R" | ||z|| < s} of radius s about
the origin intersects C, then the intersection

C' = C N B,(0)

is both closed and bounded and so is compact. The distance function
therefore achieves its minimum on this set C’, say at the point
o € C' C C. We want to show that

(@) 2 [lof”

forallz € C.
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Suppose to the contrary that for some z € C we had
2
(o, z) <[l
Then since C' is convex, the line segment from « to  must be contained
mC
{1-t)a+tz|0<t<1} CC

Let us look at the distance from a typical point on this line segment to the
origin. If we discover that one point on this line is strictly closer than «
we will have a contradiction because « is closest to the origin from

among all points in C. This contradiction will show that (o, z) > |||’
for all z € C, as desired.

So we compute
(1 = t)a + tz|?
=((1-t)a+tz, (1 —t)a+tx)
= (1= t[lall* + 2¢(1 - t){a, ) + *||2||?
2 2 2
= (lalf® + llz* = (@, 2))t* + (e, ) = 2] )t + [
Now, this is a quadratic in ¢ that is concave up and has its minimum
value at
2l|o|* - {a,z)
2(lell? + lz])* - (o, z))

Since we are assuming that (o, z) < ||a|* we see that 0 < ¢ and so the
minimum value of ||(1 — t)a + tz|| is strictly less than |||, which is
what we wanted to show. [

The next result brings us closer to our goal.

Theorem 4 Let C be a compact convex subset of R"and let S be a
subspace of R™ such that C NS = (. Then there exists a nonzero
a € R such that

1) {a,0)=0forallo €S (thatis, « € S*)

2) (@) 2 |la|? forally e C

Hence, the hyperplane H(c, %Ha”z) completely separates S and C.
Proof. We consider the set

A=5+C
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which is closed since S is closed and C' is compact. It is also convex
since S and C are convex. Furthermore, 0 # A because if 0 = o + v
then v = —o would be in the intersection C' N S, which is empty.

So we can apply Theorem 3 to deduce the existence of a nonzero a € R”
such that

(o, 2) 2 fla|”

forallx € A= S+ C. Letz = 0 + -y be an arbitrary element of S + C.
Then

(a’0> + <Ol,’7) = (Ol,O' +7> 2 ||a||2

Now, if (o, o) is nonzero for any value of o € S, we can replace o by a
scalar multiple of o to make the left side negative, which is impossible.
Hence, we must have (o, o) = 0 for all 0 € S, which is 1) above. Since
(a,0) = 0 we also get

(@7) > lle|®
for all v € C, as desired. O

Now we come to our main goal.

Theorem 5 Let S be a subspace of R™ for which S NR”. = {0}, where

is the nonnegative orthant in R". Then S* contains a strongly positive
vector.

Proof. We would like to separate S from something, but we cannot
separate it from R’;. Consider instead the convex hull A of the standard
basis vectors €y, ..., €, in R}

A={t161+"'+tn€n | 0<t; <1,%¢t = 1}

It is clear that A C R"} \ {0} and so AN S = (. Also, A is convex and
closed and bounded and therefore compact. Hence, by Theorem 4 there
is a nonzero vector o = (ay, ..., a,) such that

1) ae St

2) (a,8) > ||la| forall 6 € A
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Taking 6 = ¢; to be the ith standard basis vector, we get
2
ai = (o, &) 2 [laf” >0
and so « is strongly positive, as desired. [

The following theorem is an analog to Theorem 5 for strictly positive
vectors.

Theorem 6 Let S be a subspace of R" for which S N R | = 0, where
RY, = {(z1,...,2y) | zi > 0}

is the positive orthant in R™. Then S* contains a strictly positive vector.
Proof. First note that S contains a strictly positive vector o if and only
if it contains a strictly positive vector whose coordinates sum to 1. (Just
divide o by the sum of its coordinates.)

Let B={By,..., By} be a basis for S and consider the matrix
M= (Bi| Bz || Br)

whose columns are the basis vectors in B. Let the rows of M be denoted
by Ry, ..., R, Note that R; € R* where k = dim(S).

Now, a = (ay,...,an) € St if and only if (o, B;) = 0 for all 4, which
is equivalent to the matrix equation

aM =0
or the vector equation
alRl + - +a'mRm =0

Hence, S* contains a strictly positive vector o = (ay, ..., a,;,) whose
coordinates sum to 1 (or equivalently, any strictly positive vector) if and
only if

a1R1+~-+amRm=O

for coefficients a; > 0 satisfying ¥a; = 1. In other words, S+ contains a

strictly positive vector if and only if 0 is contained in the convex hull C
of the vectors Ry, ..., R, in R¥.

Now, let us assume that S+ does not contain a strictly positive vector and
prove that S must contain a strongly positive vector. This will prove the
theorem. Thus, we assume that 0 ¢ C. Since C is closed and convex, it
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follows from Theorem 3 that there is a nonzero vector
B = (by,...,b) € R for which

(B,) > |1B]I* > 0
for all z € C. Now, consider the vector
v=0Bi+ -+ BBr€S
The ith coordinate of v is
(B, Rs) 2 |1B]* > 0

and so v is strongly positive. This completes the proof.[]






Selected Solutions

Chapter 1

1. 1/2

3. 5/12,9/12,7/12

5. 1/3,1/6,1/3,1/2

7. 11/16

11. 1/2

13. 25/13 cents. Yes.

21. Suppose that the values of X are {z1,...,z,} and the values of Y’
are {y,...,yn}. Then the values of XY are the distinct products
z;y;. For a given value a of XY let

{(@i, ¥51), -+ s (Tiy ¥5,) }

be the set of all pairs whose product is equal to a. Then

P(XY = 4,2 = 2) =P{ [CJ({X —m}n{Y =y n{Z = z}}
k=1

= ]P’{O({X =z} N {Y =y;}N{Z = z})}

k=1
= Xm:P(X =2;,)P(Y = ;,)P(Z = 2)
k=1
= [Zm:P(X =z, )P(Y = yj,c)} P(Z = z2)
k=1

= zm:IP’(X =z;,,Y = yjk):l P(Z = 2)
k=1

=P(XY =a)P(Z = 2)

Il

Chapter 2
1. =1

3. The equation for o’ can be solved for s to get a linear function of s.
Plug this into the equation for y to get y as a linear function of o’.



332 Introduction to the Mathematics of Finance

6. We have

COV(RM,E) = COV(RM,Ri — ﬂkRM)

= Cov(Ry, R;) — BxCov(Ru, Ru)

_ _ Cov(R;, Ryr)

= Cov(Ry, R;) Cov(Rar, Bar) Cov(Ry, Ryr)
=0

7. Solve for § from the equation of the capital market line and plug it
into the equation y = Bz + o of the regression line to get the
equation

T — pnm) + Pk
UM — et # )

Y

Setting & = izt gIVES Y = firf.
Chapter 3

4. The cost C of the call with the smaller strike price is more than the
cost Cy of the call with the higher strike price. The profit curve is
shown in Figure 1.

Profit

[ Y 4
: Ki /%, Stock
[ 77K, ™ Price

[oF) esm— Y

Figure 1: A bull spread
7. The profit curve is shown in Figure 2.

Profit

S o Stock
—K," K,» Ry Price

Figure 2: The butterfly spread
Chapter 4
1. We still have
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V(long contract) = St — Fyr
V(short contract) = Fy 7 — St

but the cash-and-carry investor has a final payoff of
V(cash-and-carry) = Sp — Spe’” 4 Ie™"
and
V(reverse cash-and-carry) = Spe'” — Sy — Ie'”

To explain the last term, note that the short sale of an asset requires a
lender to lend that asset. This lender will demand the return of not
only the asset itself, but also the income that would have come to the
lender by virtue of owning the asset.

3. Setting the final payoffs in Exercise 2 to 0 gives
For = (So— I)e™™
5. The final payoff for Strategy 1 is
V(long contract) 4+ V(reverse cash-and-carry) = Spe™? — Fy 1
For Strategy 2 we have
V(short contrabt) + V(cash-and-carry) = Fy — Spe™T

7. If not then buy the share, sell the call and pocket the difference. Use

the share to cover the call if and when it is exercised.
9. Use put-call option parity formula.
Chapter 5
3. We have

EX | P)(w) = E(X | [u]p)
=2 _X(o)P(e | [w]r)

o€efl
>0
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17. Forw € Q let k = N(w). Then
E(S|N)(w)=E(S| N =k)
’I‘i]P(S=’I‘¢ | N = k)

P((Xi+-+ Xy =1;) N (N =k))

T

i=1 IP(N:k)
B m ]P((X —{----—{-Xk:"'i)m(N:k))
NP DL i
B m ]P(X1+"'+Xk=ri)]P(N=k)
_;’n P(N=k)

rP(Xi 4+ X =m)

Il
L'MS

(X1+---+Xk)

Il
T TE O

k
N(w)

18. The solution is
EEX|Q)|P) = (fjs(x | c»me)
i=1

E(E(X | Ci)lc | P)

I
Ms

<.
Il
—

E(X | C)E(le, | P)

INGLRU NG LRUNG LRI NG
5

EX | Cy) Zg(lci | Bj)1g,

E(X|Cy) Zk:ﬂlci_lBi).lB_

(X , Cz) Zg(lciU_Bj)lBj

1

I
—
T
.
Il
-

Now, since for each C; there is a unique B;, for which C; C Bj, we
know that
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le, j=1ui
ICf“sz{O i

and so we pick up with

m k E(loup,) } £(lc)
EX |G " 15, X |G
2 EX| )[Z P(B) ¥ ,}:( ) g5,

— ig(XIC, (1C'i) 15
1 i P(Bh) ’

Z (X 1(}1
=1 ]P’(sz)
Now we group the terms of this sum into smaller sums, each one

being over just the blocks C; that are contained in one block Bj,. (In
other words, group the sum by the blocks in P.) This gives

i

m k(X1
EXIC Z( B, 15, = £(X | P)
i=1 j=1
as desired.
Chapter 6
1. The system of equations is
V2(@2)(wl) =95
Vs(02)(ws) = 90
V2(®2)(W3) = 85
Vz(@z)(o.)4) =175

or

II

So,1(w1)b2,1(w1) + Sz2(w1)b2,2(w1)
So,1(w2)b2,1 (w2) + So.2(w2)b2,2(w2)
S2,1(ws)b2,1(w3) + Sz2(w3)b2,2(ws)
So,1(wa)b2,1(wa) + S2.2(ws)b2,2(ws)

I

o

9
8

(43

ll

Substituting the actual prices gives
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(92,1(601) + 9092,2((;)1) =95
92,1(W2) + 80923(&)2) =90
92,1(0)3) + 8092,2(0)3) =85
92,1(0)4) + 75(922(&)4) =175

The condition that ©, be P;-measurable is

62,1 (w1) = 021 (wo)
02,1 (w3) = 62,1 (ws)
02.2(w1) = O22(w2)
02,2(w3) = b2,2(ws)

and so the previous system can be written using only w; and w3 as

92,1(W1) + 9092’2 (wl) =95
92,1((;)1) + 80622(w1) =90
92,1((;)3) + 8092,2 (w3) =85
(92,1((;)3) + 7592,2(0.)3) =175

The first two equations have a unique solution and so do the second
two equations, giving

O2(w1) = O2(w2) = (50, %)
@2((4)3) = @2(&)4) = (—75,2)

Working backward in time, we next compute the acquisition values
for ©,
1 185
Vi(62)(w1) =50+85- 2 = —=
V1(©2)(ws) = —75+ 78 -2 = 81

The self-financing condition requires that these are also the
liquidation values of ©; and so
185

V(1) (w1) = —-

V1(61)(ws) = 81

Writing these out and substituting the actual prices gives the system
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185
61,1(w1) + 850; 2(w;) = -

01,1(603) + 7891,2(0.’3) =81

But O, is Py-measurable, that is, constant on €2, and so for any
we

185
91,1((4)) + 85013(&)) = —2-

91,1 (w) + 7891,2(0.)) =81

This system has solution

oo (-3

which is a portfolio consisting of a short position (sale) of 330/7
bonds and a purchase of 23 /14 shares of stock, for an initial cost of

330 23 590
a +80- u= 7= $84.29
. The system of equations is
V3(@3)(w1) =100
V3(@3)(w2) =100
Vg(eg)(wg) =95
V3(@3)(UJ4) =90
V3(03)(ws) = 90
V3(03)(we) = 85

or, since the price of the riskfree asset a; is 1

93 1(w1) + S5 2(0.)1)93 2(0)1) =100
93,1 (w2) + S5 2(0.)2)93 2(0.)2) =100
03,1 (ws) + S3.2(w3)b32(ws) =
93’1((4)4) -+ S3,z(w ) 2(0.)4) 90
03,1(ws) + S3.2(ws)032(ws) =
03,1(we) + S3,2(we)b3.2(ws) =

Substituting the actual prices gives
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03 1((4)1) + 10003 2(w1)
93 1((4)2) + 9593 2(w2)
03 1((,()3) + 95603 2((4.)3) =95
03 1(LU4) + 9093 2((4)4)

03 1(&)5) + 9093 2((4.)5)

93 1(0.)6) + 8093 2(w6)

The condition that ©3 be Py-measurable is

03,1 (w1) = 631(w2)
031(ws) = 031 (ws)
032(w1) = 032(w2)

( )

032(ws) = b3.2(ws

and so the previous system can be written using only w;, w3, ws and
we as
93’1((4.)1) + 10003 2(&)1) 100
93 1((4.21) + 9593 2(&)1) 100
03.1(ws3) + 9563 2(ws3) = 95
931( 4)+90932(w4) 90
05 1((.«)4) + 9005 z(w ) 90
031(w6) +80932( ) 85

The first two equations have a unique solution and so do the fourth
and fifth equations, giving

@3((4)1) = @3((4.)2) = (100, O)

O3(wq) = O3(ws) = (0,1)

along with
95 —s
63(W3) = (37 95 )
85—t
O3(ws) = (t, —80—)

where s and ¢ are parameters. The acquisition values for O3 are
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V2(93)(W1) = V2(@3)(W2) = 100
95—-s 3s
V5(03)(ws) = s + 80 9% 9 +80
V2(03)(wa) = V2(O3)(ws) = 80
95—t 4t
V2(93)(UJ6) =t+75 —9—5'— 19 + 75

The self-financing condition requires that these are also the
liquidation values of O, and so ©, must replicate the alternative

3s 4t
(100 1 + 80, 80, — Io +75)

Since we are asked for only one replicating portfolio, let us choose
s =t = 0 to get the alternative

(100, 80, 80, 75)
We have the system

0 1(w1) + 9006, 2(w1) 100
0 1((4)2) + 900, 2(&)2) 100
(w3) + 806, 2((4)3) 80
02 1(w4) + 8006, 2(0)4) 80
921(0.) ) + 800, 2((4.)5) 80
92 1(w6) + 7592 2((4.)(5) 75
Since 62 ; is constant on the blocks {w1,ws,ws} and {ws, ws, we} this
can be written

62,1 (w1) + 9003 2(w1) =
0, 1(w1) + 906, 2(w )
921(011) + 806, 2(w1)
62,1 (ws) + 8002 2(ws) = 80
021(w4) + 8006, 2(w4)
02,1(wa) + T5022(ws) =

or
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92,1 (wl) + 9002)2(&)1) =100
92,1 (w1) + 8002,2((4}1) =80
92,1 (W4) + 80923(&)4) =80
92,1 (w4) + 7502,2((4)4) =T
giving

@2((4.)1) = @2(&)2) = ez(wg) = (-—80, 2)
O2(ws) = O2(ws) = O2(wg) = (0,1)

Working backward in time, we next compute the acquisition values
for @2

V1(62)(w1) =-80+85-2=90
V1(62)(w4) =04+78="T78

The self-financing condition requires that these are also the
liquidation values of ©; and so

V1(@1)(UJ1) =90
Vl(@1)(w4) =178
Writing these out and substituting the actual prices gives the system
01,1((4)1) + 8501,2((.4)1) =90
91’1((4)4) + 7801)2(&)4) =178
But ©; is Py-measurable, that is, constant on €2, and so for any
we
01,1((4.)1) + 8501,2 (wl) =90
01’1((4)4) + 7801,2((4)4) =178

This system has solution
390 12
e = (-7 7)

which is a portfolio consisting of a short position (sale) of 390/7
bonds and a purchase of 12/7 shares of stock, for an initial cost of

390 12 570
—T+80-7 = ~ $81.43

Toss 1 is tails: Casino is even, player down $1 million, game over.
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Toss 1 is heads: Casino up $2 million, player down $1 million, game
continues.

Toss 2 is tails: Casino is even, player down $1 million, game over.
Toss 2 is heads: Casino up $4 million, player down $1 million, game
continues.

Toss 3 is tails: Casino is even, player down $1 million, game over.
Toss 3 is heads: Casino is even, player up $8 million, game
continues.

In all ending cases, the casino is even. Thus, the casino has a perfect
hedge. It is self-financing because the casino never added its own
money or removed money. The side bets on heads replicated the
payoff to the casino, but in the opposite position, resulting in a 0
payoff to the casino.

The self-financing condition is

Vi(6)) = Vi(65,1)

forall i =1,...,T — 1. Because ® is assumed to be self-financing,
the liquidation value of ©), is

Vi(©)) = (i1 +a)Si1 + Zgi,jsi,j
=
= Vi(@i) + aSle
= Vi(©i41) + aS;11q

and the acquisition value is

Vl( ;—{—1) = (01—4—1,1 + G)Si,l + 291‘4.1’]'51’]‘

=
=V;(0i41) + aS;11g

Thus @' is self-financing.

Let ®; = 0 be the zero trading strategy (where all portfolios are the
zero portfolio). If the Law of One Price holds then for any trading
strategy ® that has 0 final value we have

VT((I)) =0= VT((I)) = VT(‘I’O)
= Vo(®) = Vo(®0)
= Vo(q)) =0

and so 2) holds. Conversely, suppose that any trading strategy with
payoff 0 has initial value 0. Then
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VT(q)l) = VT(¢2) = VT((Dl - @2) =0
= Vo(®1—P2) =0
= V()((I)l) = V()(‘Dg)

and so the Law of One Price holds.

11. In this case the random variables X = 1y,,, are attamable say by
®,. Hence, any random variable X = ¥ X (wy) Xy is attainable via
the replicating strategy X = XX (wy)®r.

13. The solution is

9 =e—rTufd_dfu

1,1 u—d
g, - Ju—Ja_
127 Sou—d)
15. It is a candidate for martingale measure.
17. We have
_ 101 99
l,d=—=0.
~ 100 1.0L,d = 100 0.99
and
150 z=u
fz = max(100z — 99.50,0) = { 0 e —d
Thus,
1 (0.99)e"T
C= ~——-(—0—9—9)e—-—1.50 = 75(1 — (0.99)e™"T) = 0.75813654

0.02

19. A trading strategy, which amount to nothing more than a single
portfolio, is only two-dimensional whereas the space containing the
alternatives is three-dimensional. Hence, the valuation V; cannot be
surjective.

Chapter 7

1. a)0,b)0.0015, c) 0.2944, d) .0816, e) 2.0799, f) .0783. For the put,
use the put-call option parity formula P = Ke " + C — S;. For
example, when K = 50 we have

P = 502916 4 0.2944 — 50 = 0.3778

3. A 10% gain followed by a 10% loss, or vice-versa, results in a slight
loss, as shown by
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(140.1)(1 —0.1) =1 —0.01 = 0.99

(If the gain comes first, the loss is on a larger amount; if the loss
comes first, the gain is on a smaller amount.)

7. For part d), we can price a path-independent alternative X as
follows:

I(X) = Vo(®)
= e_rLgn (Vz (@))
— eLEg(X)

T
=) " X(any w € Gi)Py(Gr)
k=0

T
= C—TLZ XkIPH(Gk)
k=0

Chapter 8
5. Ifa € Rthen

(~o0,a) = | J(-n,a)

n>a
is a countable union of open intervals and so is a Borel set. Also,
1
(—o0,a] = ﬂ(—oo,a+ -)€EB
n>0 n

The right rays are complements of the left rays.
7. Write

A=(A\B)U(ANB)
B=(B\A)U(ANB)

Since these are disjoint unions, we have

P(A) =P(A\ B)UP(AN B)
P(B) =P(B\ A)UP(AN B)

and so
P(A)+P(B) =P(A\B) +P(ANB)+P(B\ A) + P(AN B)
But



344 Introduction to the Mathematics of Finance

(A\ B)U(ANB)U(B\ A)

is a disjoint union that equals A U B and so we get the result.
13. Suppose that A; C A, C --- is an increasing sequence of events and
let

A=©&

i=1

The limit exists because it is the limit of an increasing bounded
sequence of real numbers. Set Ay = () and write

A=)\ A
i=1

where the events A; \ A;_; are disjoint. Then

J \Au)

i=1

P(Ai \ Ai—l)

Il

1l
—

= lim i:]P’(Ai \ Ai_1)
=g&@mywmm
= lim P(4;)

n—00

P((a,b]) = (wa—%o

= lim P((a,b — %])

n—0o0
1

= lim F(b - ~) - F(a)

n—oo

= F(b—) — F(a)

15. For part b)

Chapter 9

1. u=0.150%=0.03.
3. C=8$33.36
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5. For the expected value, we have

£:(Qs) = Ex(0sV/ At szz)
=0, \/A—tZ&,(Xs,i)

\/—1:2[ —s)p—s(1-p)]

p—s

\/—\/sl—s)

10. We have

So = eEn(S)
— e—rtgn (Soe,uut+au \/ZZt )

— Soe—rt+,u,,tgn (ea,, \/ZZt)
= Soet(l‘v—r) ___1 /°° e"v\/zze_“’?/2 dz
vV 271 J -0

= Soet(;uu—’f') 12 /oo e—%(12—20,,\/5$+0',2,t)+%03t dm
V 4TMJ -0

= Soclr ok / " b g
21 J -

— Soet(;t.,—r)+%a,2,t
Thus
6t(u,,—r)+§o,%t -1

which happens if and only if

1
t(u, — 1) + §agt =0

345
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that is,

1
Hy =T — 5‘73
11. Let Ny be the random variable representing the number of up-ticks
in stock price over the lifetime of the model. Then, of course, the
number of down-ticks is T' — Ny . It follows that

St,T = SouNUdT_NU
— SOeNUlogu+(T—NU)logd

— SOeNU(log u—logd)+Tlogd

and so
H;r = Ny(logu — logd) + Tlogd

Since Ny is a binomial random variable with parameters 7" and v we
have £(Ny) = Tv and Var(Ny) = Tv(1 — v). Thus

E(Hr) = Tv(logu — logd) + Tlogd
Var(H; 1) = Tv(1 — v) (logu — logd)*

13. High volatility implies that the stock price is more likely to be far
from the strike price than is the case when the volatility is small. A
high stock price is good for the owner of a call. On the other hand,
when the stock price falls below the strike price, it doesn't really
matter how far it falls—the call will expire and the owner will simply
lose the purchase price. Thus, high upside volatility is good, high
downside volatility is irrelevant. A similar argument obtains for a
long put.

Chapter 10

3. This is the first time that Sy > 25,.
5. Exiting a set B is the same as entering the complement B°.
6. For the maximum, we have

k
max{r,c} = k] = | J(r =il n[o =k —1]) € A(Px)

=0

The difference is not a stopping time, since it requires knowledge of
the future.
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11. Here is an Excel worksheet with the solution.

u=ZRER Ras r= K= pi= 05
N . T= Call=1/Put=-1 1

S0 82 83 Y0Bar YiBar Y2Bar Y3Bar
20 28.8 34.56 0 3 7.8 13.56
19.2 23.04 0 0 204

19.2 23.04 0 204

12.8 15.36 0 0

23.04 2.04

15.36 0

15.36 0

10.24 0

V3Bar E(V3Bar|P2) V2Bar E(V2Bar|P1) ViBar E(V1Bar|P0) VOBar

13.56 7.8 7.8 441 44 2.46 2.46
2.04 7.8 7.8 441 441 2.46 2.46
2.04 1.02  1.02 441 441 2.46 2.46

0 1.02 1.02 441 441 246 246
2.04 1.02  1.02 051 0.51 2.46 2.46
0 1.02  1.02 051 0.51 246 2.46
0 0 0 051 0.51 2.46 2.46

0 0 0 051 0.51 246 2.46
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