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Foreword

Kummer’s work on cyclotomic fields paved the way for the development of
algebraic number theory in general by Dedekind, Weber, Hensel, Hilbert,
Takagi, Artin and others. However, the success of this general theory has
tended to obscure special facts proved by Kummer about cyclotomic fields
which lie deeper than the general theory. For a long period in the 20th century
this aspect of Kummer’s work seems to have been largely forgotten, except
for a few papers, among which are those by Pollaczek [Po], Artin—-Hasse
[A-H] and Vandiver [Va].

In the mid 1950’s, the theory of cyclotomic fields was taken up again by
Iwasawa and Leopoldt. Iwasawa viewed cyclotomic fields as being analogues
for number fields of the constant field extensions of algebraic geometry, and
wrote a great sequence of papers investigating towers of cyclotomic fields,
and more generally, Galois extensions of number fields whose Galois group
is isomorphic to the additive group of p-adic integers. Leopoldt concentrated
on a fixed cyclotomic field, and established various p-adic analogues of the
classical complex analytic class number formulas. In particular, this led him
to introduce, with Kubota, p-adic analogues of the complex L-functions
attached to cyclotomic extensions of the rationals. Finally, in the late 1960’s,
Iwasawa [Iw 11] made the fundamental discovery that there was a close
connection between his work on towers of cyclotomic fields and these
p-adic L-functions of Leopoldt—-Kubota.

The classical results of Kummer, Stickelberger, and the Iwasawa-
Leopoldt theories have been complemented by, and received new significance
from the following directions:

1. The analogues for abelian extensions of imaginary quadratic fields in
the context of complex multiplication by Novikov, Robert, and Coates—
Wiles. Especially the latter, leading to a major result in the direction of the
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Foreword

Birch-Swinnerton-Dyer conjecture, new insight into the explicit reciprocity
laws, and a refinement of the Kummer-Takagi theory of units to all levels.

2. The development by Coates, Coates-Sinnott and Lichtenbaum of an
analogous theory in the context of K-theory.

3. The development by Kubert-Lang of an analogous theory for the units
and cuspidal divisor class group of the modular function field.

4. The introduction of modular forms by Ribet in proving the converse of
Herbrand’s theorem.

5. The connection between values of zeta functions at negative integers
and the constant terms of modular forms starting with Klingen and Siegel,
and highly developed to congruence properties of these constant terms by
Serre, for instance, leading to the existence of the p-adic L-function for
arbitrary totally real fields.

6. The construction of p-adic zeta functions in various contexts of elliptic
curves and modular forms by Katz, Manin, Mazur, Vishik. ,

7. The connection with rings of endomorphisms of abelian varieties or
curves, involving complex multiplication (Shimura-Taniyama) and/or the
Fermat curve (Davenport-Hasse-Weil and more recently Gross—Rohrlich).

There is at present no systematic introduction to the basic cyclotomic
theory. The present book is intended to fill this gap. No connection will be
made here with modular forms, the book is kept essentially purely cyclotomic,
and as elementary as possible, although in a couple of places, we use class
field theory.

Some basic conjectures remain open, notably: Vandiver’s conjecture that
h* is prime to p.

The Iwasawa—-Leopoldt conjecture that the p-primary part of C~ is cyclic
over the group ring, and therefore isomorphic to the group ring modulo
the Stickelberger ideal. For prime level, Leopoldt and Iwasawa have shown
that this is a consequence of the Vandiver conjecture. Cf. Chapter VI, §4.

Much of the cyclotomic theory extends to totally real number fields, as
theorems or conjecturally. We do not touch on this aspect of the question.
Cf. Coates’ survey paper [Co 3], and especially Shintani [Sh].

There seems no doubt at the moment that essential further progress will be
closely linked with the algebraic-geometric considerations, especially via the
Fermat and modular curves.

I am very much indebted to John Coates, Ken Ribet and David Rohrlich
for their careful reading of the manuscript, and for a large number of
suggestions for improvement.

New Haven, Connecticut SERGE LANG
1978
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Notation

Z(N) = integers mod N = Z/NZ.

If 4 is an abelian group, we usually denoted by Ay the elements x € 4
such that Nx = 0. Thus for a prime p, we denote by 4, the elements of order
p. However, we also use p in this position for indexing purposes, so we rely
to some extent on the context to make the intent clear. In his book, Shimura
uses A[p] for the kernel of p, and more generally, if 4 is a module
over a ring, uses A[a] for the kernel of an ideal a in 4. The brackets are
used also in other contexts, like operators, as in Lubin-Tate theory. There is
a dearth of symbols and positions, so some duplication is hard to avoid.

We let A(N) = A/NA. We let AP be the subgroup of A4 consisting of all
elements annihilated by a power of p.



Character Sums «

Character sums occur all over the place in many different roles. In this
chapter they will be used at once to represent certain principal ideals, thus
giving rise to annihilators in a group ring for ideal classes in cyclotomic fields.

They also occur as endomorphisms of abelian varieties, especially Jacob-
ians, but we essentially do not consider this, except very briefly in §6. They
occur in the computation of the cuspidal divisor class group on modular
curves in [KL 6]. The interplay between the algebraic geometry and the
theory of cyclotomic fields is one of the more fruitful activities at the moment
in number theory.

§1. Character Sums Over Finite Fields
We shall use the following notation.
F = F, = finite field with g elements, g = p™.
Z(N) = Z/NZ.
¢ = primitive pth root of unity in characteristic 0. Over the complex
numbers, ¢ = e2™/?,
Tr = trace from F to F,.

uy = group of Nth roots of unity.
A: F— p, the character of F given by

A(x) — s'rr(x).

x: F* — p,_; denotes a character of the multiplicative group.
We extend y to F by defining x(0) = 0.

The field Q(uy) has an automorphism o_, such that

o_.: ({1



1. Character Sums

If o € Q(uy) then the conjugate & denotes a_;a. Over the complex numbers,
this is the complex conjugate.
The Galois group of Q(uy) over Q is isomorphic to Z(N)*, under the map

cH o,
where
a.: {—(C

Let £, g be functions on F with values in a fixed algebraically closed field of
characteristic 0. We define

S(f8) = 2, f(X)gX).

XEF

We define the Fourier transform 7f by

Tf(y) = z J)A(—xy) = z Fx)e=Trow,

XEF

Then Tf is again a function on F, identified with its character group by 4,
and T is a linear map.

Theorem 1.1. Let f~ be the function such that f~(x) = f(—x). Then
T2 = qf~, that is

T’f(2) = ¢f(-2).
Proof. We have

T(2) = 3 > f)M—yx)A(—2z)
=> flx - 2) ;z(—yx).

If x # 0 then y+> A(yx) is a non-trivial character, and the sum of the
character over F is 0. Hence this last expression is

=qf(-2)

as desired.

We define the convolution f * g between functions by the formula
(f*2)») =D fe(y — »).
x

A change of variables shows that

frg=gxf



§1. Character Sums Over Finite Fields

Theorem 1.2, For functions f, g on F we have
T(f = g) = (Tf)Tg)
T(g) = , Tf+ T
Proof. For the first formula we have
T(f+£)@) = 2,(f* OM=2) = 3. > [)(y = DU=2).
We change the order of summation, let t = y — x, y = x + ¢, and find
= Z S)A(—zx) Z g(DA(—z1)
= (If XTg)(2),
thereby proving the first formula.

The second formula follows from the first because T is an isomorphism
on the space of functions on F, so that we can write f = Tf; and g = Tg,
for some functions f;, g;. We then combine the first formula with Theorem
1.1 to get the second.

We shall be concerned with the Gauss sums (Lagrange resolvant)

S( ) = S@) = 2, xWAw)

u

where the sum is taken over u € F*. We could also take the sum over x in F
since we defined x(0) = 0. Since 1 is fixed, we usually omit the reference to 4
in the notation. The Gauss sums have the following properties.

GS 0. Let y, be the trivial character 1 on F*. Then

SC) = -1

This is obvious from our conventions. It illustrates right at the beginning the
pervasive fact, significant many times later, that the natural object to con-
sider is — S(y) rather than S(y) itself. We shall also write

s = 80, b,

but the convention remains in force that even for the trivial character, its
value at 0 is 0.

GS 1. For any character y # 1, we have Ty = x(—1)S()x 1.



1. Character Sums

Proof. We have

TY() = 2, 1)U —yx).

If y = 0 then Ty(») = 0 (summing the multiplicative character over the
multiplicative group). If y # 0, we make a change of variables x = —zy~1,
and we find precisely the desired value

x(—=DSE(r~H).
GS 2. We have S) = x(—1)S() and for x # 1, S@)SF) = x(— 1)g, so

SWSC =g, forx # 1.

Proof. Note that T2y = T(x(— DSC)x™Y = SG)S(x~Yx. But we also
know that T2y = gy ~. This proves GS 2, as the other statements are obvious.

Over the complex numbers, we obtain the absolute value

ISQI = ¢

We define the Jacobi sum

IO x2) = —2 x:0)x2(1 = x).

Observe the minus sign, a most useful convention. We have
J1L, 1) =-(g-2.
GS 3. If y1x2 # 1 then

_ SO)S(t2)
I, 12) = TS0

In particular, J(1, x2) = J(x1, 1) = 1. If 312 = 1 but not both y, ¥
are trivial, then

JOs x2) = xa(= D).
Proof. We compute from the definitions:

S)SG) = 2, 2, :a(x(3)Ax + )
= > > 1y — DAy)
> >t — AU + D xa()xa(—X).

u#0



§1. Character Sums Over Finite Fields

If x1%2 # 1, the last sum on the right is equal to 0. In the other sum, we inter-
change the order of summation, replace x by ux, and find

2 X1X2()Au) Z 21121 — x),

thus proving the first assertion of GS 3. If y,x; = 1, then the last sum on the
right is equal to y;(—1)(¢ — 1), and the second assertion follows from
GS 2.

Next we give formulas showing how the Gauss sums transform under
Galois automorphisms.

GS 4. S = S().
Proof. Raising to the pth power is an automorphism of F, and therefore
Tr(x?) = Tr(x).

Thus S(x*) is obtained from S(x) by permuting the elements of F under
x > xP. The property is then obvious.

Let m be a positive integer dividing ¢ — 1, and suppose that y has order m,
meaning that

= 1.
Then the values of y are in Q(u,,) and
S = S, 4) € Qm, Hp)-

For any integer ¢ prime to m we have an automorphism o.,; of Q(un, i)
such that

G.1:{—(° and o, is identity on p,.
For any integer v prime to p, we have an automorphism a; , such that
01,,:e—~>¢" and gy, is identity on py,.

We can select v in a given residue class mod p such that v is also prime to m.
In the sequel we usually assume tacitly that v has been so chosen, in particular
in the next property.

GSS. 0e1S() = S(°) and 0,50 = ¥(V)SE)

Proof. The first is obvious from the definitions, and the second comes by
making a change of variable in the Gauss sum,

X v ix.



1. Character Sums

Observe that
61,,A(X) = '@ = ¢Tr) = J(yx).

The second property then drops out.

The diagram of fields is as follows.
Q(tm, up)\
Q

From the action of the Galois group, we can see that the Gauss sum
(Lagrange resolvant) satisfies a Kummer equation.

Q(um) Q(u,)

Theorem 1.3. Assume that y has order m.

(i) SG™ lies in Q(pn)-

(ii) Let b be an integer prime to m, and let 6, = 6, 1. Then S(x)*~° lies in

Q(um)-

Proof. In each case we operate on the given expression by an automorphism
g;,, with an integer v prime to pm. Using GS 5, it is then obvious that the
given expression is fixed under such an automorphism, and hence lies in

Q(um)-

§2. Stickelberger’s Theorem

In the first section, we determined the absolute value of the Gauss sum.
Here, we determine the prime factorization. We shall first express a character
in terms of a canonical character determined by a prime.

Let p be a prime ideal in Q(y,-,), lying above the prime number p. The
residue class field of p is identified with F = F,. We keep the same notation
as in §1. The equation X?~* — 1 = 0 has distinct roots mod p, and hence
reduction mod p induces an isomorphism

ﬂq-1i>F* = F*.

Phrased another way, this means that there exists a unique character w of
F* such that

o@)mod p = u.

This character will be called the Teichmuller character. This last equation
will also be written in the more usual form

w(u) = u (mod p).



§2. Stickelberger’s Theorem

The Teichmuller character generates the character group of F*, so any
character y is an integral power of .
We let

n=¢—1.

Let ¥ be a prime ideal lying above p in Q(u,-1, 4p). We use the symbol
A ~ Bto mean that A/B is a unit, or the unit ideal, depending whether 4, B
are algebraic numbers or (fractional) ideals. We then have

P~ Pt

because elementary algebraic number theory shows that p is totally ramified
in Q(¢), and p is totally ramified in Q(uy-1, 1p)-

Let k£ be an integer, and assume first that 0 < k < ¢ — 1. Write the
p-adic expansion

k=ko+kip+---+ ky_p"*

with 0 < k; < p — 1. We define

S(k)=ko+k1 +"'+kn_1.

For an arbitrary integer k, we define s(k) to be periodic mod ¢ — 1, and
defined by the above sum in the range first assumed. For convenience, we also
define

pk) = kol kyl- - kp_y!

to be the product of the k;! in the first range, and then also define y(k) by
(¢ — D)-periodicity for arbitrary integers k. If the dependence on ¢ is
desired, one could write

sqk) and  yq(k).
Theorem 2.1. For any integer k, we have the congruence

k oTr
__ig(o_ l)f(k))' = (k) (mOd B).

In particular,

ordg S(w~*) = s(k).

Remark. Once more, we see how much more natural the negative of the
Gauss sum turns out to be, for we have

—S@*4) _ 1
e = 5 (mod 1)

with 1 instead of —1 on the right-hand side.



1. Character Sums

Proof of Theorem 2.1. If k = 0 then the relation of Theorem 2.1 is clear
because both sides of the congruence to be proved are equal to —1. We
assume 1 < k < g — 1, and prove the theorem by induction. Suppose first
that £ = 1. Then

S@*) = > ou)~1e"®
m
= Zm(u)'l(l + m)Trw
= > 0@ (1 + (Trun + O(x?)
(interpreting Tr u as an integer in the given residue class mod p). But

o@) *Tr@w) = u= @ + w? +--- + w*" ") mod P

=1 4wl 4.0y,
Each u +—u”'~1 is a non-trivial character of F*. Hence
Zco(u)'1 Tr(u) = q — 1 = —1 (mod P)
and therefore

ST — 1 (mod )

thus proving the theorem for £ = 1.
Assume now the result proved for k — 1, and write
0= @ %D
for 1 < k < g — 1. We distinguish two cases.
Case 1. p|k, so we can write k = pk’ with 1 < k' < ¢ — 1. Then trivially
s(k) = s(k’) and y(k) = y(k")

because k has the same coefficients k; as k’, shifted only by one index. Let
G, = 0,1, SO O, leaves ¢ fixed. Since

0,S(@~*) = S(w~"*) = S(@™"),
we find that applying ¢, to the inductive congruence

S@*) _ -1

yields a proof for the present case, because o, is in the decomposition group
of B, whence ¢,B = B.

8



§2. Stickelberger’s Theorem

Case 2. pt k. Then 1 < k,. Furthermore,
sky=stk — 1) +1 and 9tk — 1) = (ko — DV k! - kp_y!.
Then

S@%) S o-%Y) St S %) -1
o 50 i — %D J(-3, 0% D)
-1 —1

= DI T e med®:

To conclude the proof, it will suffices to get the right congruence for J. We
use GS 3 from §l1, to get:

—J( !, 0-%-D) = Z u~1(1 — y)~%-D+e=1 (mod P),

and the sum is at first taken for u # 0, 1, but with the additional positive
exponent ¢ — 1 which does not change anything, we may then suppose that
the sum is taken for # # 0 in F. Hence we get further

a-k _
=> 5 (" e
j=o J
If j # 1 then > 4/~ = 0, so we get the further congruence
—J@ o * )= (=1)g — k)g —) = —k, (mod B),

thereby proving the theorem.

Having obtained the order of the Gauss sum at one prime above p, we also
want the full factorization. Suppose that m is an integer >1 and that p { m.
Let p be a prime ideal above p in Q(u,,) and let

Np =¢q=p"
Let k be an integer such that

7 f 1 has order m in Q/Z.

Let <t)> denote the smallest real number >0 in the residue class mod Z of a
real number ¢. Let

G = Gal(Q(un)/Q).

Define the Stickelberger element in the rational group ring

o) = > (G ot eqiol




1. Character Sums

Let B be the prime ideal in Q(u,, 1) lying above p. Let w as before be the
Teichmuller character on Ff. We let 6, = o,,;.

Theorem 2.2. We have the factorization
S(@*) ~ PE- VKD o 00D,
Proof. We have
ordo; P S(w~%) = ordsg 6.S(w~%)
= ordg S(w~*°)
= s(kc)

by Theorem 2.1. On the other hand, the isotropy group of p in the Galois
group G consists of the powers

{os} for i=0,...,n— 1.

Hence in the ideal p®® the prime o, 1p occurs with multiplicity

5 G2
<o \9 -1

Hence to prove Theorem 2.2 it will suffice to prove:

Lemma 1. For any integer k we have

® = P_1)2<q—1>

Proof. We may assume that 1 < k < g — 1 since both sides are (¢ — 1)-
periodic in &, and the relation is obvious for £ = 0. Since p" = 1 (mod g — 1)
we find:

k=ko +kip +---+ku1p"?
pk=kny +kop +---+ ky_op"t(modg — 1)
P2k = kn-—2 + kn—lp +-et kn—apn_l (mOdq - 1)

Hence

rlght-hand side of ith equation.
q—l g—1
Summing yields

sk 1 +p+---+p" Y 1
<q—l> qg-—1 _s(k)p—l

thereby proving the lemma.

10



§2 Stickelberger’s Theorem

In Theorem 2.2 we note that the Gauss sum is not necessarily an element
of Q(u,), and the equivalence of ideals is true only in the appropriate ex-
tension field. Similarly, the Stickelberger element has rational coefficients.
By the same procedure, we can both obtain an element in Q(u,,) and a corre-
sponding element in the integral group ring, as follows.

For any integers a, b € Z and any real number t, we have
bty — (btyeZ and <Lat) + <bt) —(a + b)t>eZ.
The proof is obvious. Let us define R = Z[G], and
I = ideal of R generated by all elements o, — b with b prime to m.
Then the above remark shows that
I8 < R = Z[G].

Although we won’t need it, we may prove the converse for general insight.
The matter is analyzed further in Chapter 2, §3.

Lemma 2. We have I0 = RO N R.
Proof. Note that m e I because
m=—(614m — (1 + m)).
Suppose that an element of R6 lies in R, that is

> z(b)o,0 € R
with z(b) € Z. Then

Z z(b)<%c> e€Z foralle

> z(b)b = 0 (mod m),

whence

and 3 z(b)b is in I. But then
> z(b)o, = > z(B)o, — b) + >, 2(b)b
is in I, thus proving the lemma.

It will be convenient to formulate the results in terms of the powers of one
character, depending on the integer m. Thus we let

— = Np-
xb_wp(n 1)/m

11



1. Character Sums

where wy is the Teichmuller character. We define the Stickelberger element

of level m by
O(m) = <-c—>o'1.
( ) ce;m)‘ m ¢

As a special case of Theorem 2.2, we then obtain the factorization
FAC 1. S(p) ~ pom,

Therefore, if b is an integer prime to m, and 6, = 0,,;, then
FAC 2. S(xp)? % ~ pome-2y,

In FAC 2 the algebraic number on the left lies in Q(u,,), and the group ring
element O(m)(b — o) lies in Z[G], namely

P NCORCO S

Thus we have the ideal factorization of the (b — o,)-power of the Gauss
sum in terms of powers of conjugates of the prime p in Q(u,,).

We return later to the application of this factorization to the study of the
ideal classes in the cyclotomic field, but it is worth while here to mention the
simplest consequence. In every ideal class there exists an ideal prime to m.
Since the ideal

pO(m)(b-ab)

is principal for every prime p { m, we find:

Theorem 2.3. Let € be the ideal class group of Q(u,). Then for all b prime
to m,

(b — 0,)0(m)
annihilates €.

For each integer r let

0.(m) = 20: <:—:>a;1.

We are now allowing r to have common factors with m. Let:

4 = module generated over Z by all elements 6, with r € Z, called the
Stickelberger module,

& = M N R, called the Stickelberger ideal.
Observe that ./ is also an R-module.

12



§2. Stickelberger’s Theorem

Theorem 2.4. The Stickelberger ideal annihilates the ideal class group of
Q(m)-

Proof. Let
o= Z z(r)0,(m)e R

r

be an element of the Stickelberger ideal, with z(r) € Z, and the sum taken with
only a finite number of coefficients # 0. Then

z z(r)r = 0 mod m.

r

By Theorem 2.2 we have the factorization

H S(")™ ™ ~ p°%

and it is immediately verified that the left-hand side lies in Q(u,,) by using
GS 5 of the preceding section. This proves the theorem.

Next we look at the Jacobi sums. If d is an integer, then d operates in a
natural way on R/Z by multiplication. We denote this operation by [d].
Thus on representatives, we let

[dKt> = dt), teR.
It is convenient to let
Alay, a;] = [a1] + [ag] — [a1 + a:]
Recall the Jacobi sum for y;x, # 1:

= _S(Xl)S(Xz)_
T, 22) = S(x1x2)

Let a,, a, be integers, @, + a; # 0 mod m. Then from FAC 1 we get:
FAC 3. J(rp® yp%2) ~ pAlayaglfm)

where

Alas, o) = 3 (<£’;_'€> + <a_mz£> _ <(a1 = az)c>)o_c_1'

and A[ay, a;10(m) € Z[G] lies in the integral group ring. We know that the
Jacobi sum lies in Q(u,,), so again we have an ideal factorization of an element
of Q(¢tm).

13



1. Character Sums

It will be convenient to introduce an abbreviation. Let
a = (ay, ay)
denote a pair of integers. We let
Ala,, a;10(m) = 6(m)la,, a;] = 6(m)[a].

In several applications, e.g., in the next section, the level m is fixed, and
consequently we omit m from the notation, and write simply

0(m)[a] = O[a].
If d is an integer prime to m then trivially
o,0[a] = 0[da].

The next two sections are logically independent and can be read in any order.
They pursue two different topics begun in §2.

§3. Relations in the Ideal Classes

Let G = Gal(Q(u,)/Q), so that elements of G can be written in the form o,
with ¢ € Z(m)*. We recall the Stickelberger element

— < -1
o =3
from formulas FAC 1 and FAC 2. Let

I = ideal of Z[G] generated by all elements b — o, with integers b prime
to m.

Let p be prime number prime to the Euler function ¢(m). For instance, if
m = p itself, the prime p does not divide p — 1. The character group on G
takes its values in ¢(m)th roots of unity. We let ¢ = p" be a power of p such
that ¢(m) divides ¢ — 1. We let o, be the ring of p-adic integers in the un-
ramified extension of Z, of degree n, so that o,/po, = 0,(p) is the finite field
with p* = g elements. Then o, contains the ¢(m)th roots of unity. If m = p
then we take g = p and o, = Z,,.

Let % be the ideal class group of Q(u,,), and € its p-primary component.
We have an isomorphism

Z,3 ¢ x €.

The elementary divisors of € over Z, are the same as the elementary
divisors of

0, ® ¥ over o,

14



§3. Relations in the Ideal Classes

If 4 is an o,-ideal, on which G operates, we let A(y) be the y-eigenspace.
We let

I, = o.-ideal generated by all elements b — x(b) with integers b prime to m.

By abuse of notation, we write often y(b) instead of y(o;). The important
special case we shall consider is when m = p, in which case it is easy to
determine I,. We assume p > 3.

Lemma 1. (i) If x = w is the Teichmuller character, then I, = (p).
(i) If x is non-trivial and not equal to the Teichmuller character, then

x = M.

Proof. For (i), we can take an integer b of the form
b=1{+ pu

where u is a p-adic unit, and { = w(b)isa (p — 1)th root of unity. This makes
(i) clear, and (ii) is obvious, from the definitions.

In the next sections we shall deal with Bernoulli numbers systematically.
For the moment, we need only a special case, so we define ad hoc the first
Bernoulli polynomial

B1(X)=X_‘i‘

and the first Bernoulli number B, = —13, its constant term. For any function

fon Z(m) we define
o 3 0m(G)

Bm 2 G-

If x is non-trivial, then 3 y(c) = 0, and hence in this case,

B, = 35 0.

Then in the present terminology, Theorem 2.3 can be reformulated as
follows.

In particular,

Theorem 3.1. For non-trivial y, the ideal B, I, annihilates €(y).

15



1. Character Sums

Corollary 1. Assume that m = p is prime >3. If y is not equal to the
Teichmuller character and is non-trivial, then

ord B,y ;I, = ord B, ;.

Proof. Immediate from the lemma and the theorem.

Corollary 2. If x is equal to the Teichmuller character then B, I, = (1),
and €P(y) = 0

Proof. Mod Z,, we have the congruence

Zw(c)‘lz Z E—l- (mod Z,).

’UI'—
’UI'—

Hence B, ; has a pole of order 1 at p. Lemma 1(i) concludes the proof.

Corollary 3 (Herbrand’s theorem). Assume again thatm = p. Let y = w* ¥,
with2 < k < p — 2. If€"(x) # O, then p| By, where B, is the kth Bernoulli
number.

Proof. In the next chapter Theorem 2.5, we shall prove the congruence

1 Byorr = 1 By (mod p)

for k in the given range, and any positive integer n. By Corollary 1, we know
that B, ; annihilates €*(x), and

Bl’i = Bl.o)k- =7 Bk (mod p)

If p does not divide By, it follows that B, ; is a p-unit, whence €”(y) = 0, thus
proving Herbrand’s theorem.

The converse of Herbrand’s theorem has been proved by Ribet [Ri].
For analogues on the modular curves, see the [KL] series, especially [KL 6].

The reader interested in pursuing the ideas of this section may skip the
rest of this chapter, read the first section of Chapter 3, and then go to
Chapter 5.

§4. Jacobi Sums as Hecke Characters

Let { throughout this section be a fixed primitive mth root of unity. We con-
sider the additive group

Z(m)? = Z(m) x Z(m),
of order m2. Its elements will be denoted by
a = (a, az), b = (by, by).

16



§4. Jacobi Sums as Hecke Characters

The dot product is the usual one, a-b = a;b, + azb,. For any function f on
Z(m)® we have its Fourier transform £, and the inversion formulas:

* fl@) = Zf‘(b)c"*“

%) @) = -5 S flay e,

whose verifications are simple exercises.
For any prime ideal p in Q(u,) not dividing m, and a € Z(m)® we define

J(@, p) = J(xp™, 15"2).

We extend the definition to fractional ideals of Q(u,,) prime to m by multi-
plicativity, thus defining J(a, o) for all a prime to m. We have:

J 0. JO,p) = —(Np — 2).
We get J(0, a) by multiplicativity. We also need the congruence
J1. J(0, a)Na = 1 mod m?.

By multiplicativity it suffices to prove it for prime ideals. In that case it is
immediate, since m divides Np — 1, and by J 0,

—(Np —2)Np =1 — (1 — Np)*.

If a,, or a,, or a; + a, = 0 mod m, then we shall say that a is special.
Otherwise we say that a is non-special. The absolute value of the Gauss sum
determined in GS 2 immediately implies a corresponding result for the Jacobi
sum, namely:

J2. J(a, a)J(a, a) = Na if a is non-special.

If a is special, a # 0, note that J(a, a) = 1 or — 1. In all cases, we have
J3. J@, ) = = 2 1"yl — u) = D Jb, p)e
u b

where the Fourier coefficient —J(b, p) is the number of solutions u of the
equations

xp(@) = and  xp(l — w) =
17



1. Character Sums

By multiplicativity, it follows that the Fourier coefficients J(b, a) are integers
for arbitrary a, that is

Jb, ) e Z.

For the rest of this section, it will be convenient to assume that all number
fields are contained in the complex numbers.

We have seen that 6[a] is in the integral group ring Z[G]. For any non-zero
element o € Q(u,,), we let

w(a, a) = J(a, (a))o—0 if a is non-special,
w(a, @) = J(a, () if a is special, a # 0
w(0, o) = 1.

As usual, («) is the principal (fractional) ideal generated by o.
If d is an integer prime to m, then trivially from GS 5,

o.J(a,a) = J(da,a) and o w(a, a) = w(da, «).

Theorem 4.1. The algebraic number w(a, «) is a root of unity.

Proof. As (&) ranges over all principal fractional ideals, the numbers
w(a, «) form a group. It will therefore suffice to prove that these numbers
have absolute value 1, for then their conjugates also have absolute value 1,
and these numbers form a finite group. In case a is special the theorem is
true by definition. Otherwise we can use J 2, so that

J(a, ())J(a, (@) = Na.

On the other hand, the product of «f®! and its conjugate is equal to Nu
under the hypothesis that a; + a, # 0 mod m. Indeed, we have

0la) + O[—a] = 5 (<£m1_°> + <%2C> _ <(a1 -:naz)c>)ac_1
R (- (e

If ¢ is a real number and not an integer, then

> +L-t) =1,

and

ot
CcEZ(m)*

18



§4. Jacobi Sums as Hecke Characters

operates multiplicatively like the absolute norm. The desired relation for the
product of of® and its conjugate follows at once. The theorem follows by
using J 2, the analogous relation for the Jacobi sums.

The next theorem was proved originally by Eisenstein for prime level, and
by Weil [We 2] in the general case, which we follow.

Theorem 4.2. If o is an algebraic integer in Q(u,), and o = 1 (mod m?)
then for all a we have w(a, o) = 1, that is,

J(a, (@) = o2,

Proof. We fix « and view J, w as functions of a, omitting « from the nota-
tion. In the Fourier inversion relation, we know that the Fourier coefficients
J(b) are integers. But o = 1 (mod m?) implies that

w(a) = J(a) (mod m?).

This is obvious from the definition if a # 0, and follows at once from J 1
if a = 0. Hence w(b) is an algebraic integer for all b. Furthermore, for d
prime to m,

0ah(b) = 5 > oawla) -4

- 3, wida)l ~ée
= W(b).

It follows that w(b) € Z for all 5. Now by the Plancherel formula,

S RO = 55 3 @

Since we know that |w(a)|2 = 1, and W(b) is an integer for all b, it follows that
w(b) # 0 for a single value of b, and is 0 for all other values of b. In particular,
for this special b,

w(a) = w(b)(>e.
But w(0) = 1, so w(b) = 1. Putting a = (1, 0) and a = (0, 1) we get:
w(l,0) =J(1,0) =1 and w(l,0) =™
w(0,1) =J0,1) =1 and w(0,1) = {b.
It follows that
w(a) = 1
for all a, thus proving the theorem.
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1. Character Sums

§5. Gauss Sums Over Extension Fields

We prove in this section a theorem of Davenport-Hasse [D-H].

Theorem 5.1. Let F = F, be the finite field with q elements, and let E be a
finite extension. Let

TEIF and N, EIF
be the trace and norm from E to F. Let

X = onE/F and AE = Ao TE/F°
Then
— Se(xss 45) = (=S, D)=

Proof. Let m = [E : F]. For any polynomial
) =X"+caX" 1+ + ¢

with coefficients in F, define

Y(f) = Mex(co)-
Then
¥ : Monic polynomials of degree > 1 over F— F

is @ homomorphism, i.e., satisfies

Y(f2) = Y(N¥(g).

We write n(f) = deg f. From unique factorization we have the formula

L+ SyHx =T 1 —zm

where the product is taken over all monic irreducible polynomials over F.
Suppose fis of degree 1, say f(X) = X + c. Then we see that

> WNX™ = S(y, HX.
=1
On the other hand, if n > 2 we have

> wHX=0

nH=n
Indeed,

V() = g2 >, Mew) D, x(co),

nfHr=n
and the sum over ¢, in F on the right is 0, as desired.
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§5. Gauss Sums Over Extension Fields

Therefore we find

%) 1+ St X =T] —HT

Mutatis mutandis, using the variable X™ instead of X, we get

()] 1 + Sp(ts, A)X™ = I;[ 1—_—,,;;(1Q)X—mm

where the product is taken over all monic irreducible polynomials Q over E,
and

V(Q) = xs(co( @) Ax(c1(Q))-

We shall write the product over Q as

[1-T1I]

P Q|P
Each irreducible polynomial P splits in E into a product
P=20;--0,.
Let n = n(P) = deg P. Then
deg Q = nfr.

If o is any root of P, then [F(«): F] = n and the field F(e) is independent of
the chosen root. We have the following lattice of fields.

E F(o)
F' = EN F)
F

All the polynomials Q, are conjugate over F, and their coefficients generate
the field F' = E N F(x), of degree r over F. We have

r = (m, n).
These facts are all obvious from elementary field theory. Since
Ngg = Npyp o Ngwy,  Tgp = Teyp o Ty,
and
Negpeo(Q) = co(P),  Trres(Q) = ai(P),
21



1. Character Sums

we get
Y(Q) = (x(co(P)A(cy(P)))E:F?
= Y(P)"r,
With a view towards (2), we conclude that
& ];I(l — ¥u(Q)X m) = (1 — Y(P)ymir xmniryr
= J1a-vewey
= [T a - wexeon.

For this last step, we observe that the map
&g

gives a surjection of u, — u.,, and the inverse image of any element of
Umr is @ coset of u, since r = (m, n). This makes the last step obvious.
Substituting (3) in (2), we now find

L+ s 203 = T T T r=yeayerym)

gn=1"p

= {'ln:[l (1 + S, HEX)
=1+ (= D)"*18(y, HmX™.

This proves the theorem.

§6. Application to the Fermat Curve

Although we do not return in this book to the applications of Gauss sums to
algebraic geometry, we cannot resist giving the application of Davenport-
Hasse [D-H], Hua-Vandiver [Hu-V], and Weil [We 1], [We 2], [We 3] to
the computation of the zeta function of a Fermat curve.

We keep things to their simplest case, the method applies much more
generally. We consider the Fermet curve V = V(d) defined by

x*+y'+ 20 =0,

with d > 2, defined over a finite field F with g elements. Again for simplicity,
we suppose that d divides ¢ — 1, and therefore dth roots of unity are con-
tained in F.

We let w: F* — yu,_, be the Teichmuller character, and

x = character such that y(x) = w(u)- 1/,
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§6. Application to the Fermat Curve

If a is an integer mod d, we let ¥%(u) have the usual value if u # 0, and for
u =0 we let:

¥0) =1 ifa=0,
¥0) =0 ifa#0.

For u in F, we let:

Ny(u) = number of solutions x € F such that x¢ = u.

Then
1 ifu=0
Nyu) =<0 ifu # 0, uis not dth power in F
d ifu # 0, uis dth power in F.
Therefore

Nyu) = Z“ 1)

Theorem 6.1. Let N be the number of points of V(d) (in affine space) in the
field F. Then

N=g*—(q— D3 =1, ).

The sum is taken over integers a, b satisfying 0 < a < dand 0 < b < d,
and a + b # 0 (mod d).

Proof. We have

N=3 > r@eermw)

a,b,c L(u,v,w)=0

where the sum over u, v, w is taken over triples of elements of F lying on the
line

u+v+w=0.

The sum over a, b, c is taken over elements in Z mod d.

The term for which a = b = ¢ = 0 yields a contribution of g2, that is the
number of points on the line in F.

Next, suppose that in the remaining sum, one of a4, b, c is 0 but not all are
0in Z/dZ. Say a = 0 but b # 0. Then we may write the sum

= > rWrw IZ (),

u+v+w=0 certain u,w 1veF
and the sum on the far right is 0. This shows that all the terms in the sum
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1. Character Sums

with one, but not all, of a, b, c equal to 0 give a contribution 0. Hence we get

N=g¢*+ > > 2roxmw
0<a,b,c<d u+v+w=0
where the sum over a, b, c is taken over positive integers satisfying the in-
dicated inequality.
If w = 0 then x°(w) = 0. We may therefore assume that in the inner sum,
we have w # 0. We then put

u=uw and v=7v'w

The inner sum then has the form

D AW > ).
w#0 w+v'=~-1

Ifa + b + ¢ # 0 mod d, then the sum on the left is 0. Otherwise itisqg — 1,
which we assume from now on. Since 0 < g, b, ¢ < d, there is no such triple
(a, b, ¢) with a + b = 0 mod d, because any accompanying ¢ would have to
equal d. Hence the sum over a, b, c is for a + b # 0 mod d, and then c is
uniquely determined. Changing back the variables u’, v’ to " = —u', v" =
—v’ and taking into account the value of the Jacobi sum yields the expression
as stated in the theorem.

Let N be the number of points of V(d) in projective space in the field F.
Then

N=1+(¢—- DN

Therefore we obtain:
Corollary. N=1+gq- Z%.b
where a,, = x2*°(—1)J(x%, x°), and (a, b) are as in Theorem 6.1.

Let N, be the number of points of ¥(d) in projective space over the field
F, of degree v over F. The theorem applied to F, instead of F yields an
analogous expression, the character y being replaced by yx, such that for
uefF,,

2,(1) = OU) - VIE = gu)@ - D@-DI@-DE = gy(ydrarea’s ya-1ia,

This last expression is nothing but y composed with the norm map, in other
words, it is precisely the character lifted to the extension as in the preceding
section. The additive character is also lifted in a similar fashion. Therefore
by Theorem 5.1 we find

N,=1+q" - Za;,,,.
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Note that the power of y(— 1) also behaves in the same way as J when lifted
to F,. Indeed, if g is odd then

l+g+---+¢""'=vmod2,

and if ¢ is even, then 1 = —1 in F.
The zeta function Z(V, T) is defined by the conditions

Z'|ZT) = -3 N,T°"* and Z(0) = 1.
It is then immediate that

20, 1) = LS e D)

This is best seen by taking the logarithmic derivative of the last expression
on the right-hand side. The operator

ferif

is a homomorphism, so we take the operator for each linear term. Inverting
a geometric series we see that the logarithmic derivative of the last expression
on the right-hand side has precisely the power series

> NI

Since it has the value 1 at T = 0, it is the unique function having the desired
properties.

If finally one starts with the Fermat curve defined over the field of dth
roots of unity, and one reduces mod primes p not dividing d, one can take
the product of the zeta functions for the reduced curve over the correspond-
ing finite field. Then as Weil remarked, since the Jacobi sums are Hecke
characters, it follows that the Hasse zeta function

L@, s) = 1;[ Z(V(d), Np~)

is equal to a Hecke L-series (up to the obvious factors of the zeta function of

Q(ug) at s and s — 1).
The computation of solutions in finite fields works in essentially the same
way for diagonal equations

ayxih +- -+ ax, b =0,

as in Hua—Vandiver [Hu-V] and Weil [We 1, 2, 3]. The additional connection
with the Hasse zeta function for the curve over number fields was made by
Weil.
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Stickelberger Ideals and
Bernoulli Distributions

The study of ideal classes or units in cyclotomic fields, or number fields
(Iwasawa, Leopoldt), of divisor classes on modular curves (e.g., as in [KL]),
of higher K-groups (Coates—Sinnott [Co 1], [Co 2], [C-S]) has led to purely
algebraic theorems concerned with group rings and certain ideals, formed
with Bernoulli numbers (somewhat generalized, as by Leopoldt). Such ideals
happen to annihilate these groups, but in many cases it is still conjectural
that the groups in question are isomorphic to the factor group of the group
ring by such ideals.

However, it is possible to study these ideals, the structure of their factor
group, and the orders of the factor groups in the group ring, without any
allusion to the applications to ideal classes, divisors, or units. This chapter
gives the foundations for such study, applicable to many contexts.

The first section gives Iwasawa’s computation of the index of the Stickel-
berger ideal for k = 1, directly applicable to the ideal class group in cyclo-
tomic fields. Next we deal with the basic theory of Bernoulli numbers and
polynomials, and especially integrality theorems of Mazur and Coates—
Sinnott. The sections concerning Stickelberger ideals for k > 2 are taken
from Kubert-Lang [KL 8]. The last sections on distribution relations are
from [KL 5] and Kubert [Ku].

For a discussion of conjectures in the case of totally real number fields, cf.
Coates [Co 3], [Co 4], and the very general conjectures in Coates—Lichten-
baum [C-L].

The present chapter is organized so that a reader interested especially in
the structure of the ideal class group in the cyclotomic tower (the basic sub-
stantial example of the theory) can read the first section, and then can go
immediately to Chapter 3, followed by Chapter 5 without impairing the
logical understanding of the material. I followed this pattern when I taught
the course in 1977.
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§1. The Index of the First Stickelberger Ideal

On the other hand, a reader especially eager to get into p-adic L-functions
can concentrate on this chapter and then read Chapter 4 as a continuation
omitting Chapter 3. Only the section on the p-adic regulator in Chapter 4 is
related to Chapter 3. Chapter 2 may then be interpreted as giving the basic
congruence properties of Bernoulli distributions, and Chapter 4 gives
essentially more (p-adically) global measure theoretic properties.

A third alternative is to see Chapters 3 and 4 as forming a pair, describing
side by side the complex and p-adic class number and regulator formulas
originally conceived by Leopoldt.

§1. The Index of the First Stickelberger Ideal

Let G ~ Z(m)* be the Galois group of Q(u,), and assume that m is the
conductor of that field, so that m > 1, m is odd, or m is divisible by 4. We
let

M = } order of G ="1¢(m).
We let
R=Z[G], ¢ =31-90-y), e*=31+o0_y).

For any G-module, we let 4~ be the (— 1)-eigenspace for ¢ _;. Then multipli-
cation by ¢~ is the projection operator on this eigenspace (provided 2 is
invertible), and ¢~ is the associated idempotent in the group algebra.
Lemma 1. We have R~ = 2¢"R = (1 — 6_,)R and
(e"R:R™)=2M,

Proof. The inclusion (1 — 6_;)R < R~ is clear. Conversely, let P be a set
of representatives in Z(m)* for Z(m)*/ + 1. Let

o= Z 2(c)o;t e R™
with coefficients z(c) € Z. Thus ¢_,a = —a. Then z(—c¢) = —z(c). If we let

B= ; z(c)oe?,

then « = (1 — o_4)f, thereby proving the lemma, because ¢"R is a free
abelian group of rank M.

We recall the primitive Stickelberger element

o= > <5>v:1~
ceZ(m)* m

27



2. Stickelberger Ideals and Bernoulli Distributions

We have written 6’ instead of 6 because we are now setting more permanent
notation, and there is a more canonical element which has priority, namely

-2(Gp ) -2 ()
It is immediately verified that
™ e0=0, andso 0 =0".

We are interested in R N R. The next lemma does away with a possible
alternative definition of this ideal.

Lemma 2. ROINR=ROINR).
Proof. Let T = RO’ N R. Clearly

T-<¢" RO=RO and T~ < R,

so the inclusion > is obvious. Conversely, let « € RO N R. It will suffice to
prove that « € R6’ (because & € R and « = o). Write

o« = z(b)o,0 = 2 (b)(< - —)oc‘l.

From the hypothesis that « has integral coefficients, we conclude that

) z(b)(%c _ %) = 0 (mod Z)

for all ¢ prime to m, so that
1 1
- 2 2(b)b = 5 ., z(b) (mod Z).
We contend that
> z(b)b = 0(modm) and > z(b) = 0 (mod 2).

This is obvious if m is odd. Suppose m even, so m is divisible by 4. Write
m = 4m,. Each b is odd, and

> z(b)b = 0 (mod 2my)
so 2. z(b) is even. Then
> z(b)b = % > () (mod mZ),
thus proving also the first congruence. Only the second will be used.

28



§1. The Index of the First Stickelberger Ideal

Now let s(G) = 3 ¢ be the sum of the elements of G in the group ring,
and note that

e*0' = 35(G) and (1 + 0-,)0" = s(G).

x = z(b)ore 0" = > z(b)on(l — &*)0’
= > z(b)ord’ — > z(b)o,s* 6’
= > z(B)oud’ — D z(b)3s(G).

Substituting s(G) = (1 + 6_-,)0’ on the right and using > z(b) even shows
that « lies in R6’, and concludes the proof.

It is of interest to determine the index arising from Lemma 2. This is done
in the next lemma. We let as usual:

w = number of roots of unity in Q(u,,).

Lemma 3. (RO:RONR) = w.
Proof. We define a homomorphism

T:RO—>12/2
w

by mapping an element of the group algebra on its first coefficient mod Z.
In other words, if

o= z a(c)o,,

we let Ta = a(1). Note that

(mod Z),

N =—

7(6) = %

and therefore that T is surjective. It now suffices to prove that its kernel is
RO N R. But we have

0,00 = baf (mod R),
whence for odd b prime to m, and « € R, we get

T(o,00) = bT(x6) (mod Z).
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2. Stickelberger Ideals and Bernoulli Distributions

If a6 is in the kernel of T, it follows that «f also lies in R, thereby proving the
lemma.

We now assume that m = p™ is a prime power. Then
& =RONR

is called the Stickelberger ideal. We want to determine the index

R~ : 9).

nc= 3 10m(( D)

for any character y on Z(m)*. Let y’ be the primitive character associated with
%, and let m’ be its conductor. Then it is easy to verify that if we replace m by
m’ and x by y’ in the right-hand side, we obtain the same value, so B, , is
independent of whether we view y as primitive character, or simply a charac-
ter on Z(m)*. (The above fact is a special case of the distribution relation,
discussed in the next section.)

Next, we shall use the fact that

Define

X(e) = Bl,l ?‘: 0

for odd characters y. For primitive y the non-vanishing of B, , comes from
its relation with the L-series, and will be briefly recalled in Chapter 3. Cf.
also [L 3], Chapter 14, Corollary of Theorem 2.2.

Lemma 4. (RO : Rm) = m™.

Proof. This is obvious if one can show that R6 is a free abelian group of
rank M. When m is a prime power, this results from the fact that for odd yx
we have

x(@) = Bl’l # 0.

We shall analyze (R~ : &) by the sequence of groups and subgroups
shown in the following diagram.

2M

eR——R —— ¥

m"H—B,_, U U|w

Xodd

Rm# = RO
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§1. The Index of the First Stickelberger Ideal

We have shown the inclusion relations, and we have also indicated the in-
dices. All of them have been proved, except the one on the left-hand side.
This will be the item in the final lemma, and we then find:

Theorem 1.1 (Iwasawa). Assume that m is a prime power. Then

1
(R—:y)-_- Wr[ —EBI’Z.

x odd

Remark. Even though some inclusions go opposite to each other in the
diagram, to compute indices one still has multiplicativity, with opposite
inclusions occurring with opposite exponents. Cf. §4 if you don’t find this
obvious.

Lemma 5. (¢"R:e"Rmb) = + mM 1_[ B,,,.

xodd

Proof. First observe that the sign is whatever is needed to make the right-
hand side positive. Multiplication by ¢~m#0 is an endomorphism of QR"-,
which is a semisimple algebra, decomposing into a product of 1-dimensional
algebras corresponding to the odd characters. Consequently we find

dete=m6) = [ | x(m6) = m* [ | By,
xodd

xo0dd

On the other hand, ¢~m0 maps ¢~ R into itself, and by standard elementary
linear algebra, the index is given by the absolute value of the determinant.
This proves the lemma, and the theorem.

Remark. In Chapter 3 we shall prove that the index computed in Theorem
1.1 is the order of the (— 1)-eigenspace of the ideal class group in the cyclo-
tomic field, denoted by ~~. The analytic class number formula will show that
the product of — B, , yields the positive sign.

The theorem and its proof are due to Iwasawa [Iw 7]. It was generalized
to composite levels m by Sinnott [Si]. In the composite case, one cannot deal
any more with a single element 6, but one has to deal with the module
generated by Stickelberger elements of all intermediate levels

2

for all divisors d of m. A similar situation had already arisen in the analogous
situation in dimension one higher, concerning the Stickelberger elements
formed with B, rather than B,, in the Kubert-Lang series [KL 2], [KL 3],
[KL 5].
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2. Stickelberger Ideals and Bernoulli Distributions

§2. Bernoulli Numbers

We recall first some general notions concerning distributions, defined by
Mazur following the work of Iwasawa.

Let {X,} be a sequence of finite sets, and suppose given a sequence of
surjective maps

Tni1t Xosv1—> X,
so that we can consider the projective limit
X=Xy = Xy —>- = X

For convenience, we took our family of sets indexed by the positive
integers. In applications, it often occurs that the sets are ordered by the
positive integers ordered by divisibility. For instance, the family of sets
Z/NZ arises in the sequel. We shall also consider the projective family

{Z/p*Z},

with a fixed prime number p, andn = 0, 1, 2, . . .. In each case, the connecting
homomorphism

Iy: Z/NZ — Z|MZ
for M|N is reduction mod M, denoted by r,.

This type of projective family will also arise in isomorphic form as
follows. We have an isomorphism

1—{, Z/Z - Z/NZ

given by multiplication with N. We then have a commutative diagram

1
% ZIZ—>ZINZ

N,Ml 1".

1
7 Z/Z—~Z|MZ

where the left vertical arrow is multiplication with N/M, and the right arrow
is reduction mod M. Thus the system

fh2)

is also a projective system, ordered by divisibility.
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§2. Bernoulli Numbers

Let us now return to the general projective system { X,,}. For each n suppose
given a function ¢, of X, into an abelian group V. We say that the family
{p.} is compatible if for each n and x € X, we have

e = D @ana(D).

Tp-1¥=X

The sum is taken over all the elements of X, lying above x. In what follows,
we often omit the subscripts, and write 7y = x, for instance.

Let K be a ring of operators on V. Let f be a function on X, for some
integer m, with values in K. If n > m, then we view fas defined on X, through
the natural projection on X,,. We conclude at once from the compatibility
relation that

> 00 = 2 fX)@n).

x€Xp XEXm

Let X be the projective limit

X =1lmX,,
<

with the limit topology, so that X is a compact space. For each n we have a
surjective map
I,: X— X,.

For each x € X, the inverse image r; *(x) is an open set in X, and the totality
of such open sets for all n, x is a basis for the topology of X.

A function fon X is called locally constant if and only if there exists n such
that f factors through X,. Such functions are also called step functions, and
their group is denoted by St(X, K). For each such function, we can define its
integral

[rdo =3 0.,
X€Xy
independent of the choice of n such that f factors through X,. We then call
the family {¢,}, or the functional dp, a distribution on X. It is an additive map

do: St(X, K) —> V.

Examples of such maps will be given later with Bernoulli numbers.

Let K be a complete field with respect to a non-Archimedean valuation,
and suppose that V' is a non-Archimedean Banach space over X, i.e., Vis a
complete vector space, with a norm

| |: V—R*
satisfying
[v + w| < max{lo|, [w]} o,weV
levly = [clglvlv ceKveV.
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2. Stickelberger Ideals and Bernoulli Distributions

If ¢ is bounded, i.e., |,(x)| is bounded for all n, x € X,, then we say that ¢
is bounded, or quasi-integral for the valuation. For any fe S#(X, K) we have

| [ 7d0| < 111101,

where | f]| is the sup norm of f; and ||¢|| is the sup norm of the values |@,(x)|.
Indeed, if f factors through X, then

Jral-

by the non-Archimedean property, so our assertion is clear.
In particular, if fe C(X) is a continuous function on X, then we can
approximate f uniformly by a sequence {f,} of step functions, and since

If = ful = 0, we get

> S| < max 769l

%Xy

Ifa = full =0

for m, n — co. Hence the integrals

fﬁ.dfp

converge, and define the integral

[ rao

for such a continuous function, provided that ¢ is bounded. This will be the
case in important examples, and bounded distributions are also called
measures.

All this is preliminary to defining the distributions which are of importance
to us, namely the Bernoulli distributions. If x € Z(N) then x/N can be viewed
as an element of Q/Z. For any ¢ € R/Z we let {¢) be the smallest real number
>0 in the residue class of £ mod Z. What we want is for each positive integer
k a polynomial P, with rational coefficients, leading coefficient 1, such that

the functions
x
X N"‘IP,C(<ﬁ>)

form a distribution on the projective system {Z/NZ}. Such polynomials will
be given by the Bernoulli polynomials. Let the Bernoulli numbers B, be
defined by the power series

Bl F) = ——=> B L.
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§2. Bernoulli Numbers

Then for instance

Observe that
F(—t) — F(t) =t,
so that F is almost even, and in particular, we have
B, =0 ifkisodd, k # 1.

We define the Bernoulli polynomials B,(X) be the expansion

B 2. F(t, X) =

tetX - tk
e—1 ,Zo B

Then it is clear that the Bernoulli numbers are the constant terms of the
Bernoulli polynomials, that is

Bk = Bk(O).
We find:
Bo(X) =1, B,(X)=X-1, By(X) = X* - X + 3.

The desired distribution relation is implied by the next formula.

N-1
B 3. B(X) = N*1 5 Bk(X + ").
a=0 N

Proof. On one hand, we have

N-1 tex+at 1 M NtelX +)ININT

a=0 eV —1

On the other hand, summing the geometric series > e* directly from a = 0
to a = N — 1 and using the definition of the Bernoulli polynomials shows
that the coefficient of #¥/k! is precisely B,(X), thereby proving the desired
identity.
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2. Stickelberger Ideals and Bernoulli Distributions

Relation B 3 can also be written in the form

B 4. Ne-L S Bk(< y+ ]iv>) = B.KNy))

t mod N

for y e R/Z. This can be interpreted as follows.

o7}

x> M*" 1B, ({x)) for xe Il_l Z/Z

On the projective system

the association

defines a distribution.

Proof. If ye (1/MN)Z/Z is one element such that Ny = x, then all
elements in the inverse image of x by the mapping (N-id)~* consist of

L

N with £ mod N.

y+

Multiplying B 4 by M*-! yields precisely the distribution relation.

Since the system {(1/M)Z/Z} is isomorphic to the system {Z/MZ}, we can
also express the distribution relation on the latter. It is convenient to norm-
alize this distribution further and to give it a special symbol. For x € Z/NZ

we define
1 X
EM(x) = N*-* % Bk(<_py>)°

Then the family {EQ"} forms a distribution on {Z/NZ}.

Remark. Historically, this distribution arose in the context of the partial
zeta functions. Indeed, if x € (Z/NZ)*, define

Cn(x, s) = Z n-s,

nex
n>0

The Dirichlet series converges only for Re(s) > 1, but it is classical and
elementary that it can be analytically continued to the whole complex plane,
and Hurwitz has shown that

Cn(x, 1 — k) = —EM(x) fork > 1.
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§2. Bernoulli Numbers

Furthermore the partial zeta functions themselves satisfy the distribution
relation. For a further discussion, cf. Example 4 at the end of the chapter. For
distributions associated with zeta functions in connection with Cartan groups,
see [KL 10].

For the applications, we shall use one more formula concerning the
Bernoulli polynomials, namely

BS. By (X) = X* — 3kX*~1 + lower terms.

This is obvious by the direct multiplication of the series

t t* tk
et—_-—l= ZB"F and e”‘ = Zka

For what we have in mind, we don’t care about the lower terms, which have
rational coefficients.

Let N be a positive integer, and let f be a function on Z/NZ. We form the
polynomial
e(a+X)t

N-1
FALX) = 3 f@ gy

We define the generalized Bernoulli polynomials (relative to the function f)
by

B 6. Fi(t, X) = > B (X) -
/( kZO k,!( k!

In particular, the constant term of B, ,(X) is the generalized Bernoulli number
By,r = By,/0).

For instance, f may be a Dirichlet character y on Z(N)*, extended to Z/NZ

by the value 0 on integers not prime to N. Then By, is the generalized Ber-

noulli number of Leopoldt. Directly from the definition, we then find the
expression

e Sn((3)

In terms of the distribution relation, this can be written

1
I; Bk,f = J‘ dek'
z,
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2. Stickelberger Ideals and Bernoulli Distributions

The distribution {E{™} is rational valued. We shall be interested in its
p-adic integrality properties for a prime p. For this purpose, we describe a
process which integralizes this distribution. For historical comments, see
below, after Theorem 2.1.

Let ¢ be a rational number. For N prime to ¢ (i.e., prime to the numerator
and denominator of c¢) we define

Ex) = EQ() — cEX(cx),
for x € Z(N). Multiplication by ¢ or ¢~ is well defined on Z(N) so our

expression makes sense. If N is a power of a prime p, then we could also take
¢ to be a p-adic unit. We can write symbolically

Ek,c = Ek - ckEk°c—1.

This distribution satisfies the following properties.

EL EM(x) = <%> - c<c;"> +55 1

Proof. We have

s =) - o ((F)
RSSO

whence the assertion is clear.

E 2. EMN(x) = x**EM)(x) mod 7~ Z[c, 1/c],

kD(k)

where D(k) is a least common multiple of the denominators of the coeffi-
cients of the polynomial B, (X).

Proof. We work with a representative integer x such that
0<x<N-1L
We write
¢ x=b+ yN
with an integer b satisfying0 < b < N — 1 and y € Z[1/c]. Then

+y=< +y>+z

cix
N

Z2| s
2|
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§2. Bernoulli Numbers

with some integer z. Since B(X) = X* — 3kX*~! + lower terms, we find
the following congruences mod N/(D(k))Z][c, 1/c]:

- I[Bk(<N>)-ckBk( 7))
S R
AR CASES RS

x4t — | N1 (Z _ g k—c"lf(b+Ny—Nz"“1
N 2

2% =%

ST I S TR

Xk k
-1 | - 1oy — k2 pr-
x¥ [N kx¥~1cz 4 2b 1]

. x c ix c—1
"'”(W“’<N>+ )

and Property E 2 follows by using E 1.

I
ka

The values of E{Y) are in

kD(k) Z[C, l/C]

They will be called N-integral if they are p-integral for every prime dividing
N.

Theorem 2.1. (i) The values of E{X) are N-integral.
(ii) We have the congruence for every prime p dividing N:

EQM(x) = EM)(x) mod NZ,.

(iii) If c is an integer prime to 2kN and to the denominators of the Bernoulli
polynomial B,(X), then the values of E{) lie in Z.

Proof. For large integer v the values N*/kD(k) are N-integral. Let M = N".
The distribution relation yields

ENMx) = > EMN(y)
v

where the sum is taken over those y mod M which reduce to x mod N. The
expression for E{™ is obviously N-integral except possibly for the term
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2. Stickelberger Ideals and Bernoulli Distributions

(c — 1)/2. But if N is even then c is odd, so (¢ — 1)/2 is N-integral, and if N
is odd, then (c — 1)/2 is N-integral. If we apply E 2 to each term EQ(y)
then we see that the first two assertions are proved.

For case (iii), we take M = (NkD(k))® for large v. The argument then
proceeds as before, because the only denominators occurring in

(G)) e m((F))

contain only primes dividing Nk D(k).

For k = 1 the integralizing process already appears in the Stickelberger
theorem, and was used extensively by Iwasawa. For k > 1, Coates—Sinnott
obtained integral elements in group rings by this process [C-S 2], Theorem -
1.3 and [C-S 3], Theorem 1. Mazur formulated this integralizing process
in terms of measure theory and the distribution relation, which allows the
jacking up argument used to prove Theorem 2.1.

For the rest of this section, we let N = p" with some fixed prime number p,
so the distributions are defined on the projective limit of Z(p™), which is
none other than the p-adic integers Z,,. We view the values of the distributions
to be in C,, the completion of the algebraic closure of the p-adic numbers.
We may express Theorem 2.1(ii) in the limit as follows.

Theorem 2.2. Let ¢ be a p-adic unit. Then
Ek,c(x) = xk-lEl.c(x)'

We shall now express Bernoulli numbers in terms of the integralized
distributions.

Theorem 2.3. Let c € Z} and let k be an integer > 1 such that c* # 1.
Then

lp 1 -1
I_CBk = 1= Ck " x" dEl’c(X).
‘P
Proof. By definition,
Il? B.=| dE.=| dE..+ f c® dE,(c~*x).
Zp Zp Z,

On the last integral to the right, we make the change of variable

X = CX,



§2. Bernoulli Numbers

which gives

dE(x) = | dE/(c™'x).
z, Zp

The formula we want drops out by using Theorem 2.2.

Corollary 1 (Kummer Congruence). Let « be a residue class mod p — 1 and
o # 0. Then for even positive integers k = a mod p — 1, the values (1/k)B,
are all congruent mod p, and are p-integral.

Proof. Select ¢ to be a primitive root mod p so that
¢ # 1 modp.

Then 1 — c¥is a unit at p. The values 1 — c¢* and x*~* mod p are independent
of the choice of k in the residue class mod p — 1, and the corollary then
follows from the expression of (1/k)B, as the integral of the theorem.

Corollary 2 (Von Staudt Congruence). Let k = O mod p — 1, and k even.
Then

B, = —:15 mod Z,.
Proof. Suppose p odd for simplicity. Let ¢ =1 + p. An easy induction
shows that
¢ =1 + pk mod p%kZ,.
Hence

1 1
=&~ 1 + o(p)),

and so

¢

By = —% xk-1 dE, (x),

zp

because the integral over pZ, is = 0 mod p. An approximating sum mod p
for the integral over Z7 is

227G - <5+ F)

Since ¢ = 1 + p we have
(=N -z
p p
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2. Stickelberger Ideals and Bernoulli Distributions

The desired congruence follows from the fact that
p—-1
z x* = —1mod p.
x=1
We leave p = 2 as an exercise. We merely wanted to show how classical

congruences can be handled systematically from integration theory.

Let f be any function on Z/NZ. We defined

= S rom(( )

In terms of the distribution notation, this can be written

1
i Brr = f S dE,.
Z,

We shall apply this when f'is a character of finite order on Z, so that f is
an ordinary Dirichlet character on Z(p™)* for some positive integer n. As
usual, for such a character, we define its value to be 0 on elements of Z(p™)
which are not prime to p. Then by definition, for any character y of finite
order on Z} we have the formula for the Bernoulli-Leopoldt numbers

1
'-l Bn,w = f }p dE".
Zy
Note: When y = 1 we do not have (1/n)B, , = (1/n)B, because ¥ is 0 on
pZ, by definition.
Theorem 2.4. Let Yy be a character of finite order on Zj. Then

1

2Bt = T g |, Y@ 4B )

Proof. We write dE, = dE, . + ¢" dE,oc™?, or in other words
1 -
2 Boy = [ ¥ dEn + [ W00 dEe ).
Integrals are taken over Z¥. We let x > c¢x in the second integral. Then

¥(c) comes out as a factor. Using Theorem 2.2 concludes the proof.

Theorem 2.5. Let 2 < k < p — 2. Let w: Z(p)* — Z} be the Teichmuller
character such that

w(a) = a (mod p).
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§3. Integral Stickelberger Ideals

For any integer n > 1 we have

1 1
'-an.a)k’” = % Bk (mOdp)°
Proof. Let Yy = w*~™. Choose ¢ to be a primitive root mod p, so that
¢® # 1 mod p. By Theorem 2.3 we get

1 1
x B, = =), x*=1 dE,; (x) (mod p).

-
P

By Theorem 2.4 we have the congruence mod p:

1 U S B 1
n B = g B = L * 1[1 5 T c"] 4E1,4%)

)
P

because 1 — Y(c)c® and 1 — c* are p-units. Since the expression in brackets
under the integral sign is = 0 (mod p), the theorem follows.

The next sections, §3 through §1, taken from Kubert-Lang [KL 8), deal further
with the integrality properties of Stickelberger ideals.

§3. Integral Stickelberger Ideals

Let k be an integer >2. Let N = p" be a prime power with p > 3 until §5.
We let:

G = Z(N)* if k is odd

G = Z(N)*/+1 ifkiseven.

R = Rg = Z[G] and R, = Z,[G].

deg: R — Z is the augmentation homomorphism, such that

m,o) = Zm,.

This augmentation homomorphism extends to the complex group algebra
by linearity.

deg(

(4

R,, = ideal of R consisting of those elements whose degree is = 0 mod m.
If Iis an ideal of R, we let I, = I N R,,.
card G = |G|.

s(G) = z o.

oeG
For any & € R we have

¢s(G) = (deg O)s(G).

If J is an ideal of R, we write d = degJ to mean that d is the smallest
integer >0 which generates the Z-ideal of elements deg & with £ in J.
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2. Stickelberger Ideals and Bernoulli Distributions

Let B,(X) be the kth Bernoulli polynomial. We let

o0 - (D)o
a0 - 3 (((5) - o)

, Nk—l

where B;, = B,(0) is the kth Bernoulli number. We have:
degf # 0 and deg6’ # 0, for k even.

In fact, these degrees can be computed easily. We need only that they are
#0 for k even, but the computation is as follows. Suppose k is odd. We use
the distribution relation. Summing over all primitive elements, i.e., elements
of p* yields the value of the distribution summed over all elements of level
p"~*. Continuing in this fashion reduces the computation to level 1. But

e 2 An((ED) - i Lo

The degree of 0 arises from the same sum but with the term a = 0 omitted.
Hence

— pk=-1
deg 6 = 1_121;_ B,

and

k-1

k

deg 0’ = deg 0 — N B|G|

or

deg 0’ = (L= - 20 40 5

These formulas would also be valid for k even, except for our convention to
take G = Z(N)*/ £ 1. This requires dividing the formulas by 2 to get deg
and similarly for §’. The non-vanishing for k even comes from the functional
equation of the zeta function.

Next we give the ideals used in integralizing the distribution.
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§3. Integral Stickelberger Ideals

J®(N) = ideal of elements > m(b)s, such that
> m(b)b* = 0 (mod N)

I®(N) = ideal of elements 6, — c* with integers ¢ prime to N.

Since k and N remain fixed, we often write 6 and 6’ instead of 6,(N) and
0:(N). Similarly, we write J® and I, or J and 1. It is obvious that

J® > o

We shall determine the extent to which J # I'in §2.
We have:

deg IYN) = p*, where ¢ is the maximum integer such that k = 0 mod ¢(p*).

This is obvious, because deg I*(N) is generated by the integers 1 — c* with
¢ prime to p.

Theorem 3.1. (i) We have
RO, N R = I®6;,.

In fact, if an element & € R is such that £0' € R, then & € I®,
(i) On the other hand, letting I = Z,I%), we have

R0, N R, = I®6,.

If an element & € R, is such that 0 € R, then & € I,

Proof. First we prove that for any prime >2, we have
I8’ < R, and I,0 < R,.

A similar property is due to Mazur and Coates-Sinnott, as mentioned before.
Indeed, we have

6540, — 0 = > ENM(a)os?

ae@

= v [w(G5) - G

The p-integrality then follows from Theorem 2.1(i). For other primes we
need a lemma.

where

45



2. Stickelberger Ideals and Bernoulli Distributions

Lemma 1. The polynomial (1/k)(B,(X) — B,(0)) maps Z into Z and maps
Z, into Z, for every prime I.

Proof. A standard property of Bernoulli polynomials states that
FBLX + 1) = B(X) = X+,

Hence for any integer m we see recursively that the first assertion of the
lemma is true. The second, concerning /-adic integers, follows by continuity.
The lemma is also valid for p = 2.

We may define Ej; . by using Bi(X) — B,(0) instead of B,(X) in the
definition of E, .. The lemma shows that 1§’ < R.
For convenience we let

Bi(X ) = Bi(X) — By(0).
Lemma 2. (i) Let &€ € R and suppose that &0’ € Z,[G] = R,. Then £ € J.
(ii) Let & € R, and suppose that £E0 € R,. Then £ €J, = Z,J.
Proof. Write &£ = 3 z(b)o, with integral coefficients z(b). Then

e = v+ 3 320 (G D)o

and therefore

k-1
N . zz(b)B;(<%>) is p-integral,
b

But an elementary formula for Bernoulli polynomials, obtained directly
from the definition, gives for an integer b,

Nk-1 b k. Nk-1 (k b \k-t
en(m) - 2 ()s()™

Comparing the leading term modulo all the lower order terms, and taking
into account that B, = —1 is p-integral (here we use p # 2), and the Kummer
theorem that B, is p-integral for i < p — 1, we find

k
sz(]l:,)b =0 mod,lc Z,.

Multiplying both sides by kN proves the lemma.
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§3 Integral Stickelberger Ideals

Lemma 3. Let p* be the smallest power of p such that p*0; is p-integral.
Then

s =n+ ord, k.

We have I® N Z = (p®).

Proof. The argument uses the same expression for the Bernoulli polynomial
as in the previous lemma. We see that

k-1 k -
.]Y_k__ (i)B,(%)k is p-integral.

The leading term is p/kN. The Bernoulli numbers B; are p-integral for
i<p—1 by Kummer, and for i > p — 1 the power N*~! in front in-
tegralizes (1/N)*~*. It follows that

..
N P integral,

whence s has the stated value. Since we have already seen that 160’ < R, it
follows that the p-contribution of I N Z is exactly p®. It is clear that IN Z
is equal to (p®), because we can always select

=1modN and c¢=O0mod/

for any prime / # p to see that I N Z contains elements prime to /. This
proves the lemma.

Lemma 4. We have J = I + ZN, and (J : I) = p*~™ = pordk,

Proof. 1t is clear that N € J. Conversely, write an element of J in the form

Z m(c)(e, — c*) + Z m(c)ck.

The first term is in Z, and the second term is an integral multiple of N. This
proves the lemma.

We may now conclude the proof of the theorem. We prove (i). Suppose
£e R and &0’ € R. By Lemma 2, £ € J. By Lemma 4, we know that

¢ =zNmodI forsome zeZ.

We know that /0’ = R. Hence zNO' € R. By Lemma 3, it follows that p*
divides zN, so & € I, and the theorem (i) is proved. The part (ii) is proved the
same way.
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2. Stickelberger Ideals and Bernoulli Distributions

§4. General Comments on Indices

Let V be a finite dimensional vector space over the rationals, and let 4, B
be lattices in V, that is free Z-modules of the same rank as the dimension
of V. Let C be a lattice containing both of them. We define the index

win- G

It is an easy exercise to prove that this index is independent of the choice of
C, and satisfies the usual multiplicativity property

(A4:D)D:B)=(A4:B).
Furthermore, if E is a lattice contained in both 4 and B then

(4:E)
(B E)

(A4:B) =

We leave the proofs to the reader.

Suppose that A is not only a lattice, but is an algebra over Z. Let 0 be an
element of Q4 = V and let m be a positive integer such that mf € 4. Assume
that 6 is invertible in QA. Then

(A:A46) = tdetg, 0,

where the determinant is taken for the linear transformation of QA4 equal to
multiplication by 0. This is easily seen, because

(A :A46) = (A : AmO)(AmO : A6)
and

(Am0 : 40) = (A0 : AmB)~1.

Since m# lies in A, the index (4 : AmP) is given by the absolute value of the
determinant of m6, which is m" det 6, where r is the rank of A. This power
m" then cancels the other index.

Note that the determinant can be computed in the extension of scalars by
the complex numbers. In particular, if A4 is a semisimple algebra, and is
commutative, then

det6 = 1__[ 2(0)
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§5. The Index for k Even

where y ranges over all the characters of the algebra, counted with their
multiplicities. In the applications, the algebra is essentially a group ring, so
the multiplicities are 1, and the characters come from characters of the group.

This will be applied to the case when 6 = 0%, We recall the definition of
generalized Bernoulli numbers according to Leopoldt:

By = N1 3 g D)

Thus
1
20) = % Bk.7~

Note that the Bernoulli number is defined with respect to G, so that for k even,
we are summing over Z(N)*/+1. This convention is the most useful for
present applications in §5 and §6. (We revert to the other convention in §7.)
For even k, it gives half the other values.

The classical theorem about the non-vanishing of By, , when k and y have
the same parity gives the desired invertibility of the Stickelberger element 6,
in the corresponding part of the group algebra over Q.

§5. The Index for k Even

We let s = n + ord, k, and ¢ is defined as in §3, to be the maximum integer
such that k = 0 mod ¢(p*). We regard R, N RO (for k even) as the Stickel-
berger ideal. We shall prove:

Theorem 5.1.

(Ry: Ry N RB) = Npordk—c H +
x#1

B, ,-

| —

First observe that since deg 0 and deg 6’ # 0 we have
RyN RO = RyN RO'.
By Theorem 2.1, we conclude that
RO’ R =10, and hence RO’ N R, = I,0'.
But R, + 10’ = R; where

d = deg 10’ = (deg I)(deg 0").
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2. Stickelberger Ideals and Bernoulli Distributions

In §3 we had noted deg ¢t = p'. The factor deg 6’ will cancel ultimately. In
any case, we have:

(Ro . Ro N RG) = (Ro . Ro N RB')
= (Ro . 100')
= (Rd : IB’)

_(R:18)
B (R:Ry)

- }I(R : RO)(RO' : I0")

= ITTx@®:D.

The product is taken over all characters y of G. We separate this product
into a factor with the trivial character, giving deg 6’, canceling that same
factor in d, and the product over the non-trivial characters. For y non-trivial,
we have x(0) = x(6").

In the final step we also wrote (RO’ : I0") = (R : I). This is because 6’ is
invertible in the group algebra over Q. Hence the map & — £’ induces an
isomorphism on R.

We are therefore reduced to proving a final lemma.

Lemma. (R: ) = p* where s = n + ord, k.

Proof. We have (R: I) = (R:J)(J: I). Any element € in R can be written
in the form

&= m(c)o. = D m(c)o. — ) + > mc)c".
From this it is clear that (R:J) = N, and the index (J: I) is obvious, thus

concluding the proof.

Remark. Of course we have not determined the sign occurring in the
product of the Bernoulli numbers. It is the sign which makes the product
come out positive, and which one determines easily from the functional
equation of the zeta function and the factorization in L-series. This is irrel-
evant for our purposes here.

§6. The Index for k£ Odd
Assume k is odd. Note that 6 = 6’. Let
e =31-0_y

be the idempotent which projects on the (— 1)-eigenspace. It is immediate
from the definition that 6 is odd, that is,

e=0 =0.
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§7. Twistings and Stickelberger Ideals

The Stickelberger ideal in this case is RO N R = 10, and is odd. We shall
prove:

Theorem 6.1.
(R :RINR) =Np™*[] ¢ Zl_k By

xodd
The rest of the section is devoted to the proof.

Lemma 1. We have R~ = 2¢"Rand (e"R: R™) = 292,
Proof. This is the same as Lemma 1 of §1.
We then proceed as in the even case. First we write

(e R:¢710)

(R™:16) = m‘j"

and then
(e R:e710) = (¢6"R:e"RO)e~RO:e"16)
=[] x6)eR:eD)

xodd
because 0 is invertible in ¢~ Q[G]. Furthermore,
(e"R:e])=("R:R )R :26DN2e"I:¢e"1)
= (R~ :2¢71)

because (26~1:e~I) = 2-9™2 since ¢~ 1 is free of rank ¢(N)/2. Finally,

Lemma 2. (R~ : 2¢~ 1) = p* where s = n + ord, k.

Proof. The group 2¢~1 is generated by elements of the form

(6 —06_) — oy — 0_y).

An element £ € R~ lies in Z(6; — 6_;) mod I. Hence the same argument as
in the past case gives the desired index.

§7. Twistings and Stickelberger Ideals

The Stickelberger elements 6, should really be indexed by the groups to
which they correspond. We now want to compare factor groups of the group
ring by various Stickelberger ideals, twisted in various ways. Consequently,
it is not useful any more to have G different in the even or odd case. For this
section, we let N = p" still, and we allow p = 2. We let

n = Z(Pn)*°
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2. Stickelberger Ideals and Bernoulli Distributions

We define
Or,.(p") = 05 (0, — )0(p") € Z(p™IG,].
This makes sense since we know from §1 that 6, (p") is p-integral.

Let V be a Z(p")[G,}-module. We define its twist to be the tensor product
with the roots of unity,

V(1) =V Q® p.
Then ¢ in G operates diagonally,
o0 ®y) =ovQ®oy, and ¢, ®7) = alow ® ).

We let y be a basis for uy over Z(N). Note that the element a on the right
makes sense as an element of Z(N) since V' ® uy is a module over Z(N).
From the definitions we then get the formula

TW 1. 0, (v ®7) = Ok-1,20 @7,

\

resulting from Theorem 2.1(iii),
E, [(a) = a*~'E, (a) mod N.

The distribution relation allows us in E 2 to replace N by high powers of N
at a higher level, and then return to level N to get this congruence.

In particular, if 6, _, . annihilates V, then 8, . annihilates ¥(1). The argu-
ment simply extracts in a general context the argument given by Coates—
Sinnott [C-S 2] in connection with the ideal class groups in cyclotomic fields,
see their Theorem 2.1.

Take V to be Z(p")[G,] itself, so that V(1) is generated by a single
element ¢; ® y. The map

(=467
gives an isomorphism

Z(p")[Gal — Z(p")[Ga] @ pp.

Let S(p™) = ideal of Z(p™)[G,] generated by the elements 6, .(p"). Then
the isomorphism induces a bijection

F(p") = S 1(PM) @ ppr.

Hence we get an isomorphism

TW 2. A/ S P Z Ay @ pp| Lo 1(p") ® iy,

where A, = Z(p™)[G,] is the group ring.
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§8. Stickelberger Elements as Distributions

We may then pass to the projective limit. The limit of A, is the Iwasawa
algebra. We let 4 be the ideal generated by the elements 0, . (projective limit
of 6, .(p™). We obtain an isomorphism with the twist,

A% — A S 1 (D).

This isomorphism permutes the eigenspaces for the action of u,_;, and this
can be interpreted in terms of congruence relations between Bernoulli-
Leopoldt numbers (with characters) in the obvious manner.

We now make remarks concerning twistings, ideal classes, and modular
curves. We assume that the reader is acquainted with the latter. Suppose
N = p is prime # 2, 3. The Iwasawa-Leopoldt conjecture predicts an iso-
morphism

C~ = (R7/HA)?,

where C ~ is the p-primary part of the (— 1)-eigenspace of the ideal class group
in Q(up). On the other hand, Kubert-Lang [KL 7] establish an isomorphism

EAX1(P)) ® Ro/S,

where %°(X:(p)) is the cuspidal divisor class group on the modular curve
X;(p), generated by the cusps lying above the relational cusp on Xy(p).
Consequently, we expect a commutative diagram:

R*(D)/Sp) > R™(P) ® 1/ S1(P) B Mo

l

€(X(P)P) —H— C (D) O 1y

It remains a problem to give a direct isomorphism at the bottom, from some
sort of geometric construction. This may in fact lead to a proof of the
Iwasawa-Leopoldt conjecture.

§8. Stickelberger Elements as Distributions

In this section we follow Kubert-Lang [KL 5] to describe a *Stickelberger
distribution™ associated with a distribution on Q/Z, and to give its basic
properties.

Let 4 be a function on Q/Z (with values in some abelian group, but for
the rest of this section, we shall take values in some algebraically closed field
F of characteristic 0). We say that 4 is an ordinary distribution if it satisfies the
relation

hr) = > h()

Dt=r

for every element r € Q/Z, and positive integer D. The sum is taken over
those elements ¢ such that Dt = r. In the application we have in mind, A
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2. Stickelberger Ideals and Bernoulli Distributions

will be obtained from the first Bernoulli polynomial, and generalizations on
(Q/Z)*® lead to the higher Bernoulli polynomials. See [KL 5] for k > 1.

We let G(N) ~ Z(N)*, writing the isomorphism as a > 6,. We let 4 be an
ordinary distribution as above. We define

hy(x) = h(<%>) for x € Z(N).

For any function f on G() we define (as usual)
S/, hy) = Z f(@hy(a),

with the sum taken over a € Z(N)*. If we define f on Z(N) to be 0 outside
G(N) then we see that

Sulfs h) = | 1 di.

By abuse of notation, we often write a € G(IV) instead of a € Z(N)*.
Let Zy = (1/N)Z/Z and let r € Z,. We define

gn(r) = TG—(I-IV)T az h(ra)o ;1.

€G(N)

If the values of & are in the field F, then the values of gy are in the group
algebra F[G(N)]. It is clear that if M is a denominator for r, i.e., r € Z),, and
M divides N, then the image of gy(r) under the canonical homomorphism
G(N) — G(M) is equal to gy(r). Thus we may define

g(r) = lim gx(r)

in the injective limit of the group algebras (as vector spaces over F), ordered
by divisibility, with the injections from one level to a higher one given by
sending one group element to the sum of all the group elements lying above
it under the canonical homomorphism.

Theorem 8.1. The function g: Q/Z —>lim F[G(N)] is an ordinary distri-
bution.

Proof. Immediate from the definitions.
We define g to be the Stickelberger distribution associated with /.

Let Ay be the vector space generated by the values g(r) with reZy
(essentially the same as the vector space generated by the values gy(r)). We
observe that g(0) is a constant multiple of the augmentation element, that is

h(0)
0) = =~ c.
8O = 1GaW .,

54



§8. Stickelberger Elements as Distributions

Let x be a character of G(V) and let m = m(y) be its conductor. We define
S, h) = Su(tm: hm)
where x,, is the character on G(m) determined by y. We let
G,(N) = set of characters y such that S(3, h) # 0.

Theorem 8.2. The dimension of Ay is equal to the cardinality of G,(N).

Proof. The space generated by the elements gy(r) with r € Z, is clearly a
G(N)-module since

o,8n(r) = gn(rb), for be G(N).

We let the idempotent associated with y be the usual

1 _
% = Toam] 5 1O

If M is the conductor of y, then

1 _ 1
& (H)e' = S& b 5an) &

as one sees at once from the fact that ra depends only on the residue class of
amod M, for ae G(N). Hence Ay has a non-trivial y-component if S(j, h)
# 0. This shows that the dimension of Ay it at least that which we asserted.

On the other hand, let r € Z and suppose r has exact period M. Let y be
any character of G(N). Then

gN(r )e |G( N)l o0, h(" a)i(a)ex

- TE(‘lJ“va S k) S i@e,

beG(M) redya=0>b
If the conductor of y does not divide M, then y is non-trivial on the kernel
of the reduction map
red,: G(N) — G(M),
and the sum on the right is 0. If the conductor of y divides M, then j(a) =
¥(b) on the right, so

_ 1 G|
£)ex = TG o2, ") TG00 KO

1 _
= TGO o2, " FOex
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2. Stickelberger Ideals and Bernoulli Distributions

Since we can write r = a/M with some a prime to M, a change of variables
in the sums shows that up to a non-zero constant factor, gy(r)e, is equal to

Su(lms hrdey.

We now have to analyze this sum. The next lemma will show that this sum
is equal to some factor times S, (¥n, Am)-

Lemma. Let y be a character of G(N) with conductor m.

() If every prime dividing N also divides m then

SN(XN, hN) = Sm(Xm, hm)

(ii) Let p be a prime dividing N but not dividing m. Write N = p"M with
pt M. Then

Sw(tw> hy) = (1 = tm(2)Su (st hna)-

Proof. The first statement is immediate from the distribution relation. Let
us prove (ii). We have

S w@hya) = m%y ORI h(%)

Z(N)* =b(M,
ez gez((tvl)2

By the distribution relation, we know that

i) = 2 M5) = 2 1 F) + 2 ()
2500 RN &h
The elements a in Z(N) which are not primitive but are = b mod M are in

bijection with the elements ¢ € Z(N/p) satisfying the conditions

a=pc and c=p-lamod M,
under the map

¢ pc

which sends Z(N/p) into pZ/NZ < Z|NZ. Therefore the sum over primitive
elements lying above a given b can be expressed as a difference

PR CRCE

(where the sum is taken over ¢ € Z(N/p), ¢ = p~*a mod M)

SO
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§9. Universal Distributions

(by the distribution relation). Plugging this into the first relation, and making
a change of variables b — pb, we find
Sv(t hv) = SuQtas ha) — 2 X(b)h(pT)

beZ(M)*
= (1 = xu(PNSu(ut> hra)-

This concludes the proof of the lemma.

In applying the lemma to the theorem, we note that the y-component is
at most one-dimensional, and has exactly dimension 1 under the stated
condition Sy(¥v, hy) # 0. This concludes the proof of the theorem.

A distribution can be decomposed as a direct sum of an odd and an even
distribution, provided that its image is contained in some module on which
multiplication by 2 is invertible.

In the next section, we shall prove that the rank of the values on Z, is
at most |Z¥|, where Zy is the set of primitive elements in Zy.

If we take for A the distribution arising from the Bernoulli polynomial

h(r) = By(<rd) ifr # 0, h(0) =0

then the non-vanishing of B; , for odd characters y shows that & has the
maximal attainable rank for an odd distribution. Consequently, we find:

Thoerem 8.3. The Stickelberger distribution g associated with h(r) as
above is the universal odd ordinary distribution into modules on which
multiplication by 2 is invertible.

So far, Theorem 8.3 has been proved only for distributions with values in
a field of characteristic zero. However, the next section will give a result of
Kubert showing that the universal distribution is generated on Z, by free
generators whose cardinality is |Z#|. This will take care of the additional
integrality possibilities allowed in the statement of Theorem 8.3.

Later in the book, we shall see that the cyclotomic units in the cyclotomic
field form an even distribution, which has maximal rank by the class number-
regulator formula, cf. Chapter 3, §3, and Chapter 6, §3.

The direct sum then yields a distribution of maximal attainable rank.
This is one method to show that the universal distribution in Theorem 9.1(ii)
has rank |Z¥|.

§9. Universal Distributions

In this section we give a theorem of Kubert [Ku 1], [Ku 2], constructing a free
basis for the universal distribution on the projective system {(1/N)Z/Z}. In
[Ku 2] Kubert gives a complete treatment of the ordinary universal distribu-
tion on Q¥*/Z* for arbitrary k, as a GL,(Az)-module, where Ay is the ring of
integral finite adeles. Here we limit ourselves to k = 1, and give only the
abelian group structure.
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2. Stickelberger Ideals and Bernoulli Distributions

For simplicity of notation we let

Zy = %Z/Z, and ey = Nlmod Z.

We let
g: Q/Z — some abelian group

be an ordinary distribution, in other words we suppose that for r € Q/Z,
and a positive integer D we have

> gt) = gr).

Dt=r

It is clear that such distributions form a category, and we wish to construct
the universal distribution.

We let Z¥ be the set of primitive elements in Zy, i.e., elements having
period exactly N in Z,.

The prime power case

Let N = p™ be a prime power and write N = MD, a factorization with
M > 1. Let re Z§. If Dt = r then it is immediate that t € Z¥ (N = prime
power is used here). The distribution relation shows that g(r) is an integral
linear combination of the images of the primitive elements g(¢). Hence 0 and
these primitive elements generate the universal distribution, at level N.

We have

> &) =2g0) and > g(t) = g(0).

teZy teZnip

Hence we get one relation among primitive elements,

z g(t) = 0.
tezy
Let
Tx =Z¥ — {ex} and T3 = {0}.
Let

TN=T:UT1*.

Theorem 9.1. (i) The elements g(Ty) generate the abelian group generated
by g(Zy).

(ii) If g is the universal distribution then the elements g(t) with t € Ty are
Jree generators.

(iii) The cardinality of Ty is equal to that of Z¥.

Proof. The first statement is obvious from the preceding remarks. The
cardinality of Ty is clearly equal to that of Z¥. For (ii), we may consider the
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§9. Universal Distributions

free abelian group generated by the elements of Z¥ and {0}, modulo the
single linear relation
> @®=0.

teZn

We can then define g on Z¥ to be the canonical homomorphism in the factor
group, and for r € Z}; with M # N and M|N we can define

glr) = > g(t), with D = N/M.

Dt=r

It is then clear that g defines a mapping on Z, satisfying the distribution
relation.

The proof of (ii) is in some sense natural, but in many ways it is better
to exhibit mappings which are distributions and which have the appropriate
rank to get the lower bound for the rank of the universal distribution. Cf.
the end of §8, where we exhibit natural distributions in the theory of cyclo-
tomic fields which have such rank.

The composite case

To state the theorem concerning the universal distribution in the com-
posite case, we shall write elements of Zy according to their partial fraction
decomposition. Let

N=]]pm

i1

Then

1 Z|Z = @—I;Z/Z
Pyt

=l

and

a_ s a
N Zp;,‘ mod Z
where a, is well defined mod p}+, while a is well defined mod N. We let:

Ty = set of elements a/N as above, such that either g, is prime to p; and
a#1,ora =0.

It is then clear that Ty has cardinality ¢(N).

Theorem 9.2. The preceding theorem holds with this definition of Ty, for com-
posite N.
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2. Stickelberger Ideals and Bernoulli Distributions

Proof. The proof will be a simplification of Kubert’s proof by Katz. Let
Ay be the abelian group generated by g(Zy). A distribution having the lower
bound () for its rank has been exhibited in §8. Since Ty has this cardinality,
it will suffice to prove that g(Ty) generates 4,. We first show that the elements
g(a/N) with a such that g; is prime to p, or a; = 0, generate Ay. We do this by
induction.

Let

b
pi

be an arbitrary element of Z,. Write b; = pla; where a, is 0 or prime to p.
If a; = 0 then we are through by induction, so we can assume that a, is prime
top,and 1< r < n;. Then:

pia, bt) ( r( a; Ci))
£171 Zt) = fac SR il
g( IR gzp?t E\Plpn T 4 o

a J Cy
—_— .|. _— —_—
u%,fg (p’x‘l v tzzp?')

by the distribution relation. Since r < n, it follows that

=4

a;
n ’
D1t

ph +

|~

e

where 4} is prime to p.

Inductively, we may now repeat the same argument with respect to p,,
Ds, - - . . It merely suffices to observe the following. In the first step of the
argument, when we factored out p], thus changing b, to ¢;, if b, is prime to p
then ¢; is prime to p. Thus performing the same argument inductively on the
other primes does not destroy the desired property for those primes which
have already been taken care of. This concludes the first part of the proof.

Secondly, we show that we can recover those elements a/N for which g
may be equal to 1 from the prescribed set Ty. Let

N’ = N/|ph, ye€ % Z/Z.

From the distribution relation, we find:

> g(-—’;— + y) = g(p1y)

1
§ mod pi1 P1

k _
3(1717171 + J’) = g(phr~1y).

k mod p}1~?



§10. The Davenport-Hasse Distribution

Subtracting yields

«

Z g(—!n— + y) = Omod 4y,
jmod p¥; pit
J,p)=1

where Ay. is the group generated by g(Zy-). This yields

n ) (& +)

—gl— +y)| = — + y) mod Ay..

g(p';l y MZ“ g(5m + 7 N
(a,py)=1

Observe that the same quantity y occurs on both sides of this relation. We
may now repeat the procedure inductively on the partial fraction decomposi-
tion of y. If we write

Nnh=y=

-
n,
=2 Pt

and say a, = 1, we get a similar congruence

a _ ( @ as )
—gl= + = - + =+ mod Ay~ ,
g(p?l yl) agl g p?l"l pgz y24 N

(agz,p2)=1
where N” = N/p%. In this way we reduce the proof to the case when N con-
tains fewer prime factors, and then can apply induction with respect to the

number of prime factors to conclude the proof.

§10. The Davenport-Hasse Distribution

In this section we give a relation of Davenport-Hasse [D-H]. Let F, be the
field with ¢ = p™ elements, and let ¢ = 1 mod m. We follow the notation of
Chapter 1, §1. We let p be a prime in Q(u,-,) lying above p, and let P be a
prime in Q(u,-1, u4,) lying above p. We write as usual

aEBmOd*QB

to mean that «f~! = 1 mod mg, where mq is the maximal ideal in the local
ring at . We use similar notation mod* p or mod* p. We let y, { be characters
on F}, and put

() = =S D
Theorem 10.1. (Davenport-Hasse) We have
[ TG = «@mC@, m)

xm=1

where C(y, m) = y(m=) [ | (0.

xm=1
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2. Stickelberger Ideals and Bernoulli Distributions

Proof. Let u,(if) be the quotient of the left-hand side by the right-hand side,
that is

TG
un¥) = TP, m)

We have to show u,(i)) = 1. First note that u,()) lies in Q(y,-;). This is
immediate by looking at the action of o, ,, cf. GS5 of Chapter 1, §1. From
the fact that [S(Y)| = v/qify # 1and |S(Y)| = 1if y = 1, we conclude that
|un(¥)| = 1. Similarly, all conjugates of u,(i/) have absolute value 1. Since
S()S(W) = +gq, we know that only primes dividing p occur in the factoriza-
tion of S(i). We shall prove that

0))] u,(Y) = 1 mod P.

This will imply that u,,(y) is a unit, and therefore a root of unity. If p # 2,
this congruence (1) implies that u, () = 1. If p = 2, we shall give the argu-
ment at the end of the proof.

To prove the congruence, we simplify the expression in Stickelberger’s
theorem. For any integer k we had defined s(k) = s,(k) and y(k) = y,(k) in
Chapter 1, §2. We let r(k) = r (k) be the unique integer such that

0<rtk)<g—1 and k=r(k)modg — 1.
Lemma 1. Let 0 < k < q — 1. Then

k—s(k)

k!'= (—p) ?-1 y(k) mod* p.
Proof. By induction. Suppose first that p { k. Then k, > 1, and

sk)=stk —1D+1, (k) = y(k — Dko.

The assertion is then obvious from the inductive step for £ — 1. Next sup-
pose p|k, so k = pk’. Since

K k
ord, k! = [17] Foeet [p,,_l]

and similarly for k', we see that

ord, k! — ord, k'! = k'
In k! = (K'p)!, the factors not divisible by p give a contribuiion of
(p — 1)!=-1 mod p,

taken k' times. The product of the factors divisible by p yields k'! p, where
t = ord, k'!. The lemma is then immediate.
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§10. The Davenport-Hasse Distribution

Asin Chapter 1, welet ¢ = e2"/?. Welet n = ¢ — 1. Then from
e—14+1)-1=0
we see at’once that

7"l = —pmod*n

From Stickelberger’s theorem and Lemma 1, we conclude that

(V) (0¥ = mod P.

(k)'
This reduces the proof of the congruence relation (1) to the proof of such a
congruence for the expressions on the right-hand side of (2), corresponding
to the way u,(y) is made up from expression t(w~*) for appropriate values
of k. We shall prove two relations for the residue function, namely:

©) 2, Tx ) =rm) + 3 ()
()] H r(x + y)! = r(my)! m~7m™ 1—[ r(x)!
mx=0 mx=0

In these relations, sums and products are taken over elements x mod g — 1
such that mx = 0 mod g — 1. The theorem is immediate from these relations,
taking into account

m™ = o(m)™ mod P,

applied to y such that y = Y.

We prove the two relations (3) and (4). To begin with, we note that the
left-hand side and right-hand side of each relation is unchanged when we
change y in a residue class mod (g — 1)/m. Consequently we may assume that

O<y<

g—-1
m

We choose the obvious representatives

x=vI=1 withv=01,...,m— 1
m

Then
rx)=x, r(x+y)=x+y,  r(my)=my.

This makes (3) obvious, and (4) takes the form:

®) m™ m = (v q—_Tl) ! mod* p.
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2. Stickelberger Ideals and Bernoulli Distributions

The products are takenforv = 0, 1,...,m — 1 and y is taken as above, with
0 < y < (g — 1)/m. Let F(y) be the left-hand side of (5). Then the right-
hand side of (5) is equal to F(0), and consequently, it suffices to prove that

FOo) _ .
F—(y——;—1)= 1 mod D

with 1 < y < (¢ — 1)/m, or equivalently

Iy ++2-)

m

= *
[T(my —v = 1mod*p,
or also
m-1
[ =D _ g poge p.
v=0 my —v

For this it will suffice to prove that each factor in the product is = 1 mod p.
But the power of p entering in my — v is at most p*~1. Dividing numerator
and denominator of each factor by my — v shows that

w:]lnod*p
my—v ’

This proves the theorem except when p = 2, when we know only that u,, (i) =
+ 1. In this case we argue further as in [D-H].
Let / be a prime dividing g — 1. Let

Y =y

be the decomposition of y into a product of a character of /-power order, and
a character of order prime to /. Then

um = v

is the corresponding decomposition for iy™. Let /* be the highest power of /
dividing ¢ — 1, and let {;» be a primitive /“th root of unity. Let

A={w— 1.
Since ¥, = 1 mod 4, it follows that iy = . mod A. Therefore
()= (Y)modA and () = 1 modA.
In particular,

u(Y) = u,(Yy,) mod A and u,(y;) = 1mod 4.
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Appendix. Distributions

Since u,(y) = +1, it follows that u,() = 1, thereby proving the theorem.

Remark. In [Ya], Yamamoto shows that the Gauss sums form the univer-
sal odd distribution modulo 2-torsion.

Appendix

In this chapter we have looked at the distributions which are especially
relevant to the cyclotomic theory discussed in the rest of the book. It is
worthwhile to give here a number of examples of distributions occurring
throughout mathematics, involving various classical objects. We make a list
of a general nature, including those we have already met.

(1) The Bernoulli distribution, which is essentially given by a polynomial.

(2) The Fourier-Bernoulli distribution, giving rise to the Bernoulli distri-
bution, as follows. For real § we have the Fourier expansion

e21l:in0

BU®Y = ~ gyt 2,

n#0

Thus we may even define B, on R/Z, and through this Fourier series, the
function given at level N by

0 — N*~1B,({6))
satisfies the distribution relation.

(3) The holomorphic Bernoulli distribution. Let

e = 35

and restrict z to the unit circle, z = €2, Then {N*~1f,} defines a distribution.
The real part for k even and imaginary part for k odd are mere homomorphic
images of this one, and give rise to the Bernoulli distribution of (2).

(4) The partial zeta functions. Let

2 1
{(s,u) = ;o(n_,_—u)s

be the Hurwitz zeta function, for 0 < u# < 1. For each real number ¢, let {¢}
be the unique number congruent to ¢ mod Z, and such that

0<{r}<1.
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2. Stickelberger Ideals and Bernoulli Distributions

Then for a € Z(M), the function

o3

satisfies the distribution relation, namely

b a
N-s c(s, {_}) - M"C(s, {—})
b=§(M) N M
The sum on the left is taken for b in Z(N) reducing to @ mod M.

(5) The gamma distribution. Define
1
G = — I-‘ .
(2 Voo ()

We view G as defined on Q/Z with the origin deleted, but then with values in
the factor group

G:Q/Z — {0} > C*/Q:

of the multiplicative group of complex numbers, modulo the multiplicative
group of all algebraic numbers. The classical identity

[[-Lr (z + i) = L rauni-»
7= V2n N} V2=
shows that G defines a distribution.

Rohrlich has conjectured that G is then the universal odd distribution,
with values in groups where multiplication by 2 is invertible. This is a con-
jecture in the theory of transcendental numbers. It also leads to the question
(in algebraic independence) whether the distribution relations, the oddness
relations and the functional equations generate an ideal of definition over the
algebraic numbers for all algebraic relations among the values of the gamma
function (1/v27m)I, with rational arguments.

(6) The cyclotomic units, which we have discussed.

(7) The modular units, which may be defined by their g-expansions,
namely

g(@) = —g¥Baevermiaza-vix(l — g ) [T - q"g X1 — g%q.)
n=1

where a = (a;, a;) € Q%/Z2 and a # (0, 0), where

zZ = alt + a2,
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Appendix. Distributions

and where the value g(a) is to be taken in the multiplicative group of the
modular function field modulo roots of unity, cf. [KL 3], following the work
or Ramachandra and Robert. The association

ar—>g(a)

is the universal even ordinary distribution on Q?/Z? — {0}. The ordinary
Bernoulli distribution (with k& = 2) then appears as a homomorphic image of
this one.

In the last three examples, the distribution is not defined at 0. In such cases,
it is useful terminology to refer to the distribution as punctured.

Roughly speaking, I expect that in any classical situation where a distribu-
tion arises naturally, it is universal (odd, even, punctured, as the case may be),
always subject to taking values in groups where 2 is invertible.

(8) The Lobatchevski distribution. I am indebted to Milnor for the

following brief comments which might inspire the reader. Define the
Lobatchevski function

0
X6) = — f log|2 sin | dt.
0
This is essentially the same as the integral
0
—f log|e®®t — 1| dt.
V]

Since the function £+ |e?®t — 1| satisfies the distribution relation, one sees
at once that A(0) satisfies the distribution relation in the sense that on
{(1/N)Z/Z} the family {NA(0)} is a distribution, which is odd.

Let H be hyperbolic 3-space. This is the set of points

(%1, %3, )R x R x R*

80 (x;, x3) is an ordinary point in the plane, and y > 0. We endow H with
the metric

dx? + dx3 + dy?
2 '

Select four distinct points in the plane, and let T be the tetrahedron in H
whose vertices are at these points. Then it can be shown that opposite dihedral
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2. Stickelberger Ideals and Bernoulli Distributions

angles are equal. (The dihedral angles are the angles between the faces of the
tetrahedron.) Let a, f, y be the dihedral angles. Then

a+B+y=m,

and the volume of the tetrahedron is precisely given in terms of the Lobatchev-
ski function by

”fdﬁg———;“*’dy=v°1r=/1(a)+z(ﬁ)+/1(y).

The search for relations among such volumes had led Milnor to consider the
Lobatchevski function and its relations, now known as distribution relations,
and to show that it had the maximum rank (its values being viewed as con-
tained in a vector space over the rationals). Of course, Kubert’s construction
in fact gives free generators over Z.

Finally, let o = Z[{], where { is a primitive cube root of unity. Then

PSL,(0) < PSLy(C) = Aut H, .
where Aut H is the group of automorphisms for the Riemannian structure,
orientation preserving. The tetrahedron is essentially a fundamental domain

for PSL,(0). This point of view leads into the problem of determining all
relations for volumes of fundamental domains in the higher dimensional case.
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Complex Analytic Class Number Formulas

The complex analytic class number formulas date back to the 19th century.
They relate class numbers of cyclotomic fields and units. They arise by
factoring the zeta function of a cyclotomic field in L-series, and looking at the
factorization of the residue.

§1. Gauss Sums on Z/mZ

We have to redo the properties developed in Chapter 1, for the ring with
divisors of zero Z(m) = Z/mZ. The only additional feature arises from the
presence of non-zero elements which are not units. We let m = [] p™® be
the prime power product. We then have product decompositions

Zom) =12 and Z(m* =[] Z(™)*.

From the product, for any character y on Z(m)* and any character 4 on
Z(m) we have a decomposition

x=ﬂx, and A=HA,.
4 4

If xe Z(m) and x is not prime to m, we define y(x) = 0. We let { be a
primitive mth root of unity (chosen to be ¢2™/™ over the complex numbers),
and

Mx) = [~
Observe that Z(m) is self dual under the pairing
(x, y) > L.
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3. Complex Analytic Class Number Formulas

Let d|m. We have a natural surjective homomorphism
Z(m) — Z(d)
and also a surjective homomorphism
Z(m)* — Z(d)*.

If there does not exist d|m and d # m such that y factors through Z(d)*, then
we call y primitive. Again to determine the smallest d such that a given
character factors through Z(d)*, we may look at prime powers.

Suppose m = p" is a prime power, and y is a character on Z(p"). Let p"
be the smallest power of p such that y is trivial on

1 + p"Z(p").
For convenience, let us abbreviate
A = Z(p"),
so 1 + p*A is a group for any positive integer v. The following criterion is
immediate.
¥ is primitive if and only if r = n. -

The power p™ = p™® s called the conductor of y.
In the composite case, we let the conductor be defined by the product

e(x) = cond(y) = [ [ pr.

pim

It is then clear that c(y) is the smallest 4 such that y factors through Z(d)*.
We define

SG) = S, A = ; 2A),

and the sum could be taken only over those x € Z(m)*. It is then obvious that
we have a decomposition

S, A = ]_:[ Sp(xps '11:)

where the sum S, is taken over Z(p™™)*.
If d is an integer prime to m, then, as with Gauss sums over finite fields,
we have

S, Aod) = Y(DSQ, A),
by making the change of variables x > d~1x.
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§1. Gauss Sums on Z/mZ

On the other hand, if d is not prime to m, we have one new significant
feature.

Theorem 1.1. If y is primitive and d is not prime to m, then
S(x, Aod) = 0.

Proof. Using the prime power decomposition, we may assume without loss
of generality that m = p" is a prime power. Abbreviate

A = Z(p").

Also without loss of generality, we may assume d = p” for some integer
r > 1, and r < n. Form a coset decomposition

A* = Ju(1 + pr74).
Then
S Aop) =2 > 2w + )Mpu)

i xep"~TA
= > 2)A(p'u) D x(1 + X).
i x
Since y is assumed primitive, it is non-trivial on 1 + p*~"4, and the sum on
the right is 0, thus proving the theorem.

From here on we have the same formalism as for Gauss sums over finite
fields. For any function f on Z(m) we define its Fourier transform

() = > fOM—xp).

xez(m)

Theorem 1.2. (i) We have T?f = mf~.
(ii) If x is primitive, then

Ty = x(=DSCox~*
(iii) Again if y is primitive, then
S@SQ) = m.

Proof. Part (i) is proved as for the finite field case. For (ii), if y is not
prime to m, then Ty(y) = 0 by Theorem 1.1. If y is prime to m then we can
make the usual change of variables to get the right answer. Part (iii) is then
proved as in the finite field case.
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3. Complex Analytic Class Number Formulas

§2. Primitive L-series

Let y be a character mod m. We consider the Dirichlet L-series for Re(s) > 1:

o= 2% - 5 4035

=1 n? aeZ(m)*
Let { again be a primitive mth root of unity. Then we have

1 fa-mx — {0 if n = amodm

m czim 1 ifn# amodm.

Indeed, if a # n (mod m), then the character x — {©®~™# is non-trivial on
Z(m). Consequently we can write the L-series in the form

L= 3 a0y S S,

acZ(m)

whence also

C—nx.

n8

L) = > sakn) >

Theorem 2.1. Assume that y is a primitive character mod m. Then

1 _ X c-nb
s, x) == S b .
L0 =5 S0 > 0 3 5
Proof. If x is not prime to m then the Gauss sum is 0 by Theorem 1.1.
If b is prime to m, we can make the change of variables which yields the
desired expression.

So far we have worked with Re(s) > 1. We now want to have the value
of the L-series at s = 1. It is not difficult to prove that the L-series has an
analytic continuation for Re(s) > 0. Of course, it is also known (and a little
more involved) how to prove the analytic continuation to the whole complex
plane. For our purposes, to get the value at 1, we can work ad hoc, let s be
real > 1, and take the limit as s approaches 1. Then we don’t need anything
else here.

We recall a lemma about series.

Lemma. Let {a,} be a decreasing sequence of positive numbers, whose limit
is 0 as n— oo. Let {b,} be a sequence of complex numbers, and assume that
there is a number C > 0 such that for all n,
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§2. Primitive L-series

i.e., the partial sums of the series {b,} are bounded. Then the series > a,b,
converges, and in fact

< Ca;.

n
2, abs
k=1

The proof is immediate using summation by parts.

We apply the lemma to the series with b, = {~" and a, = 1/r° with s
real >0. The partial sums of the b, are clearly bounded (they are periodic).
Let

Zo =c-b¢ l.

For |z| < 1 we have
—log(1 — 2) = Z %

As z — zy, —log(l — z) approaches —log(l — z,). On the other hand, let
z=rz, withO<r<l.

Then the series Y z"/n converges to > z§/n as z tends to z, along the ray
(that is, r tends to 1). This is again obvious by estimating the tail end of the
series using the lemma. Consequently, we find:

Theorem 2.2. If y is a primitive character, then

1,9 =2 5 56)log(l ~ ()

beZ(m)*

The picture of the roots of unity looks like in the figure.

1-0 = ll - cblew’
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3. Complex Analytic Class Number Formulas

then the picture shows that
1 —(2=|1— ("""

The branch of the logarithm is determined so that

n n
—§<0<§-

Observe that we do not change the sum
2. 7(®) log(1 — %
if we replace b with —b. We shall distinguish two cases.
We say that x is even if y(—1) = 1, and that y is odd if y(—1) = —1.

We assume m > 2, and m = m(y) is the conductor of .

Case 1. y is even.

In this case, adding the sum with b and —b yields

23 7B log(l — (7% = > 7(®)log(1 — {?) + log(l — {~?)].

With y even, we obtain the formula

L, =-22 5 @108 - ¢l

beZ(m)*

Case 2. yx is odd.
In this case, we let
{=¢e*™m and b=1,...,.m— 1.

Then

7 nb)

log(1 — {~%) = log|l — {7 + i(§ -=

tog(t - ) = Toglt - ¢ - i(§ - 2).

Thus with y odd, we obtain the formula

11,0 = 05 502 - 3) - Bl b

m
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§3. Decomposition of L-series

Remark. Let m be an integer >1 and let ¥ be a non-trivial character on
Z(m)*. Then either the conductor of y is odd, or it is even, in which case it is
divisible by 4. Hence for a primitive character, we cannot have m = 2.

This is in line with a field theoretic property. Consider the field

K = Q(un).

Let m be the smallest positive integer for which we can write K in this fashion.
Then either m is odd or m is divisible by 4. If m is odd, then the group of
roots of unity pug in K consists of + u,,. If m is even, then ux = p,.

§3. Decomposition of L-series

For the applications we have in mind, we have to deal with two types of
fields: The cyclotomic field Q(u,,) for some integer m > 2, and its maximal
real subfield, over which it is of degree 2. We shall use a language which
applies to the more general situation of an arbitrary abelian extension of the
rationals (known to be contained in a cyclotomic field), but the reader may
limit his attention to the two cases mentioned above. Certain proofs can be
given ad hoc in these cases, while it is easiest to use general class field theory
to deal with the general situation. I hope that the extent to which I recall
certain proofs here will make the material readable to any reader not
acquainted with class field theory.

Let K therefore be an abelian extension of Q, and let K* be its real
subfield. We let m be the smallest positive integer such that K < Q(u,,) (we
call m the conductor of K). We assume K # Q, and as said above, you may
assume K = Q(u,,) or K = Q(u,)*. We have a surjective homomorphism

Z(m)* — Gal(K/Q) = Gxiq

Any character y of Gy q gives rise to a character on Z(m)*, also denoted by y.
We let m(y) be its conductor. We may view y as factored through Z(m(x))*,
in which case we speak of y as the corresponding primitive character. If we
need to make a distinction between y as character on Z(m)* or the corre-
sponding primitive character on Z(m(x))*, then we denote this primitive
character by yx,. The context should always make clear which is meant.

Let

66 =T1(1 - g)

be the zeta function associated with K. It is a fact that there is a decom-
position

L(s) = I:I L(s, 3),
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3. Complex Analytic Class Number Formulas

where the product is taken over all the primitive characters induced by
the characters of Gg,q. We reproduce the proof in the case K = Q(u,,). In the
last section we dealt with the L-series in its additive form. Here we use the
multiplicative form

oo =TT(1-2)°

where the product is taken over all primes p not dividing m(y). All these series
and products converge absolutely for Re(s) > 1, and what is to be proved
amounts to formal identities, localized at each prime p. Specifically, the
decomposition is equivalent to proving for each prime number p:

H0-)-1(-2)

It is therefore convenient to let £ = p~5. As usual, let

(®) = (p1---p)°, Np=p

be the decomposition of p in prime ideals in K. Then

efr = [K:Ql.

The identity to be shown is then equivalent to
a-vy=[1a-xom.
X

Suppose first that ptm. Then e = 1. The prime p generates a cyclic subgroup
of order fin Z(m)*,

Z(m)* > {p} > {1}.

The value of a character y viewed as character on Z(m)* or as primitive
character are the same on p. There are f distinct characters on the cyclic
group {p}, corresponding to the fth roots of unity, each such character
assigning one of these roots of unity to p. Each one of these characters then
extends in r possible ways to Z(m)*. Since trivially we have the factorization

1-v=[]a-¢,

=1

we have proved our identity in the case ptm. The argument is, by the way,
entirely similar if K # Q(u,,).
Suppose secondly that p|m. Write m = p¥m’ with (p, m") = 1. If p|m(x)
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§3. Decomposition of L-series

then by definition y(p) = 0. If ptm(y) then y factors through Z(m')*. We are
therefore reduced to proving the identity

A-vy=110a-xp

where the product is taken over those y whose conductor m(y) is not divisible
by p, and hence such that y factors through Z(m")*. The arguments are then
identical with the preceding arguments, replacing m by m’. This concludes
the proof. (Cf. [L 1], Chapter XII, §1.)

As usual, we let ry, r, be the number of real and complex conjugate
embeddings of K.

If Kis real thenr, = [K:Q], r; = 0.

If K is not real, then r, = 0 and r, = 3[K: Q].

We let
=[K:Q] =N,

We assume known the analytic continuation of the zeta function and
L-series at 1 (cf. [L 1], Chapter VII, [L 2], Chapter XIV). By comparing
residues, we have the class number formula:

2(2my'shR
CNF. (;‘2,2 = HL(I 2

As usual:

w = wg = number of roots of unity in K.

h = hx = class number of K.

R = Ry = regulator of K.

d = dy = absolute value of the discriminant.

If K is real, so r, = 0, then w = 2 and the formula reads:
L1,

Leopoldt’s p-adic analogue will be given in the next chapter. If X is not real,
then we let A*, R* denote the class number and regulator of its real subfield
and N+ is the degree of the real subfield,

t=N2=r,
We shall also need another fact whose proof is somewhat more delicate.
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3. Complex Analytic Class Number Formulas

Theorem 3.1. We have product expressions:

0 [Im@) =4
X#1
B drr? if K is real
(i) ;:‘[IS(X) = {ifsdm if K is not real.

Proof. It is possible to give essentially algebraic proofs for these facts
(although the sign of the Gauss sums is always a little delicate, involving
something about the complex numbers). The best way to see the theorem,
however, is probably as in Hasse [Ha 1], using the functional equations of the
zeta function and L-series. Indeed, under the change s — 1 — s, the functions

d*'2(n=*"2I (s/2))"{x(s) if K is real
1+
2

ds’z(n‘s""l'(s/2))"’2(n"’21"( ))NIZCK(S) if K imaginary

are invariant. On the other hand, under the transformation
st—>1—5s and x4,
the following functions (for non-trivial ¥)
m(x)*%(n =2 (s/2))L(s, x) if y is even

m(x)s’z(n'“""l‘(l ; s))L(s, x) if xis odd

take on the factor

V(= Dm@)
SG

Dividing the functional equation of the zeta function by the functional
equation of the L-series, one sees that under s+—1 — s,

(ﬂg{))m takes on the factor %;ﬁ-(l)-

The theorem then follows at once.
If we combine the residue formula, Theorem 3.1, and the expressions for

the values L(1, y) for primitive characters y found in the last section, we then
get the following factorizations for the product AR in the two cases.

K real.
21hR=T] > —x®)log|l = Ly

2#1 bmod m(x)
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§3. Decomposition of L-series

Warning: In thiscase, N = N*, h = h*, R = R* and characters are even.

K imaginary.
2NI2 hR
—— = —x®) log|l — Cpl- [ | =By
xodd

even b mod m(y)
xx i b4

In the real case, we observe that all characters are even. Also the number of
roots of unity in K when K is real is equal to 2. Otherwise, the formulas are
just obtained by plugging in.

It will be convenient to reformulate them slightly, to make the connection
between imaginary K and the maximal real subfield clearer. We let:

E = Ex = group of units in K
E* = E;+ = group of units in K*
ux = group of roots of unity in K
Cg = group of ideal classes in K.

Lemma. We have the index

2(N 2)-1 R +
. Y = —_— .
(E . ”KE ) R
Proof. This is obvious by computing the regulator of the units in K* with
respect to K, where local factors of 2 occur in each row of the determinant
expressing the regulator, whereas a local factor of 1 occurs in the corre-
sponding determinant giving the regulator of the units in K*.

Following Hasse, we give a symbol for the index in the lemma, calling it
the unit index:

Qx = Q = (E: ugE").

Reading the class number formula in the real case applied to K+, we find:

Theorem 3.2. For imaginary K,

h=h*Qw2 V2] ] —B,,

zo0dd
In the next section, we shall analyze more closely the decomposition
h=h*h",
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3. Complex Analytic Class Number Formulas

where h- is defined as h/h*, and we shall see that A~ is an integer. In any
case, we have the class number formula:

CNF-. h= = 0w ][] —1B.,

xodd

In the next section, we shall prove that Q = 1 if K = Q(u,,) and m is a
prime power. In addition, A~ will be interpreted as the order of the (—1)-
eigenspace of the ideal class group. From Theorem 1.1 of Chapter 2, we find:

Theorem 3.3. If m is a prime power, K = Q(u,), G = Gal(K/Q), and & is
the Stickelberger ideal, then

h- = (Z[G]": &).

Let p be a prime number. If 4 is an abelian group, we denote by A® its
p-primary part. As Iwasawa observed [Iw 7], knowing the index immediately
shows that:

The group Cx® is generated by one element over Z[G) if and only if there
is a Z[G)-isomorphism

Ci® & (ZIGT |9,

Indeed, we know that the Stickelberger ideal annihilates the ideal classes,
so the isomorphism is obvious if there exists one generating element by
Theorem 1.1 of Chapter 2.

Let m = p itself. Iwasawa [Iw 7] and Leopoldt [Le 5], [Le 10] have shown
that if the Vandiver conjecture A* prime to p is true, then the cyclicity follows
for the p-primary part of C~. (See Chapter 6, §4.) Proving the Vandiver
conjecture, or the Iwasawa-Leopoldt conjecture that Cz® is cyclic over the
group ring is therefore one of the major problems of algebraic number theory
today.

In the Iwasawa-Leopoldt conjecture it is necessary in general to restrict
the conjecture to the p-primary component. For example, let F be an imaginary
quadratic field Q(V' —p), and suppose p is such that F is contained in the
cyclotomic field Q(u,) = K. Then K over F is totally ramified above p, and
the Hilbert class field of F lifts to an unramified extension of K of the same
degree, so the ideal class group C is a factor group of the ideal class group
Cg, and Cr = Cy~. It is known that there exist such fields, e.g., Q(V — 3299),
for which Cp contains a group of type (3, 3), see Scholz-Taussky [S-T].
Furthermore, 3 does not divide p — 1, with p = 3299. Consequently all the
non-trivial eigenspaces for characters of Z(p)* of the local ring group Z;[G]
are cyclic over Z;. This shows that there cannot be an isomorphism

Cx~ = Z[G]" /4,
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§4. The (= 1)-eigenspaces

and thus in general, the Iwasawa—Leopoldt conjecture has to be restricted to
the p-primary component.
For h* we also get a formula, and it is convenient to introduce the group

G = Z(m)*/ 1,
and for each even character y the group
G, = Zm(Y)*/ £ 1.

Then there are exactly N/2 even characters and (N/2) — 1 non-trivial even
characters. Therefore we obtain the other class number formula:

1
CNF*. w ==l 2 —a®logll - thol-

x#1 ber

The product over y # 1 is taken over the non-trivial characters of G,, or
equivalently the non-trivial even characters of Z(m)*. This product will be
interpreted as a determinant of certain units in §5, and it will follow that A*
is equal to the index of a certain subgroup of the units in the group of all
units.

§4. The (+ 1)-eigenspaces

In this section we analyze in greater detail the factors A* and A~ of the
class number, and the corresponding unit index. We assume that m is odd
or m = 0 mod 4.

Theorem 4.1. Let K = Q(u,). Then Qx = 1 if m is a prime power, and 2
if m is not a prime power.

Proof. Let E = Ex be the unit group in K. For each unit u in E, the
quotient #/u is a unit, of absolute value 1, and for any automorphism ¢ of
K over Q, we have

o(fiju) = oufou

because ¢ commutes with complex conjugation (abelian Galois group).
Hence all conjugates of i7/u have absolute value 1. Hence #fu is a root of
unity. Let

@ E—>p=pg
be the homomorphism ¢(#) = #/u. Then
< o(E) < p,
81



3. Complex Analytic Class Number Formulas

because if u is a root of unity, then ¢(u) = u~2 so the image of ¢ contains
the squares. Hence the index of ¢(E) in u is 1 or 2 because p is cyclic. Further-
more, we see at once:

Qx =2ifand only if @ is :mrjective, ie., o(E) = pu.

Assume that m is composite. Let { be a generator of u if m is even, and a
generator of the odd part of u if m is odd. Then 1 — { is a unit (elementary
fact, and easy exercise), and @(1 — {) = —{~*, so ¢(E) = p, in other words
@ is surjective. On the other hand, (E*u) = p?2, so the index is 2 in this case.

Suppose next that m is a prime power, m = p™. We contend that p(E) # u.
It will follow that @(E) = u?, and since the kernel of ¢ is E* the theorem also
follows in this case. Suppose @(E) = u. Let { be a primitive mth root of
unity, and let u be a unit such that

ffu = —(~1.
Let
1-— Z;.

u

o =

Then o/& = 1 so « = & and « is real. But 1 — { is a prime element above p
in K and so « is also a prime element, which cannot lie in the real subfield.
This proves the theorem.

Theorem 4.2. Let K = Q(u,,). The natural map
Cg+ —> Cg

of ideal classes in K+ into the ideal class group of K is injective.

Proof. Let a be an ideal of K* and suppose a = («) with « in K. Then
&/a is a unit, and in fact a root of unity as one sees by an argument similar
to that in Theorem 4.1. Suppose that m is composite. By Theorem 4.1, we
know that Qx = 2 and ¢ is surjective, so there exists a unit u such that

ufit = afa.

Then au is real, and generates the same ideal as a, thus proving the theorem
in this case.

Suppose that m = p" is a prime power. Let { be a primitive mth root of
unity, and let = 1 — {, so 1 is a prime element above p in K. We can write
& = oz with some root of unity, and A/A = —( is a generator of u. Hence

z = (AR

for some positive integer k. Then aA¥ is real. Since the ideal generated by «
comes from K*, and since p is totally ramified in K, it follows that k is even.
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§4. The (+ 1)-eigenspaces

Hence z is a square in u, and therefore in the image of ¢, say z = u/# for
some unit ». Then ou is real, and generates the same ideal as «, thus proving
that a is principal, and also proving the theorem.

Theorems 4.1 and 4.2 are classical, see for instance Hasse [Ha 1], Chapter 3,
for more general results. The elegant proofs given here are due to Iwasawa.

Theorem 4.3. Let K be an imaginary abelian extension of Q. Then the norm
map

Ngjg+: Cg —> Cy+

on the ideal class group is surjective.

Proof. We have to use class field theory, which gives the more general
statement :

Lemma. Let K be an abelian extension of a number field F. Let H be the
Hilbert class field of F (maximal abelian unramified extension of F). If
KN H = F then the norm map Ng,z: Cx — Cy is surjective.

Proof. For any ideal class ¢ in K, the properties of the Artin symbol show
that

(¢, KH[K) restricted to H = (Ng,zc, H/F).

We have natural isomorphisms of Galois groups:
KH
\ > H

KNnH=F

Gal(KH/K) ~ Gal(H/F) K

Hence the group (Ng,»Cx, H[F) is the whole Galois group Gal(H/F), whence
Ny,;»Cx = Cp since the Artin symbol gives an isomorphism of the ideal class
group with the Galois group. This proves the lemma.

The theorem follows at once, because K over K* is ramified at the
archimedean primes, and hence cannot intersect the Hilbert class field of F
except in F.

Let © denote complex conjugation. Let

Ci = (—1)-eigenspace of Cy
= {c € Cg such that ¢*** = 1}.
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3. Complex Analytic Class Number Formulas

Theorem 4.4. Let K = Q(u,,). Then the sequence

1> Cg — Cg == Cyx+—1

is exact.

Proof. We consider the norm map followed by the injection,

norm inj
CK > CK*‘ N CK.

The kernel of this composite map is Cx by definition, so the theorem is
obvious by what had already been proved.

Corollary. The quotient h/h* is an integer, which is the order of the group
Ck.

Remark. The integer A~ is called the first factor, and &+ is called the second
factor of the class number, in older literature. This is poor terminology since
the ordering seems arbitrary, and for several years this has been replaced by
the plus and minus terminology.

§5. Cyclotomic Units

Let m again be the conductor of the cyclotomic field Q(u,), so either m is
odd >1 or m is divisible by 4. Let { be a prinitive mth root of unity. For b
prime to m we let

gb=(C__ll°

Then g, is a unit called a cyclotomic unit. It is easy to see that g, is equal to a
real unit times a root of unity. Indeed, without loss of generality we may
assume that b is odd, since {® depends only on the residue class of b mod m.
Then

b—1

(g, for V=5

is real (i.e., fixed under o_,), as one sees immediately from the definitions.
We let g7 be this real unit, uniquely determined up to sign, and call it the
real cyclotomic unit.

We let & be the group of units in Q(u,,) generated by the roots of unity
and the cyclotomic units. We let & * be the group of units in Q(u,)* generated
by +1 and the real cyclotomic units. Then

E|€ =~ E*|&*.
Observe that g, and g_, differ by a root of unity.
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§5. Cyclotomic Units

As before, let N = [Q(u,) : Q] and let

N

== -1

Then r is the rank of E, and also the rank of E*. If ,, .. ., & is a basis for
E* (mod roots of unity), then the regulator R* is the absolute value of the
determinant

R(E) = R* = i—de’t log|o,¢

where j = 1,...,r and a € Z(m)*/+ 1 and a # + 1 (mod m). It is convenient
to let

G = Z(m)*/ £1

so we may view ae G, a # 1 in G.
On the other hand, we may form the cyclotomic regulator

R(€) = Ryy. = + det log|o,gs|
a,b#1

again with a, b€ G, and of course it does not matter if we write g, or g;
since the absolute value of a root of unity is 1.

For composite levels m the cyclotomic units are not necessarily inde-
pendent, and so we now turn to prime power level,

m = p".

We shall prove in this case that the cyclotomic units are independent.
Interpreting the regulator as the volume of a fundamental domain for the
lattice generated by the log vectors of units in R, we see that

(E: &) = (E* : ") = Royo/R".

Remark. For composite m, as with the index of the Stickelberger ideal,
it is necessary to consider the group generated by cyclotomic units of all
intermediate levels to get a group of units of the right rank.

Theorem 5.1. Let K = Q(u,,) and h = hg. Assume m = p™ is a prime power.
Then

bt = (E*:6%) = (E: &).
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3. Complex Analytic Class Number Formulas

Proof. Let G be any finite abelian group. Then we have the Frobenius
determinant formula for any function f on G:

[12 ray@?) = det [fiab™) - fla)]

x#1 aeG

The proof will be recalled later for the convenience of the reader. It is already
clear that up to minor changes, this formula yields the theorem, taking into
account the expression for A* obtained at the end of §3. We now make these
changes explicit.

Lemma 1. We have for G = Z(m)*/+1:

t det loglowgs| =] [ > x(®)log|1 — ¢’

1 #1 beG

=112 x®) loglg.

x#1 beG@

Proof. The first expression comes from the Frobenius determinant formula
(Theorem 6.2), and the second comes from the fact that for non-trivial y,

2. x®) log|1 - | = 0.
Lemma 2. Let G, = Z(m(x))*/ + 1. For prime power m = p", we have
2, 1B)log|l — Lhepl = 2 x(8) log|1 — Lhl.
beGy beG
Proof. Let m(y) = p*. We write residue classes in Z(p™)* in the form
y=>b+ p’c, with0 < ¢ < p"~5,

and b ranges over a fixed set of representatives for residue classes of Z(p®)*.
Instead of the sums over G, and G respectively, it is easier now to work with
sums over Z(p°)* and Z(p™)* respectively, and then divide by 2. The desired
relation is then immediate from the identity

[] *x-=ar)=x~—- ¥~

im=1

because we get

> ) logll — Grl = > (B loglt — Ll

¥ mod pn mod
This proves the lemma.

Theorem 5.1 is then immediate from the lemmas, and the class number
formula for ~A* obtained from the L-series.
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§5. Cyclotomic Units

It is generally believed that the coincidence of group orders in Theorem 5.1
does not correspond to an isomorphism of the groups involved. Iwasawa has
a counterexample at least that C* is not isomorphic to E/¢& as Galois module.
Mazur has pointed out that the analogous statement for the case of elliptic
curves with complex multiplication is definitely false.

We conclude this section by mentioning the most classical case of the
quadratic subfield. For our purposes we are interested in the case of the real
quadratic subfield. Thus for the end of this section, we let

m = p with p prime # 2, 3

and such that K = Q(u,,) contains a real subfield F = Q(v/D) with D > 0,
so D = p, and D is the discriminant. Let ¢ > 1 be a fundamental unit of F,
and Az the class number. From

{e(s) = Lo()L(s, 1)

where y has order 2, we get

2hp log e
e o gy JO
vD (LD

D-1
=50 5 @ loglt - 1.

It is a simple matter of the theory of quadratic fields that the conductor m(y)
is exactly D (assumed > 0). The explicit value S(x) can be determined in any
number of ways (via functional equation, via Dirichlet’s method as in my
Algebraic Number Theory, Chapter IV, §3, etc.), and we have S(y) = V' D.
Thus we find:

Theorem 5.2. For a real quadratic field F = Q(V D) as above,

2heloge = — > j(a)log|l — {7

amod D

We have the tower of fields:
K

K+
Z(D)*/ +1
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3. Complex Analytic Class Number Formulas

Let & be the group of cyclotomic units in K* and let 65 be + its norm group
into F, so

& = 1 Ng+56.

Then & (mod 1) is infinite cyclic.

Theorem 5.3. hp = (Ep . gp).
Proof. Let
a=J]A-¢) and = [] a-2¢o,
x(a)=1 x(a)= -1

where { is a fixed primitive Dth root of unity. Note that the character y is
even, so a and —a occur simultaneously in each product. Therefore the norm
from K* to F of any real cyclotomic unit

bl_cc
¢ T=¢

is a unit in F, and the group generated by these norms (mod + 1) is infinite
cyclic, generated by a unit > O such that

+n% = ofa.
From Theorem 5.2 we conclude that
hglog e = logn.

Thus n = &*, and since  (mod + 1) generates the norms of cyclotomic units
in K*, this proves the index relation of Theorem 5.3.

This index relation is analogous to that of Theorem 5.1 for the full cyclo-
tomic field. Since K™ is totally ramified over F (at the prime p) it follows from
class field theory that

he divides hg.
(Proof: Let Hy be the Hilbert class field of F. Then H " K* = F, so
[HeK* : K*] = [Hp : F] = h;.

Since HzK*/K* is unramified, it follows by class field theory that A; divides
hi)

We shall see later that the Vandiver conjecture asserts that Az is prime to
p- It would then follow that 4z is prime to p also. For tables of some A, see
Borevich-Shafarevich, Number Theory, Academic Press, p. 424. It has been
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§6. The Dedekind Determinant

observed for a long time that Az has very small values, and grows very
slowly. It is unknown if there are infinitely many real quadratic fields of class
number 1.

§6. The Dedekind Determinant

Let G be a finite abelian group and G = {y} its character group. We have the
Dedekind determinant relation:

Theorem 6.1. Let f be any (complex valued) function on G. Then

[12 x@(a?) = det f(a).

X€G aeG

Proof. Let F be the space of functions on G. It is a finite dimensional vector
space whose dimension is the order of G. It has two natural bases. First, the
characters {x}, and second the functions {6,}, b € G, where

x)=1 if x=5>
0(x) =0 if x# b.

For each a € G let T, f be the function such that T, f(x) = f(ax). Then
(Tax)®) = x(ab) = x(a)x(b),
so that
Tox = (@2

So y is an eigenvector of T,. Let

T= > flaT..

a€G

Then T is a linear mép on F, and for each character y, we have
Ty = [ 2, x@f@)|x.
[ 1=le]

Therefore y is an eigenvector of 7, and consequently the determinant of T is
equal to the product over all y occurring on the left-hand side of the equality
in Theorem 6.1.

On the other hand, we look at the effect of T on the other basis. We have

To65(x) = 6y(ax),
so that T,d, is the characteristic function of a~b, and
Taéb = 64'11,.
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3. Complex Analytic Class Number Formulas

Consequently

15, = Z Sfla=1d,-1,

aeG

= > fla~b)s,.

aeq

From this we find an expression for the determinant of T which is precisely
the right-hand side in Theorem 4.1. This proves our theorem.

Theorem 6.2. The determinant in Theorem 4.1 splits into
-1y — -1y _
det flab™) = [ 2 (@) det, [flab™) — fl@)]
Therefore

[ x@fa = det [flab™) - f@l

xX#1 aeG

Proof. Let a, = 1,.. ., a, be the elements of G. In the determinant

flawar®) flaas?)- - -flaa?)
det f(aja;?) = : : :
flamai) flawaz?)- - -flanaz®)

add the last n — 1 rows to the first. Then all elements of the new first row are
equal to > f(a~*) = > f(a). Factoring this out yields

1 1 o1
L; f(a)] S (dz‘:f D fi (azafl). .. f(aza,,':l) |

Sflanar®)  flanaz?)- - - flanan™)

Recall that g, is chosen to be 1. Subtract the first column from each one of the
other columns. You get the first statement.

On the other hand, the function f can be selected so that the elements
{f(a)}, a € G, are algebraically independent over Q, and therefore the factori-
zation given in this first statement for the determinant is applicable in the
polynomial ring generated over Z by the variables f(a). Combining the first
statement with Theorem 6.1 yields the second relation where the product is
taken only over y # 1.

Serre has pointed out to me that the determinant relation is due to Dede-
kind, February 1896, who communicated it to Frobenius in March. Cf.
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§7. Bounds for Class Numbers

T. Hawkins, “New light on Frobenius...”, Archive for History of Exact
Sciences 12 (1974), p. 223.

§7. Bounds for Class Numbers

In this book we have not emphasized questions having to do with the size
of the class number. We shall here make some brief remarks concerning
various possibilities to obtain bounds. We let A,, = class number of Q(u,,),
and p is prime >3.

To begin we derive the expression of the class number 4, as a determinant
following Carlitz-Olson [Ca—-O]. We start with the expression

hy =2p [ ] ~1By,

xodd

=21~ 3 w5

because the characters are non-trivial, and the term with 4 drops out. We try
to rewrite this as a Dedekind determinant over the group

G =Z(p* 1.

O

p p

Let w be the Teichmuller character such that w(a) = a mod p. We write odd
characters as products

We have

X =y

where ¢ is even. Then we find

=T gl (550

and this makes sense because the function

0 =o0((5) - <))

on Z(p)* is actually well defined mod + 1, so is defined on G. This expression
is now in the form where we can apply the Dedekind determinant, thus getting

b = pmalon((5) - ()]
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3. Complex Analytic Class Number Formulas

The size of the determinant is

p—1
2

Let { be a primitive (p — 1)-root of unity. Representatives for elements of G
are given by the powers {! with 1 < i < (p — 1)/2. The determinant may then
be taken over indices

i,j=l,...,pT_l WItha=Ci,b=C’,

and w(ab) = {**7. In the expansion of the determinant, every term contains a
factor arising from these {**/, whose product is obviously 1. Consequently
the determinant is the same as the determinant obtained by omitting these
{**7 from each term.

Let R(a) be the smallest positive integer in the residue class of a mod p.
Then R(a) is an integer < p — 1, and

G-

We use the notation R({**’) and R(—{**’) to denote similarly the smallest
positive integers in the residue class of {**/ and —{**7 respectively. Then we
have proved the following theorem.

Theorem 7.1. + D, = (2p)*~¥2h;
where
D, = det[R({**!) — R(—{*)).

Observe that each entry in the determinant D, is an integer of absolute
value < p — 1.

The absolute value of the determinant is the volume of the fundamental
domain of its row vectors, say. This volume is bounded by the product of the
Euclidean lengths of these vectors (Hadamard inequality). Carlitz [Ca]
observed that this gives the bound

hy < 2-GrP-TiY(p — [)@+3NL,

As Carlitz—-Olson relate it, the history of the determinant in Theorem 7.1
is amusing. The determinant

det R(ab~Y), a,b = 1,...,-’3—3—1

was known classically as the Maillet determinant, conjectured to be #0 by
Maillet. Malo computed it for p < 13, and found it equal to the appropriate
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power of p. He conjectured that it was always so equal, but Carlitz—Olson
computed a bit further, and found extra factors. They derived that the
Maillet determinant is equal to the determinant of Theorem 7.1 (up to the
obvious power of 2), and then also to the class number times that power of
p by using the expression of the class number as a product of generalized
Bernoulli numbers (not called that at the time). Thus Malo had missed out
the class number factor.

In this book we have entirely left out questions having to do with the size
of the class number (as distinguished from certain congruence properties).
We refer the reader to recent papers for these, notably the following which
contain more extensive bibliographies than we give here. We let h,, = class
number of Q(u,,), and p is prime.

On the one hand, Carlitz and Carlitz-Olson [Ca], [Ca-O] write A, in
the form + D/p®~3/2 where D is a certain determinant of dimension (p — 1)/2
whose entries are integers between 1 and p — 1. Carlitz pointed out that
Hadamard’s inequality immediately gives

hy < p®+®eQ-@-Die,
Masley-Montgomery [M—M] also prove the inequalities
(zﬂ)-PIZP(ﬂ-25)I4 < hp- < (zﬂ)-ﬂIZP(p+31)li’

for primes p > 200. Thus the Carlitz bound is reasonably sharp. For applica-
tions of this see Ribet [Ri].

For primes p, it has been proved by Uchida [Uch] that 4, = 1 if and only
if p < 19. More generally, Masley and Montgomery [M-M] subsequently
proved that h, = 1 for precisely 29 distinct values of m (always assumed
#2 mod 4), the largest of which is m = 84. Masley [Mas 2] shows that 4,, = 2
if and only if m = 39, 56. For Euclidean cyclotomic fields, see also [Mas 1].
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The p-adic L-function

In this chapter we return to p-adic integration theory, and give Mazur’s
formulation of the p-adic L-function as Mellin transform. It turns out to be
more convenient as a basic definition, than Iwasawa’s previous formulation
in terms of power series. The connection is made via Example 2 of §l. We
derive further analytic properties, which allow us to make explicit its value
at s = 1, thereby obtaining Leopoldt’s formula in the p-adic case, analogous
to that of the complex case. We also give Leopoldt’s version of the p-adic
class number formula and regulator.

The basic arguments are due to Leopoldt [Le 11]. However, we shall
follow in §1 and §2 a course of Katz, which developed systematically opera-
tions on measures and their corresponding formulation on power series in the
Iwasawa algebra. In this manner, constructions which appear slightly tricky
in Leopoldt’s paper here become completely natural, and even forced from
these measure theoretic operations.

The Leopoldt transform then appears as an extension of an integral
transform to a somewhat wider class of power series than those with p-adic
integral coefficients. No use will be made of this, since only integral valued
measures occur in the analysis of the p-adic L-function, but we include
Leopoldt’s results for completeness, for convenience of reference if the need
ever arises for them.

The p-adic L-function in the case of elliptic curves is discussed in Robert
[Ro], and especially Coates—Wiles [C-W 2], [C-W 3]. See also Lichtenbaum
[Li 3], and Katz [Ka] for general comments concerning its connection with
formal groups. For the case of totally real fields, Shintani’s evaluation of the
zeta function [Sh] presumably allows a development of the L-function similar
to that of the cyclotomic case.

This chapter is used only in Chapter 7, and it can therefore be omitted
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§1. Measures and Power Series

without loss of the logical connections. On the other hand, if one leaves out
the section on the p-adic regulator, then the chapter appears as a natural
continuation of Chapter 2, and is essentially measure theoretic, independent
of Chapter 3.

Throughout, we need the fact that if o is the ring of integers in a p-adic
field, then there is a natural isomorphism

lim o[X}/((1 + X)*" — 1) = o[X]).
<

The limit is the projective limit, and is called the Iwasawa algebra. This is a
basic fact of algebra. In the next chapter, we need further facts about this
algebra and modules over it. For the convenience of the reader, all these
facts and their proofs will be placed in the next chapter.

§1. Measures and Power Series

Let C, be the completion of the algebraic closure of Q,, and let 0 = o,
be the ring of p-integers in C,. By a measure u we shall mean an o-valued
distribution on Z,. This means that for each integer n > 0 we have a function

Hn: Z(p") —> 0

such that the family {u,} is a distribution on the projective system Z(p").

Let Cont(Z,, o) or C(Z,, o) be the space of continuous functions on Z,
into o, with sup norm. As usual, there is a bijection between measures and
bounded functionals

A: Cont(Z,, o) — o.
[A Z,-linear map A is called bounded if there exists C > 0 such that
|[A(@)] < C|l¢| for all ¢ € Cont(Z,, o).

The inf of such C is called the norm of A, and denoted by ||4||. The bounded
functionals form a p-adic space.] Indeed, it is clear that any measure u gives
rise to a functional

du: ¢ l—>f @ du.

On the other hand, suppose 4 is a bounded functional. If x € Z(p"), let ¢,
be the characteristic function of the set of elements y € Z, such that

y = xmod p".
Define
Ha(%) = Apx)-
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4. The p-adic L-function

It is then clear that {u,} defines a measure. Since any continuous function
on Z, can be uniformly approximated by step functions, it follows easily
that the correspondence

p>du

is a bijection from o-valued measures on Z, to bounded functionals.
Furthermore, define the norm

lul = sup (),
NyX

taken for x € Z(p™) and all n. Then the map u+> du is easily verified to be
norm preserving.
The Iwasawa algebra is obtained as the projective limit

Ao = lim o[ X}/((1 + X)*™ — 1) = o[[X]],
and
o[ X)((1 + X)" — 1) = o[TY(T?" — 1)
where T =1 + X. Let y, = Tmod (T*" — 1), so y7" = 1. Let as usual

(I';) _rr— 1)---151!' —k+1

The function u, on Z(p™) can be viewed as an element of the group algebra
o[y,], namely

’:Z—:: ua(rYvh = prz-: Balr) :;Z-: (;) > &
=3 (3 wo(())

where the right-hand side is read mod (1 + X)*" — 1. Thus

pﬂ -1 ”l -1
D = D canX® = PyX),
r=0 k=0
where the coefficients ¢, ; are given by
pt=1 r
Cae = 'Zo ﬂn(’)(k)’

The canonical homomorphism Z(p"*?') — Z(p") maps
Pn+1(X) '_>Pn(X)’
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and we let

P(X) = lim P,(X)

be the projective limit of these elements in the Iwasawa algebra. We call
P(X) the power series associated to u, and also denote it by (Pu)(X) or
Py(X). Thus

P: o-valued measures on Z, — o[[X]]

is an o-linear map. Conversely, any power series f€ o[[X]] defines a com-
patible system of elements in the group algebras o[y,], so the map P is
bijective. We write

f=Pu or p=y

to mean that f is the power series associated to p as above. We call P the
Iwasawa isomorphism.
For any xe€ Z, let

D (x—k+1
Ck(x) = x(x ) kgx ) = (;)

Since Cy(r) is an integer for any positive integer r, and since Z* is dense in
Z,, it follows that

Ck: Z,,-—) Zp

is a polynomial map of Z, into itself, and in particular is continuous.
For fixed n, define

CM(x) = rir—1)-- IE'; —k+1)

where 0 < r < p®" — 1, and r = x mod p™. Then C{ is a step function,
defined at level n, and

lim C{® = C; uniformly.

n-—

Since the coefficients c, ; in the polynomial P,(X) are given by the sum of
products of u, and the binomial coefficient, we obtain:

Theorem 1.1. Let f(X) = 3, ¢, X* € o[[X]]. Then

Cx = L (z) du(x).

¢4
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4. The p-adic L-function

Theorem 1.2. The power series Pu is the unique power series f such that for
z in the maximal ideal of v, we have

fz (1 + 2)* du(x) = £2).

‘P
Proof. We have

L

fz’ (1 + 2)* dps(x) = fz,, Z (z)zk duy(x).

k=0
We can interchange the sum and integral, apply Theorem 1.1, and we see

that Py has the desired property. Uniqueness is obvious since any power series
is determined by its values.

Example 1. Let x be the Dirac measure at a point s € Z,, that is

Lp @ du = ¢(s).

Then the associated power series f'is
=3 (‘)Xk — (1 + X7,
=0 \k

Example 2. Let v be a measure on Z, whose support lies in the open
closed subset 1 + pZ,. Let y be a topological generator of 1 + pZ,, for
instance y = 1 + p. There is an isomorphism

Z,—~1+ pZ,
such that
X =%,

By pull back, there exists a unique measure u = y; on Z, such that
[ waty=[ v duo.
1+9Zy Zy
By Theorem 1.2, writing y°* = 1 + z, we get

J;+ ] utdv(u) = f(y* — 1).
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The power series fis not easily determined in terms of v. Iwasawa expressed
his results on p-adic L-functions in terms of the power series f. Mazur gave
the formulation in terms of the integral, see §3 below.

Theorem 1.3. (Mahler) A4 function ¢ from Z, into o is continuous if and only
if there exist elements a,, € o such that |a,| — 0 and

= 5o

The sequence {a,} is uniquely determined by ¢.

Proof. Given a sequence {a,} as above, it is clear that the function

o(x) = an(;)

is continuous. For uniqueness, let

4¢(x) = o(x + 1) — ¢(x).

Then ¢(0) = ¢,, and furthermore

=) oSl

and
A*p(0) = a,.

This proves uniqueness.

We now prove existence. In the applications, the measures will take values
in the ring of p-adic integers in a finite extension of Q,. An argument using
tensor products reduces the general case to this case, and we omit it since we
have no use for it. The case of a finite extension is then reduced to the case
when the measure is Z,-valued by taking a basis for the ring of values over
Z, and projecting on the coordinates. We now handle this case.

Let B be the Banach space of sequences (a,) with a, € Z,, and |a,| — 0,
under the sup norm. We have a Z,-linear map

B> CZ,2) by @S a)):

We have to show it is surjective. By completeness of C(Z,, Z,) it suffices to
prove that a given fe C(Z,, Z,) is congruent to the image of an element
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4. The p-adic L-function

of B mod p" for each n, and by a simple recursion, it suffices to do this mod p.
In other words, it suffices to prove that the map

{(a,), a, € F,, almost all a,, = 0} - C(Z,, F,)

given by the same formula as above, is surjective. But
CZy, F) = ) Maps(Z(p"). F;)

because F, is discrete and finite.

Lemma. Let 0 < k < p". Then the function

X (;) mod p

of Z, into ¥, is periodic of period p".
Proof. We have to show

x + p¥ =(x) . -
( X )_ X modp ifk < pV.

Since
A+ 7y =1 + I)*(1 + T = (+ + T)*(1 + T*") mod p,
we prove the lemma by comparing the coefficients of T%.
Now we are reduced to showing that
{(@.), an € Fy, a, = 0if n > p'} - Maps(Z(p"), F,)

is bijective. Since both spaces have F,-dimension p", the surjectivity follows
from injectivity, which is proved the same way we proved that the function
¢(x) has uniquely determined coefficients a,. This proves Mahler’s theorem.

Corollary. If f(X) = > ¢, X" and
o(x) = 2 an(;) ’

then

f @ dyy = D anca,
U @ dus

S0

< (suplaDIfI < | £]-
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§2. Operations on Measures and Power Series

We define the norms:

I£1 = supled
el = sup |ua(x)| as before.
Ny X

Theorem 1.4. We have || f| = |l

Proof. Since
x
e = f (n) dpy(x),

we get trivially || f|| < |u||. Conversely, given a level p*, let x, € Z(p™) and
let ¢ be the locally constant function such that

@(xg) =1, and ¢@(x) =0 ifx# x5, x€Z(p").
Then
j‘Pdﬂf = pn(xo),

and on the other hand, from the corollary of Theorem 1.3, we get

‘f¢dﬂf

< 71,

so |u || < || f] as desired.

§2. Operations on Measures and Power Series

We shall give a list of integration formulas, or better, a list of operations on
measures and their corresponding operations on power series.

Meas 0. [ aw=r0.
Zp
Proof. Special case of Theorem 1.2 with z = 0.
For the next property, we let
Ya(x) = (1 + 2)*
if ze m = maximal ideal of o. Also (with formal groups in mind) we write
X[+lz=X+z+zX=(1+2)(,+ X) — 1.
Meas 1. Volr = pg, where g(X) = f(X[+]2).
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4. The p-adic L-function

Proof. For w e m we have

f Yo dWopy) = j Vu¥. dyy
Z, Z,
= [ @+ wr + 2y du
Z

=| 1+ w+ z+ wz)*du(x).
Z,

The property is then clear from the definitions.

In particular, let { be a p"th root of unity, and let z = { — 1. Then

Yu(x) = ¥

and we find:

Meas 2. VI{—I”I = Ug,
where g(X) = f({1 + X) — 1) = AAX[+]1( — D).

As before, putting T = 1 + X, and f(X) = f,(T) if fis a rational func-
tion, we can write the power series g(X) in Meas 2 in the form

&(X) = fe,({D).

Moreover, let ¢ be a step function, constant on cosets mod p®. Write the
Fourier expansion

o(x) = > PO

rhe1

o0 = }% S e,

XEZ(P™)

We find:
Meas 3. U = HUg
whereg(X) = > ¢ + X) — D).

pre1

If (X) = f,(T) is a rational function, then

g = 2 OOfonCT).

pr=1

Let U, = U be the operator
UfC0 = S0 - 5 2, /a1 + 0 -0,
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§2. Operations on Measures and Power Series

We call U the unitization operator because of the next property.
Meas 4. If ¢ = characteristic function of Z}, then

Pl = Py

Proof. We compute trivially the Fourier expansion of ¢:

| =2 lp if{#1
o0 =72 ¢ {p;l 7= 1.

Then Meas 3 gives
gx) = ;.Zl PO + X) — 1) = Uf(X),
as was to be shown.

Remark. Let 4 be the formal multiplicative group (cf. Chapter 8). In the
notation of such groups, we can write the unitization operator in the form

Uf(X) = f(X) — - ; fX[+]2).

Meas 5. Let y be a character on Z¥, of finite order with conductor N =
power of p. Let { be a primitive Nth root of unity, and let

S = 2 @t

a€Z(N)*

Then

Ty = Ky

where

g0 =289 S gag-ex + - .

a€Z(N)*

If f is a rational function, then

g0 = 2L S gy, o).

Proof. 1t suffices to apply Meas 3 and to compute the Fourier transform
of . This is trivial, and we have

0 if x=0modp
XY —
ye;m 1% {;‘((a)S(x, ) ifx=a% Omodp.
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4. The p-adic L-function

Meas 6. xpg(x) = pps(x)

where D = (1 + X)Dg. In particular
x* duy(x) = dupe; = D¥(0).
Zy Zp
Proof. Note that

X —
2-0 2-0

'//z(x) - 1_
z
Hence for any step function ¢ we get
. Ax) — 1
| %000 due) = tim [ 222 ) )

= tim [ ¢(0) du ) (by Meas 1)

where

g =X+ 2 +:X) =) _ (1 + X)f(X) mod z

by Taylor’s formula. The desired result follows by taking the limit as z— 0
and using the non-trivial part of Theorem 1.4, that is:

"I"gz — pos| < |lg. — Df| < IZI

Remark. We shall deal throughout with three variables. Let T be the
variable on the “multiplicative group.” We put

T = é%, X=T-1, T=1+ X

Then Z is the corresponding variable on the additive group. For any power
series f(X) (with coefficients in a field of characteristic 0) there is a corre-
sponding power series denoted by f*(Z) or f,(Z) such that

S(X) = fle* = 1) = fe,(Z) = fa,(T)

This last equality makes sense only when f'is a rational function.
The differential operator D then can be expressed in terms of the three
variables,

(l + X)Dx = Dz = TDT.

The expression in terms of T applies only to rational functions of T (rational
functions of X). The first two expressions in terms of X and Z apply to
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§3. The Mellin Transform and p-adic L-function

arbitrary power series, and for any positive integer k, the expression D¥f
makes sense whether we view f as power series in X or Z. Furthermore,

D'f(0) = Difc,(0).
If fis a rational function, this is also equal to (TDr)*fg (1).
Meas 7. Let g = Ug so p, is a measure on Z. Then
a~p,(a) = pun(a)

where h is any power series such that Dh = g.

Proof. Since a~'uy(a) is a measure on Z}, there exists a power series f
such that feo[[X]],

a~'pla) = p(@) and Uf=f
Then
Ho(X) = Xpg(x)
whence by Meas 6,
g = Df = DUf.

We let h = Uf to conclude the proof.

§3. The Mellin Transform and p-adic L-function
Let w be the Teichmuller character. If p is odd, then

.7k
0 Z5 = pyy

is the character such that w(a) = a mod p. If p = 2, then we define w(a) = +1
such that

(@) = amod 4.
Then we can write uniquely an element a € Z} as
a = w(axa,
where <a> = lmod p if pis odd, and <a) = 1 mod 4 if p = 2.

Let 4 be a measure. We define its Gamma transform as a function on Z,
by the integral

routs) = | @ duca,

and we define its Mellin transform, also as function on Z,, by

M,u(s) = f (@'a™ du(a).
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4. The p-adic L-function

It is clear that I',u and M,u are continuous in s. (For analyticity, see below.)
Since the integral is taken on Z}, M,u depends only on the restriction of
uto Z¥, so if u = u,, then

M, = Mypu;s-

If p = s, we write sometimes M, f instead of M,u,, and similarly for the
Gamma transform.

Note that a~* du(a) for ae Z¥ is also the functional associated with a
measure, so that the Mellin transform is actually a special case of the Gamma
transform (of another measure).

Theorem 3.1. Let g € o[[X]] be such that Ug = g, and let h be a power
series such that Dh = g. Then Uh € o[[X]] and

r,Uh = M,u,.

Proof. This is an immediate application of Meas 7, after integrating the
function <{a)*.

We now consider the analyticity properties.

Lemma. Let u be a measure on Z}. Then there exists a power series
h e Z,[[s]],

h(s) = 2} b,s™
such that b, — 0 as n — oo, with the property that for all s € Z,,
h(s) = J; {a)® du.
Proof. The integral can be written as a sum of integrals over cosets of
1 + pZ, (or 1 + 4Z, if p = 2). Changing the measure appropriately with

respect to each coset, we are reduced to proving (say for odd p) that for any
measure yu, the integral

[ <orau
1+pZ,

has the desired analyticity property. We note that

J;n:z, DW= > ( )(a — 1)" du(a)

=J;+pz§°ss—l) c-n+ @ 1) du(a).
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§3. The Mellin Transform and p-adic L-function

Buta — 1 = 0 mod p, and so (a — 1)*/n! is p-integral for all n. Furthermore,
(a — 1)*/n! tends to O p-adically as n— co. Hence we can interchange the
sum and integral to yield

[ @rdu=3 2o,

n=0
where P, is a polynomial of degree n with integral coefficients, and

(@—1r

N R C At
¢ sz,, n! @

is p-integral, and ¢, — 0. It is then clear that > P,(s)c, can be written as a
power series h(s) whose coefficients b, tend to 0 as desired.

We had the measure E; . in Chapter 2, with c € Z}. Let s be a p-adic
variable in Z,. For any ¢ such that y(c){c)® is not identically 1 we define the
p-adic L-function L, by

L = ) = T 50e5 Mo 0B 0)

1

= T |y, <t dE )

By the lemma, the integral is analytic as a function of s. The factor in front
is analytic except when

x(cXe)* = 1.

If x is non-trivial, we can select ¢ such that y(c) # 1, and then the factor in
front is also analytic at s = 0.

Theorem 3.2. The value of L,(1 — s, x) is independent of the choice of c,
and for any positive integer k,

1
L1 -k y = “k By yo~*.
In particular, if k = O mod p — 1, and p is odd, then

1
L(l = k) = — Bux

Proof. Since the set of sufficiently large integers k = O mod p — 1 is dense
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4. The p-adic L-function

in Z,, we see that the first assertion follows from the explicit values given at
integers of the form 1 — k as described. For these, we have:

M,GE ) = [ (@ (@@ dF, 4@
= [ & t0@ @ k..
Zp
= (1 — yo~*(c)c*) I% By, o~ by Theorem 2.4 of Chapter 2

= (1~ 1K) 3 Bego

This proves the theorem.
Theorem 3.3. Let g = Ug and let h be the power series such that

Dh =g and h@0) = 0.
Then

M,1,(0) = —}, PR

Proof. By Meas 7 we have

My (0) = [ 4 dut@) = [ dunta@) = VHO).

The formula is then clear from the definition of U.

To compute L,(1, ¥) we have to work out the power series associated to
E, . and then apply the formalism of the preceding section systematically
to get the answer, with s = 0 in L,(1 — s, x), using Theorem 3.3.

Proposition 3.4. Let ¢ € Z¥. The power series associated with the measure
E, is

1 [4 ,
ﬁ’c=T—:—l-—Tc-—:-—i-9 WlthT—l'l'X-

Proof. 1t is immediate to verify that as power series in X the expression
on the right-hand side is holomorphic at X = 0, and that its coefficients are
p-integral because c is a p-unit. Let

_logT clogT
D=7 37 -1
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§3. The Mellin Transform and p-adic L-function

Putting T = ¢Z we find

AT) = F42) = g = e

Sa-osZ

On the other hand, let f; . be the power series associated with E, ., and write

© Zk-1
— % —_ ————
FdX) = fd2) = 2 ees oy,
Since
xk-1 dEl.c = ,'lEBk(l - ck)a

Zp

it follows from Meas 6 that

-1 = D¥71*(0) =,%Bk(l — ),

80
Zf*(Z) = Z(l - c")Bk%.;c =f%2) = Tg_f _ TCL%_I
It follows that
fi"’:Tl—l_ch_l
as desired.

Proposition 3.5. Let y be a non-trivial character on Z} with conductor N.
The power series associated with yE, . is

8y = I(T) - CX(C)GI(TO)

where

G,(:r)=S(XT’O S ’Z(")Z-—aTle'

a€Z(N)*

Proof. Immediate from Meas 5.

We shall now assume that c is an integer > 1 prime to p.
Written in full, the power series for g,,. is

S x _ a a
g0 = (XTC) > X(“)[TE - ;f(i)cga]'
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4. The p-adic L-function

If we let
ha) = LD 5 5 g0 10g(1 + 1 25)

where:

A ranges over cth roots of unity # 1,
a ranges over Z(N)*,

then it is easy to see (and we carry out the computation below) that
Dh,.=g,. and h,(0) =0.
Furthermore,
M,8y,(s) = (1 — x(XKEHILy(1 — 5, %)

The situation is then set up to apply Theorem 3.3.
We now prove that Dh, . = g, .. Observe that since 2 j(a) = 0, we have

6,0 = D> s 727 = DS 5 L

Lemma. 5(2‘1-\,—9 > i@ T 175 = HOGLT) = GD).

A#1 a

Proof. Taking the logarithmic derivative of
Te— e =[ [T -4
3

we obtain

_ 5 X@)T* XaT
ZZ(“)T lca_aTc_cac_ZT_ca

A#1
Multiplying by S(x, {)/N proves the lemma.
The assertion
Dhy.c = gy.c
follows by using

X _T—Ae
\ Dl ey Tl gy

and differentiating naively using D = TDy.
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§3. The Mellin Transform and p-adic L-function

We shall recall below how it is possible to extend the definition of the
p-adic logarithm uniquely to a continuous function on all of C¥ such that
log p = 0. This is the log with which we deal in the next theorem, giving us
Leopoldt’s value of the L-function L,(s, ) at s = 1.

Theorem 3.6. Let x be a primitive Dirichlet character with conductor N equal
to a power of p. Then

L =-3%2 5 i@ -1

Proof. By Theorem 3.3, Proposition 3.5, and the definition of L,(1, x), we
find:

185G, 1
(1 = XL, 1) = 5 &) z 33 @ tog(1+ £772)
=Il’_——( Zx(a)logl_[r[é _ig
But
I e Y <
A¢1I§—'[ 1 - 1.:—'[ (1 - /‘I'Ca)p h E (1 /Ma)p

Using the fact that N is the conductor of y and that the sum of a non-trivial
character over a group is 0, we leave to the reader the verification that

2, i@ log(1 — A¢*®) = 0.
It follows that

(1 = 2(NL(1, 1) = §(XN—O > ¥ logg (1 — A%

_S&d > @ log T4+

— S(ﬁ; 9) (o= 1) Z x(a) log(1 — {9,
as was to be shown.

Appendix. The p-adic Logarithm
We recall briefly how to extend the p-adic log to the multiplicative group
C¥. The p-adic log is defined first by the usual series

log,(1 +x)=x—x;+~--.
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4. The p-adic L-function

We shall omit the p as subscript. The series converges for |x| < 1 (the
absolute value is that on C,, the completion of the algebraic closure of Q,).
We extend the log to all units of C} as follows. The units have a product
decomposition

U=pnx U

where p,, is the group of roots of unity in F of order prime to p, and U, is
the group of units = 1 (mod p), and p|p in C}. For each unit u we let {u)
be its projection on U;, and we define

log u = log <{u).

Thus the log has been extended to all units, and it is clear that this extension
is continuous, and is a homomorphism.

It is even possible to extend the log to the whole multiplicative group
C} (following Iwasawa). We let P be a subgroup of C} containing the
powers of p, and one #th root of p for each positive rational number ¢. Then
the multiplicative group of C¥ has the product decomposition

P x wy x U

Again we define the log of an element a € C} to be the log of its projection
on U;.

We leave it as an exercise to the reader to verify that this extension is
continuous. It is obviously a homomorphism. In particular, log p = 0.

As for uniqueness, suppose the log has been extended to a continuous
function on C¥, which is a homomorphism into the additive group. Then the
log has to vanish on all roots of unity. If log p = 0 then log p” = 0 for all
rational numbers r. Given a € Cj there exists r such that ap” is a unit. Hence
the extension is determined by its values on units. Furthermore there exists
a root of unity { such that ap’¢ is =1 mod m, where m is the maximal ideal
of the integers of C,. Hence the log is determined by its values on elements
=1 mod m, where it is defined by the usual power series. This proves
uniqueness.

§4. The p-adic Regulator

Let K be a totally real number field, and let E = Ex be the group of units
of K. Let p be a prime number. Let uy, ..., u, be a family of independent
units in K, and let

o K—>C, i=1...,r+1
be the embeddings of K in the p-adic complex numbers (completion of the
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§4. The p-adic Regulator

algebraic closure of Q,). We suppose g, ,; = id. We define the p-adic regulator
up to sign,

Rl’(ul, ey ur) =+ det lOg O U;.

If uy, ..., u, are a basis for the units (mod roots of unity), we simply call it
the p-adic regulator, and write

R, = Rg,p, = RP(EK) = Rp(E)'

If K is the real subfield of Q(u,), and & is the group generated by the real
cyclotomic units, then we let

R,(&) = Ry(uy, ..., u,)

where u,, . . ., u, generate these cyclotomic units, mod + 1.
We leave it to the reader to verify:

Theorem 4.1. Let K be the real subfield of Q(u,,). Then
Ry(&) = (E: &)RNE) = (E: E)R,.
We know from Theorem 5.1 of the preceding chapter that
h* = (E:&).
Let g, (a prime to m) be the cyclotomic units, and g; the corresponding

real cyclotomic units. From our definition of the p-adic log, we know that
for any embedding o: Q(u,,) — C,,

log 6g, = log ag,’.

Thus in writing down the regulator, we can use the usual form for the
cyclotomic units, without bothering to write down the extra root of unity.

We may write the p-adic cyclotomic regulator by the Frobenius determinant
formula,

R (&) = a(ie*tl logoags =] | > #(a)log g.,

X#1 a6G

where G = Z(m)*/ £ 1. Since
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4. The p-adic L-function

and since D, 7(a) = 0, we may also write this formula in the form

R(&) =112 #(a)logt® — D).

x#1aeG

The product is taken over all non-trivial characters of Z(m)*/ + 1.

Theorem 4.2 (Brumer). We have R, # 0 for the real cyclotomic field

Qum)*.

Proof. The cyclotomic units are algebraic, and it is a known theorem from
the theory of transcendental numbers that the logs (p-adic or otherwise) of
multiplicatively independent algebraic numbers are linearly independent over
the algebraic numbers. The proof is the p-adic analogue of Baker’s proof for
the corresponding result over the complex numbers, see Brumer [Br], or
[L 4], before Chapter VIII, Introduction to the Baker method. The proof given
there applies p-adically. The factorization of the regulator into a product of
linear forms in logarithms then shows that the regulator is not 0.

Theorem 4.3 (Leopoldt p-adic Class Number-regulator Formula). Let
m = p" be a prime power, and K* = Q(u,)*. Then

1 ht
=L,(1, ) = —R,.
;!::‘!: 2 o1, ) '\/21-1(—*” »

X even

Proof. From Theorem 4.1 and the complexly derived index
h*t =(E: &)
of Theorem 5.1 in the preceding chapter, we find:

+h*R(E) = +R,(&) = [ [ [ [ #(@) log,(¢* — 1)

X#1 a€G
x even
m(y) 1
=[] - <-%55L(,
)](:l S(x,l)2 p( X)

xeven

by Theorem 3.6, the § appearing because G = Z(m)*/ + 1,

= Vi [] - 3L

A#1
A eten

by using the complex Theorem 3.1 of Chapter 3. Selecting the sign of the
regulator R, appropriately yields the desired formula.
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§5. The Formal Leopoldt Transform

Remark. The proof of the formula involves the complex case. Presumably
there is a direct proof, which is valid for all totally real number fields K.
Cf. the Appendix of Coates Durham lectures [Co 3], where such a proof is
given for the characteristic polynomial of a certain Iwasawa module. The
extent to which analogues of cyclotomic units will ultimately play a role in
such proofs is not clear at present.

§5. The Formal Leopoldt Transform

Let K be a field of characteristic 0. Let T be the variable on the multiplicative
group. We put:

T = é?, X=T-1 T=X+1
Then Z is the corresponding variable on the additive group. Note that
Xt = (T - 1" =(eZ —
Changing variables gives rise to the notation
JX) = fle? = 1) = fo(Z) = fo,(T)

This last equality makes sense only when f'is a rational function.
For any power series f€ K[[X]] we define the Leopoldt transform I'f as a
function on intlegers =0 by

fal2) = S0 E
As before we let
Dy = d/dX, D;=d/dZ, D; = d/dT.
Then
D; = (1 + X)Dg = TDy,
and for any integer k > 0,
If(k) = D%fglz=0 = (TDr)fG,|r=1.

Define coefficients y,(k) by
n S zr
=1 =2 nbg

Then
Pa(K) = Dg(ez - l)n|z=o = (TDp)XT — l)an-l
k) =0 ifk <n.
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4. The p-adic L-function

Lemma. (a) We have

no) = 3 (-]

(b) Each integer y,(k) is divisible by n!.

Proof. As to the first assertion, it is immediate by induction that
(TD)*T* = i*T".
Hence

mk) = (TP = Plams = @De 3, (~19~(7)1
i=0 l

has the expression as stated. On the other hand by induction it follows that
given an integer n, for each integer k there exist integers a,, .. ., a,_;, such
that g, = 0if i > 0, and

TDY(T - 1) =a,T— 1"+ na,_(T— 1)~ +...
+nn—1)--(n—k + Da,_(T — 1)*~*

Putting T = 1 yields the second assertion.

In the light of the lemma, a power series f(X) has the Z-expression

Consequently,

o= § § b2t

I
8
Ms
i
~2
=
Ko
N
&

These formulas can be summarized in the following theorem. We let C(Z, K)
denote the space of functions from Z into K.

Theorem 5.1. There exists a unique linear map
I':K[X]— C(Z, K)
satisfying any one of the following equivalent conditions:
I'l. (1 + X)")(k) = m* for all integers m > 0.
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§6. The p-adic Leopoldt Transform

r2. F(%)(k) - er{‘—)
I3. fal2) = S0 Z

This map also satisfies:
4. I'(ZDgf)(k) = kIf(k).

Observe that the Leopoldt transform is defined by I'3 for power series.
The other two conditions I'l and I'2 do not make sense for power series.
However, in the next section, we shall work over a p-adic field K where these
other conditions do make sense for a suitably restricted set of power series,
with certain convergence conditions.

§6. The p-adic Leopoldt Transform

For simplicity, we suppose that p is an odd prime number. Let K be finite over
Q,. Let C,, = completion of the algebraic closure of K. We denote the p-adic
absolute value by | | = | |,, normalized so that

|p| = 1/p.

We define the Leopoldt space:
& = % = space of power series

=3 a3 ack
such that
lim|a,| = 0.
noo
We define the Leopoldt norm

Ifle = max |a,].

Then % is a Banach space, and a Banach algebra because | fz |« < | fll2lg] -
Theorem 6.1. If f€ £ then f converges on the disc of elements
xeC, and |x| < |p|t®-D.

For such x we have

/G| < [ fle
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4. The p-adic L-function

Proof. Obvious, because

[p|M®-? < |n!| and so

xn
a, ml < |a|.

We let C(Z,, K) = Banach space of continuous functions on Z, with
values in K, and the sup norm.

If ae Z, and p|a, we let (a) = 0.
If a e Z} we write
a = {Kay = w(a)Xa)

where { € u,_; and <a@) = 1 mod p. The Teichmuller character w by definition
is such that

w(a) = ¢.
If se Z,, then

<a)* = lim (ad*

is defined in the usual way, where k ranges over positive integers approaching
s p-adically. If a is not prime to p, then we let <a)* = 0 for all s.

If x is a character on Z¥, as usual we put y(m) = 0 if m is divisible by p,
so

x(m)mds = 0 if p|m.

If ¥ = w* where « is a residue class mod p — 1, and k = a mod p — 1, then
for any positive integer i such that pti, we have

i* = (7 )iD".

Theorem 6.2. Let « be a residue class mod p — 1. There exists a unique
continuous linear map

r,: % — C(Z,, K)
satisfying any one of the following three equivalent conditions:
L. 1 L1 + X)™)(s) = a*(m)}m)?,

for any integer m > 0.
A e IORE P X ol ) L2 00

T.3. Iof(s) = lim If(m) = lim 3, @, (%) (m)

118



§6. The p-adic Leopoldt Transform

where the limit is taken over positive integers m satisfying:
™) m—> o0, m — s p-adically, m=amodp — 1.

This map also satisfies

ITf1 < If s

and for s€ Z,,

I. 4. T (ZD5)f)s) = sT.f(s).

Proof. Any continuous linear map on the space of polynomials (with
Leopoldt norm) extends uniquely by continuity to the Leopoldt Banach
algebra. We shall prove that the linear map

r,: K[X]— C(Z,, K)
with values

r,(f—!")(s) -1 120 (- 1)""‘(;')w“(i)<i>*

is continuous, and has the other properties. Uniqueness is obvious.
If f(X) = 3 a,(X™/n!) lies in %, then |a,| — 0 as n — co. To prove that
I', is continuous, it will therefore suffice to prove that the values

r(&)e

are bounded. In fact, we shall see that I',(X"/n')(s) is p-integral. This will also
prove that

ITef1 < /e

Fix the integer n. Let m range over integers as in I', 3. Such integers are
dense in Z,, so it suffices to prove that

r, (%) (m) is p-integral for such m.

If i = 0 mod p, then i™/n! is p-integral for large m. If i # 0 mod p, and
i = a(i)Xi),
then for m close to s p-adically,

i™ = (@K™ = 0*(@Xi>®* mod high power of p.
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4. The p-adic L-function

The Lemma (b) of §2 then concludes the proof that |I,f| < || f| e, and the
arguments also show that I',; 1 and I’ 3 are satisfied. It is clear that I, also
satisfies Iy, 4, thereby concluding the proof of the theorem.

We call Iy the p-adic Leopoldt transform..

The Leopoldt transform p-adically with characters w* was first used by
Lichtenbaum [Li 3] to deal with elliptic curves.

In Theorem 6.5 below we shall prove that I, is the p-adic Gamma
transform already mentioned in §3 when applied to a power series with
coefficients in 0. Hence we may then write

Lof =Tyf.

We recall the operator
U = f(X) — ;cz X +1) =1,

where the sum is taken over all pth roots of unity {. Then for the special
polynomial (1 + X)" we have

U@ + XM =+ Xr - 1—1, 3o+ Xy

—(+ X)"(l —}’ch),
and

C"“{p if p|n
o if ptn.

Hence

N L if p|n
v + X = {(1 + X if pin,

and in particular, U is a projection operator, i.e.,
Uz =1,

The next lemma describes the continuity property of the operator U for
the Leopoldt norm.
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§6. The p-adic Leopoldt Transform

Lemma. U le < |fle.
Proof.

PNLCSIEDED) angx;’f!__nn
=3&3 (Heore—or
-2 (2% (Z)@ - l)n-kck) X*,

The coefficient of X*/k! in the above sum is either O or

Z 2 n|(n k)'(c - l)n kck

{#1

and [{ — 1]*~* < |(n — k)!], so the coefficient of a, is not a unit at p. But
> € — prege
L#1

is a rational integer, and is therefore =0 mod p. Hence

1 1 < X*

- X+¢-1)=- ( ab, )—

p;f(c (=D =72 2 abux) T

where b, € Z and b, = 0 mod p. It is then immediate that
IUfle < 1fle

as desired.

The next theorems prove for the Leopoldt transform on the Leopoldt
space results which have already been proved for measures.

Theorem 6.3. Let m be an integer >0, and m = a mod p — 1. Then
I f(m) = I'Uf(m).
Proof. The two maps
f=TI,f and f+—TIUf

of K[X]— C(Z,, K) are equal on the polynomials (1 + X)". For a fixed m
the maps

fr>T,f(m) and f+>I'Uf(m)
are continuous, so the theorem follows by continuity.
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4. The p-adic L-function

Theorem 6.4. For f e %, we have

Iof(0) = Uf(0) = f(0) — }, 2, €=,

Proof. The power series for Uf in terms of X or Z have the same constant
term. Hence

ruf) = o).

Taking a = 0, the theorem is obvious from Theorem 6.3, and the fact that
{ — 1 lies in the domain of convergence of f by Theorem 6.1.

The next theorem resulted from a conversation with Ribet.

Theorem 6.5. For s € Z, and f € o[[X]] we have

. <ay* duga) = Tof(s).

Proof. By continuity in s, it suffices to prove the theorem when s = k is
an integer >1 and k = O mod p — 1. Let ¢ be the characteristic function of
Z¥. Then

[ <@ du = | X0 dy ()

= x* dpy;(x)

= D;Uf(O)
= I'Uf(k)
= I f(k).

This proves the theorem.

We now see that the Leopoldt transform is an extension of the Gamma
transform to the Leopoldt space.
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Iwasawa Theory and Ideal Class Groups

We shall now study Iwasawa’s theory concerning projective limits in Z,-
extensions.

The first three sections establish purely algebraic facts about projective
limits, and finitely generated modules over the power series ring Z,[[X]]
which appears as the limit of p-adic group rings of cyclic groups. The situation
is quite similar to modules over principal rings when considering finitely
generated modules over integrally closed Noetherian domains. Cf. Bourbaki,
Commutative Algebra, Chapter VII, §4, where a general structure theorem is
given. For 2-dimensional local rings, this was complemented by Serre [Se 1]
who showed that reflexive modules in that case are free, thus getting a com-
plete result for Z,[[X]]. Here we shall follow Paul Cohen’s proof analogous
to finding elementary divisors by row and column operations.

Wesshall also follow Serre’s exposition [Se 1], giving the asymptotic estimate
for the orders of the factor modules. This is applied afterwards to the orders
of ideal class groups. Iwasawa’s original proofs were rather complicated, and
his point of view was that of projective limits of finite abelian p-groups on
which I' & Z, operates continuously, and which are of topologically finite
type for this action. See [Iw 1], [Iw 6]. Serre [Se 1] saw that there was an
isomorphism of categories between these objects and Z,[[X]]-modules of
finite type. He introduced this point of view which simplified the proofs and
also proved successful in subsequent applications.

The next three sections deal with arithmetic situations arising as special
cases (but which historically motivated the general results). We consider
several modules over the Iwasawa algebra. First, we deal with the projective
limit of ideal class groups. Class field theory identifies this projective limit
with a Galois group. The reader unacquainted with class field theory can
simply take for granted the isomorphism, which is described as we need it.
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5. Iwasawa Theory and Ideal Class Groups

We follow mostly Serre’s exposition [Se 1]. The results are valid for arbitrary
Z ,-extensions, not necessarily cyclotomic ones.

The final two sections go further into certain Galois groups as modules
over the Iwasawa algebra, and also describe all possible Z,-extensions of a
given number field in class field theoretic terms. The Leopoldt conjecture
would imply that there are precisely r; + 1 independent ones. This depends
on the Z,-rank of the closure of the global units in the local units. See §5,
Theorem 5.2.

§1. The Iwasawa Algebra

Let I' be a topological group isomorphic to Z,. We write I multiplicatively,
and let y be a fixed generator, so that the isomorphism may be written

x+>y* for x € Z,,.
Let
r, =rire ~ Z(p".

Then I, is cyclic of order p", generated by the image of y. Conversely, a

compatible system {y,} of generators in a projective system {I',} of cyclic

groups of order p™ would give rise to a generator y in their projective limit.
We have a commutative diagram

Zﬂ[rn+1] g Z,[T]/(T”"“ -1

|

Zﬂ[rn] - Z,,[T]/(T”" - 1)

where T is a variable. Let X =T — 1, T= X + 1. Then Z,[T] = Z,[X],
and

ZITYT™ — 1) = ZI[X)(X + D)™ — D).
Let
by = hy(X) = (1 + X)" — 1.
Then
By= X7 4.,

and all coefficients other than the leading coefficient are divisible by p. Such
a polynomial is called distinguished.
We wish to establish an isomorphism

Z,[[X]] 2> lim Z,[T,] = lim Z,[X)/(h,).
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§1. The Iwasawa Algebra

Let
A = Z,[[X]}

We first note that if 4 is any distinguished polynomial, then
Z,[X]/(h) = A/hA.

This is immediate from the Euclidean algorithm (see Theorem 3.1), which
shows that A/hA is free of rank deg h over Z,, and similarly Z,[X]/(h) is free
of the same rank over Z,. Furthermore this same algorithm shows that the
natural map

Z,[X)/(h) —AlhA

is surjective, so is an isomorphism.
We thus obtain a natural map for each n,

Zp[[X]] -> Zp[rn] = Zp[X]/(hn)a
whence a homomorphism
g: A = Z,[[X]] - lim Z,[X]/(h,).

Theorem 1.1. The homomorphism ¢ is an isomorphism.

Proof. A trivial induction shows that
b=+ X = 1e(p, X

where (p, X) denotes the maximal ideal of Z,[ X], generated by p and X.
It follows that the intersection of the ideals 4,4 must be 0, whence the kernel
of ¢ is 0. Since ¢ is clearly surjective, this proves the theorem.

Note that the isomorphism ¢ depends on the original choice of generator y.
The projective limit

lim Z,[T,]
<

is called the Iwasawa algebra. Given a choice of generator 7, it is identified
with Z,[[X]] by Theorem 1.1, and then we also call Z,[[X]] the Iwasawa
algebra.

We now consider modules over the Iwasawa algebra.

For each n let V,, be a module over Z,[I',], and suppose we have homo-
morphisms

Vn+1 - Vn
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5. Iwasawa Theory and Ideal Class Groups

compatible with the action of the group rings Z,[I',.,] and Z,[I,] respec-
tively. We may form the projective limit

V=IlmV,,

which is then a A-module.

Examples. In §4 of this chapter, V,, = C, is the p-primary part of the ideal
class group, and so the projective limit C is a module over A = Z,[[X]]. In
Chapter 7, we shall consider projective systems of local units as modules over
the Iwasawa algebra.

If each V, is a finite abelian group, or is compact, then the projective limit
V is compact, and Z,[[ X']] operates continuously on ¥, which is then what we
call a topological module over Z,[[X]]. (Here and in the sequel, compact
means compact Hausdorff.) Note that Z,[[X]] itself is compact.

Nakayama’s lemma. Let o be a local ring with maximal ideal m, and m-adic
topology. Let V be a compact topological v-module.

@) If mV =VithenV = 0.
(ii) If o is compact, and V[mV is finitely generated, then V is finitely
generated by any set of representatives of V/mV.

Proof. Let U be a neighborhood of 0 in V. Since ¥V is a topological o-
module, for each x € V there exists an open neighborhood U, of x and a
positive integer n(x) such that

mrIy, < U.

A finite number of neighborhoods U, cover V. Hence there exists an integer
n such that m*V < U. But mV = V implies m"V = V, and hence V < U for
all U. Since V is Hausdorff, it follows that ¥ = 0, which proves (i).

For (ii), let x,,..., x; be representatives of V/mV, and let W be the
o-submodule generated by them. Then W is a continuous image of o, and
is therefore compact, and closed. Then V/W is compact, and we have

m(V/W) = VIW.
Hence V/W = 0, and V = W, thereby proving (ii).

Next we pass to certain results concerning finitely generated modules over
the Iwasawa algebra. These will be applied to computing orders of certain
factor groups (which in §4 will be ideal class groups). The reader may omit
the rest of this section if he wishes to disregard such computations for the
moment and merely wishes to concentrate on general structural results.

Two modules V, ¥V’ are said to be quasi-isomorphic if there is a homo-
morphism

V-V
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§1. The Iwasawa Algebra

with finite kernel and cokernel. It will be shown in §3 that any finitely
generated V has a quasi-isomorphism with a finite product

* V4" @[ Ja/e™ & [4/(H),

where the f; are distinguished. The first factor A is the free part. The other
factors are A-torsion modules.

Suppose now that V is a torsion module such that V/h,V is finite for all
n. We wish to get an asymptotic formula for the order of V/h,V. Such a
formula does not change under a quasi-isomorphism, so we are reduced to
consider the two cases when

V=A/p™ and V =Alf

for some positive integer m, and f'is distinguished.
In the first case we have

Ajp™ = Z(p"MI[X]],

the power series ring over Z(p™). In the second case, A/f is a free module
over Z,, whose rank is deg f. It may happen in this second case that

Va=VIG™ — DV

is not finite. We shall first make the assumption of finiteness to get the
formula for the order, which is a power of p, so we put

card V,, = p®» where e, = e, (V).

Theorem 1.2, (i) If V = A/p™ then e, = mp™.

(ii) Let V = A[f where f is distinguished of degree d, and assume V, finite
for all n. Then for all n sufficiently large,

e, = dn.

(iii) If V is finitely generated over A such that V, is finite for all n, then
there exists a constant c such that

eu(V) = mp* + dn + ¢

for all n sufficiently large. In the representation of V as in (*) with
r = 0, we have

m=2m, and d=2degf,.
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5. Iwasawa Theory and Ideal Class Groups

Proof. In case (i) we have
Z(PMIXN((X + D™ — D = ZeMIXY(X + D™ - D),

and this is just Z(p™)[T)/(T*" — 1), which is a free module of rank p* over
Z(p™). Thus the computation of the order is obvious.
Let us now look at case (ii). For any 4 € A we let hy be the endomorphism
of ¥V induced by h. We let
Vo =%, w=Xy+ L
We have
P —-1=(X+ 1" - 1= X* (mod p),
f= X% (mod p).

Hence there exists 7, such that for n > n, we have
X" *=0mod (f,p) and X§ ' = O0modp,

and therefore

Ya-1 = 75“-1

= 1 (mod p).
It follows that

Yo = Y5-1 = 1 (mod p?).
Now
Ter— L= +p+- -+ -1
=1+1+---+1+00MNr.— 1D
= pu(y, — 1)

where u is invertible. We have therefore shown that

(711. - l)V = P"-"°('}’no - l)V

Furthermore, (y,, — 1)V is of finite index in V, and is therefore a free
module over Z,, of the same rank d as V. This proves (ii). Case (iii) is then
obvious, thus proving the theorem.

Next we consider the case when V/h,V is not necessarily finite, but make
additional hypotheses which still allow us to compute the orders of certain
factor groups asymptotically, and which are satisfied in the application to
ideal class groups.

We let

gn=l+‘y+...+:y9""1.
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We say that V is of Iwasawa type if there exist elements vy, ..., v € V such
that, if we put

U, = Z,submodule of V generated by (y — 1)V and vy, ..., v,
Un = gnUOa

then V/U, is finite for all n. In particular, V/U, is finite. For a module of
Iwasawa type, we let

V, = V|U,.

Theorem 1.3. Assume that V is of Iwasawa type. Then the conclusions of
Theorem 1.2(i), (ii), (iii) remain valid, except that in 1.2(ii) we have to write
the exponent

e, =dn+ ¢
with some constant c,.

Proof. Note that Case (i) is unchanged, only Case (ii) is now slightly
different, but the proof runs along entirely similar lines as follows. In this
case, V is Z,-free of rank d. An argument similar to that of Theorem 1.2(ii)
shows that

gV = p" gV
for all n > no. Let W = g, V. Then
e(V/gV) = e(VIW) + e(W[p" " W) = ¢, + d(n — no)

for some constant c;, since W has the same Z,-rank as V. This proves the
theorem.

§2. Weierstrass Preparation Theorem

The proof of the Weierstrass theorem in this section is due to Manin [Man 1].
We start with the Euclidean algorithm.

Theorem 2.1. Let o be a complete local ring with maximal ideal m. Let
() = Zo aXx'

be a power series in o[[ X 1], such that not all a; lieinm. Say ay, . . ., a,_, €m,
and a, € o* is a unit. Given g € o[[X]] we can solve the equation uniquely

g=4qf +r
withq e o[[X]], re o[X], anddegr < n — 1.
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5. Iwasawa Theory and Ideal Class Groups

Proof. Let a and 7 be the projections on the beginning and tail end of the
series, given by

n—-1
@ > BX'r> > bX'=bo+ by +---+ by X*7?
i=0
T D bX'> D BX " = by + byaX + bryaX® 4o
i=n
Note that ©(X"h) = h for any 4 € o[[X]], and 4 is a polynomial of degree <n
if and only if =(h) = 0.

The existence of ¢, r is equivalent with the condition that there exists g
such that

u(g) = ©(qf).
But

f=of + X"i(f).
Hence our problem is equivalent with solving
©(g) = ©(qu(f)) + (g X"(f)) = ©(q(f)) + g(f).

Note that t(f) is invertible. Put Z = gt(f). Then the above equation is
equivalent with

r(g)=r( :%f'%) +Z= (I+ro:$)z.

Note that

o ‘:(% o[[X1] - mo[[X]],

because a(f)/7(f) € mo[[X]]. We can therefore invert to find Z, namely

Z = (I + 1°:((‘})'))“1‘t(g),

which proves both existence and uniqueness and concludes the proof.

Theorem 2.2 (Weierstrass Preparation). The power series f in the previous
theorem can be written in the form

S(X) = (X" + by1 X"t + - - + bo)u,
where b, € m, and u is a unit in o[[ X]].
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Proof. Write
Xt=qf+r,

by the Euclidean algorithm. Then q is invertible because

g=¢c+ X+
f=-o-+aan+...

so that

1 = ¢oa, (mod m),

and ¢, is a unit in 0. We obtaingf = X" — r, and

f=qxm -,
with r = 0 (mod m). This proves the theorem.

The integer n in Theorems 2.1 and 2.2 is called the Weierstrass degree of f,
and is denoted by

degy f.

We see that a power series not all of whose coefficients lie in m can be
expressed as a product of a polynomial having the given Weierstrass degree,
times a unit in the power series ring. Furthermore, all the coefficients of the
polynomial except the leading one lie in the maximal ideal. Such a polynomial
is called distinguished.

§3. Modules over Z,[[X]]

The structure of finitely generated modules over Z,[[ X]] was first determined
by Serre [Se 1] who introduced this point of view in Iwasawa theory. As
already mentioned, cf. Bourbaki for general structure theorems over integrally
closed Noetherian domains. Paul Cohen showed how one could give a proof
along the standard lines of row and column operations, cf. [L 3]. Robert
Coleman pointed out to me that the inductive step as given in [L 3] had to be
modified, and I am indebted to him for the exposition given in the lemma and
Theorem 3.2 below.

We let A = o[[X]], where o is a complete discrete valuation ring. We
denote by p a prime element of o. By a finite module over o we mean a
finitely generated module annihilated by some power p* and some distin-
guished element A. If o = Z,, then “finite”” has the usual meaning.

By a quasi-isomorphism we mean a homomorphism with finite kernel and
cokernel. We denote a quasi-isomorphism by the sign

M~ M.
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5. Iwasawa Theory and Ideal Class Groups

Theorem 3.1. Let M be a finitely generated A-module. There exists a quasi-
isomorphism

M~ A @ [apm @] [/

where each f; is a distinguished polynomial, irreducible in o[X], i, j range
over finite sets of indices, and A® is the product of A taken r times, for some
integer r.

The rest of this section is devoted to the proof.

Suppose that M has generators u,, . . ., u,. Relative to such generators we
can form the matrix of relations, whose rows are vectors
Ay - -5 Ay)
such that

Ay +- -+ Au, = 0.

Since A is Noetherian, a finite number of the rows generate all of them.
Performing the usual row and column operations on the matrix amounts
to changing the generators of the module. We shall describe other operations,
corresponding to embedding the module in a bigger one with finite cokernel.
An element A € A is called p-free if A does not lie in pA, in other words, if
we can apply the Weierstrass preparation theorem to it.
Suppose that there is a relation of the form

Ay + p(Agug + - - + Ayuy) = 0,

where 4, is p-free. We can form the new module M’ obtained by adjoining a
new generator v with the relations

pv = Uy, Ao = —(Aatig + -+ - + Aptty).
This can be formalized by considering a direct sum
M@ @)

modulo the desired relations, i.e., modulo the submodule generated by the
elements

O, pv) — (43, 0) and (0, 4,0) — (Aguy + - - - + A,uy, 0).

It is then immediately verified that the canonical map of M into the factor
module is injective. The factor module M’/M is annihilated by p and 4,,
whence is finite. Furthermore, the elements v, us, . . ., u, generate M’, and
have the relation

Mv + Aguig + -+ + Aty = 0.
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§3. Modules over Z,[[X]]

In terms of the relation matrix, this means that we shall allow the following
operations, replacing the matrix R by a matrix R’.

O 1. If R contains a row (A, pAs, . . ., pA,) with A, not divisible by p, then
we let R’ be the matrix whose rows consist of

(Ass -5 An)
and the rows of R with first element multiplied by p.

Observe that in this first operation, we may have 1, =---= 4, = 0.
Next suppose that some power p* (k > 1) divides all elements of R, but
that there exists one relation

Py e ooy An)

such that A, is distinguished (or equivalently, 4, is not divisible by p). We may
then form the module M’ obtained by adjoining a new element v with the
relations

pv=pu; and A = —Aug + - + Ayuy).

Again, it is easily verified that M is embedded in M’ and that M’/ M is finite.
Note that p*(v — ©;) = 0. The relations of the submodule

(v, ug, ..., uy)
are generated by R and the additional relation
A1y -« o5 An)-
We have a direct sum decomposition
M =@, u...,u) D @© — uy),

and the relations of v — u; are generated by p*. To prove the theorem, it
suffices to consider the first component of M. Thus our second operation is
described as follows.

O 2. If all elements of the first column in R are divisible by p*, and if there
exists one relation (p*A,, . .., p¥A,) such that A, is not divisible by p, then
we let R’ consist of R and the new row

Ass - -5 An)
Finally we allow one more operation:
O 3. If R has a relation of the form
DAy, .. s An)s k=0,
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5. Iwasawa Theory and Ideal Class Groups

and there exists an element A not divisible by p such that
(A, ..., Ady)

is also a relation, then we may replace R by the matrix R’ having the same
rows as R, except that the row p*(a,, . . ., A,) is replaced by

(Aay .- -5 An)-
This operation corresponds to the surjection with finite kernel
M— M/(Alul +-.-- 4 lnun).
Row or column operations, or O 1, O 2, O3 will be called admissible
operations.
Given a matrix R over A, we define
deg®(R) = min degy(ai;) fori,j = k,

where (ai;) ranges over all admissible transformations of R which leave
unaltered the components of the first k — 1 rows.

Remark. If R’ is obtained from R by admissible operations leaving the
values in the first X — 1 rows unaltered, then

deg®™(R) < deg®™(R").

Let r = 1 be an integer. Suppose that R has the form

2,0---0 0.--0
0 Ar-l.r-lo .-+ 0
* * * *
and
Ay o0 Apn
(F 7)o

Assume also that 4, for i = 1,..., r — 1 is a distinguished polynomial with
the property that

deg®(R) = deg Ay, fork=1,...,r— 1.

Then we shall say that Risin (r — 1)-normal form. If » = 1 then this condition
is vacuously satisfied, and is the starting point for the induction of the
following lemma.
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Lemma. Suppose that R is in (r — 1)-normal form, with its first r — 1
diagonal elements Ay, . . ., Ay_1,r-1. Then by admissible transformations, we
can transform R into a matrix which is in r-normal form, and has the same
first r — 1 diagonal elements.

Proof. Using O 1 with respect to each of the first r — 1 rows, we may
assume without loss of generality that any given power p* (k > 0) divides
all components A;; with i > rand j = 1,...,r — 1, that is all components
lying below the portion of the matrix which has already been diagonalized.
Using O 2, we may then arrange that p does not divide some 4;; with i > r,
and j > r. After a succession of admissible transformations on the lower right

matrix
Ay o A
skskokokokokkkokk

induced by admissible transformations of R which leave the first » — 1 rows
fixed elementwise, we may then find some element 4;; with i > rand j > r
such that

degy 4y = deg”(R).

The Weierstrass preparation theorem allows us to assume that this element
Ay is a distinguished polynomial, and

deg Ay = deg™(R).

Finally, row and column interchanges which do not involve the elements 4,
@ =1,...,r — 1) allow us to assume that 4;; = 4,,.

There remains to show that we can make all other elements on the rth
row equal to O after appropriate transformations. By the Euclidean Algorithm,
we may assume that

deg A,; < deg,, forr # j
degA,; < deg 4y, for j < r.

We first deal with the elements to the right of A,, on the rth row. We may
assume that A,;, with j > r is divisible by p, otherwise we contradict the
minimality of the degree of A,,. Using O 1 repeatedly as before with respect
to the first » — 1 rows, we may then assume that all elements 4,, with j < r
are divisible by a high power p*. We then use O 1 with respect to the rth row,
to divide all elements 4,; (j # r) by successive powers of p, thus leading to
some element 4, with j° > r not divisible by p, a contradiction of deg 4,, =
deg®™(R). Thus 4,; = 0 forj > r.

For elements 4, to the left of 4,,, that is with j < r, if some such element
is not 0, then we may use O 1 with respect to the rth row to divide by p,
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5. Iwasawa Theory and Ideal Class Groups

until we are in the situation where there exists j < r such that 4,; is not
divisible by p, contradicting the facts that

degA,; < degd; and degi; = deg?(R).
Thus we have put the matrix in 7-normal form, and proved the lemma.

Theorem 3.2. If R is a matrix of relations, we can transform R with a finite
number of admissible operations into a matrix R’ of the form

where Ay are distinguished polynomials.

Proof. By the lemma, we can replace R by a matrix R’ of the form
4,0---0 0---0
0 0.eidy 00
* %x---% 0---0

where A; are distinguished polynomials, and

degdy = deg®(R) fori=1,...,r.
By the Euclidean Algorithm, we may assume that 4, = 0 or
deg A;; < deg Ay for j # i.

In fact, we contend that 1; = O for all j # i. Suppose otherwise, so that
Ay # 0 for some j > r > i, so we have a relation

Ao o3 i 0,...,0)
not identically 0. Let
A=Ay Ay
Then A is not divisible by p, and Ay; = Ofori=1,...,r, so
Ay, ...y A4y, 0,...,0)

is also a relation. By O 3 we may assume without loss of generality that some
A, - - -, 44 is not divisible by p, and then contradict the minimality condition
on the A;. This proves the theorem.
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§4. Z,-extensions and Ideal Class Groups

We return to the module interpretation, to see that Theorem 3.2 implies
the theorem. Indeed, any module with matrix of relations R’ as in Theorem
3.2 is isomorphic to

@ eal Al().

Finally, if f, g are distinguished and relatively prime, the map

A(fe) > Alf @ Alg

is an embedding with finite cokernel. This allows us to decompose the factors
A[Ay into a direct sum of factors

A/(f5™)

where f; is distinguished and irreducible, thereby concluding the proof of
Theorem 3.1.

§4. Z -extensions and Heal Class Groups

Let K, be a number field. An extension K, of K is called a Z,-extension if
it is abelian, and its Galois group is isomorphic to Z,. To give such an
extension is the same as to give a tower of fields

Kw:yoKnD"'DKnD"'DKo

such that K, is cyclic over K, of degree p™.
Examples. Let p be a prime number. Let

K, = Q(uy»+1) if p is odd
K, = Q(up+2) if p is even.

This gives the cyclotomic Z,-extension over the field K,.
More generally, let X be any number field, let

K® = K(u®)

be the extension obtained by adjoining all p-power roots of unity. Then K
is abelian over K, and it is easy to see that the fixed field of the torsion sub-
group of Gal(K®/K) is a Z,-extension of K, = K, called the cyclotomic
Z-extension. We study it later in the book. Note that a non-totally real field
K always has non-cyclotomic Z,-extensions, cf. §5. Natural examples can be
constructed with elliptic curves having complex multiplication, cf. [C-W].
We say that a prime ideal p, of K, is almost totally ramified in a Galois
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5. Iwasawa Theory and Ideal Class Groups

extension K’ if the inertia group of a prime p in K’ over p, is of finite index
in Gal(K'/K,). We say p, is almost unramified if its inertia group is finite.
We consider the following condition of Iwasawa.

IW. K, is totally ramified over K, over a finite number of prime ideals
P1, ..., Ps lying above p, and is unramified over all other prime ideals.

Lemma. Let K.,/K, be a Z,-extension. Then:

(i) Only a finite number of prime ideals of Ko ramify in K, they lie above
p, and they are almost totally ramified.

(ii) For some positive integer d, the extension K.[K, is a Z,-extension
satisfying IW.

Proof. Some prime ideal p of K, must ramify in K,, because class field
theory says the maximal unramified abelian extension of K, is finite. Let J
be the inertia group. It is a closed subgroup of I', and #0, hence equal to
p™Z, for some m, so that p is almost totally ramified. Over the completion
K, p, the maximal tamely ramified abelian extension is finite. Hence the wild
ramification group is of finite index in I', thus showing that p lies above p.
This proves (i). If we let p,, .. ., p, be the finite number of primes which are
almost totally ramified; and let

I, = pYZ,

be the inertia groups, and d = max d;, then K, /K; satisfies condition IW
as desired.

Assume that condition IW is satisfied.

The same lemma as in Chapter 3, §4 shows that the norm map between
any two successive steps in the tower is surjective on the ideal class groups.
We let C, = C® be the p-primary part of the ideal class group in X,. Then
we have a surjective sequence

Co<Ci<Cop<---

and we let

C = lim proj C,

be the projective limit. We may view C as consisting of all sequences

(Co, €1, Ca5 - - -)

with ¢, € C, and c,,, mapping on ¢, under the norm map.
Let M, be the maximal p-primary abelian unramified extension of X,, in
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§4. Z,-extensions and Ideal Class Groups

other words the p-primary part of the Hilbert class field of K,. There is an
isomorphism given by class field theory

C, = Gal(M,/K,)

such that the following diagram is commutative.
Cn+1 - Ga](Mn+1/Kn+1)
Norml lkutriction
C. —> Gal(M,/K,)

Since K, is totally ramified over K, it follows that M, is linearly disjoint
from K, over K,. The lattice of fields looks as follows. We let M, = |J M,,.

We let
G = Gal(M,/K,) and G¢ = Gal(M,/K,) = C.

Remark. If we replace K, by K; then K, over K; satisfies the same con-
dition IW, so a number of results proved for K,, over K, apply a fortiori to
K, over K;. Observe that if y is a topological generator for I', then

Gal(Ku/K,) = I = ("} % p'Z,
Theorem 4.1. Assume first that IW is satisfied with s = 1. Let I be the
inertia group of any prime above p in G. Then:

() G = IG. is a semidirect product, and the restriction of I to K, gives
an isomorphism of I and I'.
(ii) The commutator group G' = G}~ 1.
(iii) We have isomorphisms

C/C?'~! x Cy & Gal(Mo/Ky) & Gal(KoMo/Ks) & Go/GE L
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5. Iwasawa Theory and Ideal Class Groups

Proof. We have an exact sequence
1>Ge—>G—>T—>1.

The image of I in I' by restriction to K, is surjective because K, is totally
ramified over K,. It is injective because M, is unramified over K,, and so

In Gy = {1}

This proves (i). If 6 € G then 6"~ is a commutator because I operates on
G by conjugation. Hence G}~ < G’. On the other hand, G/G%™* is abelian,
so the reverse inclusion also holds and (ii) is proved. Finally, M, is the
maximal p-primary abelian unramified extension of K, and so Gal(M /M)
is the smallest subgroup of G containing G’ and the inertia group I Since G
is the semidirect product of I and G¢, we see that (iii) follows from (ii), and
conclude the proof of the theorem.

Corollary. We have an isomorphism

C ¥ Gal(M,/K;) % C/C™~* & Go/GE" ™.
Proof. Apply the theorem to the situation where K, is replaced by X,.

Next consider the general situation with a finite number of primes.

Theorem 4.2. Assume that IW is satisfied, with primes p,, . .., ps. Let I, be
the inertia group of v; in G. Then:

(i) There is a semidirect product decomposition
G= IlG(b

and G' = G}~ 1.
ii) Let o, be a generator for I, and write
1 9

0; = T;0,1 with T;€ Gc.
Then
Co ® Gg/(zy, . . ., T, GE V).

Proof. Identical with that of Theorem 4.1, except that in the present more
general situation, we have to look at the smallest subgroup of G containing
the commutator group G’ and all the inertia groups I; instead of a single
inertia group 1.

Corollary. Let U, be the Z,-submodule of G generated by the elements
T1, ..., Ts and G4~ 1. Let

U,=Ufr whereg, =1+7y+ 9> +---+ y"~1
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§4. Z,-extensions and Ideal Class Groups

Then
C, = Gg/U,.

Proof. We apply the theorem to K,, as Z,-extension of K,. This has the
effect of replacing y by y*" and o, by ¢,*". Then 1, is replaced by (z;)°, because
for every positive integer k, we have

It __ /- - 2, - i~ -
of = (uo)* = 10,101 03672 - -0k 10T R0,
whence for k = p" we obtain

O'f" = (t{)gﬂ . O'g”.
Then

Uy =G (1, ..., T
where (73, . . ., T,) is the group generated over Z, by 7, . . ., 7,. Since
& —D=9" -1,
we find U, = Ug», which proves the corollary.

It will be easily shown below in Theorem 4.4 that C is finitely generated
over the Iwasawa algebra. Then Theorem 4.2 and its corollary show that C
is of Iwasawa type as defined in §1, so that one can apply the counting
procedure given there, to get an asymptotic formula for the orders of the
groups C,.

Iwasawa has conjectured that m = 0 in the case of the cyclotomic tower
Q(u,»), so that in this case, the order of the ideal class group (p-primary part)
would have the form

Card C, = pr+e

for n sufficiently large, in analogy with the orders of points of p-power order
on abelian varieties. This conjecture has recently been proved by Ferrero and
Washington. On the other hand, he has given examples of non-cyclotomic
Z-extensions K, over K, for which m > 0.

Theorem 4.3. Assume that IW is satisfied with one prime. If Cy, = {1}, then
C, = {1} for all n.

Proof. If Cy = 1, then Theorem 4.1 shows that C = C"~*. Viewing C as
module over Z,[[X]], this means that C = XC. But X is contained in the
maximal ideal of Z,[[X]]. By Nakayama’s lemma, it follows that C = {1},
as desired.
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5. Iwasawa Theory and Ideal Class Groups

Remark. We could let K, = Q(u,»+1)* be the real subfield of the cyclo-
tomic field. It is a conjecture of Vandiver in that case that C, is trivial.
[Remember: By definition, C, = C§ in this chapter.] Thus the Vandiver
conjecture may also be formulated by saying that

¢ is prime to p,

and Theorem 4.3 shows that if this is the case, then A; is also prime to p
for all n.

It is probably so that Vandiver actually never came out in print with the
statement: “I conjecture etc.”” In [Va], he proves that if the Fermat conjecture
is false for x? + y? = z? with relatively prime integers x, y, z such that xyz
is prime to p, then h* is divisible by p. Later in the paper, he states: “The
theorem last mentioned as well as Theorem 1 indicates that much of the
writer’s work concerning Fermat’s last theorem is tending toward the possible
conclusion that if the second factor of the class number of k({) is prime to /,
then Fermat’s Last Theorem is true.” The terminology “Vandiver’s con-
jecture” seemed appropriate to me. In any case, I believe it.

Theorem 4.4. For any Z,-extension the module C over Z,[[X]] is a finitely
generated torsion module.

Proof. Suppose first for simplicity that condition IW is satisfied with only
one prime. Then C/mC is a factor group of C/C?~1, which is none other than
Co by Theorem 4.1, and is therefore finite. That C is finitely generated is a
special case of Nakayama’s lemma.

In general, when IW is satisfied but with several primes, then we have to
use another argument. By Theorem 4.2 we know that

Ge/GEt = C/C' !

is finitely generated over Z, of rank uniformly bounded by s. Nakayama’s
lemma again shows that C is finitely generated over the Iwasawa algebra.
Furthermore, applying Theorem 4.2 to K,/K,, that is replacing y by 77",
shows that

Cly™ — 1C

is also finitely generated over Z, with a similar bound s for the rank. By the
structure theorem of §3, if V is finitely generated over A, then there is a quasi-
isomorphism

* VA2 @[ [4/(™ & [4/(H),

where f; are distinguished. We use this with ¥ = C, writing V additively.
The uniform bound on the rank immediately shows that there cannot be any
free part, i.e., »r = 0. This proves Theorem 4.4.
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§5. The Maximal p-abelian p-ramified Extension

The next two sections describe in class-field theoretic terms some properties
of the Galois group of the maximal p-abelian p-ramified extension of a number
field, and describe its Z,-extensions.

Let X be a number field. We let:

M,(K) = the maximal p-abelian p-ramified extension of K.
Mp*(K) = the maximal p-abelian unramified extension of K.

- We fix the prime number p and the field K, so we sometimes omit reference
to them in the notation.
J = Jg = ideles of K, and U is the group of unit ideles,

U=[]Uy and J==T] k&
p

VES 0

In the first product, p ranges over the prime ideals of K. We write

Uy=[]Up and U,=]]0U.
plp l#p
E = Ex = units in K. We have an embedding on the diagonal:
0,: E— U,
G5°(K) = Gal(M,(K)/K).
By class field theory, an abelian extension of K is unramified at primes

dividing / if and only if its associated group in the ideles contains U,. Conse-
quently we have an isomorphism

G‘a,'b(K) ~ p-part of JK/U[p]JwK*

where the bar denotes closure in the idele topology. We have the inclusions
J> U,U,J°K* > U, J°K*.

The first factor group
JIU Uy J °K* = JJUK*

is isomorphic to the Galois group of the Hilbert class field, and is finite.
The second factor group is equal to

U, U J°K*| U J°K* = U,JU, N Upyd *K*.
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5. Iwasawa Theory and Ideal Class Groups

Lemma. U, N Uy, J°K* = o,E.

Proof. Let U be the group of units in U, which are =1 mod p™. Then
the groups

UVl °K*

form a fundamental system of neighborhoods for Up,;J ®K*, and their inter-
section is this closure. Intersecting with U, (whose elements have component
1 at all primes not dividing p) shows that

UMUJ°K* N U, = EUP.
Taking the intersection for all n proves the lemma.

Theorem 5.1. Let H be the p-Hilbert class field of K. Then we have an
isomorphism

Gal(M,(K)/H) = p-part of Uyo,E
= UP/(U N o,E).

Again, as p is fixed, we write simply U,/E. By a quasi-isomorphism, we
shall mean a homomorphism with finite kernel and cokernel. We denote a
quasi-isomorphism by a single ~. The theorem yields a quasi-isomorphism

G3™(K) ~ U,/E.

Furthermore, since U, contains an open subgroup of finite index isomorphic
to Z{¥ : 9, by means of the exponential map, say, we have a quasi-isomorphism

G3*(K) ~ ZF: 9", where r, = rankg E = r,(E).

The Leopoldt conjecture states thatr, =r=r; +r, — 1.
Let Z,(K) = composite of all Z,extensions of K. From the quasi-
isomorphism we find:

[M,(K) : Z,(K)] < co.

Theorem 5.2. Assume the Leopoldt conjecture for K. Then we have a quasi-
isomorphism

G*(K) ~ Zp*! = Gal(Z,(K)/K).
Proof. The first statement comes from the definitions and
[K: Q] =n+ 2"3.
For the second statement, we note that the composite of all Z,-extensions of
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K has a Galois group embedded in the product of Z, with itself, and as such
is a torsion free finitely generated module over Z,, whose rank is exactly
rz + 1 by the first statement.

Example. Let K, = Q(u®). Let U, be the local units in the completion
of K,, congruent to 1 mod p,. Let U, be the subgroup of units whose norm
to Q, is 1. Assume the Vandiver conjecture. Let the notation be as in §4 of
the preceding chapter. Then we obtain an isomorphism

Gal(Q/Q™) % lim U,/E,.
<

Without assuming the Vandiver conjecture, we shall study the projective limit
of the local groups in Chapter 7.

§6. The Galois Group as Module over the Iwasawa Algebra
Let K, be a number field, K./K, any Z,-extension, with Galois group

r={,
with topological generator y. Let Q be a p-abelian extension of K., which is

also Galois over K,. For each n we let Q, be the maximal subfield of 2 which
is abelian over K.

rs K,
r,

\ Ko
The Galois groups are denoted by the letters shown on the diagram. Since Q
is assumed Galois over K, and is abelian over K, it follows that the com-
mutator subgroup is

Gal(Q/Ky) = G"1,
in other words, it consists of all elements
6" ! =oyo~ly~! with s €G.
It is frequently useful to view G as an additive module over the Iwasawa
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5. Iwasawa Theory and Ideal Class Groups

algebra. Indeed, I', operates by conjugation on Gal(2/K,), and hence on the
commutator group

Gal(Q/K,)""" -1, also written (y** — 1) Gal(Q/K,).
Hence
lim G, = G is a compact module over A = Z,[[X]] = lim Z,[I,].
Taking K, as ground field instead of K,, we obtain mutatis mutandis
Gal(Q/Q,) = (" — DG = ((1 + )™ — 1)G.
Thus in terms of the Iwasawa algebra, we find
G, = G/(y*" — 1)G.
We denote by the sign ~ a quasi-isomorphism of A-modules.

Theorem 6.1. Let Q be the maximal p-abelian p-ramified extension of K.,.
Then:

(i) G = Gal(Q/K,,) is finitely generated over the Iwasawa algebra, and in
fact

G/IG'""* ~ Z§  wherep =[K,:Q] —rp — 1.
(ii) If K, satisfies the Leopoldt conjecture, then p = ry, and
G/XG ~ Z!a.

Proof. By definition,
Qo = My(Ko),

and the rank over Z, of a subgroup of finite index in its Galois group was
determined to be [K, : Q] — r, in Theorem 5.2. Taking into account I itself
shows that G/XG ~ Z5 where p is as stated. Nakayama’s lemma then proves
the first assertion, and (i). Part (ii) is then a matter of definitions.

Theorem 6.2. Assume that K, is totally imaginary, and that each K, satisfies
the Leopoldt conjecture (namely

ro(En) = ro(Ka)).
Then there is a quasi-isomorphism

G ~ A X Gy
where G, is the A-torsion submodule of G.
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Proof. From the structure theorem, we know that
G ~ At X G
On the other hand,
ra(K,) = rap™.
By Theorem 5.2 we know that
Gal(Q,/K,) ~ Zpe"+1,

From the structure theorem, one sees easily that this is possible only if t = r,,
as desired.

The above theorems give a sample of Iwasawa’s results [Iw 12]. It is
possible to vary some of the hypotheses to obtain variants. For instance,
one need not assume the full Leopoldt conjecture in Theorem 6.2, merely
assume that the defect in that conjecture is bounded as function of #. For
the cyclotomic Z,-extension, this can be proved easily, see for instance Green-
berg [Gr 4].
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Kummer Theory over Cyclotomic
Z,-extensions

In the last chapter we studied the ideal class groups in a Z,-extension of a
number field. Here we shall consider especially the cyclotomic Z,-extension,
and then Kummer extensions above it, as in Iwasawa [Iw 12], obtained by
adjoining p"th roots of units, p-units, and ideal classes of p-power order.

We also give the Leopoldt-Iwasawa theorem that the Vandiver conjecture
implies that C- is cyclic, in a precise vetsion for the cyclotomic extension of Q,
following Kubert-Lang [KL 9]. We prove that the Galois group of the
Kummer extension obtained by adjoining p-power roots of p-units is 1-
dimensional free over the Iwasawa algebra. As a consequence, we see that
C~ is a quotient of this free module. See Leopoldt [Le 5] and the last Satz
in [Le 10], as well as Iwasawa [Iw 7], Theorem 2. In the limit, there is an
analogous (but less precise) statement of Greenberg [Gr 4], see also Coates
[Co 3], Theorem 5.7.

For a discussion of the case of totally real number fields, cf. Coates [Co 3],
[Co 4]. In this connection it is likely that the units conjectured by Stark [St]
(see also Lichtenbaum’s conjectures [Li 2]) will play a significant role similar
to the one played by the cyclotomic units, to clarify the situation.

§1. The Cyclotomic Z -extension

Let u® be the group of p-power roots of unity. Then Q(u?) is the composite
of an extension of degree p — 1if pis odd, Q(i) if p = 2, and a Z-extension
which is uniquely determined as the fixed field of the (finite) torsion group of
the Galois group, and will be called the cyclotomic Z -extension. We denote
it by Z,(Q). It is real. If K is a number field, we let

Cyc(K) = KZ,(Q)
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be the composite of K and the cyclotomic Z,-extension. Then Cyc,(K) is a
Z ,-extension of K. If K is totally real, then this cyclotomic Z,-extension is
also totally real.

Suppose on the other hand that K contains the pth roots of unity if p is
odd, and contains i if p = 2. Let g, be the power of p such that the goth roots
of unity lie in K. Let

gn = gop" and K, = K(ﬂq,.)-

Then [K, ., : K,] = p, and
K. =K,

is Z,-extension of K. Let I' = Gal(K./K,) and let
w:I'—>1+ qZ,
be the canonical representation such that for any p"th root of unity { we have
= o,

A Galois extension is called p-abelian if its Galois group is a projective
limit of finite p-abelian groups. We now discuss properties of such extensions
of K, which are Galois over K.

For the rest of this section, we assume that K, contains the pth roots of
unity if p is odd and i if p = 2. Let A, be a subgroup of K.Y, and let

Iy = Gal(K,/Ko), n = Z(p")IT'].
We assume that A, is stable under I,
Ordinary Kummer theory gives a pairing
Gal(Kn(43'7")/Ka) x A7 [(A7'" O K3) — pyo
expressed by the symbol
(o, @) > <o, ), = cofa

for o in the Galois group and o € A}*". If y € I',, then

o, a7y = <o, )1 = <0, )P,

where ¢” = J6§~2, and § is any extension of y to K,(43/""). Indeed,

st~ = 5(%) = »(Z)-

o
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6. Kummer Theory over Cyclotomic Z,-extensions

We may also write
o, 3P = o, D),

The group A3 mod A3'*" N K¥ has exponent p*, so exponentiating with a
p-adic integer is well defined. In particular, we may rewrite the functorial
formula in the form

<07, apn = {0, a™),, where y* = y~1x(y).
We wish to pass to the limit. We could have taken the Kummer pairing on
Gal(K,(A3™)/K») x AP [(AEP" N Ko *) — pyn,

writing the symbol <a, &) without an index n, defined by the same formula.
The Galois group on the left can be identified with a subgroup of
Gal(K,(43+"")/K,), arising from the change of base of the Kummer extension
from K, to K. Let G, be the Galois group on the left, so

G, = Gal(K,(43*")/K,).
The field diagram is as follows.
Ko(43™)
G, ( N

K(A3")

Ko

The group G, is a I',-module, hence a Z(p™)[I',] = A,-module. Hence via the
natural homomorphism, it is a A-module, where

A =1limA,
is the Iwasawa algebra, isomorphic to Z,[[X]], and X = p, — 1, where y,is a
fixed generator of I'.
Let
A= Zm,X‘, meZ,
be an element of A. We define the Iwasawa involution
* =3 mX*, where X* = x(yo)(1 + X)™* — L
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Then X* is also in the maximal ideal (p, X) of 4, and
A A*

is an automorphism of A. The functorial formula for the action of y e I' on
the Kummer symbol can then be expressed in terms of the involution by

{a*, a) = <o, a**),

for 6 € G, and a € A" /(A¥"" N K¥).
In the applications, we also pass to the limit on n for the Kummer pairing.
We suppose that

An < Apys.
Let

Q4 =|J Ko(43"") and G, = Gal(Q,/K.).

We have a compatible system of pairings for m > n:

Gn X A}r{pm/(Avlnmm N Kw*) - Upm

| | l

G, x AF7[(AV" N Ko *) — i

The Galois groups on the left form a projective system, and the Kummer
groups of field elements on the right of the pairing form an injective system.
At each finite level, we have a compact-discrete duality. In the limit, we have a
similar compact-discrete duality

G, x lim AY7" /(43" N K %) — pu®
.

with values in the p-primary roots of unity.

The action of A, on G, is compatible in the projective limit, so the limit
group G, is a topological compact A-module. We shall investigate its structure
for various systems {4,} obtained from units and ideal classes in the next
sections. It will also happen that we consider two groups, say

A > B,

in which case Q, > Q. It is clear in each case that Gal(Q,/Q;) is a A-module,
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6. Kummer Theory over Cyclotomic Z,-extensions

and that the Kummer pairings and involution described above also apply to
this intermediate situation.

§2. The Maximal p-abelian p-ramified Extension of the
Cyclotomic Z -extension

A Galois extension is called p-abelian if its Galois group is a projective limit
of finite p-abelian groups. It is called p-ramified if it is unramified at all primes
(including infinity) not dividing p. We let:

M,(K) = the maximal p-abelian p-ramified extension of XK.
MB3*(K) = the maximal p-abelian unramified extension of K.

We fix the prime number p and the field K, so we sometimes omit reference
to them in the notation.

Even if K is infinite over Q we may define M,(K) and M3*(K) as above.
It is then immediate that

My(K) = U My(F),

where the union is taken over a family of subfields F of X finite over Q, whose
union is K, and which is cofinal with the family of all subfields of K finite
over Q. For instance, if K is finite over Q, and K, is a Z,-extension, then

My(Ks) = U My(K,).

A similar remark applies for Mp*(K,).
Throughout this section, we let:

K, = cyclotomic Z,-extension of K,, and we assume that K, contains
the pth roots of unity if p is odd, contains i if p = 2.

Q = maximal p-abelian p-ramified extension of K.

E, = units in K, and E = | E,.

QE = Kw(Ellp”)

A, = group of elements « in K¥ such that («) = a?" where a is (frac-
tional) ideal prime to p, and 4 = | 4,.

Q, = U Kw(A}'Ip")

B, = p-units in K, = group of elements whose ideal factorization con-
tains only ideals dividing p.

Qp = K (BY?%)
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We have the following diagram of fields.
Q

Qg
Ko,
It is clear that Q, and Q; both contain Q;. In fact, both 4 and B contain E.

Lemmal. Q = Q,Q;.

Proof. By Kummer theory, Q is a composite of cyclic extensions. Let
K. (0*'*™) < Q for some « € K,,. Then o € K, for some n. We take n > m
and also such that

K, (a}'®™) is p-ramified over K.
Then o necessarily has an ideal factorization
(@) = o™,

where b is p-primary and a is prime to p. Let & be the class number of K,,
and write A = p"d with d prime to p. Then

(@) = (@)”"(B)
where (¢;) = a* and (B) = b*. Furthermore,

K. r(ahlpﬂ * r) =K. r(a‘m”l =K, +r(allpn)
and also

Ky @) < Ky @i, 7, EXET).

This proves the lemma.

Theorem 2.1. The Galois groups Gal(Q,/Qz) and Gal(Qg/Qz) are A-torsion
modules. So Gal(Q/Qg) is a A-torsion module.

Proof. We shall analyze each Galois group separately, and get a closer
view of its structure.
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6. Kummer Theory over Cyclotomic Z,-extensions

The extension Q,/Qz.
Let G, = Gal(Q,/Qz). For now abbreviate G,z = G, and let

Gn = Gal(Q:(4"")/Qg).

The field diagram is as follows.

Qg(4;'")
G,,{ |

Q

Ko

It is clear that G = projective limit of the groups G,, and that G, is a
Z(p"[I',}-module, so in the limit, G is a A-module.
As in Chapter 5, let:

C, = CI"(K,) = p-primary subgroup of ideal class group of K,.
Then we have a homomorphism
A",
given by

al/ﬁ“ -->a

if (@) = a?". If u is a unit in Q such that #*" € 4,, then u*" € E,. The kernel
of our homomorphism is therefore precisely EX'*", so we have an injective
homomorphism

AY7 By > C,

which is also a A-homomorphism. Let &7, be its image. Then the Kummer
pairing is isomorphic to a pairing with 4,, namely:

G, x AYP[EV” — pyr
G, x oA, — Upr

In addition, this isomorphism is compatible with the limiting process:

+1
Gn+1 X ﬂrﬂ»l — "

Lo

G, an——"lip"
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Hence we get a compact-discrete duality
G x A — u»

where &/ = direct limit of 4. By Chapter 5, Theorem 4.4, there exists
A €A such that C* = 1,50 C} = 1 for all n,and A% = 1 for all n. By Kummer
duality, for ¢ € G we get

6*,a) = {o,0*> =1 forall x € AY*" and all n.

Hence ¢*° = 1, so A* annihilates G, which is therefore a torsion module over
A as desired.
In addition, we note that the direct limits

lim AY?"/EY” = lim 4, and lim C, = C.
— — —

are equal since any element in C, has a representative ideal prime to p.
Consequently we get the additional information:

Theorem 2.2. The Kummer pairing gives rise to a compact-discrete duality
Gal(2,/Qz) x C, —> u®.

Remark. Iwasawa has also shown that C = l(n_n C, is quasi-isomorphic to
Hom(lim C,, Q,/Z,) (see Theorem 11, p. 266 of [Iw 12]).
.

The extension Qg/Q;.

Let Ggz = Gal(Qz/Qg). For now abbreviate Gz = G. By the Lemma of
Chapter 5, §1 we know that there is only a finite number of primes 4, . . ., P,
dividing p in some finite extension K, such that p,, . . ., p, are totally ramified
in K. Let A be the class number of K. Let

Pt = (), ..., P = (m).
Then
Qp = Qp(nl®>, ..., 7di*®).
It is immediate that

Gal(Q,/Q5) ~ Z with s’ < s.

In particular, the structure theorem for finitely generated A-modules implies
that G cannot have any free part, so is a A-torsion module. This proves
Theorem 2.1.
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6. Kummer Theory over Cyclotomic Z,-extensions

For additional information concerning the fixed field of
Gal(Q/Kx)or

(for referring to A-torsion), cf. for instance Coates [Co 1], Theorem 5. Iwasawa
has an example showing that there are cases when the fixed field is not
necessarily Q.

Theorem 2.3. Assume that there is only one prime in K. lying above p.
Then

Qp = Qg, = 2
where E, is the group of p-units in K,, and

Qg, = QEF'").
Proof. We consider the diagram of fields:

K,

/ \Q(uz“) =Q.

K

Q

The ideal above p in Q, is principal, say generated by the element A, =
1 — {,. The degree [K, : Q,] is bounded independently of n, and we have

(An) = pie

where e, is the ramification index, bounded by this degree. Taking e to be the
least common multiple of the integers e, shows that pg is principal for all n.
We apply this to the previous discussion of the extension Q; = Qz(n}'’?”).
As ideals we have

(1) = pin

for n sufficiently large, and j, is divisible by arbitrary large powers of p as
n — co. Furthermore

QB = Qg(nf“’”).

It is then clear that Q; = Q;.
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§3. Cyclotomic Units as a Universal Distribution

Let p be a prime number.
Let &, be the group generated by + u® (p-power roots of unity) and by
the elements

{—1, with{epu®and{# I

We call &, the cyclotomic p-units. They satisfy the following relations:

CU 1 o {-D==-(-1
CuU2. [Jn-D=0r-1 ifP#1
=1
CU 3. IT ¢-p=
Cp:i’:n—mve

For this last one, note that the pth roots of unity satisfy
X*t4..-+1=0.

Replacing X by X + 1 yields the equation for { — 1, where { is a pth root
of unity. The constant term is then p. Replacing X by X?"~' yields the
equation for the general case, proving CU 3. The other properties are obvious.

We may rewrite these relations to fit the formalism of distributions as
follows. Let a € (Q/Z)® and a # 0. Define

8o = ™Mo — 1,
Let V = &,/ + u® be the factor group of cyclotomic p-units by roots of unity.
Theorem 3.1. The association of (Q/Z)® — V given by
ar+> g, (mod roots of unity)
satisfies the distribution relations except at 0.

The theorem means that for a # 0 we have

]_—I 8v = Za»

and is obvious in the light of CU 2.

Let V, = &,,,/+ p,» be the factor group by roots of unity of p-units at
level <n, i.e., generated by the roots of unity, and the elements { — 1 where
{ is a p"h root of unity # 1. Whether we take { to be primitive or not to
generate V, is immaterial since the distribution relation shows that we get
all of them from the primitive ones.
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6. Kummer Theory over Cyclotomic Z,-extensions

Let 45 = Gal(Q(u,")/Q) mod o _;. The next theorem is due to Bass [Ba}.

Theorem 3.2. The group ¥,% operates simply transitively on the primitive
elements of V,, and the induced homomorphism

Z[%,}]— Vy such that 6.+ gopn

is an isomorphism.

Proof. The homomorphism is obviously surjective. It is injective because
Z[%;] is torsion free, and the ranks of the two groups are equal. This proves
the theorem.

Theorem 3.3. The factor group V[V, for m = n has no torsion.

Proof. The embedding of ¥V, into V, corresponds to the embedding of
group rings

Z[%: ]~ Z[%x]

which sends an element o, on the element 3 ¢;, where the sum is taken over
a, € Y (c), the set of elements in ¢, which project on ¢, under the canonical
map

If an element

> > kb, k(b)eZ,

c begz(c)

is a torsion element with respect to Z[%,], then all the coefficients k(b) for
b € 9} (c) must be equal to each other, and hence the element already lies
in Z[%9,], as was to be shown.

Analogues of Theorem 3.2 and 3.3 in the modular case are proved in the
Kubert-Lang series [KL 2, 3, 4, 5]. In that case, it is also shown that there are
no units except the modular ones. Here in the cyclotomic case, say for the
p-primary component, it is the Vandiver conjecture whether the factor group
E/& is without p-torsion.

For the rest of this section, it is convenient to use &, to denote the proper
group of cyclotomic units, i.e., the group of units of the form

n’,

where n = { — 1, { is a primitive p"th root of unity, and o = Spezpny k(D)o
is an element of Z[%,], of degree 0, i.e.,

> k(b) = 0.
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Theorem 3.4. Let p be odd, and let ¢ be a primitive root mod p2. Then E,
is generated over Z[9,), by the element

°— 1
-1

Proof. We write an element « of degree 0 in the form

v =onfn =

o« = kb)o, — 1),

and observe that ¢, — 1 is divisible in the integral group ring by o, — 1
because o, is a generator of the cyclic group %,. This proves the theorem.

For p = 2 one has an analogous result using for ¢ an element =1 mod 4
such that ¢ generates 1 + 4Z,. The group ¢, = Gal(Q(u,*)/Q) is not cyclic
but a product of a cyclic group of order 2 and %7, which is cyclic.

It is convenient to reformulate the above theorem by passing to %, .

Theorem 3.5. Let ¢ be a generator of 1 + 4Z, if p = 2, and a primitive
root mod p? if p > 2. Let

, fe—1 .,

v, = image of T-T1 inVy
and let V) be the subgroup of V., represented by units (not just p-units).
Then we have an isomorphism

V1(l’ X Z[gft ]ovn,

so V2 is free of rank 1 over Z[9,}],.

Proof. Clear.

The composite case.

Let V be the group of cyclotomic units of all levels, modulo the group of roots
of unity. Then V is torsion free.

Let ¢ = (..., ¢p,...) be a vector with a component ¢, € Z¥ for each p
such that ¢, is a primitive root mod p? if p is odd, and ¢, = 1 mod 4 and
generates 1 + 4Z, if p = 2. We have an associated automorphism o, on the
full cyclotomic extension of Q.

Let ae Q/Z and a ¢ Z. We define

ac(ez’“a - 1)

h(a) = image in V of —= 77—

Then A is an ordinary distribution in the sense of Chapter 2, §8 if we define
h(©0) = 0.
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6. Kummer Theory over Cyclotomic Z,-extensions

Theorem 3.6. This distribution is the universal even ordinary distribution with
value 0 at 0, and values into abelian groups on which multiplication by 2 is
invertible.

Proof. On (1/N)Z/Z the group generated by the image of & has rank
3Z(N)*| - 1,

which according to Kubert’s Theorem 9.1(iii) of Chapter 2 is the maximal
possible rank (the value O at O gives rise to the —1). The Kubert generators
in Ty/ = 1 must therefore be free generators, and the canonical map from the
universal distribution to 4 must be an isomorphism.

The above is more or less Bass’ theorem in a different formulation. (Also,
as Bass states it, there is some difficulty with 2-torsion.) The idea of interpret-
ing it in terms of the cyclotomic units forming a universal distribution is due
to Kubert-Lang [KL 3], where a similar result is proved for the modular
units. The essential step in the proof here is of course Kubert’s theorem cited
above, combined with the independence of the units. In the cyclotomic case,
this comes back to the non-vanishing of the regulator, i.e., L(1, y) # 0. In the
modular case, see [KL 2] and [KL 5].

§4. The Iwasawa-Leopoldt Theorem and the Vandiver Conjecture

For simplicity throughout this section we assume that p is an odd prime. Also
throughout this section, we let:

Ko = Q™) and Ko = Q(y),
¢ = Gal(K./Q),
%, = Gal(K,/Q),

g+t = 9, mod g_, as in the preceding section.
R, = Z(p")[¥9,), and R = projective limit of R,.

Remark. It is easy to see that
R ~ A[G,]
where A is the usual Iwasawa algebra.

h} = class number of K.
We assume the Vandiver conjecture that hi = (E, : &,) is prime to p.
Q, = K, (V¥*™) = K,(€3%). By the Vandiver conjecture,
Q, = Ko(E}R).
Q = U Q, = Ko(E¥?") = Ko(EF7%).
G, = Gal(2,/K,) and G = Gal(Q/K.).
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We shall now develop the theory of G as R-module following the exposition
of [KL 9]. We use an upper minus sign to denote, as usual, the (— 1)-eigen-
space. This applies for instance to R~, G~, etc.

Theorem 4.1. Assuming the Vandiver conjecture, we have G = G-, and G
is a 1-dimensional free module over R™.

Proof. By the Vandiver conjecture and Theorem 3.3 we have
Eppn 0 K¥" = EZhu®.
Let us abbreviate for simplicity
Val?" = B3R |Epn 0 K.

Then the Kummer theory pairing discussed in §1 can be described more
explicitly as follows. From Theorem 3.2 we write an isomorphism

S ZIZ G > Vi,

using formal linear combinations with coefficients in (1/p")Z,/Z,. We have a
model for Kummer duality, through the pairing

2%, pl Z,/Z,19,] > iy

such that
2 x(c)o, x z Y(©)a, > 2™ = xewee,

This pairing induces a perfect duality
1
Z(pM[%.]~ x 17; Z,|Z,[%,]* — por,

as follows immediately from the formula
A& =<4, 8

where p is complex conjugation, or for that matter any element of &,.
Therefore we have an isomorphism of the Kummer pairing in terms of the

group rings,
G, X V37" — pge

| 1]

|
R, X ;R: —> Hpn
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6. Kummer Theory over Cyclotomic Z,-extensions

and this isomorphism is compatible with the limiting process, which can be
represented by a diagram in terms of the group rings for m > n:

- 1
Ru x —Zw R — iom

ool

RJX}R;’»M"

It is then clear that
G=IlmG, *limR; =R",
as desired.

One would expect the units whose existence is conjectured by Stark [St]
to play a similar role over totally real fields.

Theorem 4.2, Let C, = CI"(K,) be the p-primary part of the ideal class
group of K, and let C = projective limit of the C, under the norm map.
Under the Vandiver conjecture, we have C = C~, and C~ is cyclic as a
A-module. In fact, the maximal unramified p-abelian extension of K. is
contained in Q, so we have a natural surjective map

G—~ Gc ~ C,
the first map by restriction and the second by class field theory.

Proof. The field diagram (once the theorem is proved) is as follows.
Q

G{ Qv
e
Ko,

What we have to do is to show that the maximal p-abelian unramified exten-
sion of K, is in fact contained in Q. The rest of the theorem is then obvious
from Theorem 4.1. It will suffice to prove that a finite cyclic unramified
p-abelian extension of K, is contained in Q.

Let K,(x) be unramified, with some element « such that a?' lies in K.
We first show that we may select o to be real. By Vandiver’s conjecture, we
have G¢ = 150 Gg = G;. Let g be a generator for Gal(K.(x)/K.). Then

oo = {a for some pth root of unity {.

Let p be complex conjugation. Then pop~* = pop = 6~ since G = G~.
Hence popa = {~a, and therefore

od = (&,
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so that o(&/a) = &/a. Thus &/a = b lies in K. But the norm of b from K,
to K3 is 1 (obvious), so by Hilbert’s Theorem 90, there exists § € K,, such
that /B = b. Then af is real, and K,(x) = K. (B). This shows that we may
assume « real.

For n sufficiently large, o lies in K}, and K, («) is unramified over K,
because p is odd. Hence we have an ideal factorization

@ = o

for some fractional ideal a in K. The class of this ideal is principal by
Vandiver’s conjecture. It is then immediate that

Ki(0) = Kq(u'?)

for some unit u, thereby concluding the proof.

In the next theorem we let

Tp,n = Gal(K,/K,).
'l;heorem 4.3. (i) For m = n we have an injection
Ker(C, — Cp) = HYI ' 0, Ep).
(ii) Under the Vandiver conjecture we have H*(I'y,,,, E,,) = 0, s0
. C,—C,
is injective.
Proof. Let a be an ideal representing an element of C,, becoming principal

in K, say a = («) with « € K,,. For any element ¢ € I',, , we have oa = a.
Hence oa is equal to a times some unit. The association

a > cocycle class of (oo/a)

is a homomorphism of Ker(C, — C,) into H* of the units, which is immedi-
ately verified to be injective.

Assume now the Vandiver conjecture. Let &, be the group of cyclotomic
units. Then E, /&, has order prime to p, so

HY(8,) ~ H(E,).
For simplicity let W,, = um+1. Then we have exact sequences

0> W,—>8pn—>V,—>0
and

0>8—>Epn—>2Z—>0
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6. Kummer Theory over Cyclotomic Z,-extensions

whence exact cohomology sequences

0— HY(Wp) — Hl(gp.m) — HY(Vy)
and
0— HY&,) — HY (&, ,n) > HY(Z).
Since HY(Z) is trivial and H*(V,,) is trivial (by elementary facts of cohomology
of finite groups, and Theorem 3.2), it will now suffice to prove that H*(W,,)
is trivial. By the theory of the Herbrand quotient (cf. for instance Chapter IX,

§1 of my Algebraic Number Theory), the orders of HY(W,) and H%W,,) are
equal. However,

HO( W) = Wg’"'"/Nm.n Wn = Wn/Nm.n W

where N, , is the norm. Thus finally it suffices to prove that every p-power
root of unity in K, is the norm of an element in W,,. Let { be a generator of
W,.. The elements of the Galois group are represented by p-adic integers of
the form

1 + xp**t with x e Z/p™~"Z.

Taking the norm yields
Nm,nc = H Cl-l-xpﬂ = Cpm-n
x

which is a primitive element in W, and thus shows that H°(W,,) is trivial.
This concludes the proof of the theorem. .

Let K be a number field and let K’ be an abelian extension with Galois
group G. We assume that K and K’ are stable under complex conjugation.
We say that the extension K’ of K is odd (resp. even) if its Galois group is in
the (— 1)-eigenspace (resp. the 1-eigenspace) for complex conjugation.

Lemma. If o?*** € K}, then K,(x)/K, is an odd extension.

Proof. Clear.

From the lemma, it follows that Qz/K., is an odd extension, because the
units are generated by real cyclotomic units and roots of unity.

Theorem 4.4. Under the Vandiver conjecture, the Kummer duality gives rise
to a compact discrete duality

Gal(Q/Qg)* dual to C5
and also
Gal(Q/Q™")* dual to Cx.
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Proof. By Theorems 2.2, 2.3 and Lemma 1 of §2 we know that Q = Q,
and that

Gal(Q/Qg) is dual to C..

Taking eigenspaces for complex conjugation yields the first assertion. As to
the second, we know from Theorem 4.2 that

Qr < Qp

and Q; is an odd extension of Q°*. Again considering the eigenspaces yields
the second assertion.
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Iwasawa [Iw 8], [Iw 10] developed a theory of local units analogous to the
global theory, taking projective limits, especially in the cyclotomic tower, and
getting the structure of this projective limit modulo the closure of the cyclo-
tomic units. He considers eigenspaces for the characters of Gal(K,/Q,) where
K, = Q,({) with a primitive pth root of unity {. Since the cyclotomic units are
essentially real, we consider only even non-trivial characters. Then the eigen-
space is isomorphic to A/(g), where gis a power series which is essentially the
p-adic L-function.

The first section deals with the classical Kummer-Takagi exponents at the
first level Q,({), where { is a primitive pth root of unity, p odd. This is used in
combination with Nakayama’s lemma afterwards to get corresponding results
in the cyclotomic tower. Throughout this chapter we assume that p is odd.

Coates-Wiles [C-W 4] have extended this theory to the case of elliptic
curves with complex multiplication. In the process they have found sub-
stantial simplifications for Iwasawa’s proofs, and the exposition of this
chapter is essentially due to them. Note especially their generalization of the
Kummer homomorphism to all levels—a key to the whole theory. Such a
homomorphism extends to other formal groups besides the multiplicative
group, and a quite general statement has also been given by Coleman [Col].

On the whole, this chapter may be viewed as giving a good introduction
to the theories of Coates—Wiles. I am much indebted to them for keeping me
up on their work.

§1. The Kummer-Takagi Exponents

Let { be a primitive pth root of unity, where p is an odd prime. Let K, =
Q,(0)- We let o, p be the integers and prime ideal of K, respectively, and
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let
n={-1
Let U, be the group of units =1 mod p in K,. We let G, = Gal(K,/Q,), and
Ho: Go—> fp_y < Z}
be the homomorphism such that
{° = %9, for o € G,.

For simplicity of typography in this section we shall write » instead of .
Let fe Z,[[X]]. We recall the variables

T=1+ X=¢%,
and the differential operator
D=1+ X)Dyx = D, = TD;.

This last equality holds only for rational functions of X (or T).
Let ue Uy so u = 1 mod p. Let f be a power series =1 mod (p, X) such
that

u= f(n).

We then say that f'is a power series associated with u. Such a power series is
well defined up to a multiple of the irreducible polynomial A(X) of = over Z,.
Let f, f; be associated with u, so f = f; mod A. Since f; is a unit power series,
there exists a power series g such that

f= A0+ gh) with ge Z,[[X]]
Then

e £ gh'+hg'
fif=A1h +Tgh

and
Dflf = Dfi/fi + multiples of h and A'.
Since & is an Eisenstein polynomial, it follows that

D*=Y(DfIf)©0) [= D* log f(0)] is well defined mod p for1 < k < p — 2.
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We define the Kummer homomorphism for these values of k by
@i(u) = D*~1(Df]f)(0) mod p.
It is indeed clear that
ox: Uy — Z(p)

is a homomorphism. By the change of variables X = eZ? — 1, the formula

D*=(DfIfX0)
is also valid for f as function of Z, i.e., if we set
S(X) = fe,(2)
then
DX (DfIf)0) = D~ (Dzfe,[fa,)0)-

We now develop systematically certain properties of the Kummer homo-
morphism. These will be extended in the Coates—Wiles manner later to all
levels.

K 1. If f1, f> are associated with units u,, us, then f,f; is associated with
wuy. If f is associated with u and a € Z,, then f(X)® is associated
with u®.

Proof. The homomorphic property is clear, and has already been mentioned.
The statement for a € Z, follows from positive integers by continuity.

K 2. If f is associated with u, then a power series associated with u° is

S@ + Xy« — 1.
Proof fu = f(n)and f =1 +- - -, then

u® = f((1 + =)y — 1).
So the property is obvious. Furthermore,
A+ X7 = 1) = (<2 = 1),

The next property then follows from the chain rule in terms of the
variable Z.

K3. (%) = %(0)epr(u).
168



§1. The Kummer-Takagi Exponents

Let x be a character of G,. Let
—1

p 6€Gq

be the corresponding idempotent in the group algebra Z,[G,]. Write y = »*
for some residue class a mod p — 1. Let # = 1 mod p. Put

w*® = y(y).
K 4(). If k = amod p — 1 then ¢i(u(x)) = @r(w).
K 4(ii). If k # amod p — 1 then ¢ (u(x)) = O.
Proof. By K 2 and K 3 we find
0(*®) = #e()pr(u)-
The property follows by orthogonality of characters.
The units

1—-=n* fork=12,...

generate U, topologically. We shall be especially interested in the values of k
satisfying 1 < k < p — 2, and we shall orthogonalize these units with respect
to the characters of G,. We let

r,k = (1 —_ nk)@(k)
where we abbreviate
1
= o(y*) = ——— -k
e(k) = e(x¥) P e% x~*(o)o.

6€Go

Lemma. We have g, = 1 — n*mod n**%, for l <k < p — 2.

Proof. We have
me=110 - — 1%)* " mod n*~*
=110 + 2o - 1.
Say {° = ¢ Then
12 %) — 1)F = a % — 1)* = ({ — 1)* mod n?~1,
as was to be shown.
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Theorem 1.1. Let 1 < k,j<p — 2.

() @u(me) = —k mod p.

(D) @u(n) = 0ifk #j.

Proof. The second assertion is a special case of K 4(ii). As to the first,

o) = @i(l — 7).

An associated power series of 1 — n*is f(X) = 1 — X%, and

£ = 1=
Then
DfIf(X) = —k(1 + X) i Xk
=—ké? i (e? — 1)*
= —k ¢ mod Z*.
Hence
D*=Y(DfIf)0) = —k
as desired.

By the lemma, and a trivial recursion procedure, any unit =1 mod p has
a product expression

t. | 7. -
u=nt--nr=2 mod a3,

and the exponents #, are called the Kummer-Takagi exponents. They are well
defined mod p.

Theorem 1.2. Let u be as above. Then
1
k=—g ¢i(w) mod p.
Proof. Immediate, from K 4 and the fact that ¢, is a Z,-morphism.
The Kummer Generators

The rest of this section will not be needed, but is included for completeness
of reference, and as an introduction to [C-W 2], [C-W 4]. It is convenient to
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phrase the results in terms of the Lubin-Tate formal groups, so for the rest
of this section, we assume that the reader is acquainted with the basic facts
of these groups as explained in §1 and §2 of the next chapter, as well as the
existence of the logarithm on such groups, as explained in §6 of the next
chapter.

Let A be a Lubin-Tate formal group over the p-adic field K, and associated
prime n. We let B be the basic Lubin-Tate group associated with the
Frobenius polynomial

X? + nX.

Let W be the local parameter on B, and Z the parameter on the additive group,
so we have

Z = (W) = Wmod We-1

by Lemma 2 of §6 in the next chapter.
Let

. 8s(W) =bo + bW +---
be a power series with coefficients in K, and let
86,(Z) =do + dZ +---

be the power series obtained by putting gz(W) = gg,(A4z(W)). Then it is clear
that

bk=dk fork=0,...,q—l.
Taking the logarithmic derivative, i.e., the operator
g—>g'lg

for any power series g, we then obtain:

Lemma. If
gs/gs(W) = Z Ce,gWH 1
K=1
gt'aa/ge,,(z) = 2 ck.Gazk-l
k=1
then

Cx,B = ck,Ga fork = 1,.. s q — 2.
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7. Iwasawa Theory of Local Units

Proof. This is trivial from the chain rule, writing
gs(W) = ga (W + O(W*™h).
Let w, be an element of B, such that
wit+n=0.
The field
Ko = K(wo)

is tamely ramified, with different p§=2.
Let u be a unit in K,, and let g € o[[W]] be a power series such that

u = g(wo).
If g, is another such power series, then
g(W) = e«(W)h(W)

where h(W) is the irreducible polynomial of w, over K. From this it is
immediate that

g'[g(wo) is well defined modulo p§~2, and lies in o.

In particular, if we write
o]
g'/g(wo) = Z cwk™l, with ¢ €0,
k=1

then ¢, is well defined mod p for 1 < k < g — 2. We define
o) =¢, forl <k <gq-—2
Then it is clear that
@i 05 —> 0fp

is a homomorphism, which we shall call the Kummer homomorphism of degree
k. We shall determine the value of this homomorphism in special interesting
cases.

The units

1—wk withk=12,...
form a topological system of generators for the units =1 mod p, in 0,. Let
G, = Gal(Ky/K), s0 Gy X pg-1.
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There is a character y of G, into y,_; such that
owp = x(o)w,.

To avoid technical complications, we now assume that K = Q, so that
o =127, Welet

o=~ >y Ho)o

p a€Go

be the idempotent in the group ring Z,[G,] for the character y*. If u is a
unit =1 mod w,, we can define

ut with teZ,

in the obvious manner. We pick a sequence of integers m € Z approaching ¢
p-adically, and the ordinary powers u™ approach a limit, which is by
definition uf.

We orthogonalize a basis for the units. We let

Me=0—wkee, fork=1,...,p— 1.
Then:
@@ ne =1 — wkmod pl+2.

(i) on, = nE*, i.e., n, € Uy(k), where Up(k) is the y*-eigenspace of U,, and
U, are the units =1 mod ¥y, in K,.

The second statement is obvious by the standard properties of the idem-
potent e;.. For the first, we simply expand the product

me= 1 (1 — wh)=*"* mod wh+*

=TTa - xoywh=™
= (1 + wiP?

=1-—wk
as was to be shown.

Theorem 1.3. Let j,k = 1,...,p — 2. Then:
@) ¢uln) =0 ifk+#j
(i) @) = —k mod p.
If uis a unit =1 mod p, and
u =i qp=3 mod wgt,
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7. Iwasawa Theory of Local Units

then

th=—7 %(u) mod p.

Proof. Taking the logarithmic derivative formally, we have:

d log d log — 2¥o;
e S1 1A = 2wl

_ —k
= 3 1o TR
— < K +1)—1
kj;;;("’(o)wo( -1

Forj = O we geta term k(p — 1)wl~* = —kw}~* mod wi~2. This shows that
@x(m) = —k. On the other hand, ifk(j + 1) — 1 < p — 3, we have

k(ji+1)<p—2 so ki<p-3.
Then

¥ is not trivial,

so the orthogonality relations show that the coefficient of the corresponding
power of wy is 0. This proves (i) and (ii). The last assertion then follows from
the homomorphic property of the map ¢,, thus proving the theorem.

Let &/ = {a;} be a finite family of integers prime to p, and let #” = {n;}
be a finite family of integers satisfying

l_[a,"t = 1lmodp and Zn, =0.
Let
u=uN) =T - 1m
Then u is a cyclotomic unit, and ¥ = 1 mod p,.
Theorem 1.4. Let
u(st, N) =yt - -yz3 mod wh~L.
Then
t = Flz‘ B, Z naf mod p.
where B;, is the Bernoulli number.
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Proof. Let A be the formal multiplicative group, B the special Lubin-
Tate group associated with it. The power series

gG“(Z) = % Z — l
corresponds to the power series gz(W) such that
gs(wo) = {* — 1

where { is a pth root of unity. Directly from the definition of the Bernoulli
numbers,

VA4 < A
eZ—1" kZO B
it follows trivially that
, < 1 -
ge/8e(Z) = a+ 3 pB.a*Z¢ .
k=0"""*

Since the operation g+ g’/g sends multiplication to addition, the theorem
follows from Lemma 1 of §6 in the next chapter, and Theorem 1.3.

§2. Projective Limit of the Unit Groups
Let:
K, = Q(W,), W, = py+1.
0,, P, = integers and maximal ideal in K, respectively.
U, = units =1 mod y, in K,.

S
[

units whose norms to Q,, are equal to 1

= units which are infinitely divisible in the projective system of
units under the norm maps N, , with m > n.

We have given two conditions describing U,, and it is easy to prove that they
are equivalent. Indeed, we have the formula for the norm residue symbol:

(u, Km/ KL) = (N alhy Kn/ Qﬂ)

where N, is the norm from K, to Q,. If N,u = 1 then u is a norm from K,
for every m. Conversely, if the left-hand side is 1 for all m, then

N,u = 1 mod p™
for all positive integers m, so N,u = 1. This proves the equivalence.

Let:
G, = Gal(K,/Q,) and G, = Gal(K./Q,).
. = Gal(K,/K;,) and I = lim T, = Gal(K,/Kp).
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7. Iwasawa Theory of Local Units

Note that G, operates on K,, U,, U, and
G,,zl",, x G, while G, 2T x Go.

Let y be a topological generator of I'. Then I'™" = Gal(K,/K,) is generated
by y*".

We have an exact sequence of Galois modules
1— U, — U, 2> subgroup of Zr—>1.
From this sequence we conclude that for each character y of G, and y # 1,
U.(0) = U

In the next lemma, by rankz, we mean (as usual) the rank of a module modulo
torsion over Z,.

Lemma 1. (i) rankgz, U,(x) = p™
() Ifx # 1, %o then
U.(x) =~ Z&.
Proof. The integers o, contain a free submodule over the group ring
Z,[Gal(K,/Qy)],
and for large r, 1 + p"o, is Galois-isomorphic to the above submodule under
the exponential map, and is contained in U, with finite index, so the first
part of the lemma is clear.

For the second part, the only torsion in U, consists of the roots of unity
W,, which is a x,-eigenspace. Hence for y # 1, %, we have an isomorphism

U.(0) = Z¢"
as desired.

We consider the groups U, as forming a projective system under the norm
maps, and we let

U=IlmU,
<
be the projective limit. Then from the definition of U, we see that also
U=IlimU,.
<
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§2. Projective Limit of the Unit Groups

Note that Uis a topological, compact Z,-module, and also a A-module, where
A = lim Z,[T,].
<
If u is an element of U, then we view u as a vector
u=~_(0..,...)
with components u, € U, such that N,, ,u,, = u, for m > n, and we also write
u = limu,.

Lemma 2. U has no Z,-torsion.

Proof. Otherwise there exists a fixed power p” and an element ¥ = lim u,
such that u2” = 1 for all n. Then u, is a root of unity, and if u, # 1 for some n,
then the order of u,, becomes arbitrarily large as m becomes large, which is
impossible.

Theorem 2.1. For each character y # 1, %y of G, there is a A-isomorphism
Uy = A.
In other words, U(y) is free of dimension 1 over A.

The proof will occupy the rest of this section, and will result from a
sequence of lemmas. A “natural’ basis element for U(y) over A will be given
in the next section.

We shall apply Galois and class field theory in a manner similar to the
global case. For simplicity of notation, if X is a I'-module, we let:

X = X/ — DX and X™ = fixed elements under y*".

For simplicity of notation, throughout this section, denote by K2* the
maximal p-abelian extension of* K, and similarly let K% be the maximal
p-abelian extension of K,,. We have a tower of fields

K, < K, < K& < K2P,
Recall that I' operates by conjugation on Gal(K2*/K.,).

Lemma 3. If y # 1 then we have isomorphisms

Gal(K2*/Ko)(x) & Gal(K2"/Ko)m(x)
~ Gal(K:*/K)()-
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7. Iwasawa Theory of Local Units

Proof. This is clear from the fact that K2? is the maximal abelian extension
of K, contained in K2, together with the exact sequence

0 — Gal(Kz*/K,) — Gal(K**/K,) — Gal(K./K,) — 0
together with the fact that the last term is & Z,,.

The Galois group Gal(K2P?/K,) is isomorphic by class field theory with the
completion of K under the topology of subgroups of finite index. There is a
topological isomorphism as abelian groups

K¥ ~ Z x o},

Given a choice of prime element n in K, the isomorphism has the form
K} = n% x of.

The completion of K} in the topology of subgroups of finite index is therefore
K¥ ~ 7% x of

as abelian groups (not Galois modules), where

Z-= H Z, (product taken over all primes /).
1

On the other hand we have an exact sequence of Galois modules
1> Uy~ Kffpp-1—>Z 0.
Since G, operates trivially on Z, for each y # 1 of G, we have an isomorphism
U,(0) = (K¥/ptp - )(0)-
The isomorphism of local class field theory
K¥lpp-1 ~ Gal(Kz"/K,)

preserves the I and G, structures of both groups. Passing to the projective
limit over n, it follows from the previous isomorphism that

U = lim Un(y) = Gal(Ks"/K)(),
whence we obtain the next theorem from Lemma 3.
Theorem 2.2. For y # 1 we have an isomorphism
U0 = U@/G™ — DUQ = Uy
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§3. A Basis for U() over 4

Lemma 4. Let M be a finitely generated A-module such that

M|y - DM
is free over Z, of rank p" for all n. Then M is quasi-isomorphic to A.
Proof. Obvious from the structure theorem in Chapter 5.

The lemma is applied to the unit groups, using Lemma 1 and Theorem 2.2.
We therefore conclude that there is an exact sequence of A-modules

0>A—- Ul —>A—>B—>0

where A, B are finite. Since U has no Z,-torsion by Lemma 2, it follows that
A = 0. The next lemma will conclude the proof.

Lemma 5. In the exact sequence, we have B = 0, for y # 1, x,.
Proof. From the exact sequence
0—->U(l)—>A—->B—>0
we get the exact (cohomology) sequence
0 — U™ —> A™ —> B® —> U(x)ew-

[This is no big deal in the present instance. The last map is obtained by taking
an element b € B™, lifting back to any ¢ € 4, and sending ¢ — (** — 1)c. This
is well defined in U(x)/(y*" — 1D)U(x), and the sequence is trivially verified to
be exact.]

Trivially A™ = 0. Hence we obtain an injection

0— B™ — U()imy = Un(x) by Theorem 2.2.
But U,(x) has no torsion by Lemma 1(ii). Hence
B™ =0 for all n.

Since B is finite, this implies that B = 0, and proves Theorem 2.1.

§3. A Basis for U(y) over A

For each n > 0 we let W, = p,s+1, and we fix a family of primitive p**+th
roots of unity {, € W, such that

C1';+1 = Cn-
We let
x, = — 1.
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7. Iwasawa Theory of Local Units

The notation remains that of the preceding section. If 6 € G, then there is
an isomorphism

% Go—> 13
such that for all n,
& = .
As before, we let
Ho: Go—> Up_1

be the corresponding isomorphism at the first level. If y is a character of G,
with values in u,_,, then

X = %

for some k determined mod p — 1.
Given y # 1, %, we shall construct an element & € U such that the element

¢ = e()é

is a basis of U(y) over A. It is natural to construct &, of the form

& = w®) (b — x,)

where b € Z}, and o is the Teichmuller character. We have divided by w(b)
so that ¢, = 1 mod p,. For each n > 1 we want that

Nun-1b — x,) = b — x,_1.
But x, is a root of (1 + X)? = {,_; so the equation for b — x, over K, _; is
A+b6-YyY—{ia=0,
and from the constant term we see that
(L +0f —laos=Npn-a(6— X)) =b—Xp_1=b— ({1 — D
Thus
1+b°=1+b, so 1+byr =1

Therefore we select any

b=1-1, withany A# 1 and Aepy,_;
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§3. A Basis for U()) over 4

to get the desired b. A choice of 1 determines such &, and we write
&P instead of &,
if we wish to emphasize the dependence on A. Since
by = o),
it follows that for n > 1,
Non-10(0) = (b)Y = w(b),
and so the elements &, form a projective system in U.

Lemma 1. Given y = % # 1, %, there exists A € p,_; such that if we let
b=1-1,and

& = & = w(®)~(b — xo),
then:

(i) @i(&o) # Omod p;

(ii) &o(x) = e(x)-&o generates Uy(y) over Z,.

Proof. We shall check below that for a suitable choice of A (depending
on k) the Kummer-Takagi exponent given by Theorem 1.2 is # 0 mod p.
Then &q(y) generates Uy(x)/Uos(x)?, and hence generates Uy(x) over Z, by
Nakayama’s lemma.

Now for the computation of the Kummer-Takagi exponents, we need only
compute ¢.(&;) by K 4. We have

o = o5 (1 = 7/t
The associated power series is
S = s (1= XIB)

Then

O*l»—

SO0 = ~3 =t = =3 3 Y,

We want to prove that
D*-Y(Dflf) # 0 mod p.
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7. Iwasawa Theory of Local Units

We have

Dfif = (1 + 0F I = F 2 =14 22

But D = TD,. Hence it will suffice to prove that for 2 < k < p — 2 we have

1
-1
(TDT) (T — )’) re1 E= 0 mod D

By induction, it is immediately shown that

1 TAm=1 + P(T, )
(TDr)" (T A) T=

where P,(T, 2) is a polynomial in A of degree < m — 2, with coefficients in
Z[T]. Hence

_+l" 2+ Ppa(L D)
rer (L= A

e

The numerator A*~2 + P,_;(1, A) is a polynomial in A of degree < p — 4.
It is clearly not identically zero mod p, and so it has at most p — 4 roots mod p.
We can therefore choose 4 = 1 in p,_; such that 4 is not a root of the
polynomial mod p. This completes the proof.

Theorem 3.1. Let y # 1, %o. We can choose A € p,_1 such that the element

E0) = &PO

generates U(y) over A, i.e.,
U = 4-¢(0),
and such an element is a free basis for U(y) over A.
Proof. We know from Theorem 2.2 that
Uo(@) = UM/(y — DU,

and so by Lemma 1, e(y)-¢ generates U(y) mod m,- U(y). By Nakayama’s
lemma, it follows that &(y) generates U(y) over A. Since U(y) = A by Theorem
2.1, such a generator is also a basis, thereby proving the theorem.

§4. The Coates—Wiles Homomorphism

In this section we give the extension of the Kummer homomorphism to all
levels, based on a refinement of the associated power series.
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Theorem 4.1. To every element u € U there is a unigue power seriesfc Z,[[X]]
such that

SulXn) = uy.
This power series satisfies f,(X) = 1 mod (p, X), and the map
ur>f,

is a homomorphism of U into the multiplicative group of power series
=1 mod (p, X).

We first note that uniqueness is obvious since a power series has only a
finite number of zeros (Weierstrass preparation theorem).

The proof of existence will proceed via several steps, which also develop
systematically other properties of these series. First:

CW 0. X = 527) ® - X)

is the power series associated with our element . Indeed,

fé(xn) = —(l%b) (b = X) = &n.

Next we note two formal properties of the power series f, which is called the
associated power series to u.

CW 1. If a€ Z, then the power series associated with u® is f,(X)°.

Proof. This is first obvious when a is a positive integer, and is then true
for all a € Z, by continuity.

CW 2. If f, is associated with u, and ¢ € G, then there is a power series
associated with u°, namely

Sur(X) = f(1 + XY = 1).
Proof. If u,, = 3 ax! with a, € Z,, then
up = > afls — 1),
so the property is obvious from the definitions.

We are now ready to prove the theorem, i.e., we must show that every u
has an associated power series. The two properties CW 1 and CW 2 show
that the set of elements in U having an associated power series is a A[G,]-
submodule of U, and contains . So it contains A[Gy]€. In particular, taking
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7. Iwasawa Theory of Local Units

Theorem 3.1 into account, we have already shown that it contains U(y) for
all y # 1, »,. This is enough for the applications we have in mind.

For the remaining eigenspaces of y = 1 or %,, the element ¢ does not
suffice to generate these spaces, and one must show how to find an associated
power series for additional elements generating these spaces. This is not too
difficult and will be left to the reader, especially since a generalization of the
associated power series to all Lubin-Tate formal groups has been given by
Coleman [Col].

Let as usual

D=+ X)Dx = Dy.
Since f,'[f, has coefficients in Z,, it is clear that

Df.[flX) € Z,[[X]].

For each integer k > 1 we define the Coates—Wiles homomorphism ¢, on
U by

@) = D*log £,(0) = D*~*(Df./f.)0).
We see that ¢,: U— Z, maps U into Z, by the preceding remark.
CW 3. For 0 € G, 0u(u°) = %(0)*¢i(u).

Proof. If ur> u® then CW 2 gives the power series associated with »°, and
the assertion is then obvious by the chain rule applied to

D¥ log f,4(0) = D% log f,(e"”? — 1)|z=0.
CW 4. Let y = x5 where « is a residue class mod p — 1.
(D) Ifk = amod p — 1, then pi(u(x)) = ¢i(u).

(i) If k # amod p — 1, then ¢(u(y)) = 0.

Proof. Let e(x) be the idempotent associated with y. Then by CW 1 and
CW 3 we find

0iU®) = 25(e())Pr(u).
The property follows by orthogonality of characters.
CWS5S. Forue Uand geA = Z,[[X]], we have

o(g-u) = g(up)* — Dowuw).

Proof. The assertion is true when g(X) = 1l,and wheng(X) =1+ X =19
by CW 3. Thus it is true when g(X) = X, i.e.,

ou(X-u) = (x(0)* — Dow(w).
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§4. The Coates—Wiles Homomorphism
The property follows for arbitrary polynomials by induction, and arbitrary g

by continuity.

Theorem 4.2. Given a congruence class o mod p — 1, there exists a power
series h, such that for any k = oo mod p — 1, we have

(1 = P Neul&) = ha(r)* — 1).

If o is even # O mod p — 1, then we can choose A such that

PlEP)
is a unit, and h, is a unit in Z,[[X]].
Proof. Let

fi(X) = Dlog f(X) = (1 + X)fe/fe(X).
Then by Meas 6 of Chapter 4,

o) = DE-11(0) = f X1 dy (%),

Then a computation shows that
(1= 790:8) = D TR0 = | 0" dio (@

=| d“du(a)

z

for some measure u. By decomposing the integral over cosets of p,_, in Z§
we can write

> [ ed@

r€itp~1 Y1+DpZp

[ wtara due) =

where . is a measure with support in 1 + pZ,. By Example 2 of Chapter 4,
§1, we conclude that for each r there is a power series f, such that

fl @ du@ = £y - D),

and we let
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7. Iwasawa Theory of Local Units

Then for k = amod p — 1, we get

W = 1) = [ ol@ar* duca)

z;

= J; a* du(a).

.
t4

This concludes the proof of the existence of h. There remains to show that
©(&P) is a unit—it is then trivial that 4 is a unit power series. But this last
property is clear from Lemma 1 of §3, as was to be shown.

§5. The Closure of the Cyclotomic Units
Let &, be the group of cyclotomic units, i.e., the group generated by

-1
T—1

W, = +u,+1  and elements

where { is primitive p"**th root of unity. Let:

V. = closure of &, U, in U, = &, ,

V =lim V,.
@
If we wish to preserve the &-notation, then we may write

V = lim é-in'l = é_aw’l'
<

The group V, is a Z,[G,]-module, and V is a A-module. Since &,/W,, comes

from the real subfield, y-eigenspaces occur only for even characters x of G,.
Before analyzing the projective limit of V,,, we recall in the p-adic context

some facts about finite levels. In the global fields, we have an isomorphism

& W = Z[GY o,
where the index on the right indicates the augmentation ideal. Cf. Theorem 3.2
of Chapter 6. Since the cyclotomic units are independent over Z, by the
non-vanishing of the p-adic regulator, we obtain a G,-isomorphism

Eo|Wo R Z,[G} Lo
Hence for each even y # 1,

Gl Wo)Q) R Z,[GF1o(0) = Z,IGi Jo e(®)-
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§5. The Closure of the Cyclotomic Units

Let ¢ € Z} be a primitive root mod p?, and let

o = () 2=

Then v, = 1 mod p,. Furthermore for any even character y # 1 the element
vn(X) = v%(x)

lies in &,, so in V,()). (The root of unity w(c) disappears when we project on
the eigenspace for x.) Note that the elements v, form a compatible system in
the cyclotomic tower, that is

Nyoom = v, form = n.
We let
v= h£ Up.
Then
v(y) = lim v,(y) = lim vg®,
Theorem 5.1. For each even character y # 1 we have
Va() = Z,[Galon(0),
and hence
V() = A-v().
Proof. Immediate from Theorem 3.2 of Chapter 6.

We note that the power series associated with the element v is

S(X) = o(c) m__x)“—l

Let x be an even character of Gy, and x # 1. Let & = &® be the con-
structed element of U such that &(x) is a basis for U(y) over A. We have

U =48 and V() =4-0(3).
Let us write
o(x) = g, &(x) Wwith some g, €A.
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7. Iwasawa Theory of Local Units

Theorem 5.2. Let y = »§ be an even character # 1. We have an isomorphism

UQ/V(Q) = AlgA.

The power series g, (determined up to a unit in A) can be selected such that
it is equal to the power series g satisfying

g = 1) = (1 = P (1 = ) B,

for any even positive integer k such that k = a mod p — 1.

Proof. We have

?(v) = o(v() by CW 4
= g (@) — DeuE()) by CW 5
= g(x(»)* — Doi(£) by CW 4

= g — N1 — p*~ 1),

where g = g,h,, and h, is the power series of Theorem 4.2. Since 4, is a unit
power series, g and g, generate the same Ae(x)-ideal. There remains to prove

oule) = (1 — )7 B

But
, _1+X el + X
U+ D) EID) =~ ~ Ty 1 =T
_ e ce?
TeZ—1 eZ-1
= Dfylfe.
So for k = 2,

ou®) = D" X(Df,/f.)0)
=(- Ck)}c B,

by the definition of Bernoulli numbers. This concludes the proof.

The values of the power series g show that it is essentially the p-adic
L-function.

Remark. In this chapter we have proved a local statement which would be
immediate if one had the global Vandiver conjecture, as explained in Chapter 6,
§4. The corresponding global conjecture can also be formulated as follows.
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Let K, = Q(u®), and let K% be the maximal p-abelian p-ramified

extension of K. Let x be any even character #1. Then there is a quasi-
isomorphism

Gal(K&°*/K.)(x) ~ A/g, A

where g, is as in Theorem 5.2.
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Lubin-Tate Theory

This chapter reproduces with little change the approach to local class field
theory given by Lubin-Tate [L-T]. Using special power series associated with
prime elements in a p-adic field, they construct maximal abelian totally
ramified extensions by means of torsion points on formal groups, thus
obtaining a merging of class field theory and Kummer theory by means of
these groups.

The theory applies in particular to the cyclotomic case. The p"th torsion
point on a suitable group will be seen to be the classical cyclotomic numbers

(-1

where ( is a p"th root of unity.

§1. Lubin-Tate Groups

Let o be a ring. By a formal group over o0 we mean a power series
F(X, Y)eo[[X, Y]]
in two variables satisfying the three conditions:
FG1. F(X, Y)= X + Y (mod degree 2).
FG 2. F(X, F(Y,Z)) = F(F(X, Y), Z).
FG3. F(X, Y) = F(Y, X).

Strictly speaking, our formal groups should be called commutative one-
parameter formal groups, but we won’t deal with any others. The expression
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§1. Lubin-Tate Groups

mod degree 2 means modulo the power series of degree >2. Using the
associativity with ¥ = Z = 0 it follows at once that

F(X,Y)= X+ Ymod XY,

ie, F(X,0) = Xand F(0, Y) = Y.
It is an easy matter to show recursively that given a formal group as above,
there exists a unique power series A(X) such that

AM(X) = — X (mod degree 2)
and
F(X, (X)) = FAX), X) =0.

If this could not be proved, we would assume it as an axiom. We leave the
proof as an exercise. For the more extensive foundations of formal groups in
any number of variables, cf. Fréhlich [Fr].

Example. The formal multiplicative group G,, is defined by
FX,Y)=X+Y+XY=(1+X)(1+7Y)—-1
If a is a positive integer, and [a] denotes *“addition” on G,, a times, then
[alX)=(1 + X)* - L

If M is an algebra over o (always assumed commutative) and M is nilpotent
(in the sense that every element of M is nilpotent—some positive power of
the element is 0) then the formal group F defines an additive group law on the
set of elements of M, by the association

(x, ¥) > F(x,'y)
for x, y in M. Instead of F(x, y) we would also write
F(x,y) = x +py, or x[+]y, or x[+]ry.

The set of elements of M with this group law could be denoted by M. On
the other hand, it is useful to use a slightly different notation. We view F as
defining a functor

M'—)Mp.

We may also denote this functor by a letter like 4 (or 4y if we wish to make
the reference to F explicit), and then denote
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8. Lubin-Tate Theory

to be the set of points of 4 in M. As a set, it consists of the elements of M,
and it is also an additive group with the group law determined as above.

Suppose that o is a complete valuation ring, with quotient field X and
maximal ideal m,. We also write 0 = og. Then m; = m is topologically
nilpotent, in the sense that arbitrarily large powers of an element tend to 0.
For any positive integer k, m/m* is a nilpotent o-algebra, and A(m/m*) is a
group, as we saw. By continuity, it follows that 4A(m) is also a group. Addition
between elements x, y in m is again given by

(x, )= F(x, y).

Let L be any algebraic extension with valuation ring o, and maximal ideal
m;. Then we also have the completion 5, if L is infinite over K, with maximal
ideal 1it;, and it is clear that A(1i;) can again be defined as group with the
group law given by the same formula as above.

By an endomorphism of the formal group F (or A7), we mean a power
series f(X) such that

JSIFX, Y)) = F(f(X), (Y)).

We say that f is defined over o if the coefficients of flie in o. It is then clear
that such an endomorphism defines an endomorphism of A(m) by the
association

x> f(x), for xin m.

Similarly, a homomorphism f of a formal group F into a formal group F’ is a
power series such that

SIEX, Y)) = F'(f(X), f(Y)).

This relation could also be written
S(X +£ Y) = f(X) 4+ AY).
Such homomorphism induces a group homomorphism
A(m) — A'(wm),

where A4’(m) is the group whose underlying set is m, and whose group law is
that determined by F’.

We shall be interested in a special kind of formal group. From now on,
we assume that oy is a discrete valuation ring, and we let = be a prime
element in m,. We assume that o,/my is finite with g elements. We let:

&, = set of power series f€ o[[X]] such that
f(X) = nX mod degree 2
f(X) = X*mod n.
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§1. Lubin-Tate Groups

Example. The power series (polynomial) f(X) = X? + nX is an element
of #,, actually its simplest element, which will be called the special or basic
Frobenius polynomial associated with 7.

Example. Let

X)=Q+ Xy —-1=X?+..-+ pX.
Then f(X) is an element of %,.

The elements of %, will be called the Frobenius power series determined
by =.

Theorem 1.1. To each Frobenius power series f in &, there exists a unique
formal group F; (defined over v) such that f is an endomorphism of F;.

The formal group associated with f(X) = X? + nX in Theorem 1.1 will be
called the special or basic Lubin-Tate group associated with the prime .

The proof of this theorem will follow from a general lemma, as will the
fact that the formal group F; then admits o in a natural way as a ring of
endomorphisms commuting with £.

Lemma. Let f and g be Frobenius power series in #,. Let

L(Xy, ..., Xp) = a1 X1 +-- -+ a, X,

be a linear form with coefficients a; in o. There exists a unique series
F(Xy, ..., X,)eo[[Xq,..., X,]] such that

F(Xy,..., X,) = (X, ..., X,) mod degree 2

f(F(Xla sy Xn)) = F(g(Xl)’ B g(Xn))'

Proof. We abbreviate X = (Xy,..., X,) and g(X) = (g(Xy), - . ., g(Xu)).
We show by induction on r that the congruences

F(X)=L(X)moddeg2 and f(F(X))= F.(g(X))moddegr + 1

have a solution F,(X) in o[X] which is unique mod deg r + 1. This is true
for r = 1 with F;(X) = L(X). Suppose it true for r > 1. We let

Fry1=F + Hyyy
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8. Lubin-Tate Theory

where H, ., is a homogeneous polynomial of degree r + 1 with coefficients
in 0. We have:

SF1(X) = f(F(X)) + nH,,1(X) mod deg r + 2
F,,1(8(X)) = F(g(X)) + n"**H,.,(X) mod deg r + 2.

To satisfy the desired relation up to degree r + 1, we must take

H,.(X) = JF(X)) — F(g(X)) mod deg r + 2.

’tf+1 — 1

The coefficients are in o because
SF(X)) — F(g(X)) = (F(X))* — F(X9 = 0(mod 7).

It is then clear that
F(X) = lim F,(X) € o[[X]]

is the desired unique solution satisfying the conditions of the lemma.

Addendum to the lemma. The completeness of o was not assumed or used
in the proof. Furthermore, the proof shows that F; is the only power series
with coefficients in an extension field of K satisfying the conditions of the
lemma.

Theorem 1.1 is immediate from the lemma. Indeed, F; is the unique power
series F(X, Y) such that

F(X,Y)= X + Ymod deg?2,
and

SIEX, Y)) = F(f(X), f(Y)).

The other two formal group properties are seen to be satisfied by showing
that the left-hand side and right-hand side of FG 2 (resp. FG 3) are each the
unique solution of a system of conditions as in the lemma.

We call F; the Lubin-Tate formal group associated with f. If we want to
use the other notation, we also write it A(f), or simply A if the reference to
fis clear from the context.

We shall now see that F; admits o as a ring of endomorphisms in a natural
way. We prove slightly more. For each pair of elements f, g€ &%, and ae o,
we let a; , or [a];,, denote the unique solution of

a;,,(X) = aX mod deg 2
foa, =a5508.
We write a; or [a]; instead of a, ; for simplicity.

194



§1. Lubin-Tate Groups

Theorem 1.2. The association av> a; is an injective ring homomorphism of
o into End(Fy), such that

n; = f.

More generally, the association av> a;, is an injective additive homo-
morphism of o into Hom(F,, F;), satisfying the composition rule

g9 by = [ab];n

and

[a + B);,6(X) = Fy(ay,o(X), bs,o(X))
= a;,4(X ) +r, by ,o(X).

Proof. In each case, one checks immediately that both the left-hand side
and right-hand side of the desired identity are solutions of the type given in
the Lemma, whose solution is unique.

It is clear that if f; g € &, then the element 1, , is an isomorphism between
F, and F;. Thus the isomorphism class of F; is uniquely determined by 7.

Furthermore, from Theorem 1.2, we may also view F; as an o-module via
the operation a; for aco, and the above isomorphism is obviously an
p-isomorphism.

As a matter of notation, we shall use the three notations

as,a, or [a]

to denote the same power series. After a while, the polynomial f in &,
becomes mostly irrelevant, and we think in terms of the group law 4. Thus
a, or [a] when 4 is fixed become more satisfying to work with.

Let L be the completion of an algebraic extension of K. Then we may view
A(m;) as an o-module in the obvious way. The operation of o on A(m,) is
given by

x> a/(x) for xemy.

Of course, if L is finite over K, then L is equal to its own completion. By
functoriality, we also see that the formal isomorphisms 1,,, induce isomor-
phisms

A(g)my) B> A()my).

In view of this isomorphism, it is often convenient to omit f or g from the
notation and write [a](x) for the operation of o on A(m;) for x in m;.

Let L be a Galois extension, with Galois group G over K. The operations
of elements of G on L extend to the completion by continuity, so we may
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8. Lubin-Tate Theory

replace L by its completion. Since the power series a; 4, a; s, F; have coeffi-
cients in o, it is then clear that the operations which they define on mi,
commute with the action of G on m;.

§2. Formal p-adic Multiplication

Again we let o be a discrete valuation ring with quotient field K, which we
assume complete. We let my be the maximal ideal, and let ¢ = card og/my
be finite, a power of the prime p. We let f'be a Frobenius power series over o,
associated with the prime element n in my, and we let F; or 4 = A(f) be
the corresponding Lubin-Tate group.

For each a € o, we let 4,(f) be the set of elements x in the maximal ideal
mgs of the algebraic closure of K such that

as(x) = 0.
In other words, A, is the kernel of [¢]. If a is a unit, then Ker a, = 0, so we
are really concerned with 4 ,» for positive integers n. Of course, 4, depends
on f so we should write 4,( ). However, if g is another Frobenius power
series in o associated with the same =, then the isomorphism 1, , induces an
isomorphism

4,(8) 5 4.0,

which commutes with Galois isomorphisms. Further, if ¢ is an automorphism
of K® over K, then

as(6x) = a(ay(x)),
so A,(f) is a Galois module, and the extension
K(A,(f)) over K
is independent of the choice of fin &,. We shall see in a moment that itis a
separable extension, whence it is a Galois extension, and is finite for a # 0
because a non-zero power series has only a finite number of zeros (Weierstrass
preparation, or more naively, use the power series X? + nX in &).
Consider the case n = 1, so consider K(4,). Then
K(4,) = K(x)
where x is a root of X? + X = 0, x # 0, or in other words, x is a root of
X'+ n=0.
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§2. Formal p-adic Multiplication

Thus K(A4,) is a Kummer extension (since the (¢ — 1)th roots of unity are
in K), with abelian Galois group, cyclic of order ¢ — 1, and totally ramified
over 7.

Let xe€ A, and x # 0. The map

ar—> ay(x)

gives a homomorphism of o into A,, whose kernel is obviously zo. Since
A, has g elements, it follows that

= X o/no
as o-module. In particular, End, 4, & o/no, and
Auty A, = (o/no)*.
We have a representation
%: Gy = Gal(K(4,)/K) — Auty A, = (o/no)*.

Since G, and (o/mo)* have the same cardinality, namely g — 1, it follows that
this representation is an isomorphism.
We have similar results in the n"-tower.

Theorem 2.1. (i) The group A,» is a free 1-dimensional module over o|n"o.

(ii) K(A4,») is abelian over K, totally ramified, and we have a natural
isomorphism

x: Gal(K(4,)/K) ~ (o/n"0)*.

Proof. Let (xy, x5, . . ., X,) be a sequence with x, € 4., such that x; # 0
and n,(x;) = x; ;. Without loss of generality we may assume

f(X) = X+ nX.
For k > 1 we see that x, is a root of
X"+1tX—xk_1 = 0.

Relatively to the field K(A4 ,»-1) this is an Eisenstein equation, and so we have
shown inductively that K(4,») is totally ramified. Since A4, is stable under
the Galois action, and since the equation

X"+1tX—xk_1=0

is separable, it follows that K(A4,)/K is Galois. As before, we get a repre-
sentation of the Galois group in Aut, 4,». The map

ar> af(xn)
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8. Lubin-Tate Theory

induces an injection of o/n"o into A,», whence an o-isomorphism by counting
cardinalities, and it follows as for n = 1 that we have an isomorphism as in
(ii), thus proving the theorem.

Passing to the limit, we may form the projective limit T,(4), consisting of
all infinite vectors

(X0s X1, ...)

such that n/(x,) = x,-; and n;(x,) = 0. It is then immediate that T,(4) is
a free 1-dimensional module over o.
Let

K, = K(Ap+), Ko =|JK.
Then K, is an abelian, totally ramified extension of K, and
%: Gal(K,/K) =~ o*

in the natural way. If » is a unit in o*, then we have a corresponding element
of the Galois group, denoted by ¢,, which is such that

Oy = [u]f- !

in the representation on T,.(A(f)). If we wish to omit the reference to f, we
simply write [u]. Thus on a vector as above, we have

o H(Xo, X1, -+ -) = ([ul(x0), [u](xa), - . ).

It is also convenient to have a notation for the representation of the Galois
group in o*. We let

x®: Gx — o*

be this representation, where G = Gal(K®/K), such that

ox = [#(6)];(x) for xeA™.

Example. We shall now give the standard example with the formal
multiplicative group

FX,Y)= X+ Y + XY.
Over the p-adic integers o = Z, we have the Frobenius series given by
fX) =1+ XP—1=X?+---+pX
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associated with the prime p. Let A be the corresponding Lubin-Tate formal
group. Then in fact A4 is defined by the power series

Ff(X9 Y) = F(X9 Y)9

i.e., 4 is the formal multiplicative group. Then A, consists of those elements
in the maximal ideal of the algebraic closure satisfying the equation

1+xy"—-1=0
and these elements are none other than
(-1,
where { is a-p™th root of unity.

Theorem 2.2. The prime w is a norm from every extension K(Ar).

Proof. Consider first the bottom level of the tower K(A4,) over K, obtained
from the equation

X1 4+ =0
Let o be a root. Then
(—1)?"*N(@) = 7.

If ¢ is odd then = is the norm of a. If ¢ is even then ¢ — 1 is odd, the degree
[K(4,): K] is odd, and —1 itself is a norm. Hence = is the norm of —a.
This proves the theorem in case n = 1. For the proof in general, let # = x,,
and let

(xO’ xla L ')
be such that
n!(xn) = Xp-1-

Thus x, is an element of 4., x; # 0, and x,_, is a norm of *x, from the
field K(x,) over K(x,_,). The argument is similar and equally trivial, as
desired.

Theorem 2.3. Let B be the special Lubin-Tate group associated with the
prime © and the Frobenius polynomial X* + nX. Let { € pg_,. Then:

@® [€1(x) = {x.
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(i) If F(X, Y) is the group law for B, and
F(X,Y) =X + Y a,X'Y’,
then a;; = O unlessi + j=1(modp — 1).
Proof. Let X, be a generator of B,»+1 such that
[7)(xn) = Xn-.

Since x, is a root of X2~! + © = 0 it follows by a trivial recursion that the
irreducible polynomial for x, over K is a polynomial in X?-*. Therefore we
can find an automorphism

0, € Gal(K,/K)

such that ¢,x, = {x,. Since elements of the Galois group commute with [z},
there exists an element ¢ € Gal(K,/K) such that

ox, = {x, for all n.

By Theorem 2.1 there exists a € 0¥ such that ox, = [a](x,) for all n. Since
¢?~1 = 1, it follows that a is a (g — 1)th root of unity. But also

{x, = [alx, = ax, mod x2
so { — a = 0 mod x,. This is impossible since both {, a are in u,_,, unless
{ = a, thereby proving (i).
Secondly, for every { € u,-; we have
LF(X, Y) = FCX,{Y) = (X + (Y + D a{''X'Y".
Then (ii) follows immediately.

§3. Changing the Prime

We shall now analyze what happens when going from one prime = to another
prime n’ = nu where u is a unit of og. Since we have to refer to the primes,
we let

K®=K® =) K(4,»).
We let A’ be the Lubin-Tate group associated with #’, so
K™ = |_J K(4;»).

We let L be the completion of the maximal unramified extension of K, with
ring of integers o;,. We let K, be the maximal unramified extension of K,
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§3. Changing the Prime

and o, its valuation ring, with maximal ideal m,.. We let ¢ be the Frobenius
automorphism of K, extended by continuity to L.

Theorem 3.1. Let f, f' be Frobenius power series over v, associated with the
primes w, ' respectively. Let ¢ be a unit of o, such that ¢®/e = u. (Such
units exist.) Then there exists a unique isomorphism

0: F, > F, f
defined over o, which commutes with the operation of v, that is for all a in .

0°a;=a,~°0,

and such that
0(X) = eX mod deg 2.

This power series 0 satisfies

0”’=0°u,.

Proof. The existence of the unit ¢ such that ¢?/¢ = u is easily obtained by a
recursive procedure, and is left to the reader. We then construct a power series
0(X) = X + - - - to satisfy 6% = 0 o u, as follows. Let 6,(X) = ¢X. Suppose
we have found 0,(X) of degree r such that

0P(X) = 0,(u(X)) mod deg r + 1.
We wish to find some element b € o, such that the series
0,4+1(X) = 6,(X) + bXxT*?
satisfies the same congruence to one higher degree. We have:

07, 1(X) = 02(X) + b*X"*1
0,41 0 ul(X) = 0,0 u(X) + bu,(X)*.

The condition on b is therefore that
b® — butl = ¢,

where ¢ is the (r + 1)th coefficient of 6, o u(X) — 02(X). Write b = acg™*2.
The condition on b is equivalent with the condition

aq’ —a= c/8¢(t+1).
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A recursive procedure, letting a,,, = a, + xn"**! shows that we can solve
for x at each step to make the equation valid mod n", whence solve the
equation for a in o;. This concludes the construction of 6.

We shall now see that 6§ almost satisfies the other conditions of the theorem,
and that it is easy to adjust it to get these other conditions exactly. Let

g=00m 001

It is obvious that 0 o F; o §~! commutes with 8 o,/ o -1 = g. We contend
that g is a Frobenius power series associated with n’, and has coefficients in
0o = og. Once we have proved this contention, we then conclude that the
power series

0(F,(6=(X), 6-%(Y))

has the properties characterizing F,(X, Y) (it is obvious that this power series
is congruent to X + Y mod deg 2). The Lemma and addendum to Theorem 1.1
show that the power series is equal to Fy(X, Y). Similarly, we verify that
0 o a; o 6~ 1 has the properties which characterize g,, so is equal to a,. In this
manner, we have proved the theorem except for the fact that

6: F > Fg
is an isomorphism from F; to F,. Replacing 0 by 1,. ;, o § then concludes the

proof.
All that remains to be done is settle the contention. We have:

On;0-1(X) = en’e"'X = 7' X mod deg 2.
Also,

bn,'0~1(X) = Busm,0~1(X) = 60°(f(0~*(X)))
= 6°(0-1(X)) mod =
= 0°(0-*(X9Y) mod =
= X1 mod 7.
There remains only to prove that the coefficients of On;0-* lie in o, and it

suffices to show that they are fixed under the Frobenius automorphism ¢.
We have:

Om0-1)° = 0%fu,0~° = 0°f0-1 = Qu,fO-* = Om0-1,

which concludes the proof of the theorem.
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§4. The Reciprocity Law

Let K,, as before be the maximal unramified abelian extension of K. Local
class field theory would immediately show that the composite field

K™K,

is the maximal abelian extension of K. On K™ we have a good model for the
Galois group given by the association

ar>[a], aeo*,

and on K, we have the Frobenius automorphism, which generates the
Galois group. We wish now to give an independent proof that the field K™K,
is independent of the choice of =, and that the structure of the Galois group
is in fact determined independently of that choice also.

Theorem 4.1. The field K™K, is independent of n. Let a € K*. Write
a = un™

for some unit u, and some integer m. Let r.(a) be the automorphism of
K™K, . such that:

r(a) = 6, on K™

r.(a) = @™ (¢ = Frobenius) on K,,.

Then the association a > r,(a) is independent of the choice of =.

Proof. Let L be the completion of K, as in the preceding section. Let 4
be the Lubin-Tate formal groups associated with the prime n, and let 4’
be associated with the prime n’. Since 4 and A’ are isomorphic over L by
Theorem 3.1, it is clear that

LK™ = LK™,
However, K, is algebraically closed in L. The two totally ramified extensions
K™K, and K™K,

become equal when lifted to L. By elementary field theory, they must be
equal as extensions of K, thus proving the first assertion in the theorem.

The set of prime elements ©’ generates the multiplicative group K*. To
prove the independence of r,(a) from the choice of =, it will therefore suffice
to prove that for all n’,

ri() = rp@).
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These automorphisms coincide on K,, since they both give rise to the
Frobenius element. It will therefore suffice to prove that they coincide on
K™, We keep the notation of Theorem 3.1.' Write n’ = uzn with some unit u.
Since r,.(n') = identity on K™, we are reduced to showing this same property
for r ().

Let f be a Frobenius power series associated with n. The field K™ is
generated by the elements 6(x) with x € A™(f). Hence we are reduced to
showing that such elements are fixed by r.(n'). Indeed:

ra(m)0(x) = rW)r(m)0(x)

= ru)6(x)
0%(u;~1(x))
= 0(x).

This concludes the proof of the theorem.

One may now use local class field theory to guarantee that K™K, is the
maximal abelian extension of K. Let

(a9 Kab/ K)

be the norm residue symbol mapping K* into Gal(K,,/K) from local class
field theory. Then we find

r(@) = (a, Kop/K).

Indeed, both automorphisms induce the Frobenius automorphism on K,
and for any prime element n, both automorphisms induce the identity on
K™, since n is a norm from every finite subextension of K™ by Theorem 2.2.
Since r(a) and (g, K,,/K) coincide on all prime elements, they coincide on
K*,

§5. The Kummer Pairing

It should be clear that the formalism of formal groups is completely analogous
to the classical formalism on the multiplicative group or the group of Witt
vectors. In a similar way, one can develop “Kummer theory” completely
analogously to the standard way (cf. for instance Algebra, Chapter VIII, §8),
or the way Witt did it in characteristic p for his vectors (Crelle 1935-1936).
The possibility of doing this in the context of Lubin-Tate groups was first
noted by Frohlich [Fr]. Of course, some new phenomena arise. Applications
to explicit reciprocity laws as in Coates—Wiles [C-W 2] and Wiles [Wi] will
be postponed to a later chapter.
Let A be a Lubin-Tate group associated with the prime n. We let

Kn = K(A,,’Hl)
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so K, = K(A4,). We let o, be the ring of integral elements in K, and let p,
be its maximal ideal. We write A(p,) as usual for the set of elements p, with
the group law defined by A. We define a pairing

A(p,) x K —> Ao,

Let x € A(p,), let ¢ be an element of A(p,) such that [z"*1]¢ = x, and let
o € K¥. Note that actually ¢ € A(p?**?1). Define the symbol

(X, )y = Gat —4 t,

where ¢, = (¢, K2*/K,) is the automorphism of K2 over K, arising from
local class field theory. Then it is clear that {x, a) lies in A »+: and is inde-
pendent of the choice of ¢ such that [n**1]t = x. We call it the local (Kummer)
symbol (relative to the formal group A and the multiplicative group). If we
want to specify A in the notation we write

{x, api.

Example. The formal multiplicative group. For # = 1 mod », and a € K}
we define the classical norm residue symbol

B o)=<B—-Laa+1,

where A4 is the formal multiplicative group.

The local symbol trivially satisfies the following properties.

LS 1. It is ox-linear in x and multiplicative in a.
In particular, the symbol induces a pairing

A(pn)/ [+ ]A(pa) X KHEKX"" —> Ao,
and it is clear that in the pairing
A(pn) X K — Ar4a

the kernel on the left is exactly [n"**]4(p,), because if x is not a [n"*1]-
multiple in A(p,), then its [n**1] root ¢ generates a proper extension of K,

so the Galois group operates non-trivially.

LS 2. If0: A — A’ is an isomorphism over o between two Lubin-Tate groups
associated with the same prime m, then

<x, app" = 0(K07*(x), ap).
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LS 3. If ¢ is an automorphism of K®® over K then
{ox, o), = {X, 0Dy
LS 4. {x, a), = 0 if and only if o is a norm from K, (t), where [n***]t = x.

This last property uses a fact from local class field theory which could be
proved from the Lubin-Tate formalism, but which we shall take for granted.
Otherwise, the other properties are obvious.

As an application of LS 4, let N, , denote the norm from K, to K, for
m = n. Then the orthogonal complement of A,»+: under the pairing is given
by

1 *
Amner = N2n+1,nK2n+1°

LS S. Let m = n and let Ny, denote the norm from K, to K,. Then for
x € A(p,) and o € K¥ we have

[nm-n:'(x, a)m = (x, Nm.n(a)>n-
In other words, N, is the transpose of [n™~"].

Again this is clear from the functorial properties of the norm residue symbol
which we assume. We can then define the symbol in a limit situation as
follows. We let

T(K¥) = group of sequences (o, &, ...) wWith a, € K¥ such that for
alln > 0,

Nn+1.n“n+1 = Oy

Thus T(K%) is just the projective limit of the groups K& under the norm
mappings. We may then define a pairing

A(po) x T(KZ) — To(4)
by letting

X X (aOa Olyy e ') = (<xa a0>0, <xa <x1>1’ . ')'

On the right-hand side, the components <{x, o>, are defined for all m
sufficiently large, i.e., m > n such that x € A(p,). The components <{x, o,
for k < n may then be defined by applying the appropriate power of [n] to
the nth component. Property LS 5 shows that this is well defined. The pairing
is og-linear in x and multiplicative in « € T(K}).
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§5. The Kummer Pairing

Of course it is a considerable restriction on an element «, in K¥ to be
liftable to an infinite vector of consecutive norms. In fact, let N, be the norm
from K, to K, and let

N, Y(n%) = group of elements o € K¥ whose norm N, is a power of .

Lemma 1. We have N; *(n?) = (| Np.K¥.

mzn

Proof. Suppose N,o € nZ. Then
(o, Kn/Ky) = (Nyat, Km/K) € (nz, Km/K) =1
because 7 is a norm from each extension K, by Theorem 2.2. Hence « is a
norm from K, thus proving one inclusion.
Conversely, suppose that « is a norm from each K, for m > n. Then

1 = (a, Kn/Ky) = (Nat, Kn/K).

Let N,x = n"'u where u is a unit in K. Since = is a normr from K,, by
Theorem 2.2, we conclude that

(u, K,/K) =1 for all m.

Hence ¥ = 1 mod p™ for all m, so u = 1. This proves the reverse inclusion,
and proves the lemma.

LS 6. If p is odd then

@ (o, 0>, = 0.

Whether p is odd or even, we have

(i) {a, =y, = 0,

(iii) X =15, =0 iford,x > e+ 1
and so

@iv) {a, 00, =0 iford,a >e + 1.

Proof. Let f,(X) be a Weierstrass polynomial such that

[2"*21(X) = fu(X)g(X)
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8. Lubin-Tate Theory

where g(X) is a unit power series in o[[X]]. Let ¢ be a root of f,(X) = a.
The extension K,(¢) is independent of the choice of ¢. Thus, if we factor
Jf+(X) — « into irreducible polynomials over K,, say

A — = ﬂ FuskX),

then for each j we obtain K,(¢) by adjoining a single root of f, (X) to K,.
Therefore, if ¢, ; denotes the constant term of f, X), and d is the common
degree of the irreducible polynomials f, ; then we conclude that (— 1), ,
is a norm. But

S
—0o = H c,,'j.
J=1

Hence —a = (—1)% times a norm, and (—1)% = (—1)?*? is a norm. This
proves the first two assertions. For the last two (relevant only for p = 2),
it is clear from bilinearity that

RKx, 1) =0.

If ord, « > e + 1, then o« = [2]y for some y, and so {a, —1)> = 0, thus
proving the last two assertions.

The following lemma gives information on the factor group

A(pn)/[n"* 1 ]A(pn),

by showing that near the origin, the operator [r] operates very regularly. We
let &, denote a prime element in K.

Lemma 2. Assume k > q". Then A(nnko,) = [r]A(nko,).

Proof. The inclusion = is obvious. We prove the reverse inclusion. Let
z = nn¥t with ¢ € o,. We must solve

X+ nx =z with x==fy and yeo,.
This is equivalent to
ndyt + pP@-D+ky = ok,
But k > ¢* implies that gk > g™(¢ — 1) + k, so we are reduced to solving
fO)=ay'+y—-1t=0

with a divisible by =,. Since f(¢) = 0 mod =, and f'(¢) = 1, Hensel’s lemma
does it.
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§5. The Kummer Pairing

As consequences of the lemma, we find for instance:
A(n"*?0,) < [n"**]A(pn)
A@ " *10,) < [n]A(p,)-
This second inclusion comes from using k = g™ + 1.

Theorem 5.1. Let w; be elements of v, for i =1,...,q"*, such that
ordy, w;, = i. Then these elements generate A(p,) mod [r]A(v,), and therefore
generate A(p,) mod[rn"**]A(p,) over o.

Proof. Since X +, Y= X + Ymoddeg2, given xep, we can find
a; € o such that

x —4 [a;lw, = O mod p2,

because [a;]lw; = a;w; mod p2. We may then proceed recursively to find
ay, . . ., Gm+1 such that

x = [aywy +4[azlws +4- - - +4 [ap+1]wparr mod pgt 7 +2,

By the lemma, this congruence also holds mod[n]A(p,). Hence the w, generate
A(p,) mod[r]A(p,), whence by Nakayama’s lemma, they also generate
A(p,) mod[r**+1]A(p,). This proves the theorem.

The special case when K = Q,, is of importance in the cyclotomic theory
(and elsewhere), and some refined statements can be given as in the next two
theorems due to Coates—Wiles [C-W 1], [C-W 2].

Theorem 5.2. Assume K = Q,. Then A(p,)/[r"**]1A(p,) is free over o[n"*+ 0.
Suppose that A is the basic Lubin-Tate group. Let I be the set of integers i

satisfying
1<i<p*?* with (,bp=1, or i=pr*L
Let xq be a non-zero element of A, and let
(XGy X35 ey Xnyvvr)
be an element of T,(A), that is [n]xy+1 = Xi. Then the elements
{xt} withiel

Jorm a basis.

Proof. For i € I we let w; = x}. On the other hand, if p” divides i exactly,
we take

wy = [w](x3).
209



8. Lubin-Tate Theory

This shows that the elements x% with i e I generate A(p,) mod[r™**]A(v,),
over o.

There remains to prove that they are linearly independent mod n™*%o.
We first show that they are linearly independent in A(p,)/[x]A(p,) over o/no.
Suppose we have a relation

@) 2.4 [alx, = 0mod [r]A(p,),
where 3, indicates the sum with respect to the group law of 4, and some

coeflicient g, is a unit, say a,. We may assume a; = 1.

Case 1. k < p***. For any x € p, we know that
[n]x = x* +--- + px.

Either the term x? dominates this expression, in which case ordy_ x is divisible
by p, or some other term dominates, which means that

p-ordx > p"(p — 1) + ord x,

so ord x > p*, and ord [r]x > p"**. This implies that we cannot have a
relation of congruence (*) because as with ordinary addition, if y, y’ € A(p,)
and ord y # ord y’ then

ord(y +, »') = min(ord y, ord y').

Hence there cannot be any cancellation in the sum of the left-hand side of
(*), thus concluding the proof in Case 1.

Case 2. k = p***. Then by Case 1 we may suppose that g, is divisible by
n for all i # k, and therefore x2"** lies in [n]A(p,). We use the hypothesis
that A is the basic Lubin-Tate group, and then there exists y € p,, such that

yp + ny = xgni-l.
But x2" ~ x, and x§-! = —x. The above equation is clearly impossible if y

is not divisible by x, because the orders on the left-hand side cannot match
the order on the right-hand side. Then we divide by x,? to find

(/o) — (/x0) = x3""*/x} = unit.
Reading this equation mod p,, yields a solution of
Y? — Y = unit mod p,
in the residue class field Z/pZ, which is impossible. This proves the theorem.
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§6. The Logarithm

Theorem 5.3. Assume that K = Q,, and that K(A,) does not contain the
pth roots of unity. Then the local pairing

AP)/[n**1]A(p,) x KXKF"" —> 4001

is exact on both sides, i.e., the kernels are O on both sides.

Proof. In Theorem 5.2 we have determined the order of

A(p,)/[7"* 1 A(pn).

It is a standard exercise of local algebraic number theory [L 1], Chapter II,
§3 to determine that

order of K}/ K¥"*' = (A(p,) : [x"*1]A(p.))p"

where p” is the order of the group of p-power roots of unity in K,. If K(4,)
does not contain y, then neither does K,. Hence

kYK

has the same order as A(p,)/[n"**14(»,), and we know that the kernel on the
left is trivial. Since A »+1 is cyclic in the present case, it follows by the duality
of finite abelian groups that the kernel on the right of the pairing must also
be trivial, as desired.

Remark. When the pth roots of unity are in K(4,), in particular when
A = G, the above argument definitely shows that the kernel on the right is
non-zero.

§6. The Logarithm

Let A be a formal group, defined by a power series F(X, Y) over some ring o
with quotient field K of characteristic 0. It can be shown that there exists an
isomorphism

A:A—G,

with the additive group, i.e., a power series with coefficients in some extension
of K such that

MX +5 Y) = AX) + AY),
AX) = Xmod deg 2.

The + sign on the right-hand side is the ordinary addition. That power series
is then uniquely determined, and its coefficients lie in K. It is called the
logarithm on A4, and we write 1 = 4, if we need to refer to A4 explicitly.
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8. Lubin-Tate Theory

Example. Suppose 4 = G,, is the formal multiplicative group. Then the
log is given by

AX) = log(1 + X),
where the log here is the usual series from calculus.

It is easy to show that any endomorphism of G, is given by multiplication
with a scalar, i.e., if a power series A satisfies

h(X + Y) = h(X) + K(Y),

then h(X) = aX for some constant a. Hence the uniqueness of the log 4,
follows at once. In this section we shall prove its existence for Lubin-Tate
groups, and additional properties, following Wiles [W] in preparation for the
explicit reciprocity laws.

Lemma 1. The limit

AX) = lim ﬂl 3(X)

exists, and gives a formal isomorphism of the Lubin-Tate formal group A
with the additive group G,.

Remark. The limit is to be understood in the following sense. Each term
1 (X)) = Z c""X"‘
s A k

is a power series. By the existence of the limit, we mean that for each %,

lim ™ = ¢,
n

exists as n — oo, and then A(X) is defined to be 3 ¢, X*. The convergence will
not be uniform in k.

Proof of the lemma. We look at the difference

1 1 1
T nit(X) — o ni(X) = o (m} o n3(X) — n'ni(X)).

Let
TH(X) = n"X + g.(X)
where
g(X) =2 aPr'X’ and i+jzn+1, jz2
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§6. The Logarithm

and the coefficients 4P are in ox. Then the right-hand side of the required
difference is equal to

1
— & + g,(X).

We are interested in the coefficients of monomials of degree <k for a fixed k.
Reading all expressions mod X**! we see that we may assume

i>n+1—(k+1).

Hence n"X + g,(X) is divisible by =" ~*. Similarly, the power series expression
for g, is divisible at least by n"~*. Since g, has degree >2 it follows that
g(n"X + g.(X)) is divisible at least by

ﬂr—kn2(n— k) — n2n+r-—3k.

Dividing by n**" shows that the required difference tends to 0 as n — oo.
This proves that the desired limit exists.

It is clear that A(X) = X mod deg 2.
There remains to prove that A satisfies the homomorphism property. We
have:

LK 44 ¥) = S (X +473Y)

1 1
= (m%X + n3Y) + ] cymi(X)ni(YY,

i+722
where ¢;; are the coefficients of the formal group
X+4,Y =73 c,X'Y’.

For each fixed k, m the coefficient of X* Y™ in the sum on the right-hand side
tends to O as n tends to infinity, so the additivity follows.

Lemma 2. The log A, commutes with the action of o, that is,
Aa(ai(X)) = aly(X) for ac og.

For the basic Lubin-Tate group B, if
WX = X+ > aXx
i=2

then a;, = O unless i = 1 mod g — 1.
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8. Lubin-Tate Theory

Proof. The function X+ A,(a,(X)) is an additive formal power series.
such that

Ag(as(X)) = aX mod deg 2.
The uniqueness of the logarithm shows that this function is al,.

For the basic Lubin-Tate group, we take a = { where { is a primitive
(¢ — Dth root of unity, and apply Theorem 2.3 to conclude the proof.

Lemma 3. (i) Let A’ denote the formal derivative dA|dX. Then Ay(X) has
coefficients in o.

(ii) The series A4 X) can be written in the form

10 = T a0

where g(X) € o[[X]]. In particular, it converges on the maximal ideal.
(iii) Suppose q > 3 and let x € K® have ord, x > 1. Then
A4(x) = x mod x2.
Proof. For (i) we differentiate with respect to Y the relation
MF(X, Y)) = A4(X) + 1Y)
and get
A(F(X, Y))DoF(X, Y) = A,(Y).
We then put Y = 0, and find
A(X)DF(X,0) = 1.
But from F(X, Y) = X + Y mod deg 2, it follows that D, F(X, 0) is a power
series whose constant term is 1, and with coefficients in o. This proves the
first assertion.

As for (ii), it suffices to prove the result for the basic Lubin-Tate group
whose Frobenius power series is given by

X+ nX,

because if : A — B is an isomorphism such that Y(X) = X mod deg 2, then
AA = )'B o V/.
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§6. The Logarithm

It also clearly suffices to prove the following statement:
The power series [n*)(X) lies in the module

o[[X]In? X*
withj > 0,k > 1 and j + [log, k] = n.

We prove this by induction. It is obvious for n = 1. Assume it for n. Let

["}(X) = fi(X) = 2 enX)W X",
Then
[2*1)(X) = £ X)* + 2fu(X).

It is immediate that nf,(X) satisfies the induction hypothesis with respect to
n + 1. For ‘the term f,(X)4, it will consist of cross terms which binomial-type
coefficients divisible by p, hence by =, thus satisfying the desired conditions
on the exponents, or terms

(X)X,

The log, of the exponent of X is increased by one, and so the desired in-
equality is also satisfied. This proves (ii).
Part (iii) is obvious from (ii).

Observe that in the simplest case of the ordinary log,

2
log1 + X) = X - 2 4.

If p = 2, the first term after X gives trouble. If p = 3, the next term which
might give trouble is
X3

—_—

3

but in this case, the assumption ord, x > 1 shows that (iii) holds. After that,
things only get better.

Lemma 4. Let e, (Z) be the power series (with coefficients in K) which is
the inverse of A,(X). Let D be the disc in my= consisting of those elements z
such that

ord,,z>-—1—-
qg—1
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8. Lubin-Tate Theory

Then e (Z) converges on this disc, and induces the inverse isomorphism to
A4, On the groups

AD)E5 Go(D).

For z in this disc we have

ord z = ord 4,(2) = ord e,(2).

Proof. Let ye D, y # 0. Define

4,(X) = iAA(yX).

Then for i > 0,

'3 i _
ord%)%%=(q‘—l)ordy—i>q ll—i.

By Lemma 3, it follows that 4,(X) has integral coefficients. Let E, be the
power series such that E, o 1,(X) = X. Replacing X with y~1X we see that
E/(Z) = y~'leyZ). Since E, has integral coefficients (because A,(X) =
X + higher terms), we conclude that

1
- e (yZ
yA(J’)

has integral coefficients. Let e,(Z) = > a,Z" Then a,y"~? is integral for all
n and all y in D. It follows that in fact, a,y" tends to 0 (p-adically) as n tends
to infinity for each y in D. Furthermore, we then conclude that

ea(y) € yoge
for all y in D, and in particular,
ord e (y) = ord y.

On the other hand, again using Lemma 4, it is immediate that for x in D,
we have

ord A4(x) = ord x.
Since e, and 4, give inverse mappings, we get
ord ey () = ord y = ord A4,(y),

thus proving Lemma 4.
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We may then recover immediately a lemma proved in connection with
Theorem 5.1.

Corollary. (i) A(n"*%0,) < [1"*1]A(p.).

(i) A,A(p,) = 7o,
Proof. Clear.

Lemma 5. The kernel of A, in the maximal ideal of the algebraic closure of
K is precisely Ay, the group of torsion points on A, or in other words, the
group A™,

Proof. A point x is a torsion point if and only if [#*]x is a torsion point
for some positive integer n, or for every large positive integer n. But [n"]x
approaches 0, and for large n, lies in the neighborhood of O where the
exponential and log on A give inverse mappings. Since on the additive group,
there are no elements of finite order, it follows that the kernel of 4, is precisely
AP,

§7. Application of the Logarithm to the Local Symbol

We recall that the finite extension K, is self dual as a vector space over K
by means of the trace. This means we have a non-degenerate K-linear pairing

K, x K,—~K
given by
(%, y) > Ta(xy).
Let a be an ideal in K,. We denote by a* the set of elements y € K,, such that
Tu(xy) eo = og.

Of course, we have the notion of perpendicularity with respect to any given
pairing, and the context will always make clear which is meant. We have

at = Homy(a, o).
Indeed, let i : a — o be a o-homomorphism. Then ¥ can trivially be extended
to a K-linear functional K, — K denoted by the same letter. But then for some

o € K, we have

Y(x) = T(xx) for all xe K,
217



8. Lubin-Tate Theory

and a« € at by assumption. Our identification of a* with Homy(a, 0) then
follows at once. If D, = Dk, ¢ is the different, then

al = a~19,;2,

We return to the pairing given by the local symbol
A(pn)/[r"*2]A(0,) X KF — Agner.

We had already noted as a consequence of LS 4 that

L — *
An"*l = N2n+1.nK2n+ 1.

Observe that we are dealing with two orthogonality signs: One referring to
the local symbol, and one referring to the duality

K, x K, — Ko

(where the trace is viewed as having values in the factor group K/v), applied
in particular to an ideal

ax at—o,
Then we have the pairing
AP)/([n"* ]AP,) +4 Agr+1) X Agaes —> Agner,

Since Ker A4 = A, We have Ker 1, N K, = A »+1. Applying the log map
of A, we get a pairing

AA(P,)[m**1AA(Py) X Apnsr—> A per,

Let a = A4(p,), so the factor group on the left is a/n"*a. In the light of the
exact duality

c(/nn+1a X al./nn+1a1. - o/n"“o,
there exists a unique group homomorphism
'//n: A#"‘*’ 1> /‘l'A(pn)l/ "t IM(pn)l

such that for x € A(p,) and o € A»+1 we have

LS7. <x, “>‘1‘t = [Tn(/‘l'A(x)'//n(“))]A(xn)-
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This formula has been written without abbreviations, but of course in the
future we frequently omit indices 4, n, etc. If ¢ € Gal(K?*/K) and ¢ > x(0)

is its representation in o* on T,(A), then

LS8. Yal00) = 2(0)n(®)’.
Proof. We have

0’<0'_1x, a> = <x9 6“) = [Tn(AA(x)'l/n(aa))]xm
and also

a{o7%, ) = [T((6™ " A4DW(@)](oxn)-

But ox,, = [%(0)]x, by the definition of %, with x%(c¢) € o*. Using [ab] = [a][b]

and T,(cy) = T,(») concludes the proof of LS 8.
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Explicit Reciprocity Laws

Iwasawa [Iw 8] proved general explicit reciprocity laws extending the classical
results of Artin—-Hasse, for applications to the study of units in cyclotomic
fields. These were extended by Coates-Wiles [CW 1] and Wiles [Wi] to
arbitrary Lubin-Tate groups. Although Wiles follows Iwasawa to a large
extent, it turns out his proofs are simpler because of the formalism of the
Lubin-Tate formal groups. We essentlally reproduce his paper in the present
chapter.

We assume that K is a finite extension of Q, (i.e. has characteristic 0)
because we want to use the logarithm.

We allow p = 2, and I am indebted to R. Coleman for showing me how
Wiles’ paper extends with essentially no change to that case, by using (ii),
(iii), (iv) of LS 6, and the minus sign in DL 6.

We let:

A = Lubin-Tate group associated with the prime element =.
We let:
(xO, X1y e .) € T,‘(A) with Xo # 0.

K, = K(x,) = K(An+1).
N, = norm from K, to K, and N, , = norm from K, to K, for m > n.

T, = trace from K, to K.

We abbreviate { , >, to { , D> unless we wish to specify the level at which
the symbol is taken.
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§1. Statement of the Reciprocity Laws

N3;Y(n%) = subgroup of K¥ consisting of those elements whose norm to K
lies in 7% (i.e., is a power of ).

= () NnnK% by Lemma 1 of Chapter 8, §5.

man
T(K%) = group of vectors («, o, . . .) With a, € K¥ such that
Nm.nam = 0Olp.

§1. Statement of the Reciprocity Laws

Theorem 1.1. Suppose o € 0, and o = 1 mod p,,. Then
N,o = 1 mod n"*?!
and
1 -1
{Xny W)y = W (Nna - 1) Xne
Proof. By the formalism of the norm residue symbol, we know that
1= (“a Kn/Kn = (Nna, K,/K).

Hence [N,x]x, = x, by the Lubin-Tate theory, so the first assertion is clear.
We choose ¢ = Xj,,, so that [z**']t = x,. Then

X,y a) = Oqf —4t.
Since («, K,(¢)/K,) = (N,a, K,(t)/K) we obtain from Lubin-Tate theory

(X, 0 = [Nna—]']t —at
= [N~ — 1]2.

Using the first congruence and the fact that [n**]¢ = x, yields the theorem.

Corollary 1. Let « = 1 mod p,,. Assume that K is unramified over Q,. Then

1
<xm “> = [-Fﬁ Tn(IOg a):lxn
where the log is the ordinary log on the multiplicative group.
Proof. Since 7 is unramified, we can write
No =142z
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9. Explicit Reciprocity Laws

where z = 0 mod p™*?. Since p # 2 it follows that
log N,a~! = zmod z2.
Hence
—T,(loga) = log Nyo~t = Na~! — 1 mod p?n+2,
Since K is unramified over Q,, we have = ~ p, and the corollary follows.

Corollary 2. Let A = G,, be the formal multiplicative group. Let { be a
primitive p"*th root of unity, and let o = 1 mod p,. Then

(C, (X) = C— (1/pn+ 1)T,‘(loea).

Proof. Special case of Corollary 1.

The law of Corollary 2 is one of Artin-Hasse’s laws, obtained here by
Wiles as a special case of the Lubin-Tate formalism. We have written the
symbol with the usual parentheses, transfering its meaning to the multiplica-
tive group.

We shall now state the main result of this chapter. Let « € K¥%. Let
r = ordy, a. Let g(X) = ¢, X" + .-+ be a power series in o[[X]] with a unit
¢, such that

a = g(x,).

Of course, there exist infinitely many such power series. Let
D = dldXx

be the ordinary derivative of formal power series, so that

Dg(X) = g'(X).
Define

D,L(x) = g'/g(xy)-

The operator D,L depends on the choice of element
(xo, X1y oo .) € T,,(A),

and it depends on the choice of g. We shall see later to what extent it does
not depend on g.
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§1. Statement of the Reciprocity Laws

We define

8.) = 75 75y Do

Again this depends on the choice of g.
Let x € A(p,) and let o, € K¥. In Lemma 3.2 we shall give conditions
under which the symbol

Tm(lA(x)am(am))

Q-

[x s Umlm =

is well defined mod = ** independently of m. These conditions involve either
x being sufficiently divisible in A(p,), or m being sufficiently large. The value
of the symbol lies a priori in K/n"*'o, but it will turn out that under suitable
conditions, its value lies in o/n™**p, so that it can be viewed as an operator
on A.+:. This was the reason for selecting the bracket in the notation.
Precisely, the conditions are as follows.

Condition (i) m = 2n + 1 and there exists an integer

k=2 +2n+1) if p is odd

k = max{[n/2] + 2(n + 1),e + 1} ifp =2,
such that o, = Ny n04 with oy € K¥.
Condition (if) m = n and ord, x > [n/2] + 2.
Theorem 1.2. Let x € A(p,) and a € K;f. Suppose o = Ny .0, for some
o, € K¥. Under either one of the conditions (i), (ii), the symbol [x, o],
has value in o/n™* o and we have equality

<x, opp =[x, apla(xn).

An important case is that when

o = (o, %3, - - .) € T(K¥).

Thus a, satisfies an infinitely regressive norm-divisibility condition. In that
case we may define the symbol

[xa a] = [x, anln
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9. Explicit Reciprocity Laws

for arbitrarily large m, and its value will be the same for any m > 2n + 1.
It gives the formula

X, Dy =[x, a]a(xn).

Example. The formal multiplicative group. For f = 1 mod p, and o € K}
we defined the classical norm residue symbol

(B’ “)n = <ﬂ - l, “># + la

where A = G,,. Consider the special case when K = Q, and = = p. Let {
be a primitive p"*1th root of unity. Then

x,=¢—1.

We have 4,(X) = log(1 + X), so

, 1 -
Ay(x,) = TFx "~ ¢

Let x € p, = G,.(p,). Then we find for m > 2n + 1:
(x, @), = ¢ wherev = pTlﬁ Tn (log (1 + x) D, log ).

This is Iwasawa’s formula [Iw 10].

Finally there is another Artin—Hasse reciprocity law generalized by Coates—
Wiles to the Lubin-Tate case for level 0.

Theorem 1.3. Let x € A(p3) and o« € K§. Then the symbol [x, al, has values
in o/mo, and we have

<x, 0o = [x, aJ§(xo).

The rest of the sections will be devoted to the proofs.

§2. The Logarithmic Derivative

In this section we investigate systematically the logarithmic derivative, when
it is well defined (modulo certain powers of the prime), and also to what
extent the mapping 6,(«) is well defined. We let:

D, = different of K, over K;
Dpm,n = different of K, over K, for m = n.

Then
—_ -1 — -
Do = 7o~ 1, Dps1,n = MOp41, D, = 7"D,0,,.
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§2. The Logarithmic Derivative

These are immediate by considering the basic Lubin-Tate generators w,,
satisfying the equations:

wil+n=0 and wi,, + aw,,, — w,=0.

The relative difference is obtained by taking the derivative, and evaluating at
wo and w, ., respectively. The given values fall out.
Let « € K, and write « as a power series

o = g(x,) with g(X) = ¢, X" + higher terms

and ¢, equal to a unit. Let g(X) = X"h(X). Then
g/g(X) = 3 + H/WX).

Hence g’/g(x,) is integral if r = 0, and in any case lies in p,; L. If
&1(X) = X'h(X) and gx(X) = X"hy(X)

are two power series whose values at x, are equal to «, and f(X) is the
irreducible polynomial of x, over K, then

g1(X) — gA(X) = Xf(X)p(X)

for some power series @(X) € o[[X]]. Hence

£1/8:05n) — 8518 = 22 f'(x)p(xz) = O mod D,

This shows that g’/g(x,) is well defined modulo the different.
DL 1. The map D,L is a homomorphism
D,L: K¥ — p;mod D,.
and the image of the units lies in 0, mod D,,.

This is obvious from the previous discussion. Since A'(X) is a power series
starting with 1 and with integral coefficients, it follows that A’(x,) is a unit.
Hence from the definition of é,, we find:

DL 2. The map 4, is a homomorphism
6,: K¥ — K, mod ®,o,.

Its image lies in n~"p, ' mod Dyo,, and the image of the units lies in
7~" mod Dy0,,.
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9. Explicit Reciprocity Laws

As the elements of K* are generated by powers of x, and units, the com-
putation of J, is reduced to J,(x,) and é,(units). Note:

1 1 1
an(xn) = ";7; l'(xn) ';;'

DL 3. For o € Gal(K?*/K), and o € K}¥,

0u(x%) = #(0)0a(e)’.
Proof. Write a = g(x,) as usual. Then

oa = g(ox,) = g([x(0)]xa).
Thus we let g,(X) = g([x(0)](X)), so that
o0 = go(Xn).
On one hand, we have

1 g'([x(0)]xw)

0X,) oo

0 7 60 = oy € 180%) = 77

On the other hand, since A o [%(6)](X) = »(c)A(X), we find

#)) X (ox,)[#()] (xn) = #(0)A'(x).
Furthermore

©) T 5(0%) = o ;x,,) £ (%),
and

&' (X) = g'([x(e)}(X) ()] (X).
Putting (1), (2), (3), (4) together yields the desired property.
DL 4. Let m > n and let o be a unit in K. Then

Om(0) = () mod Dyoy,.
Proof. The proof is similar to DL 3. We know that
Ao [a"~")(X) = n"~"A(X),
so by the chain rule,
A (x)[m""Y (Xm) = 7" (xm).
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§2. The Logarithmic Derivative

We have the representations

o= g(xn) = g([nm—n]xm) = gm(xm)

where
gn(X) = go [n"")(X).

Since o is assumed to be a unit, the power series g starts with a unit, and so
does the power series g,,, so both these power series can be used to compute
the logarithmic derivative. The rest of the proof then follows immediately
from the chain rule and the definitions.

DL 5. Let m > n, and o, € K¥. Then

On(NVpn0m) = Ty nOm(ety) mod o,,.

Proof. Without loss of generality we may assume that m = n + 1. We
first deal with the case when a,, is a unit. We find:

On(Nip n0lm) = a,,,(l’[ oc‘,’,,) = > 5n(02) by DL 4

= D 4(0)u(@n)’, ~ byDL3.

The sums are taken over ¢ € Gal(K,,/K,). For such ¢ we must have
#(c) = 1 mod n+?

because [#(c)] is the identity on A »+1. Since 8,,(x,)° liesin n~ ™0, = 7~**Yp,,
the desired congruence follows.

It will then suffice to prove DL 5 next for a,, = x,,, because of the multi-
plicativity of the function é. For simplicity, let us first suppose that the
Frobenius power series associated with the Lubin-Tate group is in fact a
polynomial,

X)) =f(X)=nX+---+ X9,

and that the coefficient of X7 is exactly 1. For instance, the basic Lubin-Tate
group and the formal multiplicative group are of this type. Under this
additional assumption, we have in fact the stronger property with equality
instead of the congruence:

1 1

DL 6. On(Npn(— X)) = T nOm(—Xm), Where n(Xy) = = m—)x-

Remark. The minus signs are there to take care of the case p = 2. If p # 2,
they can be omitted.
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9. Explicit Reciprocity Laws

Proof. We may again suppose m = n + 1. We have (as in the proof of
Theorem 2.2 of Chapter 8)

Nn+1.n(_xn+1) = —Xj.
The formula to be proved amounts to

1 (1),
A (xn)xy, Tonden A (X 4 1)Xn 41

We have x, = f(x,+1), and since A(f(X)) = nA(X), we have
@A fY(X) = Y(FQO)f'(X) = =d'(X).

We put X = x,,;, and see that the formula amounts to

X,
T, o) = 1.
n+1.n(f (xn+1)xn+1)

We replace x, by f(Xp+1) = TXp41 + -+ x%,;. Let « = x,,,. Standard
orthogonality relations of elementary algebra (see for instance Algebra,
Chapter VII, §6) yield

ai—l

Thiim T“)) =1 ifi=gq
=0 ifixgqg.
This proves what we wanted.

The proof of DL 5 in general when «, = x,, follows exactly the same
pattern, but we end up only with the asserted congruence. We give the details.

By the Weierstrass theorem, we may factor in o,

f(X) — x, = g(X)H(X)
where
g(X) =bo + -+ b1 X"t + X4, b, = 0 mod p,
WX) = co + ;X +--- is a unit power series, ¢, € of.

Then f'(X,+1) = & (Xn+1)h(Xs41). Proceeding as before, we are reduced to
proving the congruence

X,
Tn+1.n( =

G = 1 mod b,.
&' (Xn 4 DA(Xn +1)%n + 1) mod i
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§3. A Local Pairing with the Logarithmic Derivative

Again we replace x, by f(x,.1). From the factorization we have
¢ = 1 (mod x,).
Hence
h(xp 1)~ = 1 mod x, ;.

From the orthogonality relation, we obtain a contribution of 1 from the trace
of one term. From the definition of the different (which is precisely g'(x,+1))
it is then clear that the traces of all the other terms are =0 mod »,,, as desired.

Property DL 5 can be expressed in the projective limit as usual. Let

T(K./0,) = projective limit of the additive groups K,/o, under the
trace maps,

= group of vectors (2o, z3, . . .) with z, € K, /o, such that
Tos+1,nZn41 = Zne
Then the map
0: T(K*)—> T(Kx/0x)
given by
(ovos @y ee ) (ney Oy, - - 2)

is well defined, and is a homomorphism.

§3. A Local Pairing with the Logarithmic Derivative

Having derived the necessary formalism for the values of §,(x), we may now
combine this with the logarithm on A4 to define the symbol

[¥, 8l = 1 Tu(A3)30@), for a e K.

Lemma 3.1. The symbol [x, «],, is well defined mod n**? in each of the follow-
ing cases:

(i) xe A(p,) andm = 2n + 1;
(i) xe A(P2™) and m > n.

Proof. By DL 2 we know that ,,() is well defined mod ®,0,,. Hence the
symbol is defined mod =+ if

T,,,(}t A(x)sooo,,,) < grio,
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9. Explicit Reciprocity Laws

By the definition of the different ®,;* = n~"Dq 0, this is equivalent with:
™"~ 2)(x)DF is integral.

It will even be shown that in case (i), ™"~ 2(x)®D, is integral.
For future reference, we prove congruences which imply the above, and
list them systematically.

ClLIfxe A(p,) and m > 2n + 1 then

T,,,(;lt ),(x)o,,,) < qrtlp,
C2.If xe A(p2¥") and m > n then

:r,,,(;lt A(x)sooo,,,) )

C 3. If x € A(2""D,) and m > n then
Tm(;lt A(x)om) < qttlp,

Observe that the D, does not occur inside the tracein C1and C 3. Only C 1
and C 2 are needed for Lemma 3.1 but C 3 will be needed for Lemma 3.2.
We now give the proofs.

Suppose first that m = 2n + 1 (the worst case of (i)). We have to verify
that

"~ TA(x)D, is integral.

Recall that ord, Dy = (¢ — 2)/(g — 1).
By Chapter 8, §6, Lemma 3 we know that A(x) is a power series in x whose
terms are either integral, or at worst with a factor

13
%, and i3> I

Suppose x € A(p,). Then
1 ., q—2
-1 e —
ordn" " MA(x)Dy=n—1+¢ 7@ =D i+ 7—1

We need the right-hand side >0. For i < n — 1 this is obvious, because
n — 1 — i >0 and the other terms are positive. For i > n the estimate is
equally easy.

Suppose next that x € A(p2?") and only that m > n, say m = n which is
the worst case. Then x lies in the disc of “good’” convergence for the log and
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§3. A Local Pairing with the Logarithmic Derivative

exponent, and thus
2
ord A(x) = ord x = =1
For C 2, it suffices to verify that =~ 2A(x)®D3 is integral, or equivalently
2 2

+2q_120,

-2+
q9—-2 Tgq-

which is obviously the case. The proof for C 3 is the same.

We remark that in the range where the symbol is well defined, it is ox-linear
in x and multiplicative in «. In any case, within the ranges of Lemma 1, we
view the symbol as having values in

K mod n"*og.

The next lemma will show that the value [x, «,], is independent of m when
o, is the component of an infinite vector

o = (oo, %3, - . .) € T(K¥),
and m is sufficiently large. We define [x, «] to be this value.
Lemma 3.2. Let k > m > n. Let a,, € K¥ and o, € K¥ be such that

Oy = Nig,mOl-
Then
[x, &l = [X, dplm mod @ +2
in either case:
(i) xe A(p,) andm = 2n + 1;
(i) x e A(P3"D,) and m = n.
Proof. We have:

[x, otm)m = [x, Nk.mak]m
1

To(AX)0n(Nie,mox)) mod "+

Tn(A(X) T, m0re(0%:)) byDL5S5andClorC3

Q1= A=

T(A(x)5(04e))
= [xa “k]k,
as was to be shown.
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9. Explicit Reciprocity Laws

§4. The Main Lemma for Highly Divisible x and o = x,
Only the statement of the main lemma will be used later, and we recommend
to the reader to read the next sections before reading the proof of the main
lemma.
Lemma 4.1. Let x € A(p,). Suppose that
ord, x > [n/2] + 1 + 2e,

where e is the ramification index of K over Q,. Then

Xy XpDa = [, xn]‘r‘z‘(xn)

Proof. First we remark that for the applications, the exact nature of the
order condition on x is irrelevant, and the reader will find it easier just to
assume that the lemma is being proved under the assumption

ord, x > [n/2] + 50,000e,
or any other high multiple of e, which would do just as well. Also, instead
of [n/2], any expression like [n'~¢] would do just as well. In the next section
it will be shown how to use a duality to lower back such expressions to the
precise ones which we ultimately want.

We let ord, x > t(n), and derive sufficient conditions (also more or less
necessary) for the method of proof to yield the lemma.

During the course of the proof we shall constantly be interchanging
logarithms with the first term in the expansion. If ord, x > 1 then

A(x) = x mod -

If p is odd, we even have
A(x) = x mod x2.

Furthermore, if ord, y > e then
log(1 + ») = y mod y;
The formula to be proved is

x> = [ 1209 75 ) | -
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§4. The Main Lemma for Highly Divisible x and o = x,

We first want to replace A(x) by x on the right-hand side. It suffices for this
that

T, S N . = O mod 7"*?
"\t A (X)X '

Since A'(x,) is a unit, this is equivalent with

2 1
- > 0.
1 gq(¢-1)

Certainly t(n) > (n/2) + 2 suffices. Again since 4'(x,) is a unit, proving the
formula for all x is equivalent to proving

) 21:(n)—n—3+3:

A x> = | (Z) | o

X
This will be done by the sequence of following steps.
Step 1. <A'(xp)x, X, = <X + Xp, Xn)
Step 2. {Xn + X, X = [—1KXp, Xa + x>

Step 3. {x,, x, + x> = <x,., 1+ xi> We then apply the basic re-

ciprocity law of Theorem 1.1 to show that this is equal to
1
US| Tu(x/x,) A(xn)

to conclude the proof.

Step 1. We shall use the expression involving the mapping ¥, in Chapter 8,
§7, formula LS 7, namely

X, Xn) = [Tn(A(x)wn(xn)]A(xn)’
= [Tn(x',’n(xn)]A(xn)-

Indeed, A(x) = x mod ™™ and T,(=%™Y,(x,)) = 0 mod n"*?, because the
image of ¥, is contained in A4(p,)*, and

AA(p,) 2 Mo, so  AA(p,)* < (no,)t = A Y

Therefore we need

x2 p— n+1
Tn(@n) = 0 mod n"*1.
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9. Explicit Reciprocity Laws

For this it suffices that
) 2t(n) = n + 2.

Again 7(n) = (n/2) + 2 suffices.
Since 4'(x,) is a unit, we may replace x by 4'(x,)x to obtain

<A’(xn)xa Xp) = [Tn(l’(xn)x'//n(xn)]A(xn)

By Taylor’s formula, using the fact that A’(X) has integral coefficients, and
Mx,) = 0 we get

7.':2t(n)
2

Mx + x,) = A(x,)x mod
provided that also 7(n) = e. So let us make
z(n)zg+ 1+ 2e.

As we have already seen that
Tn(%ﬂzt(n)wn(xn)) = O mOd nn+1,

we may replace 4'(x,)x by A(x + x,) to conclude the proof of Step 1.
Step 2. Formally, this is just the alternating property LS 6 of the symbol

{a, o) = 0, but the proof has to be adjusted because the groups involved on
the right and left do not play a symmetric role. We have:

O=<x,,+x,x,,+x>=<x,,+x,1 +xi>[+]<x,,+x,xn>
n

= <(xn +x)[—]x 1 + xﬁ,,>

[+]<x,,, 1+ x£n> [+]1<xn + %, x50
= <(x,, + %) [=] % 1 + xﬁ>

[+]1<xns xn + XD [+] <xn + X, X0

There remains to prove that the first term on the right is 0, and for this it
suffices to show that

(5 + D) [~ X, € [F)A(p,) and 1+ = e K3
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§4. The Main Lemma for Highly Divisible x and o0 = x,,

with positive integers r, d such that
3) r+ed=n+1.

Let F(X, Y) be the group law on A. Since F(0, Y) = Y and F(X,0) = X
we see that

F(X,Y)= X+ Ymod XY.
It follows at once that
(x + x,) [=]x, = 0mod x = 0 mod n*™.
But then we may take
@ r=1(n) — 1.

To solve 1 + y = u?* with some unit u, for y = x/x,, we use the fact that
the ordinary log and exp preserve the order on the disc of elements z such that
ord, z > 1/(p — 1). It follows that we can take any integer d satisfying

1
0$d<ord,,y—;:—1,

or in terms of x,

©) 0<d<™®_

For instance it suffices that
Osd<£t(n)—- 1.

Picking 7(n) = [n/2] + 1 + 2e suffices. This concludes Step 2.
Step 3. Let y = x/x,, and « = 1 + y. We have:

s X + XD =Xy 1 + )

- [Fr @+ - ] @

We contend that
N1 + y)7* = —T,(y) mod n2**¥,

whence it follows that

(Xny Xn + XD = [—-nnlm Tn(y)]A(xn),

thereby concluding the proof of the main lemma.
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To prove the contention, write N,(1 + y)~* =1 + z, with
z= 0mod n"+1.
(Cf. Theorem 1.1.) Then
log Na(1 + y)= = Tu(log(1 + »)™Y)
= —T,(y) mod T,(33%,).
This amounts to the same type of congruence as before, and is obviously

satisfied. This concludes the proof of the main lemma.

§5. The Main Theorem for the Symbol {x, x,>,
Theorem 5.1. We have the equality
<x, xn>n = [x, xm]#l(xn)

under either of the following conditions:

() xe A(p,) and m = 2n + 1

(ii) x € A(P2"D,) and m = n.

Proof. By LS 5 of §5 in the preceding chapter, we have for m > n

{x, xn>n = <[nm—n]x’ xm>m~

This shifts the burden of the proof to level m, and [a™~"]x is divisible
approximately of order m (asymptotically for m — o). Specifically, to apply
the main lemma of the preceding section, we want to take m so large that
ord, [z™ "lx = [m/2] + 1 + 2e.
Since
[7"]A(p,) < p5" and  [a™""]x € 2"~ pf",
it suffices to take m > 4(n + 1) + 4e.

Let x' = [n™~"]x. We apply the main lemma of the preceding section to
x' instead of x and m instead of », to conclude that

X, Uy = [[ﬂm-n]x, am]A(xm)
= [ 2 s )
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§5. The Main Theorem for the Symbol <{x, x>,

We write this as
[1"="al(x), where @ = = Tu(Ax)3n(xn).

This means in particular that n™~"a is integral. On the other hand, there
exists b € o such that

<%, 0npn = [b]a(xn) = [bla o [2"~"La(Xm) = [7™~"Dla(Xm)-
Hence we have the congruence
™~ "a = 7™~ "b mod 7" *1,
whence it follows that a is integral and also that
a = bmod n"*?1,

which concludes the proof of the equality between the symbols under either
condition (i) or (ii) according to Lemma 3.2.

The next theorem shows how one can refine the conditions of Theorem 4.1,
with a more precise definition of the symbol d,(x,) for the special case a = x,,.

Theorem 5.2. Assume that the Frobenius power series associated with the
Lubin-Tate group A has the form

f(X) = X'+ + nX,

i.e., is a polynomial of degree q with leading coefficient 1. Define more
precisely

[x, —x,] = 1:"1“ (A(x) l'(xn)xn)

Then for x € A(p,) we have
{x, _xn>n = [x9 _xn]A(xn)°
Proof. First observe that the elements — x,, form a vector
(—Xo0, —X1,...) € T(KE),

i.e., each is the norm of the successive one. Instead of using Lemma 3.2,
however, which relied on DL 5, we may now use directly the more precise
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9. Explicit Reciprocity Laws

relation DL 6 which gives an equality implying the stronger statement:

[x’ xm]m Tm("l'(x)ém( - xm))
T,,,(A(X) Tm.ném( - xm))

Tn(l(x)an( - xn))a

Il
A= A= A=

= [x9 —xn]'

The value 8,(—x,,) is here taken to be specifically (1/z™)(1/A'(x,,)x,), rather
than up to a congruence.

Example 1. Take 4 = G,, to be the formal multiplicative group. Then it
satisfies the hypothesis of Theorem 5.2, and we obtain another reciprocity
law of Artin—-Hasse:

(x9 _xn) = C[x'—x“]
where
Ix, —x,] = = To (< log(1 + x)
’ nd — pn+1 n X, g
Xn = c - 1’
and { is a primitive p"**th root of unity.

Example 2. Take again A = G, let p # 2 and let B be the special Lubin—
Tate group, corresponding to the Frobenius polynomial

X?-1 4+ p=0.
We contend that:

{xb, xop = 0if i is an integer prime to p, or i > p.
{xB, Xo) = Xo.

Proof. For the first statement, we have by multiplicativity:
0 = <xb, xb> = [IKxb, xo0)-

If i is prime to p, this proves our assertion because 4, is a p-group. If i > p,
then one sees from the formula with the trace that the symbol gives 0.

The more interesting case is {x3, xo»>. We could work directly on the
multiplicative group as was done classically, but the functorial formula LS 2
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§6. The Main Theorem for Divisible x and o = unit

of §5 in Chapter 8 shows that it suffices to prove the result on the special
group, where

x5~ = —p.

By Lemma 2 of §6 in Chapter 7 (the logarithm for the special group) we know
that

Ap(x) = x + terms of degree > p.

Hence
1 1 1
p == —
[x3, xo] pTo(l T+ O(xﬁ‘l) Xo
1 1
=3 To (x—o xg) (mod p)
= To(—1) (mod p)

1 (mod p).

log(1 + xg)) (mod p)

This proves the assertion.

§6. The Main Theorem for Divisible x and « = unit

Theorem 6.1. Let x € A(p,) and suppose

ord, x > [n/2] + 2, if p is odd
ord, x = max{[n/2] + 2,e + 1} ifp=2.

Then for any unit o we have

X, w0, = [x, a]#(xn)'

Proof. The units are generated by p,.; and the units =1 mod p,. If
o € u, -1 then both sides of the equation are trivially equal to 0. So we deal
with the units =1 mod p,. A (topological) set of generators for these units
consists of the elements

1 —ex,, withj=12,...,

where gis a (¢ — 1)th root of unity. The elements x}, form additive generators
for A(p,) over o, and in our case, we need consider just those powers with i

satisfying
ord, x} > [n/2] + 2.
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It suffices to prove the lemma for the symbol {x, 1 — ex}), with such values
of i. We shall reduce the proof to the case <{x, x,).
We start with the symbol [x%, 1 — ex/]. Since

— axd) = _jsx’j"-l = —J < 7y ri
8,1 — &xd) = ZENTR = Toom, 2, 05

we find

J S 1 7 ooT
[x:u 1 - 8x{t] = s er Tn(/l(xn‘) m & xnj)'

]
]
HI
S~
8
ft
33
%
S
by
7~
&
~
3
®,
S ——"

=—j 2 [, x,).
r=1

The above formal steps are obviously justified. First the sums taken mod n"+*
are actually finite, and second we have replaced A(y) by y and vice versa
twice in the range where this applies. The equality takes place in K/n"*!o
where the symbol [x, a] takes its values.

By Theorem 5.1 we know that

[srxgt+rj, xn]A(xn) = <8rx$l.+"9 xn>-

Therefore
[xh, 1 — extla(xa) = [—j1 D, <&, x,),
r=1

and this latter sum is taken on A. Since {x, —1> = 0 by LS 6if ord, x is big
enough, it will therefore suffice to prove the next and final result.

Theorem 6.2. Suppose
ord, xt = [n/2] + 2 if p is odd
ord, x} > max{[n/2] + 2,e + 1} ifp=2.
Letj = 1. Then
by exh = D = [=]] 2, <X, XDy

r=1

Proof. Let F be the group law on A. Since
F(X,Y)= X+ Ymod X7,
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§6. The Main Theorem for Divisible x and o = unit

we obtain for x, y € p,,
x[+]y=x+ymodxy and x[-]y=x — ymod xy.
This will be applied when ord, x and ord, y > [n/2] + 2, so that
ord, xy = n + 3.

In that case, A(n"*3%0,) < [n"**]A(p,), so addition on 4 and addition on G,
are interchangeable on the left of the symbol

<X, 0y

under the condition ord, x = [n/2] + 2.
This being said, we find:
0 = {xn(exy — 1), xh(ex, — 1))
= {expt! — xp, xn> [+]<exit — xi, ex), — 1)
= Cexptd, xny [+]<exit, ex) — 1) [—1<xh, exh — 1D

whence
Cxh, e, — 15 = Cexit, ex), — 15 [+] CextH, xb).

Note that (x, &) = 0 for all e e y,_;.
Recursively we obtain

xexd — 1) = ZA YCE AR A N

r=1

a0
= D K&x, x7 b

r=1

= [—j] D, <exh="", x>

r=1

Observe that the sums are in fact finite since for large r the left-hand side of
each symbol in the sum is highly divisible, so the symbol is 0. Hence the above
formal steps are valid, and the theorem is proved.

The special case when n = 0 is often interesting for its own sake. The
next lemma may be omitted in the proof of Theorem 7.1 or Theorem 1.2,
but is useful for the proof of Theorem 7.2.
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9. Explicit Reciprocity Laws

Lemma 6.3. Assume that B is the special Lubin—-Tate group with Frobenius
power series X® + nX. Let wo € B,,. Then for i = 2 and j = 1 we have the
same formula with n = 0 as in the previous lemma, namely

<wo, w§ — 150 = [—]] ZB <WEt, wopo.
r=1

Proof. By Theorem 2.3(ii) of Chapter 8, we know that the group law on
B satisfies

F(X,Y)= X+ Y + terms of degree > q.
If x, y € po? it follows that
x + y=x[+]ymod p2e

But p? = [r]B(po). Hence again addition on A and addition on G, are
interchangeable on the left of the symbol {x, «>¢ under the stated conditions,
and the rest of the proof is then identical with that of Theorem 6.2.

§7. End of the Proof of the Main Theorems
Theorem 7.1. Let x € A(p,) and let

0= (Olpy App1s-- - O) Withty = Np O
Assume that
k=[n2l+2n+1) if p is odd
k = max{[n/2] + 2(n + 1),e + 1} ifp=2.
Then [x, o] lies in o/n™* 0 for 2n + 1 < m < k, and we have
<X, 0Dy = [X, om]a(Xa)

for such m.

Proof. The theorem has already been proved when « is a power of x, or
when « € u,_;. We may therefore assume that o is a unit =1 mod p,. We
reduce the theorem to the result of the preceding section in exactly the same
manner that Theorem 5.1 was reduced to the main Lemma 4.1. This time
we need

ord, [7*~"Ix > [n/2] + 2 if p is odd
ord, [n*~"]x > max{[n/2] + 2,e + 1} ifp = 2.
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§7. End of the Proof of the Main Theorems

Clearly then, the lower bound on k given above is sufficient. The proof is
then identical with that already given for Theorem 5.1, as desired.

For the case n = 0, special features arise, and we next give a generalization
to Lubin-Tate groups of another explicit formula of Artin—Hasse.

Theorem 7.2. Assume p # 2. Let x € A(p2) and « € K§. Then

1
[, aJo = ~ To(A(x)d0())
is well defined mod =, lies in o/no, and we have

{x, o = [x, “]‘6‘(%)-

Proof. Since A(xo) = 0 it follows that A(po) = A(p3) = p3. This shows
that [x, a], is well defined mod = because q(x) is well defined in pg ! modD,,.

By formula LS 2 of Chapter 8, §5 it suffices to prove the theorem when
A = B is the special Lubin-Tate group. In that case we already know the
result when o« = x, or when o € yu,_;. We may therefore assume that « is a
unit =1 mod »,. In that case, we follow the same arguments as in the proof
of Theorem 6.1 using Lemma 6.3 instead of Theorem 6.2. The reader can
check that each step is valid, to conclude the proof.
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