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Introduction

This short book gives an introduction to algebraic and abelian functions, with
emphasis on the complex analytic point of view. It could be used for a course
or seminar addressed to second year graduate students.

The goal is the same as that of the first edition, although I have made a
number of additions. I have used the Weil proof of the Riemann-Roch the-
orem since it is efficient and acquaints the reader with adeles, which are a very
useful tool pervading number theory.

The proof of the Abel-Jacobi theorem is that given by Artin in a seminar
in 1948. As far as I know, the very simple proof for the Jacobi inversion
theorem is due to him. The Riemann-Roch theorem and the Abel-Jacobi
theorem could form a one semester course.

The Riemann relations which come at the end of the treatment of Jacobi’s
theorem form a bridge with the second part which deals with abelian functions
and theta functions. In May 1949, Weil gave a boost to the basic theory of
theta functions in a famous Bourbaki seminar talk. I have followed his
exposition of a proof of Poincaré that to each divisor on a complex torus there
corresponds a theta function on the universal covering space. However, the
correspondence between divisors and theta functions is not needed for the
linear theory of theta functions and the projective embedding of the torus
when there exists a positive non-degenerate Riemann form. Therefore I have
given the proof of existence of a theta function corresponding to a divisor only
in the last chapter, so that it does not interfere with the self-contained treat-
ment of the linear theory.

The linear theory gives a good introduction to abelian varieties, in an
analytic setting. Algebraic treatments become more accessible to the reader
who has gone through the easier proofs over the complex numbers. This
includes the duality theory with the Picard, or dual, abelian manifold.



vi Introduction

I have included enough material to give all the basic analytic facts neces-
sary in the theory of complex multiplication in Shimura-Taniyama, or my
more recent book on the subject, and have thus tried to make this topic
accessible at a more elementary level, provided the reader is willing to
assume some algebraic results.

I'have also given the example of the Fermat curve, drawing on some recent
results of Rohrlich. This curve is both of intrinsic interest, and gives a typical
setting for the general theorems proved in the book. This example illustrates
both the theory of periods and the theory of divisor classes. Again this
example should make it easier for the reader to read more advanced books and
papers listed in the bibliography.

New Haven, Connecticut SERGE LANG
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CHAPTER 1

The Riemann-Roch Theorem

§1. Lemmas on Valuations

We recall that a discrete valuation ring 0 is a principal ideal ring (and there-
fore a unique factorization ring) having only one prime. If ¢ is a generator
of this prime, we call ¢ a local parameter. Every element x # 0 of such a
ring can be expressed as a product

x=1y,

where r is an integer = 0, and y is a unit. An element of the quotient field
K has therefore a similar expression, where r may be an arbitrary integer,
which is called the order or value of the element. If r > 0, we say that x
has a zero at the valuation, and if r < 0, we say that x has a pole. We write

F = v5(x), or v(x), or ord,(x).

Let p be the maximal ideal of 0. The map of K which is the canonical map
0 — 0/p on 0, and sends an element x & 0 to co, is called the place of the
valuation.

We shall take for granted a few basic facts concerning valuations, all of
which can be found in my Algebra. Especially, if E is a finite extension of
K and 0 is a discrete valuation ring in K with maximal ideal p, then there
exists a discrete valuation ring © in E, with prime %, such that

0=0ONK and p=PNK.

If u is a prime element of £, then O = 4°®, and e is called the ramifica-
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tion index of ©O over o (or of B over p). If I'y and T, are the value groups
of these valuation rings, then (I'g : I'y) = e.

We say that the pair (£O,%3) lies above (0,p), or more briefly that R lies
above p. We say that (£,%3) is unramified above (0,p), or that B is
unramified above p, if the ramification index is equal to 1, that is e = 1.

Example. Let k be a field and ¢ transcendental over k. Leta € k. Let 0
be the set of rational functions

f®/g(H, with f(2), g(H) € k[r] such that g(a) # 0.

Then o is a discrete valuation ring, whose maximal ideal consists of all such
quotients such that f(a) = 0. This is a typical situation. In fact, let k be
algebraically closed (for simplicity), and consider the extension & (x) obtained
with one transcendental element x over k. Let 0 be a discrete valuation ring
in k(x) containing k. Changing x to 1/x if necessary, we may assume that
x € 0. Then p N k[x] # 0, and p N k[x] is therefore generated by an irre-
ducible polynomial p(x), which must be of degree 1 since we assumed k
algebraically closed. Thus p(x) = x — a for some a € k. Then it is clear
that the canonical map

0 — ofp
induces the map

f&x) = fla)

on polynomials, and it is then immediate that 0 consists of all quotients
f(x)/g(x) such that g(a) + 0; in other words, we are back in the situation
described at the beginning of the example.

Similarly, let 0 = k[[]] be the ring of formal power series in one variable.
Then o is a discrete valuation ring, and its maximal ideal is generated by ¢.
Every element of the quotient field has a formal series expansion

X=Aopt™+ v aat T +ag+ait +at* + -0,

with coefficients a; € k. The place maps x on the value gy if x does not have
a pole.

In the applications, we shall study a field K which is a finite extension of
a transcendental extension k(x), where k is algebraically closed, and x is
transcendental over k. Such a field is called a function field in one variable.
If that is the case, then the residue class field of any discrete valuation ring
0 containing k is equal to k itself, since we assumed k algebraically closed.

Proposition 1.1. Let E be a finite extension of K. Let (90,%) be a discrete
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valuation ring in E above (0,D) in K. Suppose that E = K(y) where y is
the root of a polynomial f(Y) = 0 having coefficients in 0, leading coeffi-
cient 1, such that

f =0 but f'(y) % 0mod.
Then i is unramified over .

Proof. There exists a constant y, € k such that y =y, mod . By
hypothesis, f'(yo) ¥ 0 mod . Let {y,} be the sequence defined recur-
sively by

Yne1 = Yn — ') ().

Then we leave to the reader the verification that this sequence converges in
the completion K, of K, and it is also easy to verify that it converges to the
root y since y = y, mod B but y is not congruent to any other root of f and
3. Hence y lies in this completion, so that the completion Ey is embedded
in K, and therefore %3 is unramified.

We also recall some elementary approximation theorems.

Chinese Remainder Theorem. Let R be a ring, and let p,, . . . , D, be
distinct maximal ideals in that ring. Given positive integers ry, . . . , Fy
and elements a,, . . . , a, € R, there exists x € R satisfying the con-
gruences

x =a;mod p/i foralli.

For the proof, cf. Algebra, Chapter II, §2. This theorem is applied to the
integral closure of k[x] in a finite extension.

We shall also deal with similar approximations in a slightly different
context, namely a field K and a finite set of discrete valuation rings 0, . . . ,
0, of K, as follows.

Proposition 1.2. If 0, and 0, are two discrete valuation rings with quotient
field K, such that 0, C 0,, then 0, = D,.

Proof. We shall first prove that if p; and p, are their maximal ideals, then
P, Cpy. Lety €Ep,. If y € py, then 1/y € 0,, whence 1/y € p,, a con-
tradiction. Hence p, C p;. Every unit of 0, is a fortiori a unit of 0,. An
element y of p, can be written y = 7r{'u where « is a unit of 0; and 7 is an
element of order 1 in p,. If 7r; is not in P,, it is a unit in 0, a contradiction.
Hence 7r, is in p,, and hence so is p; = 0;7. This proves P, = p,. Finally,
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if u is a unit in 0, and is not in Dy, then 1/u is p;, and thus cannot be a unit
in 0,. This proves our proposition.

From now on, we assume that our valuation rings 0; i = 1, . . . , n) are
distinct, and hence have no inclusion relations.

Proposition 1.3. There exists an element y of K having a zero at 0, and
apoleat0;(j=2,...,n).

Proof. This will be proved by induction. Suppose n = 2. Since there is
no inclusion relation between 0, and 0,, we can find y € 0,and y & 0.
Similarly, we can find z € 0, and z & 0,. Then z/y has a zero at 0, and a
pole at 0, as desired.

Now suppose we have found an element y of K having a zero at 0; and a
pole at 0y, . . ., 0,-;. Let z be such that z has a zero at 0; and a pole at o,.
Then for sufficiently large r, y + z” satisfies our requirements, because we
have schematically zero plus zero = zero, zero plus pole = pole, and the
sum of two elements of K having poles of different order again has a pole.

A high power of the element y of Proposition 1.3 has a high zero at 0, and
a high pole at 0; (j =2, ...,n). Adding 1 to this high power, and
considering 1/(1 + y") we get

Corollary. There exists an element z of K such that z — 1 has a high zero
at 0y, and such that z has a high zero at 0, (j =2, . . . , n).

Denote by ord; the order of an element of K under the discrete valuation
associated with 0;. We then have the following approximation theorem.

Theorem 1.4. Given elements a;, . . . , a, of K, and an integer N, there
exists an element y € K such that ord;(y — a;) > N.

Proof. For each i, use the corollary to get z; close to 1 at 0; and close to
0 at o; (j # i), or rather at the valuations associated with these valuation
rings. Then z;a; + - * - + z,a, has the required property.

In particular, we can find an element y having given orders at the valua-
tions arising from the 0;. This is used to prove the following inequality.

Corollary. Let E be a finite algebraic extension of K. Let I" be the value
group of a discrete valuation of K, and T; the value groups of a finite
number of inequivalent discrete valuations of E extending that of K. Let
e; be the index of I' in I';. Then

> e =I[E: K]
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Proof. Select elements

yll;---7y1e|7---7yr17---7yre,

of E such that y,, (w=1, . . ., ;) represent distinct cosets of I" in I';, and
have zeroes of high order at the other valuations v; (j # 7). We contend that
the above elements are linearly independent over K. Suppose we have a
relation of linear dependence

2 CivYiv = 0.

Say c¢;, has maximal value in I, that is, v(c;;) = v(c;,) all i, v. Divide the
equation by c;;. Then we may assume that ¢;; = 1, and that v(c;,) = 1.
Consider the value of our sum taken at v;. Alltermsy;;, Ci2y12, - - . , Cie, Yie,
have distinct values because the y’s represent distinct cosets. Hence

oi(yn + -+ cie i) = vilyn).

On the other hand, the other terms in our sum have a very small value at
v; by hypothesis. Hence again by that property, we have a contradiction,
which proves the corollary.

§2. The Riemann-Roch Theorem

Let k be an algebraically closed field, and let X be a function field in one
variable over k (briefly a function field). By this we mean that X is a finite
extension of a purely transcendental extension k(x) of k, of transcendence
degree 1. We call k the constant field. Elements of X are sometimes called
functions.

By a prime, or point, of K over k, we shall mean a discrete valuation ring
of K containing k (or over k). As we saw in the example of §1, the residue
class field of this ring is then % itself. The set of all such discrete valuation
rings (i.e., the set of all points of K) will be called a curve, whose function
field is K. We use the letters P, Q for points of the curve, to suggest geometric
terminology.

By a divisor (on the curve, or of K over k) we mean an element of the free
abelian group generated by the points. Thus a divisor is a formal sum.

a=2n,-P,-=2in

where P; are points, and n; are integers, all but a finite number of which are
0. We call
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zni=§’b’

the degree of a, and we call n; the order of a at P..

If x € Kand x # O, then there is only a finite number of points P such that
ordp x # 0. Indeed, if x is constant, then ordp(x) = O for all P. If x is not
constant, then there is one point of k(x) at which x has a zero, and one point
at which x has a pole. Each of these points extends to only a finite number
of points of K, which is a finite extension of k(x). Hence we can associate
a divisor with x, namely

@) = 3 npP

where np = ordp(x). Divisors a and b are said to be linearly equivalent if
a — bis the divisor of a function. If a = 2 npP and b = X mp P are divisors,
we write

a=D) ifandonlyif n, =mp foral P.

This clearly defines a (partial) ordering among divisors. We call a positive
ifa=0.

If a is a divisor, we denote by L () the set of all elements x € K such that
(x) = —a. If a is a positive divisor, then L(a) consists of all the functions
in K which have poles only in a, with multiplicities at most those of a. Itis
clear that L(a) is a vector space over the constant field k for any divisor a.
We let [(a) be its dimension.

Our main purpose is to investigate more deeply the dimension /(a) of the
vector space L (a) associated with a divisor a of the curve (we could say of
the function field).

Let P be a point of V, and o its local ring in K. Let p be its maximal ideal.
Since k is algebraically closed, o/p is canonically isomorphic to k. We know
that 0 is a valuation ring, belonging to a discrete valuation. Let ¢ be a
generator of the maximal ideal. Let x be an element of 0. Then for some
constant gy in k, we can write x = gy mod p. The function x — ap is in p,
and has a zero at 0. We can therefore write x — ay = ty,, where y, is in 0.
Again by a similar argument we get yo = a; + ty; with y; € 0, and

X =ap + ait + yt
Continuing this procedure, we obtain an expansion of x into a power series,
x=a +at +ap’+ -

It is trivial that if each coefficient a; is equal to 0, then x = 0.
The quotient field K of 0 can be embedded in the power series field k((¢))
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as follows. If x is in K, then for some power ¢, the function £*x lies in o,
and hence x can be written

a—s
t.f

a-—
x="Fhcct T tatar

If u is another generator of p, then clearly k((#)) = k((%)), and our power
series field depends only on P. We denote it by Kp. An element & of Kp can
be written & = 2,_, a,t" with a, # 0. If m < 0, we say that & has a pole
of order —m. If m > 0 we say that & has a zero of order m, and we let
m = ordp &.

Lemma. For any divisor a and any point P, we have
lla+P)=l(a)+1,
and l(a) is finite.

Proof. If a = 0 then [(a) = 1 and L(a) is the constant field because a
function without poles is constant. Hence if we prove the stated inequality,
it follows that /(a) is finite for all a. Let m be the multiplicity of P in a.
Suppose there exists a function z € L(a + P) but z ¢ L(a). Then

ordp x = — (m + 1).

Let w € L(a + P). Looking at the leading term of the power series ex-
pansion at P for w, we see that there exists a constant ¢ such that w — cz
has order = —m at P, and hence w € L(a). This proves the inequality,
and also the lemma.

Let A* be the cartesian product of all Kp, taken over all points P. An
element of A* can be viewed as an infinite vector £ = (. . . , &, . . .) where
&p is an element of K». The selection of such an element in A* means that
arandom power series has been selected at each point P. Under component-
wise addition and multiplication, A* is a ring. It is too big for our purposes,
and we shall work with the subring A consisting of all vectors such that &» has
no pole at P for all but a finite number of P. This ring A will be called the
ring of adeles. Note that our function field X is embedded in A under the

mapping
X=>0G. . ,x %X ...,

i.e., at the P-component we take x viewed as a power series in Kp. In
particular, the constant field & is also embedded in A, which can be viewed
as an algebra over k (infinite dimensional).
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Let a be a divisor on our curve. We shall denote by A(a) the subset of A
consisting of all adeles & such that ordp & = —ordr a. Then A(a) is imme-
diately seen to be a k-subspace of A. The set of all such A(a) can be taken
as a fundamental system of neighborhoods of 0 in A, and define a topology
in A which thereby becomes a topological ring.

The set of functions x such that (x) = —a is our old vector space L (a), and
is immediately seen to be equal to A(a) N K.

Let a be a divisor, a = % n; P, and let 2 n; be its degree. The purpose
of this chapter is to show that deg(a) and /(a) have the same order of
magnitude, and to get precise information on /(a) — deg(a). We shall even-
tually prove that there is a constant g depending on our field K alone such that

[(a) = deg(a) + 1 — g + &(a),

where 8(a) is a non-negative integer, which is 0 if deg(a) is sufficiently large
(> 2¢g — 2).

We now state a few trivial formulas on which we base further computations
later. If B and C are two k-subspaces of A, and B D C, then we denote by
(B : C) the dimension of the factor space B mod C over k.

Proposition 2.1. Let a and b be two divisors. Then A(a) D A(b) if and
only if a = b. If this is the case, then

1. (A(a) : A(b)) = deg(a) — deg(b), and

2. (A : AD) = (A + K) : (A(D) + K))
+ ((A(@) N K) : (A(b) N K)).

Proof. The first assertion is trivial. Formula 1 is easy to prove as follows.
If a point P appears in a with multiplicity d and in b with multiplicity e, then
d = e. If tis an element of order 1 at P in K», then the index (¢ “Kp : t *Kp)
is obviously equal to d — e. The index in formula 1 is clearly the sum of the
finite number of local indices of the above type, as P ranges over all points
in a or b. This proves formula 1. As to formula 2, it is an immediate
consequence of the elementary homomorphism theorems for vector spaces,
and its formal proof will be left as an exercise to the reader.

From Proposition 2.1 we get a fundamental formula:
n deg(a) — deg(b) = (A(a) + K : A(b) + K) + I(a) — I(b)

for two divisors a and b such that a = b. For the moment we cannot yet
separate the middle index into two functions of a and b, because we do not
know that (A : A(b) + K) is finite. This will be proved later.

Let y be a non-constant function in K. Let ¢ be the divisor of its poles, and
write ¢ = 2 ¢; P,. The points P, in ¢ all induce the same point Q of the rational
curve having function field k(y), and the e; are by definition the ramification



§2. The Riemann-Roch Theorem 9

indices of the discrete value group in k(y) associated with the point Q, and
the extensions of this value group to K. These extensions correspond to the
points P, We shall now prove that the degree % e; of ¢ is equal to [K : k(y)].
We denote [K : k(y)] by n.

Letz, ..., z, be alinear basis of K over k(y). After multiplying each
z; with a suitable polynomial in k[y] we may assume that they are integral
over k[y], i.e., that no place of K which is finite on k[ y] is a pole of any
z;. All the poles of the z; are therefore among the P; above appearing in .
Hence there is an integer w, such that z; € L(ue¢). Let u be a large positive
integer. For any integer s satisfying 0 = s = u — uo we get therefore

yz; € L(uo),
and so /(uc) = (w — po + Dn.

Let N, be the integer (A(uc) + K : A(0) + K), soN, = 0. Puttingb = 0
and a = uc in the fundamental formula (1), we get

,u(z e,-) =N, +1(ue) — 1
)] =N, + (1 —po+ Dn — 1.

Dividing (2) by u and letting w tend to infinity, we get % ¢; = n. Taking into
account the corollary to Theorem 1.4 we get

Theorem 2.2. Let K be the function field of a curve, and'y € K a noncon-
stant function. If ¢ is the divisor of poles of y, then deg(¢) = [K : k(y)].
Hence the degree of a divisor of a function is equal to 0 (a function has
as many zeros as poles).

Proof. If we let ¢’ be the divisor of zeros of y then ¢’ is the divisor of poles
of 1/y, and [K : k(1/y)] = n also.

Corollary. deg(a) is a function of the linear equivalence class of a.
A function depending only on linear equivalence will be called a class
function. We see that the degree is a class function.
Returning to (2), we can now write
pn =N, + pun — pon +n — 1
whence

N, =wmon —n+1

and this proves that N, is uniformly bounded. Hence for large w,
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N, = (A(p0) + K : AO) + K)

is constant, because it is always a positive integer.

Now define a new function of divisors, r(a) = deg(a) — [(a). Both
deg(a) and I (a) are class functions, the former by Theorem 2.2 and the latter
because the map z — yz for z € L(a) is a k-isomorphism between L (@) and
L(a — ().

The fundamental formula (1) can be rewritten
3 0= (A@+K:AD) +K) =r( —rd
for two divisors a and D such that a = b. Put b = 0 and a = u«, so
(A(ue) + K : A(0) + K) = r(uc) — r(0).

This and the result of the preceding paragraph show that r(uc) is uniformly
bounded for all large u.

Let b now be any divisor. Take a function z € k[ y] having high zeros at
all points of b except at those in common with ¢ (i.e., poles of y). Then for
some w, (z) + uc = b. Putting a = uc in (3) above, and using the fact that
r(a) is a class function, we get

r0) = r(uc)

and this proves that for an arbitrary divisor b the integer r(b) is bounded.
(The whole thing is of course pure magic.) This already shows that deg(b)
and [(b) have the same order of magnitude. We return to this question later.
For the moment, note that if we now keep b fixed, and let a vary in (3), then
A(a) can be increased so as to include any element of A. On the other hand,
the index in that formula is bounded because we have just seen that r(a) is
bounded. Hence for some divisor a it reaches its maximum, and for this
divisor a we must have A = A(a) + K. We state this as a theorem.

Theorem 2.3. There exists a divisor a such that A = A(a) + K. This
means that the elements of K can be viewed as a lattice in A, and that there
is a neighborhood A(a) which when translated along all points of this
lattice covers A.

This result allows us to split the index in (1). We denote the dimension
of (A: Ala) + K) by 8(a). We have just proved that it is finite, and (1)
becomes

4 deg(a) — deg(b) = 8(b) — 8(a) + I(a) — I(b)

or in other words
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) I(a) — deg(a) — &(a) = I(b) — deg(b) — &(b).

This holds for a = b. However, since two divisors have a sup, (5) holds for
any two divisors a and b. The genus of X is defined to be that integer g such
that

[(a) — deg(a) — 6(a) =1 — g.

Itis an invariant of K. Putting a = 0 in this definition, we see that g = §(0),
and hence that g is an integer = 0, g = (A : A(0) + K). Summarizing, we
have

Theorem 2.4. There exists an integer § = 0 depending only on K such
that for any divisor a we have

l(a) =deg(a) + 1 — g + 8(a),
where 6(a) = 0.

By a differential A of K we shall mean a k-linear functional of A which
vanishes on some A(), and also vanishes on K (considered to be embedded
in A). The first condition means that A is required to be continuous, when
we take the discrete topology on k. Having proved that (A : A(a) + K) is
finite, we see that a differential vanishing on A(a) can be viewed as a
functional on the factor space

A mod A(a) + K;

and that the set of such differentials is the dual space of our factor space, its
dimension over k being therefore &(a).

Note in addition that the differentials form a vector space over K. Indeed,
if A is a differential vanishing on A(a), if £ is an element of A, and y an
element of K, we can define yA by (yA)(€) = A(y€). The functional yA is
again a differential, for it clearly vanishes on X, and in addition, it vanishes
on A(a + ().

We shall call the sets A(a) parallelotopes. We then have the following
theorem.

Theorem 2.5. If A is a differential, there is a maximal parallelotope A(a)
on which X vanishes.

Proof. If A vanishes on A(a;) and A(a;), and if we put

a = sup (q;, az)
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then A vanishes on A(a). Hence to prove our theorem it will suffice to prove
that the degree of a is bounded. If y € L(a), so (y) = —a, then yA vanishes
on A(a + y)) which contains A(0) because @ + (y) = 0. Ify, . . ., y,are
linearly independent over k, then so are y; A, . . ., y.A. Hence we get

8(0) = I(a) = dega + 1 — g + &(a).
Since 6(a) = 0, it follows that
degan=6(0)+g — 1,
which proves the desired bound.
Theorem 2.6. The differentials form a 1-dimensional K-space.

Proof. Suppose we have two differentials A and p which are linearly
independent over K. Suppose x;, . . . , x, and y;, . . ., y, are two sets of
elements of K which are linearly independent over k. Then the differentials
XA, ..., XA, VIM, - . ., YoM are linearly independent over k, for other-
wise we would have a relation

2 a,-x,-)\ + 2 biyifl« = 0.

Lettingx = % a;x;and y = 3 b;y;, we get xA + yu = 0, contradicting the
independence of A, u over K.

Both A and u vanish on some parallelotope A(a), for if A vanishes on A(a,)
and u vanishes on A(a;), we put a = inf (a,, a;), and

Ala) = A(ay) N Aay).

Let b be an arbitrary divisor. If y € L(b), so that (y) = —D, then yA van-
ishes on A(a + (y)) which contains A(a — b) because a + (y) = a — b.
Similarly, yu vanishes on A(a — b) and by definition and the remark at the
beginning of our proof, we conclude that

8(a — b) = 21(b).
Using Theorem 2.4, we get
I(a — b) — deg(a) + deg(b) — 1 + g = 2I(b)

= 2 (deg(h) + 1 — g + 8(b)
= 2 deg(b) + 2 — 2g.
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If we take b to be a positive divisor of very large degree, then L(a — b)
consists of 0 alone, because a function cannot have more zeros than poles.
Since deg(a) is constant in the above inequality, we get a contradiction, and
thereby prove the theorem.

If A is a non-zero differential, then all differentials are of type yA. If A(a)
is the maximal parallelotope on which A vanishes, then clearly A(a + (y))
is the maximal parallelotope on which yA vanishes. We get therefore a linear
equivalence class of divisors: if we define the divisor (1) associated with A
to be a, then the divisor associated with yA is a@ + (y). This divisor class is
called the canonical class of K, and a divisor in it is called a canonical
divisor.

Theorem 2.6 allows us to complete Theorem 2.4 by giving more informa-
tion on 8(a): we can now state the complete Riemann-Roch theorem.

Theorem 2.7. Let a be an arbitrary divisor of K. Then
l(a) =deg(a) + 1 — g + I(c — a).
Where ¢ is any divisor of the canonical class. In other words,
o(a) = I(c — a).

Proof. Let ¢ be the divisor which is such that A(c) is the maximal paral-
lelotope on which a non-zero differential A vanishes. If b is an arbitrary
divisor and y € L(b), then we know that yA vanishes on A(c — b). Con-
versely, by Theorem 2.6, any differential vanishing on A(c — b) is of type
zA for some z € K, and the maximal parallelotope on which zA vanishes is
(2) + ¢, which must therefore contain A(¢ — b). This implies that

(2= -b, ie., z L.

We have therefore proved that 8(c — D) is equal to /(D). The divisor b was
arbitrary, and hence we can replace it by ¢ — a, thereby proving our theorem.

Corollary 1. If ¢ is a canonical divisor, then I(¢) = g.

Proof. Put a = 0 in the Riemann-Roch theorem. Then L (a) consists of the
constants alone, and so [(a) = 1. Since deg(0) = 0, we get what we want.

Corollary 2. The degree of the canonical class is 2g — 2.

Proof. Put a = ¢ in the Riemann-Roch theorem, and use Corollary 1.
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Corollary 3. If deg(a) > 2g — 2, then 6(a) = 0.

Proof. 6(a)isequal to /(¢ — a). Since a function cannot have more zeros
than poles, L(¢c — a) = 0 if deg(a) > 2g — 2.

§3. Remarks on Differential Forms

A derivation D of a ring R is a mapping D: R — R of R into itself which is
linear and satisfies the ordinary rule for derivatives, i.e.,

D(x +y) =Dx + Dy, and D(xy) = xDy + yDx.

As an example of derivations, consider the polynomial ring k[X] over a field
k. For each variable X, the derivative d/dX taken in the usual manner is a
derivation of k[X]. We also get a derivation of the quotient field in the
obvious manner, i.e., by defining D (u/v) = (vDu — uDv)/v?.

We shall work with derivations of a field K. A derivation of K is trivial
if Dx = 0 for all x € K. It is trivial over a subfield & of K if Dx = 0 for
all x € k. A derivation is always trivial over the prime field: one sees that
D) =D(1-1) = 2D(1), whence D(1) = 0.

We now consider the problem of extending a derivation D on K. Let
E = K(x) be generated by one element. If f € K[X], we denote by df /dx the
polynomial of /0X evaluated at x. Given a derivation D on K, does there exist
a derivation D* on K(x) coinciding with D on K? If f(X) € K[X] is a
polynomial vanishing on x, then any such D* must satisfy

M 0 = D*(f() = f°(x) + 2 (8f/6x)D%x,

where f2 denotes the polynomial obtained by applying D to all coefficients
of f. Note that if relation (1) is satisfied for every element in a finite set of
generators of the ideal in K[X] vanishing on x, then (1) is satisfied by every
polynomial of this ideal. This is an immediate consequence of the rules for
derivations.

The above necessary condition for the existence of a D* turns out to be
sufficient.

Lemma 3.1. Let D be a derivation of a field K. Let x be any element in
an extension field of K, and let f(X) be a generator for the ideal determined
by x in K[X]. Then, if u is an element of K (x) satisfying the equation

0 =72 +f' (Du,
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there is one and only one derivation D* of K (x) coinciding with D on K,
and such that D*x = u.

Proof. The necessity has been shown above. Conversely, if g(x), h(x) are
in K [x], and A (x) #+ O, one verifies immediately that the mapping D* defined
by the formulas

D*g(x) = g°(x) + g(x)u
hD*g — gD*h
D¥(g/h) = =28

is well defined and is a derivation of K (x).

Consider the following special cases. Let D be a given derivation on XK.

Case I. x is separable algebraic over K. Let f(X) be the irreducible
polynomial satisfied by x over K. Then f'(x) # 0. We have

0=7"® +f Mu,

whence u = —fP(x)/f'(x). Hence D extends to K (x) uniquely. If D is trivial
on K, then D is trivial on K(x).

Case 2. x is transcendental over K. Then D extends, and u can be selected
arbitrarily in K (x).

Case 3. x is purely inseparable over K, so x* —a =0, with a € K.
Then D extends to K (x) if and only if Da = 0. In particular if D is trivial
on K, then u can be selected arbitrarily.

From these three cases, we see that x is separable algebraic over K if and
only if every derivation D of K (x) which is trivial on K is trivial on K(x).
Indeed, if x is transcendental, we can always define a derivation trivial on K
but not on x, and if x is not separable, but algebraic, then K(x?) # K(x),
whence we can find a derivation trivial on K(x”) but not on K(x).

The derivations of a field X form a vector space over X if we define zD for
z € K by (zD)(x) = zDx.

Let K be a function field over the algebraically closed constant field &
(function field means, as before, function field in one variable). It is an
elementary matter to prove that there exists an element x € K such that X is
separable algebraic over k(x) (cf. Algebra). In particular, a derivation on K
is then uniquely determined by its effect on k(x).

We denote by & the K -vector space of derivations D of X over %, (deri-
vations of K which are trivial on k). For each z € K, we have a pairing

(D, z) —» Dz
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of (9, K) into K. Each element z of K gives therefore a K-linear functional
of @. This functional is denoted by dz. We have

d(yz) = ydz + zdy
d(y + 2) =dy + dz.

These linear functionals form a subspace % of the dual space of @, if we
define ydz by

(D, ydz) — yDz.

Lemma 3.2. If K is a function field (in one variable) over the algebraic-
ally closed field k, then 9 has dimension 1 over K. An elementt € K is
such that K over k(1) is separable if and only if dt is a basis of the dual
space of D over K.

Proof. If K is separable over k(%), then any derivation on X is determined
by its effect on . If Dt = u, then D = uD,;, where D, is the derivation such
that D;¢t = 1. Thus @ has dimension 1 over K, and dt is a basis of the dual
space. On the other hand, using cases 2 and 3 of the extension theorem, we
see at once that if X is not separable over k(#), then dr = 0, and hence cannot
be such a basis.

The dual space & of @ will be called the space of differential forms of
K over k. Any differential form of K can therefore be written as ydx, where
K is separable over k(x).

§4. Residues in Power Series Fields

The results of this section will be used as lemmas to prove that the sum of the
residues of a differential form in a function field of dimension 1 is O.

Let k((9)) be a power series field, the field of coefficients being arbitrary
(not necessarily algebraically closed). If u is an element of that field which
can be written ¥ = a;t + axt® + - -+ with a; # 0, then it is clear that

k(W) = k().

The order of an element of k((#)) can be computed in terms of u or of t. We
call an element of order 1 a local parameter of k((¢)).

Our power series field admits a derivation D, defined in the obvious
manner. Indeed, if y = X a,¢”is an element of k((£)) one verifies immedi-
ately that D,y = X wa,t*"! is a derivation. We sometimes denote D,y by
dy/dt. There is also a derivation D,y defined in the same manner, and the
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classical chain rule D,y-D,u = D,y (or better dy/du - du/dt = dy/dt) holds
here because it is a formal result.

If y = X a,t* then a_, (the coefficient of ¢t7!) is called the residue of y
with respect to ¢, and denoted by res,(y).

Proposition 4.1. Let x and y be two elements of k (1)), and let u be another
parameter of k((9)). Then

dx dx
res, ya = res, y;t .

Proof. Tt clearly suffices to show that for any element y of k((£)) we have
res,(y) = res,(y dt/du). Since the residue is k-linear as a function of power
series, and vanishes on power series which have a zero of high order, it suf-
fices to prove our proposition for y = " (n being an integer). Furthermore,
our result is obviously true under the trivial change of parameter ¢t = au,
where a is a non-zero constant. Hence we may assume ¢ = u + aou? + - + -,
and dt/du =1 + 2a,u + + + . We have to show that res,(¢"dt/du) = 1
when n = —1, and O otherwise.

When n = 0, the proposition is obvious, because t" dt /du contains no
negative powers of f.

When n = —1, we have

1dt 142au+---

tdu  u+au’+---

+...,

&=

and hence the residue is equal to 1, as desired.
When r < —1, we consider first the case in which the characteristic is 0.
In this case, we have

n — i 1 n+1
res, (¢" dt/du) = res, ( I (n 1 t >>

and this is O for n # —1.
For arbitrary characteristic, and fixed n < —1, we have form > 1,

1 dt 1+ 2au + - - -

t"du  u"(l +azu + )

F(as, as, . . .
_ (a2, a3 ) $oee,
u
where F(a,, as, . . .) is a formal polynomial with integer coefficients. It is

the same for all fields, and contains only a finite number of the coefficients
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a;. Hence the truth of our proposition is a formal consequence of the result
in characteristic 0, because we have just seen that in that case, our polynomial
F(ay, as, . . .) is identically 0. This proves the proposition.

In view of Proposition 4.1, we shall call an expression of type ydx (with
x and y in the power series field) a differential form of that field and the
residue res(ydx) of that differential form is defined to be the residue
res,( ydx /df) taken with respect to any parameter ¢ of our field.

We shall need a more general formula than that of Proposition 4. Given
a power series field k((#)), let ¢ be a non-zero element of that field of order
m = 1. After multiplying ¢ by a constant if necessary, we can write

t =um + blum+l + bzu”‘” 4o
=u"(1l + byu + b + - - ).

Then the power series field k((#)) is contained in k((#)). In fact, one sees
immediately that the degree of k((x)) over k((#) is exactly equal to m.
Indeed, by recursion, one can express any element y of k ((«)) in the following
manner

y =fH® +fildu + - -+ + fur(Hu™,

with f;(f) € k((9)). Furthermore, the elements 1, u, . . . , u™ ! are linearly
independent over k((#)), because our power series field k((x)) has a discrete
valuation where u is an element of order 1, and ¢ has order m. If we had a
relation as above with y = 0, then two terms f;(f)u" and f; (9)u’ would neces-
sarily have the same absolute value with i # j. This obviously cannot be the
case. Hence the degree of k((#)) over k((£)) is equal to m, and is equal to
the ramification index of the valuation in k ((#)) having ¢ as an element of order
1 with respect to the valuation in k((%)) having u as element of order 1.
The following proposition gives the relations between the residues taken
in k((w)) or in k((9). By Tr we shall denote the trace from k ((x)) to k((?)).

Proposition 4.2. Let k((w)) be a power series field, and let t be a non-zero
element of that field, of order m = 1. Let y be an element of k((u)). Then

dt
res, (y au du) = res, (Tr(y) dr).

Proof. We have seen that the powers 1, u, . . . , 4™ ! form a basis for
k((w)) over k((9), and the trace of an element y of k((x)) can be computed
from the matrix representing y on this basis. Multiplying ¢ by a non-zero
constant does not change the validity of the proposition. Hence we may
assume that
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’=u”‘+b1u”‘“+"’=u”‘(l+b1u+b2u2+'--),
with b, € k. One can solve recursively
u" = fo() + fi(u + -+ + fua (DU,

where f;(7) are elements of k((#)), and the coefficients of f;(¢) are universal
polynomials in by, by, . . . , with integer coefficients, that is each f;(#) can
be written

fi() = 2 Py(b)t?,

where each P;,(b) is a polynomial with integer coefficients, involving only a
finite number of b’s.
The matrix representing an arbitrary element

g + &i(du + - -+ + gua(Hu™!

of k((w) is therefore of type

Gm—l,O(t) s Gm—l.m—l(t)

where G,,.(f) € k((#)), and where the coefficients of the G, (#) are universal
polynomials with integer coefficients in the 5’s and in the coefficients of the
g;(®. This means that our formula, if it is true, is a formal identity having
nothing to do with characteristic p, and that our verification can be carried out
in characteristic 0.

This being the case, we can write t = v™, where v = u + cou? + - -+
is another parameter of the field k((#)). This can be done by taking the
binomial expansion for (1 + bju + - - ). In view of Proposition 4.1, it
will suffice to prove that

res, (y g—: do) = res,(Tr(y) dr).

By linearity, it suffices to prove this for y = v/, —o0 < j < +o. (If y has
a very high order, then both sides are obviously equal to 0, and y can be
written as a sum involving a finite number of terms a;v’, and an element of
very high order.)

If we write

j=ms+r with 0=r=m—1,
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then ¢/ = *o" and Tr(v/) = £* Tr(v").We have trivially

0ifr#0

. mt* if j = ms
ry — JYy —
Tr(v") = { £ whence Tr(v/) = {

0 otherwise.
Consequently, we get

mifj=—m

res,(Tr(v’) df) = {o otherwise.

On the other hand, our first expression in terms of v is equal to
res, (v/mo™ 'dp),

which is obviously equal to what we just obtained for the right-hand side.
This proves our proposition.

In the preceding discussion, we started with a power series field & ((«)) and
a subfield k(($). We conclude this section by showing that this situation is
typical of power series field extensions.

Let F = k((?)) be a given power series field over an algebraically closed
field k. We have a canonical k-valued place of F, mapping t on 0. Let E be
a finite algebraic extension of F. Then the discrete valuation of F extends in
at least one way to E, and so does our place. Let u be an element of E of order
1 at the extended valuation, which is discrete. If e is the ramification index,
then we know by the corollary of Theorem 1 thate = [E : F]. We shall show
that ¢ = {E : F] and hence that the extension of our place is unique.

An element y of E which is finite under the place has an expansion

y=ao+au+ -+ auT 41y,

where y, is in E and is also finite. This comes from the fact that #* and ¢
have the same order in the extended valuation. Similarly, y, has also such
an expansion, y; = by + bju + - - -+ b, u®"' + ty,. Substituting this
expression for y, above, and continuing the procedure, we see that we can
write

y =f() + fildu + - - - + fer(hu,
where fi(#) is a power series in k((#)). Since the powers 1, u, . .., u®’!
are clearly linearly independent over k((#)), this proves that e = [E : F],
and that the extension of the place is unique.
Furthermore, to every element of E we can associate a power series in
2:‘; _ mauu*, and one sees that every such power series arises from an element
of E, because we can always replace u° by ty, where y is finite under the place,



§5. The Sum of the Residues 21

and we can therefore solve recursively for a linear combination of the powers
1, u, ..., u"" with coefficients in k((£)). Summarizing, we get

Proposition 4.3. Let k((9) be a power series field over an algebraically
closed field k. Then the natural k-valued place of k((£)) has a unique
extension to any finite algebraic extension of k((¢)). If E is such an
extension, and u is an element of order 1 in the extended valuation, then
E may be identified with the power series field k((4)) and [E : F] = e.

§5. The Sum of the Residues

We return to global considerations, and consider a function field X of dimen-
sion 1 over an algebraically closed field k. The points P of K over k are
identified with the k-valued places of K over k. For each such point, we have
an embedding K — K, of K into a power series field k((9) = Kp as in §2.
Our first task will be to compare the derivations in K with the derivations in
k((#)) discussed in §3.

Theorem 5.1. Let y be an element of K. Lett € K be a local parameter
at the point P, and let z be the element of K which is such that dy = zdt.
If dy Jdt is the derivative of y with respect to t taken formally from the power
series expansion of y, then z = dy/dt.

Proof. The statement of our theorem depends on the fact that every dif-
ferential form of K can be written z dt for some z, by §3. We know that K
is separable algebraic over k(#), and the irreducible polynomial equation
f(t, y) = 0 of y over k(¢) is such that f,(z, y) # 0. On the one hand, we have

whence z = —f£,(t, y)/f,(t, y) (cf. Lemma 2 of §3); and on the other hand, if
we differentiate with respect to ¢ the relation f(¢, y) = O in the power series
field, we get

d
0=£(t, ) + £t 0 2
This proves our theorem.
Let w be a differential form of K. Let P be a point of K, and ¢ a local
parameter, selected in K. Then we can write w = y dt for some y € K.
Referring to Proposition 4.1 of §4, we can define the residue of w at P to be

the residue of y dt at ¢, that is

resp(w) = res,(y).
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If w is written x dz for x, z € K, this residue is also written resp (x dz). We
now state the main theorem of this section.

Theorem 5.2. Let K be the function field of a curve over an algebraically
closed constant field k. Let o be a differential form of K. Then

> resp(w) = 0.
P

(The sum is taken over all points P, but is actually a finite sum since the
differential form has only a finite number of poles.)

Proof. The proof is carried out in two steps, first in a rational function field,
and then in an arbitrary function field using Proposition 4.2.

Consider first the case where K = k(x), where x is a single transcendental
quantity over k. The points P are in 1 — 1 correspondence with the maps of
x in k, and with the map 1/x — 0O (i.e., the place sending x — ). If P is
not the point sending x to infinity, but, say the point x = a, a € k, then
x — acan be selected as parameter at P, and the residue of a differential form
ydx is the residue of y in its expansion in terms of x — a. The situation is the
same as in complex variables.

We expand y into partial fractions,

Y= cullx — by + f(x)

where f(x) is a polynomial in k[x]. To get res, ( ydx) we need consider only
the coefficient of (x — a)™! and hence the sum of the residues taken over all
P finite on x is equal to 2, c,.

Now suppose P is the point at infinity. Then ¢ = 1/x is a local parameter,
and dx = —1/t?> dt. We must find the coefficient of 1/t in the expression
—y1/r2. 1t is clear that the residue at t of (—1/¢2)f(1/f) is equal to 0. The
other expression can be expanded as follows:

1 Z———C‘“—F = > et ™M1+ thy + - )
-3 (1—b> Y
w

i t

and from this we get a contribution to the residue only from the first term,
which gives precisely —2. c,;. This proves our theorem in the case of a purely
transcendental field.

Next, suppose we have a finite separable algebraic extension K of a purely
transcendental field F = k(x) of dimension 1 over the algebraically closed
constant field k. Let Q be a point of F, and ¢ a local parameter at Q in F.
Let P be a point of X lying above Q, and let 4 be a local parameter at P in
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K. Under the discrete valuation at P in X extending that of Q in F, we have
ordp t = e-ordp u. The power series field k((x)) is a finite extension of
degree e of k((#)). Thus for each P we get an embedding of X in a finite
algebraic extension of k((#)), and the place on K at P is induced by the
canonical place of the power series field k((x)).

LetP, (i =1, ..., s) be the points of K lying above Q. Let A be the
algebraic closure of k((#)). The discrete valuation of k((#)) extends uniquely
to a valuation of A, which is discrete on every subfield of A finite over k((£))
(Proposition 4.3 of §4). Suppose K = F(y) is generated by one element y,
satisfying the irreducible polynomial g(Y) with leading coefficient 1 over F.
It splits into irreducible factors over k((£)), say

(D g¥) =g(¥) - - - g()

of degreesd;(j =1, . . ., r). Lety;be arootof g;(Y). Then the mapping
y — y; induces an isomorphism of K into A. Two roots of the same g; are
conjugate over k((£)), and give rise to conjugate fields. By the uniqueness
of the extension of the valuation ring, the induced valuation on X is therefore
the same for two such conjugate embeddings. The ramification index relative
to this embedding is d;, and we see from (1) that 3 d; = n. By Theorem 2.2
of §2 we now conclude that two distinct polynomials g; give rise to two
distinct valuations on K, and that s = r. We can therefore identify the fields
k((9)(y:) with the fields Kp..

Foreachi =1, ..., r denote by Tr; the trace from the field Kp, to Fj,.

Proposition 5.3. The notation being as above, let Tr be the trace from K
to F. Then for any y € K, we have

Tr(y) = ) Tr(y).

i=1

Proof. Suppose y is a generator of K over F. If [K : F] = n, then Tr(y)
is the coefficient of Y"~! in the irreducible polynomial g(Y) as above. A
similar remark applies to the local traces, and our formula is then obvious
from (1). If y is not a generator, let z be a generator. For some constant
¢ €k, w=y+ czisagenerator. The formula being true for ¢z and for w,
and both sides of our equation being linear in y, it follows that the equation
holds for y, as desired.

The next proposition reduces the theorem for an arbitrary function field X
to a rational field k(x).

Proposition 5.4. Let k be algebraically closed. Let F = k(x) be a purely
transcendental extension of dimension 1, and K a finite algebraic sepa-
rable extension of F. Let Q be a point of F, and P, (i = 1, . . . , r) the
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points of K lying above Q. Let 'y be an element of K, and let Tr denote the
trace from K to F. Then

resg (Tr(y) dx) = j resp, (y dx).

i=1

Proof. Let t be a local parameter at Q in k(x), and let u; be a local parameter
in K at P.. Let Tr; denote the local trace from Ky, to Fy. We have

dx
> resp, (y dx) = ) resp, (y;t dt)
= 2 reSp( 9‘;1_t61 >

and using Proposition 4.2 of §4, we see that this is equal to

> resg (Tri (y %) dt)

Since dx /dt is an element of k(x), the trace is homogeneous with respect to
this element, and the above expression is equal to

> resg (Tr ( y) ) > resg (Tr;(y) dx)

= resg (D) Tri(y) dx)
= resg (Tr(y) dx)
thereby proving our proposition.

Theorem 5.2 now follows immediately, because a differential form can be
written ydx, where K is separable algebraic over k(x).

Our theorem will allow us to identify differential forms of a function field
K with the differentials introduced in §2, as k-linear functionals on the ring
A of adeles which vanish on some A(a) and on K. This is done in the
following manner. Let £ =(..., &, ...) be an adele. Let ydx be a
differential form of K. Then the map

A € > resp (Epydsx)
P

is a k-linear map of A into k. Here, of course, in the expression resp (&ydx),
one views y and x as elements of Kp. It is also clear that all but a finite number
of terms of our sum are 0.



§5. The Sum of the Residues 25

Our k-linear map vanishes on some A(a), because the differential form has
only a finite number of poles. Theorem 5.2 shows that it vanishes on K. It
is therefore a differential, and in this way we obtain an embedding of the
K-vector space of differential forms into the K -vector space of differentials.
Since both spaces have dimension 1 over K (the latter by Theorem 2.6 of §2),
this embedding is surjective.

Let ydx be a differential form of K. If P is a point of K, we can define the
order of ydx at P easily. Indeed, let ¢ be an element of order 1 at P. In the
power series field k((9)), the element

Yar

is a power series, with a certain order mp independent of the chosen element ¢.
We define m, to be the order of ydx at P, and we let the divisor of ydx be

(ydx) = Y, mpP.
Suppose ordp(ydx) = mp. If ordp(&) = —mp, then
ordp(&pydx) = 0,
and the residue resp(& ydx) is 0. Hence the differential A vanishes on A(a),
where a = (ydx). On the other hand, if A(b) is the maximal parallelotope

on which A vanishes, then A(b) D A(a), and b = a. If b > qa, then for some
P, the coefficient of P in b is > mp, and hence the adele

(...0,0,1/t*.0,0,..)
lies in A(Db). One sees immediately from the definitions that
resp(t ™! ydx) # 0,

and hence A cannot vanish on A(b). Summarizing we have

Theorem 5.3. Let K be a function field of dimension 1 over the algebra-
ically closed constant field k. Each differential form ydx of K gives rise
to a differential

A £ Y tesp (&pydy),
3

and this induces a K-isomorphism of the K-space of differential forms onto
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the K-space of differentials. Furthermore, the divisors (ydx) and (X) of §2
are equal.

Corollary 1. The integer 6(a) is the dimension of the space of differential
forms w such that

(w) = a.
A differential form w is said to be of first kind if it has no poles, that is if
(w) = 0.

The space of differential forms of first kind is denoted by dfk. For any divisor
a, let Diff (a) be the space of differential forms  such that (w) = —a. Then

dim Diff (a) = 6(—a).

If a = 0 it is clear that Diff (a) contains the space of differentials of first
kind.

Corollary 2. For any divisisor a > 0 we have
o(—a)=dega—1+g
and
dim Diff (a)/dfk = deg a — 1.
Proof. Since [(—a) = 0 because a function which has no poles and at least

one zero is identically 0, the formulas are special cases of the Riemann-Roch
theorem.

§6. The Genus Formula of Hurwitz

The formula compares the genus of a finite extension, in terms of the ramifica-
tion indices.

Theorem 6.1. Let k be algebraically closed, and let K be a function field
with k as constant field. Let E be a finite separable extension of K of degree
n. Let gg and gy be the genera of E and K respectively. For each point
P of K, and each point Q of E above P, assume that the ramification index
eg Is prime to the characteristic of k. Then

286c —2=nQgx —2) + 2, (¢g — 1).
Q
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Proof. If w is any non-zero differential form of K, then we know that its
degree is 2gx — 2. Such a form can be written as ydx, with x, y € K. We
can also view x, y as elements of E; we can compute the degree in E, and
compare it with that in X to get the formula, as follows. Let P be a point of
K, and let t be a local parameter at P, that is an element of order 1 at P in
K. If u is a local parameter at Q, then

t =uv,
where v is a unit at Q. Furthermore, df = u® dv + eu®'v du. Hence
ordgy (ydx) = eg - ordp (ydx) + (eg — 1).

Summing over all Q over P, and then over all P yields the formula.

§7. Examples

Fields of genus 0. We leave to the reader as an exercise to prove that k(x)
itself has genus 0. Conversely, let K be a function field of genus O and let
P be a point. By the Riemann-Roch theorem, there exists a non-constant
function x in L (P), because

I(P)=141-0+0=2,

and the constants form a 1-dimensional subspace of L(P). We contend that
K = k(x). Indeed, x has a pole of order 1 at P, and we know that [K : k(x)]
is equal to the degree of the divisor of poles, which is 1. Hence we see that
K is the field of rational functions in x.

Fields of genus 1. Next let X be a function field of genus 1, and let P again
be a point. We have 2g — 2 = 0, so the Riemann-Roch theorem shows that
the constant functions are the only elements of L(P).

However, since deg(2P) = 2, we have
I2P)=2+1-1=2,

so there exists a function x in K which has a pole of order 2 at P, and no other
pole. Also

IBP)=3+1—-1=3,

so there exists a function y in X which has a pole of order 3 at P. The seven
functions 1, x, x2, x>, xy, y, y*> must be linearly dependent because they all
lie in L(6P) and
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[6P)=6+1—-1=6.

In a relation of linear dependence, the coefficient of y? cannot be 0, for
otherwise y € k(x) and this is impossible, as one sees from the parity of the
poles of functions in k(x) at P.

Since the degree of the divisor of poles of x is 2 we have

[K: k(x)] = 2.
Similarly,
[K:k(y)]=3.

There is no strictly intermediate field between K and k(x), and since y is not
in k(x), it follows that

K =k(x, y).

Furthermore, the relation of linear dependence between the above seven
functions can be written

Y=y + cxy + c3x* 4+ ¢4x? + csx + cs.

In characteristic # 2 or 3, we can then make simple transformations of
variables, and select x, y so that they satisfy the equation

y2 = 4x3 — (2 X — (3,

familiar from the theory of elliptic functions.

Hyperelliptic fields. Let K = k(x, y) where y satisfies the equation

y:=f(x),

and f(x) is a polynomial of degree n, which we may assume has distinct
roots. Let us assume that the characteristic of k is # 2. Then the genus of

Kis
n—1
> |
Proof. Letf(x) = Il (x — a;) where the elements q; are distinct. Then K
is unramified over k(x) at all points except the points P; corresponding to

x = a;, and also possibly at those points lying above x = co. At P; the
ramification index is 2. Suppose first that n is odd. Lett = 1/x so that ¢ has
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order 1 at oo in k(x). We write

f=r"11A - ta).

Each power series 1 — fa; has a square root in k[[#]], while for » odd, the
square root of ¢ ™" shows that k(x, y) is ramified of order 2 at infinity. The
Hurwitz genus formula yields

2 —2=220-D+3Q2-D+Q=1=—4+n+1

Solving for gx yields gx = (n — 1)/2. If n is even, then the ramification
index at infinity is 1 and the Hurwitz formula yields gy = (n — 2)/2. This
proves what we wanted.

§8. Differentials of Second Kind

In this section all fields are assumed of characteristic 0. A differential form
w is called of the second Kind if it has no residues, that is if

respw =0 forall P.

It is called of the third kind if its poles have order = 1. The spaces dsk and
dtk of such forms contain the differentials of first kind.

The Riemann-Roch theorem immediately shows that the differentials of
first kind have dimension g, namely 8(0) = g, equal to the genus.

A differential form is called exact if it is equal to dz for some function z.
It is clear that an exact form is of the second kind. We shall be interested in
the factor space

dsk/exact.
Theorem 8.1. Assume that K has characteristic 0. Then
dim dsk/exact = 2g.
Proof. We define dsk(a) and dtk(a) just as we defined Diff (a), that is,
forms of the prescribed kind whose divisor is = —a.
Let Py, . . ., P, be distinct points, and let N be a positive integer such
that (N — 1)r > 2g — 2. If a differential form is exact, say equal to dz, and

lies in

dsk(N >’ P),
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in other words, if it has poles at most at the points P; of orders at most N, then
z €EL((N — 1) 2 P,), and conversely. Note that

dsk/exact = U dsk(N = P)/dL((N — 1) = P),

where the union is taken over all N as above, and all choices of points
Py, ..., P. To prove the theorem it will suffice to prove that each factor
space on the right has dimension 2g, because if that is the case, then increas-
ing N or the set of points cannot yield any further contribution to dsk/exact.

This will then also prove:

Theorem 8.2. Let Py, . . . , P, be distinct points, and let N be a positive
integer such that (N — D)r > 2g — 2. Then

dsk/exact = dsk(N = P)/dL((N — 1) £ P).
Note that
dimdL(N-1D)ZP)=I(N-1DZP)-1,

because the only functions z such that dz = 0 are the constants. On the other
hand, also note that

dfk N exact = 0,

because a non-constant function z has a pole, and so dz also has a pole.

By Riemann-Roch (cf. Corollary 5.7) the dimension of the space of dtk
having poles at most at the points P, modulo the differentials of first kind has
dimension

o(—-ZPR)—g=r—1
Putting all this together, we find,
dim dsk(N 2 P)/dL((N — 1) 2 P)
= dim Diff(N = P)/dL((N — 1) £ P) — dim dtk(Z P)

=8(-NZP) -I(N-DEP)-11-(-1
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=2¢g—24+Nr+1—g-N-Dr—-14+g+1-(@-1
= 2g.

This proves the theorem.

§9. Function Fields and Curves

For technical simplicity, we assume again that k has characteristic zero.

Let K be a function field in one variable over a field k. This means that
K is of transcendence degree 1, and finitely generated. If we can write
K = k(x, y), with two generators x, y, then we may call (x, y) the generic
point of a plane curve, defined by the equation f(X, Y) = 0, if f is the
irreducible polynomial vanishing on (x, y), determined up to a constant
factor. A point (g, b) lies on the curve if and only if f(a, b)) = 0. We shall
say that the point is simple if D,f(a, b) # 0.

If 0 is a discrete valuation ring of K over k (i.e., containing k) and m its
maximal ideal, then 1 is principal, and any generator of m is called a local
parameter of 0 or 111, Assume that the residue class field o/m is equal to k.
Let ¢: 0 — o/m be the canonical map. If K = k(x, y) and x, y € 0, then
we let a = @(x), b = ¢(y). We see that (a, b) is a point on the curve
determined by (x, y). Ifz € K, z & 0, we can extend ¢ to all of K by letting
¢(2) = co. We call ¢ a place of K (over k). We say that the point (g, b) is
induced by the place on the curve.

Local Uniformization Theorem. Let K be a function field in one variable
over k.

(1) Let K = k(x, y) where (x, y) satisfy an irreducible polynomial
fX, Y) =0 over k.

Leta, b € kbe suchthatf(a, b) = 0but D.f(a, b) + 0. Then there
exists a unique place ¢ of K over k such that ¢(x) = a, ¢(y) = b,
and if 0 is the corresponding discrete valuation ring with maximal
ideal 11, then x — a is a generator of m.

(2) Conversely, let 0 be a discrete valuation ring of K containing k, with
maximal ideal, m, such that o/m = k. Let x be a generator of m.
Then there exists y € 0 such that K = k(x, y), and such that the
point induced by the place on the curve is simple.

Proof. To prove (1), we shall prove that any non-zero element

g(x, y) € k[x, y
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can be written in the form

Ax, y)

gudo=u—aVBuy)

where A, B are polynomials, and B(a, b) # 0. This proves that the ring 0

consisting of all quotients of polynomials g;(x, y)/g.(x, y) with g.(a, b) # 0

is a discrete valuation ring, and that x — a is a generator of its maximal ideal.
If g(a, b) # 0, we are done, so assume g(a, b) = 0. Write

g, Y)=( -ba) &) EkY]

fla, V)= -bflY)  fiY) EkIY]
Then f,(b) # 0 since D,f(a, b) + 0. Hence

g(a, NAY) = f(a, Y)&(Y).
It follows that
gX, VAY) — fX, Ngi(¥) = X — ))A (X, Y)
for some polynomial A;. Hence
g(x ) = (x — @A N/AHD).

If Ai(a, b) # 0, we are done. If not, we continue in the same way. We
cannot continue indefinitely, for otherwise, we know that there exists some

place of K over k inducing the given point, and g(x, y) would have a zero of
infinite order at the discrete valuation ring belonging to that place, which is

impossible.

Conversely, to prove (2), let K = k(x, z) where z is integral over k[x].
Letz =z, ..., z, (n = 2) be the conjugates of z over k(x), and extend 0
to a valuation ring © of k(x, z;, . . ., z,). Let

Z=G+ax+- - +ax +---
be the power series expansion of z, with a; € k, and let

P(x)=ap+" - +ax.

Fori=1,...,nlet
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If we take r large, then y; has no pole at O, but y,, . . . , y, have poles at .
The elements y;, . . ., y, are conjugate over k(x). Let f(X, Y) be the
irreducible polynomial of (x, y) over k. Then

f, ) =¢g®0Y" + - - + ().

Furthermore, ;(0) # 0 for some i, otherwise we could factor out some
power of X from f(X, Y). We rewrite f(x, Y) in the form

1
FO ) =4y, ... Y _YI)()TZY - 1)- : '(lY - 1)-

Yn
In the valuation determined by £, we see that the coefficient
u=u(X)y2...
cannot have a pole (otherwise divide the two expressions for f(x, Y) by this
coefficient and read the polynomial modulo the maximal ideal m of 0 to get

a contradiction). If we denote by a bar the residue class of an element of 0
mod m, then

04fF Y)=(=1)""a¥ —3).

By definition, ¥ =g = 0. Welety = y; and ¥ = b. Then
D,f(a, b) = (—1y""'% # 0,
as was to be shown.

Corollary. Let K be finite over k(x). There is only a finite number of
valuations of k(x) over k which are ramified in K.
Proof. There exist only a finite number of points (a, b) such that

f(a, b)=0 and D,f(a, b) =0,

and there exist only a finite number of valuation rings of K such that x does
not lie in the valuation ring (i.e., such that x is at infinity).

If K = k(x, y) and f(x, ¥) = O is the irreducible equation for x, y over £,
then one calls the set of solutions (a, b) of the equation f(a, b) = 0 an affine
plane curve, which is a model of the function field. If all its points are simple,
the curve is called non-singular. The totality of all places of K (which are
k-valued) is called the set of points on the complete non-singular curve
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associated with the function field X. There may of course not be a single
model which is non-singular. Furthermore, an affine model always excludes
“points at infinity”, corresponding to places which map x to co. This could
be taken care of by considering projective models of the function field. For
our purposes, it suffices to call the set of all k-valued places the complete
non-singular model, and to deal with this as the curve.

For our purposes, the genus of a curve is defined to be the genus of its
function field.

Let R be the set of points of K. The elements of R are in bijection with
the discrete valuation rings of K containing the constant field k. We speak of
elements of R as the points on the above complete non-singular model. We
write R(K) if we wish to specify the reference to K.

Suppose that X is a finite extension of F. Then the inclusion F C K gives
rise to a mapping

¢: R(K) —> R(F)
which to each valuation ring o of K associates the ring 0 N F of F. This
mapping ¢ can be representing on the points of an affine model. Indeed, if
K = k(x, y) as above, with irreducible equation f(x, y) = 0, and (a, b) is the

point corresponding to 0; and if F = k(u, v), where u, v are in 0 and the point
induces the values (¢, d) on (4, v), then we may write

u = q@xy)), v = @x, y)

where ¢, ¢, are rational functions whose denominators do not vanish at
(a, b). Then

c = ¢(a, b) and d = ¢y(a, b).

§10. Divisor Classes

Let 9%, be the group of divisors of degree 0, and 9, the subgroup of divisors
of functions. The factor group

€ = Do/D;

is called the group of divisor classes.
Suppose that K is a finite extension of F, and let

¢: R(K)— R(F)
be the associated map on the curves. Then ¢ induces a homomorphism

@ BK)— G(F).
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Indeed, ¢, is defined to be ¢ on points, and is extended by Z-linearity to
divisors. Itisan elementary fact of algebra that ¢, maps divisors of functions
to divisors of functions. In fact, if z € K then

¢(2) = Nyr2),

in other words, the image of the divisor of (z) under ¢ is the divisor of the
norm. For a proof, cf. Proposition 22 of Chapter I [La 2].
The map ¢ on divisors also induces a contravariant map

p*: G(F) — 4(K)

as follows. Given a point Q of F, let P, . . . , P, be the distinct points of
K lying above Q, and let ¢; be the ramification index of P, over Q. Then we
define

o*Q) = ei(P).

i=1

Then ¢* also maps the divisor of a function z in F to the divisor of that same
function, viewed as element of K. This is obvious from the definition of the
divisor of a function.

It is also immediate that

o p*=I[K:F],

because if z € F then Ng;-(z) = z" where n = [K : F]. Or, alternatively,
because in the above notation,

2 €; = n.
i=1



CHAPTER II

The Fermat Curve

The purpose of this chapter is to give a significant example for the notions and
theorems proved in the first chapter.

The reader interested in reaching the Abel-Jacobi as fast as possible can of
course omit this chapter.

81. The Genus
We consider the curve defined by the equation
XN + yN — 1
over an algebraically closed field &k, and assume that N is prime to the
characteristic of k. We denote this curve by F (V) and call it the Fermat curve
of level N. We suppose that N = 3 and again let X be its function field,
K =k(x, y).
We observe that the equation defining the curve is non-singular, so the

discrete valuation rings in K are precisely the local rings of points on the
curve, including the points with x = oo, arising from the projective equation

with z = 0.
We have the expression
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where the product is taken over all { € uy (N-th roots of unity). If x is set
equal to an N -th root of unity, then we obtain a point on the Fermat curve with
y = 0, and X is ramified of order N over this point, as is clear from the above
equation. Hence

[K : k(x)] =N,

and the ramification index of K over the point x = {is N.
On the other hand, let t = 1/x. Then

1
yN':}W(tN_ 1)9

and —1 + ¢V is a unit in k[[f]]. Hence x = oo (or ¢t = 0) is not ramified in
K, and there exist N distinct points of F () (or K) lying over x = o, called
the points at infinity in this section. 1f we putz = ty, then these N points have
coordinates

z={ for (€ un
By the Hurwitz genus formula, if we let g be the genus of F(N), we get:

26 —2=-2N+ > (¢, — 1) = —2N + N(N — 1).

Hence:
N-—-DWN -2
Theorem 1.1. The genus of FN) is g = (—)2(——) .
§2. Differentials
For integers r, s such that 1 = r, s we let
W =x"y* 1 dx?
r.s y N xNyN
We can also write
.. = xr-—lys-l dx .
TS yN—l
Since
dx dy
yN—-l = - A1 >
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we see that the only possible poles of w,; lie among the points with x = co.
In other words, if P is a point such that x(P) is finite # O then the expression
dy [x"~! shows that w, ; has no pole at P. If P is a point such that x(P) = 0
then y(P) # 0, and the other expression shows that dx /y¥~! has no pole at P.

Theorem 2.1. A basis for the differentials of first kind is given by w, ; with
1=r, ssuchthatr +s =N — 1.

Proof. Suppose that x(P) = co. Putt = 1/x. Then

1
dx=—pdt,

and ordp y = ordp x = 1. Then

from which itis clear thatif r + s = N — 1 then ordp w,, = 0. This proves
the theorem, because it is also clear that the differential forms as stated are
linearly independent over the constants, and there are precisely g of them,
where g is the genus of F(N).

We observe that these forms have an additional structure. The group
My X py acts as a group of automorphisms of F(N) by the action

G, ) = (Gyx &)

where y is a fixed primitive N -th root of unity. Over the complex numbers,
we usually take &y = e¢?™". Then the form w,, (without any restriction on
the integers r, s) is an eigenform for the character X, ; such that

X (L, &) = .

The linear independence of the differentials of first kind in Theorem 2.1 can
therefore also be seen from the fact that they are eigenforms for this Galois
group, with distinct characters.

When we view uy X uy as a group of automorphisms of F(N) we shall
also write it as G = G(N), and call it simply the group of natural automor-
phisms of the Fermat curve, or also the Galois group of F(N) over F(1).

Theorem 2.2. The forms w,, with
l=r,s=N-1landr +s £0mod N

constitute a basis for dsk/exact.
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Proof. Let
N
0= ()
i=1

be the divisor of points above x = co on F(N), taken with multiplicity 1
First we note that the space

dtk(oo)/dfk

has dimension N — 1 by the Riemann-Roch theorem (Corollary 2 of Theo-
rem 5.3, Chapter I). Checking the order of pole at infinity shows that the
forms

w., with r +s=N and 1=r s

are of the third kind, and obviously linearly independent from the differentials
of first kind in Theorem 2.1. Since they have the right dimension, they form
a basis of dtk(co)/dfk.

Given any differential w, it follows that there exists a homogeneous
polynomial h(x, y) of degree N — 2 such that

dx
w—h(x, )—_
nyl

is of the second kind. We apply this remark to the forms w, ; withr + s £ 0
mod N. We operate with ({, {) on the above difference, and note that the
automorphisms of F (V) preserve the spaces of dsk. Subtracting, we then find
that

(I - {*MNew,; with r +s%£0mod N

is of second kind, whence w,; is of second kind.

Finally, we note that the forms @, withl = r,s =N — landr + s £0
mod N, taken modulo the exact forms are eigenforms for the Galois group
My X wy with distinct characters, and hence are linearly independent in
dsk/exact. Since the number of such forms is precisely the dimension of
dsk/exact, it follows that they form a basis for this factor space, thus proving
the theorem.

§3. Rational Images of the Fermat Curve

Throughout this section, we let 1 = r, sandr + s =N — 1. Such a pair
(r, 5) will be called admissible. We shall consider rational images of the
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Fermat curve (subfields of its function field) following Rohrlich [Ro] after
Faddeev [Fa 2].

We put
u=x"  and v =x"y
We let
D =g.cd.(r,s, N) and M = N/D.
We write

r=r'D,s =s'D sothat (+',s,M)=1.
Then u, v are related by the equation
oV = u'(1 — wy,
which, in irreducible form, amounts to
oM =u" (1 — wr.

We let F(r, s) be the “non-singular curve” whose function field is k£ («, v), so
that we have a map

F(N)— F(r, 9),
given in terms of coordinates by
(x, )+ @ v) = ", x"y").
If t € Z(M) = Z/MZ, we let {t);, be the integer such that
0=y =M -1 and (t)y =tmodM.
If M = N we omit the subscript M from the notation. If we let K(N) and

K (r, s) be the function fields of F(N) and F(r, s) respectively, then K(N) is
Galois over K(r, 5). Let G(r, s) be the Galois group.

K(N) = k(x, y)
G(r, s
Gz#’NX#’N K(r,s):k(u,v)

K(1) = k(u)
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We note that G(r, s) is the kernel of the character X, ,, and that K (r, 5) over
K(1) is cyclic, of degree M. It is in fact a Kummer extension.

Special case. Consider the case when N = p is prime = 3 and
r=s=1,
so the intermediate curve is defined by
v = u(l — u),
which is therefore hyperelliptic. The change of variables
t=2u —1
changes this equation to
t?=1— 40°,

which is often easier to work with.

Letm € Z(M). We say that m is (, s)-admissible if (mr) and {ms) form
an admissible pair, that is

1= {mr), {ms) and {(mr) + (ms) =N — 1.

Theorem 3.1. A basis of dfk on F(r, s) is given by the forms
Wy, (ms)
for all (r, s)-admissible elements m.
Proof. Tt is clear that x™”y™ lies in the function field of F(r, s), and

hence that the forms listed above are of the first kind on F (r, s). Conversely,
suppose w is a dfk on F(r, 5). Write

w = 2 Cq1 Wy,

where the sum is over all admissible pairs (g, £). Since w,, is an eigenform
of uy X wy with eigencharacter X,,, and since the factor group

(#'N X #'N)/Ker Xr,s

is cyclic, it follows that if ¢;, # O then
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Xq.t = X’r'.ls
for some integer m. But then g = (mr) and ¢t = (ms), as desired.

Suppose that m € Z(M)*, and that m is (r, s)-admissible. Then the
function fields of F(r, s) and F ({mr), (ms)) are equal, for instance because

Ker X, = Ker X ims-

The correspondence between the curves in terms of coordinates is given as
follows.

Letl =m = M — 1be prime to M and such that its residue class mod M
is (r, s)-admissible. Write

(mr), {ms)) = m(r, s) + N@, j)
with some pair of integers i, j. Then we have a commutative diagram:
F(N)
v N
F(r, s) > F({mr), (ms))
where the bottom arrow is given by
(u, v) = (u, v"u' (1 — w’),

realizing the automorphism of the function field corresponding to the two
models F(r, s) and F({mr), {ms)).

Two admissible pairs (r, s) and (g, ?) are called equivalent if there exists
m € Z(M)* such that ¢ = (mr) and ¢t = (ms). It is clear that inequivalent
pairs correspond to distinct subfields K (r, s) and K (g, #). On the other hand,
if (r, 5) and (g, f) are equivalent, then

K(r, 5) =K(q, 1.
Given the admissible pair (r, s), and m € Z(M)*, we observe that there

is precisely one value of m or —m such that ((mr), (ms)) is admissible. This
follows at once from the fact that for any integer ¢ # 0 mod N we have

(@ + (—a) = N.

We shall now apply this to the most interesting special case when N = p
is prime = 3.
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Theorem 3.2. [f N = p is prime = 3, then for every admissible pair
(r, 5) the curve F(r, 5) has genus (p — 1)/2, and K(r, 5) = K(1, s*) for
a uniquely determined integer s* such that the pair (1, s*) is admissible.

Proaof. The genus can either be computed directly as we did for the Fermat
curve, or one can use Theorem 3.1. The number of m such that ((mr), (ms))
is admissible is trivially computed to be (p — 1)/2, using the remark preced-
ing the theorem. The statement that X (r, s) = K (1, s*) is clear.

Of course, instead of (1, s*) we could also have picked a representative in
the equivalence class of (r, s) to be (r*, 1).

Remark. If we define F(p — 1, 1) by
ol = uP (1 — w),
then F(p — 1, 1) has genus 0, since it is also defined by

1 —u

wh =

B

u
where w = v/fu, and (1 — w)/u is a fractional linear transform of u, so a

generator of k(). The function field of F(p — 1, 1) is therefore equal to
k(w).

§4. Decomposition of the Divisor Classes
LetF, =F(Q,kfork=1,...,p — 2and let
fi 1 F(p)— F,
be the associated rational map. As we have seen in Chapter I, §10 there is
an associated map f,, on divisor classes, as well as an inverse map f¥. Let
€, = 6(F;) be the group of divisor classes on F,, and let
p-2
f[=Dfi:€— kEB €
be the direct sum of the f;. Also let
p-2
AR

be the map
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fe=3

k=1

We shall give the proof of the next theorem only over k = C.

Theorem 4.1. We have f* o f=p -id.

Proof. Let A and B be the automorphisms of F(N) induced by (x, y)—
(¢x, y) and (x, {y) respectively. We use the same letters for the induced
automorphisms of the divisor class group. For any divisor a of degree 0 on
F(p) the elementary definitions of the direct image and inverse image give us
the formula

p—1
S o Sy (@) = ,-;) (47*BY(a).

Hence
p—2 p—1

frof=3 ¥ A79B.
k=1 j=0
We wish to show this is equal to p - id on divisor classes. We need the fact
that this is equivalent to showing this same relation when the map is viewed
as being applied to differentials of first kind. Any general theory will prove
this fact. The reader can deduce it for instance from the duality of Theorems
5.5 and 5.6 in Chapter IV. We assume this fact. Then it suffices to prove
the desired relation when the map is applied to the differential forms w, ; with
r+s =p — 1. Since such forms are eigenforms for the Galois group of
F(p) over F(1), we see that the above relation is equivalent to the relation

p—2 p—-1
jls—rk) _ .
kzl j;o C P

Since r + s = p — 1 we see that for each pair r, s there exists a unique k
satisfying

ks =r (mod p).

For this value of k, the sum overjisequaltop, andp — p = 0. For the other
values of &, the sum over j is equal to 0. This proves the theorem.

The theorem gives us a sequence of maps
f p-2 f*
€ — k@l € — €
whose composition is p - id. In Chapter IV, we shall prove that the group of
divisor classes is isomorphic to a complex torus, and it is clear that f, f* are
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complex analytic homomorphisms, over the complex numbers. From Theo-
rem 4.1 we conclude that f* o f has finite kernel, and from the fact that the
dimension of the group of divisor classes is equal to the genus, we see that

p—2
dim € = 2 dim 6,.

k=1

Thus f must be surjective, and up to such a homomorphism with finite kernel,
we have a decomposition of € into a direct sum of factors corresponding to

the curves Fy withk =1, ... ,p — 2.
For more general results, cf. Koblitz-Rohrlich [Ko-R].
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The Riemann Surface

The purpose of this chapter is to show how to give a structure of analytic
manifold to the set of points on a curve in the complex numbers, but our
treatment also applies to more general fields like p-adic numbers. We are
principally interested in the complex case, in order to derive the Abel-Jacobi
theorem in the next chapter.

§1. Topology and Analytic Structure

Assume now that k is locally compact. It can be shown that & is the real field,
complex field, or a p -adic field. A point P of X is called k-rational if the
residue class field o/p of its valuation ring is equal to k itself. The local
uniformization theorem shows in fact how to interpret primes as non-singular
points on plane curves. We let R be the set of all £-rational points of K over
k, and call it the Riemann surface of K over k. We can view the elements
of K as functions on R. If P € R, we denote by pp the valuation ring
associated with P, and by m, its maximal ideal. If z € 0p, then we define
z(P) to be the residue class of z mod mp. Thus

z(P) E k.

If z & 0p, then we define z(P) = «. The elements of k are constant func-
tions, and are in fact the only constant functions. If z(P) = 0, we say that
z has a zero at P, and if z(P) = «, we say that z has a pole at P.

For each x € K, we let I', = {k, oo} be the Gauss sphere over k, that is,
the compact space obtained by adjoining to & a point at infinity. We let

r=]]T.

x€K
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We embed R in I' in the obvious way: An element P goes on the product
I1x(P). We topologize R as a subspace of I, which amounts to saying that
the topology is the one having the least amount of open sets such that all the
functions x € K are continuous.

The product T is compact, and we contend that R is closed in I'. This
implies that R is compact.

Proof. Let (a.):ex be in the closure. Let 0 be the set of elements x in K
such that a, # oco. Then 0 is a valuation ring, whose corresponding point Q
is such that x(Q) = a, for all x. This is easily proved. We first note that
k C o0 because a(P) =aforalla Ekand P €ER. Letx, y € 0. Then
a,, a, # oo. By assumption, there exists P € R such that x(P), y(P), and
(x + y)(P) are arbitrarily close to a,, a,, a,., respectively. For such P, we
see that x(P) and y(P) # oo, whence (x + Y)(P) # «o. Hencex + y € 0.
Similarly, x — y and xy lie in 0, which is therefore a ring. Furthermore, the
map x —> a, is a homormophism of o into %, and is the identity on k. This
follows from a continuity argument as above. Finally, o is a valuation ring,
for suppose x & 0. Thena, = . Lety = x~'. There exists P € R such
that x(P) is close to a, and y (P) is close to a,. Since x(P) is close to infinity,
it follows that y(P) is close to 0. Hencea, = 0, soy € 0. This proves our
assertion.

Let P be a point. Let ¢ be a generator of the maximal ideal mj, i.e. a lo-
cal uniformizing parameter at P. We shall now prove that the map

Q—1(Q)

gives a topological isomorphism of a neighborhood of P onto a neighborhood
of 0ink.

According to the local uniformizing theorem, we can find generators ¢, y
for K such that the point P is represented by a simple point with coordinates
(a, b) in k, and in fact @ = 0. Split the polynomial (0, Y) in the algebraic
closure k* of k. Then b is a root of multiplicity 1, so we have

JO, V)= - —by)?- - - (¥ — b)".

The roots of a polynomial are continuous functions of the coefficients. There
exists a neighborhood U of 0 in k such that for any element 7 € U, the
polynomial f(7, ) has exactly one root in k*, with multiplicity 1, and this root
is close to b (in the algebraic closure of k). However, using, for instance, the
Newton approximation method, starting with the approximate root b, we can
refine b to aroot of f(z, Y) in k itself, if we took U sufficiently small. Hence
the map Q — ¢(Q) is injective on the set of Q such that (¢£(Q), y(Q)) lies in
a suitably small neighborhood of (0, ). Since the topology on R is deter-
mined by the functions in K, and since k is locally compact, we conclude that
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for U sufficiently small, the map Q +> ¢(Q) gives a topological isomorphism
of U onto a neighborhood of 0 in k.

We can choose U such that #(U) is a disc on the #-plane. We observe that
if Q is close to P, then applying the local uniformization theorem shows that
t — t(Q) is a local uniformizing parameter at Q, because the condition
concerning the second partial derivative is satisfied by continuity. Indeed, if
Dif(a, b) # 0, then D,f(a’, b') #+ 0 for all (@', b') sufficiently close to
(a, b).

Theorem 1.1. Taking as charts discs on t-planes as above, together with
the maps given by local parameters, gives an analytic manifold structure
to R.

Proof . If P € R, and ¢, u are two parameters at P, then ¢ has a power series
expansion in terms of u, say

and since ¢ is algebraic over k(u), simple estimates show that this power series
is convergent in some neighborhood of the origin. Hence

tQ) = >, a;u(Q)

for Q close to O in the ¢-plane, and we see that the functions giving changes
of charts are holomorphic.

Theorem 1 is valid for any field k£ which is real, complex, or p -adic. From
now on, we shall assume that k = C is the field of complex numbers.

We have the notion of a meromorphic function on R, that is a quotient of
holomorphic functions locally at each point. If fis such a function, we can
write it locally around a point P as a power series

Q) =2 bit(Q)

where ¢ is a parameter at P, and a finite number of negative powers of t may
occur. In this way, f may be viewed as embedded in the power series field
Ky = C((9), and thus can be viewed as an adele because it has only a finite
number of poles on R since R is compact.

Theorem 1.2. Every meromorphic function on R is in K.

Proof. Let L be the field of meromorphic functions on R. If L # K, then
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the degree (L : K)¢ of the factor space of L mod K over the complex is
infinite. We have:

(L:K)e=(L + A0 :K + AO)c + (L N A®©) : K N AD))c.

The first term on the right is finite as was shown in Weil’s proof of the
Riemann-Roch theorem. The second is 0 because a function having no pole
is a constant (by the maximum modulus principle). Contradiction.

Theorem 1.3. The Riemann surface is connected.

Proof. Let S be a connected component. Let P € Sandletz € Kbe a
function having a pole only at P (such a z exists by the Riemann-Roch
theorem). Then z is holomorphic on any other component, without pole,
hence constant, equal to ¢ on such a component. But z — ¢ has infinitely
many zeros, which is impossible since R and § are compact.

Theorem 1.4. Let z € K be a non-constant function. The points of K
induce points of C(2), and thereby induce a mapping of R onto the z-sphere
S,, which is a ramified topological covering. The algebraic ramification
index ep at a point P of R is the same as the topological index, and the
number of sheets of the covering is

n =[K:C(2].

Proof. Let P be a point of R and ¢ a parameter at P. Then P induces a
point z = a on the z-sphere, and ¢° is equal to z — a times a unit in the
power series ring C [[¢]]. Since one can extract nth roots in C, we can find
a local parameter u at P on R such that u®* = z — a, where a = z(P). The
map

u(@) = u(@)=:2(Q)—-a

gives an e to 1 map of a disc Vp around P onto a disc V, in the z-plane. We
shall call such a disc regular for P. We have shown that the topological
ramification index is equal to e. As to the number of sheets, all but a finite
number of primes of C (z) are unramified in X and, therefore, split completely
into n primes of K (by the formula ¥ ¢; = n). Hence n is the number of
sheets.

Theorem 1.5. The Riemann surface is triangulable and orientable.
Proof. We shall triangulate it in a special way, used later in another

theorem. Let z be a non-constant function in K. Consider a triangulation of
the z-sphere S, such that every point g of S, ramified in X is a vertex (just add
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such points to a given triangulation). A sufticiently high subdivision of the
triangulation achieves the following properties.

If A is a triangle in S, none of whose vertices is ramified, then A is
contained in some regular neighborhood of a point, with ramification index
equal to 1.

If A is a triangle with a ramified vertex Q, then A C V,,.

We can now life the triangulation. First, each vertex lifts to a certain
number of vertices on R, and each A none of whose vertices is ramified lifts
uniquely to n triangles in R.

If Q is a point of R ramified above ¢ in S,, we let m be its ramification index
and ¢ a parameter at Q on R. We get a map

Vo=V,
by
t—>t"=z —a

if we choose ¢ suitably. Each point z — a = re'® has m inverse images

U (iO 2771'1/0)
t=r"exp|— +— v=1,...,m.
m m

Hence each triangle A with a vertex at g lifts in m ways.

As to orientability, we can assume that two triangles of our triangulation,
none of whose vertices are ramified and having an edge in common, are
contained in some regular disc. Secondly, if A has a ramified vertex ¢, and
A; has an edge in common with A, then A, A, are both contained in V.

Now we can orient the triangles on S, such that an edge receives opposite
orientation from the two triangles adjacent to it. If A on R covers A, we give
A and its edges the same orientation as A. In view of our strengthened
conditions, we can lift the orientation, so R is orientable.

Let V, E, T be the number of vertices, edges, triangles on the z-sphere.
Then denoting by a prime the same objects on R, we get

E' = nE T = nT.

On the other hand, let r be the number of primes p of C (z) which are ramified,
orp = co. Let n, be the number of primes P of K such that P lies above p.
Then

Vi=nV-r+>n,

P

the sum being taken over ramified p or infinity. We have
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Vi=nV —nr+ > n
P

=nV + > (n, —n)

P
=V = > > (ep — 1)

p Plp

=nV — > (e — 1)
P

where this last sum is taken over all primes P of K.
Let X; be the Euler characteristic of S, and Xg that of R. We shall prove:

Theorem 1.6. Let g be the topological genus of R. Then
26 —2=-2n+ ) (e — D).
P

Proof. We have X, = By — B, + B; where B; is the i-th Betti number.
We have By=B,=1. ButalsoX, =V —FE + T, so X, = 2.
Now Xz = V' — E' + T’ and by our previous result, this is

=nV —> (ep — 1) —nE + nT
=nX, — > (e — 1).

But By = B; = 1 and B] = 2g. Hence Xz = 2 — 2g, whence
286 —2=-2n+ (e — 1)

as desired.
Corollary, The algebraic genus is equal to the topological genus.

Proof. Both satisfy the same formula.

§2. Integration on the Riemann Surface

As before, K is a function field over C and R its Riemann surface.
If U is an open subset of R, we can define the notion of meromorphic
differential on U, namely an expression of type fdx where fis a meromorphic
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function on U and x lies in K. We say that fdx ~ gdyif f/g = dy/dx. We
say that the differential is holomorphic at P if, whenever ¢ is a parameter at
P, and

dx
fde =f—di

at P, then the function f dx/dt has no pole at P. We say that the differential
is holomorphic on U if it is so at every point of U.

A primitive g of f dx on U is a meromorphic function on U such that
dg/dx = f. If U is connected, then two primitives differ by a constant, as
always.

If @ is a holomorphic differential on a disc V, then w has a primitive g and
g is holomorphic on V.

Let v be a 1-simplex contained in a disc V, let w = fdx on V, let

dy =P - @,

and let ¢ be a primitive of @ on V. Then we define

jw=gw>—agx
Y

This number is independent of the choice of V and g. Indeed, if supp (y) is

contained in another disc Vi, and g; is a primitive of fdxon Vi, then V NV,

contains a connected open set W containing -y, and g — g, is constant on W.
If subd; ¥y = y; + 7, has one more point A, then

oyy =P —A, 0y, =A — Q and fw:f w+f .
Y Y1 Y2

Hence if vy is contained in a disc V, then

fw =f w.
Y subdy ¥

If v = % n; 0; where g; is a 1-simplex contained in some open disc, we
define the integral of w over vy by linearity. We get again that the integral
does not change by a subdivision.

If -yis any 1-chain, for r large enough, each member of the r-th subdivision
is contained in some open disc, and we can define the integral over a 1-chain,
independently of the subdivision chosen subject to this condition.

A cycle v is called homologous to 0, and we write y ~ 0, if some
subdivision of vy is the boundary of a 2-chain. By abuse of language, we also
say that vy itself is the boundary of a 2-chain.
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Cauchy’s Theorem. Let w be holomorphic on an open set U of R. Let vy
be a 1-cycle on U, homologous to 0 on U, Then

fw:O.
Y

Proof. We have y = on where 7 is a 2-chain. For some r, Sd"y has
each one of its simplices contained in a disc. We have

Sd'y = Sd"am = aSd™n,

whence it suffices to prove Cauchy’s theorem under the assumption that n and
vy are contained in a disc. But then w has a primitive, and the result is trivial.

Corollary. If U is simply connected, then w has a primitive on U.

The pairing

(v, w)HLw

gives a bilinear map
Hi(R, Z) x 4(R)— C,
where () is the space of differentials of first kind.
Theorem 2.1. The kernels of this pairing on both sides are 0. In other
words, if w is a differential of first kind whose integral along every cycle
is 0, then w = 0. Conversely, if v is a cycle such that the integral along

v of every dfk is O, then vy is homologous to 0.

Proof. As to the first statement, fix a point O on R. Under the hypothesis
that w is orthogonal to every cycle, it follows that the association

P
Pr—>fw
0

is a holomorphic function on R, whence constant, and therefore that w = 0.
The converse is harder to prove and will be done later, Theorem 5.4 of
Chapter IV.



CHAPTER IV
The Theorem of Abel-Jacobi

§1. Abelian Integrals

A differential will be said to be of the first kind if it is holomorphic every-
where on the Riemann surface. Such differentials form a vector space over
the complex, and by the Riemann-Roch theorem, one sees that the dimension
of this space is equal to the genus g of R.

From topology, we now take for granted that our Riemann surface can be
represented as a polygon % with identified sides (Fig. 1).

—g.=—

i ai+g

Figure 1
We select a point O inside the polygon, and use it as an origin. Let ¢ be a

differential of first kind (written dfk). Given any point P inside the polygon
(which is simply connected), we define

f(P)=L"’
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where Ap is any path from O to P lying entirely inside the polygon. Then f
is single valued and holomorphic inside %.

If 2, is an arbitrary path on R, not necessarily lying inside the polygon,
from O to P, then

A|~AP +2n,~a,»

with suitable integers (and ~ means homologous). Consequently

<p=f <p+2nif<p-
Ap a;

Ay

The numbers
a;(p) = a; = f ¢

generate an abelian group which will be called the group of periods of ¢.
An integral taken from O to P along any path is well defined modulo periods.
The integral over the path A as shown in Fig. 2

Figure 2

is also a period, and we write

L¢=mw»

Consider one of the cycles a;, We can find a simply connected open set
U containing a@; minus the vertex v. We can now define a holomorphic
function ff on U as follows. Given any point P on a; — v, we take a path
A lying entirely inside the polygon except for its end point. For any point
Q in U we then define

fT(Q)=L;<p+LQ<p,
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the integral from P to Q being taken on a path lying entirely inside U. Our
function f7 is holomorphic on a; — v.

Let w be a differential which is holomorphic on g; (including the vertex).
We can define

Lf?w

as the limit of the integral
Qi
fiow
Py
as P;, Q; approach the vertex as indicated.

a;

Similarly, we define f; as the similar object on the side —a;. We get

f_aif,f ©=- Lf,f o,

a(e) = LA P.
Then for P on a; we get
fiP) —fi(P) = —di(e).

We can now define the symbol

e

for any differential holomophic on the polygon % by

fro-E sor2] so

. Qi _

= lim fi—-fHo
“= P—v |p.

=1 Q;—op 7!
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_zhmf

= - 2 a(‘P)W:

i=1

where

W,'=f w
a;

is a period of w.

Theorem 1.1. Let w be a differential holomorphic on P. Then
2
f fo==wa=2rV_1Y3 rs(fo)
e i=1

where the sum over P is taken over poles of w.

Progf. Our function f is uniquely defined inside the polygon. To get the
integral over the polygon itself, where f has been defined separately for the
two representations of the same side, we approximate the polygon % by a
polygon &' as indicated (Fig. 3)

P

9)!

Figure 3
such that all the poles of w lie inside ?’. Then

g_}@ffw—ffw

the limit being taken as the vertices of P’ approach the vertex of . The
polygon P’ is homologous to the sum of small circles taken with positive
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orientation around the poles of w, and the integral around P’ is, therefore,
constant, equal to the expression on the right-hand side of our equality. Since
it approaches the integral around P, it is equal to it, thereby proving our
theorem.

We formulate our preceding results more generally as follows:
Let ® = (¢, . . ., ¢;) be a basis for the dfk. We consider the vector

integral
fq):(jq)],,”,j<pg)=(a,~1,,_,,a,-g)=Ai
a; aj ai

and call it a vector period, or simply period, from now on. Similarly,
L ® = (&, ..., &) = A

Note that A, . . ., A and Ay, . . . , Ay differ by a permutation.
For P inside the polygon, we let

F(P) =L =P, . ... LEP)

the f, corresponding to integrals of ¢,. We define F | and F; in a similar way,
so that for P on a; (and # vertex) we have

FI(P)—Fi(P)=-A.

We can now define the vector integral [ Fw, and Theorem 1 can be formu-
lated vectorially.

Theorem 1.2. If w is holomorphic on P, then
2g .
- > w A =27V -1 resp(Fw),
i=1 P

the residue being the vector of residues, and the sum over P is taken over
all poles of w.

§2. Abel’s Theorem

We have fixed a point O on the Riemann surface. The vector integral

Lo=(fe [ o)
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as P varies over the Riemann surface, taken along some path from O to P,
is well-defined modulo periods. In this way, we obtain a mapping from the
Riemann surface R into the factor group C# modulo periods. This mapping
can be extended by linearity to the free abelian group generated by points, this
group being called the group of cycles on R, or divisors. A divisor is a formal
sum

a=2in

with integers np, almost all of which are 0. Its degree is the sum of the #p.
Those of degree 0 form a group %9y, and for these it is clear that the restriction
of the above homomorphism is then independent of the origin chosen. We
thus obtain a homomorphism

P
a— S@) = 2 np f ® mod periods,
)

from %, into C#/(periods). This factor group will be denoted by J and is
called the Jacobian of R. The main theorem is the following statement.

Abel-Jacobi Theorem. The preceding homomorphism from @ into J is
surjective, and its kernel consists of the divisors of functions. It establishes
an isomorphism between the divisor classes (for linear equivalence) of
degree 0, and the Jacobian group C& modulo periods.

The statement concerning the kernel of our homomorphism is called
Abel’s theorem and will be proved in this section. The surjectivity is
postponed to the next seciton.

We first prove that divisors of functions are contained in the kernel. In
other words, if z is a function with divisor

(z) = 2 nPPr
we have to show that
2 npF(P) =0 mod periods.

We can always find a polygon representation of R such that z has no pole on
2, and we let @ = dz/z in Theorem 1.2. Then resp(Fw) = npF(P). Indeed,
for any holomorphic function f consider a local parameter # at a point P. Then
fo = f(dz/dt)z™" dt. Also,
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N
& &
Il
~ | &

if z has order k at P. Thus
_, dz
res, (fz 15) = f(0)k.
By Theorem 1.2,
27V -1 2 npFP)=— 2 wi A,

where w; = [,, 27" dz. But it is easily shown that w; = 2V —1 m; for
some integer m;. Hence we cancel 277V —1 and we get

as was to be shown.

For the convenience of the reader, we recall the proof that if z is a function
which is holomorphic on a cycle a, then

f dz = integral multiple of 27V —1.
a Z

We may assume that a is a closed path. The integral is defined by analytic
continuation along the path, over successive discs, say Dy, . . . , Dy starting
from a point P, and returning to Py. Let L, be a primitive of dz/z over the
disc D,. Let P, be a point in D,; N D; so that

% = Lo(P1) — Lo(Po) + Li(P2) = Liy(P)) + - - - .

a

All terms cancel except Ly(Py) — Lo(Po). But Ly and Ly are two primitives
for dz Jz over a disc around Py, and so they differ by an integral multiple of
2wV —1. Since Py = Py, this proves what we wanted.

In order to prove the converse, we need some lemmas.

Lemma 2.1. Let x; (i = 1, . . . , 2g) be complex numbers. Then

}_‘,x,-;f,. =0 ifand onlyif x; =B-A;
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for some complex vector B = (b, . . ., by). The vectors Ay, . . . , Ay,
span a g-dimensional space over the complex numbers.

Proof. We prove first that the relation X+ A; = 0 for all i implies that
X = 0 (for a complex vector X). Let w = X-®. Then

fw:fX@:X-fQ:X-A,:O

by hypothesis. Hence all the periods of @ are 0. Hence the integral [ w is
a holomorphic function on R without poles because w is of first kind. It is
therefore, constant; hence @ = 0 and X = 0 because the ¢, are linearly
independent over C.

This shows that 4,, . . . , A;, generate C&.

Letw = by ¢ + * * + + by, be adfk. Then Fw has no poles and hence
by Theorem 1.2,

1 -
0= — Fo) = ——— S w, A,
Zresp(w) 277\/—_le

where

8
wi=3 b o= ba.=B4,
=1 4

This proves half the first assertion.
Conversely, we want to find the space of relations

X]Z] + - +x28;f28 =0.
We know from the fact that A4,, . . . , A, generate C# that the relations
X =(@B-A;, ...,B Ay)

form a g-dimensional space, which must therefore be the whole space of all
relations. This proves the lemma.

A differential w is said to be of second kind if its residue is 0 at all points.
It is said to be of third kind if it has at most poles of order 1 at all points.
The next lemma concerns such differentials, abbreviated by dtk.

Lemma 2.2. Let a = 2 np P be a divisor of degree 0. Then there exists
a differential of third kind @ such that resp @ = np for all P.
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Proof. Tt suffices to prove our assertion for the case where all coefficients
are zero except for two points. Indeed, by induction, suppose it proved for

points Py, . . ., P,. Let Q be a new point unequal to the given points. Let
w; (j =1, ..., r) have poles only at P; and Q such that resp, w; = n; and
resp w; = —n;. Welet w = 2 w;. It obviously has the required property.

The Riemann-Roch theorem gives
I(—a) = —deg(a) + 1 — g + d()
where d(a) is the dimension of the space of differentials w such that
(w) = —a.

Put a = P, + P,. We getd(a) = g + 1 and hence there exists a dtk w
having a pole of order 1 at P, or P,. But the sum of the residues is 0, so it
actually has a pole at both, with opposite residues. Multiplying w by a
suitable constant gives what we want,

We can now determine the kernel of our map. Leta = 2 np P be a divisor
of degree 0 such that S(a) = 0. We have to show that a is the divisor of a
function.

We contend that there exists a dtk ¢ such that ¢ has poles at P with residues
np, and such that

L¢=2w\/—_1n,-

for suitable integers n;. By the lemma, there exists a dtk « having residue
np at P for all P. For any P, we have

resp (Fw) = np F(P).

We are going to change w by a dfk, so as to change the periods but not the
residues.
By Theorem 1.2 we get

—2 Wi;fi =27V -1 2 résp (Fw)
=27V -1 npF(P)
=27V-13 mA4;

for some integers m;, by hypothesis. Hence
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> w; — 20V -1m)A; = 0.

By Lemma 2.1, we have
w; —27TV—1mi =B'Ai

for some vector B. We let y = w — B-®. Then ¢ has the same poles and
residues as w. Furthermore,

f¢=f w—fB-@:w,-—B-A,-:Zﬂ'\/—lm,-,

thereby proving our contention.
To construct the desired function z we take essentially

2(P) = exp f: v,

O being as usual a suitable origin inside our polygon. For any point P which
is not a pole of ¢, and any path from O to P, the exponential of the integral
gives a function which is independent of the path and is thus a well-defined
meromorphic function. For a pole of ¢, expanding ¢ in terms of a local
parameter around this point shows at once that we get a meromorphic function
around the point, whose singularity can only be a pole. Abel’s theorem is
proved.

§3. Jacobi’s Theorem

We must now prove that our map from divisors of degree O into the factor
group C# modulo periods is surjective.

A divisor a is said to be non-special if d(—a) =0, that is if there exists
no differential @ such that (w) = a.

Lemma 3.1. There exists g distinct points My, . . . , M, such that the
divisor My + * * + + M, is non-special.

Proof. Let w; # 0 be a dfk, and M, a point which is not zero of w,. The
space of dfk having a zero at M, has dimension g — 1 by Riemann-Roch.
Let w; #+ 0 be in it and let M, be a point which is not a zero of w,. Continue
g times to get g points, as desired.

Theorem 3.2. Let M, . . . , M, be g distinct points such that the divisor
M, + - - - + M, is non-special. Then the map
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P
Py, ..., P> ” o
gives an analytic isomorphism of a product of small discs V; X + + * X V,
around the points M,, . . . , M, onto a neighborhood of zero in C&.

Before proving our theorem, we show how it implies Jacobi’s theorem.
First we note that it suffices to prove Jacobi’s theorem for a neighborhood
of zero in C, that is, to prove local surjectivity. Indeed, let X be any vector.
For large n, 1/n - X is in a small neighborhood of zero so, by the local result,
we can find a divisor of degree zero such that F(a) = 1/n - X modulo periods.
Then F(na) = X modulo periods.
Using the notation of Theorem 3.2, let a range over divisors

P1+...+Pg_(M1+...+Mg)’

with P; ranging over V;. Then clearly
P;
Fl=Y f ®  (mod periods)
M;

and the theorem implies what we want.

We now prove Theorem 3.2. Lett; be alocal parameter at M;. We contend
that the determinant

L2} . %
a, (M) @, (M,)

L2} .
ar, (My) ar, (M)

is not zero. To prove this, consider the homomorphism
¢ ¢
= l=—WM),...,— WM
‘P [dtl ( l) dtg( g)]

of differentials of first kind into complex g-space. Any dfk in the kernel
would be special, so the kernel is trivial, and our map is a linear isomorphism.
Hence our determinant is non-zero.

We write

o1 = hy()dey, ..., @ = h(tdt,

(Pg = hgl(tl)dtly e ey (pg = hgg(fg)dtg
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where £;(¢;) is holomorphic in V;. Let A(¢;) be the integral of the power
series h;(t;), normalized to vanish at ¢; = 0. Then we get a representation
of our map:

(Pr, ..., P)—=>((hh(t) + - - - + hiE(t,), . . )
= Hi(t, .oty oo Hy(try o o0 5 1)
where each H(t,, . . . , t;) is holomorphic in the g variables, on
Vix: XV,
Now
(;—I: = hy(t),
and hence the Jacobian determinant evaluated at (0, . . . , 0) is precisely our

preceding determinant, and is non-zero. By the implicit function theorem, we
get our local analytic isomorphism, thereby proving Jacobi’s theorem.

The theorem can be complemented by an important remark. We consider
complex g-space as a real 2g -dimensional space. We have:

Theorem 3.3. The periods Ay, . . . , Ay, are linearly independent over
the reals. Hence the factor space of Cé by the periods is a 2g-real-
dimensional torus.

Proof. Tt will suffice to prove that any complex vector X is congruent to
a vector of bounded length modulo periods. By the Riemann-Roch theorem,
any divisor of degree O is linearly equivalent to a divisor of type

P+ +P)—g0,

for suitable points Py, . . . , P,, which may be viewed as lying inside or on
the polygon. For P ranging over the Riemann surface, the integrals

P
f @
(4]

are bounded in the Euclidean norm, if we take the path of integration to be
entirely inside the polygon, except if P lies on the boundary. Consequently,
the sum

s [
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has also bounded norm (g times the other bound). Combining this with
Jacobi’s surjectivity theorem shows that any vector is congruent to one with
bounded length modulo periods, and concludes the proof of Theorem 3.3.

§4. Riemann’s Relations

Let ¢, ¢’ be two dfk, and consider the polygon representation of R, with sides
a, b, —a;, —b; (i =1, ..., g)following each other (Fig. 4). We let

a,-=f<p and Bi=L<p

be the canonical periods of ¢, and «;, B; those of ¢'.

a;

Figure 4

Riemann’s first relations state that

8
> (a;B; — aiB) =0.
i=1

Proof. Let f(P) be the function defined before (integral from O to P,
suitably defined on the boundary of the polygon), and consider the integral

f fe'.

P

Since ¢' has no poles, we get from Theorem 1.2
&

o-3([¢[e+[ ] 9

H

which gives what we want.

Riemann’s second relations state that
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1 & _
2\/_—11,:1 (aij—Bjaj)>0.

Proof. This time, we consider the integral

1 -
% f f @ = left hand side of inequality,

and we prove that it is strictly positive. Write
f=u+iv,
in terms of its real and imaginary part. Then f = u — iv, and
df = ¢ = du + i dv.

Then

fo =3d® + v?) + i(udv — vdu).
The first term on the right is exact, and the second gives

d(udv — v du) = 2du /N dv.

By Green’s theorem, our integral can be replaced by the double integral
2i f f du N\ do.

In the neighborhood of each point, we may take a chart, and express the
functions u, v in terms of a complex variable z, with real parts x, y, that is
z = x + iy. By the Cauchy-Riemann equations, we get

ou\? u\?
du N\do = <((9_x> +(5>>dx/\dy,

which shows that the integral is positive, as desired.

§5. Duality

Lemma 5.1. Numbering the sides of the polygon as at the beginning,
ai, . . ., Gy, and given an index i, there exists a dfk ¢ with periods
satisfying
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Ref<p=l, Ref<p=0 for j#4i

J

Proof. Consider the period matrix:

al LY azg
. 1 .
@ ul + iv} cee ub, + ivi,
;. .. s & 118
P u§ + vt ui, + v,

where the u, v are the real and imaginary parts of the periods, and are,
therefore, real. Then the column vectors of the above matrix are our periods
Ay, . . ., Ay We wish to find g complex numbers

Zi=xi+in(k=1,...,8 andadfk @=zi¢ +" "'+ 2,0,

having the required periods. This amounts to solving, say for i = 1, the
system of equations
xiul —yiol + -+ x U — y 08 = |

1 l
Xig — 103+ -+ x U — y, 08 =0

This is solvable if the row vectors of the coefficient matrix are linearly
independent over the reals. This is indeed the case, because a linear relation
is immediately seen to imply a linear relation between A,, . . . , Ay, over the
reals.

Lemma 5.2. A dfk cannot have all its periods pure imaginary.

Proof. The preceding system of linear equations cannot have a solution
when made homogeneous.

Theorem 5.3. Given a divisor a = 2 npP of degree 0, there exists a
unique dtk w, such that

(1) resp w, = np for all P.
(2) The periods of w, are all pure imaginary.

Proof. Let w be a dtk with resp w = np. It suffices to find a dfk ¢ having
the same real parts for the canonical periods (integrals around a;). This is
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immediate from Lemma 5.1. The uniqueness is clear, because the difference
between two differentials satisfying the conditions of the theorem would be
a dfk contradicting Lemma 5.2.

Theorem 5.4. If o is a cycle such that [, ¢ = O for all dfk then o ~ 0.

Proof. Let ¢ ~ ma, + + - + + nya,,. Find a dfk ¢ having periods such
that

Rej<p=l, and Ref<p=0, J#F L
a) a

J'

Then
0= f ¢ = n; + pure imaginary,
and so ny = 0. Similarly, n; = 0 all j.

Theorem 5.5, The pairing
(o, a) = (0, a) = exp f Wq

induces a bilinear pairing between the first homology group H\(R) and the
group of divisor classes of degree 0. Its kernels on both sides are 0, and
the pairing induces the Pontrjagin duality between the discrete group
H,(R) and the compact torus.

Proof. Let 9, be the group of divisors of degree 0. If a € Ppand a = (2)
is the divisor of a function, then we may take w, = dz/z. All the periods of
dz[z are pure imaginary, of the form 27V —1 m with some integer m.
Hence (o, a) = 1 for such divisors, and all cycles o having no point in
common with a. Furthermore, if o ~ 0, then

f w, =27V -1 2 resp Wq
= 27wV —1 times an integer,

so{c, a) = 1.

Our pairing is therefore well defined as a bilinear map of H;(R) x J into
the circle.

If a is orthogonal to H,(R), then by definition, all periods of w, are of the
type 2V —1 m for some integer m. We can then define a function z by
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letting

zZ(P) = exp r Wq.
]

This function is meromorphic and its divisor is a. Hence the kernel on the
right consists precisely of the group of divisors of functions.

To show that the kernel on the left consists precisely of these cycles o
which are ~ 0, let us take an arbitrary cycle o ~ 2 n;a;. We must show that
alln; = 0. LetM,, . . . , M, be non-special points as in the proof of Jacobi’s
theorem, and let us assume without loss of generality that these points do not
lie on the cycles a;. We consider divisors of degree O of type

a=P+: +P-M - —M
where Py, . . . , P, lie in small neighborhoods Vy, . . ., Voof My, . . ., M,
respectively. Thus
Py, ..., P)EV, X xV, CC8
We put
wi@ = [ o

so that by Theorem 1.2,

W@, + -+ way @Ay = —20V=T S (F(P,) — F(M,))
=1

g P,
—27V -1 2] D,
v=1 M,
If (o, a) = 0 for all a, then
Znif we = 3 nwi(@) € Z- 2wV =1,

Hence the points
(w1(@), . . . , wy(@) € iR

lie in a denumerable union of hyperplanes defined by equations

2
2n,~v,~=m'27r\/—l, m€EZ.
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However these points form an open set in V' —1R?%, as one sees from the
proof of Jacobi’s theorem giving a local analytic isomorphism of

Vix: o xV,.

This is impossible unless n; = 0 for all i, because a hyperplane has measure
0, and concludes the proof of Theorem 5.5.

We may also return to the duality of Chapter III, Theorem 2.1. Theorem
5.4 proved the expected converse which we had to postpone before, but more
is true.

Theorem 5.6. The bilinear map
H\R, Z) x W(R)—> R

given by

(y,w)r—)Refw
Y

induces a duality of real vector spaces, making H; (R, R) the R-dual of the
space of dfk.

Proof. By Lemma 5.2, the kernel of the pairing on the right, i.e. in the
space of dfk, is equal to 0. As a real vector space, the dfk have dimension
2g, by Lemma 5.1. Since H (R, Z) has real dimension = 2g, it follows that
its image in the dual space of 2;(R) has to generate a space of real dimension
exactly 2g, and the spaces are in duality with each other.



CHAPTER V

Periods on the Fermat Curve

We return to the special case of the Fermat curve, and compute the period
lattice explicitly in terms of the basis for the differentials of first kind given
in Chapter 1II.

The first two sections deal with general results on the universal covering
space, concerning certain integrals of third kind, of type dlog f where fis a
nowhere vanishing function. These are then applied to the Fermat curve, and
we follow Rohrlich [Ro 1], [Ro 2].

On the other hand, as a preliminary to these more exact descriptions of the
period lattice, we can make a simpler analysis of the space generated by this
lattice over the rationals, as follows. Let

Yo : [0, 11— F(N)
be the curve such that

1ot (1 =)',
where the N-th root is the real N-th root. Then

r=1,,5— dx ! r— s—1)/ dt
Lox ly IW=Lt 4= N o

Making the change of variables u = t", du = Nt"~'dt, we find at once that

1 r s
Wrs = —Bl=:=]>
Jo o =5 (N N)

where B is the Euler Beta function, given by
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1
B(a, b) =f w1 = ! du,
0

Let { = ¢*™V. We may take the images of the curve 7, under the auto-
morphisms of F(N) as indicated below. Then the chain

kK=%w—-—(1 O+ ODvw—-0U Dy

is in fact a closed path, i.e. a cycle on the Fermat curve. By the change of
variables formula, one then finds at once

1
fw"s=(1_{s+{r+s_{r)NB(1%’£>

1
=(1—{’)(1—{S)NB(£,’1%,>-

This is a period of the differential form w,;, and itis # 0 if r, s = 0 mod N.
From this we shall prove:

H\(F(N), Q) is generated by k over Q[G], where G is the group of
automorphisms of F(N) which is naturally = py X uy.

Indeed, for each character X of wy X uy, the idempotent e, lies in the group
ring Q[G1, and for every differential of first kind w,, we have

f Wy = f e¥ wr.
e K X

X

Since w,; is an eigenvector for the operation of the group algebra with
character X,, it follows from the period computation above that if w is a
differential form such that

f w=0 forall X

X
then w = 0. In other words, if w is orthogonal to the module generated over
Q[G] by «, then @ = 0. Our assertion follows from Theorem 5.6 of Chap-
ter IV.

In the next sections, we develop the tools necessary to get the structure of
the period module over Z.

§1. The Logarithm Symbol

Let R be the Riemann surface associated with the function field K, and let
S = S.. be a finite non-empty set of points, which we shall call the points at
infinity. If f € K has zeros and poles only in S, then we say that fis a S-unit,
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or simply a unit if S is fixed throughout. We denote the group of S -units by
E(S), or simply E.

Let R = R — S be the surface obtained by deleting the points of S from
R, and let

p.U— R

be the universal covering space of R’. If f € E then fo p is holomorphic
non-zero on U, so there exists a determination of log f o p such that

explog fop =fop.

Let G = Aut(U, p) be the group of covering automorphisms, and let o € G.
The function

z > (log f o p)(oz) — (log fo p)(2)

is constant on U. Indeed,

exp log fop(o2) = fop(o2) = fop(2),

so (log f o p) - o is another choice of a branch of the logarithm, so it differs
by a constant since U is connected.
For any z € U, we have

oz d
logfop(o-z)—logfop(z)=f dlogfop = 7f,
z Y

where the integral from z to oz is taken along any curve (independent of the
curve since U is simply connected), and the integral over v is taken on the
projection of that curve into the Rieman surface. Therefore there exists an
integer L(f, o) such that for all z,

log fop(oz) — log fop(2) = 2mL(f, 0).

Lemma 1.1. The symbol L(f, o) is bimultiplicative in f and o.
Proof. The formulas
L(fg, o =L(f, ® +L(g, o) and L(f, od) =L(f, o) + L(f, o)

are trivially proved from the definitions, and the fact that the integral of
dlog f - p between two points of U does not depend on the choice of paths
between the two points.

Thus we get a pairing
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E x Aut(U, p)* — Z,

where Aut(U, p)® = G is the factor group of G by its commutator group,
namely

G™ = G/G".

Let m be a positive integer, and let f € E be a unit. Then fo p has an
m-th root on U, given by

1
exp ;n— log(fo p).

If ¢ is any m-th root (any two differ by an m-th root of unity), then for any
o € G we get

o
7@ = exp S L(f, 0) = {1

where ¢ = ¢2™" and hence

@7 =

§2. Periods on the Universal Covering Space
Let ) = (w, . . . , w,) be a basis for the dfk on R. Again let
p:U— R
be the universal covering space as in the preceding section. For each
c€EGCG=AutU,p) and u €U
let [, be a path in U from u to ou. Then the homology class of p - [, in

H(R', Z) is independent of the choice of u. Indeed, if z is another point, then
we have a “quadrilateral” in U as shown on the figure.

o,u ou

gz

o,z

Figure 5
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Its projection in R’ looks like:

pu

pY

pz
Figure 6

We have for any dfk w:

ou
f w = p*o = f prw.
pol oy lou u

But the integral around the quadrilateral of p*w is equal to zero, because U
is simply connected. Furthermore,

ou pou pz
[rwe [ o- [
oz poz pu
so the independence of the homology class of p < [, follows by duality be-

tween cycles and differential forms.
The association

o—classof pol,in H(R', Z)
gives an isomorphism
G/G*=H\{®R', Z),

where G is the commutator subgroup. Since we have a surjective homomor-
phism

H\(R', Z) > Hi(R, Z) = 0,

induced by the inclusion R’ C R, we can represent an element of H\(R, Z)
by a cycle p o [, for some o € G.
The period lattice of R is spanned by the vectors

LIOQ=Lp*Q=L””p*Q

o

for any choice of u € U, where o ranges over representatives of G /G°.
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§3. Periods on the Fermat Curve

We apply the considerations of the first two sections to the Fermat curve F (V)
defined by

VYV =1.

Note that F (1) is isomorphic to projective 1-space P!, by the function x. If
we delete the points {0, 1}, we obtain an affine curve (of genus 0). We let

A:U—C-{0, 1}

be the universal covering space. (The choice of symbol A is not accidental.
It arises because it is the classical symbol for the classical function generating
the modular function field of level 2—see later in the book.) We let

® = Aut(U, A).

We take the set of points at infinity on F(N) to be the inverse image of 0, 1
on F(1). This is therefore the set of points

0. ¢, D, (00D, (& €0,

where ¢ = ¢2™™ and € = e™™. The above coordinates are the projective

coordinates (x, y, z) for the projective equation

As before, we let F(N)' be the open affine curve obtained by deleting the
points of infinity as above from F(N). It corresponds to an intermediate
covering between U and F(1)’, and we let

PWN) = Aut(U/F(N)").

The relevant maps are shown in the following diagram.
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We let
X =xop and Y =yop,

so X and y are N-th roots of A and 1 — A respectively on U. In the present
case, let us abbreviate

LA, 0) = alo) and L(1 — A, 0) = B(0).
Then by §1, for o € ¢ we have
Xoo =" and Yoo ={Eny,
From these relations, we see that
®(N) = set of o € ® such that a(o) = B(0) = 0 (mod N).

We take for granted from elementary topology that & is a free group on
two generators, say A and B. It follows that

®(N) = unique normal subgroup of ® such that ®/P(N) = Z(N)?, and an
isomorphism is given by

o~ (a(o), B(o)) mod N.
It follows also that
®(N) is generated by AY, BY and ®°.

Thus ®(N) is the smallest normal subgroup containing ABA™'B~!, Ay, By;
and therefore that ®(N) is also generated by all elements

vyABAT'B~'y~!, with y € ®; A" and B".
But the elements yABA~'B ™' y~! are precisely those of the form
opABAT'B 'plo7!,

with o € ®(N) and p ranging over a set of right coset representatives of
®(N) in ®. Hence we have proved:

Lemma 3.1. A set of generators for ®(N) mod ®WN)° is given by

AN, BN, A/B*ABAT'B~'(A/B%)! with 0=j,k=N-1
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For the applications, we have to determine two generators A, B more
precisely. We select a real point zp with 0 < zp < 1, and we let ¥ € U lie
above zy, i.e., zp = A(u). We pick a closed path starting at z;, in C — [1, o0),
having winding number 1 around O and lift it to U, starting at the point u.

Aot Aot
A B
<« D — .
0 —> 1z oz —> @
(@) ()

Figure 7

Then the lifted path ends at a point Au for some uniquely determined A € .
We denote this lifted path by I,, so that A o [, is homotopic to the path in
C — {0, 1} shown in Fig. 7(a). Similarly, we construct /5 so that A o [ is the
path shown in Fig. 7(b). Then B is uniquely determined such that A o [ is
contained in

C - (_wy 1]7
and has winding number 1 around 1. We obtain:

L(x,A) =1, L(1-AA)=0
L(A,B) =0, L -AB)=1

We know from Chapter II that the dfk’s are of the form

dx .
p*w,,s=5cv’_1’y“‘l)ﬁ with 1=r,s and r+s=N — 1.

Hence
0*p*wr,s = {a(a’)r+ﬁ(a’)sp*w’,s'

We recall the definition of the beta function:
1
me=fﬁ40—ﬂ”ﬂ
0

Theorem 3.2 (Rohrlich). The period lattice of F (N) relative to the basis
{w,s} is spanned by the vectors

r s

rj+sk _gr _sl _,_)
(... -0 {)NB<NN,...)

for0=j k=N —1.
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Proof. We follow that the general procedure of §2 with the representatives
of ®/d° that we found above. We get:

ABA—1B~1(AJBKy—1y

prw, = {'Jﬂkf pro,

AjBKABA—Y(AFBky~1u
f 4/ %y

u

ribsk ABA—1B~ 1
= {” f P*w,.
u

This reduces the computation of

ou
f A
u

for representatives of ®(N)/PIV ) to the cases
o =ABAT'B7, o=A" o =B"

First let 0 = ABA™'B~'. Letx" =z. Then
fou p*w,,s _ f (ZI/N)r—l [(1 _ z)l/N]s—Nd(z l/N)
u Aol
where

Aolyg = Aol)Aolp)Aol) " (Aolp)?,

and the differential form under the integral sign is the analytic continuation
of the real principal value on the real segment between 0 and 1. Then A < [,
is homotopic to the sum of four pieces as shown.

oes ofos O

Figure 8

The circles have radius e, tending to 0, so in the limit the final integral can
be taken to be that over the segment, properly oriented, with the appropriate
analytic continuations.

After the first turn around 0, the differential form changes by a factor of
V¢ = ¢, After the turn around 1, it changes by a factor of {*, and thus
becomes {"*° w,;. After the final turn around 0, it becomes {* w,,. There-
fore:

f 0@ =1+ ="+ 0) fl t(r—l)/N(l _ t)(s—N)/Nd(tl/N)'
Aoly o
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Making a change of variables in the integral on the right immediately gives
the answer

— -0 -2 5B (§i>

as desired.
If o = AY or o = B" then a similar argument shows that

[ prans = [ @™ia - ™ dety
=0,
because the value is equal to the Beta integral times
1+ {+---+¢"" =0

This proves the theorem.

§4. Periods on the Related Curves

In Chapter II, §3 we had defined the curves F(r, s) by letting
u=x" and v =x"y".

Then F (7, s) is the non-singular curve whose function field is

Cu, v).

Let A, B be the generators of @ which we selected previously, having winding
numbers O and 1 respectively around 0 and 1. We let

O, 5) = Awt(UJF(r, 5)'),

where F(r, s5)’ is the affine curve obtained by deleting the points at infinity
from F(r, s). We have a Galois diagram:

U
l
F(N)' k(x, y)
| | O(r, )/ DN)
F(r,s) k", x"y%)
l

F()' k(x", yV)
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Then ®(r, s) is generated by ®(N), AY, B and A*B ™" where
M =N/D and D =gecd. (r, s, N).

Theorem 4.1 (Rohrlich). The period lattice of F (r, s) is generated by
the vectors

) )

rmj+smk _ym _ psm l <
(oo mmma = ma {)NB N N

where 1 = j, k <M — 1, components of the above vector are indexed
by positive integers m which are (r, s)-admissible (Chapter I, §3), to-
gether with the element

m )

1
(..-,(l—f’”‘)ﬁB(N N

Proof. The integral of @(m,(sm oOver [ilz" is the only new one, not already
considered in determining the period lattice on the Fermat curve itself. The
integral over I; is obtained by integrating over the path shown, letting € tend

to 0.
EA I—¢ 1

Figure 9

The analytic continuation of @m,m Over I, changes by a factor of {™, and
this is repeated s times. Hence

l
L Omysmy = (=1 + &™) fo principal value,

thus giving the extra element generating the period lattice.



CHAPTER VI

Linear Theory of Theta Functions

§1. Associated Linear Forms

Let V be a complex vector space of dimension n, real dimension 2n. Let D
be a lattice in V, that is, a discrete subgroup of real dimension 2n, so that the
factor group V /D is a complex torus. We define a theta function on V, with
respect to D (or on V/D), to be a quotient of entire functions (called a
meromorphic function for this chapter), not identically zero, and satisfying
the relation

F(x + u) = F(x)e?mil=n+Jul alx EV,u €D

where L is C-linear in x, and no specifications are made on its dependence on
u, or on the dependence of the function J on 4. However, we note that we
can change J by a Z-valued function on D without changing the above
equation. Also, we shall see below that any such L and J must satisfy
additional conditions which can be deduced from this equation. We note that
the theta functions form a multiplicative group.

Example. Let g be a quadratic form on V, such that
q(x) = B(x, x)

where B is symmetric and C-bilinear. Let ¢ be a complex number, and let
A be a C-linear form on V. The function

e 2m[g(x)+ Alx)+c}

is obviously a theta function, which will be called trivial. It is clear that the
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trivial theta functions form a multiplicative group. Furthermore, the trivial
theta function above is a product of a constant, and the theta functions formed
separately with g(x) and A(x).

Note that g(x + ¥) — g(®) — g(y) = 2B(x, y). Hence if

F(x) = e2™W,
then the associated functions L and J can be selected to be
Lr(x, ) = 2B(x, u) and Jr(u) = q(u).
If
F(x) = ¥™®,
then the associated functions L and J can be selected to be
Lr=0 and Jr(u) = Aw).

It will be useful later to multiply any theta function by a trivial one for
normalization purposes.

Remark. Let F be an entire theta function which has no zero. Then we
can write F(z) = e*™®, where g is an entire function. From the definition
of a theta function, we find that

gz +u) —g@@ =Lz, w+ Jw.

All second order partial derivatives of this expression with respect to complex
coordinates vanish, and hence the second partials of g are periodic entire
functions, whence constants. It follows that g is a polynomial of degree at
most 2, in other words that the theta function F is of the form considered in
the preceding example.

We shall now investigate the relations satisfied by L and J for an arbitrary
theta function F. Computing F(x + u + v)/F(x) in the obvious ways, we
find the following relations:

Lx,u+v)+Ju+v)=LKx w)+Lkx +u,v)+Jw+ JW

(mod Z)
Putting first x = 0, we then find:
¢)) Jw +v)—Jw) — J(v) =L, v) (mod Z)
2) L(u, v) = L(v, u (mod Z)

3) Lx,u +v)=L(x,u) + L(x, v) (mod Z)
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The second relation comes from the fact that the expression in (1) is sym-
metric in # and v. The difference between the two sides of (3) is an integer.
Being linear in x, it must vanish, and hence we can replace the congruence
by an equality in (3). We can then extend L (x, u) to a function L(x, y) on
V x V which is C-linear in x and R-linear in y. (As usual, we do it first for
rational multiples of elements of D, and then extend to the whole space by
continuity.)

Theorem 1.1. Let

E(X, )’) = L(xr )’) - L()’, X).

Then E is R-bilinear, alternating, and real valued on V x V. Further-
more, E takes on integral values on D x D.

Proof. The last statement follows from (2). Since L is R-bilinear, it
follows that E is real valued, so our theorem is proved.

Theorem 1.2. Let
S, y) = E(ix, y).
Then S is symmetric. Also the form
H(x, y) = E(ix, y) + iE(, y)
is hermitian, so S is the real part of H.

Proof. We expand the value for S(x, y) — S(y, x) in terms of L. We find
at once that

S, y) — S(y, x) =i[E(x, y) — E(ix, iy)].

Since the left-hand side is real and the right-hand side is pure imaginary, they
must both be 0. Hence S is symmetric, and also

E(x, y) = E(ix, iy).
One proves that

H(ix,y) =iH(xx,y), Hk,iy)=—-iH({,Yy),
H(x,y) = H(y, »

by direct computation. Thus H is hermitian, as was to be shown.
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Two theta functions are called equivalent if their quotient is a trivial theta
function. We are interested in finding a unique theta function in an equiva-
lence class (up to a constant factor), determined by additional normalizing
conditions.

Suppose we have two solutions L, L, to the equations:

Lx,y)—L(y,x)=Ex,y)
Li(x,y) = Li(y, ) = E(x, y).
Then L — L, is symmetric and C-linear in x, so C-bilinear. If we change F

by e*™% where g is a quadratic form, then the associated L changes by a
symmetric C-bilinear form. On the other hand, we have

1
E(x,y) = % [Hx,y) — H(y, 0]
Therefore

1
Ly, y) =2 H&, )

is a possible solution, differing from L by a C-bilinear symmetric form.

Changing F by a unique factor 2™ (up to a constant) makes it so that the
associated L satisfies

1
L(x,y) =5H(x, ».

For a further normalization, we still can multiply the function by the
exponential of a C-linear term. Define

K =JWw — %L(u, u).

We shall find a C-linear function A such that Im A = Im K mod Z.
From (1) we get

4 Ku+v)y=Kw + K@) + %E(u, V) (mod Z).

This shows that Im K is additive on D, with values in C/Z. Since D is free,
we can lift Im K to a C-valued function which is additive on D, and then
extend it to an R-linear function on V. Let g = Im K, and let
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A(x) = g(ix) + ig(x).
Then
A(ix) = g(=x) + ig(ix)
= —g(x) + ig(ix) = iA(x),

so that A is C-linear, and K — A is real valued.

We may now state our desired normalization.

We shall say that a theta function is normalized if it satisfies the condi-
tions:

1
N1. L(x,y =5H(x, »).

N 2. The function K on V is real valued.

It is clear that the normalized theta functions form a subgroup of all theta
functions. For a normalized theta function, the basic relation takes the form

F(x + u) = F(x) exp (Zm‘[%H(x, u) +%H(u, u) +K(u)]>-

If we define a map ¢: D — C,; (complex numbers of absolute value 1) by
P(u) = >,
then the basic property (4) for K can be written
Yl + v) = Yup(v)e ™I,
One sometimes calls ¢ the associated quadratic character.

The previous discussion proves:

Theorem 1.3. In any equivalence class of theta functions, there exists a
normalized theta function, unique up to a non-zero constant factor.

Proof. We have shown existence. As to uniqueness, we have already
noted the uniqueness of the quadratic factor. For the linear factor, if
Im K = 0 then the C-linear function A in the previous discussion is 0, which
shows the uniqueness.
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In fact, the arguments prove more than that, because they give us an
isomorphism between spaces of theta functions as follows. Let Th(L, J) as
before denote the space of theta functions of type (L, J). On the other hand,
if H is the hermitian form associated with L, and if ¢ is a function on D of
absolute value 1, defined by the above equation, let

Thyom (H, ) = space of theta functions which are normalized,

1
with L = % H and ¢ = e*™,

Theorem 1.4. Given (L, J) there exists a unique (up to constant factor)
trivial theta function g such that the map

F— gF
gives an isomorphism
Th(L: J) —> Thnorm (H, ',0)-

The next theorem gives additional information in the case of entire theta
functions.

Theorem 1.5. Suppose that F is a normalized entire theta function. Then:
(i) There exists a number C > 0 such that
|F(2)] < Ce'™Hen  forallz €V.

(ii) The associated hermitian form H is positive (not necessarily defi-
nite).

Proof. As to the first inequality, let
g(@) = F(2)e(—(m/DH(z, 2)),

where e(w) = e*. Then for u € D,

g(z + u) — g(z)ei"{E(z,u)+K(u)].

The exponent in brackets is real. Hence |g(z + u)| = |g(2)|. This means
that the function | g| is periodic, and continuous, so that it is bounded. Our
inequality follows at once.

Now suppose that H(zy, zp) < O for some complex number z,. The func-
tion z — F(zzp) is entire, and from our inequality we see at once that it tends



§2. Degenerate Theta Functions 89

to O at infinity. Hence it is constant, and this constant must be 0. Since
H(z, z) < O for all z sufficiently close to z,, we see that F is equal to O in a
neighborhood of z,, whence F is identically O, which is impossible. This
proves our theorem.

§2. Degenerate Theta Functions

We shall see that the theory of theta functions factors through the subspace
of V on which the hermitian form is trivial. Let Vy be the subset of V
consisting of all z such that H(z, z) = 0. Then V, is a complex subspace,
called the kernel of H, or null space of H. We note that if H(z, z) = 0 then
H(z, w) = 0 for all w € V. Indeed, for real t we have

Hw +tz,w +1tz2) = H(w, w) + 2t Re H(z, w).

Letting ¢ be large shows that Re H(z, w) = 0. Similarly, the imaginary part
is also 0, using it instead of . This proves both that V}, is a vector space, and
that the weaker condition H(z, z) = 0 proves the stronger one as stated.

Thus H induces a hermitian form on V/V}, and the above property shows
that on V/Vy, H is definite, that is, it has no null space. If H is positive, then
the induced form on V[V, is positive definite.

Theorem 2.1. Let F be a normalized entire theta function on the complex
space V, with respect to the lattice D, and let H be its associated hermitian
form. Let Vy be the kernel of H. Then:

(1) The image of the lattice D in V [V} is discrete.
(ii) The values of F depend only on the cosets of V.

Proof. Let zo € Vy and let x € V. By assumption, for any complex z, we
have

H(x + zzo, x + zz5) = H(x, x).

The estimate in Theorem 1.5 shows that
|F(x + zzo)| = Ce (gH(x, x)).

Hence F(x + zzy) is an entire, bounded function of z, whence constant, and
therefore equal to F(x). This proves (ii). As for (i), let uy, . .., u, be
elements of D whose residue classes #; (mod V) generate ¥V/Vy over R. For
all x € V sufficiently close to 0, we have
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|E@x, u)| <3,

and hence if v is an element of D such that v is close to 0, we must have
E(v, u;) = 0 for all i, because E (v, u;) is an integer. Therefore E(v, z) = 0
for all z € V and hence H(v, z) = 0 for all z € V. Hence v € Vg, and
v = 0. This proves that the image of D in V [V}, is discrete.

From Theorem 2.1 we may view F as a theta function on V /V}, with respect
to the lattice D mod V. Its associated hermitian form on V/V}, is that induced
by H, and is positive definite. This is the case which will be further analyzed.

§3. Dimension of the Space of Theta Functions

Again we consider a complex vector space V of dimension n, with a lattice
D. By a Riemann form E on V with respect to D, we mean a real-valued
bilinear form

E:VxV—R,
satisfying the following conditions:

RF 1. The form E is alternating.
RF 2, It takes integral values on D X D.
RF 3. The form (x, y) = E(ix, y) is symmetric positive.

If this last symmetric form is also positive definite, then we say that £ is a
non-degenerate Riemann form.

If we select a basis for D over Z, then it is also a basis for V over R. The
matrix representing a non-degenerating Riemann form E with respect to such
a basis has integer coefficients, and its determinant is a perfect square. The
square root of this determinant is called the pfaffian of F with respect to D,
and is independent of the choice of such a basis (the independence is clear
since the matrix of the form with respect to different bases changes by an
integral matrix and its transpose, of determinant 1). Actually the proof that
this determinant is a square will come out of the forthcoming lemma, where
we select a suitably normalized basis.

As a matter of notation, if u;, . . . , u, are elements of V, we denote by
[uy, . . ., u,] the Z-module generated by these elements. In all cases to
arise, they will also be linearly independent over Z. They will also be in D,
and hence independent over R.

Lemma 1. Let E be an alternating non-degenerate bilinear form on a free
Z-module D, having values in Z. Then D is an E-orthogonal direct sum
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D = [el, U]]@‘ ' '@[em Dn]

of 2-dimensional submodules [e;, v;], such that E(e;, v;) = d; is an inte-
ger >0,and d\ | dy |- | d.

Proof. The lemma is proved by induction. Among all values E (¢, v) with
u, v € D we select a least positive one, say d,, and we take a pair e;, v; such
that E(e,, v;) = d;. We let [e;, v;] = D, be the 2-dimensional Z-module
generated by e;, v;. Let D{ be the orthogonal complement of [e;, v;] with
respect to E. Then D, N D1 = {0}, because the only element of D, perpen-
dicular to both e; and v, is 0. To see that D = D; + D1 we use the standard
Gram-Schmidt orthogonalization process. Given ¥ € D we can obviously
solve for numbers a, b such that

u — ae; — by
is orthogonal to [e;, v;] (with respect to E). For instance,
E(u — aey — bvy, e)) = E(u, e;) + bd,.
Since Z is principal, and d, is the positive generator of the ideal of all values
of E, it follows that d, divides E (4, ¢;). Hence we can solve for b to make

the above expression equal to 0. Similarly, we solve for a, and thus prove
our lemma.

We observe that the lemma (due to Frobenius) gives the analogue of the
existence of an orthogonal basis for symmetric forms. An orthogonal decom-
position and a basis [e;, v, . . . , €, 0,] as in the lemma will be called a
Frobenius decomposition and a Frobenius basis for D, with respect to E.

Let

L:VxV—>C

be an R-bilinear map, C-linear in its first variable, and such that its associated
alternating form

is a Riemann form. Let
J:D—>C

be a function satisfying (1), that is
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Jw +v)—Jw) —JWw)=Lu, v) (mod Z).

Then we shall call (L, J) a type for theta functions, with respect to (V, D).
It is obvious that the set of theta functions of type (L, J) (together with 0)
forms a complex vector space denoted Th(L, J). We are striving for a
theorem which will give us the dimension of that space.

If E is a Riemann form with respect to (V, D), then we can define a
hermitian form

H(x, y) = E(ix, y) + iE(x, y),

and then obtain a bilinear form
LG, y) == Hx, y)
V)= )
To get a type (L, J), we still have the freedom of choosing the function J, but
at least we see that L and H determine each other. Of course, J is determined
only mod Z.
A theta function will be called non-degenerate if its associated form H is

positive definite (or in other words, its associated Riemann form E is non-
degenerate).

Lemma 2. Let [e;, v1] D * - - D [e,, v,] be a Frobenius decomposition of
D with respect to a non-degenerate Riemann form. Then{e,, . . . , e,}is
a C-basis for V.

Proof. Let V' be the R-space generated by ey, . . . , e,, and let V’ = iV’.
Suppose that we have a relation

x +iy=0, x,y€eVvV.
Then iy is in V’ (because equal to —x), hence is E-orthogonal to V'. But
E@, >0, if y#0.

Hence y = 0 by the non-degeneracy condition. Hence x = 0. This proves
our lemma.

Observe that the lemma shows that if V' is the space generated over R by
e, ..., e,then

V=V +iv,

and that this is an R-direct sum.
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Let B: V x V— C be symmetric and C-bilinear, and let
AV—>C

be C-linear. It is clear that the space of entire theta functions of type (L, J)
is isomorphic to the space of entire theta functions of type (L + B, J + A).
Indeed, if G is a trivial theta function of type (B, A) (formed by exponentiat-
ing a quadratic form and a linear form), then the association

F— GF

gives an isomorphism between the two spaces, its inverse being given by
multiplication with G ~', which is of type (—B, —A). Hence to determine the
dimension of the space

Th(L, J)

of entire theta functions of type (L, J), we shall be able to adjust our L, J to
be most convenient. The dimension is now given by the following theorem.

Theorem 3.1 (Frobenius). Ler (L, J) be a non-degenerate type with
respect to (V, D). Then the entire theta functions on V with respect to D
having this type, together with O, form a complex vector space of dimen-
sion equal to the pfaffian of E with respect to D.

Proof. We first observe that L is symmetric on [e;, . . . , e,] (notation as
above), and hence on the space V' generated by e, . . . , e, over R. Conse-
quently, there is a symmetric C-bilinear form B on V such that L — B is 0
on[e;, ..., e,], whence 0 on V’. Similarly, there is a C-linear form A on
Vsuchthat] — AisOone, ..., e, By the above remarks, this reduces
our proof to the case when

(*) L(z,e)=0forallz €V, andJ(¢) =0forallj=1,...,n.

In this case the conditions defining a theta function are particularly simple,
and our theorem can be formulated as follows:

Theorem 3.2. Let (L, J) be a non-degenerate type with respect to (V, D).
Assume that

D=[e, 0] DD le vyl
is a Frobenius decomposition, and that (*) holds. Let ¢; = J(v;), and for

z €EVliet{z:, . . ., z,} be the coordinates of z with respect to the C-basis
{eir, . . ., ex}. Then the space of entire theta functions of type (L, J) is
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precisely the space of entire functions satisfying the conditions

F(z +¢)=F(@)
F(z + v) = F(29)e(z;d; + ¢)),

W

where e(w) = e™
dj = E(ej, Uj).

, and this space has dimension d, - - - d,, where

Proof. It is clear that the two conditions are precisely those defining theta
functions with respect to our lattice, and (L, J). We must now construct theta
functions. In view of the conditions with respect to the ¢;, we have periodic-
ity, and hence any such theta function has a Fourier expansion

F@2) = > a(e’™ ?,

where the sum is taken over all r € Z". We shall also write (r, z) instead of
the dot product r - z. The second system of conditions now imposes relations
among the coefficients a(r), namely
a(r — dje;)) = a(ne(r-v;, — ¢),
where again e(w) = ¢?™. The values a(r) can be fixed arbitrarily for
0=r <d G=1,...,n
and can be determined formally uniquely by the above relations for other
values of r. This shows that the formal Fourier series solutions form a vector

space of the required dimension d,, . . . , dp.
There remains to prove convergence. Let us write

a(r) = e*™s0q(7)

where 7 is a representative mod[d,e,, . .., d,e,] satisfying the above
inequalities. Then it suffices to solve the functional equation

gr —die)) —g() + ¢; = (r, vy).

Using the fact that
L(e,', Uj) = E(ei’ vj)

because we have adjusted L so that L(V, ¢;) = 0 for all /, it follows that if
we write

0 =2 e



§3. Dimension of the Space of Theta Functions 95

then
L(Uj, ) = Ujkdk = L(v, Uj),

this last equality being true because E(v;, v;) = 0. Hence

(r,vy) = 2 rkdk_lL(vjs V).

k

The above functional equation is essentially the polarization of a quadratic
form, except for certain constants. Therefore the solution g(r) can be ex-
pressed as

g(r) = q(r) + linear term in r + constant,

where g(r) is a quadratic form, which we can easily guess, namely

1
q(r) = — EL (2 redi ' v, D rkdk_10k>'

k k

1 _
- EL(W, w) where w = g redi ' v

Therefore, to obtain convergence, it will suffice to prove:

Lemma 3.3, IfL is such that L(V, e;) = O for all i, that is, L satisfies (*),
then the imaginary part of L is negative definite on the R-space generated
byvy, ..., v,

Proof. Letz = x + iy, where x, y lie in the space V' above, that is are
real linear combinations of e, . . . , e¢,. Then for y # 0 we get

0<E(Gy,y)=Ex+iy,y) =E@ y) =L@y - L(y,2) = =L(y, 2)
by our assumption on L. However,
L(z,2) = L(x, 2) +iL(y, 2),
and L (x, z) = E(x, z) is real, again by that same assumption. Henceify # 0
we see that Im L (z, z) < 0.
If z=w as in the theorem, then z lies in the R-space generated by

01, . . . , Uy, and we cannot have y = 0, otherwise z also lies in V' which is
impossible. This concludes the proof of Theorem 3.2.

Remark 1. In terms of matrices, we can express the negative definiteness
as follows. Let T be the matrix such that
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zil;vj=Tej for j=1,...,n,

viewing vectors as column vectors. In other words,
T = (n/dy, ..., v.0dy).

Then T is symmetric, and its imaginary part is negative definite.

The proof simply consists in observing that if T = (74), then
L(Uj, Uk) = djdk Tiks

as follows at once from the linearity of L in the first variable. Furthermore,
we have

(Tr, ry) = L(w, w),

where r is any real linear combination of ¢;, . . . , e, (that is, an element of
V"), and w is defined above,

w = 2 rkdk_lvk.

Suppose that we started with a type (L, J) for which the alternating form
E is degenerate. We are still interested in the dimension of the space of theta
functions of this type. We may assume that it is normalized. Then the
elements of Th(Z, J) induce theta functions on the factor torus V /D, where
V = V/Vy, and Vy is the null space of the associated hermitian form. Fur-
thermore

dim Th(, J) = dim Th(L, J),

where L, J is the induced type on V/D. Now E is non-degenerate, and the
pfaffian of E will be called the reduced pfaffian of E. We then obtain:

Theorem 3.4. The dimension of Th (L, J) is equal to the reduced pfaffian
of the associated alternating form E.

Proof. This follows from the theorem, which gives us the dimension in the
non-degenerate case.

Remark 2, Let (L, /) be a non-degenerate type with respect to (V, D).
It may happen that there is a bigger lattice D’ for which (L, J) is also a
nondegenerate type with respect to (V, D). However, such D’ are limited.
Indeed, let ¥ € D’, and write
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U= z ajej + z ijj
=1 I
in terms of a Frobenius basis of V. Then
E(e, u) = bjd;  and  E(vj, u) = —a;d,

These values have to be integers. Hence a;, b; can take on only a finite number
of values mod Z, and there are only a finite number of possible lattices D’.

For each such D’, the factor group D’/D is finite. By the functional
equation (1) of §1, there are only a finite number of extensions of J to maps
J on such D',

Theorem 3.5. Let (L, J) be a non-degenerate type with respect to (V, D).
Then all theta functions of this type except possibly those lying in a finite
union of subspaces of dimension < pf(E) are not theta functions with
respect to a lattice strictly larger than D,

Proof. If F is a theta function of type (L, J') with respect to (V, D'), then
the pfaffian of E with respect to D’ is equal to

d
—— < d,
© D) "
where d =d, - - - d, is its pfaffian with respect to D. Hence the space of
theta functions of type (L, J') with respect to (V, D) has lower dimension,
and there is only a finite number of such spaces, for lattices D’ properly
containing D.

§4. Abelian Functions and
Riemann-Roch Theorem on the Torus

By an abelian function on V with respect to D (or on the torus T = V/D) we
shall mean a quotient of theta functions of the same type, or 0. It is then clear
that the abelian functions form a field, called the function field of 7, and
denoted by C(T'). Note that an abelian function is genuinely periodic with
respect to D, that is

fz +uw) =1 z€V,u€D.

It follows immediately from the definitions that an abelian function # 0 is a
quotient of entire theta functions of the same type.

If 6, is an entire theta function of type (L, J), we denote by £(6,) the space
of all entire theta functions of the same type. If 6lies in this space, then 6/6,
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is an abelian function. When (L, J) is non-degenerate, then the dimension
of £(6) is given by Theorem 3.1 of §3. We call £(6,) the linear system
of 00.

Two theta functions will be called linearly equivalent if their quotient is
an abelian function, and this relation is denoted by

0~0.

Regall Theorem 1.3 which states that in any equivalence class of theta func-
tions (the equivalence being that of differing by a trivial theta function) there
is precisely one normalized theta function.

Remark. Two normalized theta functions are linearly equivalent if and
only if they have the same type.

The proof is immediate, because the quotient of normalized theta functions
is normalized, and is an abelian function if and only if it is of type (0, 0).

Let V, be the intersection of all the null spaces of all Riemann forms on
(V, D). We call V, the degenerate subspace of V with respect to D. Then
by taking a finite sum of Riemann forms on (V, D) we find that V; is itself
the null space of a Riemann form on (V, D).

Since an abelian function is a normalized theta function, we can express
it uniquely (up to a constant factor) as a quotient of normalized entire theta
functions, which are in fact defined on V/V, by the result of §2. Conse-
quently the function field of V/D is “the same” as the function field of V/ D,
where V=V/V, and D is the image of D in V. Furthermore, (V D) is
non-degenerate, that is, admits a non-degenerate Riemann form. Thus the
study of the function field is reduced easily to that of the non-degenerate case

At this point it is useful to introduce the terminology of divisors. In
algebraic or complex analytic geometry, a divisor is a formal linear combina-
tion of irreducible subvarieties of codimension 1. Locally in the neigh-
borhood of each point, such a variety is defined by a single equation ¢ = 0,
where ¢ is some analytic function. It is clear that locally, if the subvariety
is defined by another equation ¢y = 0, then ¢ ~' is holomorphic invertible in
the neighborhood of the point. It turns out that on C*, a positive divisor can
be defined by a global entire theta function, and two such functions differ by
an entire invertible function which is therefore a trivial theta function. How-
ever, for the applications we have in mind, the theorem giving the representa-
tion of a divisor by a theta function is utterly irrelevant: all we need are global
considerations. Hence we shall prove the representation theorem in the last
chapter, and here we make the relevant global definition, which still allows
us to use the standard language of divisors. Namely, for our purposes, we
define a divisor to be an equivalence class of theta functions, or 0. We shall
write divisors additively. A divisor is said to be linearly equivalent to zero
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if it is the divisor of an abelian function, that is if its equivalence class
contains an abelian function. Two divisors are said to be linearly equivalent
if their difference is linearly equivalent to zero. We let Cl denote linear
equivalence.

We may also introduce the notion of ordering between divisors. We say
that X = 0if it is the equivalence class of an entire theta function. Similarly,
X=YifX —Y =0. Interms of theta functions, this means that /6y is
entire, if 6 and 6 are theta functions in the equivalence classes of X and ¥
respectively. We let (8) denote the divisor of 6.

Suppose that X, is a positive divisor. We denote by £(X,) the space of
abelian functions f such that

(f) =z —Xo.

If 6, is a theta function having divisor X, then it is clear that £(X,) is
isomorphic to the space £(6,) defined previously under the isomorphism

91— 6/6,, for 68 € £(6y).

We say that X, is non-degenerate if a theta function defining X, is non-
degenerate. If H, E are the hermitian and Riemann forms associated with 6,
then we also say that they are associated with the corresponding divisor,
and write E = EXO'

Observe that if Fy is a non-degenerate Riemann form, and E is any Rie-
mann form, then £ + E, is non-degenerate, because the sum of a positive
definite and a positive form is positive definite. In terms of divisors, if X is
positive non-degenerate, and X is positive, then X + X, is positive non-
degenerate.

As in the case of curves, we let

[(X) = dim L(X).

Theorem 4.1 (Riemann-Roch). Let X,, . . . , X, be positive divisors
such that X, is non-degenerate. There exists a polynomial P in m + 1
variables such that

I(roXo+ -+ +ruX,)=P(ro, ..., 1y

for any integers ry, . . . , rm = 0 and ry > 0. For any non-degenerate
positive divisor X with Riemann form E, we have

[(rX)=r" pf (E).

Proof. This is obvious from Theorem 3.1 because the desired dimension
is given as the pfaffian of roEp + * * = + rp En.
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Corollary 1. The function field of V [D has transcendence degree at most
n = dimgV.

Proof. Suppose that there exist abelian functions fi, . . . , f,, which are
algebraically independent over C. We can write them all over a common
denominator 6,, which we may assume non-degenerate (after factoring out
the null space of V/D if necessary). Write

fi = 6/6o.
Then the monomials
0’11...0';”;’ r|+"'+r,,,=r,

lie in £(6;), whose dimension is given by Theorem 4.1 and is equal to
r" pf(E;). However, the above monomials are linearly independent, and

there are
m+r
m

of them, which grows like r”. Hence m = n, as desired.

In §6, it will be proved that the transcendence degree of the function field
is precisely # if V/D has a non-degenerate Riemann form. Under this assump-
tion, we shall now use an argument similar to the above to prove that the field
must then be finitely generated, that is, must be a finite extension of a purely
transcendental extension.

Corollary 2. If there exists n algebraically independent abelian functions
on VD, sayfi, . . . , f then the function field of V/D is a finite extension

o C(fi, ... . 1)

Proof Write again f; = 6;/6,. Then 6, must be non-degenerate, for other-
wise, since 6 and 6, have the same type, and can be assumed to be normal-
ized, we could induce our functions on the factor space V = V/V},, where Vy
is the null space of the hermitian form associated with 6, thus contradicting
Corollary 1. Let g be any abelian function. Consider all monomials

fufimgt
with ry +  *+ - + r, = r. Each such monomial lies in £(+X, + sY) where

Xo = (6) and g € L(Y) with Y > 0. The number of such monomials is
equal to
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which is asymptotic to sr”"/n! as r — co. Since the dimension of £(rX, + sY)
is equal to

pf (PEy + SEy) = r" pf(E,) + lower terms,

it follows that if s > n! pf(E,), then there exists a relation of linear depen-
dence among these monomials. Such a relation gives an algebraic equation
for g, with coefficients in C[fi, . . . , f,], of degree = n! pf(E,). If we
select an abelian function of maximal degree over the field C(fi, . . . , fu),
then by the primitive element theorem of elementary field theory, this abelian
function must generate the whole field of abelian functions, thereby proving
our theorem.

§5. Translations of Theta Functions

We now consider the type associated with translations of theta functions. Let
a € V. If 0is a theta function, we let 6, be the function such that

0.(x) = 6(x — a),

and call 6, the translation of 6 by a. It is obviously a theta function. The
definition is made such that if X is the divisor of 0, then X, is the divisor of 6,.

Lemma 5.1. (i) If 0 is of type (L, J) then 0, is of type (L, J — L,), where
L.(u) = L(a, u.

(ii) If 8 is normalized, the type of the normalized theta function in the same
equivalence class as 6, is (L, J — E,) where E,(u) = E(a, u.

Proof. We have

0 —a+ W) _ o Raillx — a, w) + JWT}

0(x — a)
from which our first assertion is obvious. Note that the bilinear form L is the
same for any translation of 6, whence the associated hermitian form H is the

same.
For the second assertion, if we multiply 6, by the trivial theta function

exp {Zm‘ [% H(x, a)]},
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then we get rid of the imaginary part of —L(a, u) in the characterizing
equation, remaining only with the real part in the exponent, given by

K(u) — E(a, u).

Theorem 5.2. Let 6, 6 be entire normalized theta functions, with asso-
ciated hermitian forms H, H', respectively. Then H = H' if and only if
there exists a € V such that the normalization of 6, ~ ¢'.

Proof. Suppose such a exists. Since the type of 6, is (L, J — L,), it
follows that L = L', whence H = H’, using the uniqueness of a normalized
theta function. Conversely, suppose that H = H'. Let V}, be the null space
of H. Then both 6 and ¢ induce theta functions on V/V, = V, by §2, and
we have the formulas

0

‘Eé(;:)_u) = e[L(x, u) + ;L(u, ) + KW,
0'(x + )
—‘%651) = e[L(x, w) + 3L (u, u) + K'(u)]

with the same L, where e(w) = e?™. Note that K' — K (mod Z) is a
homomorphism by (4), §1, and that

e 2mlK' (wy— K(w)|

depend only on the class # of ¥ mod V. Therefore there exists an element
@ € V such that the character 2™ ®~X®l jg given by

e[K'(u) — K(u)] = e 2me@ ),

We now use the functional equation for # and 6'. Letf= 6/6,. Then the
hypothesis that 6, 6 are normalized (i.e. that

1
L(.X, )’) = Z H(X, y))

implies at once that f(x + u) = f(x) for all # in D, or in other words that f
is abelian. This proves the desired property.
In terms of divisors, we can express Theorem 5.2 as follows.

Let X, Y be two positive divisors. Then Ex = Ey if and only if there exists
a €VsuchthatY = X,.

If 6 is a theta function, we let CI(6) denote its class modulo the group
generated by the trivial theta functions and the abelian functions. The factor
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group of theta functions modulo trivial ones, and abelian ones, will be called
the Picard group of (V, D), or of V/D.

Two theta functions are called algebraically equivalent if one is the
translation of the other (modulo trivial and abelian theta functions). In light
of Theorem 5.2 we see that this condition is equivalent with the property that
the associated Riemann forms (or hermitian forms) are equal. Furthermore,
the notion of algebraic equivalence applies also to divisors, via representative
theta functions. Thus a divisor may be said to be algebraically equivalent
to O if and only if it satisfies either one of the following two equivalent
conditions:

X =Y —Y, forsome positive divisor Y and some a € V.
The associated Riemann form is equal to 0.

It is obvious that the map
@g:ar—Cl(6,/6) or Cl(X, — X)

is a2 homomorphism of the torus V/D into the Picard group, and in fact into
the subgroup of elements algebraically equivalent to zero, which is denoted
by Picy(V/D). We shall be interested in its kernel.

Theorem 5.3. Let 6 be an entire non-degenerate theta function with Riemann
form E. Then the kernel of ¢, is finite in VID, and is represented by those
elements a € V such that E(a, u) € Z for all u € D. We have

order of Ker @5 = pf(E)* = (d, - * - d,)*
where d,, . . . , d, are the elementary divisors of E.

Proof. We have seen in Lemma 5.1 that if (L, J) is the type of 6, which
we may assume to be normalized, then the type of the normalized theta
function in the equivalence class of 6, is (L, J — E;). Suppose that g is in
the kernel of ¢,. Then 6,/6 is equivalent to an abelian function. The type of
a normalized theta function in its equivalence class is then (0, —E,) by the
above (depending on Lemma 5.1), and it is also (0, 0) since an abelian
function is normalized. This implies that

E;,(u) =FE(a,u€Z

for all u € D. But E is Z-valued on D x D. Hence it follows that if we
express a as a linear combination of a basis {uy, . . ., uza} for D with real
coefficients, then in fact these coefficients are rational and have bounded
denominators. This means precisely that the kernel of ¢, is finite in V/D.

Using a Frobenius basis, one sees in fact that the denominators are the
elementary divisors d,, . . . , d,.
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If 6,/6 is a trivial theta function, then a fortiori it is equivalent to the
constant abelian function 1, and the above assertion applies to prove the last
statement.

Theorem 5.4. Let 0 be an entire theta function, normalized, with associated
hermitian form H. Let Vy be the null space of H. Then Vy + D is of finite
index in the kernel of @q, In V.

Proof. This results at once from the non-degenerate case. Indeed, we
know from §2 that 6 induces a theta function on V = V/V,, with respect to
the image D of Din V/Vy. If 6, ~ 6, and €, is the normalized theta function
equivalent to 6,, then 6, is of type (L, J— E,) by Lemma 5.1. Since 8,/6
is an abelian function, it follows that E(a, D) C Z. ButE(a, D) = E(d, D).
Thus @ is in the kernel of ¢, in the torus V/D. We can then apply Theorem
5.3 to conclude the proof.

§6. Projective Embedding

Let 6, be an entire theta function, and let {6,, 6, . . . , 6.} be a basis for
£(6). Then we may view this basis as giving a map

Fix = (600, ..., 6.,0)

of V/D into projective space P™, defined at all those points x where not all §;
vanish simultaneously, and called the map induced by the linear system of
6. We shall see that if the torus has a non-degenerate Riemann form, then
there exists 6, such that the above map gives a complex analytic embedding
of the torus into projective space.

Instead of a basis for £(6,), we could just as well take a set of generators
for the vector space £(6,). We would obtain a map defined at precisely the
same points. It is also useful to remark that the map is defined at x if and only
if there exists some 6 in £(6,) such that 6(x) # 0. If 6 is written as a linear
combination of basis elements, the condition that #(x) = 0 is equivalent to the
condition that the image of the point lie in a certain hyperplane.

Let 0 be an entire theta function. Let X be the set of its zeros, that is, the
set of points x such that 8(x) = 0. We may view X as a subset of V, or as
a subset of V/D, because it is clear that X is invariant under translations by
elements of D. We denote by X the set of all elements —x, withx € X, It
is clear that X ~ is the set of zeros of the theta function 6 ~, that is, the function
such that 87(z) = 6(—z). Also, for any point a € V, the translation X,
consisting of all points x + a with x € X is the set of zeros of 6, (this is the
reason for defining 6, as we did, by the formula 6,(z) = 6(z — a)). The
union of a finite number of such zero sets X; U - - - U X,, is the set of zeros
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of the product 6, - - - 6, of the corresponding theta functions. In particular,
it is not the whole space.

Theorem 6.1 (Lefschetz). Let 0 be an entire non-degenerate theta func-
tion. Then the map of V/D into projective space induced by the linear
system L(6%) is everywhere defined, and is an analytic embedding of V/D
into projective space.

Proof. For any points a, b € V, we observe that the function
0(x —a)f(x — b)8(x + a + b)

lies in £(6%). To see that the map is well defined, it suffices to prove that
given a point x, there exist a, b such that the above product is not equal to
0. But this is trivial: We first find a such that x — a does not lie in the set
of zeros of 6, and then find b such that 6(x — b)6(x + a + b) # 0. Ineach
case this amounts to finding a point not lying in a finite union of sets of zeros
of theta functions.

Next we prove that the map is injective. In other words, givenx, y € V,
if x and y have the same image in projective space, then x and y differ by a
lattice point. That the image of x and y is the same means that there exists
a complex number vy # O such that for all b, z, and all F of the same type as
6, we have

Fx —2)Fx —b)F(x +z + b) = yF(y — 2)F(y — b)F(y + z + b).

By Theorem 3.5 we can select F in £(8) such that F is not a theta function

with respect to any lattice strictly larger than D. Let D' = D + Zv, where

v = x — y. We shall prove that v is of finite order modulo D, and that F is

a theta function with respect to D’. It then follows that v € D, as desired.
Given any point z,, we can find b such that

Fx —bFx +z0+ DF(y —b)F(y + 20+ b) # 0,

and hence such that this inequality holds in a neighborhood of z,. This means
that in the neighborhood of z, there is a holomorphic function g, having no
zero, and such that

Fx —2) = F(y — 2)8(2)

in the neighborhood of that point. It is then clear that such functions g, are
analytic continuations of each other, and therefore that there exists an entire
function g without zeros such that for all z we have

Fix —2) =F(y — 28(2).
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With v = x — y, this formula can be written in the form
F(z + v) = F(2)h(2),

for some entire function # without zeros. The theta relation for F now shows
that & is in fact a trivial theta function, of the form

h(z) = Ce*™®,

where A is C-linear. Furthermore v is in the kernel of ¢r and is therefore of
finite order with respect to D by Theorem 5.3. We can easily determine A
as follows. Note that & is of type (0, L.) if (L, J) is the type of F, and
Aw) — L(v, u) € Z for all u € D. But

Au) — L(v, u) = AMu) — L(u, v) — E(v, u).

Hence A(z) — L(z, v) is real valued because 4, L are R-linear in z, and the
elements of D generate V over R. But A and L are also C-linear, and
consequently we must have

A(z) = L(z, v).

It follows that F is a theta function with respect to D’, and therefore concludes
the proof.

There remains to see that the differential of our projective mapping does
not vanish at any point, whence our map is an embedding since V/D is
compact. Select any point x, and a function G in £(6°) such that G(x) # 0.
Any F € (6% gives rise to a possible projective coordinate, such that the
corresponding affine coordinate when we dehomogenize with respect to G is
F/G. To see that the differential of our mapping does not vanish at x, it
suffices to prove that given a vector v € V, v # 0, there exists one such
function F such that

d(F/G)(x)v + 0.
We may take a basis for V such that v = (1, 0, . . ., 0). We have

G(xX)dF(x) — F(x)dG (x).

d(F/G)(x) = G

Suppose that for every F € £(6%), we have d( F/G)(x)v = 0. Then

dF (x) o = dG(x) o = a
Fx) G
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for a fixed number «, and every F such that F(x) # 0. In our coordinate
system, we have

_ OF dFe) ~_ 1 oF
dFEe =2 @ T "= Fom ™
Let
188
f@ = 0(2) P

wherever defined. We select for F the function
Fz) =0(z — a)b(z + a+ b)0(z — D),
with a, b arbitrary. Then we have
fc—a+fx~b)+fx+a+b)=ua

for all a, b outside an exceptional set where the denominators on the left
vanish. Now we consider the function of z given by

fx =2 +flx =b) +fx +z +b),
which is constant, and differentiate with respect to each variable z;, We get

K _¥
azj(x—z)—azj(x+z+b).

From the right-hand side, we see that these partial derivatives are constant for
some open set of z, whence it follows that in an open set of z where f is

defined, we have

I a6

—_— o Z + e e + o, Z + s
0(2) (921 141 nén B
with constants &, . . ., a,, 8. Let
gD =3+ mziza+ - - + auziz, + P

Then the first partial derivative of the function

0(z)e ™19 = 6,(2)
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is equal to 0 in some open set, whence everywhere. This means that 6, (which
is equivalent to #) depends only on n — 1 variables. But 6, is an entire
nondegenerate theta function, and we have a contradiction of Theorem 5.3
and Theorem 5.4, thereby proving our theorem.

Corollary. There exist n algebraically independent abelian functions on a
torus V/D having a non-degenerate Riemann form.

Proof. For any point on the torus, we can find abelian functions fi, . . ., f;
which are analytic local coordinates at the point, that is, map a neighborhood
of the point on an open set in C”. These functions are obviously algebraically
independent (even analytically independent).

The above corollary completes the proof of the hypothesis we needed in
§4 to see that the function field was a finitely generated extension of a purely

transcendental extension in n variables.
If D is a lattice in Vand A = V/D, then define A to be an abelian manifold

if there exists a projective embedding of A. The above theorem proves:

Theorem 6.2. If (V, D) admits a non-degenerate Riemann form, then V/D
is an abelian manifold.

The converse can also be proved (see Chapter X, §3). We do not need
it for the rest of this book. Consequently for our purposes, it is more
convenient to take as definition that A is an abelian manifold if and only if
there exists a non-degenerate Riemann form on (V, D).

Appendix: The 1-dimensional Case

It may be useful to the reader if we recall here briefly the situation in
dimension 1. To deal with theta functions in this case, we need only use one
basic theta function, having a simple zero at all the lattice points. Let

D = [w, w].

Because of the one-variable situation, we can write down the function,
namely the Weierstrass sigma function,

z z 1({z\?
o(z) =z Ey (1 - Z)) exp [Z} + 5(;) ],
where D' is the lattice from which 0 has been deleted. Taking the logarithmic
derivative yields what is known as the Weierstrass zeta function, namely
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1 1 1 z
(D =7+ 2 [7_w+z,+z:z]‘

weDp L*

Taking the derivative once more yields minus the Weierstrass § -function,
and one sees easily that it is periodic. Hence for any period w we get

{z + o) = {(2) + n(w),

where 7 is Z-linear in . Integrating, and exponentiating, it follows therefore
that

o(z + w) = Y(w) exp [n(w)(z + 22)>:| o(2),

with a suitable function ¢/(w). Note here that
L(z, w) = n(w)z

is C-linear in z, and Z-linear in w, as it should. Thus we see that o is a theta
function. It is easy to prove that

Y(w)y= 1 if «f2 is a period,
Y(w) = —1 if «f2 is not a period.

Finally, to get a theta function associated with a divisor, we just take
translations of ¢, and products, for example,

I’-I O'(Z - ai)"'l’
i=1

with suitable multiplicities. Thus the theorem to be proved in Chapter IX
becomes essentially trivial in dimension 1, because of the Weierstrass product
expression for entire functions.

Consider the linear system of divisors = —3(0), where O is the origin. In
that system, we have the Weierstrass # -function

-9 = {'/{(2)

and its derivative £ '(z). The general theorem asserts that the coordinates
(1,9 (2), ')

are the affine coordinates of a projective embedding of the torus. Only the

point at infinity (corresponding to the origin) is missing from this representa-
tion. For more details, look up any book on elliptic functions (e.g. mine).



CHAPTER VII

Homomorphisms and Duality

This chapter describes the elementary theory of homomorphisms and endo-
morphisms of an abelian manifold. First we relate the rational and complex
representations to a purely algebraic representation on the points of finite
order. Then we prove the complete reducibility theorem of Poincaré, show-
ing that an abelian manifold admits a product decomposition into simple ones,
up to isogeny. Finally, we deal with the duality which arises from the
nondegenerate hermitian form, and show how the dual manifold corresponds
to divisor classes of divisors algebraically equivalent to 0. The duality
includes an essentially algebraic pairing between points and such divisors,
and a formula in the last section relates this algebraic pairing with the analytic
data and the Riemann form.

§1. The Complex and Rational Representations

Let D, D' be two lattices in V, V' respectively. Any complex analytic
homomorphism

Ao: V/ID — V'/D’

can be lifted to a C-linear map A: V — V' making the following diagram
commutative,

A
vV — V

V/D —> VD’
4]
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This follows easily by writing a power series expansion for A locally near the
origin, and seeing that the additivity property implies that all terms but those
of degree 1 are equal to O in this power series. Thus locally near 0, our map
A is C-linear. The global assertion follows, since for any x € V we can find
a large integer N such that x/N is near 0. Then

w(s3) - )

whence Ay = A (mod D'). Of course one can also see this from the general
standpoint that the homomorphism A, lifts to the universal covering space V
of V/D.

We shall usually use the same symbol A for the map on V and its induced
map on V/D. The ring of complex analytic maps

A:V/D— VD,

i.e., of V/D into itself, will be denoted by End(V/D). By the above remarks,
this ring is represented as a subring of the linear endomorphisms of V, and we
call this the analytic representation of End(V/D). Its tensor product with the
rational numbers Q will be denoted by End(V/D)q. If A € End(V/D) (or
End(V/D)q), and if we wish to distinguish its induced linear map on V, then
we denote the latter by V(A) or Ay, or Ac.

Let V/D be a complex torus as before, and let

D = [uls S $u2n]-

We now take V = C", that is, we fix a C-basis for V, so that we have complex
coordinates for elements of V, and we let ¢, . . . , e, be the unit vectors,
viewed as column vectors, so that

1 0 0
0 1 0
(er, ...,e)=
Similarly, we view u,, . . . , Uz, as column vectors, so that (u;, . . . , uy,) is

an n X 2n matrix of complex numbers.
Let A € End (C"/D). Then A has a representation by an n X n complex
matrix C(A) with respect to the basis {e;, . . . , e,}, and we have

(Aeh LI Aen) = (els LR en)C(A)
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The matrix multiplication is to be understood formally. That is, if
C) = (cp),

then
(el, Ce ey e,,)(c,-j) = < ey 2 Cij€jy « . .)]=1_ L ne
i

Similar multiplications below are to be understood in the same way. On the
other hand, we also have the rational representation Q (1), because A maps
D into itself. Thus

(Aup, . oo, Augn) = (U, . . ., U2)QA),
where Q(A) is a 2n X 2n rational matrix. Let U be the n x 2n matrix
consisting of the components of u, . . ., u,, that is

U= (u, ..., up.

Then

Auy, ..., Aug,) = (ey, . .., e) CADU
and also

Auy, . .oy Augy) = (e, . .., e) UQ(N).

Therefore obtain the relation

CMNU = UQ(A).

Theorem 1.1. The matrix

U
U
is non-singular (where the bar denotes complex conjugate).

Proof. Let M be the above matrix. Suppose M is singular. Then there
exists a complex vector Z (2n-tuple) such that MZ = 0 (we view Z as a
column vector). This implies that UZ = 0 and UZ = 0, so that also UZ = 0.
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Hence

UZ+2)=0 and U(Z;Z)=O.

BothZ + Z and (Z — Z)/i are real matrices, and one of them is not 0. This
implies a relation of linear dependence over R between the column of U,

which is impossible, and proves our assertion.

Theorem 1.2. The rational representation A — Q(A) is equivalent to the
direct sum of the complex representation and its conjugate.

Proof. By Theorem 1.1, the matrix

®

is invertible, and by the above relation, we also get the complex conjugate
relation, namely

CNU = UQ\).

cn 0 \(U\ (U
(o m)(v)—(v)g(“

This proves our theorem.

Therefore

§2. Rational and p-adic Representations

Let p be a prime number. The points of period p” on V/D constitute the
subgroup

1
(V/D), = = D/D.
p
Let T,(V /D) be the set of all infinite vectors

(a, az, as, . . .)

such that a, € (V/D), and pa,., = a,. Then T,(V/D) is a group under
componentwise addition, and is called the Tate group. If z is a p-adic
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integer, we can define an operation of z on 7,(V/D) as follows. We select
an ordinary integer m such that m =z (mod p”). If p"a = 0, we define
za = ma. This is independent of the choice of m. We then define

z-(ay, a, . . .) = (zay, za,, . . .).

Itis clear that we get an operation of Z, on T, (V /D), which therefore becomes
a module over Z,, and clearly is without torsion.

Actually, T,(V D) is free of dimension 2n over Z,, if n is the complex
dimension of V.

This is easily proved as follows. Letx;, . . ., x;, be vectors in T,(V/D)
whose first components a1, . . . , d2s, are linearly independent over the
field Z/pZ. Then these vectors are linearly independent over Z,; for if we
had a relation of linear independence, we could assume that not all the
coefficients are divisible by p, and hence the projection of this relation on the
first component would contradict the hypothesis made on the a;;.

Next, we show that the x; form a basis of 7,,(V /D) over Z,. We prove this
by an inductive argument. Suppose that we can write every element w of
T,(A) as a linear combination

¢} w=zix + 4 2%, (mod p"T,(V/D)),

with integers z; € Z. Letw = (by, . . ., by, b1y, . . .). By definition, we
have for the first » + 1 components

z@, - s Qi) 00 F 22 @20, -, Garre)
= (bh RIS br’ br+l) + (Os L Os Cr+l)

for some ¢+ € (V/D),+- By the very choice of the vectors x;, there exist
integers d|, . . . , da, such that

G =dip aie + 0+ dop Az

If we replace z;, . . ., z, by z; + d\p’, . . ., 23 + da,p’, We see that we
have extended the congruence (1) from r to r + 1. This gives us what we
wanted.

We define the p -adic counterpart of the space V by letting V,,(V/D) be the
set of vectors

(a0$ a, az, . . )

such that g € (V/D), for some r, and pa,,,; = a, for all r > 0. Projecting
on the first component gives an exact sequence

0= T,(V/D) = V,(V/D) = (VD) — 0,
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where (V/D)\) is the union of (V/D), for all positive integers r, that is, the
set of points of p -power order on the torus (V/D).
We have a natural isomorphism

I%D/D ~ Dfp’D

obtained by multiplication by p”. Taking the inverse limit over r, we get an
isomorphism

@) T,(V/D) ~ Z, ®; D.

If A € End(V/D), then we can represent A as a Z,-endomorphism of
T,(V /D) by the obvious action

Tp(A)(als a, . . ') = (Aals AaZ, .. -)s

and, similarly, we get the representation of V,,(A) on V,,(V /D). "This represen-
tation of End (V/D) on V,(V /D) is called the p-adic representation.

Theorem 2.1. The p-adic representation of End (A) is equivalent to the
rational representation.

Proof. Obvious from the boxed isomorphism (2) above.

The p-adic representations on points of finite order were first introduced
by Deuring and Weil, apparently more or less simultaneously in 1940, 1941,
Deuring used them extensively in his paper “Die Typen der Multiplikatoren-
ringe elliptischer Funktionenkorper,” Abh. Math. Sem. Hamb. 1941, pp.
197-272, and his previous paper on the theory of correspondences in the same
year. Weil mentions them in his paper, “Sur les fonctions algébriques a corps
de constantes fini,” C. R. Acad. Sci. Paris 210 (1940), pp. 592-594, and
develops them considerably in his book on abelian varieties. For applications
to complex multiplication, cf. the book by Shimura and Taniyama mentioned
in the bibliography. Tate notice around 1957 that by taking the inverse limit,
i.e., the infinite vectors as defined at the beginning of this section, one could
get actually a module over Z, (or Q,), which gives a more natural way to
describe the representation.
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§3. Homomorphisms

Let A = V/D be a complex torus, and B another complex torus. By
Hom(A, B) we mean the additive group of complex analytic homomorphisms
of A into B. We shall study some general properties of such homomorphisms.

Let A = V/D be a complex torus as above. By a subtorus we mean a
torus V'/D’, where V' is a complex linear subspace of V, D' = D N V', and
D’ is a lattice in V'.

Let A, B be complex toruses and let
f:A—B

be a complex analytic homomorphism. Then Im fis a complex subtorus
of B.

Proof. Let A = V/D and B = W/C, where V, W are finite dimensional
vector spaces over the complex numbers, and D, C are lattices. Then flifts
to a C-linear map

f: VoW,

so f(V) is a C-linear subspace of W, and f(D) C C. Since the image f(V /D)
is compact, it follows that f(D) is a lattice in f(V), thus proving that f(A) is
a complex subtorus.
Similarly, the kernel of f contains a subtorus as a subgroup of finite index.
Also observe that if f: A — B is any homomorphism (complex analytic,
of course) and f# O then Im f has dimension > 0, and for any integer
N > 0 we have Nf # 0. Thus it follows that the natural map

Hom(A, B) — Hom(4, B) @ Q = Hom(4, B)q

is injectives.
By an isogeny

f:A—B
we mean a (complex analytic) homomorphism which is surjective and of
finite kernel. If fis such an isogeny, and N is a positive integer such that every
element of the kernel has period dividing N, then Ay (the group of points of
order N) contains Ker f, and consequently there exists a homomorphism

g:B—>A

such that gof = N-id. Note that Ay ~ (Z/NZ)* where n = dim A.
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Furthermore, if fis an isogeny, then it has an inverse in Hom(B, A)q, namely
N-'g where g o f = N-id. We denote this inverse in Hom(B, A)q by ! as
usual.

§4. Complete Reducibility of Poincaré

Call a complex torus A simple if it has no complex subtorus of dimen-
sion > 0. Then any non-zero element f € End(A) = Hom(4, A) must be
an isogeny, and consequently has an inverse in End(A)q. Therefore End(A)q
is a division algebra.

It is false that a subtorus usually has a complementary subtorus. We now
use the existence of Riemann forms to prove whatever is true in general,
called Poincaré’s complete reducibility theorem.

LetA' = V'/D’ be a subtorus of A = V/D. If (V, D) has a Riemann form
E, then the restriction of E to (V', D') is obviously a Riemann form, which
is non-degenerate if E is non-degenerate. This is clear from the positive
definiteness of the associated hermitian form.

Theorem 4.1. Let A’ = V'[/D’ be a subtorus of A = V[D, and assume that
(V, D) has a non-degenerate Riemann form. Then there exists a subtorus
A" = V"I D" such that

A=A"+ A" and A' N A" is finite.

Proof. Let V" be the orthogonal complement of V' with respect to the
positive definite hermitian form H associated with the Riemann form on
(V, D). By the Gram-Schmidt orthogonalization process already used in
Chapter VI, §3, we can see easily that the orthogonal complement D” of D’
in D (which is discrete) has complementary rank, namely

2n — rank of D'.

Hence it is a lattice in V”. The sum D’ + D" is then of finite index in D, and
the theorem follows. Note that in the orthogonalization process, we can solve
first with rational numbers, and then multiply by appropriate positive integers
to clear denominators. This gives rise to the finite index.

In Theorem 4.1, it is clear that the sum map
AI x A" _9 A

is an isogeny. Theorem 4.1 implies that any abelian manifold is isogenous
to a product
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Al XAy X "X A, — A,

such that each factor A; is simple.

The uniqueness of the factors, up to isogeny, then follows according to the
usual arguments for semisimple modules in basic algebra.

Similarly, End(A) @ Q has a direct product decomposition into matrices
of endomorphisms. If A is isogenous to a product

BxBx- --xB
of the same abelian manifold repeated r times, then
End(4) ® Q = Mat,(End(B) ® Q).

where the right hand side is the ring of » x r matrices, whose components are

in End(B) ® Q.

§5. The Dual Abelian Manifold

Again let V be an n-dimensional vector space over C, with a lattice D, and
suppose that (V, D) admits a non-degenerate Riemann form. We shall then
call the complex analytic torus V/D an abelian manifold. When V/D is
embedded in a projective space, as an algebraic subvariety, its image in
projective space is then called an abelian variety. We shall continue,
however, to deal with the abelian manifold and theta functions. I follow Weil
[7] in this section.

We denote by V* the complex antidual space of V. It consists of the
antifunctionals, that is, of the maps

E:V—>C

which are R-linear and satisfy £(ix) = —ié(x) for all x € V. We denote the
value of £ at an element x of V by

(& x).

Thus (£, x) = (£, x) is a bilinear map from V* X V into C.

If £ € V¥, then & (whose value at x is £(x)) is a functional, i.e., is
C-linear. Thus the antifunctionals are merely the complex conjugates of the
functionals. Note that V* is a vector space over C. (We take the antidual
space in order to make a certain map ¢ analytic later, instead of anti-
analytic.)

If £ € V*, then £ is uniquely determined by its imaginary part. Indeed,
write
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E=p+ip,
where p = Re £ and i = Im £€. Then £(ix) = —i€(x) means that
p@) =p@x) and  p(x) = —p®).
Conversely, given an R-linear map & : V — R, we can define an antifunc-
tional £ = p + iu, by letting p be the function given in terms of u by the

above relation.
We obtain an R-bilinear map

(& x) — Im (¢, x),
which is non-degenerate by the above remark (that u determines £. There-
fore, from elementary algebra, we conclude that the set of elements u* € V*
such that Im (u«*, u) € Z for all 4 € D, is a lattice D* in V*.

Lemma 5.1. Let C, be the group of complex numbers of absolute value
1. For each £ € V*, let X; be the element of Hom(D, C,) defined by

X;(u) — e21rilm(§,u).
Then the map £ X is an isomorphism between V*[D* and Hom(D, C,).
Proof. Our map ¢ — X is clearly a homomorphism. Suppose that
Xe(w) =1 forall u €D.

This means that £ € D*, and conversely. Hence our map is injective on the
factor group V¥/D*. To see surjectivity, suppose given a homomorphism
D — R/Z. Since D is free, we can lift this homomorphism to an additive
map u : D — R, and such a map can then be extended by R-linearity to an
R-linear map V — R, since D spans V over R. As we remarked above, u

is the imaginary part of a complex functional ¢, thereby proving our lemma.

Let E be a non-degenerate Riemann form on (V, D) and let H be its
associated hermitian form, so that E is the imaginary part of H, and

H(x, y) = E(@ix, y) + iE(x, y).
There exists a unique C-linear map
[(/ 30 V— V¥

such that
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H(x, y) = (¢e(x), y)
for all x, y C V. Taking imaginary parts, and recalling that E(u, v) lies in
Z for u, v € D, we see that ¢ maps D into D*, that is, induces a homo-
morphism, also denoted by ¢,

¢ : VD — V¥/D*,

Suppose that E is non-degenerate. Then it is clear that H is non-degenerate
and that the map ¢ : V— V* is an isomorphism. In this case we can
transport E to V* by defining

E*(@e(x), @e(y)) = E(x, y),

or equivalently

E*& m) = E(eg' (O, ez'(M).

Note that ¢ maps D onto a sublattice of D*, and hence some integral multiple
of ¢r maps a sublattice of D onto D*. Among other things, we have proved:

Theorem 5.2. Suppose that E is a non-degenerate Riemann form on
(V, D) and let E* be its transport to V¥. There exists a positive integer m
such that mE* is a non-degenerate Riemann form on (V*, D¥).

We now see that if V/D is an abelian manifold, so is V*/D*.

Let A € End(V/D). We can define as usual its transpose on End(V*/D¥*)
by the condition

<1A§’ X> = <§7 Ax)

From this and a non-degenerate Riemann form E on (V, D) we can define an
involution on End(V /D) by the condition

A=Ak = @i ‘Apg.

It will be an immediate consequence of the next theorem that the association
A+ A’ is indeed an involution, that is an anti-automorphism of period 2.

Theorem 5.3. Let E be a non-degenerate Riemann form on (V, D), with
associated hermitian form H. Let A' = Ag. Then X' is the adjoint of A
with respect to H, that is

H(Ax, y) = H(x, A'y), x,y €V

Therefore tr(AA') > 0 if A £ 0.
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Proof. Trivial computation as follows.

H\'x, y) = H(pg' "Ape(x), y) = ("Age(x), y)
= (@ (®), Ay)
= H(x, Ay).

The assertion about the trace comes from standard elementary linear algebra.
Indeed, AA’ is self-adjoint, and so can be diagonalized in the representation
on V. Furthermore, AA’ is positive as an operator on V, so all the diagonal
elements are positive, so their sum (the trace) is > 0.

Note that the trace in the theorem is the trace with respect to the complex
representation. Since the rational representation is a direct sum of the com-
plex and its conjugate, it follows that the positivity statement also applies to
the rational representation. Furthermore, since the rational representation is
defined over Q, the trace is Q-valued on End(A).

§6. Relations with Theta Functions

A normalized theta function is said to be algebraically equivalent to O if its
associated hermitian form H is 0. By (4) of Chapter VI, §1, this means that
for such a theta function F, the functional equation takes the shape

F(x + uw) = FOYr(w),

where ¢ : D — C, is a character of D, uniquely determined by F, and which
we shall call the associated character of F. In previous notation,

l/’F (u) —e ZﬂiK(M).

It depends only on the linear equivalence class of F. Conversely, two
normalized theta functions which are algebraically equivalent to 0 and have
the same associated character are linearly equivalent.

The group of theta functions modulo equivalence, and modulo the sub-
group of those linearly equivalent to 0 was defined to be the Picard group
(of divisor classes). The subgroup of those algebraically equivalent to O was
denoted by Picy(V/D). We deal only with the latter, and so call it the Picard
group for short.

The associated character F — i above induces an injective homomor-
phism

Picy(V/D) — Hom(D, C,).

We shall see in a moment that it is an isomorphism.
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We proved in Chapter VI, Lemma 5.1, that if  is normalized of type
(L, J), then the theta function which is normalized and in the same class as
0, has type (L, J — E,). Also recall the map

@ - a > Cl1(6,/6),

and note that the normalized theta function in the class of 8,/8 is algebraically
equivalent to 0.

The character associated with the linear equivalence class of 6,/8 is there-
fore equal to

U e—Zm'E(a. u).

Theorem 6.1. Let 6 be an entire theta function with non-degenerate
Riemann form E. Then we have a diagram which commutes with fac-
tor —1:

L7
VD —s  V¥D*
Po (-1 X

Pico(V/D) —> Hom(D, C))

The right vertical map X is the isomorphism induced by &> X; of
Lemma 5.1. The bottom map associates with each element of Pic, its
associated character, and is an isomorphism. In particular, the homomor-
phism g has finite kernel, and Picy(V [D) is isomorphic to V*[D*,

Proof. The theorem is obvious by putting together what we know. Start
with an element x € V. Its image g (x) is characterized by the condition

H(x, u) = (ps(x), ).

The corresponding character is given by exponentiating imaginary parts, that
is for § = ‘PE(X),

X§ U eZvriE(x.u)

On the other hand, we have seen that going around the other way, the
associated character of the normalized theta function in the class of 6,/6 is
e~?mEx4)  This makes the (— 1)-commutativity clear.
Since ¢z is surjective, and the right vertical map is an isomorphism, it
follows that the bottom map i is surjective, so an isomorphism as desired.
Next we identify two possible versions of the transpose of a homomor-
phism. Let

A:VyD,— V/D
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be a homomorphism. For our purposes here, let us denote
A* : V¥[D* — V¥ /D%
the transpose, such that for z € V and £ € V* we have
(A*§, z) = (&, Az).
We use the transpose notation ‘A for the induced map
‘A = Pico(V/D) — Picy(Vy/Dy)
which sends a divisor on V to its inverse image on V. In terms of theta
functions, if F is a theta function representing a divisor on V/D then F o A
represents the image of this divisor under ‘A.
Theorem 6.2. The following diagram is commutative:

A*

vp* — VDY

Picy(V/D) T) Picy(V/D)).
The vertical maps are the natural isomorphisms, which make correspond
fe e Iy
where
Ye(u) = 2™ gnd  Fe(z + u) = Fg(2) P (u).
Proof. From the equalities

Feod(zy + wy) = F{(Azl)l/’Ffo,\(ul)
=Fe(Azy + Auy) = F{(Azl)’l’Ff(Aul)

we conclude that
Yrpor (1) = Y, (Auy).
Then
o (uy) = e2mImNVEu) _ p2milm(gAu;) _ Ye(Aay).

Therefore F)s has associated character ¢, and the commutativity is clear.
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Now let 8 be an entire non-degenerate theta function, giving rise to the
homormophism

@g : V/D —> Picy(V/D).
Let A € End(V/D),. We may define an involution
Ao =¢5' oo @
where ‘A is the transpose on the Picard group.

Theorem 6.3. Let E be the Riemann form associated with 8. Then the two
involutions Ag and A are equal.

Proof. This is an immediate consequence of the preceding two theorems,
and of the diagram:

V*/D* i) V*/D*
$E 3

V/D I I V/D
-1

Po Pico(V/D) ——> Pico(V/D) Po

The central square is commutative, and the two end triangles have sign —1,
which cancels.

Let X be a divisor on V/D. We denote by €(X) the set of all divisors Y
on V/D for which there exist two positive integers m, m’ such that mX is
algebraically equivalent to Y. We call €(X) a polarization of V /D if €(X)
contains the positive divisor of an entire non-degenerate theta function; or
equivalently, if some positive multiple of a divisor is a hyperplane section in
some projective embedding. Suppose that X is the divisor of the entire theta
function 6, and is non-degenerate. Then it is clear that the involution

A Ay

depends only on the class €(X), and therefore A, is also denoted by A¢, where
@ is the polarization 6 = €(X). Theorem 6.3 gives an analytic description
of the involution defined purely algebraically by the formula

A Ag.
§7. The Kummer Pairing

We shall now describe the p-adic version of the duality between V/D and its
dual V*/D*.
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Let £ € V* be such that N¢ € D* for some positive integer N. (In the
application later, we shall consider the case when N is a power of p, but for
the moment, it is notationally convenient to work with arbitrary integers.) We
recall the two isomorphisms

Picy(V /D) = Hom (D, C,) = V*/D*,

Therefore, with £ we can associate a normalized theta function (of course not
entire) f, well defined up to multiplication by an abelian function, algebraic-
ally equivalent to 0, and satisfying

fex + ) = FO)Pe(u) = fx)e>m e,

forx € Vand u € D. Given a finite number of values of 4 € D, we can
always find x sufficiently general in V such that the terms in the above
equation are defined. The condition N¢ € D* implies that f¥ is an abelian
function. If a € V and Na € D, it follows that there exists an N-th root of
unity ey (&, a) such that

fe(Nx + Na) = ex(&, a)f:(Nx).

It is clear that this root of unity does not depend on the choice of f; in a linear
equivalent class, nor on the choice of £ (mod D*) and a (mod D). Therefore
the association

(¢ @)= en(é @
gives a well-defined map
(V¥[D¥)n X (V[D)y = pys

where uy is the group of N-th roots of unity, and it is trivially verified that
this map is Z-bilinear, i.e. is a pairing. It is equally easily verified that the
kernels on both sides are 0, i.e. that the map puts (V*/D*)y and (V/D)y in
perfect duality.

There is a special case of £ which is of interest. Suppose that 0 is a
nondegenerate entire theta function, with associated Riemann form E. If
b €V, then there is a unique normalized theta function fin CI(6,/6), whose
associated character is —E,. We suppose that Nb = 0 (mod D), and Na = 0
(mod D), in other words, b and a represent points of order N in V/D. Then
the root of unity ey corresponding to this special choice can be written in the
form
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—2mNE(b,a)

en(pe(b), a) = e

as is obvious from the definitions, and Theorem 6.1.

Now let us pass to the p-adic version. Instead of N we use p" in the
preceding discussion. Then (V /D)y really means (V/D),~, and similarly for
(V¥/D*)y and uy. When we pass from p” to pV*!, it is easily seen that the
pairing is consistent with respect to the inverse limit, that is, that if

p"t'¢ e D* and pV‘'a €D,
then

en+1(& @F = ex(pé, pa).

Therefore we can express our pairing in terms of the Tate group, and we
obtain a Z,-bilinear map

T,(V¥/D*) x T,(VID) = T,(w),

which make the two Z,-modules on the left Z,-dual to each other. Note that
T,(w) is formed of vectors

({h {2; {3s .o )

where ¢y is a p"-th root of unity such that &+, = {v. Thus T,(u) is a
1-dimensional space over Z,, which cannot be identified with Z, unless we
have selected a basis.

Remark. The advantage of the root of unity ey (&, a) and the p -adic pairing
is that they hold algebraically. When we embed an abelian torus in projective
space, we obtain the complex points Ac of an abelien variety A, which may
be defined by equations over a field k. As we shall see in the next chapter,
the zeros of a theta function in V correspond to a divisor on A. One can then
see that the definition of ey (¢, a) corresponds to a purely algebraic definition
involving only the divisor class corresponding to £ on A. The resulting roots
of unity then lie in the complex numbers, containing &, but generate possibly
extensions of k (this is always the case if we take k to be finitely generated
over Q, and N sufficiently large). Then these roots of unity, and T, (i), have
the definite advantage that they can be used as representation spaces for the
Galois group of the algebraic closure of k, thus giving an additional tool
which takes essential account of more arithmetic aspects of the situation. It
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is then absurd in such a context to identify T, (u) with Z,, since a Galois group
operates trivially on Z,.

For the algebraic theory and applications, the reader is referred to the
books of Lang, Mumford, Shimura, and Weil.

§8. Periods and Homology

LetA = V/D be a complex torus, and pick an isomorphism of V with C*", with
complex coordinates z, . . ., z,.

We first observe that the holomorphic 1-forms on A are spanned over the
complex numbers by

dzy, . .., dz,.

Proof. The coordinates zj, . . . , z, define a complex analytic chart at
every point of A. Any holomorphic 1-form has an expression

fi@dz + - + fi(D)dz,

at every point, where the functions f, . . . , f, are holomorphic, and the
functions which form the coefficient of dz, at every point are then analytic
continuations of each other on the torus. Hence they are holomorphic on the
torus, i.e. periodic, so constant. Hence dz|, . . . , dz, form a basis of the
I-forms over C, as was to be shown.

Denote the vector space of holomorphic 1-forms on A by 0, (4) = Q,. We
have a pairing

H@A, Z)x Q—C

given by

(7, w) = L w

This induces a homormophism
H\@, Z)—

into the dual space. We shall prove that this map is injective, and that its
image is a lattice, giving rise to an isomorphism of Ql/H 1A, Z) with A itself.

First we note that £, can be viewed as a real vector space, and that it has
dimension 2n over R. Indeed, the forms

dzy, . .., dz, idz, ..., idz,
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are linearly independent over R, as one sees immediately since if we write
Zy = Xx + iyk, then

dzy, dyy, . . ., dx,, dy,

are independent real coordinates.
If w is perpendicular to every cycle in H (A, Z), then the map

P
Pr—>fw
0

defines a holomorphic function on A, which is therefore constant, and there-
fore equal to 0. Hence w = 0. This implies that in the above pairing, the
kernel in €}, is 0. Since H,(A, Z) is a free abelian group on 2n generators,
and therefore its image in {1, has real rank = 2n, it follows that this real rank
must be equal to 2n, and therefore that H,(A, Z) may be viewed as a lattice
in €,.

There is also a natural isomorphism

D— H\A, 7),

obtained as follows. The group D may be viewed as the fundamental group
of the covering

p:V—>V/D =A.

If u € D and [, is a path from O to # in V, then p o [, is a cycle on A. The
association

u—classof pol, in Hi(A, Z)

gives rise to the above isomorphism.
Thus we obtain a natural embedding

po: D —> H\@A, Z) = (),

whose image in ), will be denoted by D.

On the other hand, let z € V. Let [, be any path fromOtoz. Thenpol,
is a path in A, which we may view as an element of (), that is, giving rise
to the functional

Z
w— w= f Prw.
pol, 0

Thus we have extended the map p to a map
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Pv . V— Ql.

Theorem 8.1. The map py is a C-linear isomorphism, inducing an isomor-
phism

pa: VID = QD = Q/H(A, Z).

Proof. Foreach j = 1, . . ., n we have

z
f de = Zj.
0

Thus it is clear that the map is C-linear, and we have already seen above that
it induces an injective map on D. This proves the theorem, since D generates
V over R, and its image generates {); over R (being a lattice).

Now let {w,, . . ., w,} be a basis of {, over C. Let A be the abelian
group of periods, that is the group of elements

f (w1, ..., wy), forall y € H(A, Z).
Y
Theorem 8.2. The map

P
P'_)f (wh---swn)
0

establishes a complex analytic isomorphism of A = V [D with C"/A, send-
ing D on A.

Proof. The map is well defined, from V into C"/A. The above duality
immediately implies that the kernel is D. The map is locally surjective in a
neighborhood of the origin because dz,, . . . , dz, are local analytic coordi-
nates, and it is surjective by additivity, and the fact that given z € C*, the
element z /N is close to the origin for N a large positive integer. Since the map
is obviously analytic, the theorem follows.

Theorem 8.3. Let

f:V/D— VD'
be a complex analytic map such that f(0) = 0. Thenfis a homomorphism.
Proof. Let Q,(f): Q(V'/D') — Q,(V/D) be the induced linear map on

holomorphic differential forms, obtained by pull back. We further get the
dual map (linear)
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0 : v/ — Q,(v'/DY,

and it is trivially verified by the change of variables formula that we have a
commutative diagram:

A e,
QI(V/D) — QI(V,/D,)
pPv = = pPv

Vv — V'
!

Hence f is linear, as was to be shown.



CHAPTER VIII

Riemann Matrices and
Classical Theta Functions

§1. Riemann Matrices

Let H be a positive definite hermitian form on C". We may write H in terms
of its real and imaginary parts as

H(u, v) = E(iu, v) + iIE(u, v)

where E is alternating and real valued. By convention, H is linear in the first
variable, and anti-linear in the second. Let A be a lattice in C". We call H
(or E) a Riemann form for the pair (C", A) if

E(u,v) €EZ for u, v €A.
Note that the form (4, v) — E(iu, v) is symmetric positive definite. Let
W= (Wls L WZn)

be a basis for A over R. We view w; (j = 1, . . ., 2n) as column vectors
in C", so that W is an n X 2n matrix. Elements of C" may then be written
in the form

Wx with x € R¥,

and elements of the lattice may be written in this form with x € Z2?*. There
is a unique alternating matrix P such that
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E(Wx, Wy) = ‘xPy.
“Alternating” means that ‘P = —P. Thus the matrix P is the matrix repre-
senting the alternating form with respect to the standard basis of R*". In fact,
if P= (Pij) then

Ew,w)=py, i,j=1,...,2n
Let C be the 2n X 2n real matrix such that
iW = WC.
Then
E(Wx, Wy) = E(WCx, Wy) = ‘x’CPy.
It follows that ‘CP is symmetric positive, and we also have
'CP = —-PC.
The following two lemmas express in terms of the relevant matrices two
conditions characterizing a Riemann form, namely the facts that the form
E(iWx, Wy) is symmetric and positive definite.
Lemma 1.1. The symmetry of ‘CP is equivalent with the condition

WP-"W = 0.

Proof. This symmetry is equivalent with the condition

w —lt N 4 —leppt IXTTs
_(W)CP ‘W, W)_(W>P C(CW,'W).

Using once more the definition iW = WC and performing the matrix multipli-
cations, yields the desired conclusion.

Lemma 1.2. The matrix associated with H is
M = 2i(WP "W)™ >0,
and so for u, v € C" we have
H(u, v) = ‘uM?v.

Proof. Let M be the matrix as indicated above. It is clear that M is
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hermitian. Thus it will suffice to show that
Hu, u) = 'uMu.
Let i, = {1, be i times the unit » X n matrix. Then
i, O w w
(o —) (W) - (W) «
Since H(u, u) = E(iu, u), we put u = Wx to obtain:
WA Y 0\/W
_ —_ _t _ n _
*PCx 'xP (W) (0 —z',,) (W) X
— — WAL 0\ /W
I 3 (3 mn-| A n W
X (W, W)W, W) P(W) ( . _l.”)(w) x

The terms on the far left and far right are (u, ‘%) and (4, %) respectively.
We then carry out the matrix multiplication for the middle product which is

equal to
4 —1t s B
(IO
We use Lemma 1.1, and we use the fact that
0 X“_ 0 !
Y O T\X' o

with the appropriate matrices X, Y to find that the above expression for
H(u, u) is equal to

H(u, u

(WP~ "W)™ "7 — i'G(WP™ W) 'u = 2iu(WP "W)™ '@,
This concludes the proof.
Now let W = (w,, w;) where w,, w, are square matrices, let
0 1,
J=
(5. 5

and suppose that P = J. Performing the matrix multiplication, we see that
relations of Lemmas 1.1 and 1.2 can be rewritten as:

RR 1. w, ‘o, — w; 'w; = 0, or equivalently WJ'W = 0.
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RR 2. i(@,'w; — @,'w;)”" > 0, or equivalently iWJ'W > 0.

These are called the Riemann relations. Taking an inverse and a complex
conjugate, we see that the second one is equivalent with

RR 2’. i(w2%| — W %2) > 0.

Let % be the set of all pairs (w, @;) of n X n complex matrices satisfying
the Riemann relations above. As usual, we let Sp,,(R) be the subgroup of
GL,,.(R) consisting of all matrices M such that

MI'M=J.

Then Sp,, is closed under transpose.
Let £, be the Siegel upper half space, consisting of all matrices

z € Mat,(C) (n X n complex matrices)
which are symmetric and whose imaginary part is symmetric positive definite.

Lemma 1.3. Let (0w, w;) € R.

(i) Ifg € GL,(C) then g(w,, wz) € R.
(i) IfM € Sps(R) then (@, w)M € R.
(i) The matrices w,, w, are invertible.
(iv) We have w;'w, € 9,.

Proof. The first two assertions are immediate from the definitions of R,
Spz.. and the Riemann relations. As for (iii), suppose there exists a vector
v € C" such that ‘vw, = 0. Then

'v(wl'Ez - wz'El)B = 0,
whence v = 0 by RR 2. Hence wi' exists. Furthermore J € Sp,.(R), so
(w2, @) = (w1, w2)] ER
by (ii), and therefore w3 ' exists, thus proving (iii). Finally (w7'e, 1,) € R
by (i) and therefore (iv) follows from the Riemann relations RR 2. This

concludes the proof.

In light of Lemma 1.3, if @, = z and w; = 1,, then the second Riemann
Relations read:

RR2. i(z-2)'>0.
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We have to consider the slightly more general case when the matrix
associated with the Riemann form E is not J but has elementary divisors.

Thus let dy, . . ., d, be positive integers such that
dlldzl e ’dm
and put
di
o= % O \-diag(d, ...,d).
o .
dn

Given the Riemann form E integral valued on the lattice A, there exists a basis
{wi, ..., wi}of A such that

. 0 o6
Ewj, wg) = Js = _s5 o)

Then
EW'x, W'y) = 'xJsy for x,y €R™

Let

1
U= (0 g) and W=WU"' so W =WU.
Then matrix multiplication shows that

EWx, Wy) ='xJy
and

A =W1Z%» = WUZ* = (w,, w28)Z".

This kind of changes of coordinates reduces the situation to the preceding one,
when all the elementary divisors are equal to 1.

§2. The Siegel Upper Half Space

A polarization of a complex torus (for this section) is a choice of Riemann
form. Thus a polarized complex torus is a triple (V, A, E) consisting of a
complex n-dimensional space V, alattice A, and a Riemann form E. We say
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that this is a principal polarization if the elementary divisors d;, . . . , d, of
E with respect to a Frobenius basis are all equal to 1. We shall now study
this case for simplicity of notation, and obtain a classification of such abelian
manifolds up to isomorphisms, by parametrizing them as a quotient of a
generalized (Siegel) upper half plane modulo the action of a group of auto-
morphisms.

If we have chosen an isomorphism of V with C”, and a Z-basis for the
lattice A, so that its elements can be written as an » X 2xn matrix W, and the
form E is represented by the matrix P with respect to this basis, then we also
write a triple

(V, A, E) =(C", W, P).

Suppose that the matrix P representing E is of the form

o 1,
J= (_1" 0)5

where 1, is the identity n X n matrix. This corresponds to having chosen a
Frobenius basis for the lattice, and to all the elementary divisors d,, . . . , d,
being equal to 1.

To each matrix z in , we may associate the corresponding # X 2n matrix
(z, 1) which we may view as a matrix W of the components of a basis for the
lattice as at the beginning of the preceding section.

Lemma 2.1. Every isomorphism class of principally polarized abelian
manifold contains a representative

(C", (z,1), ) with z €8,
for which the columns of (z, 1,) form a Frobenius basis.

Proof. Let W = (w,, w;) be a matrix satisfying the Riemann relations, and
whose columns form a basis for the period lattice of the abelian manifold.
We note:

If w, = 1,, then the Riemann relations are equivalent with the property

that w, € 9,,.
Since multiplication by w;' on C” is a linear isomorphism, we see that
Lemma 2.1 follows immediately from Lemma 1.3.

To get uniqueness we have to factor out by an appropriate group of
automorphisms. As before, let:

R = set of all pairs (w;, w,) satisfying the Riemann relations;
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Sp2.(R) = subgroup of GL,,(R) consisting of all matrices + such that

yJiy =J.
Then Sp.,(R) is closed under transpose. Write

(20

vl'y=J ifandonlyif a'd —b'c=1, and a'b, c'd are symmetric.

We have:

When n = 1, this means that v lies in SL,.
We shall see that the association

z+> (az + b)(ez + d)' = y(@2)

defines an operation of Sp,,(R) on £,. We have by Lemma 1.3 (ii)
a b
(z, 1,,)( ) =@a+c¢ zb+d)ER.
c d

Hence by (iv).
(zb + d)'(za + ¢) € ..
But ’z = z so taking transposes yields
(az + 'c)('bz + 'd)~' € §,.

Since Sp..(R) is closed under transposes, it follows that y(z) € $,. Itis then
immediately verified that this defines an operation of Sp,,(R) on 9,.

Suppose that (@i, w3) is another basis for the lattice A. Then there is a
matrix M € GL,,(Z) such that

(w1, 03) = (01, w2)'M,

and conversely. The form E with matrix J with respect to the basis (@, @)
has the matrix

MI'M

with respect to the basis (w;, w;). Therefore the new basis has the same
matrix for the Riemann form if and only if M € Sp,,. We let
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I' = Aut(J) = GL,(Z) N Sp2:(R) = Spau(Z).

When n = 1| then I = SL,(Z).

We have now seen how the choices of a basis for the lattice, and a linear
isomorphism of C" affect the choices we have made. We define o to be the
set of equivalence class of polarized abelian manifolds. Any two representa-
tives

(C" (z,1),J) and (C" (Z,1y), J)
differ by a change of basis of the lattice preserving the matrix J as above,
followed by a linear isomorphism on C" (multiplication by an invertible
matrix on the left) transforming the second half of the lattice vectors into the
unit vectors. Hence we have proved:
Theorem 2.2. The map
z — isomorphism class of (C", (z,1,), J)

induces a bijection

NG — .

§3. Fundamental Theta Functions

This section follows Shimura [Sh].
Let A be a lattice in C". We recall that a theta function on C" with respect
to A is an entire function f satisfying the condition

flu+ 1) =fwew, D))

foru € C", I € A, and e(z) = e*™. Here /is an arbitrary function, and A
is C-linear in u, R-linear in /. A theta function is called normalized if there
is a hermitian positive form H such that

flu+1) =f(u)e(2il,H(u + é . 1))¢(1)

and if ¢ has absolute value equal to 1. We let E be the imaginary part of H,
s0 E is real valued and alternating. We assume that H is C-linear in its first
variable, anti-linear in its second variable. It follows from the above assump-
tions that
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ol + 1) = w(zw(z')e(% E(, l'))-

We denote by Th(H, ¢, A) the vector space of normalized theta functions
satisfying the above conditions with H, s, and call (H, i) a type for such theta
functions. This notation is better adapted to the applications we now have in
mind than the previous notation in Chapter VI.

Let z € ©, and for r, s € R" define

O, z,r,8) = > e(% "(r+ myz(r + m) + '(r + my(u + s))-

meZ"

The positive definiteness of the imaginary part of z insures that the exponen-
tial term goes to zero like e for some ¢ > 0, whence we have absolute
convergence, uniform for # in any compact set of C". We shall now state
three simple transformation formulas.

Th 1. For a, b € R" we have

O, z,r+a, b +5)

|
= e(z ‘aza +'a(u + s + b))()(u +za+b,z71,59).

This follows directly from the above definition, expanding out the exponent
and collecting terms.

Th 2. For a, b € Z" we have
Ou,z, r+a,s+ b)=e(Crb)0(u, z, r, 5).
Again this follows directly by observing that the sum expressing the left hand
side can first be changed by replacing m + a by m in the sum over m, and then
the simple term e (‘rb) comes out as a factor. Combining these two formulas

yields:

Th3.Ifa, b € Z" then

‘aza — 'au + 'rb — 'sa)()(u, zZ, r, S).

N | —

0(u+za+b,zr, s)=e(—

_ e(_

where X_;,(a, b) = e(—'sa + ‘rb) is a character.

B —

‘aza — 'au)X_s_,(a, b)o(u, z, r, s
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Note that the theta function 8(«, z, r, s) (as function of u) is not normal-
ized. We shall multiply it by a trivial theta function so as to obtain a
normalized one. We let

1
Qu, 2) = 5 iz — 2 'u
so Q(u, z) is quadratic in . Then e(Q (u, z)) is a trivial theta function, and
l -1
Qu+bH—-Q0w =" U+ z-2)7'L

Note that Q(u, z) is not holomorphic in z. Define as in Shimura
o, z,r, s) = e(Qu, 2))0u, z, r, s).
We shall find again the hermitian form of the last section, defined by
Hu, v) = 2i'u(z — 2)7'.

Note that putting [ = za + b with a, b € Z" we find

Talus+t) = (us)as (u+L)e-nu
2 u+2’ = 2(1 u+2 z z .

Th 4. For a, b € Z" we have

pu+az+b,z,r,s) (1 1 1,
<p(u, Z, r, S) N e(ZI.H u+ 2 ' e 2 ab X—s.r(as b)

This suggests that we define

|
Y(za + b) = e(% ’ab) and ¢,,(za + b) = e(z ‘ab + 'rb — 'sa)-
Thus
'-l’z.r.s = ll’zXz,——s,r
where X, _;, is the character defined by
X, _s-(za + b) = e(’rb — 'sa).

Let [z, 1,] be the lattice of all points za + b with a, b € Z". Then with the
above definitions, we find that Th 4 can be stated as follows,
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The functions ¢(u, z, r, s) lie in Th(H,, Y, X, _;,, [z, 1)]).

Now let X be any character on C”, viewed as R*" if we express elements
in the form

za+ b with q, b €R"
We observe that the map
60— 60X
gives an isomorphism
Th(H, ¢, A) —=> Th(H, X, A).
On the other hand, define

Th(z) = space of entire functions satisfying

f(u_';(fb%i@ = e(— %'aza - 'au)’ for a,b €27

Then certainly the functions 0(u, z, r, s)X; _; () lie in this space. Thus we
have isomorphisms

Th(z) = Th(H,, ¢, [z, 1,]) = ThH,, s, [z, 1.]).
Each one is obtained by multiplication with an appropriate function.
Theorem 3.1. Let L = [z, 8], where 6 = diag(d,, . . . , d,) with
0<d|dy]...|ld.

Let j range over a complete system of representatives for 8 'Z"/Z". Then
Jfor a fixed r, s, the functions

o, z, r + j, 8), j € representatives as above

form a basis of Th(H,, Y, ,., [z, 8]).

Proof. After multiplying by the inverse of a character, and a trivial theta
function, we are reduced to proving the equivalent statement that the func-
tions

Ou, z, r +j, 5
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form a basis for the space Th(z, 6) of entire functions such that

f(u+za+6b)_e( 1
N 2

— ~‘aza —‘au| for a, b € Z".
fw )

But first, it is clear that these functions are linearly independent, and second
the analysis of the Fourier expansion shows that the dimension of this space
is = d; - - - d, because the Fourier coefficients are determined recursively.
This proves the theorem.



CHAPTER IX

Involutions and Abelian Manifolds
of Quaternion Type

Certain abelian manifolds have large algebras of endomorphisms. The most
common case is that of Complex Multiplication, which is treated extensively
in the literature. Almost as important is the case when this algebra contains
a quaternion algebra. I have therefore included this section as an example of
such manifolds, which will provide easier access to their more advanced
theory.

§1. Involutions

Let k be a field. By a quaternion algebra Q over k we mean a simple algebra
with center k, of dimension 4 over k. If k has characteristic # 0, we also
require that the algebra has a separable splitting field of degree 2. We are
essentially concerned with quaternion algebras over number fields, so we
have no intention of dwelling on the pathologies of characteristic p.

If E is a finite extension of k which splits Q, then EQQ (tensor product
taken over k) is a semisimple algebra over E, of dimension 4 and so must be
the matrix algebra M,(E) of 2 X 2 matrices over E. The quaternion algebra
Q itself is either a division algebra, or M, (k). Since the algebra of 2 x 2
matrices over a field is simple, it admits exactly one irreducible representation
of dimension 2, up to isomorphism. The trace and determinant of this rep-
resentation will be denoted by tr and nr respectively, and will be called the
(reduced) trace and norm of the quaternion algebra.

Let « € Q but & & k. Let P,(X) be the minimal polynomial of & over
k. Then P, has degree > 1, and hence must have degree 2. Furthermore, P,
divides the characteristic polynomial of the absolutely irreduci
sional representation of EQQ, so P, is equal to this characteristic polyno-
mial. In particular, the norm and trace are those of the mjnimal polynomial.
We let the factorization be
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P.X)=X—- o)X — a') = X? — tr(@)X + nr(a).
Thus
tra=a+ o and nr(a) = aa’.
If a € k, then we let &' = a.

Theorem 1.1. The map a — o' is an involution of Q, that is an anti-
automorphism of order 2.

Proof. The map is obviously linear. It suffices to prove the property
(aB), = Blal

when «, B are 2 X 2 matrices, and the trace, norm are the ordinary trace and
determinant. By specialization, it suffices to prove the relation when the
matrices have algebraically independent coefficients, and in particular are
invertible. But then

o = o 'det(a),
and the relation is obvious. This proves the theorem.

We note that if F is a subfield of Q over k, then F is a quadratic extension
of k, and the involution a — «' induces the non-trivial automorphism of F
if F is separable over k. Indeed, the formula @' = a 'nr(a) shows that o'
also lies in this subfield, and «, «' are the roots of the minimal polynomial
of « over k.

The involution a — o will be called the canonical involution.

Proposition 1.2. Every inner automorphism of Q commutes with the
involution.

Proof. Immediate from the fact that aa’ is an element of k, and so
commutes with all elements of Q.

Theorem 1.3. Let F be a separable quadratic extension of k contained in
Q. Let ¢: F v Q be a k-linear embedding which is not the identity. Then
there exists an inner automorphism of Q which induces ¢ on F. In par-
ticular, every automorphism of Q is inner.

Proof. We shall need the remark that there is an isomorphism

Q®Q — End,(Qvs)
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where Q. denotes Q viewed as a vector space over k. The isomorphism is
given as follows. An element 3 «;&p; gives rise to an endomorphism such
that

X 2 o xf3;.

This association is a homomorphism of Q®Q into End,(Q,s). It is not
identically zero, and hence is injective since Q®Q is simple (no two-sided
ideals other than 0 and the whole algebra). It is an isomorphism since the
dimensions of the domain and range are equal.
Now we may view Q as a vector space over F in two ways. First in the
natural way, using the multiplication in Q. Second, by the action
(a, x) = @(a)x fora €F, x € Q.

The dimension of Q over F, either way, is equal to 2. So there is an iso-
morphism

A:Q — Q such that A(ax) = ¢(a)A(x),

and A in particular can be viewed as an element of End, (Q,s). Thus by the
first remark, we have

A= «®B,
and in particular,
A(a) = Y a;aBi fora EF.
The relation A (ax) = ¢(a)A(x) shows that
> waxBi = ¢a) >, a;xB;  forallx € Q,
$0
> 4a®B = p(@)aRpB;.

Hence a;a = ¢(a)a; for all a € F, and all i. Let a = «; for some i,
a #+ 0. We claim that « is invertible in . This will conclude the proof.
Since a & F, we have
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Q =F + aFr
whence

QaQ = FaQ + aFaQ = QaF + QaaF
C QeF)a + Qap(Fa
C Qu.

Hence Qa is a two-sided ideal # O, whence Qa = Q, whence a is invertible,
thereby proving the theorem.

We shall now characterize all possible involutions. Let y € Q*. Define
a*=a¥=vy'day.

Theorem 1.4. The map a— a* is an involution if and only if
v? € k. Every involution is of this type, for some .

Proof. Since a** = y2ay?, and a** = « for all @ € Q if and only if
v? € k (because k is the center), the first assertion is clear. Conversely, let
a — a* be an involution. Then & — (a*)’ is an automorphism, and so by
Theorem 1.3 there exists an invertible y such that

(a¥)' = y 'ayforal a € Q.

Since inner automorphisms commute with the involution a — o, our the-
orem is proved.

The involution of Theorem 1.4 is called the involution associated with,
or defined by .

§2. Special Generators

Let Q be a quaternion algebra over k, and assume for simplicity that the
characteristic of kis # 2. Let F be a subfield of Q of degree 2 over k. Then

F = k(B) with some B such that 8> = b € k.
By the inner automorphism theorem, there exists an element y € Q whose
inper automorphism induces the non-trivial automorphism of F, that is
v 'By = ~B. Then y2?By? = B so y* commutes with y and 8. Since
B & k(v) it follows that



§2. Special Generators 147

because Q is a vector space of dimension 2 over F. Therefore y? lies in the
center of Q, so lies in k. 'We have thus proved the first part of the following
theorem.

Theorem 2.1. Let F be a subfield of degree 2 over k, F = k(B),
B?=b € k. Then:
(i) There is a basis 1, B, vy, By of Q over k such that vy is invertible, and

y’=c€k  PBy=-7vB
) Ifz=x0+ x1B+ %y + x3 8y with x; € k then
trx=2x, and nr(z) = x% — bx} — cx3 — bexi.

Proof. The second statement is immediate in view of the commutation
rules between 8 and vy, and the fact that the canonical involution induces the
non-trivial automorphisms of k£(8) and k(7y) respectively, so B’ = — 8 and
Y =-7

Whenever we are in the situation of Theorem 2.1, we shall write
Q = (b,c), orsimply (b,c), or (F,c).

Now assume that k = Q is the rational numbers. We say that Q is
indefinite if Or = M, (R).

Theorem 2.2. The algebra Q is indefinite if and only if Q contains a real
quadratic subfield. If Q = (b,c), this is the case if and only if b > 0 or
c>0.

Proof. If Q contains a real quadratic subfield F, then F&®Q = M, (F) so
the splitting is clear. Conversely, suppose Or = M; (R). Suppose b < 0and
¢ <0. Then b = —b} and ¢ = —c} with b, c; ER. Put i = Bb;' and
j=ycr'. Then 1, i, j, ij satisfy the usual relations of the Hamilton qua-
ternions, so Or must the Hamilton quaternions, which certainly do not split,
a contradiction which proves the theorem.

Theorem 2.3. Assume that k = Q and that Q is indefinite. Let * be the
involution defined by an element y. Then tr (aa®) > 0 for all a € Q,
a # 0 if and only if y? < 0.

Proof. Let Q = (b,c) with ¥? = ¢, B2 = b. Any element a can be written
in the form

a=x+ yB withx, y € k().
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A trivial computation using the commutation rule between 3 and -y shows that

trx + yB)y '(x+ yB)'y
tr (x + yB)(x" + By")
= 2(xx’ + yy'b).

tr aa®

If % < O then k() is an imaginary quadratic field, so xx’ and yy' = 0. If
Q is indefinite, then 82 > O so tr aa* > O fora # 0. Conversely, if y2 > 0,
pick y = 1. We can find x such that xx' is large negative, so tr aa™® < 0.
This proves the theorem.

§3. Orders

Assume that k = Q. By a lattice in Q we mean a finitely generated Z-
submodule which is of rank 4. An order in Q is a subring which is a lattice.
Let a be a lattice. We define the left order of a to be

0,;(a) = p = ring of all elements « € Q such that aa C a.

That o is a ring is obvious. We must show that it is an order. Given any
element x € Q, and a basis ay, . . . , ay for a over Z, the elements xa; can
be expressed as linear combinations of this basis, with rational coefficients.
Hence there exists a positive integer d such that dx € 0. It will now suffice
to prove that o has “bounded denominators”, or equivalently that o is finitely
generated.

The bilinear map

(B,a) = tr(Ba)

is a non-degenerate bilinear form on Q and hence there is a dual basis
Bl, C ey B4 such that tr(Bj a,-) = 6,‘1-. Let

x = ¢pwith ¢ € Q,

and suppose x € o. Then
tr(xa,-) = C;.

Hence ¢; € d~'Z where d is a common denominator for tr(c,), . . . , tr(ay).
This proves what we wanted.

Similarly, we could define the right order 0, (a). We shall work with the
left order.



§4. Lattices and Riemann Forms on C* Determined by Quaternion Algebras 149

If o is the (left) order of a, then we also say that a is an o-lattice, or an
o-ideal if a C p. If ais an p-lattice, then there exists a positive integer ¢ such
that ca is an p-ideal. In fact, if a, b are two lattices, then there exists a
positive integer ¢ such that ca C b. We also say that any two lattices are
commensurable.

§4. Lattices and Riemann Forms on C*
Determined by Quaternion Algebras

We begin by some comments on a special type of lattice in C2.

w = (Wl) € C.
wy

Let ay, . . ., as € M (R) be linearly independent over R. Let L be the
Z-module generated by o, . . . , ay. ThenLw is alattice in C* if and only
if wiws # 0 and Im(w/w,) # 0.

Lemma 4.1. Let

Proof. If w, or w, = 0, or if w, w, are real multiples of each other, then
there is some real linear combination

4
a=> ca, ¢ ER, notallg; =0
i=1

such that aw = 0, so Lw cannot be a lattice in C2. Conversely, if
Im(w/w,;) # 0, after multiplying the vector w by w;! we may assume with-
out loss of generality that
W= T
—\1

with 7 in the upper or lower half plane. If « is a real matrix as above, then
it is clear that aw = 0 implies &« = 0. Hence aw, . . ., ayw are linearly
independent over the reals, so Lw is a lattice in C?, thus proving the lemma.

An element w as in Lemma 4.1, with wyw, # 0 and Im(w/w;) # 0 will
be called a non-degenerate vector.

The lemma will be applied to the following situation. Let Q be a qua-
ternion algebra over the rational numbers. Let

p:Qr = M (R)
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be an isomorphism. We call the pair (Q,p) a quaternion type. Let A be a
complex torus of dimension 2, and let

v:Q — End(A)q

be an embedding. We say that (A4, v) is of type (Q, p) if there exists a complex
analytic isomorphism

0:CYA— A
such that the following diagram is commutative for all a € Q:

CYA —2> A

p(a) j l Wa)

CZ/A B A

In fact, such an isomorphism O always exists. Indeed, write A = V/A where
V is a 2-dimensional complex space. The complex representation of 1(Q) on
V is thus a 2-dimensional representation, equivalent to the representation p
over C since M, (C) is simple. Consequently, there exists a basis for V,
identifying V with C?, such that «(a) is represented by p(a) relative to this
basis.

Let u € A, u +# 0. The map

a — p(au, a €0

is injective, and for any lattice a in Q, the image p(a)u is a free Z-module
of rank 4. Furthermore, there exists a positive integer d such that
plda)u C A, so p(da)u is a sublattice of A. Since p(Q)u = QA is the
rational vector space generated by A, it follows that there exists a lattice a in
@ such that

A = p(a)u.
Let o be the left order of a. Then o is also the subring of elements & € Q
such that p(a)A C A. Thus
0 =Q N p 'End(A).

In other words, o is the subring of Q corresponding to endomorphisms of A
under the representation (not just endomorphisms tensored with the ration-
als). We can summarize our discussion in the following theorem.
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Theorem 4.2. Let A = C*/A be a complex torus of dimension 2, such that
(Av) is of type (Q,p). Let u € A, u # 0. Then u is non-degenerate.
There exists a lattice a in Q such that A = p(@)u. If 0 is the order of a,
then

p(0) = End (4) N p(Q).

Conversely, let u be a non-degenerate vector in C* and let (Q,p) be a
quaternion type. Let a be a lattice in Q and let A = p(@)u. Then Ais a
lattice in C? and C*/A is a complex torus of type (Q,p) as above.

The converse statement in the theorem is obvious. If we want to give all
the data in the notation, we shall say that (4,.) is of type (Q,p,a,u) with
respect to ©. We often omit © from the notation, and identify A with C%/A
after the suitable choice of basis.

We shall now see that a torus as above is always abelian, in other words
admits a Riemann form. Recall that a Riemann form E on V/A is an
R-bilinear form on V which is skew-symmetric, non-degenerate, such that the
form

(x,y) = E(ix,y)
is symmetric positive definite, and such that E(A,A) is Z-valued.

Let E be a Riemann form on C%/A. We shall say that E is p-admissible
if the involution determined by E leaves p(Q) stable. In symbols, this can be
written

p(Q)* = p(Q).
We may then define an involution & — «* on Q such that
pla*) = p(a)*.
By the general theory of Riemann forms, we have
tr aa®* >0 for a #+ 0,
and we know from Theorem 2.3 that
a* = y ' o'y with some vy such that y> < 0, y? € Q.

Let {a;, ..., oy} be a basis of Q over the rationals. Then
{p(a), . . ., p(au)} is a basis of p(Qr) over R, and

{p(a)u, . . ., plasu}
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is a basis of p(Qgr)u = C? over R. The values of a Riemann form are
determined by its values

E(p(a)u,p(Bu)
when a, B range over such basis elements.

Theorem 4.3. Let C*/A be of type (Q,p,a,u). Let E be a p-admissible
Riemann form on C*/A. Then there exists a rational number c such that

E(p(a)u,p(B)u) = ctr(yap’).

Conversely, given an element v € Q, y* € Q, and y* < 0, there exists
an integer c such that the form determined by

E(p)(a)u,p(B)u) = ctr(yaB’)
is a Riemann form which is p-admissible on C?/A.

Proof. The map a — E(p(1)u,p(a)u) is a Q-linear functional on Q, so
there exists & € Q such that

E(p(Du,p(a)u) = tr (éa) for all & € Q.
Then

(1) E(p@u,p(Bu) = E(p(Lu,p(a*Bu)
= tr(§a*p) = tr(§y 'a'yB) = —tr(§y™' B'ya)

because E is anti-symmetric. Take 8 = 1. Then for all « we get
tr(yéy™'e) = r(§y"'&'y) = —tr (§y"'ya) = —tr (o) = —tr (£ )

using the fact that tr (éa) = tr (wé) and tr (A) = tr(A"). The above relation is
true for all «, and hence

—y&y ' = €,s0 —yE=Ey.

It follows at once that (¢y™')’ = &y, and therefore £&y~' € Q, so there
exists a rational number ¢ such that

&= cy.

From the last expression in formula (1) we find
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E(p(a)u,p(B)u) = —ctr (yaf').

This proves the first part of the theorem.
Conversely, let y* € Q, y* < 0so ¥y = —v. Define

E(p(a)u,p(Bu) = tr(yaf').

Then E is an anti-symmetric R-bilinear form on Qg. We show that the form
E(iz,w) is symmetric. Since p(Qr) = C? there exists 7 € Qr such that
2 _

n—_9

iu=pmu, and n* = -1, n = 1.

Since ip(a)u = p(an)u, we get:

E(ip(a)u,p(B)u) = tr (yanB') = tr(Bna'y)
= tr(yBna') = E(ip(B)u,p(a)u).

This proves the symmetry.
Next, for the positive definiteness, we have

E(ip)(a)u,p(@)u) = tr(yana') = tr(ana'y).

Let y? = —s? with s real, and s > 0. By the inner automorphism theorem,
there exists 6 € Qg such that

vls =6 '76.
Therefore
tr(ana’y) = str(ady '8 'a’y) = snr(8) ' tr (ad)(ad)¥).

We select ¢ to have the sign such that c¢snr(8) > 0, to get the positive
definiteness.

Finally, if « ranges over a basis a;, . . . , a4 of a, and B ranges over such
a basis also, then the finite number of elements tr (ya; 8;) have bounded
denominators. If we select ¢ to be a common denominator, then the form
¢ tr(yaf') is integral valued on the lattice generated by «;, . . ., au.

Since the Riemann form we have just defined is clearly p-admissible, this
concludes the proof of the theorem.
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§5. Isomorphism Classes

Let us fix a lattice a with left order 0, and a representation p as before. Let

A = p(a)u, with u = (Zl)

2

Suppose that u/u, is in the lower half plane. Assume that there exists a unit
€ in 0 such that nr(e) = —1. Let

pleu = (w2> .

Then 7 = w/w, is in the upper half plane, and the map
z > wi'p(e)z for z € C?

gives an isomorphism
CYA—=>C¥A’, where A' = p(a)('l’).

Thus we see that to study isomorphism classes of abelian manifolds admitting
quaternion multiplication, we may limit ourselves to representatives whose
lattices are of the form

A7) = p(a)(’lr), with 7 € ©, (The upper half plane).

We now derive a necessary and sufficient condition that the abelian manifolds
be isomorphic.
Assume that a = 0. Let us use the notation

A(7) = CYA(D), where A(7) = p(o)<'1’).
Consider a homomorphism
h:(A(m),p) = (A(12),p)

which commutes with the representation p. Such % is represented by a
complex matrix M on C? which commutes with p(a) for all « € Q, and
therefore M is a scalar,
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) M = gl, with g € C.

We suppose A # 0. There exists an element A € 0 such that

T T,
) M{ ) =pW|

1 1
because M A(m) C A(m). We let GL,(R) operate on complex numbers with
non-zero imaginary part as usual. From (1) and (2), we conclude that

3) nr(A) = detp(A) > 0

because 7 and 7, have imaginary parts with the same sign.
We then apply this discussion to isomorphisms.

Theorem 5.1. Assume that a = 0. Then (A(m),p) and (A(m),p) are
isomorphic if and only if there exists a unit € in 0 with nr (€) = 1 such that

p(e)(1) = 7. Isomorphisms are then given by the matrix operations p(€)
for such elements €.

Proof. In the discussion preceding the theorem, 4 is an isomorphism if and
only if MA(1)) = A(m), or equivalently

p(0)p(A) = p(0).

This is equivalent with oA = p, that is A is a unit in 0, and we already know
by (3) that nr(A) = 1. Conversely, given such a unit A, let

a b
p(A) = (C d)’
and let g = c¢r; + d. Then it follows at once that
Ty _ T
p(A)(l) =8 (1)

Since A is a unit in 0, we have gA(7) = A(rp). Hence A induces an
isomorphism as stated in the theorem.



CHAPTER X

Theta Functions and Divisors

Let M be a complex manifold. In the sequel, M will either be C" or C*/D,
where D is a lattice (discrete subgroup of real dimension 2r). Let {U;} be
an open covering of M, and let ¢; be a meromorphic function on U;. If for
each pair of indices (i, j) the function ¢;/¢; is holomorphic and invertible on
U; N U;, then we shall say that the family {(U;, ¢;)} represents a divisor on
M. If this is the case, and (U, ¢) is a pair consisting of an open set U and
a meromorphic function ¢ on U, then we say that (U, ¢) is compatible with
the family {(U;, ¢)} if ¢:/¢ is holomorphic invertible on U N U;. If this is
the case, then the pair (U, ¢) can be adjoined to our family, and again
represents a divisor. Two families {(U;, ¢;)} and {(V, y»)} are said to be
equivalent if each pair (V,, yy) is compatible with the first family. An
equivalence class of families as above is called a divisor on M. Each pair
(U, ¢) compatible with the families representing the divisor is also said to
represent the divisor on the open set U.
If {(U;, @)} and {(Vi, )} represent divisors, then it is clear that

{U: N Vi, @)}

also represents a divisor, called the sum.

For simplicity of language, we sometimes say that the family {(U;, ¢,)} is
itself a divisor, say X, and write X = {(U;, ¢;)}. We say that X is positive if
it has a representative family in which all the functions ¢; are holomorphic.

If ¢ is a meromorphic function on M, then (M, ¢) represents a divisor, and
we say in this case that ¢ represents this divisor globally.

The result of this chapter and its proof will be independent of everything
that precedes. We need only know the definition of a theta function: let V be
a complex vector space of dimension n, and let D be a lattice in V. For
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this chapter we assume our theta functions to be entire, and so a theta function
on V with respect to D will be an entire function F, not identically zero,
satisfying the condition

F(Z + u) — F(z)eZWIIL(z,u)+J(u)],

where L is C-linear in z, and the above equation holds for all 4 € D. We
shall also identify V with C”, with respect to a fixed basis, and then the
exponential term obviously can be rewritten for each u in the form

L(z, w) + J) = > caZa + b,

where ¢, and b are complex numbers, depending on #. Thus the exponent is
a polynomial in z of degree 1, with coefficients depending on u.

We shall prove that given a divisor X on C"/D, there exists a theta function
F representing this divisor on C". If the reader knows the content of Chapter
VI, he will then realize that there is a bijection between divisors on the torus
and normalized theta functions (up to constant factors), and this bijection is
homomorphic, i.e., to the sum of two divisors corresponds the product of
their normalized theta functions.

Furthermore, two (entire) theta functions have the same divisor if and only
if they are equivalent (i.e., differ by a trivial theta function). Finally, since
to each theta function we can associate a Riemann form, we see that we can
associate a Riemann form with a divisor, uniquely, and that this association
is additive.

We now turn to the existence theorem, whose proof is self-contained, that
is, makes no use of the linear theory developed in the previous chapters.

§1. Positive Divisors

Theorem 1.1. Let X be a positive divisor on C"[D, and let X be its inverse
image on C". Then there exists an entire theta function F representing this
divisor on C".

Proof. The proof will be carried out by juggling with differential forms,
and reproving ad hoc some results valid on Kahler manifolds. Everything
becomes much simpler because we work on the torus and C".

Lemma 1. Let M be a C* manifold, and {U,} a locally finite open cover-
ing. For each pair (i, j) such that U; N U; is not empty, suppose given
a differential form w;; of degree p, satisfying

w; — oy + o =0
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inU; N U; N Uy whenever this intersection is not empty. Then there exist
differential forms w; on U; such that

w,'j = W; — W
on U; N U;, whenever this intersection is not empty.

Proof. Let { g;} be a partition of unity subordinated to the given covering.
We let

w; = 2 8 Wijs
I

with the obvious convention that the expression on the right is equal to 0
wherever it is not defined. Using the cocycle equation, and its obvious
consequences that

w; = 0, ;= —Wj,
we get our lemma.
The next lemma again considers only C” forms. Let D be a lattice in R™,

and T = R™/D the torus. Letx, . . ., x,be the real coordinates of R", and
write a p-form as

Sf oy d A A

lp,

taking the sum over the indices i; < - * + < i,. Let I(w) be the form with
constant coefficients obtained by replacing each function f;;, by its integral

I(fy) = jT Fa) dx.

Since f;;, can be viewed as a periodic function on R™, we can view the integral
as a multiple integral after a change of variables if necessary.
Define

dw J
95 L podn, A Ny,
(?xj (9xj f(l) dx" dx'P

In other words, define the partial derivative of the form to be obtained by
applying it to the functions f;,. Similarly, if A is a differential operator, we
denote by Aw the form obtained from w, replacing all functions f;, by Af;;,.
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Integrating by parts, we see at once that

I(~a—w) = 0.
(?xj

Lemma 2. Let (a;;) be a real symmetric positive definite matrix. Let

az
A=Sa, .
2 a 9x; 9x;

Let w be a p-form on the torus. There exists a p-form s on the torus such
that Ay = w if and only if (w) = 0. If Ayr= 0, then  has constant
coefficients.

Proof. Since our operators [ and A actually operate on functions, we can
just deal with functions f on the torus, viewed as periodic functions on R™.
Since these functions are assumed to be C*, they have Fourier expansions
which converge rapidly to 0, as one sees by the usual integration by parts.
Say

f(X) — 2 C”eZﬂiu x’

where the sum is taken over v = (v, . . ., v), and v- x is the dot product.
Note that

A(eZniv-x) = (zni)ZQ(v)eZniv-x’

where Q (v) = 3 a;v; v is the value of the quadratic form at ». If I(f) = 0,
then the constant term in the Fourier expansion is equal to 0, and we can then
solve trivially term by term for the Fourier coefficients of a function g such
that Ag = f. The converse is trivial (integration by parts). Also, if Ag = 0,
then we see at once from the way A operates on e2™ * that g must be constant.
This proves our lemma.

We now take R™ = C" (m = 2n). We shall use the usual coordinates z,
and z,, where

Zg = Xo + iVa, Zy = Xq — iYg.
We define
0 1/ ¢ 1 ¢ 7 1/ 0 1 ¢
— ==l— 4 - — and —_—==l— -
0z, 2\0xy Iy, 0z, 2\0xa i Jdy,
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because we can solve for x, and y, in terms of z,, Z,, and then

Oxa _ 1 Gya 1

9z, 2 9z, 2
Ixe _ 1 Do _ 1
9z, 2 gz, 2

We express the differential forms in terms of dz, and dZz,, and take the
Laplacian to be

aZ
A= 2 0z, (92‘,.

If a differential form is written as
® = fiop d2a, /N - - - Ndzg, Ndzg /N - - - N\ dzg,

then we say that it is of type (p, q). Its exterior derivative is given by

Ofia _ apy - _

dow = 2 ‘—‘;(‘z_'@‘) dzj N dZ(a) AN dZ(ﬂ) + 2 ‘—‘;(‘2"@‘) de AN dZ(a) N dZ(ﬂ).

j J j J

In other words, the same formalism prevails as with the real coordinates.
A C* function f on U is holomorphic if and only if for all «,

;_Zf = (Cauchy-Riemann equations).
For one variable this is standard. For several variables, the Cauchy-Riemann
equations in each variable show that f is holomorphic in each variable sepa-
rately. By repeated use of the Cauchy formula in one variable, one then gets
a power series expansion of fin all variables, because fis continuous, whence
one sees that f is holomorphic in several variables.

We now suppose given a (complex) positive divisor on the torus C"/D,
represented by, say, a finite covering {(U;, ¢;)}. We also assume that U; is
the image of a ball U, in C" under the canonical homomorphism C* — C"/D.
Then ¢;, viewed as a periodic function on C", lifts in particular to a function
¢io on Uy. For any lattice point [ € D, we let U, be the translate of Uy, by
[. Then ¢, lifts to ¢;; on U;. Note that the balls {U;}; ; form an open covering
of C".

Using Lemma 1, we can write

Gi=dlog oo =i — §s
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where {;is a C®, I-form on U;. Since j is of type (1, 0), it follows that for
all indices a, we have

96 _ 9%

afa = afa on U,' N Uj.

Hence there is a 1-form 7, on the torus, equal to d{;/d0z, on each U;. Let
Ny
Y= ; 0z, ’

Theny = A on U;. Butl(y) = 0. Hence by Lemma 2 there exists a 2-form
{such that y = A/, Let

{i=&6-4¢
Then
AL=0 and &=l ¢

But {; = d log ¢:/¢; is of type (1, 0). Hence we need only the (1, 0) part
of ; and ¢} for this relation. We let {7 be the (1, 0) part of {;. Then

_ yn "

dlog ¢ife; = {7 ~ {7
A{’,’=0 on U,

We have d{| = d{} on U; N U; because d*> = 0. Hence there exists a
2-form w on the torus such that w|U; = d (. Since

dA = Ad,

it follows that A @w = 0, and hence w has constant coefficients by Lemma 2.
Since {7 is of type (1, 0), we can write

W= Ao dze N\dzg+ Y bag dZa N dzp.
Let

Y= 2 AoBZy dZﬂ + 2 baﬂfa dZﬂ on C".

Then dyy = w.
Let Uy = Ui + [, where [ € D is a lattice point. Then
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di{i—4¢)=0 on Uy
By Poincaré’s lemma, there exists a C* function f;; on Uy such that
dfu=0i— ¢

Since this is of type (1, 0), we conclude that f; is holomorphic by the
Cauchy-Riemann equations. But on Uy N U;» we have

dfy — dfiy = {7 — {] = dlog ¢;/¢;.
Hence
gefi and  @e
differ by a constant multiple on Uy N U;». Consequently, starting with say
@171, we can continue analytically to a function F on C" which differs from

¢;efi by a constant multiple on U..
We now contend that F is our desired theta function, namely

F(Z + l) = F(z)eZWilL(ZJ)'*'J([)].
Say z € U;o. Then

FetD) _ @lztD et
F@ ) eh

and since ¢; is periodic, we get

dlog F(z + DIF(2) = —dfu(z + D) + dfiu(2)
fiz+ D -z + 1D~ i@+ @)

= 2 Aop (2o + 1) dzg + 2 bos(Zy + Z) dzg
- (2 AapZy dZﬂ + 2 baﬂfa dZﬁ)
= 2 Cﬂ(l) dZﬂ.

This is a I-form, with coefficients depending only on /. Integrating with
respect to z gives what we wanted, and proves the theorem.



§2. Arbitrary Divisors 163

§2. Arbitrary Divisors

Let {(U;, ¢;)} represent an arbitrary divisor, not necessarily positive. The
open sets U; may be taken arbitrarily small. In this section, we do not give
complete proofs. We assume the fact that the ring of convergent power series
in the neighborhood of a point is a unique factorization domain. This means
that if U is a sufficiently small open set around a given point, a meromorphic
functions ¢ on U, being the quotient of two holomorphic functions on U, has
an expression

¢ = g/h,

where g, h are relatively prime, that is are not divisible by the same irredu-
cible element. Thus we can write each ¢; = g,/h;. Then on U; N U; we
know that

8:8; ' [hih;!

is invertible holomorphic. Since g;, h; are relatively prime, it follows that
g:g; ' is itself a unit on that intersection. Hence {(U;, g;)} represents a positive
divisor, as does {(U;, hy)}. Thus from the unique factorization we can
decompose a divisor as a difference of two positive ones. In that way, the
quotient of the theta functions associated with these positive divisors will
represent the given divisor globally.

§3. Existence of a Riemann Form on an Abelian Variety

We wish to indicate a proof that if there is a projective embedding
0:V/D— Ac

of a torus onto the complex points of a projective variety A, then (V, D) admits
a non-degenerate Riemann form. We assume that the reader is now ac-
quainted with the terminology of algebraic geometry and abelian varieties.
Let X be a hyperplane section of A. In the neighborhood of each point, X
can be defined by a local equation ¢ = 0, so X can also be viewed as a divisor
in the sense we have used previously. Then 6-!(X) is a divisor on V, and has
an associated theta function 6y, which is entire since X is a positive divisor.
Let H be the associated hermitian form. The meromorphic functions giving
the projective embedding {f;} can be written in the form f; = 6;/6, where

6, € L(6o)
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in the sense of Chapter VI, §4. If Vy is the kernel of H, then by Theorem
2.1 of Chapter VI, we know that 6; factor through V/V,. If Vj; # 0, then
V/Vy has dimension strictly less than », and this contradicts Corollary 1 of
Theorem 4.1 of Chapter VI, because n of the functions among the f; are
algebraically independent. This concludes the proof.
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