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Preface

Optimization is everywhere. It is human nature to seek the best option among
all that are available. Nature, too, seems to be guided by optimization—many
laws of nature have a variational character. Among geometric figures in the
plane with a fixed perimeter, the circle has the greatest area. Such isoperimet-
ric problems involving geometric figures date back to ancient Greece. Fermat’s
principle, discovered in 1629, stating that the tangent line is horizontal at a
minimum point, seems to have influenced the development of calculus. The
proofs of Rolle’s theorem and the mean value theorem in calculus use the
Weierstrass theorem on the existence of maximizers and minimizers. The in-
troduction of the brachistochrone problem in 1696 by Johann Bernoulli had
a tremendous impact on the development of the calculus of variations and
influenced the development of functional analysis. The variational character
of laws of mechanics and optics were discovered in the seventeenth and eigh-
teenth centuries. Euler and Lagrange forged the foundations of the calculus of
variations in the eighteenth century. In the nineteenth century, Riemann used
Dirichlet’s principle, which has a variational character, in his investigations
in complex analysis. The simplex method for linear programming was discov-
ered shortly after the advent of computers in the 1940s, and influenced the
subsequent development of mathematical programming. The emergence of the
theory of optimal control in the 1950s was in response to the need for control-
ling space vehicles and various industrial processes. Today, optimization is a
vast subject with many subfields, and it is growing at a rapid pace. Research
is proceeding in various directions—advancement of theory, development of
new applications and computer codes, and establishment or renewal of ties
with many fields in science and industry.

The main focus of this book is optimization in finite-dimensional spaces.
In broad terms, this is the problem of optimizing a function f in n variables
over a subset of R™. Thus, the decision variable x = (z1,...,z,) is finite-
dimensional. A typical problem in this area is a mathematical program (P),
which concerns the minimization (or maximization) of a function f(z) subject
to finitely many functional constraints of the form g;(x) < 0, h;(z) = 0 and
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a set constraint of the form = € C, where f, g;, h; are real-valued functions
defined on some subsets of R™ and C' is a subset of R”. Any finite-dimensional
vector space may be substituted for R™ without any loss of generality. If the
domain of f is an open set and there are no constraints (or more generally if
the domains of g;, hj, and C are open sets), then we have an unconstrained
optimization problem. If all the functions are affine and C'is defined by linear
equations and inequalities, then (P) is called a linear program. If f,g; are
convex functions, h; is an affine function, and C is a convex set, then (P) is a
convex program. If the number of functional constraints is infinite, then (P)
is called a semi-infinite program. Mathematical programs have many real-life
applications. In particular, linear programming, and more recently semidef-
inite programming, are enormously popular and have many industrial and
scientific applications. The latter problem optimizes a linear function subject
to linear equality constraints over the cone of symmetric positive semidefinite
matrices.

The main goal of the theory of mathematical programming is to obtain
optimality conditions (necessary and sufficient) for a local or global minimizer
of (P). This is an impossible task unless some kind of regularity is assumed
about the data of (P)—the functions f,g;,h; and the set C. This can be
differentiability (in some form) of the functions, or the convexity of the func-
tions as well as of the set C'. In this book, we will assume that the functions
f,9i,h; are differentiable as many times as needed (except in cases where
there is no advantage to do so), and do not develop nonsmooth analysis in
any systematic way. Optimization from the viewpoint of nonsmooth analysis
is competently covered in several recent books; see for example Variational
Analysis by Rockafellar and Wets, and Variational Analysis and Generalized
Differentiation by Mordukhovich. Another goal of the theory, important espe-
cially in convex programming, is the duality theory, whereby a second convex
program (D) is associated with (P) such that the pair (P)-(D) have remark-
able properties which can be exploited in several useful ways. If the problem
(P) has a lot of structure, it may be possible to use the optimality conditions
to solve analytically for the solutions to (P). This desirable situation is very
valuable when it is successful, but it is rare, so it becomes necessary to devise
numerical optimization techniques or algorithms to search for the optimal so-
lutions. The process of designing efficient algorithms requires a great deal of
ingenuity, and the optimality conditions contribute to the process in several
ways, for example by suggesting the algorithm itself, or by verifying the cor-
rectness of the numerical solutions returned by the algorithm. The role of the
duality theory in designing algorithms is similar, and often more decisive.

All chapters except Chapter 14 are concerned with the theory of optimiza-
tion. We have tried to present all the major results in the theory of finite-
dimensional optimization, and strived to provide the best available proofs
whenever possible. Moreover, we include several independent proofs of some
of the most important results in order to give the reader and the instructor
of a course using this book flexibility in learning or teaching the key subjects.
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On several occasions we give proofs that may be new. Not all chapters deal
exclusively with finite-dimensional spaces, however. Chapters 3, 5, 6, 14, and
Appendices A and C contain, in part or fully, important results in nonlinear
analysis and in the theory of convexity in infinite-dimensional settings.

Chapter 14 may be viewed as a short course on three basic optimization al-
gorithms: the steepest descent method, Newton’s method, and the conjugate-
gradient method. In particular, the conjugate-gradient method is presented
in great detail. The three algorithms are chosen to be included because many
computational schemes in mathematical programming have their origins in
these algorithms.

Audience and background

The book is suitable as a textbook for a first course in the theory of opti-
mization in finite-dimensional spaces at the graduate level. The book is also
suitable for self-study or as a reference book for more advanced readers. It
evolved out of my experience in teaching a graduate-level course twelve times
since 1993, eleven times at the University of Maryland, Baltimore County
(UMBC), and once in 2001 at Bilkent University, Ankara, Turkey. An impor-
tant feature of the book is the inclusion of over two hundred carefully selected
exercises as well as a fair number of completely solved examples within the
text.

The prerequisites for the course are analysis and linear algebra. The reader
is assumed to be familiar with the basic concepts and results of analysis in
finite-dimensional vector spaces—Ilimits, continuity, completeness, compact-
ness, connectedness, and so on. In some of the more advanced chapters and
sections, it is necessary to be familiar with the same concepts in metric and
Banach spaces. The reader is also assumed to be familiar with the fundamental
concepts and results of linear algebra—vector space, matrix, linear combina-
tion, span, linear independence, linear map (transformation), and so on.

Suggestions for using this book in a course

Ideally, a first course in finite-dimensional optimization should cover the first-
order and second-order optimality conditions in unconstrained optimization,
the fundamental concepts of convexity, the separation theorems involving con-
vex sets (at least in finite-dimensional spaces), the theory of linear inequalities
and convex polyhedra, the optimality conditions in nonlinear programming,
and the duality theory of convex programming. These are treated in Chap-
ters 2, 4, 6, 7, 9, and 11, respectively, and can be covered in a one-semester
course. Chapter 1 on differential calculus can be covered in such a course,
or referred to as needed, depending on the background of the students. In
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any case, it is important to be familiar with the multivariate Taylor formulas,
because they are used in deriving optimality conditions and in differentiating
functions.

In my courses, I cover Chapter 1 (Sections 1.1-1.5), Chapter 2 (Sections
2.1-2.5), Chapter 4 (Sections 4.1-4.5), Chapter 6 (Sections 6.1-6.5, and as-
suming the results from Chapter 5 that are used in some proofs), Chapter
7 (Sections 7.1-7.4), Chapter 9 (Sections 9.1-9.2, 9.4-9.9), and Chapter 11
(Sections 11.1-11.6). This course emphasizes the use of separation theorems
for convex sets for deriving the optimality conditions for nonlinear program-
ming. This approach is both natural and widely applicable—it is possible to
use the same idea to derive optimality conditions for many types of problems,
from nonlinear programming to optimal control problems, as was shown by
Dubovitskii and Milyutin.

Several other possibilities exist for covering most of this core material. If
the goal is to cover quickly the basics of nonlinear programming but not of
convexity, then one can proceed as above but skip Chapter 6 and the first two
sections of Chapter 7, substitute Appendix A for Sections 7.3 and 7.4, and skip
Section 9.1. In this approach, one needs to accept the truth of Theorem 11.15
without proof.

A third possibility is to follow Chapter 3 to cover the theory of linear in-
equalities and the basic theorems of nonlinear analysis, and then cover Chap-
ter 9 (Sections 9.3-9.9). Still other possibilities exist for covering the core
material.

If more time is available, an instructor may choose to cover Chapter 14
on algorithms, Chapter 8 on linear programming, Chapter 10 on nonlinear
programming, or Chapter 12 on semi-infinite programming. In a course ori-
ented more toward convexity, the instructor may cover Chapter 5, 6, or 13 for
a more in-depth study of convexity. In particular, Chapters 5 and 6 contain
very detailed, advanced results on convexity.

Chapters 4-8, 11, and 13 can be used for a stand-alone one-semester course
on the theory of convexity. If desired, one may supplement the course by
presenting the theory of Fenchel duality using, for example, Chapters 1-3
and 6 of the book Conver Analysis and Variational Problems by Ekeland
and Temam. The theory of convexity has an important place in optimization.
We already mentioned the role of the separation theorems for convex sets in
deriving optimality conditions in mathematical programming. The theory of
duality is a powerful tool with many uses, both in theory of optimization and
in the design of numerical optimization algorithms. The role of convexity in
the complexity theory of optimization is even more central; since the work of
Nemirovskii and Yudin in the 1970s on the ellipsoid method, we know that
convex programming (and some close relatives) is the only known class of
problems that are computationally tractable, that is, for which polynomial-
time methods can be developed.
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The major pathways through the book are indicated in the following dia-
gram.

Comments on the contents of individual chapters

Chapter 1 includes background material on differential calculus. Two novel
features of the chapter are the converse of Taylor’s formula and Danskin’s
theorem. The first result validates the role of Taylor’s formula for computing
derivatives, and Danskin’s formula is a useful tool in optimization.

Chapter 2 develops the first-order and second-order optimality conditions
in unconstrained optimization. Section 2.4 deals with quadratic forms and
symmetric matrices. We recall the spectral decomposition of a symmetric ma-
trix, give the eigenvalue characterizations of definite and semidefinite matrices,
state Descartes’s exact rule of sign (whose proof is given in Appendix B), and
use it as tool for recognizing definite and semidefinite matrices. We also in-
clude a proof of Sylvester’s theorem on the positive definiteness of a symmetric
matrix. (An elegant optimization-based proof is given in an exercise at the end
of the chapter.) In Section 2.5, we give the proofs of the inverse and implicit
function theorems and Lyusternik’s theorem using an optimization-based ap-
proach going back at least to Carathéodory. A proof of Morse’s lemma is given
in Section 2.6 because of the light it throws on the second-order optimality
conditions.

Chapter 3 is devoted to Ekeland’s e-variational principle (and its relatives)
and its applications. We use it to prove the central result on linear inequal-
ities (Motzkin’s transposition theorem), and the basic theorems of nonlinear
analysis in a general setting. Variational principles are fascinating, and their
importance in optimization is likely to grow even more in the future.



XII Preface

The next three chapters are devoted to convexity. Chapter 4 treats the
fundamentals of convex analysis. We include Section 4.1 on affine geometry
because of its intrinsic importance, and because it helps make certain results
in convexity more transparent.

Chapter 5 delves into the structure of convex sets. A proper understanding
of concepts such as the relative interior, closure, and the faces of convex sets
is essential for proving separation theorems involving convex sets and much
else. The concept of the relative interior is developed in both algebraic and
topological settings.

Chapter 6 is devoted to the separation of convex sets, the essential source
of duality, at least in convex programming. The chapter is divided into two
parts. Sections 6.1-6.5 deal with the separation theorems in finite dimensions
and do not depend heavily on Chapter 5. They are sufficient for somebody
who is interested in only the finite-dimensional situation. Section 6.5 is de-
voted to the finite-dimensional version of the Dubovitskii-Milyutin theorem, a
convenient separation theorem, applicable to the separation of several convex
sets. Sections 6.6-6.8 treat the separation theorems involving two or several
convex sets in a very general setting. Chapter 5 is a prerequisite for these
sections, which are intended for more advanced readers.

Chapters 7 and 8 treat the theories of convex polyhedra and linear pro-
gramming, respectively. Two sections, Section 7.5 on Tucker’s complemen-
tarity theorem and Section 8.5 on the existence of strictly complementary
solutions in linear programming, are important in interior-point methods.

Chapters 9 and 10 treat nonlinear programming. The standard, basic the-
ory consisting of first-order (Fritz John and KKT) and second-order conditions
for optimality is given in Chapter 9. A novel feature of the chapter is the in-
clusion of a first-order sufficient optimality condition that goes back to Fritz
John, and several completely solved examples of nonlinear programs. Chap-
ter 10 gives complete solutions for seven structured optimization problems.
These problems are chosen for their intrinsic importance and to demonstrate
that optimization techniques can resolve important problems.

Chapter 11 deals with duality theory. We have chosen to treat duality us-
ing the Lagrangian function. This approach is completely general for convex
programming, because it is equivalent to the approach by Fenchel duality in
that context, and more general because it is sometimes applicable beyond
convex programming. We establish the general correspondence between sad-
dle point and duality in Section 11.2 and apply it to nonlinear programming
in Section 11.3. The most important result of the chapter is the strong dual-
ity theorem for convex programming given in Section 11.4, under very weak
conditions. It is necessary to use sophisticated separation theorems to achieve
this result. After treating several examples of duality in Section 11.5, we turn
to the duality theory of conic programming in Section 11.6. As a novel appli-
cation, we give a proof of Hoffman’s lemma using duality in Section 11.8.

Semi-infinite programming is the topic of Chapter 12. This subject is
not commonly included in most optimization textbooks, but many impor-
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tant problems in finite dimensions require it, such as the problem of finding
the extremal-volume ellipsoids associated with a convex body in R™. We de-
rive the Fritz John optimality conditions for these problems using Danskin’s
theorem when the set indexing the constraints is compact. In the rest of the
chapter we solve several specific, important semi-infinite programming prob-
lem rather than giving a systematic theory. Another method to treat convex
semi-infinite programs, using Helly’s theorem, is given in Section 13.2.

Chapter 13 is devoted to several special topics in convexity that we deem
interesting: the combinatorial theory of convex sets, homogeneous convex
functions, decomposition of convex cones, and norms of polynomials. The last
topic finds an interesting application to self-concordant functions in interior-
point methods.

The focus of Chapter 14 is on algorithms. The development of numerical
algorithms for optimization problems is a highly intricate art and science,
and anything close to a proper treatment would require several volumes. This
chapter is included in our book out of the conviction that there should be a
place in a book on theory for a chapter such as this, which treats in some
depth a few select algorithms. This should help the reader put the theory
in perspective, and accomplish at least three goals: the reader should see
how theory and algorithms fit together, how they are different, and whether
there are differences in the thought processes that go into developing each
part. It should also give the reader additional incentive to learn more about
algorithms.

We choose to treat three fundamental optimization algorithms: the steepest-
descent (and gradient projection), Newton’s, and conjugate-gradient methods.
We develop each in some depth and provide convergence rate estimates where
possible. For example, we provide the convergence rate for the steepest-descent
method for the minimization of a convex quadratic function, and for the mini-
mization of a convex function with Lipschitz gradient. The convergence theory
of Newton’s method is treated, including the convergence theory due to Kan-
torovich. Finally, we give a very extensive treatment of the conjugate-gradient
method. We prove its remarkable convergence properties and show its connec-
tion with orthogonal polynomials.

In Appendix A, we give the theory for the consistency of a system of
finitely many linear (both strict and weak) inequalities in arbitrary vector
spaces. The algebraic proof has considerable merits: it is very general, does
not need any prerequisites, and does not use the completeness of the field
over which the vector space is defined. Consequently, it is applicable to linear
inequalities with rational coefficients.

In Appendix B, we give a short proof of Descartes’s exact rule of sign,
and in Appendix C, the classical proofs of the open mapping theorem and
Graves’s theorem.
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1

Differential Calculus

This chapter is devoted to differential calculus. Tools from differential calculus
are widely used in many branches of analysis, including in optimization. In op-
timization, our main concern in this book, they are used, among other things,
to derive optimality conditions in extremal problems which are described by
differentiable functions.

We treat the calculus of scalar-valued functions f : U — R or vector-
valued functions (maps) f : U — R™, where U is an open set in R™. The vector
spaces R™ and R™ can replaced with any finite-dimensional vector spaces over
R without changing any of our results or methods. In fact, most of our results
remain true (with some minor changes) if R™ and R™ are replaced by Banach
spaces. Although this extension can be done in a straightforward manner,
we desire to keep our presentation fairly concrete, and the finite-dimensional
vector space setting is sufficient for our needs. We deviate from this rule only
in Chapter 3, where we consider differentiable functions in Banach spaces.

The interested reader is referred to the books by Edwards [84] and Spi-
vak [245] for more detailed treatments of calculus in finite-dimensional vector
spaces, and Dieudonné [77] and Hormander [140] in Banach spaces. Surveys
of differential calculus in even more general vector spaces may be found in the
references [11, 12].

1.1 Taylor’s Formula

Taylor’s formula in one or several variables is needed to obtain necessary
and sufficient conditions for local optimal solutions to unconstrained and con-
strained optimization problems. In this section, we treat Taylor’s formula for
functions of a single variable. The several-variable version of the formula is
treated in later sections of this chapter.

We start with Taylor’s formula in Lagrange’s form.

O. Giiler, Foundations of Optimization, Graduate Texts in Mathematics 258, 1
DOI 10.1007/978-0-387-68407-9 1, © Springer Science+Business Media, LLC 2010



2 1 Differential Calculus

Theorem 1.1. Let f : I = (¢,d) — R be a n-times differentiable function. If
a,b are distinct points in I, then there exists a point T strictly between a and
b such that

10 = 5@ + @0 - )+ LD a2 L g
(n) (3
=1 1), )z
:Zf Z'( )(bfa)z+f7()(b7a)n
1=0

Note that the case n =1 is precisely the mean value theorem.

Proof. The idea of the proof is similar to that in the case n = 1: create a
function g(t) such that ¢%*)(a) = 0, k = 0,...,n — 1, g(b) = 0, and apply
Rolle’s theorem repeatedly.

The (n — 1)th-degree Taylor approximation (polynomial) at a,

"(a (n=1)(q
Paa() = @)+ P - @)+ H @ = ap e o,

satisfies the conditions P,Sk_)l(a) = f®)(a), k =0,...,n—1. Thus, the function
h(t) := f(t) — P,_1(t) satisfies the condition h(*)(a) = 0, k = 0,...,n — 1.
However, h(b) may not vanish. We rectify the situation by defining

o(t) = ()~ Paa(t) ~ (= a)

with the constant K chosen such that ¢g(b) = 0, that is,

f(b) = P,_1(b) + ;(b —a)™. (1.1)
Then,
g (a) = f*®)(a) — Pflk_)l(a) =0, k=0,....,n—1, g(b) =0.

Rolle’s theorem implies that there exists xy strictly between a and b such
that ¢’(x1) = 0. Since ¢'(a) = ¢'(x1) = 0, Rolle’s theorem applied to ¢’
implies that there exists xo strictly between a and z; such that ¢”(z5) = 0.
We continue in this fashion and obtain {x;}7~" such that g(*=")(2;_;) = 0.
Finally, ¢*~Y(a) = ¢ (2,_1) = 0, and applying Rolle’s theorem once
more, we obtain a point x,, strictly between a and x,,_; such that (™) (z,,) = 0.
Since g™ (t) = f™(t) — K, we have g (z,,) = K. Equation (1.1) implies the
theorem. O
This proof is adapted from [268].

In practice, the most useful cases of Taylor’s theorem correspond to n =1
and n = 2.
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Corollary 1.2. Let f : I = (¢,d) — R be a function and a,b be distinct points
in 1.

(i) (Mean value theorem) If f is differentiable on I, then there exists a
point € strictly between a and b such that

fb) = f(a) + £1(E)(b — a).

(i) If [ is twice differentiable on I, then there exists a point C strictly between
a and b such that

O
2

f) = f(a) + f'(a)(b—a) + (b—a)*.

Another form of Taylor’s theorem expresses the remainder term as an
iterated integral. Its proof is perhaps conceptually the simplest, and it can be
used to easily deduce other forms of Taylor’s theorem from it.

Theorem 1.3. Let f satisfy the conditions of Theorem 1.1. We have
f”( )

f) = f(a) + f'(a)(b—a) + (b—a)®+-

A [ [

Proof. The idea of the proof is to use the fundamental theorem of calculus

(1.2)

repeatedly. First, we have f(b f f'(x)dx, or

b
—+ / f’(sl)dsl.

Similarly, f'(s1) = f'(a) + [ f”(s2)dsz, and this gives

/f81d81 fla) + /b< / f( 82d52>d81
= f(a) + f'(a)(b—a) // [ (s2)dsads.

Continuing in this fashion, we obtain

F(0) = £(a) + /(@) (b— a) + f"(a) /b/ / dsydsods, & -

b S1 Sn—1
—&-f(”_l)(a)/ / / ds,, -+ -dsy
a a a

b s1 Spn_1
+// / f(")(sn)dsn-~-d81
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Now it is easy to prove by induction that

b rs1 Sk—1 _ N\k
[ [ = 20 9

Indeed, this is trivially true for k = 1, and assuming that it holds for k, we
have

b ps1 Sk b 51 —a)” b—a)tt!

where the first equation follows from the induction hypothesis. a

As an easy corollary, we obtain Taylor’s formula in Lagrange’s form.
Corollary 1.4. Theorem 1.1 follows from Theorem 1.3.

Proof. By the mean value theorem there exists T € (a, $,—1) such that

/S”’l SO (s )dsn = £ (F) (501 — a) = /S"’l £ @) ds,.

The proof is completed by substituting this in the iterated integral in the
statement of Theorem 1.3 and using (1.3). O

Next, we give Taylor’s formula in Cauchy’s form.
Theorem 1.5. Let f satisfy the conditions of Theorem 1.1. We have

fHQ(“) (b= a)? o+ T @y gy

f) = fa) + f'(a)(b—a)+ (n—1)

L w -l gy
+(n_1)!/af (@)(b— 2)" " da.

Proof. The domain of the iterated integral in the statement of Theorem 1.3
is {(s1,.+.,8n) 1@ < 8y < 8p—1 < -+ < 51 < b}. By Fubini’s theorem, this
integral can be written as

b b b
/f(")(sn)/ / dsy---ds,_1ds,,. (1.5)
b— )kt
/Sk /d sy = S

Indeed, this is trivial to check for k = 1. If it holds for k, then

b b b k—1 k
(b — si) (b — Sk+1)
dsy - - - dspdsy, z/ dsy, = ,
/ / : N e G K

where the first equality follows from the induction hypothesis. This proves the
claim for k + 1. Then the integral (1.5) becomes f; F (8,)(b— 80)" " /(0 —
1)!dsy, and coincides with the one in (1.4). The theorem is proved. O

(1.4)

We claim that
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We now give a simple demonstration of the use of Taylor’s formula in
optimization. Suppose that x* is a critical point, that is, f/(z*) = 0. The
quadratic Taylor’s formula gives

f//(f) *\2
5 (z —x%)7,

fl@) = f@") + f' (@) (@ —2") +

for some T strictly between = and z*. Now, if f”(Z) > 0 for all T € I, then
f(z) > f(z*) for all z € I.

This shows that «* is a global minimizer of f. A function f with f”(x) non-
negative at all points is a convex function. If f”/(Z) > 0 only in a neighborhood
of *, then z* is a local minimizer of f. If f'(z*) = 0 and f"(z) < 0 for all
x, then f(x) < f(z*), for all z, that is, z* is a global maximizer of f. Such
a function f is a concave function. Chapter 4 treats convex and concave (not
necessarily differentiable) functions in detail.

1.2 Differentiation of Functions of Several Variables

Definition 1.6. Let f : U — R be a function on an open set U C R". If
x e U, the limit

8f ({E) — lnn f(xl, ey Lj—1,%54 + t7x7;+17 e ,l’n) — f(il')
8l‘i t—0 t

)

if it exists, is called the partial derivative of f at x with respect to x;. If all
the partial derivatives exist, then the vector

is called the gradient of f.

Let d € R" be avector d = (di, ..., d,)T. Denoting by e; the ith coordinate
vector
e; :=(0,...,1,0,...,0)T,

where the only nonzero entry 1 is in the ith position, we have
d=die; + -+ dyey.
Definition 1.7. The directional derivative of f at x € U along the direction

deR" is .
f(@;d) == }{I(l) flot t) -~ f(x)7

provided the limit on the right-hand side exists as t > 0 approaches zero.
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Clearly, f'(z;ad) = af’(x;d) for a > 0, and we note that if f/'(z;—d) =
—f'(x;d), then we have

Fand) — 1 L 1) =S @)

t—0 t

)

because

(@i d) = —f'(@,~d) = ~ lim flz - tﬂ? —f@) _ liy flx+ 861) — fx)

Definition 1.8. A function f : U — R is Gateaux differentiable at z € U
if the directional derivative f'(x;d) exists for all directions d € R™ and is a
linear function of d.

Let f be Gateaux differentiable at . Since d = dye1 + - - -+ dn ey, and f/'(z;d)
is linear in d, we have
fl(x;d) = fl(z;dier + -+ dpen) = dif (w5e1) + - + dnf' (7505)
=(d,Vf(z)) =d"Vf(x).

Definition 1.9. The function f : U — R is Fréchet differentiable at the point
x € U if there exists a linear function € : R™ — R, {(z) = (I, z), such that

g J@ ) — f@) = (R
= Al

=0. (1.6)

Intuitively speaking, this means that the function f can be “well approx-
imated” around x by an affine function h — f(x) + (I, h), that is,

fle+h)= f(z)+ ({1 h).

This approximate equation can be made precise using Landau’s little “oh”
notation, where we call a vector o(h) € R™ if

lo(M) ]l
11m =
=0 [|h]]

With this notation, the Fréchet differentiability of f at x is equivalent to
stating f(x + h) — f(z) — {I,h) = o(h), or

flz+h) = f(x)+(l,h) + o(h). (1.7)

The o(h) notation is very intuitive and convenient to use in proofs involving
limits.

Clearly, if f is Fréchet differentiable at x, then it is continuous at x, because
(1.7) implies that limp,_,o f(x + h) = f(z).

The vector [ in the definition of Fréchet differentiability can be calculated
explicitly. Choosing h =te; (i =1,...,n) in (1.6) gives
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flz+te;) — flx) —t; _

lim 0.
t—0 t
We have I; = df(x)/0x;, and thus
1=Vf(z). (1.8)

Then (1.7) becomes
f(@+h) = f(z)+(VI(x),h) + o(h).

This also gives us the following Theorem.

Theorem 1.10. If U C R" is open and f : U — R is Fréchet differentiable
at x, then f is Gateaux differentiable at x.

Thus, Fréchet differentiability implies Gateaux differentiability, but the
converse is not true; see the exercises at the end of the chapter. Consequently,
Fréchet differentiability is a stronger concept than Gateaux differentiability.
In fact, the former concept is a uniform version of the latter: it is not hard to
see that f is Fréchet differentiable at x if and only if f is Gateaux differentiable

and the limit
lmn flz+td) — f(f) —(Vf(x),d)

converges uniformly to zero for all ||d|| < 1, that is, given ¢ > 0, there exists
0 > 0 such that

[ELBTRLEI
t i
for all |t] < ¢ and for all ||d| < 1.

Definition 1.11. If z,y are two points in R™, we denote by [xz,y] the closed
line segment between x and y, that is,

[,y ={z+tly—2): 0 <t <1}

Similarly, we use (x,y) to denote the “open” line segment {x +t(y —x) : 0 <
t < 1}. Note that if © =y, we have [z,y] = (x,y) = {z}.

Lemma 1.12. (Mean value theorem) Let f : U — R be a Gdteaux dif-
ferentiable function on an open set U in R™. If x,y are distinct points in U
such that the line segment [z, y] lies in U, then there exists a point z on (x,y)
strictly between x and y, such that

fy) = f(2) +(Vf(2),y — ).
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Proof. Define the function h(t) = f(z + t(y — x)). Since f is Gateaux differ-
entiable, h(t) is differentiable and

W(t) = (Vf(z+ty—2))y - 2).

It follows from the mean value theorem in one variable (Corollary 1.2) that
there exists 0 < ¢ < 1 such that k(1) — h(0) = A/(¢). Define z = = + t(y — z).
Since h(0) = f(z) and h(1) = f(y), we see that

fy) = fl@) ={V[(z),y — ).
O

Theorem 1.13. Let f : U — R be a function on an open set U C R". If
f(z) is Gateaux differentiable at xo € U and the partial derivatives Of/0x;
(j =1,...,n) are continuous at xq, then f is Fréchet differentiable at x¢.

Proof. The mean value theorem (Lemma 1.12) implies that there exists a
point ¥ strictly between xg and xy + h such that

f(xo+h) = f(zo) = (Vf(w0), h) = (VF(@) = V(20),h),

and the continuity of Vf at z¢ implies that Vf(z) — Vf(xz9) — 0 as h — 0.
Therefore,

f(@o+h) = f(zo) = (Vf(w0), h) = o(h),
proving that f is Fréchet differentiable at z. O

1.3 Differentiability of Vector-Valued Functions

Let F': U — R™ be a function, where U is an open subset of R™. We write

fi(z)

f2(x)
F(z)=F(x1,...,2,) = : ,

fm (@)
where f; is called the ith coordinate function of F.

Definition 1.14. The function F is called Gateaux differentiable at x € U if
F - F
i [ +td) — F(z)

t—0 t

is linear in d, that is, there exists a linear map T : R™ — R™, say T(z) = Az,
where A is an m X n matriz, such that
F - F
lim (x +td) (2)
t—0 t

= Ad.
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This equation means that

o Ji@ 4 1) = £i(@)

0 £ = <CL 7d>7

where a’ is the ith row of A. Thus, F is Gateaux differentiable if and only if
each coordinate function f; is. It follows from (1.8) that

a' = Vfi(x)T = (0fi/0z1,...,0fi/0xn).
Therefore,
8f1/8x1 8f1/8xj 8f1/8xn
; : : vV fi(x)"
: : : V fin(2)"
Ofm/0x1 ... Ofpm/0xj ... Ofm /0y

We denote A by DF(x) and call it the Jacobian of F' at x. Note that if m = 1,
that is, F' is a scalar-valued function, then

DF(z) = VF(x)T.

Definition 1.15. The function F is called Fréchet differentiable at x € U if
there exists a linear map B : R™ — R™ satisfying

lim |F'(z+ h) — F(x) — Bh|| _o. (19)
Inll—0 7]
The map B, denoted by DF(x), is called the Fréchet derivative of F.

This equation means, as above,

lim |fi(z+ h) — fi(z) — (b', h)|
k=0 2]l

:07

for each i« = 1,...,m. In other words, F' is Fréchet differentiable at x
if and only if each coordinate function f; is. We have b' = Vf;(z) =

(0f;/0x1,...,0f;/0x,)T, and
B = DF(x) = [0f:(2)/05;].

If F is Fréchet differentiable at x, then F' is Gateaux differentiable at x. Since
F' is Fréchet (Gateaux) differentiable at x if and only if each coordinate func-
tion f; is Fréchet (Gateaux) differentiable at x, this follows from previously
proved results about scalar functions.
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1.4 The Chain Rule

Theorem 1.16. Let F : U — V, G : V — RF, where U C R™ and V C R™
are open sets, and let H = Go F : U — RF, H(z) = G(F(z)) = (G o F)(z)
be their composition. If F' is Gateaux differentiable at x and G is Fréchet
differentiable at y = F(x), then H is Gateaux differentiable at = and

DH(z) = DG(y) o DF(x).

Moreover, if F' and G are Fréchet differentiable at x and y = F(x), respec-
tively, then H is Fréchet differentiable at x.

Proof. Set A= DF(x) and B = DG(y). We have
F(z +td) = F(z) + tDF(z)d + o(t) = F(x) + tAd + o(t)
and

Hz+td) =G
G

F(z+1td)) = G(F(z) + (tAd + o(t)))

F(z)) + DG(F(z))(tAd + o(t)) + o(tAd + o(t))
(z) + tBAd + Bo(t) + o(tAd + o(t))

(z) +tBAd + o(t).

(
(

H
H

Comparing the above equation with
H(x +td) = H(x) +tDH(x)d + o(t),
we conclude that
DH(x) = BA= DG(y) o DF(x).
This proves the first part of the theorem.
If F' is Fréchet differentiable at x, similar calculations show that
F(x+h) =F(z)+ DF(x)h + o(h)
and
Hx+h)=G(F(z+h)) =G (F(z)+ DF(x)h + o(h))
=G(F(z))+ DG(F(z)) [DF (z)h + o(h)] + o (DF(x)h + o(h))
= H(z) + DG(F(z)) o DF(x)h + DG(F(z))o(h)
+ o(DF(z)h + o(h))
= H(xz) + DG(y) o DF(z)h + o(h).
This shows that H is Fréchet differentiable. a

Exercise 16 on page 26 shows that the chain rule may fail under Gateaux
differentiability.

The mean value theorem fails for vector-valued functions (see Exercise 13),
but we have the following two very important substitutes.
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Lemma 1.17. Let f : I — R™ be a map on an interval I = (a,b). If f is
differentiable at every point in I, then

1f(y) = f@) <ly—=z|- sup |[Df(z+ty—=)l, =zyel
0<t<1

Proof. Let M > supg<,<; | Df(x +t(y — x))| and set
K={t:0<t<1, |[fle+tly—2))~ fla)] < Mtly —a|}.

The set K is closed, since f is continuous, and 0 € K. Let s be the largest
element of K. We claim that s = 1. Otherwise, s < 1, and choosing ¢ € (s,1)
such that ¢ — s is small enough, we have

I1f(z+t(y — ) — f(a)]
1f(@+tly — ) — f(z+ sy — o) + [ /(= +s(y —z)) = f(@)]
DS+ sty = )t = $)(y = @) + o((t = 9)ly — o) | + Msly — al
M(t—s)|y — x|+ Ms|ly — x|
Mt|y - SIJ|,

ININ

IN

that is, t € K, a contradiction. This proves the claim and the lemma. ]

Theorem 1.18. Let f : U — R™ be Gateaux differentiable on an open set U
in R™. If x,y are points in U such that the line segment [x,y] lies in U, and
T:R” — R™ is a linear map, then

1f(y) = f(@) =Ty — o)l < lly — |- e IDf(z+t(y — ) = T||.

Proof. The map g(t) = f(z +t(y — z)) — tT(y — ) is differentiable with the
derivative

Dy(t) = [Df(z +t(y — x)) = T)(y — x).
Lemma 1.17 gives [|g(1) — g(0)|| < supg<;<1 [[Dg(t)]|, so that

1£w) = F@) = Tty - )| < sup [Df(a+ 4y - )y - ) - T(y - )]
<=l sup [IDf(x+ 4y~ ) - 7],

O

Lemma 1.17 and Theorem 1.18 hold in a Banach space setting, with the
same proof.

Theorem 1.19. Let F : U — R™ be a map on an open set U C R™. If
F(z) = (fi(z),..., fm(2))T is Gateauz differentiable at xo € U and the partial
derivatives 0f;/0x; (i=1,...,m, j=1,...,n) are continuous at x¢, then F
is Fréchet differentiable at xg.
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Proof. By Theorem 1.18, we have

[f(z+h) = f(z) = Df(x)h] < S [Df(x +th) — Df(x)|| - [|h]l = o(h)

as h — 0, because Df is continuous. a

Definition 1.20. Let f : U — R™ be a map on an open set U C R™. We
call f twice Fréchet differentiable on U if both f and Df are Fréchet differ-
entiable on U, and denote by D*f := D(Df) the second derivative of f. By
induction, we say that f is k-times Fréchet differentiable on U if f is (k—1)-
times Fréchet differentiable and D*~1f is Fréchet differentiable. We denote
by DX f = D(D*~1f) the kth derivative of f.

If a € U and u,v € R", then we denote by D?f(a)[u,v] the directional
derivative of the function h(zx) := f'(x;u) along direction v, that is,

D?f(a)[u,v] :== K (z;v).

The operation of taking successive directional derivatives is commutative
under suitable differentiability assumptions.

Theorem 1.21. If f : U — R is twice Fréchet differentiable on an open set
U in R™, then D?f(a) is a symmetric bilinear form for all a € U, that is,

D2f(a)[u,v] = D*f(a)[v,u] for all wu,veR™
Proof. Define g(t) := f(a +u+tv) — f(a + tv). We have
g (t) = Df(a+u+tv)(v) — Df(a+tv)(v),
and Lemma 1.17 applied to g(t) — tg'(0) gives

lg(1) = g(0) = g"(0)[| < S lg"(t) = g ()]l (1.10)

Since D f is Fréchet differentiable, we have

Df(a+u+t0)(v) = Df(a)(v) — D2f(@)v,u+ to] = of[Jol] - u+ to])

(

< o((llull + [[v[)?)

Df(a+tv)(v) = Df(a)(v) — D*f(a)[v,tv] = o(|v] - [[tv]])
< o(([lull + [[v[?)-

Subtracting the second equation from the first one gives
Df(a+u+tv)(v) = Df(a+tv)(v) — D*f(a)[v,u] = o((l|ull + [[v[)*),

that is,
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g'(t) = D*f(a)[v,u] = o(([full + [lv])?)-
Using this in (1.10) gives the equations ¢/(¢) — ¢’(0) = o((||ul| + [[v]|)?) and
9(1) = g(0) = D*f(a)[v, u] = o(([[u]l + [[v]))?)-

Since ¢g(1) — ¢(0) = f(a+u+v) — f(a+v) — f(a+u) + f(a) is symmetric in
u and v, we similarly have

9(1) = 9(0) = D*f(a)[u, v] = o(([lull + [[v]))?).
Consequently,
Blu,v] := D*f(a)[u,v] = D* f(a)[v,u] = o((||ul| + [[v]|)?).

Let ||u|| = ||v]| = 1, and let t — 0. We have Bltu,tv] = o(t?). Thus, Blu,v] =
o(t?)/t> — 0, that is, Blu,v] = 0. This proves the symmetry of D?f(a). O

Exercise 12 shows that D? f(z)[u,v] = D?f(z)[v,u] may fail in the absence
of sufficient differentiability assumptions.

Corollary 1.22. If f : U — R is k-times Fréchet differentiable on an open
set U in R™ and a € U, then D¥ f(a) is a symmetric k-linear form, that is,

Dkf(a)[uc,(l), o U ()] = D f(a)[us,...,ux] for all ui,...,ux € E,
where o is a permutation of the set {1,2,... k}.

The proof is obtained from Theorem 1.21 by induction.

1.5 Taylor’s Formula for Functions of Several Variables

Taylor’s formula for a function of a single variable extends to a function f :
U — R defined on an open set U C R™. For this purpose, we restrict f to line
segments in U. Let {x + td : t € R} be a line passing through = and having
the direction d # 0 € R™. Define the function h(t) = f(g(t)) = f(z +td) =
(f o g)(t), where g(t) = x + td. It follows from the chain rule that

Of(w+td) , Of(w+td)

. d,.
oxq oz,

h'(t) = (Vf(z +td),d) =

Differentiating A’ using the chain rule again, we obtain
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h”(t):< e tid), d>d1+~-~+<V(af(x+td))7d>dn

8.1‘1

(0 0f(x+td)
B <6l’1( 0xy Jdu +-

0 ,0f(x+td)
+<8x1( Oy,

Yy + -

0% f(x + td)

L0 et

oxy,
0
+ @(

(z +td n
1 81’28.’171
+ -

- 6‘2f(:c + td)
Bmlaxn

ddj.

Il
WMS

P 8x16x]

Therefore,

ro?f(z+td)

——did, + -+

9% f(z+td)

8.’1,‘1
Of (z + td)

dody + -+

0% f(x + td)

Oxy,

oxy,

)dn)d1+~~~

)dn> d,
0?f(z + td) dnd1>

0x, 011

2
0x?

8% f(x+td) T

2
oz

9% f(z+td)

h/,(t) = (dla cee >dn)

awjazl

9% f(z+td)

0z, 0xq

8% f (z+td)

)

dq

Ox10x; Ox;0x; Ox,0x;

82 f(x+td) 0% f(x+td)

Oz 0y, Ox2 _

9% f(z+td)
L Ox10xy,

_ 4T 0% f(x +td)
o 8%8:@

} d=d"D?f(x + td)d.

The matrix
Hf(z):= D(Vf(x)) = [0

is called the Hessian matrix of f at z. If the second-order partial derivatives
02 f(x)/0z;0x; are continuous, then the mixed derivatives are equal, that is,

*f(z) _ 0*f(=)
8(Ei6$j o axj8$i7

D*F(x) = f(x)/0zi0x;]

and the Hessian matrix H f(x) is symmetric, that is, H f(x)
One can keep differentiating h(t) to obtain

=354

i=1 j=1k=1

T'= Hf(x).

ertd)

- d,d;d = D3 td)|d,d,d
al’lal'j Uk f(I+ )[7 ) }7

h®(t
and in general

EDIND I~

11=1 1k:1

7di1di2

v O, di, = D" f(z +td) [d,....d].

———

k times
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We note that A[d,...,d] = D*f(z)[d,...,d] is a k-linear form, which gives
rise to a k-linear functional Aldy,...,dg]. If the kth-order partial derivatives
are continuous, then Aldy,...,d] is symmetric, that is,

A[da(l), ceey da(k)] = A[dl, ey dk],

for any permutation o of the set {1,...,k}.
After these preparations, we can display the multivariate Taylor’s formula.

Theorem 1.23. (Multivariate Taylor’s formula) Let U be an open sub-
set of R™, and let x,y be distinct points in U such that the line segment [z, y]
lies in U. If f : U — R has continuous kth-order partial derivatives on U,
then there exists a point z € (z,y) such that

Icfl1 ‘ 1
)= D' f(@)|y—=,....y—a] + D" f(2)[y —a,....y —z
Ll IOl

7 times k+1 times
= (&) + DI@)y — 2] + 5D F @)y — 2,y —a] + -

Dk_lf(x)[y—x,...,y—x]+lef(z)[y—x7...,y—x].

+ I

(k—1)!
Here

Df(z)ly — =] = (Vf(x),y — ),
D*f(2)ly — 2,y — 2] = (y — 2) " Hf(2)(y — x) = d" H(x)d.

Proof. Tt follows from Taylor’s formula for i that there exists 0 < ¢ < 1 such
that
h"(0) h*D©0) M@

T (TR
We note that h(1) = f(y), h(0) = f(x), h'(0) = (Vf(z),y — z), and h"(0) =
D?f(z)[d,d) = d" H(x)d. In general,

h(1) = h(0) + B'(0) +

ROty =Dif(x+tly —x))y —z,...,y — z].

Setting z = x + t(y — ), we see that the Taylor’s formula in the statement of
the theorem holds. O

Corollary 1.24. Let U be an open subset of R™, and let f : U — R have
continuous kth-order partial derivatives on U. Then, as y approaches x,

@) =3 3D @y =y =] +ollly = o).

i times
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We remark that in light of Exercise 1, the corollary holds under the weaker
assumption that f is k-times Fréchet differentiable.

Usually, Taylor’s formula is considered for k = 1,2, 3,

f(y) = f(.%‘) + (Vf(z1),y - .%’>,

Fly) = )+ (V(@)y = ) + 5y — 2 H )y~ 2),

Fly) = F(@) +(VF @)y — o) + 5y — 2 B @)y — )

1
FED ()l —wy — oy — 3],
where z; € (x,y), 1 =1,2,3. As y — z, we have

fy) = f@) + (Vf(@),y —2) +ollly — z[]),
fy) = f@) + (Vf@),y—2) + %(y — @) Hf(z)(y — 2) +o(lly — «[*),

Fly) = F) + (Vi) y — ) + 50y — ) H )y~ 2)

+%D3 F@)y — 2,y — 2y — 2]+ oy — al|).

1.6 The Converse of Taylor’s Theorem

Taylor’s theorem has the following converse.

Theorem 1.25. Let U be an open subset of R™. If a continuous function
f:U — R satisfies
1 1
fl@+y) = ao(@) +ar(@)y] + Fa2 (2)y"] +- -+ an(@)y ] +o(ly]"), (1.11)
where a;(x) is a symmetric i-linear form on R™ and where we have written
ar[y*] for ar(z)[y,...,y] to simplify notation, then f is k-times Fréchet dif-
ferentiable and a;(z) = D'f(x),i=1,...,k.

Proof. We use induction on k. For k = 0, 1, the theorem is true by the conti-
nuity of f and the definition of Fréchet differentiability, respectively. Suppose
the theorem is true for & — 1. Then, ag(x)[y*] = o(||y||*~1) in (1.11), and the
induction hypothesis implies that aj(xz) = D7 f(z) for j = 0,...,k — 1. We
now expand f(z +y + z) in two ways,

DF1 (@ 4 y) 2]
(k—1)!

flat+y+2)=flx+y)+Df(z+y)lz]+--+

o+ )l + oIyl
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and

DM f(@)[(y +2)" ]

f(x+y+z)Zf($)+Df($)[y+Z]+"'+ (k—l)!

@y +2)*] + ollly + #11).

Fix z, and restrict z such that the ratio ||y||/2 < ||z|| < ||lyll- Then o(||z]|*),
o(|lyl|*), and o(||y + z||*) are all equivalent. Subtracting the second equation
above from the first one, collecting coefficients of [2%], and denoting by g;(y)
the coefficient of [2?], we have

90(y) + 1 (W)l + - + gk (W) [2*] = o([ly 1) (1.12)
Note that

4 = L (ke +y) — (@) [24] = oly]),

gr(y)[z %l

since ay(x +y) — ar(x) = o(1) by the continuity of as. Thus, this term may be
dropped from equation (1.12). We claim that each remaining term in (1.12) is
also o(||y||¥). To prove this, we replace z with t;z, where {t;}¥ are all distinct.
Then the resulting equations may be written as

Lty oot a0() o(llyl¥)
vt [ el | [l
Lt 8] \aea @) \o(lul)

Since t; are distinct, the Vandermonde matriz above has determinant [, j (t;i—
t;) # 0, so that it is nonsingular. It follows by Cramer’s rule that g;(y)[z'] =
o(||ly||¥) for i =1,...,k — 1. In particular,

vt _ [P e ty) | D) k@)l

grk-1(y)[z

where the expression involving ay () follows since the symmetry of ax(y) gives
ar(y)[(y + 2)*] = kar(y)[y, 2, 2, - . ., 2] + - - . This gives

DF 1 f(e 4 y) = DF f(a) — an(@)[y] = o([lyl),
which implies ay(z) = D* f(z). O

The simple proof above is in [203]. See also [3] for a more general form of this
theorem.

The significance of Theorem 1.25 is that Taylor’s formula is often a very
efficient tool for computing the derivatives D¥ f(x) of a multivariate function.
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If we can develop the function ¢ — f(xz + ¢d) as a series in ¢ in some way,
then the coefficient of t* is D¥ f(z)[d, ..., d]/k! by Theorem 1.25, and we can
recover DF f easily.

We illustrate this technique with some important examples.
Ezample 1.26. (Quadratic functions) Let

1 1 n n n
f(z) = §<Ax,x> +{(c, ) +a= EZZaijxixj + chmj +a
j=1

j=11i=1

be a quadratic function in R™, where A is a symmetric n X n matrix, ¢ € R",

and « is a scalar. It is easy but tedious to compute the gradient and Hessian

of f by computing the first-order and second-order partial derivatives of f.
Alternatively,

flx+td) = —(A(x +td),z + td) + (c,x + td) + «

S N~ N

(Az, ) + t{Azx,d) + g(AcL d) + {c,z) + t{c,d) + «

() + t{Ax + ¢, d) + g(Ad, d).

Theorem 1.25 implies that
Vf(r)=Ar+e¢, Hf(z)=D*f(z) = A.

These formulas apply without change to any quadratic function in an inner
product space F if A is a self-adjoint (symmetric) linear operator A : E — E.

Ezample 1.27. (Logarithm of the determinant function)
Let us first consider the vector space R™*™ of n x n matrices. This is a
vector space of dimension n?. A natural inner product on R™"*™ is given by

n

<X, Y> = Z TijYij = Z (XT)jiyij = tF(XTY)

4,j=1 4,j=1

Next, we consider the linear subspace S™ of symmetric n X n matrices of R™*".
This is a vector space of dimension n(n + 1)/2. The trace inner product on
R™ ™ induces an inner product on S™ given by

(X,Y) := tr(XY).

Let us now consider the function
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F(X) =Indet X,

where X € S™ is positive definite, an important function in semidefinite pro-
gramming.

We compute the Taylor series of f at a given positive definite matrix
X € 5™ and a given direction D € S™. We have

f(X +tD) =Indet(X +tD) = lndet(Xl/z(IthX*l/QDX*l/Q)Xl/Q)
= Indet X + Indet(I +tX~Y/2DX~1/2),

Writing D := X~ 1/2DX~1/2 = QT AQ, where Q is an orthogonal matrix and
A =diag(A1, ..., A\n), we obtain

f(X +tD) — f(X) = Indet(I +tD) = Indet(Q” (I +tA)Q)

=Indet(I +tA) =InJJ(1+tx) =D In(1+1tx).
i 1

Since
d 2 3
1n(1+s):/155:/(1—s+82—s3+~~)ds:s—%+%+~~,
we have

f(X +tD) - f(X) = zj: tAi — gAﬁ +o(t?) = ttr(A) — gtr(/lz) + o(t?).

Noting that
tr(A) = tr(QTAQ) = tr(D) = tr(X 'D) = (X1, D),
and similarly
tr(A%) = tr(X~Y2DXDV?)? = tr(X'DX'D) = (X"'DX "', D),

we obtain

f(X +tD) = f(X)+t(X"*, D) — §<X‘1DX_1,D) + o(t?).

Theorem 1.25 again implies that Vf(X) = Xt and D?f(X)(D) = X 'DX L.
Here D?f(X)(D) can be written, using the tensor (Kronecker) product nota-
tion,

(X 'eXx NHD):=Xx"'Dx "
In summary, we have

VIX)=X""1 D*f(X)=-X'eox . (1.13)

Higher-order derivatives of f can be obtained by computing more terms in
the Taylor expansion above.

The derivative of the determinant of not necessarily symmetric matrices
is considered in Exercise 22 at the end of the chapter. See also Exercise 23.
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Ezample 1.28. (Matrix inversion)
Denote by GL(n,R) the set of nonsingular matrices in the vector space
V = R™" of n x n real matrices. We will show that the matrix inversion map

Inv : GL(n,R) — GL(n,R), Inv(A)= A1

is infinitely differentiable, and compute its derivatives.
First, we have from (I + A)(I — A + A% — A3 + (—1)kAF) = T — AFHL
Neumann’s formula

(T+A)" ' =T—A+A2— A+ ... for ||A] <1.

It follows that for |¢| small,

(I+tA) ™ =T —tA+£2A% — P A% ... = " (—1)Fk Ak,
t=0

which immediately gives that
DFInv(I)[A,..., Al = (—1)*k1AF.

Now, if A € GL(n,R) and H € V are arbitrary matrices, and K := A1 H,
we have

(A+tH) ' =AU+ AT TH) ' = (T +tK) A = i(—l)ktkKkA_l,
t=0

and we obtain
DFInv(A)[H,...,H = (-1D)FKIAT'"HAT'H ... A"'HA™!,

where the right-hand side contains k£ + 1 A’s and k H's.
These results extend verbatim to inversion of nonsingular continuous linear
mappings A : X — X where X is a Banach space.

1.7 Danskin’s Theorem

Danskin’s theorem [65, 66] is one of the fundamental theorems in optimization
theory. We will use it in Chapters 9 and 12 to derive optimality conditions for
nonlinear programming and semi-infinite programming, respectively.

Theorem 1.29. (Danskin) Suppose f : X XY — R is a conlinuous func-
tion, where X C R™ is an open set, Y is a compact set of a topological space
F, and V. f(x,y) exists and is continuous. Then the marginal function

p(x) = max f(z,y)



1.7 Danskin’s Theorem 21

is continuous and has directional derivatives in every direction, which are
given by the formula
¢'(x;h) = max (Vo f(z,y),h), (1.14)
yeY (z)

where Y(z) = {y € Y : p(x) = f(z,y)} is the set of maximizers in the
definition of ().

Proof. We first prove that ¢(z) is continuous. Let zp € X and let {x}}$° be
a sequence converging to xg. Pick y, € Y such that o(x) = f(a, yx). Since
Y is compact, we may assume without loss of generality that yr, — yg € Y.
Noting that f(zk,yx) > f(zk,y) for any y € Y, we have

Jm () = lm fze,ye) = f(o,90) 2 lim f(zx,y) = f(0,y),

for all y € Y. The inequality f(xo,y0) > f(zo,y) implies p(zo) = f(x0,y0),
and we have p(zo) = f(zo,y0) = limg_c ©(xk), that is, ¢(x) is continuous.

Let 0 # h € R™ be a direction, and let {zy}{°, xx = o + tgh, tx > 0,
be a sequence converging to zp. Let y € Y(xg) be an arbitrary point. If
o(xg) = f(zk,yr) (k> 1), we have

o(rr) — p(w0) _ f(@r,y) — f(z0,9)

tr tk
[ y) — far, ) n (e, y) — fzo,y)
o tx 173
> f(mkay) B f(x(hy)
> "

= (Vof (o + th,y), h),
where the inequality follows since f(zg,yr) > f(zk,y), and the last equality
follows from the mean value theorem. Taking limits, we obtain
tim 2R = 20) 5 g ), ) for all y € V(o).
k—o0 2
This implies
lim PR =0 S L F (0, ), ). (1.15)
k—o00 123 YyEY (wo)

Similarly, if p(xr) = f(zk,yr) (K > 0), where yr — yo, we also have

o(rr) — p(0) _ f (@, yr) — fwo, yx) i f (o, yx) — f(x0,%0)
tr ti tr
< S (e, yr) — f(zo, yr)
< o
= (Vo f(xo+thh,yk), h).
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This implies that

T P 00 T (9, fwo + th o) )
- <Va:f(x07y0)a h>
< max (Vyf(zo,y),h).
y€Y (z0)
This inequality and (1.15) prove (1.14). O

We remark that Danskin’s theorem and its proof above hold verbatim if X
is an open set in a Banach space. It can also be generalized in other ways; for
example, in the case where Y is a finite set, the directional differentiability of
x +— f(x,y) for each y is enough to guarantee the directional differentiability
of .

Corollary 1.30. Let {f;}¥ be functions defined on a set X in R, and let
o(z) == max{fi(z) : i = 1,...,k} be their pointwise maximum. If all f; are
directionally differentiable at xq in the direction h € R™, then ¢ is directionally
differentiable at xq in the direction h, and

¢ (25 h) = max fi(x; h),
yel

where I = {i: p(x) = fi(x)}.

This can be proved by mimicking the proof of Theorem 1.29. We leave it
to the reader; see Exercise 24.
1.8 Exercises

1. Let f: I = (¢,d) — R be an n-times differentiable function. Show that

f(a)

n!

fl@) = fla)+ f'(a)(z —a) + -+ + (z —a)" +o((z —a)").
The point of the exercise is to prove the above equality without assuming
that f n-times continuously differentiable, because if (™) is continuous,
then the equality follows readily from Theorem 1.1.

Hint: Prove the equality

o f@ = f@) - f@@—a) -~ L@ —ar
T—a (Q} — CL)” ’

using induction on n, passing from n to n + 1 using L’Hospital’s rule.
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2. This exercise gives a fairly simple approach to Taylor’s formula in Cauchy’s
form (Theorem 1.5) using integration by parts. The idea is to write

F(b) — f(a) = / f(@)de = — / f()d(b - ),

and then use integration by parts on the last integral. This gives
b
) = (@) = PO + [ b= 2)f"(2)ds

b
— f(a) + f(a)(b—a) + / (b— 2)f"(x)d,

which is Theorem 1.5 for n = 2.
(a) Use integration by parts on the last integral above to prove the the-
orem for n = 3.
(b) Use induction on n to complete the proof of Theorem 1.5.
3. This exercise outlines an interesting approach to Taylor’s formula in
Cauchy’s form.
Let f: J — R be a function on an open interval J, differentiable enough
times. Consider the operations

A f) - [ Cfdt, B f() e f@), Tt @) e f).

Show that BA(f(z)) = f(z), but AB(f(x)) = f(x) — f(a), so that
AB # BA, that is; A and B do not commute, when f(a) # 0. Obvi-
ously, B*(f(x)) = f*®)(z). The formula for A* is more complicated. Show
that

2y = [ [ swias= [ [ s~ [ @ - osaa,

where the second equality follows from Fubini’s theorem for multiple in-
tegrals. More generally, show that

Tz —t)kt

(@) = [ G ro

a formula due to Cauchy.
Observe that

n—1 n—1
> AMI-AB)B¥ =) (AFBY — AMHIBMY) =T - A"B".
k=0 k=0

Noting that (I — AB)(f(x)) = f(a), show that the above telescoping
formula gives
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n—

1
(z —a)* /I(x—t)n_l (n)
= — ™ (t)dt
@ = g~ [ 0wt
k=0
which is precisely Taylor’s formula in Cauchy’s form.
This problem is taken from [261], which contains simple derivations of

certain other formulas in analysis.

. Here is an interesting approach, using determinants, to Taylor’s formula

in Lagrange’s form.
Let f(z), {fi(2)}712(z)} be (n+1)-times continuously differentiable func-

tions. Then

f(x) filz) o faga(z)
£(0) f1(0) -+ fut2(0)
f) fi0) - fr40(0)

FO0)  f0) - S (0)
ORI ORI

n+2

for some h strictly between 0 and x. To prove this, consider z as a constant
and let D (h) denote the function of A by replacing the last row of the
determinant with £ (), £ (n), ..., fff_?_2 (h).

(a) Show that the derivative of D) (h) with respect to h is DU+ (h) for
i=0,1,...,n, and the determinant above is D+ (h).

(b) Show that D) (0) = 0 and D (z) = 0.

(c) Use Rolle’s theorem to prove the existence of hy strictly between
0 and z such that DM (h;) = 0. Also, show that D™ (0) = 0. Use
Rolle’s theorem again to prove the existence of hq strictly between 0
and hy such that D) (hy) = 0.

(d) Continue in this fashion to show that there exists a point h strictly
between 0 and x such that D+ (h) = 0.

As an application, show that there exists a point h strictly between 0 and
2 such that

z z° " gt
IR I R =y
fO) 100 ---0 0
f/) 010 ---0 0
. .| =0
f™M@© 000 --- 1 0
om0 0 - 0 1
and that the above determinant is
f70) 4 F™(0) FOTOM)
! n n
@) = 50) = £10)r = Lt o Lol i g,

. Let f : R® — R be a function satisfying the inequality |f(z)| < ||z/*.

Show that f is Fréchet differentiable at 0.
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Define a function f : R? — R as follows:

x ify=0,
0 otherwise.

Show that the partial derivatives

——— = lim

, and
81’ t—0 t

exist, but that f is not Gateaux differentiable at (0, 0).
(Genocchi-Peano) Define the function f: R? — R

z,y) = % if (z,y) # (0,0),
few {0 if (z,y) = (0,0).

(a) Show that f is directionally differentiable at (0,0), that is, f has
directional derivatives at the origin along all directions.

(b) Show that f is not Gateaux differentiable at the origin.

(¢c) Show that, even though f is continuous when restricted to lines pass-
ing thorough the origin, f is not continuous at the origin.

. Define a function f : R? — R as follows:

2y exp(—xz~2) .
f(z,y) = { y*Fexp(=227%) if 7 # 0,
0 otherwise.

Show that f is Gateaux differentiable at (0, 0), but that f is not continuous
there.

. Define a function f : R? — R as follows:

o) — % if (z,y) # (0,0),
few {0 if (z,y) = (0,0).

Show that f is Gateaux differentiable but not Fréchet differentiable at
(0,0).

Define a function f : R? — R as follows:
y($2+y2)3/2 .
fany) = 4 w1 (@) 7 0,0)
0 if (z,y) = (0,0).

Show that f is Gateaux differentiable but not Fréchet differentiable at
(0,0).
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Define a function f : R? — R as follows:

Fry) = {’“;ny sin (%) ?f (z,9) f (0,0),

0 if (z,y) = (0,0),
where 7 = ||(z,)|| = (#? + y?)'/2. Show that 0f/0z and 9f /0y exist at
every point (z,y) € R? and the four functions  +— 9f(x,b)/0x, y —
df(a,y)/0x, x — Of(x,b)/0y, y — Of(a,y)/dy are continuous for any
(a,b) € R2, but f is not Fréchet differentiable at (0,0).
Let f: R%2 — R be a function defined by the formula

Show that all four second-order partial derivatives 9%f/dz2, 02 f/0x0y,
02f/dydz, and 92f/dy? exist everywhere on R?, but 9%f/0x0y # 0° f/dydx
at the point (0,0).

Define a function F : R2 — R? as follows:

F(z,y) = («°,y?).

Let z = (0,0) and y = (1,1). Show that there is no vector z on the line
segment between x and y such that

F(y) = F(z) = DF(2)(y — x).

This shows that the mean value theorem (Lemma 1.12) does not general-
ize, at least in the same form.

Let f : R™ — R™ be a Gateaux differentiable map such that the Jacobian
Df vanishes identically, that is, Df(x) = 0 for all x € R™. Use Theo-
rem 1.18 to give a short proof that f must be a constant function. More
generally, use the same theorem to prove that if Df is a constant matrix,
then f must be an affine transformation.

For a given scalar p € [1,00), let

n 1/p
=], = <leip> , T€R”,

i=1

f(z)

denote the [,-norm for vectors in R". Compute the partial derivatives
of /0x;, i =1,2,...,n, for any vector x with no zero component. Does f
have a Fréchet or Gateaux derivative at such a point? At the point = 07
What more can be said for the case p = 27

This exercise shows that Gateaux differentiability may not be enough for
the chain rule to hold.
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(a) (Fréchet) Define the functions f : R — R2 f(t) = (¢,t?), and

g:R2 S R,
(@,1) r  ify=a2
x? = .
gy 0 otherwise.

Show that g is Gateaux differentiable at (0, 0) with gradient Vg(0,0) =
(0,0), but go f is the identity function on R, to conclude that the chain
rule for g o f fails at ¢t = 0.

(b) Define the functions f : R — R2, f(t) = (tcost,tsint), and g : R? —
R given (in polar coordinates) by

0 <0<2n
0) = ZER )
9(r.9) {o if 9 = 0.

Show that g is Gateaux differentiable at (0,0) with gradient Vg(0,0) =
(0,0), but (go f)(t) = 1/t, so that the chain rule for g o f again fails
at t = 0.
17. Let f : V — R be an infinitely differentiable function on a vector space
V. Let f be n-homogeneous, that is,

ftz) =" f ().

Show that
Dkf(x)[:mw}: nk)lf() 1{3:0;...77’1/
— 0, k> n.
k times

The formula for the case k = 1, Df(z)[z] = nf(z), is known as Euler’s
formula.
Hint: Write the Taylor series for f(x + tz), and note that f(x + tx) =
f((A+t)z) = (1 +8)"f(2).

18. Let M : R™ x R™ X --- x R" — R™ be a multilinear map, that is,
x; v M(x1,...,%i—1, Ti, Tit1, - - -, k) i linear when all variables x; other
than x; are fixed. Show that

M'(z;h) = M(hy,21,...,28) + M(21,h2, 23, ..., Tk)+
o +M(£171,£Z?2, e 7xk—1ahk)7

where we have used the notation = (x1,...,2%), h = (h1,...,h), and
M'(x;h) = M'(x1,...,2%;h1,. .., h). Then, compute D2M (x)[h, h] and
D3M (x)[h, h, h]. How do the formulas simplify when M is a symmetric
multilinear mapping?

Hint: Compute M (x1 +thy, xo +the,. .., xp +thy) using multilinearity of
M.
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19. Let F' : R™ — R™ be a map with Lipschitz derivative, that is, there exists
L > 0 such that

IDF(y) — DF(@)| < Lily — || for all @,y € R".
Show that

L
IE(y) — F(z) = DF(2)(y —2)ll < Slly — z|? for all z,y € R™

Notice that the slightly weaker inequality, with the constant L/2 replaced
by L, follows immediately from Theorem 1.18.
Hint: Define the function ¢(t) = F(z + t(y — z)) — tDF(x)(y — x). Show
that ¢'(t) = (DF(x + t(y — 2)) — DF(2))(y — x), and use the inequality
1y ¢'@)dt]) < [ ¢ ()llat.
20. Let f: I = (¢,d) — R be such that 0 € I.
(a) If f € C! (continuously differentiable) on I, then show that there
exists a continuous function a on I such that

f(x) = f(0) + a(x)x.

Moreover, show that if f € C2, then a € C*.
(b) If f € C? (twice continuously differentiable) on I, then show that
there exists a continuous function b on I such that

f(@) = £(0) + f/(0)x + b(z)a>.
Hint: If x # 0, the above equations define a(z) and b(x),

awy = L@ =IO oy @)= [0) = [0z

x x2

Use L’Hospital’s rule to show that a(0) and b(0) can be defined in
such a way that the functions a, b are continuous at = = 0.

(c) Let f: U — R be a C* (continuous partial derivatives) function in a
neighborhood U of the origin in R™. Prove that there exist continuous
functions {a;(z)}} on U such that

flxy, ... x,) = f(0) —i—inai(a:l,...,xn).
i=1

Moreover, show that if f € C2, then a; € C'.
Hint: Show that (a) guarantees the existence of a continuous function
a(z) such that f(x1,...,2,) = f(0,22,...,2,) + x101(X1,...,Zp).
Then, use induction on n.

(d) Let f : U — R be a C? (second partial derivatives continuous)

function on U. Using (b), show that there exists a continuous function
b(x) on U such that

8f(0, Loy ... ,l‘n)

e +23b(zy, .. ).

flxr, ... 2n) = f(0,29,...,2n)+21
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(e) Let f be a function as in (d) and assume that V f(0) = 0. Prove that
there exist continuous functions {b;;(z)}}';_; on U such that

n
f(a:l, - ,l‘n) = f(O) + Z xixibij(xl, .. ,.Tn).
i,j=1
Hint: Use (c) on the C! function f (0, za, ..., 2,)/0z1 in (d) to obtain
a representation

n
f(:El, e ,I’n) = f(O,l’Q, ey Jin) -+ Zzlijlj(xl, e ,I’n).
j=1
Complete the proof by induction on n.

21. Compute the first two derivatives of the determinant function f(z) =

det X on S, the space of n X n symmetric real matrices
(a) From scratch, mimicking the derivation in Example 1.27.
(b) Using the chain rule and the results of Example 1.27.

22. Let R™ ™ be the space of n x n real matrices. Show that if A(t) € R™*" is
a differentiable function of ¢ then d(det A(t))/dt is the sum of the determi-
nants of n matrices, in which the ith matrix is A(t) except that the ith row
is differentiated. Use this result to prove that the directional derivative
of the determinant function at the matrix A € R"*™ along the direction
B € R™*™ is given by

(det)'(4; B) = tr(Adj(4)B) = (Adj(4)", B),

where Adj(A) is the adjoint of A, and where the inner product on R™*"
is the trace inner product given by (X,Y) = tr(X7Y). Conclude that

D(det)(A) = Adj(A)T.

Hint: Use the determinant formula det X = > sgn(o)215(1) - - * Tno(n) t0
compute d(det A(t))/dt, and Laplace’s expansion formula for determinants
to compute (det)’(A; B).
23. Let A € R™*™. Show that
(a) (det)’(I; A) = tr(A), where I is the identity matrix.
Hint: Show that det(I +tA) = 1+t(a11 + a2+ +any)+---, using
the formula det A = ) _sgn(0)aio(1) * * - Gpo(n)-
(b) Show that if A is a nonsingular matrix, then

(det)'(A; B) = det(A) tr(A™'B) = (det(A)A~T, B).
Consequently, show that

L AdjA)
det A~
Hint: Use det(A + tB) = det(A)det(I + A~!B) and the previous

problem.
24. Prove Corollary 1.30.
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Unconstrained Optimization

In optimization theory, the optimality conditions for interior points are usu-
ally much simpler than the optimality conditions for boundary points. In this
chapter, we deal with the former, easier case. Boundary points appear more
prominently in constrained optimization, when one tries to optimize a func-
tion, subject to several functional constraints. For this reason, the optimality
conditions for boundary points are generally discussed in constrained opti-
mization, whereas the optimality conditions for interior points are discussed
in unconstrained optimization, regardless of whether the optimization prob-
lem at hand has constraints.

In this chapter, we first establish some basic results on the existence of
global minimizer or maximizers of continuous functions on a metric space.
These are the famous Weierstrass theorem and its variants, which are es-
sentially the only general tools available for establishing the existence of
optimizers.

The rest of the chapter is devoted to obtaining the fundamental first-order
and second-order necessary and sufficient optimality conditions for minimiz-
ing or maximizing differentiable functions. Since the tools here are based on
differentiation, and differentiation is a local theory, the optimality conditions
generally apply to local optimizers. The necessary and sufficient conditions
play different, usually complementary, roles. A typical necessary condition for
a local minimizer, say, states that certain conditions, usually given as equali-
ties or inequalities, must be satisfied at a local minimizer. A typical sufficient
condition for a local minimizer, however, states that if certain conditions are
satisfied at a given point, then that point must be a local minimizer.

The nature (local minimum, local maximum, or saddle point) of a critical
point x of a twice differentiable function f is deduced from the definiteness
properties of the quadratic form ¢(d) = (D?f(x)d,d) involving the Hessian
matrix D? f(x). Thus, there is a need for an efficient recognition of a symmetric
matrix. Several tools are developed in Section 2.4 for this purpose. A novel
feature of this section is that we give an exposition of a simple tool, Descartes’s

O. Giiler, Foundations of Optimization, Graduate Texts in Mathematics 258, 31
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rule of sign, that can be used to count exactly the number of positive and
negative eigenvalues of a symmetric matrix, including D? f(z).

The inverse function theorem and the closely related implicit function
theorem are important tools in many branches of analysis. Another closely
related result, Lyusternik’s theorem [191], is an important tool in optimiza-
tion, where it is used in the derivation of optimality conditions in constrained
optimization. We give an elementary proof of the implicit function theorem in
finite-dimensional vector spaces in Section 2.5, following Carathéodory [54],
and use it to prove the inverse function theorem and Lyusternik’s theorem in
finite dimensions. The proof of the same theorems in Banach spaces is given in
Chapter 3 using Ekeland’s e-variational principle. If one is interested only in
finite-dimensional versions of these results, it suffices to read only Section 2.5.

The local behavior of a C? function f around a nondegenerate critical
point x (D?f(z) is nonsingular) is determined by the Hessian matrix D?f(x).
This is the content of Morse’s lemma, which is treated in Section 2.6. Morse’s
lemma is a basic result in Morse theory, which investigates the relationships
between various types of critical points of a function f; see, for example,
Milnor [197] for an introduction to Morse theory.

2.1 Basic Results on the Existence of Optimizers

We start by defining various types of optimal points.

Definition 2.1. Let f : U — R be a function on a set U C R". Let z* € U
be an arbitrary point, and let B,(z*) := {x € U : ||[x — a*|| < r} be the open
ball of radius r around x*. The point x* is called

(a) a local minimizer of f if
f@*) < f(x) for all x in some ball B.(z™),
and a strict local minimizer of f if
f(z*) < f(x) forall x € B.(z"), x # x™;
(b) a global minimizer of f on U if
fl@*) < f(x) forall x €U,
and a strict global minimizer of f on U if
f@®) < f(z) forall x €U, x# "

(¢) a critical point of f if f is Gdteaux differentiable at x* and V f(x*) = 0;

(d) a saddle point of f if it is a critical point and there exist points y,z in
any ball B (z*) such that f(y) < f(z*) < f(2).
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Parallel definitions apply for a mazimizer of f. We call a point x* an optimizer
of f if z* is a minimizer or a maximizer in any of the senses above.

The most basic result on the existence of optimizers is the following theo-
rem, due to Weierstrass.

Theorem 2.2. (Weierstrass) Let f : K — R be a continuous function
defined on a compact metric space K. Then there exists a global minimizer
x* € K of f on K, that is,

fl@*) < f(x) forall x € K.

Proof. Let {x} in K be a minimizing sequence for f, that is, f(zx) —
inf{f(x): 2 € K} =: f*, where we may have f* = —oo. Since K is compact,
there exists a subsequence {xy, } converging to z* € K. Since f is continuous,
we have f(z*) = lim; .o f(zr,) = f* € R, and thus the point z* is a global
minimizer of f on K. O

An alternative proof runs as follows:

Proof. Define K,, := {r € K : f(z) > n}. Then K, is open, and K =
U _ K, that is, {K,}52 _ is an open cover of K. Since K is compact, a
finite subset {K,,,}*_, also covers K, that is, K = U¥_| K,,,. Then K = K,
where n:=min{n; : i =1,...,k}, and f* := inf{f(x) : 2 € K} > —oco. Thus,
f is bounded from below on K.

Suppose that f does not have a global minimizer on K. Define F, := {z €
K : f(x) > f*+ 1/n}. Then F, is an open subset of K and K = U2, F),.
As above, we have K = F,, for some n > 1, that is, f(z) > f* + 1/n for all
x € K, a contradiction to the definition of f*. O

We remark that the second proof is more general, since it is valid verbatim
on all compact topological spaces, not only compact metric spaces.
The compactness assumption can be relaxed somewhat.

Theorem 2.3. Let f : E — R be a continuous function defined on a metric
space E. If f has a nonempty, compact sublevel set {x € E : f(z) < a}, then
f achieves a global minimizer on E.

Proof. Let {x,} be a minimizing sequence for f, that is,
flzn) — inf{f(x):x € E} = i%ff =: f*.

Denote by D the sublevel set above, that is, D = {z € E : f(z) < a}. Clearly,
there exists N such that x,, € D for all n > N. Since D is compact, {2, }%
has a convergent subsequence z,, — x* € D. Since f is continuous, we have

f@®) = lim f(z,) = "

n—oo

This means that f achieves its minimum on E at the point x*. a
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Definition 2.4. A function f : D — R on a subset D of a normed vector
space E is called coercive if

f(x) =00 as zf| — oo

Corollary 2.5. If f : D — R is a continuous coercive function defined on a
closed set D C R"™, then f achieves a global minimum on D.

Proof. The sublevel sets 1,(f) = {x € D : f(x) < «a} are closed, since f is
continuous, and bounded since f is coercive. Thus, f achieves its minimum
on L at a point z*, which is also a global minimizer of f on D. a

Ezample 2.6. (The fundamental theorem of algebra)
This famous theorem states that every polynomial

p(2) == an2" +an_12 ' 4+ a1z +ap,

with leading coefficient a,, # 0 and where the coefficients a; are complex
numbers, has a complex root, hence n complex roots counting multiplicities.
The problem has a fascinating history, and it is generally agreed that the first
rigorous proof of it was given by the great mathematician Gauss in 1797, when
he was just 20 years old, and appeared in his doctoral thesis of 1799. Here, we
give an elementary proof of this result. This very short proof from [253] uses
optimization techniques, but the essential idea is already in Fefferman [92],
and probably in earlier works.
Consider minimizing the function

over the complex numbers. We have

Ap—1 Ap—2 a ag
PG = 2" -Jan + ==+ 5+ + T+

on— AN

As |z| — o0, the norm of the sum above converges to |a,| > 0. Thus, f(z) is
a coercive function, and so has a minimizer z* in C.

Without loss of any generality, we may assume that z* = 0; otherwise, we
can consider the polynomial ¢(z) = p(z + z*). We have

, ze€C.

laol = £(0) < () = |3 aust
k=0

If ap =0, z = 0 is a root of p, and we are done. We claim that in fact, ag = 0.
Suppose ag # 0 and let

k+1

p(z) = a0+ apz® + 2 q(2),

where aj # 0 is the first nonzero coefficient after ag and ¢ is a polynomial.
Choose a kth root w € C of —agp/ag. Then
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p(tw) = ag + apt®w® + t* 1w g(tw) = (1 — t*)ag + t*[tw* M q(tw)].
If 0 < t < 1 is small enough, then ¢|w**1q(tw)| < |ao|, and
[p(tw)] < (1 = t*)]ao| + t*|ac| = |a,

a contradiction.

2.2 First-Order Optimality Conditions

Theorem 2.7. (First-order necessary condition for a local optimizer)
Let f: U — R be a Géteaux differentiable function on an open set U C R™.
A local optimizer is a critical point, that is,

x a local optimizer =— Vf(x)=0.

Clearly, the theorem holds verbatim if U C R" is an arbitrary set with a
nonempty interior, f is Gateaux differentiable on intU, and = € intU. We
will not always point out such obvious facts in the interest of not complicating
the statements of our theorems.

Proof. We first assume that x is a local minimizer of f. If d € R™, then

[z +td) — f(x)
t

/(w1 d) = lim — (Vf(z).d).
If |¢| is small, then the numerator above is nonnegative, since z is a local
minimizer. If ¢ > 0, then the difference quotient is nonnegative, so in the limit
as t \, 0, we have f'(xz;d) > 0. However, if ¢t < 0, the difference quotient
is nonpositive, and we have f’(x;d) < 0. Thus, we conclude that f/(z;d) =
(Vf(x),d) =0.1If z is a local maximizer of f, then (Vf(z),d) =0, since z is
a local minimizer of —f. Picking d = V f(z) gives f'(z;d) = |Vf(z)||* = 0,
that is, Vf(z) = 0. O

We note that Theorem 2.7 proves the following more general result.

Corollary 2.8. Let f : U — R be a function on an open set U C R™. If
x € U is a local minimizer of f and the directional derivative f'(x;d) exists
for a direction d € R™, then f'(x;d) > 0.

Remark 2.9. Functions that have directional derivatives but are not necessar-
ily differentiable occur naturally in optimization, for example in minimizing
a function that is the pointwise maximum of a set of differentiable functions.
See Danskin’s theorem, Theorem 1.29, on page 20.

In fact, it is possible use this approach to derive optimality conditions
for constrained optimization problems. See Section 12.1 for the derivation of
optimality conditions in semi-infinite programming.
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Ezample 2.10. Here is an optimization problem from the theory of orthogonal
polynomials; see [250], whose solution is obtained using a novel technique, a
differential equation.

We determine the minimizers and the minimum value of the function

n

1
flzy, ... x,) = 5295?— Z In|z; — ;.

1 1<i<j<n
Differentiate f with respect to each variable x; and set to zero to obtain

of I
aixj—'rjfz _xZ—O

L
i#j

To solve for x, consider the polynomial

n

g(@) =[] (@ —ay),

1

which has roots at the point x = 1, ..., x,. Differentiating this function gives
1
9" (z;) 1
9I<xj):H($J_$i)7 /(xj) :2Hx.fxl’
i I i 9T

so that 0f/0z; = 0 can be written as
9" (x5) — 259’ (x;) =0,
meaning that the polynomial
9" (x) — 224/ (x)

of order n has the same roots as the polynomial g(x), so must be proportional
to g(x). Comparing the coefficients of " gives

g’ (x) — 2xg' (x) + 2ng(x) = 0.
The solution to this differential equation is the Hermite polynomial of order n,

[n/2]

-1 k 2 n—2k
H,(xz) =n! g (k'zn(—Q)k)'

Therefore, the solutions z; are the roots of the Hermite polynomial H, (z).

The discriminant of H,, is given by

n

[T a,? =270 ]] 5,

i<j 1
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and the above formula for H,, gives

Zx? =n(n—1)/2.

Thus, the minimum value of f is
n

1 1 L
Zn(n—l)(1+ln2) = §zl:jlnj.

2.3 Second-Order Optimality Conditions

Definition 2.11. An n X n matriz A is called positive semidefinite if
(Ad,d) >0 for all d e R™.
It is called positive definite if
(Ad,d) >0 forall deR"™ d=#0.

Note that if A is positive semidefinite, then a;; = (Ae;,e;) > 0, and if
A is positive definite, then a;; > 0. Similarly, choosing d = te; + e; gives
q(t) = a;t* 4+ 2a;;t + aj; > 0 for all ¢ € R. Recall that the quadratic function
q(t) is nonnegative (positive) if and only if its discriminant A = 4(ag; — ai;a;;)
is nonpositive (negative). Thus, a;;a;; — afj > 0 if A is positive semidefinite,
and a;ia;; — a?j > 0 if A is positive definite.
Theorem 2.12. (Second-order necessary condition for a local mini-
mizer) Let [ : U — R be twice Gateaux differentiable on an open set U C R™

in the sense that there exist a vector V f(x) and a symmetric matriz H f(z)
such that for all h € R™,

Fla+th) = f(z) + LV f(z), h) + §<Hf(a:)h, By +o(t?). (2.1

(This condition is satisfied if f has continuous second-order partial derivatives,
that is, if f € C?.)

If © € U is a local minimizer of f, then the matriz Hf(x) is positive
semidefinite.

Proof. The first-order necessary condition implies V f(x) = 0. Since x is a
local minimizer, we have f(x + th) > f(z) if |¢| is small enough. Then, (2.1)
gives

t2
S (Hf(2)h, h) + o(t?) > 0.

Dividing by #? and letting ¢t — 0 gives
RTHf(x)h >0 for all h € R™,

proving that H f(x) is positive semidefinite. O
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We remark that the converse does not hold; see Exercise 9 on page 56.
However, we have the following theorem.

Theorem 2.13. (Second-order sufficient condition for a local mini-
mizer) Let f : U — R be C? on an open set U C R"™. If x € U is a critical
point and H f(x) is positive definite, then x is a strict local minimizer of f
onU.

Proof. Define A := H f(x). Since g(d) := (Ad,d) > 0 for all d on the unit
sphere S :={d € R": ||d|| = 1} and S is compact, it follows that there exists
a > 0 such that g(d) > a > 0 for all d € S. Since g is homogeneous, we have
g(d) > a|d||? for all d € R™.

Let ||d|| be sufficiently small. It follows from the multivariate Taylor’s
formula (Corollary 1.24) and the fact Vf(z) = 0 that

Fla 4+ d) = f() + (V7 (@), d) + 5 (Ad,d) + o)

> 7o)+ P (3 + Ae)
> f(x).

This proves that x is a strict local minimizer of f. O

The positive definiteness condition on A is really needed. Exercise 9 de-
scribes a problem in which a critical point = has H f(x) positive semidefinite,
but z is actually a saddle point.

However, a global positive semidefiniteness condition on H f(z) has strong
implications.

Theorem 2.14. (Second-order sufficient condition for a global min-
imizer) Let f : U — R be a function with positive semidefinite Hessian on
an open convex set U C R™. If x € U is a critical point, then x is a global
minimizer of f on U.

Proof. Let y € U. It follows from the multivariate Taylor’s formula (Theo-
rem 1.23) that there exists a point z € (z,y) such that

) = F@) + (Vi (@)y — ) + =y — ) HF()(y — ).

2
Since Vf(z) =0 and H f(z) is positive semidefinite, we have f(y) > f(x) for
all y € D. Thus, z is a global minimizer of f on U. a

Remark 2.15. We remark that a function with a positive semidefinite Hessian
is a convex function. If the Hessian is positive definite at every point, then
the function is strictly convex. In this case, the function f has at most one
critical point, which is the unique global minimizer. Chapter 4 treats convex
(not necessarily differentiable) functions in detail.
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Theorem 2.16. (Second-order sufficient condition for a saddle point)
Let f : U — R be twice Gateaux differentiable on an open set U C R™ in the
sense of (2.1). If x € U is a critical point and H f(x) is indefinite, that is, it
has at least one positive and one negative eigenvalue, then x is a saddle point
of f onU.

Proof. Define A := H f(x). If A > 0 is an eigenvalue of A with a corresponding
eigenvector d € R™, ||d|| = 1, then (Ad,d) = (A\d,d) = A, and it follows from
Corollary 1.24 that for sufficiently small ¢ > 0,

flx+td) = f(x) +t{(Vf(z),d) + §<Ad, d) + o(t?)
= f(z) + g)\—i-o(tQ) > f(x).

Similarly, if A < 0 is an eigenvalue of A with a corresponding eigenvector d,
IId]] = 1, then f(x 4+ td) < f(x) for small enough ¢ > 0. This proves that z is
a saddle point. a

Definition 2.17. Let f : U — R be a C? function on an open set U C R™. A
critical point x € U is called nondegenerate if the Hessian matriz D? f(z) is
nonsingular.

A well-known result, Morse’s lemma [202], states that if 2 is a nondegen-
erate critical point, then the Hessian Df(z() determines the behavior of f
around . More precisely, it states that if f : U — R is at least C*** (k > 1)
on an open set U C R™, and if zg € U is a nondegenerate critical point of
f, then there exist open neighborhoods V' > zg and W > 0 in R” and a
one-to-one and onto C* map ¢ : V — W such that

F(@) = fao) + 3 (D2 (ro)p(a), o(a).

This is the content of Theorem 2.32 on page 49. See also Corollary 2.33.

We end this section by noting that the second-order tests considered above,
and especially Morse’s lemma, give conclusive information about a critical
point except when the Hessian matrix is degenerate. In these degenerate cases,
nothing can be deduced about the critical point in general: it could be a
local minimizer, local maximizer, or a saddle point. For example, the origin
(z,y) = (0,0) is a critical point of the function f(x,y) = 2® — 3xy? (the real
part of the complex function (x + iy)3), with D2£(0,0) = 0. It is a saddle
point, and the graph of this function is called a monkey saddle. A computer
plot of the graph of f will reveal that this saddle is different from the familiar
horse saddle in that there is also a third depression for the tail of the monkey.

Ezxample 2.18. Consider the family of problems

min f(z,y) := 2° + y* + By + z + 2y.
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‘We have

Vi = (ot olty) Hren =[5

We have V f(z,y) = 0 if and only if

Bx + 2y = —2.

If B # F2, then the unique solution to the above equations is (z*,y*) =
(28 —2,8—4)/(4— 3?). If 3 =2, the above equations become 2z + 2y = —1
and 2z + 2y = —2, thus inconsistent. Similarly, if 3 = —2, we also have an
inconsistent system of equations. Therefore, no critical points exist for § = F2.

The eigenvalues of A := H f(x,y) can be calculated explicitly: the charac-
teristic polynomial of A is

det(A— M) =(2-))?-p32=0,

which has solutions A = 2 F 3. These are the eigenvalues of A. Thus, the
eigenvalues of A are positive for —2 < § < 2. In this case, the optimal solution
(z*,y*) calculated above is a global minimizer of f by Theorem 2.13 and
Corollary 2.20 below. In the case |3| > 2, one eigenvalue of A is positive and
the other negative, so that the corresponding optimal solution z* := (z*,y*)
is a saddle point by Theorem 2.16.

Finally, let us consider the behavior of f when ¢ = F2, when it has no
critical point. If 8 = 2, then f(x,y) = (z +y)? + 2 + 2y; thus f(z,—2) = —x
and f(z,—x) — Foo as ¢ — +0o. When § = —2, f has a similar behavior.

2.4 Quadratic Forms

We have seen that symmetric positive semidefinite and positive definite ma-
trices are important in the second-order optimality conditions for a local min-
imizer. In this section, we give characterizations of such matrices.

We recall the spectral decomposition or orthogonal diagonalization of sym-
metric matrices.

Theorem 2.19. (Spectral decomposition of a symmetric matrix) Let
A be an n X n real symmetric matrixz. There exist a real diagonal matriz
A =diag(A1, ..., ) and a real orthogonal matriz U = [uq, ..., u,] such that

A=U0AUT.

The scalar A; is an eigenvalue of A, and u; is an eigenvector of A correspond-
ng to A;.
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Proof. Tt is well known from linear algebra that A has n real eigenvalues
{A:i}} with corresponding eigenvectors {u;}7, ||ui| = 1, which are mutually
orthogonal, that is, (u;,u;) = 0 for i # j. From Au; = A\ju;, we obtain

AU = Aluq, ... un] = [Aug, ..., Auy) = [Mug, ..., Aqug] = UA,

where U = [ug,...,u,] and A = diag(A1,...,\,). Since the eigenvalues are
orthogonal, we have

ui
vt = [ul,...,un] = [(ui,ujﬂ =1,

u

SN

that is, U is an orthogonal matrix with inverse U”. It follows that A =
AUUT) = (AU)UT =UAUT. O

In Section 10.1 (page 251), we will give an optimization proof of this theo-
rem. This approach provides a variational characterization of the eigenvalues,
which has many applications.

Corollary 2.20. Let A be an n x n symmetric matriz. Then A is positive
semidefinite if and only if all eigenvalues of A are nonnegative. Moreover, A
18 positive definite if and only if all eigenvalues of A are positive.

Proof. We have
d"Ad = d"UAUTd = (UTd)T A(UT d).

Since U is nonsingular, we see that d” Ad > 0 for all d € R™ if and only if
d” Ad > 0 for all d € R™. In other words, A is positive semidefinite if and only
if A is. Since

dT Ad = Zn: \id?,

i=1
A is positive semidefinite if and only A; > 0 for each i = 1,...,n. This proves
the first part of the theorem. The proof of the second part is similar. a

Although this result characterizes the symmetric positive semidefinite and
positive definite matrices, the determination of the eigenvalues of A is not an
easy computational task unless n is small. However, here we are interested
only in the signs of the eigenvalues and not their exact numerical values.

It is also possible to simultaneously “diagonalize” two symmetric matrices,
provided one of them is positive definite. This result is frequently useful in
optimization. For example, it may be used to give a quick proof of the fact
that the function F/(X) = —Indet X is convex on the cone of positive definite
matrices.
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Theorem 2.21. Let A and B be symmetric n X n matrices such that at least
one of the matrices is positive definite. The matrices can be simultaneously
diagonalized in the sense that there exists a nonsingular matriz X € R"*"
such that

XTAX = diag{\1,..., \n}, XTBX = diag{d1,...,6,}.

We remark that the notion of diagonalization in this theorem is different
from its usual definition linear algebra where diagonalizing a square matrix A
means finding an invertible matrix X such that X ~'AX is a diagonal matrix.
The diagonalization above is more appropriate quadratic forms, because sub-
stituting * = Xy in the quadratic from ¢;(z) = (Az, z) gives the quadratic
form q2(y) := q1(Xx) = (Cy,y) where C = XTAX.

Proof. Suppose that B is positive definite. Then B has the spectral decompo-
sition UT BU = D, where U € R"*" is orthogonal and D = diag{d,...,d,}
is a diagonal matrix with all d; > 0. Define the square root of B,

C .= Udiag{\/ch,...,\/cTn}UT.

Note that C7'BC~'=1. Now A := C~'AC™! has the spectral decomposi-
tion VIAV = A = diag{\1, ..., \n}. Setting X = C~1V, we see that

XTAx = A, XTBX=vVTc'BCc 'v=vTv =1,

completing the proof. O

2.4.1 Counting Roots of Polynomials in Intervals

The number of positive (and negative) eigenvalues can be counted by a simple
rule dating back to Descartes in seventeenth century.

Definition 2.22. Let ag, a1, ...,a, be a sequence of real numbers. If all the
numbers in the sequence are nonzero, the total number of variations of sign in
the sequence, denoted by V(ag, a1, .. .,an), is the number of times consecutive

numbers ax_1 and ay, differ in sign, that is,
V(ag,a1,...,an) = {k:ar—1ar <0,k =1,...,n}|

If the sequence ag,az,...,a, contains zeros, then V(ag,as,...,a,) is defined
to be the variations of the reduced sequence by ignoring all zero elements in
the sequence. Also, we define V(ag) = 0 for any ag € R.

For example, V(1,0,0,-3,2,0,1,-7,3) = V(1,-3,2,1,-7,3) = 4.

Theorem 2.23. (Descartes’s rule of sign) Let p(z) = ag + a1x + azx?® +
<-4 a,x™ be a polynomial of degree n with real coefficients. Then the number
of positive roots N,(0,00) of p is given by
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N, (0,00) = V(ag,a1,...,an) — 2k

for some nonnegative integer k.
Moreover, if the roots of p are all real, then k = 0, that is,

N, (0,00) = V(ag,a1,...,an).
A simple proof of the theorem is given in Appendix B.

Corollary 2.24. Let A, xn be a symmetric matriz and let p(A) = det(A —
A) =ap+ar A+ - +a, A" be the characteristic polynomial of A. The number
of positive eigenvalues of A is given by

N, (0,00) = V(ag,a1,...,an),
and the number of negative eigenvalues by
Np(—0,0) = V(ag, —a1,ag, ..., (—1)"ay).

Proof. The characteristic polynomial has only real roots, these being the
eigenvalues of A. This proves the first equality. The second equality follows
by considering the polynomial ¢(\) = —p()) and noting that the k coefficient
of ¢ is (—1)%ay. O

Alternatively, N,(—00,0) can be computed by noting that the positive, nega-
tive, and zero eigenvalues (counted according to its multiplicity) of A add up
to n.

2.4.2 Sylvester’s Theorem

There is also a remarkable determinant test due to Sylvester to recognize a
symmetric positive definite matrix. We first need to introduce some concepts.
Let A be an n X n symmetric matrix. The submatrix

consisting of the first & rows and columns of A is called the kth leading prin-
cipal submatriz of A, and its determinant det Ay is called the kth leading
principal minor of A.

Theorem 2.25. (Sylvester) Let A be an n X n symmetric matriz. Then A
is positive definite if and only if all the leading principal minors of A are
positive, that is, A is positive definite if and only if det A; > 0,i=1,...,n.



44 2 Unconstrained Optimization

Proof. We first prove that if A is positive definite, then all leading principal
minors of A are positive. We use induction on n, the dimension of A. The
proof is trivial for n = 1. Assuming that the result is true for n, we will prove
it for n+ 1. Let A be an (n+1) x (n+ 1) symmetric, positive definite matrix.

‘We write ;
B
A=l

where B is a symmetric n xn matrix, b € R™, and ¢ € R. Choosing 0 # d € R™,

we have
T AN Bb| (d\
0<(d 7O)A<O> = (d",0) [bT c] (0> =d" Bd,

that is, B is positive definite. By the induction hypothesis, we have det A; >
0,7 =1,...,n. Since A is positive definite, its eigenvalues {)\i}?jll are all
positive. Thus, we also have det A, 11 =det A=Ay --- A1 > 0.

Conversely, let us prove that if all det A; > 0,i=1,...,n+ 1, then A is
positive definite. The proof is again by induction on n. The proof is trivial for
n = 1. Suppose the theorem is true for n; we will prove it for n + 1.

Since det A; > 0 for i = 1,...,n we see by the induction hypothesis that
B is positive definite. Suppose A is not positive definite. Then A,41 < 0,
and since det A = A1 --- A1 > 0, we must also have A, < 0. Let u,, and
Uny1 be the eigenvectors of A corresponding to A,, and A, 11, respectively. We
have (up,u,1+1) = 0, so that we can choose scalars a,, and a1 such that
U = Qplp + Qpi1Unt1 18 Dot zero but has the last ((n + 1)th) component
equal to zero, say u = (v,0)? where v # 0. Then u” Au = v" Bv > 0, since B
is positive definite. However, we also have

T
0 < u' Au = {apupn + pi1Uni1, Aoty + pp1tng1))
= <anun + Ap41Un41, )\nanun + )\n+1an+1un+1>

= )‘nai<unaun> + )‘n+1ai+1<un+laun+l> <0,

where the last inequality follows from the facts A; < 0 and |ju;]| = 1,
i = n,n + 1. This contradiction shows that all eigenvalues of A are posi-
tive. Corollary 2.20 implies that A is positive definite. O

This simple proof is taken from Carathéodory [54], p. 187.
Another elegant proof of Sylvester’s theorem, more in the spirit of opti-
mization techniques, is outlined in Exercise 12 at the end of the chapter.

2.5 The Inverse Function, Implicit Function, and
Lyusternik Theorems in Finite Dimensions

In this section, we first give an elementary proof of the implicit function
theorem in finite-dimensional vector spaces. This proof has a variational flavor,
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and is used to prove the inverse function theorem and Lyusternik’s theorem.
The implicit function theorem will also be utilized to prove Morse’s lemma in
Section 2.6.

Theorem 2.26. (Implicit function theorem) Let f:U xV — R™ be a
C' mapping, where U CR™ and V C R™ are open sets. Let (zo,y0) €U x V
be a point such that f(xo,yo) = 0 and Dy f(xo,yo0) : R™ — R™, the derivative
of f with respect to y, is nonsingular.

Then there exist neighborhoods Uy > zo and Vi 2 yo and a C' mapping
y : Uy — Vi such that a point (x,y) € Uy X Vi satisfies f(x,y) = 0 if and only
if y = y(x). The derivative of y at xq is given by

Dy(zo) = =Dy f(z0,y0) " Da f(x0,Yo)-

Moreover, if f is k-times continuously differentiable, that is, f € C*, then
y(z) € C*.

The linear case should help one to remember the form of the implicit
function theorem: if f(x,y) = Az + By and D, f = B is an invertible matrix,
then the equation f(x,y) = « gives Az + By = a. This may be solved for y
by premultiplying it by B~1, giving y(z) = B~!(a — Ax).

Proof. Assume without loss of generality that 2o = 0 and yo = 0, by con-
sidering the function (z,y) — f(x + xo,y + yo) — f(x0,yo) if necessary. Let
f(x) = (filz,y),..., fm(x,y)), where f; is the ith coordinate function of f.
Since D f is continuous, there exist neighborhoods Uy and Vj of the origin in
R™ and R™, respectively, such that the matrix

Vyfl (xv yl)T
Vyf2(9€7y2)T

Vy fmn (@, Ym)"

is invertible for all (x,y;) € Uy x V.

We claim that for every = € Uy, there exists at most one y € Vj such
that f(z,y) = 0. Otherwise, there would exist y,z € Vo, y # z, such that
f(z,y) = f(z,2) = 0. The mean value theorem (Lemma 1.12) implies that
there exists y; € (y, z) such that

filz,z) = filz,y) = (Vyfilz,y:),2—y) =0, i=1,...,m.

Since the matrix in (2.2) is nonsingular, we obtain y = z, a contradiction that
proves our claim.

Let B,(0) C V. Since f(0,0) = 0, we have f(0,y) # 0 for y € S,.(0) :=
{y € R': |ly|| = r}, and since f is continuous on Uy x Vj, there exists a > 0
such that ||f(0,y)|| > « for all y € S,.(0). It follows that the function
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F(a,y) = [|f(z,y)|* = Zfz x,y)?

satisfies the properties
F(0,y) > a >0 for y € S,.(0) and F(0,0) = 0.

Since F' is continuous, there exists an open neighborhood U; C Uy of 0 € R"
such that

Q

Flz,y) =2 o, F(x,0) <

5 for all x € Uy, y € S,(0).

AR

Thus, for a fixed z € Uy, the function y — F(z,y) achieves its minimum on
BT(O) at a point y(z) in the interior of B,.(0), and we have

DyF(z,y(z)) = 2Dy f (. y(x)) f(2,y(x)) =0,

and since the matrix D, f(z,y(x)) is nonsingular, we conclude that
fz,y(x)) = 0.
Writing Ay := y(x + Az) — y(x), we have by the mean value theorem
0= Dy f(Z,9)Az + Dy f(2,9) Ay

for some point (Z,§) on the line segment between (z, y(z)) and (z+ Az, y(z +
Az)). This implies that as ||Az|| goes to zero, so does ||Ay||, proving that
y(x) is a continuous function.

The function y(x) is actually C*, since by Taylor’s formula

0= f(z+ Az, y(x + Az)) - f(z,y(x))
= Duf(z,y(x)) Az + Dy f(2,y(x)) Ay + o((Az, Ay)),

and since o((Azx, Ay)) = o(Ax) by the continuity of y(z), we have
Ay = D" f(x,y(2))Da f (2, y(x)) Az + o Ax).
This proves that y(x) is Fréchet differentiable at 2 with
Dy(x) = =Dy f(,y(2)) Da f (x, y()).-

If € C2, then Dy f(z,y(x)) = Adj Dy f(z, y(x))/ det D, f(z, y(x)) and
D, f(z,y(x)) are C!, and the above formula shows that the function y(z) is
C?. In general, if C*, we prove by induction on k that y(x) is C*. O

This elementary proof is taken from Carathéodory [54], pp. 10-13. A sim-
ilar kind of proof, using penalty functions, will used in Chapter 9 to obtain
optimality conditions for constrained optimization problems.
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Corollary 2.27. (Inverse function theorem) Let f be a C' map from a
neighborhood of x¢g € R™ into R™.

If Df(zg) is nonsingular, then there exist neighborhoods U > xg and V >
yo = f(z0) such that f : U — V is a C* diffeomorphism, and

Df~Hy) = Df(x)~" forall (z,y) €U %V, y= f(z).
Moreover, if f is C*, then f is a C* diffeomorphism on U.

Proof. Define the function F(x,y) = f(x) — y, and note that D, F(zo,y) =
D f(xp) is nonsingular. Apply Theorem 2.26 to F. O

The map f : R? — R? given by f(x,y) = (e®cosy,e®siny) has the Ja-
cobian det Df(z,y)) = e® # 0, hence locally one-to-one around every point
(z,y) € R2. However, f is clearly not one-to-one globally.

Definition 2.28. Let M be a nonempty subset of R™ and x € M. A vector
d € R" is called a tangent direction of M at x if there exist a sequence x,, € M
converging to x and a nonnegative sequence ., such that

lim a,(z, —z)=d.

n—oo

The tangent cone of M at x, denoted by Tar(x), is the set of all tangent
directions of M at x.

This definition is sufficient for our purposes. We remark that the same defi-
nition is valid in a topological vector space. A detailed study of this and several
related concepts is needed in nonsmooth analysis; see [230] and [199, 200].

Theorem 2.29. (Lyusternik) Let f: U — R™ be a C* map, where U C R™
is an open set. Let M = f=1(f(xo)) be the level set of a point xo € U.

If the derivative D f(xq) is a linear map onto R™, then the tangent cone
of M at xq is the null space of the linear map D f(xo), that is,

Tr(zo) ={d € R" : Df(x0)d = 0}.

Remark 2.30. Let f = (f1,..., fm), where {f;} are the components functions
of f. It is easy to verify that

KeI‘Df(CL‘()) = {d eR™: <Vfl($0),d> =0,1=1,.. .,m},

and that the surjectivity of D f(xg) is equivalent to the linear independence
of the gradient vectors {V f;(zo)}7".

Proof. We may assume that 2o = 0 and f(z¢) = 0, by considering the function
x — f(z + xg) — f(xo) if necessary. Define A := Df(0). The proof of the
inclusion T3 (0) C Ker A is easy: if d € Tjs(0), then there exist points x(t) =
td + o(t) € M, and we have
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0= f(0+td+ o(t)) = f(0) + tDF(0)(d) + o(t) = tDF(0)(d) + oft).

Dividing both sides by ¢ and letting ¢ — 0, we obtain D f(0)(d) = 0.

The proof of the reverse inclusion Ker A C T)s(0) is based on the idea that
the equation f(x) = 0 can be written as f(y,z) = 0 in a form that is suitable
for applying the implicit function theorem.

Define K := Ker A and L := K. Since A is onto R™, we can identify
K and L with R"™™ and R™, respectively, by introducing a suitable basis
in R™. We write a point x € R™ in the form x = (y,2) € K x L. We have
A= [Dyf(o)asz(O)]a and

0= A(K) = {A(d1,0) : di € R""™} = D, f(0)(R"™™),

so that D, f(0) = 0. Since A has rank m, it follows that D, f(0) is nonsingular.

Theorem 2.26 implies that there exist neighborhoods U; C R™ and Uy C
R"~™ around the origin and a C* map « : Uy — U, a(0) = 0, such that
x = (y,2) € Uy x Uy satisfies f(x) = 0 if and only if z = a(y). The equation
f(z) = 0 can then be written as f(y,a(y)) = 0. Differentiating this equation
and using the chain rule, we obtain

0= D, f(y,a(y)) + D.f(y,a(y)) Da(y).

At the origin z = 0, D, f(0) = 0, and D, f(0) nonsingular, so that Da(0) = 0.
If |y| is small, we have

a(y) = a(0) + Da(0)y + o(y) = o(y).

Let d = (d1,0) € K. As t — 0, the point x(t) := (td1, a(tdy)) = (td1,0(t)) lies
in M, that is, f(z(t)) = 0, and satisfies (x(¢t) — td)/t = (0,0(t))/t — 0. This
implies that K C Tj/(0), and the theorem is proved. a

2.6 Morse’s Lemma

Let f: U — R bea C?>T* (k > 0) function on an open set U C R™. Recall that
a critical point x € U is called nondegenerate if the Hessian matrix D2 f(z) is
nonsingular. Morse’s lemma, due originally to Morse [202], states that after
a local, possibly nonlinear, change of coordinates, the function f is identical
to its quadratic form g(z) := f(zo) + (D?*f(z0)(z — x0), — z0). Thus, the
quadratic function g(z) determines the behavior of the function f around z.

Morse’s original proof uses the Gram—Schmidt process. A modern version
of the proof can be found in Milnor [197]. The simple proof below is from [6].
It has the virtue that the same proof, with obvious modifications, works in
Banach spaces.

The following technical result is needed in the proof of Morse’s lemma.
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Lemma 2.31. Let S™ be the space of n X n symmetric matrices, A € S"
nonsingular, and let S} be the vector space of n x n matrices X such that AX
is symmetric. The quadratic map

qa:S% — 8"  defined by qa(X) = XTAX

is locally one-to-one around I € S%. Consequently, there exist open neighbor-
hoods U 5 I and V 3 A such that qzl 1V — U is a well-defined, infinitely
differentiable map.

Proof. We have

q(I +tH) :=qa(I +tH) = (I +tH")A(I +tH)
= A+t(H'A+ AH)+t>HTAH = A+ 2tAH + t? AH?,
so that Dq(I)(H) = 2AH. The mapping Dq(I) is one-to-one, since Dq(I)(H) =
AH = 0 implies H = 0, due to the fact that A is nonsingular.
The map Dgq([) is also onto, since given Y € S™, the matrix X := A=1Y/2
is in S% and satisfies Dg(I)(X) =Y. The rest of the lemma follows from the
inverse function theorem (Corollary 2.27). O

Theorem 2.32. (Morse’s lemma) Let k > 1 and f : U — R be a C?>*F
function on an open set U C R™. If xy € U is a nondegenerate critical point
of f, then there exist open neighborhoods V = x¢ and W 3 0 in R™ and a C*
diffeomorphism ¢ : V. — W such that

(&) = fla) + 3D wo)pla), ola).

Proof. We may assume without any loss of generality that U is a convex set,
xo =0, and f(0) = 0. Let 0 # « € U, and define a(t) := f(tx). We have

a(1) = a(0) + a'(0) +/O (1—t)a"(t)dt

by Theorem 1.5, and since o/(t) = (Vf(tx),z), Vf(0) = 0 and " (t) =
(D?f(tx)x,x), we obtain
1
f(z) = =(A(x)x,z), where A(x):= 2/ (1 —t)D*f(tx) dt.

0
Note that A : U — S™ is a C* map, and A(0) = 2([01(1 —t)dt)D?f(0) =
D?£(0). Consequently, the map

H:Vy— Z defined by H = qg(lo) oA,

where V} is a neighborhood of 0 € R™ and Z is a neighborhood of I € SZ(O)

as in Lemma 2.31, is also C*.
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We have A = qa() o H, that is, A(z) = qa)(H(z)) = H(z)" A(0)H (z)
for z € V, and

where
o(z) = H(z)z, ¢:Vy — R,

is a C* map. Since H(0) = I, we have

z +o(|lz]l) = H(0)z + of||z]]) = (H(0) + DH(0)z + of[|z])))=
= H(z)z = ¢(x) = ¢(0) + De(0)z + of||z]]),

where the third and fifth equalities follow from Taylor’s formula. This proves
that Dp(0) = I, and hence is nonsingular. Thus, the inverse function theorem
implies that there exist neighborhoods V,W of 0 € R™, V C Vj, such that
@:V — W is a C* diffeomorphism. O

Corollary 2.33. Let f : U — R be a C*** function as in Theorem 2.32, and
let g € U be a nondegenerate critical point of f such that the Hessian matriz
A= Df(xg) has k (0 < k < n) positive and n — k negative eigenvalues.

Then there exists a local, nonlinear coordinate transformation y = ¥(x)
(p: W —V is a C* diffeomorphism between some neighborhoods W > 0 and
V' 3 xg) such that

F) = f@o) +yi+ 4+ ¥ —Yogr — — Yo (2.3)

Proof. Let A := Df(xq) have the spectral decomposition A = UT AU, where
A =diag(A, ..., Ak, .-, Ap) With Ay > 0 for i < k and \; < 0 for ¢ > k. Let
¢ : V — W be the C* mapping in Theorem 2.32, where V and W are open
neighborhoods of g and 0, respectively. Define

y=y(z) = %IAIWU@(OJ), vev,

where |A|'/? is the diagonal matrix with diagonal entries \/|N;[, i = 1,...,n.
Theorem 2.32 and a straightforward computation give the representation (2.3).
O

The proofs in this section work for functions f that are at least C. How-
ever, appropriate versions of Morse’s lemma exist for C? functions; see, for
example, [254]. There also exist higher-order versions of Morse’s lemma for
critical points zo such that there exists k > 2 such that Df(zq) = 0 for
i=1,...,k—1and DFf(xg) is nondegenerate in a certain sense; see [51].
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2.7 Semicontinuous Functions

Semicontinuous functions are of independent interest in analysis. They also
play an important role in optimization, since they appear in Ekeland’s varia-
tional principle and in the theory of convex functions.

The concept of semicontinuous functions can be defined on a topological
space. For our purposes, it will be sufficient to consider metric spaces. In this
section, F will denote a metric space with a distance function d.

We start with some notions of limits. In optimization theory, various op-
erations converge to +oco, thus making it convenient to consider extended real
numbers by adding co and/or —oo to real numbers.

Definition 2.34. Let {x,} be a sequence of extended real numbers, that is,
Zn € RU{zxoo}. The limit inferior of {z,} is

lim x, := lim inf{z,, p41,...} =sup inf zy,
n—oo n—oo n k>n

where the second equality follows since {infy>, x} is an increasing sequence
in n. Similarly, the limit superior of {z,} is

lim z, := lim sup zy = inf sup xy.
n—00 n—o0 p>p n o k>n

Let f : E — RU{xoo} be an extended real-valued function. The limit
inferior of f as x € E converges to xg € E is defined by

lim f(z):=lim inf T) = su inf ),
T—wzo f( ) §—>Od(m,zo)<6f( ) 5_,1())d(z,ro)<§f( )

and its limit superior by

lim f(z):=1lim sup f(z)=inf sup f(2).
F=%o 0—=0 g(x,a0) <8 0=0 g(x,20) <6

Lemma 2.35. Let f : E — RU{+oc}. We have

lim f(x) = inf lim f(z,),

T—x0 zn} n—oo
where the infimum on the right-hand side is taken over all sequences x,, — xg.
Similarly, o o

lim f(z) = sup lim f(x,).

T—x0 {20} n—oo

Proof. We prove only the first equality, since the second one follows immedi-
ately from it. Define

M := lim f(z), L:= inf lim f(z,), Ns:={xe€ E:d(z,z) <d}.

r—TQ Tn f n—00
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First, we consider the case M = —oo. Note that it is enough to show the
existence of a sequence x,, — ¢ such that f(z,) — —o0. Since M = —c0, it
follows from the definition of lim,_,, f(z) above that infx € Ny, f(2) = —o0
for all n > 0. Thus, we can find x,, € Ny, satisfying f(z,) < —n, proving
the lemma.

Next, consider the case M = oo. Let {x,,} be an arbitrary sequence con-
verging to xg. We claim that f(z,) — oo, from which the lemma follows
immediately. Since M = oo, for a given o > 0, there exists § > 0 such that
a < infy, f(z). Since z, — =g, there exists N such that x,, € N;s for all
n > N. Thus, f(z,) > « for all n > N, and the claim is proved.

Finally, consider the case —oo < M < oco. On the one hand, given € > 0,
there exists § > 0 such that infy, f(z) > M — e. Thus, f(z) > M — ¢
for all z € Nj. Let {z,} be an arbitrary sequence converging to xg. Since
x, € Ns for all large enough n, we have lim f(z,) > M — ¢, for any € > 0.
Thus, lim, . f(z,) > M for any sequence converging to xo, proving the
inequality L > M. On the other hand, since inf ey, f(x) /" M as 6 \, 0,
we have infzen,,, f(¥) / M as n — oo. If we pick z, € Ny, such that

f(zn) < (infzen,,, f(z)) +1/n, then

L< lim f(zn) < lim (( inf f(x))+1/n> = lim inf f(z)= M.

n—o0 n—oo \ ZE€Ni/n n—oo €Ny
This proves the reverse inequality L < M. a
We are now ready to define semicontinuous functions.

Definition 2.36. Let f : E — R U {xoo}. The function f is called lower
semicontinuous at a point xg € E if

f(zg) < lim f(x).

T—T0o

Equivalently, by virtue of Lemma 2.35, f is lower semicontinuous at xq if

f(xo) < lim f(2n),
n—oo
for every sequence x, — xg.
The function f is called upper semicontinuous at xg if —f is lower semi-
continuous at xq, that is,

T—xTo

or .
fo) > T f(an),

for every sequence x, — xg.

The function f is called lower semicontinuous or closed on E if it is lower
semicontinuous at every point in E. Similarly, f is called upper semicontinu-
ous on E if it is upper semicontinuous at every point in E.
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Remark 2.37. We always have lim f@) < f(xo), since zq lies in every

—r—X

neighborhood N, so that f is lower semicontinuous at xg if and only if

f(zo) = Lm f(x).

T—T0

Similarly, f is upper semicontinuous at xq if and only if

f(zo) = lim f(x).
T—x
Also, note that any function is lower semicontinuous at a point x with f(z) =
—0o0, and similarly any function is upper semicontinuous at a point zy with

f(z) = 0.

It will be seen shortly that the semicontinuity properties of f are tied up
with the closedness of its epigraph.

Definition 2.38. If f : E — RU {£R} is a function, the set

epi(f) i= {(x,1) € ExR: f(a) < 1}
is called the epigraph of f. Similarly, the set

hypo(f) i= {(z,1) € E x R: f(z) > t}
is called the hypograph of f.

Theorem 2.39. Let f : E — RU{+o00}. The following are equivalent:

(a) f is lower semicontinuous (upper semicontinuous) on E,

(b) epi(f) (hypo(f)) is a closed subset of E X R,

(c) The sublevel set {x € E : f(z) < a} {z € E: f(z) > a}) is closed for
all « € R.

Proof. We prove the theorem only for a lower semicontinuous function, since
the upper semicontinuous case follows immediately.

(a) implies (b): Let (zn,yr) be a sequence in epi(f) converging to a point
(x,y). Since f is lower semicontinuous at z, f(z) < lim f(z,) < limy, = v,
proving that (z,y) € epi(f).

(b) implies (c): Let x, be a sequence in L := {z : f(z) < a} converging
to a point z € E. We have (x,,a) € epi(f) converging to (x,«) € epi(f),
meaning that x € L. Thus, L is closed.

(c) implies (a): Let f(z) € R. We claim that f is lower semicontinuous
at x. Otherwise, there exists ¢ > 0 such that supy.infy, f(z) = f(x) — 2e.
Thus, for any § > 0, we have infy, f(z) < f(x) — 2¢, meaning that we can
find a sequence x,, — x such that f(z,) < f(z) —e. Since the set S = {z :
f(z) < f(z) — €} is closed and z, € S, we have z € S. This implies that
f(z) < f(x) — &, a contradiction that proves our claim.
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Since f is automatically lower semicontinuous at a point where f(x) =
—00, it remains to consider the case f(x) = co. If f is not lower semicontinuous
at such a point z, we have sup;(infy; f(z) = o € R. Then infy, f(z) < «
for any 6 > 0. Let 0 € R, 8 > a. We can find a sequence x, — x such that
f(zn) < B. Since S = {z : f(z) < B} is closed and z,, € S, we have z € S,
that is, f(z) < 8 < o0, a contradiction. O

Figure 2.1 illustrates the epigraph of a function whose function value jumps
up at the point x, making the function not lower semicontinuous there. If we
had f(z) = lim, ~, f(y) instead, the function f would be lower semicontinuous
at z, although it would still be discontinuous at z.

epi(f)

Fig. 2.1. Epigraph of a function.

Corollary 2.40. If the functions f,g: E — RU{+oc} are lower semicontin-
uous, then so is f + g.

Proof. We claim that
{z: f(z)+g(x) >t} =User {x: f(z) >t —a}n{z:g(x) >a}).

If f(z)4+g(z) =t+2¢>tand g(x) = a+e > a, then f(z) =t—a+e >t—a.
This proves that the set on the left-hand side is a subset of the one on the
right-hand side. The reverse inclusion is trivial, and the claim is proved. Hence
the set {x : f(z)+ g(z) > t} is open, since it is a union of open sets. O

Theorem 2.41. Let f : E — R U {oo} be a lower semicontinuous function
defined on a metric space E. If f has a nonempty compact sublevel set,

lo(f) ={z € E: f(x) <o},

then f achieves its global minimum on E.
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Proof. Let {x,} be a minimizing sequence for f, that is,
f(zn) \ inf{f(x):z € E} = i%ff.

Clearly, there exists an integer N such that z,, € [,(f) for all n > N. Since
lo(f) is compact, {z,}% has a convergent subsequence x,, — z* € l4(f).
Since f is lower semicontinuous at x*, we have

fa®) < lim f(z,) = nf f(2).

This means that f(z*) = infg f, that is, f achieves its minimum on E at the
point x*. a

We remark that the second proof of Theorem 2.2 can be extended without
any changes to give an alternative proof of this theorem.
The following extension of Theorem 2.2 follows immediately.

Corollary 2.42. A lower semicontinuous function f: K — R on a compact
metric space K achieves its global minimum on K.

Corollary 2.43. Let f : D — R be a lower semicontinuous function defined
on a topological space D.

(a) If D is compact, or
(b) D is a subset of a finite-dimensional normed vector space E and f is
coercive,

then f achieves a global minimum on D.

Proof. In either case, all sublevel sets of f are compact. In (ii), this fol-
lows from the fact that the sublevel sets of f are closed and bounded, hence
compact. O

We note that Theorem 2.2 follows immediately from part (i) of this
corollary.

2.8 Exercises

1. (a) Show that for all values of a, the function f(z,y) = x® — 3ary + 3
has no global minimizers or global maximizers.

(b) For each value of a, find all the critical point(s) of f and determine
their nature, that is, determine whether each critical point is a local
minimum, local maximum, or saddle point.

2. Consider the function f(z,y) = P A 292,

(a) Find the critical points of f.

(b) Find the local (and global) minima and maxima of f as well as its
saddle points.
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. Consider the function f(z,y) =«
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. Find the critical points of the function f(x,y,z) = xyze *"¥~* and de-

termine their nature.
Solve the geometric programming problem

1
min — + 11 +1a.
t1>0,t2>0  T1t9 itz

. Consider the function

f(%yaz):2372+$y+y2+yz+z2—6x—7y—82+9

(a) Using the first-order necessary conditions, find a critical point of f.

(b) Verify that the point found in (a) is a local minimum of f by verifying
the second-order sufficient conditions.

(¢) Prove that the point is a global minimum of f.

. Let f:R" — R be a Gateaux differentiable function. If lim ;| — @)

[E]
00, then show that the gradient function Vf(z) is onto, that is, given

u € R™, there exists a point  such that V f(z) = u.
Hint: Consider functions f(z) — (¢, z) that are bounded from below by
choosing suitable ¢ € R™.
A strong minimizer of a function f is a point zg satisfying the condition
f(zo) = inf f > —oco0 and x,, — o whenever f(x,) — inf f.
(a) Show that a strong minimizer is a strict minimizer.
(b) Show that a strict minimizer is not necessarily a strong minimizer.
(Consider the function f(z) = z2%e®.)
(¢) Show that zg is a strong minimizer if and only if diam(S(f,€)) \, 0
as € — 0, where S(f,¢) = {x: f(z) <inf f + €}.

. Consider the following problems.

(a) Let f : R — R be a function with a continuous derivative. Show that
if f has a local minimizer that is not a global minimizer, then it must
have another critical point.

(b) Contrast this with the function f : R? — R given by f(z,y) =
e3¥ — 3xe¥ 4 23. Show that f has a unique critical point that is a local
minimizer but not a global one. Show that the polynomial g(z,y) =
22(1 4+ y3) + y? also has a unique local minimizer that is not a global
one.

(c) Show that the polynomial g(z,y) = (xy —x — 1)?+ (22 — 1)? has two
local minimizers.

Parts (b) and (c) seem counterintuitive; plotting their graphs using com-
puter software should be helpful in revealing their unusual properties.
2 — axy®+2y*. Show that for all param-
eter values except two, the origin (0,0) is the only critical point of f.

(a) Find the exceptional a’s and show that f has infinitely many critical
points for these « values. Determine the nature of these critical points.

(b) Consider the values of a’s for which the origin is the only critical
point. For each «, determine the nature of the critical point. Show



10.

11.

12.

13.
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that in some cases, the origin is a local minimum, but in other cases,
it is a saddle point.

(c) Show that even when the origin is a saddle point, (0, 0) is a local strict
minimizer of f on every line passing through the origin. In fact, show
that, except for one line, the function g(t) := f(td) satisfies ¢’(0) =0
and ¢”(0) > 0.

Consider the quadratic function f(z) = 1(Az,z) + (c,z) + a, where A is
a symmetric n X n matrix. If f is bounded from below on R™, show that
A is positive semidefinite, and that f achieves its minimum on R".

Hint: Diagonalize A.

Let f: C — R be a twice Fréchet differentiable function on an open set

in R™. Suppose that Af(z) := Y i, 1@ _ ) for all & € C, that is, f

Ox?

is a harmonic function. If p is a critical tpoint of f, that is, Vf(p) = 0,
and the Hessian H f(p) is not identically zero, then p is must be a saddle
point of f.
Sylvester’s theorem, Theorem 2.25 on page 43, states that a symmetric
matrix A is positive definite if and only if all the leading principal minors
of A are positive. The purpose of this problem is to give an elegant proof
of this result using optimization techniques.
Let A be an (n+ 1) x (n + 1) symmetric matrix in the form A = |
where B is a positive definite n x n matrix, b € R", and ¢ € R.

(a) Consider the quadratic function

i ol

p(z) = (@7, 1) [bBT g] (”f) — (Bx,z) +2(b,2) + ¢

on R™. Show that the point 2* = —B~!b is the unique global mini-
mizer of p on R", and p(z*) = ¢ — (B~'b,b). Thus, p is positive on R"
if and only if ¢ — (B~1b,b) > 0.

(b) Show that det A = det B - (¢ — (B~1b,b)).
Hint: Find a suitable vector d € R™ such that

P g

This is related to the notion of Schur complement in linear algebra.
(c) Prove Sylvester’s theorem by induction on the dimension of A using
parts (a) and (b).
The purpose of this problem is to demonstrate that the behavior of a
smooth function around a regular point x is determined by its derivative
Df(x) # 0. Thus, it is a first-order version of Morse’s lemma.
Let f be C* in a neighborhood of the origin in R”, and f(0) = 0. Suppose
that 0 is a regular point, that is, | := Vf(0) # 0. Let 29 € R™ such
l(l‘o) =1.
(a) Show that the linear map T : R* — (Ker!l) x R defined by
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T(z) := (z — l(x)xzg, l(x))

is one-to-one and onto, thus an isomorphism between R™ and (Ker ) x
R.
(b) Show that the C* map

P(x) = (z = U(z)xo, f(2))

has derivative D(0) = T'. Conclude using the inverse function the-
orem that 1) is a C* diffeomorphism between a neighborhood U of 0
and its image ¢¥(U).

(c) Define the C* diffeomorphism

p:=T "oy,

so that ¢ = T o . Show that the equation ¥ (z) = T(p(z)) gives the
sought-after formula

f(z) =1l(p(x)) forall zeU.

We remark that this result is valid in Banach spaces, since the inverse
function theorem holds in that setting.

14. Let f : U — R be a C? function on an open set U C R". Show that the
nondegenerate critical points of f are isolated: if xg € U is a nondegenerate
critical point of f, then there exists an open neighborhood V' > x( such
that xg is the only critical point of f on V.

Hint: The inverse function theorem may be helpful.

15. (Jordan and von Neumann [149]) If f is a quadratic form, that is,
f(z) = (Ax, x), where A is a symmetric n X n matrix, then f satisfies the
properties

(i) f(z+y) + f(z — y) = 2f(x) +2/(y) for all z,y € R",

(ii) f is continuous.
The property (i) is called the parallelogram law. These two properties
characterize quadratic forms, even in more general spaces than R™ [149,
104] and [240], pp. 275-276.
For a function f : R™ — R, define

Bla,y) =1 (fz +) ~ flz ~v)).

(Note that if f is a quadratic form, then B(xz,y) = (Ax,y).)
Parts (a)—(c) below prove that if f satisfies only (i), then B is symmetric,
B(z,y) = B(y, ), and additive in each variable, B(xz + vy, z) = B(z,2) +
B(y, z).
(a) Show that f(0) = 0, f(—z) = =z, and f(22) = 4f(x). Use these to
show that B is symmetric and B(z,z) = f(z).
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(b) Show that

8B(z,2) +8B(y,2) =2f(x + 2) + 2f(y + 2) — 2f(z — 2) — 2f(y — 2)
=flz+y+22)+ fx—y) — flz+y—22)
—flz—y)
=4B(z + y,2z).

Consequently,
1
B(z,z)+ By, z) = §B(x +y,2z2). (2.4)

(¢) Show directly from the definition of B that B(0,z) = B(z,0) = 0,
and use it and (2.4) to prove that B(x,z) = B(x,2z)/2. Then show
that this and (2.4) give

B(x +y,z) = Bz, z) + By, 2),

that is, the function B(z,y) is additive in the first variable, and sim-
ilarly in the second variable.
Now, use property (ii) to prove that
(d) B is homogeneous in each variable, that is,

B(tﬂ},y) = tB(a:,y), B(x,ty) = tB(xay)a

for all z,y € R", and for all t € R.

Hint: Use (c) to show that B(nz,y) = nB(z,y) for all integers n.
Next, if t = m/n is a rational number, define z := tx = maz/n. Then
nz = mz, and nB(z,y) = mB(z,y) or B(tx,y) = tB(z,y). Finally,
use continuity of f to show that B(tz,y) = tB(z,y) for all t € R.

(e) For each fixed y, the function z — B(x,y) is linear. Show that there
exists [(y) € R™ such that B(x,y) = (z,l(y)). Show that [ is a linear
function of y, and that {(y) = Ay for some n x n matrix A. Show that,
without losing any generality, A may be assumed to be a symmetric
matrix.

(f) Prove that a norm || - || is Euclidean, that is, it comes from an inner
product, if and only if the function f(x) = ||x||? satisfies the paral-
lelogram law. This is the motivation of the paper of Jordan and von
Neumann [149].

16. Let f : U — R™ be a C! mapping on an open set U C R™. Suppose
that at a point xg € U, Df(xg) : R® — R™ is one-to-one, so that it is
an isomorphism between R™ and L := D f(xo)(R"). Assume without loss
of generality that 2o = 0 and f(0) = 0. The purpose of this problem is
to prove that f(U) is O diffeomorphic to a neighborhood of the origin
in L, that is, there exists a local C! diffeomorphism of R™ around the
origin such that g o f is a C'* diffeomorphism between a neighborhood of
0 € R™ and a neighborhood of the origin in L. (Thus, g “straightens out”
the image of f around 0.)



60 2 Unconstrained Optimization

(a) Let M be a subspace of R™ complementary to L, that is, R™ = L+ M
and L N M = {0}. Show that the linear map T': R™ — L x M, given
by T(u) = Df(0)~*v+w, where u = v+w, v € L, w € M, is a linear
isomorphism, and that the C! map f:=To f:U — L x M satisfies
Df(0)(h) = (h,0). Conclude that it is enough to prove our claim for f,
or equivalently, to assume that f : R® — R" x RF = R"** £(0) = 0,
and Df(0)(h) = (h,0).

(b) Consider the map ¢ : R® x RF — R™ x R* given by ¢(z,y) =
f(z)+(0,y). Show that D¢(0,0) is the identity mapping on R"** so
that ¢ must be a local diffeomorphism between two neighborhoods of
the origin in R"**, Call its inverse g.

(c) Show that

(9o f)(x) = g(f(x)) = g(¢(x,0)) = (z,0).

Show that this implies that g satisfies the required properties.
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Variational Principles

Consider a C! function f : R™ — R. If f has a (global) minimizer 7, then we
know that Vf(Z) = 0. Suppose, however, that f is bounded below, but does
not have a minimizer. Is it possible to find a minimizing sequence {z,, } satisfy-
ing f(x,) — inf f that also satisfies V f(x,,) — 07 If this is true, then it should
be possible to obtain new optimality conditions even when minimizers do not
exist. A celebrated result of Ekeland [86] known as Ekeland’s e-variational
principle ensures that the answer to the above question is yes. Moreover, this
principle is valid in a much more general context and has turned out to be one
of the most important of the recent contributions to analysis. In this chapter,
we give a fairly detailed exposition of this important principle and some of
its applications. These include a short proof of Banach’s fixed point theorem,
a characterization of the consistency of a system of linear inequalities, and
the proofs of some of the most basic theorems of analysis (the open map-
ping theorem, Graves’s theorem, Lyusternik’s theorem, the inverse function
theorem, and the implicit function theorem). Another significant application
to the derivation of the Fritz John conditions in nonlinear programming is
postponed to Section 9.3.

We will also consider lower semicontinuous functions f : M — R U {400}
on a metric space M. The function is allowed to take on the value +oco. This is
a convenient device when a real-valued function f is defined on only a proper
subset D of M. We then extend f by declaring f(z) = oo for ¢ D. Of course,
the function f that is identically equal to +o0o on all of M is not interesting,
and is called an improper function. In the contrary case, that is, when f(z) is
finite for at least one point x in M, we call f a proper function.

3.1 Ekeland’s e-Variational Principle

Let (M,d) be a metric space, and let f : M — R be any function. Define a
relation y < z on M by the condition

O. Giiler, Foundations of Optimization, Graduate Texts in Mathematics 258, 61
DOI 10.1007/978-0-387-68407-9 3, © Springer Science+Business Media, LLC 2010
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y2z =  fly)+dz,y) < f(2).
This is a partial ordering on M, that is, for all x,y, z in M, we have

(i) ==w,
(i) z =<y and y <z implies z =y,
(#i1) x <Xy and y < z implies = < 2.

Now, property (i) is trivially true, (ii) is equivalent to the property of the
distance function that d(x,y) = 0 implies © = y, and (iii) follows from the
triangle inequality d(z, z) < d(x,y) + d(y, z). We call a minimal point in the
partial order < a d-point. Thus, a point x € M is a d-point if y < x implies
y = x, or equivalently,

f(x) < fly) +d(z,y) forall ye M, y+#x.

Define the set

S(x):={ye My =z} ={yeM: f(y) +dx,y) < f(z)}.

We have z € S(z), so that S(z) # (). Since = is a partial order, it follows that
y < z if and only if S(y) C S(x). We note that if f is a lower semicontinuous
function, then S(x) is a closed subset of M. Also, a d-point z is characterized
by the condition that S(x) is a singleton, that is, S(x) = {z}.

Ekeland’s e-variational principle is an easy corollary of the following im-
portant theorem.

Theorem 3.1. Let (M,d) be a metric space. The following conditions are
equivalent:

(a) (M,d) is a complete metric space,
(b) For any proper lower semicontinuous function f: M — RU{oco} bounded
below, and any point xo € M, there exists a d-point x satisfying r < xq.

Proof. (a) = (b): We may assume that f(z¢) € R, since otherwise we can
replace xy with any z € M such that f(z) < co. Generate a sequence {z, }§°
recursively such that given z,,, choose z,,+1 to be any point in S(z,). We claim
that {z,} is a Cauchy sequence. If n > m, then z,, < x,—1 <X -+ <X 2, S0
that @, < @, and f(z) + d(@n, Tm) < f(@m). Thus, {f(z,)} is a decreasing
sequence of real numbers bounded from below, say f(x,) \, « for some « € R.
Since d(zy,xm) < f(zm) — f(xzn) — 0 as m,n — oo, the claim is proved.
Since M is a complete metric space, x, converges to a point x € M. Since
Ty € S(xy,) for all & > n and S(z,) is closed, we see that € S(zy). Thus,
x Xz, X xp_1 for all n > 1, or equivalently x € N22,5(x,). Consequently,
S(x) € N2, S(zy), but this is not strong enough to conclude that S(x) is a
singleton. For that, we need to pick x,11 € S(x,) more carefully.
Choose 41 € S(x,) such that
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fann) < il 4
T in —.
= ) n
Now, if z € S(z), we have z <= & < 2,1 < z,, and

F&)+d(em) < [lan) < _inf 45 < ()47

(17,,71) n

so that

d(z,z,) < — —0asn— oo.

SRS

This gives x,, — z = x, proving that S(x) = {x}, that is, x is a d-point.
(b)) = (a): Let {x,}{° be a Cauchy sequence in M. Consider the
function

f(z):= 2n1er;O d(z, ).

Here the numerical sequence {d(z, ,,)}3° is a Cauchy sequence, since |d(x, z, )—
d(x,2,)| < d(Xm,xs) — 0as m,n — oo, hence converges, so that the function
f(z) is well-defined. The function f is continuous, since |d(z, z,) —d(y, T, )| <

d(x,y) implies that |f(z) — f(y)| < d(z,y).
Note that f(z,) — 0. Let € M be a d-point of f. Then

fx) < f(zp) +d(z,z,) forall n>1.

Letting n — oo gives f(x) < f(x)/2, that is, f(x) = 0. This implies d(z, z,,) —
0 or =, — x, proving that (M, d) is a complete metric space. a

The proof of (a) implies (b) is due to Ekeland [86]. See also Ekeland [87]
for the origins of the improved proof above. The proof of (b) implies (a) is
given in Weston [265] and in Sullivan [249].

Theorem 3.2. (Ekeland’s e-variational principle) Let (M,d) be a com-
plete metric space, and let f: M — RU{+oc0} be a proper lower semicontin-
wous function that is bounded from below.

Then for every e >0, A >0, and x € M such that

< inf
fla) <inff + e
there exists an element x. € M satisfying the following three properties:
flze) < f(x),
d(ze,z) < A, (3.1)
flze) < f(2)+ ;d(z,xe) forall ze M, z # z..
Ekeland’s e-variational principle is illustrated in Figure 3.1. At a d-point

(such as x.), the cone lies completely below the graph of f, since f(z.) —
$d(z,2) < f(z) for all 2z # x..
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A

Fig. 3.1. Ekeland’s e-variational principle.

Proof. Tt suffices to prove the theorem for A = 1 and ¢ = 1; the general
case follows by replacing the distance function d by the equivalent distance
function d/\ and the function f by the function f/e.

It follows from Theorem 3.1 that there exists a d-point T < x. We claim
that the point T satisfies the properties in (3.1). The third condition states
that T is a d-point, while the first two conditions follow from the inequalities

f@) +d(z,7) < fz) <inf f+1 < f(7) +1,

where first inequality is a consequence of T < z. a

There is a shorter proof of Ekeland’s e-variational principle due to Hiriart-
Urruty [133] in finite dimensions, that is, when M = R™ equipped with the
distance function d(x,y) = || — y|| given by any norm, say the Euclidean
norm. The proof in [133] gives a slightly weaker statement than the third
inequality in (3.1). The proof below is from [41].

Proof. We assume that A = 1 without loss of generality. Define the function
9(2) = f(2) +ellz — z||.

The function g(z) is clearly lower semicontinuous, and is coercive, that is,
lim .|~ f(2) = 00. Thus, the set K of minimizers of g is a compact subset
of R". Let x. € K be a point that minimizes f on K.
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We have g(z.) < g(z), that is,
fze) +€llze — || < f(2) + €|z — x| forall z € R"™.
Putting z = x in the above inequality gives

flze) +ellze — 2| < fz) < i]élnff+e < flze) + e

These immediately yield the first and second conditions in (3.1).
To prove the third inequality in (3.1), we note that for points in z € K,

z # Te,
flze) < f(2) < f(2) +ellz — z]],

while if z ¢ K, then
flxe) +ellze —zll < f(2) +ellz — 2| < f(2) + ellz = zel| + [Jze — 2])),
again yielding the inequality f(z.) < f(2) + €|z — z|. O

Taking A = /e in Theorem 3.2, we immediately obtain the following
corollary.

Corollary 3.3. Let the function f and the point x satisfy the conditions in
Theorem 3.2. Then there exists a point x. satisfying the following conditions:

f(ze) < f(=),
d(ze,x) < Ve,
f(z) > f(ze) — Ved(z,z.) forall 2 € M,z # z..

Ekeland’s e-variational principle has turned out to be one of the most im-
portant and versatile of the recent tools in analysis. We will discuss several
of its applications below, but these barely scratch the surface on its possible
uses. The interested reader may consult Ekeland [87, 88] for a fairly com-
prehensive review of results on this topic up to about 1990, and the growing
mathematical literature for its more recent applications.

Definition 3.4. Let XY be Banach spaces, and f : U — Y a map on an
open subset U C X. The map f is called Gateaux differentiable at x € U if

o L@+ 1) = (@)

t—0 t

=Ad forall de X,

where A : X — Y is a continuous linear map. If f is Gateauzx differentiable
at every point x € U, we say f is Gateauz differentiable on U. The map A,
denoted by D f(x), is called the Gateaux derivative of f.

The map f is called Fréchet differentiable at x € U if there exists a con-
tinuous linear map B : X — Y such that
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i W@ +h) — fz) - Bh| _
l[a]—0 Al

0. (3.2)

The map B, denoted by Df(z), is called the Fréchet derivative of f. If [ is
Fréchet differentiable at every point x € U, we say f is Fréchet differentiable
on U. Then we have Df : U — L(X,Y), where L(X,Y) is the Banach space
of continuous linear maps from X into Y endowed with the operator norm
JL|| = supyp_y | L]

If Df is continuous on U, then we say f is continuously differentiable on U
and write f € C1. If Df € C', then we call f twice continuously differentiable
and write f € C?. A kth-order continuously differentiable map f, f € C*, is
defined similarly by induction.

It is easy to show that if f Fréchet differentiable at x € U, then it is
Gateaux differentiable at x and the two derivatives of f agree.

Corollary 3.5. Let f : X — R be a function on a Banach space X that is
Gateauz differentiable, lower semicontinuous, and bounded from below. Let
€ >0, and let x € X be a point such that

fz) < igl(ff + e

Then there exists a point x. € X such that

fze) < fla),
[ —zcl| <1,
IV f(ze)| <e.

Consequently, there exists a minimizing sequence {x,} in X satisfying the

conditions
flxy) — igl(ff and Vf(x,) — 0.

Proof. Theorem 3.2 gives a point . satisfying the first two conditions above.
To prove the third condition, note that for an arbitrary direction d € X,
Id]| = 1, we have

t(Vf(xe),d) +o(t) = fze +td) — f(xe) > —te

as t — 0, where the equality follows since f is Gateaux differentiable and
the inequality follows from the third inequality in Theorem 3.2. This gives
(Vf(ze),d) > —e, or equivalently (Vf(ze),d) < eforalld € X, |d| = 1.
Therefore, ||V f(z)| < e.

Let y,, be a point in X satisfying f(y,) < infx f + 1/n. We have already
shown that there exists a point z,, satisfying the conditions f(z,) < f(y,) <
infx f+1/n and |V f(z,)| < 1/n. The sequence {z, }3° satisfies the required
properties. a
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It is also possible to investigate the asymptotic properties of functions
using Ekeland’s e-variational principle.

Theorem 3.6. Let f : X — R be a function on a Banach space X that is
Gateauzx differentiable, lower semicontinuous, bounded from below, but that is
not coercive. Define

a:= lim f(z)=sup inf f(x).

||| — o0 n>1llz[[=zn
Then there exists a sequence {x,} in X satisfying the conditions
|znll = o0,  flzn) — @, and Vf(z,) — 0.

Proof. Let (M, d) be the complete metric space such that M, := {x € X :
lz]] = n} and the distance function d is given by the norm on X. Let ||ly,| >
n + 2 be a point satisfying
Flyn) < b 4 - =inf f 45,4
n) < in — =in n+ =,

Y M2 n M, n
where 0y, := infyy, , f —infpz, f. We have d,, \ 0, since infy;, f " a. Apply-
ing Theorem 3.2 to the function f on M,, with e =€, := 4§, +1/n and A =1,
we obtain a point z,, € M,, satisfying the conditions

f(@n) < fyn),
[2n = ynll < 1,
fxn) < f(x) + €epllz — my|| for all z € M,, z # z,.

It follows that ||z,|| > ||ynll — ||Zn — ynll = n+ 1, so that x,, is in the interior
of the region {z € X : ||z|| > n}. Let h € X, |h]| = 1 be a unit direction
vector. We have

t<_vf(xn), h> + O(t) = f(xn) - f(-Tn + th) < te,

as t — 0. Dividing the end terms above by ¢, letting ¢ \, 0, and then maxi-
mizing over all unit directions h, we obtain ||V f(z,)] < €, — 0 as n — oo.
Since

1 1
f(zn) < f(yn) A}f+2f+n at

the sequence {x,,} satisfies all the required properties. O

See Brézis and Nirenberg [49] for the original proof, and related interesting
results.

The well-known Banach fized point theorem also follows easily from Eke-
land’s e-variational principle.
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Definition 3.7. Let ¢ : M — M be a mapping on a metric space (M,d). A
point T € M is called a fixed point of v if p(T) =T.

The mapping ¢ is called a contractive mapping if there exist a constant
0 < a«a <1 such that

d(p(2), () < ad(z,y) for all z,y € M.

Theorem 3.8. (Banach fixed point theorem) A contractive mapping ¢ :
M — M on a complete metric space (M,d) has a unique fized point.

Proof. Define the function f(x) := d(z,¢(z)), and choose ¢ € (0,1 — ).
Theorem 3.2 implies that there exists a point z € M such that

f(@) < f(x) + ed(x,z) forall z € M.
We claim that ¢(Z) = Z. Otherwise, choosing x = ¢(Z) above, we have

d(p(7),7) < d(p(7), (7)) + ed(p(2), 7) < (a + €)d((7), 7).

This gives the contradiction 1 < a+ € < 1. The uniqueness of the fixed point
follows from the usual argument: if z; and zo are two distinct fixed points,
then we get a contradiction,

d(z1,29) = d(p(x1), o(x2)) < ad(x1,x2) < d(x1,x2).

3.2 Borwein—Preiss Variational Principle

The perturbation in Ekeland’s e-variational principle is nonsmooth. There are
smooth versions of variational principles pioneered by Borwein and Preiss [42].
We state a generalization of their results due to Li and Shi [189].

Definition 3.9. Let (M, d) be a metric space. We call a function p : M x M —
[0,00] a gauge-type function if it is continuous, p(x,z) = 0 for all x € M,
and given € > 0, there exists a § > 0 such that for all y,z € M, we have
ply, z) < § implies d(y, z) < e.

Theorem 3.10. (Borwein—Preiss Variational Principle) Let (M,d) be
a complete metric space and let f : M — R U {400} be a proper lower semi-
continuous function, bounded from below. Let p be a gauge-type function and
{01132 @ sequence of positive numbers.

If e >0 and x € M satisfies

fla) <inff + ¢

then there exist an element x. € M and a sequence {x,} C M such that
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€ €
p(x,ze) < 5 P(Tn, Te) < oy’

f(me) + Z(gkp(xevxn) S f(x)v

k=0
f(z)+ Z(Skp(z,xn) > fxe) + Z(Skp(xs,xn) forall ze M, z # x..
k=0 k=0

The proof of this theorem resembles that of Theorem 3.2, which the inter-
ested reader can find in the book [43]. We will instead give a version of this
theorem in finite-dimensional Euclidean spaces that is much simpler to prove,
but which is sufficient for our purposes.

Theorem 3.11. (Smooth variational principle in finite-dimensional
spaces) Let f:R™ — RU {400} be a proper lower semicontinuous function,
bounded from below. Let A and p > 1.

If e > 0 and x € R™ satisfies

fl@) <inff + e,
then there exists an x. € R™ such that
[ =zl < A,
f(ze) + )\iper —z|” < f(z) + %Hz —x||? for all z € R".
Proof. Note that the function g(z) := f(z) + 5z — z||? is coercive, and so

has a minimizer . € R™. This proves the second assertion of the theorem. If
we set z = x in this inequality, we obtain

)+ 5l —well” < f2) <inf f+€ < fla) +e.

This gives ||z — x| < A. O

Corollary 3.12. If a C? function f : R*¥ — R is bounded from below, then
there exists a sequence {x,}5° in R* satisfying the properties

Fln) =it .
Vf($n) — 0,
lim (D*f(z,)d,d) >0 for each d € RF.

n—oo
Proof. Let p =2 and X\ = 1 in Theorem 3.11. Let x, ¢ > 0, and z. > 0 be as
in that theorem. Note that for d € R*, the point x, satisfies ||z — z|| < 1 and
the conditions
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f(xé) S %%‘ff + €
Vy(ze) :== Vf(xe) + 2¢(xe — ) =0,
f(xe +td) — f(xe) > € (||x5 - x”Q - ”(‘Te - 3;‘) +th2) .
From the last inequality above, we obtain for ||d|| = 1,

g €@lle —2|* — |l(we — 2) + td]* — ||(zc — x) — td]|?)
- =

< f(xe + td) + f(me — td) - 2f(x€)
< 2

It is easily verified, using Taylor’s formula, that the last term above tends to
(D?f(z.)d,d) as t — 0.
Altogether, x. has the properties

Jae) <inf f +c.

IVf(ze)ll < 2ellwe — ]| < 2,
(D*f(x0)d,d) > —2¢ for each d € R¥, ||d|| =1,

where we used the fact ||z — z.]| <1 in the middle inequality.
The sequence {z,}, where x,, is z. corresponding to € = 1/n, satisfies the
required properties. a

It is also possible to improve Theorem 3.6 for twice differentiable functions.

Corollary 3.13. If a C? function f : R¥ — R is bounded from below and is
not coercive, then there exists a sequence {x,}5° in R™, ||z,|| — oo, such that

flan) = lLim  f(xz),

llzl|—o0

Vf(zn) — 0,
lim (D?f(z,)d,d) >0 for all d € R

Proof. Define
a:= lim f(z)=sup inf f(z).
l|z]|— oo n>1 llzl|>n
Let (M, d) be the complete metric space M, := {z € X : ||z|| > n} with the
distance function d given by the Euclidean norm on R¥. Let ||y,|| > n + 2 be
a point satisfying

1 1
< inf — = inf —
flyn) < VRO it i T e
where 0y, := infyy, ., f —infar, f. We have §, \ 0, since infy;, f " . Apply-
ing Theorem 3.11 to the function f in M,, with the point y,,, the parameters
€=¢p:=0,+1/n, A\=1, and p = 2, we obtain a point x,, such that
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1
f(@n) < f(yn) §a+ﬁa
[Zn = ynll < 1,
f(@n) +enllzn — ynHQ < f(z) +enllr - ynH2 for all [jz| > n.
The middle inequality in (3.3) gives
[znll = lynll = llzn — ynll = llynll =1 = n + 1,
while the last inequality in (3.3) gives V f(z,,) + 2€,(z,, — yn) = 0, implying
IVf(@n)ll = 2€n||2n — ynll < 2en.

Also, the last inequality in (3.3), applied to the points = = x,, £ td for fixed
but arbitrary d € R*, ||d|| = 1, and sufficiently small ¢ > 0, gives

f(@n) + enllzn — yn||2 < f(wn £td) + enlln —yn £ td”Q'
Upon summing and simplifying these two inequalities, we arrive at,

€n(2||zy — ynH2 = [[(zn — yn) + td”Q — (0 — yn) — th2)
t2

< f(@n +td) + f(zn — td) — 2f(zn)

< 2

t—0

=% (D?f(x,)d, d).

—2€, =

In summary, the point x,, has the properties ||z,|| > n+ 1, f(z,) < a+ %,
IV (x| < en, and (D?f(2,,)d,d) > —2¢, for each d € R*  |d|| = 1. Since
€, — 0, the sequence {z,,} satisfies the required properties. a

3.3 Consistency of Linear Equalities and Inequalities

Systems of finitely many linear equations and inequalities (finite linear sys-
tems) play prominent roles in many parts of optimization, with linear pro-
gramming, and the theory of convex polyhedra being the primary examples.
They also have a role to play in the derivation of optimality conditions for
general mathematical programming problems. Because of their importance,
and because it gives an instructor flexibility in covering them, we treat the
solvability of finite linear systems from several independent points of view.

The oldest method for treating finite linear systems is the Fourier—-Motzkin
elimination method, which goes back to Fourier in the nineteenth century
and Motzkin in the 1930s; see Stoer and Witzgall [247]. A special case of
this method is given in Chapter 7. This approach has the merit that it is
completely elementary, and moreover, the field over which the vector space
is defined is more general, so that one can characterize solvability of linear
systems over, say, the field of rational numbers using this approach.
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Another method for treating finite linear systems in vector spaces over
more general fields combinatorial. This goes back to Carver [55] in the 1920s,
and is treated in Appendix A. This appendix does not have any prerequisites
and can be read at any time.

The traditional approach to characterizing the solvability of linear equa-
tions and inequalities is to obtain them as consequences of separation theorems
for convex sets. We treat this method in detail in Chapter 7.

Finally, it is possible to approach finite linear systems via variational prin-
ciples; this is described below.

Gordan’s lemma is the equivalence of parts (b) and (c) in the following
theorem.

Theorem 3.14. Define the function
fla) = elees),
i=1

where {a; }7" are vectors in R™. The following statements are equivalent:

(a) f(x) is bounded from below,

(b)  there exists N € R™ A > 0,X # 0, Z)‘iai =0,
i=1
(¢) there exists no x satisfying {a;,x) <0,i=1,...,m.

Proof. The proofs of (b) = (¢) and (¢) = (a) are trivial.
To prove (a) = (b), note that Corollary 3.5 gives a sequence {z,, } satisfying

Vi) =Y 2Ma; -0,
i=1

(a;,xn) . .
where )\Ek) = W Since 0 < )\Ek) < 1, it has a convergent subse-
j=1

quence, and we may without loss of generality assume that A\(*!) — X\, X\ > 0,
and X # 0. This gives Y_." | A;a; = 0 and proves Gordan’s lemma. O

The idea of using variational principles to prove Gordan’s lemma appears
to be due to Hiriart-Urruty; see [41].

Theorem 3.15. (Motzkin’s transposition theorem, homogeneous ver-
sion) Let {a;}}, {b;}7, and {cx}} be vectors in R™. Then the linear system

(a, ) <0, i=1,...,1,
(bj,z) <0, j=1,....,m, (3.4)
(ck,z) =0, k=1,...,p,

is inconsistent if and only if there exist vectors (multipliers)
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A= (>‘17"'7>\l) 207 A7é03

M= (/~/417 s 7,“7”) > 07 (35)
6:= (51,...,6p),

such that l
m p
1 1 1

Proof. We may assume, without any loss of generality, that p = 0, that is,
linear equalities are not present in (3.4), since each equality (¢, ) = 0 may be
replaced by two inequalities (¢, x) < 0 and (—cg, z) < 0, and the multipliers
for these inequalities can be then combined in (3.6).

It is easy to see that if (3.6) holds with the multipliers satisfying (3.5),
then (3.4) must be inconsistent, since if a vector x satisfies it, then we obtain
the contradiction

l m p
0= <Z Aia; + Zujbj + Zékck,x>
1 1 1

m p

1
Z/\i@"@ + ZMj(bj’l’) + 25k<ck,$> <0,

1 1

where the last inequality follows since at least one JA; is positive.

Conversely, assume that (3.4) is inconsistent. We use induction on m to
establish the claim that there exist multipliers satisfying (3.5) such that (3.6)
holds. If m = 0, then the claim follows directly from Theorem 3.14.

Assuming that it is true for m — 1, we now prove the claim for m. Call
the inequality system (3.4) I, and the system obtained from it by remov-
ing the last inequality (b,,,x) < 0, I,,_1. Thus, I, is inconsistent. We may
assume that I,,_; is consistent, since otherwise we obtain, using the induc-
tion hypothesis, nonnegative multipliers A € R!, € R™~1, X\ # 0 such that
le Aia; + ZT% w;b; = 0. Then (3.6) holds with p,,, = 0, and the claim is
proved.

Thus assume that I,,_1 is consistent. Adding to this system the equality
(bm, ) = 0 renders it inconsistent. Defining

L:= {bm}L = {l‘ : <bﬂ17x> = O}a
we can write this inconsistent system in the form
(Ipa;,x) <0, i=1,...,1, (IIth;,z) <0, j=1,....m—1 (x€L),

where IT;, denotes the orthogonal projection operator onto L. By the induction
hypothesis, there exist nonnegative multipliers A € Rf, € R™~1, X # 0 such
that le NilTpa;+ 37" I Lb; = 0. Hence the vector Ell Xiai+ 7 ib;
lies in L+ = span{b,,}, and there exists p,,, € R such that
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l m
Z)\iai + Z/ijj =0.
1 1

It remains to show that p,, > 0. Let x satisfy I,,_1, so that {a;,z) < 0 for
i=1,...,0,and (bj,xz) <0for j=1,...,m— 1. Since I,,, is inconsistent, we
also have (b,,,z) > 0, and the above equality gives

l m
0= Z/\i<a'iax> + ZUj<bj7x> < Mm<bm7$>v
1 1

yielding p,,, > 0. Here the inequality follows since at least one A; is positive.
O

Corollary 3.16. (Farkas’s lemma, homogeneous version) Let {a;}7
and ¢ be vectors in R™. The following statements are equivalent:

(a) if x satisfies {a;,x) <0, i =1,...,m, then it also satisfies (¢, z) <0,

(b)  there exists A > 0 such that ¢ = Zm

i @;.
’L:l i

Proof. The corollary follows immediately from Theorem 3.15 by noting that
the validity of (a) is equivalent to the inconsistency of the linear inequality
system

(—c,z) <0, (a;,z) <0, i=1,...,m.

O

The next theorem characterizes the solvability of the most general system
of finitely many linear equations and inequalities, and thus must be considered
one of the central result in this area.

Theorem 3.17. (Motzkin’s transposition theorem, affine version)
Let {a;}}, {b;}7, {ck}] be vectors in R™, and let {a;}t, {B;}7, {w}} be
scalars. Then the linear system

(a, ) < ay, 1=1,...,1,
<bj,$> S ﬁj, j: 1,...,m, (37)
<Ck7x>:’yk7 k:]-v"‘vpv

is inconsistent if and only if there exist vectors (multipliers) Ao € R, A € R!,
pweR™ §eRP, satisfying

l m P
Z Aiag + Z,ujbj + Z5kck =0,
1 1 1

l m p
Zx\iai Jrz,ujﬂj +25k’7k + Ao =0,
1 1 1

(Ao, A, ) >0, (Ao, A) # 0.
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Proof. Note that the inconsistency of the system (3.7) is equivalent to that of
the homogenized system (a;, ) < toy, (bj,x) < t8;, (ck,x) = tyg, t > 0, that
is, of the system

((0,-1)
<(azv az),
((bj, —5)) Ci=1.....m, (3.9)
<(Ck, )7 x, ) k:1,7p

This follows from the fact that if  solves (3.7), then (x,1) solves the homo-
geneous system, and conversely, if (z,t) solves the homogeneous system, then
x/t solves (3.7).

Theorem 3.15 implies that there exist multipliers A\g € R, A € R}, € R™,
and 0 € RP satisfying the sign restrictions 0 < (Ao, A) # 0, 0 < pu, and the
equality

<0
<0, i=1,...,1,
<0

=0,

l

m p
20(0,=1) + > " Ni(as, —aq) + > Xilbj, =) + > Srler, =) =0,
1 1

1
which is exactly (3.8). O
Corollary 3.18. (Farkas’s lemma, affine version) Let
(aj,2) <oy, i=1,...,m, (3.10)

be a consistent system of linear inequalities, where {a;}7* C R™. The following
statements are equivalent:
(a) if x satisfies {a;,x) < a;, i =1,...,m, then it also salisfies (c,x) <,
(b)  there exists 0 < X € R™ such that Zm Aia; = ¢, and Zm Aice; <y

= i=1 ad 2 bl i=1 1 = M

Proof. Note that the validity of (a) is equivalent to the inconsistency of the
linear inequality system

(—e,z) < =7, (a,z) <a; i=1,...,m.

It follows from Theorem 3.17 that there exist nonnegative multipliers 0 #
(po, 1) € R? and A € R™ such that

m m
—pic+ Z Aia; =0,  —pry+ Z)\iai + po = 0.

i=1 i=1
If g1 > 0, then we may assume that g3 = 1 due to homogeneity, and the
corollary follows. If y; = 0, then we have po > 0, >, N\ja; = 0, and
o, Ay < 0. This, however, contradicts the consistency of (3.10), since
if x satisfies it, then

m

OZZAJ(@Z, —q;) =— Z)‘O”>O

1
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3.4 Variational Proofs of Some Basic Theorems of
Nonlinear Analysis

In this section, we demonstrate that some of the most important results in
nonlinear analysis can be proved using Ekeland’s e-variational principle. These
include the open mapping theorem, Graves’s theorem [110], the inverse func-
tion theorem, implicit function theorem, and Lyusternik’s theorem. (The tra-
ditional proofs of the open mapping theorem and Graves’s theorem are given
in Appendix C for comparison and completeness.)

The inverse function theorem and the closely related implicit function
theorem are important tools in many branches of analysis. Lyusternik’s theo-
rem [191] is an important tool in optimization, where it is used in the deriva-
tion of optimality conditions in constrained optimization. The open mapping
theorem is a fundamental result in functional analysis.

All of these results are valid in Banach spaces. However, if one is interested
only in using the inverse function, implicit function, and Lyusternik’s theorems
in a finite-dimensional setting, then there is a short cut. All these results are
proved in an elementary manner in Section 2.5.

3.4.1 The Open Mapping and Graves’s Theorems
We first define a useful concept due to De Giorgi, Marino, and Tosques [70].

Definition 3.19. Let f : X — R be a function on a metric space X. The
strong slope of |V f|(x) of f at a point x € X is given by the formula

T f(@)—f(2)
lim,_,, %

) if x is not a local minimizer of f,

Vi) {0 otherwise.

Thus, at a point x that is not a local minimizer of f, |V f|(z) measures
the largest local rate of decrease of f at x.

The concept of strong slope interacts nicely with Ekeland’s e-variational
principle: let f : X — R be a lower semicontinuous function on a complete
metric space X that is bounded from below. If ¢ > 0, then Theorem 3.1
implies that there exists a od-point Z, and we notice from its definition that

T satisfies the property
VfI(@) <o

This proves the existence of points with small positive strong slope, that is,
inf{|V f|(x) : i}r\14ff < f(z) < o0} =0.

We also need the following, partial, statement of the open mapping
theorem.



3.4 Variational Proofs of Some Basic Theorems of Nonlinear Analysis 77

Lemma 3.20. Let T : X — Y be a continuous linear mapping from a Banach
space X onto a Banach space Y. Then there exists a constant T > 0 such that
7By C A(Bx), where Bx = {z € X : ||z|| <1} and By = {y €Y : |ly|| < 1}
are the closed unit balls in X and Y, respectively.

Proof. Since A is onto,
Y = A(X) = A(US°1nBx) = U2 A(nBx) = U2 nA(Bx).

It follows from the Baire category theorem that at least one set nA(Bx)

contains an open set. This implies that A(Bx) contains an open set, say
y+ 7By C A(Bx). Since By = —Byx, we also have —y + 7By C A(Bx).
If z € Y such that ||z|| < 7, then there exist {uy}$° and {vx}$° in Bx such
that y + z = lim Aug, and —y + z = lim Avg. But then z = lim A(ug +vg)/2 €
A(Bx), proving 7By C A(Bx). O

We are now ready to state and prove Graves’s theorem. It should be noticed
that the proof below needs only Lemma 3.20 above and not the full statement
of the open mapping theorem, that it is shorter, and that it proves a somewhat
stronger result than Theorem C.2. Moreover, we deduce the full proof of the
open mapping theorem from it.

Theorem 3.21. (Graves’s theorem) Let X andY be Banach spaces, r >
0, and let f : rBx — Y be a mapping such that f(0) =0. Let A: X =Y be

a continuous linear mapping onto Y satisfying TBy C A(Bx). Let f — A be
Lipschitz continuous on D with a constant 6, 0 < § < 7, that is,

Ilf(21) — fas) — A(zy — 22)|| < d||x1 — 22| for all 1,79 € rBx.

Then -
(r—0)rBy C f(rBx), (3.11)
that is, the equation y = f(x) has a solution ||z| < r whenever ||y|| < (7—3J)r.
Moreover,
cd(@, fH(y) < I1f (@) —yll, forall ||| <, [yl <er, (3.12)

where ¢ : 7 — 6 > 0.

Proof. Define D = rBy, and for each point y € Y, define the function f,
on D,

fy(@) = f(z) =yl
We first claim that

[Vfyl(x) >¢c>0 forall € D such that f,(z) # 0.

If z € D is such a point, then Lemma 3.20 implies that there exists a sequence
{d,} € X with ||d,|| <1 such that
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L@ -y o f@) -y
1f (@) —yll fy(x) n—oo

‘We have

_ f(@)—y
fo+tdn) =y = [(f = D)@ +tdn) = (f = A)(@)] + t[Ady e
tT
+(1- 1) U@ ),

implying that for sufficiently small ¢ > 0 and sufficiently large n,

fylx+tdy) < t6|dn || + o) + (1 - f:(;» fy(@)

< fylx) +t(6 — 1) + o(t)
< fy(.’l'}),

where the last equality follows from § < 7. This shows that x is not a local
minimizer of f,. We have therefore

fy(x) = £y (2) > Tim fy(@) = fy(z + tdn)

v = lim
IV fyl(z) = e lz—z| T e\Om—oo t]|dn |
> m fy(m)_fy(m"‘td") 27-_5:(37
t\,0,n— 00 t

proving our claim.

If (3.11) is false, then there exists y € Y, |ly|| < cr, such that f, is positive
on D. Choosing € := ||y|| < ¢r and noting that ||y|| = f,(0) < infp f, + €,
it follows from Theorem 3.2 (with A = r) that there exists a point z. € D
satisfying

€
fylze) < fy(z) + ;||alcE —z| forall x € D.

Therefore, ¢ < [V f,|(z.) < ¢/r < ¢, where the first inequality follows from
our first claim, and the second one follows since x. is an (¢/r)d-point. This is
a contradiction that settles (3.11).

Finally, let |ly]] < c¢r and € D such that f(z) # y. Define § :=
d(z, f~1(y)) > 0, € := f,(z) = ||f(z) — y|| > 0, and pick 0 < A < 4. Since
infp f, =0, we have f,(z) =infp f, + ¢, and Theorem 3.2 implies that there
exists a point T € D satisfying ||Z — z|| < A < §, so that f,(Z) > 0, and that

fy(@) < fy(z)+ %HT— z|| forall z € D,
so that |V f,|(Z) < e/A. Therefore,

for all 0 < A < § = d(x, f~1(y)). This proves (3.12). O

>/
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Corollary 3.22. (Open mapping theorem) Let X and Y be Banach
spaces and let A : X — Y be a continuous linear mapping onto Y. Then
A is an open mapping, that is, if O C X is open, then A(O) is open inY .

Proof. Applying Theorem 3.21 with f = A, y =0, and § = 0, we obtain
Td(x, A710) < ||Az]],

for all z with small enough norm, and hence for all z, by the homogeneity
of the above inequality. If y = Az satisfies ||y|| < 7, then d(z, A710) < 1.
Thus there exists a point u € X such that Au = 0 and ||z — u|| < 1. Since
A(x —u) = y, this shows that 7By C A(Bx). Since A is linear, it follows that
A is an open mapping. a

The references [16] and [145] contain more applications of Ekeland’s e-
variational principle along these lines.

3.4.2 Lyusternik’s Theorem

Theorem 3.23. (Lyusternik’s theorem) Let X andY be Banach spaces,
U C X an open set, and f : U — Y. Let Ty(xg) be the tangent cone of the
level set M = f~Y(f(xo)) at the point xo € U.

If f is C' in a neighborhood of a point xo such that Df(xo) is a linear
mapping onto Y, then Tpr(xo) is the null space of the linear map Df(xq),
that is,

Tar(zg) =Ker Df(xg) :={d € X : Df(x0)(d) = 0}. (3.13)

Proof. As in the proof of Theorem 2.29, we may assume that zog = 0 and
f(zo) = 0. Define A = Df(0). The proof of the inclusion T3;(0) C Ker A is
the standard one given there, namely if d € Ty;(0), then there exist points
x(t) =td 4 o(t) in M, so that

0= f(td+ o(t)) = f(0) + tDF(0)(d) + o(t) = tAd + o(t).

Dividing both sides by ¢ and letting ¢ — 0, we obtain Ad = 0.
To prove the reverse inclusion Ker A C Tj;(0), note that Theorem 1.18
implies

1f(22) = f(21) = Az — 21)|| < [|l22 — 21) e IDf (1 +t(wz —21)) — All.

Therefore, given € > 0, there exists a neighborhood U > 0 such that f— A
is Lipschitz continuous with a constant € on U. It follows from Theorem 3.21
that there exists a constant ¢ > 0 such that cd(x, M) < || f(z)|| for all z in a
neighborhood V' 3 0.

If d € Ker A, then f(td) = f(0)+tAd+o(t) = o(t), so that d(td, M) = o(t).
Thus, there exists x(t) € M satisfying x(t) — td = o(t). We obtain
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x(t) =0

t
proving that d € T/ (0). O

o(t)

=d T—)daSt—)07

The references [78, 146, 145] provide much more information on Lyusternik’s
theorem and its uses in optimization and related fields. The reference Ioffe [145]
is a recent survey on Graves’s theorem and the associated concept of metric
regularity.

3.4.3 The Inverse and Implicit Function Theorems

The inverse function theorem and the closely related implicit function theo-
rems are among the most important results in all of nonlinear analysis. We
turn to these results next.

Theorem 3.24. (Inverse function theorem) Let X and Y be Banach
spaces, g € X, and f is a C' mapping from a neighborhood of xq into Y.
If Df(z0) : X — Y is invertible, then f is a C* diffeomorphism on a
neighborhood of xq.
Moreover, if f is C* on £2, then f is a C* diffeomorphism on a neighbor-
hood of x.

Proof. Define A = D f(xg). Corollary 3.22 implies that A~! is a continuous
linear map; thus [[A~']| = supj, -, |[A7ly|| < oco. As noted in the proof
Theorem 3.23, given € > 0, there exists a neighborhood U of xg such that

| f(x2) = f(z1) — A(z2 — 21)|| < €llwe — 21| for all z1,22 € U.  (3.14)

This implies that f is one-to-one in a neighborhood of xg, because if z1 # x5
and f(z1) = f(x2) in the above inequality, then

[A(z1 — z2) || = [[f(21) = f(22) — A(z1 — 22)|| < €f|wy — 2]
< el A7 - Ay = 22,
which cannot hold if € > 0 is small enough.
Moreover, the inclusion (3.11) in Theorem 3.21 implies that there exist
open neighborhoods U 3 zy and V 3 yg such that f : U — V is one-to-one

and onto, and the inequality (3.12) implies that f~! : V — U is continuous.
Setting y; := f(x;), i = 1,2, we have

||f_1(y2) - f_l(yl) - A_l(yz — )|l
= |lez — 21 — A7 (f(22) — f(x1))]
AT - [ f(22) = f(21) — Az — 21)|
< el|ATH| - g — @l
< €||A

1
<Ay, g,
C
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for all y1,y2 € V, where the second inequality follows from (3.14), and the
last inequality from (3.12). This proves that f~! is differentiable at yo with
Df~Myo) = A~ = Df(xo) "

If the neighborhood U containing z is chosen small enough such that
Df(x) is invertible for every & € U, then f is a diffecomorphism between U
and V = f(U). It follows that if y = f(x), then

Df~(y) = Df(x)"",

that is,
D(f~')=TInvoDfo f! (3.15)

on f(U), where Inv is the map sending a nonsingular matrix to its inverse.
Since Inv is infinitely differentiable (see Example 1.28) and Df and f~! are
continuous, it follows that f~ € C!. If, moreover, f € C2, that is, Df € C*,
it follows from 3.15 that D(f~!) € C*, that is, f~! € C?. Induction on k
settles the general case. a

Remark 3.25. The above proof of the inverse function theorem differs from
the usual proofs in that Graves’s theorem (for which we gave a variational
as well as a classical proof) is used instead of Banach’s fixed point theorem
to establish the fact that f is an open mapping near zy. The common proof
based on the latter theorem can be found in many books; see for example
Lang [183] for a clean presentation.

The inverse function theorem may fail if the continuity assumption on D f
is removed; see an example in [77], page 273.

If X and Y are Banach spaces, o € X, yo € Y, and f is a C! map in
a neighborhood of (xg, o), we denote by D, f(xo,y0) the derivative of f at
(z0,yo) with respect to x, that is, D, f(zo, o) is the derivative of the map
z — f(z,y0) at zo.

Theorem 3.26. (Implicit function theorem) Let X,Y be Banach spaces,
20 € X, 9o €Y, and f a C' map in a neighborhood of (xo,%o). Define
wo = f(z0,Y0)-

If Dyf(xo,y0) : Y — Y is a linear isomorphism, then there exist neigh-
borhoods U 3 zg and V 3 1o, and a C' mapping y : U — V such that a point
(z,y) € U x V satisfies f(x,y) = wg if and only if y = y(x). The derivative
of y at xg is given by

Dy(x0) = =Dy f(z0,50) " D f (x0, 90)-
Moreover, if f is C*, then so is y(x).

Proof. Define the map F(z,y) = (z, f(z,y)). At a point zo = (zo,¥0), it
follows from Taylor’s formula
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F(xo +th,yo + tk) = (xo + th, f(zo + th,yo + tk))

= (w0 + th, f(@0, o) + t[Dx (w0, yo)h + Dy (0, yo) k] + o(t) )
= F(xo,y0) + t(h7 Dy f(2o,y0)h + Dy f (20, yo)k) + o(t),
that the derivative DF (zg,y0) : X X Y — X x Y given by
DF(z0,y0)(h, k) = (h, Dy f(x0,y0)h + Dy f (20, y0)k)

is a linear isomorphism. It follows from Theorem 3.24 that there exist neigh-
borhoods U > g, V' 3 yo, and W 3 (zp,wp) such that F': U x V — W is
a bijection and F~1is C' (C* if f is C*). Note that F~!(z,y) = (=, g(x,y))
for some function g € C?.

Let (z,y) € U x V. We have f(z,y) = wo if and only F(x,y) = (z,wo), or
(z,y) = F~ Yz, wo) = (v, g(x,wp)), that is, if and only if y = g(z,wo) =: y(z).
Since g € C*t, we have y(x) € C* as well.

The chain rule applied to the function f(z,y(x)) = wq gives D, f(z, y(z))+
Dy f(z,y(x))Dy(z) = 0, leading to the formula for Dy(zo). O

3.5 Exercises

1. Let f : R®™ — R be a lower semicontinuous function that is bounded
from below. Suppose that there exist ¢ > 0 and b and R > 0 such that
f(z) > allz|| + b for ||z|| > R. Prove that the image V f(R"™) is dense in
the ball {z € R™: ||z|| < a}.

Hint: Apply Ekeland’s e-variational principle to the function g(z) = f(x)—
(x,u), where |lu| < a.

2. Let f: X — R be a lower semicontinuous Gateaux differentiable function
on a Banach space X. If f is bounded from below and coercive, that is,
lim ;o0 % = 00, then the range {Vf(z) : z € X} is dense in X*, the
dual space of X.

Remark: Compare this problem to Exercise 6 on page 56.

3. (Caristi) Let (X, d) be a complete metric space, and f : X — RU{c0} a
lower semicontinuous function that is bounded from below. Let T : X —
X be a multivalued mapping, that is, for each x € X, T'(z) is a subset of
X. Prove that if

fy) < f(x) —d(z,y) forall yeT(x),

then there exists a fixed point of 7', that is, there exists a point T € X
such that

T e T(7).
Hint: Set ¢ = A = 1 in Ekeland’s e-variational principle, and show that
the point obtained is a fixed point of T'.
Caristi’s theorem is in fact equivalent to Ekeland’s e-variational principle,
because it is possible to obtain the latter from the former.
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. Prove the following refinement of Corollary 3.5: let f be a function as in
that corollary, and {z,} a minimizing sequence for f. Prove that there
exists another minimizing sequence {y,} for f such that

Flyn) < flan),  |Tn — yy” — 0, and  Vf(yn) — 0.

. Let f : R" — R be a C! function. The function f is said to satisfy
the Palais—Smale condition if whenever a sequence {z,}{° satisfies the
conditions

flan) =, Vf(zn) =0,

then {z,} contains a convergent subsequence.

Prove that if f is bounded from below and satisfies the Palais—Smale
condition, then f must be a coercive function.

. Let f: E — FE be a contractive mapping on a Banach space E. Prove that
the mapping T'= I — f is a homeomorphism of E, that is, T : F — FE is
one-to-one and onto, and T~ is continuous.

Hint: Given y € F, apply Banach’s fixed point theorem to the mapping
z—y— f(z).

. Let f: U — R™ be a C! map, where U C R” is an open set. If the gradient
D f(xzg) at a point z¢ € U is a linear map onto R™, prove that there exists
a local right inverse of f around xg, that is, there exist neighborhoods V' 5
2o and W > f(xg) and a C! mapping g : W — V such that f(g(y)) =y
forall y e W.

Hint: Define A = Df(xg), and find a linear map B : R™ — R"™ such that
AB = I,,. Then show that the inverse function theorem can be applied to
h = foB, and use h to define a suitable function g satisfying the required
properties.

State and prove an analogous theorem when D f(xg) is a one-to-one linear
map.






4

Convex Analysis

Convexity is an important part of optimization, and we devote several chapters
to various aspects of it in this book. This chapter treats the most basic prop-
erties of convex sets and functions, while Chapter 5 is devoted to their deeper
properties, such as the relative interior (both in the algebraic and topological
senses) and boundary structure of convex sets, the continuity properties of
convex functions, and homogenization of convex sets. Chapter 6 treats the
separation properties of convex sets, a very important topic in optimization.
The calculus of the relative interior of convex sets developed in Chapter 5
plays an important role here. Chapters 7 and 8 deal with two, related, special
topics, the theory of convex polyhedra and the theory of linear programming,
respectively. Both are important topics within optimization, and each has
wide applicability within science, engineering, and technology. Many devel-
opments in optimization have in fact been inspired by linear programming.
Finally, Chapter 13 investigates several special topics in convexity.

4.1 Affine Geometry

Convex sets contain the line segment between any two of its points, while
affine sets contain the whole line between any two of its points. Thus, the
natural setting for convex sets is an affine subset of a vector space. Besides,
concepts such as the dimension and the relative interior of a convex set make
essential use of ideas from affine geometry; as an example; see the statement
of Theorem 4.13 below due to Carathéodory. For this reason, we review here
the fundamental properties of affine sets before embarking on the study of
convex sets.

Definition 4.1. A nonempty subset A of a vector space E is called an affine
set if for points © and y in A, the line passing through x and y is contained
in A; in other words,

r,yed = C={z+tly—x)=1—-t)x+ty:tcR} C A

O. Giiler, Foundations of Optimization, Graduate Texts in Mathematics 258, 85
DOI 10.1007/978-0-387-68407-9_4, © Springer Science+Business Media, LLC 2010
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Let A and B be affine sets in vector spaces E and F', respectively. A map
F: A— B is called an affine map if

F(1-tx+ty) =1 —-t)F(x)+tF(y) forallteR.

Let {x;}¥ be a finite set of points in E. An affine combination of {x;}¥ is

any point of the form
k k
i=1 i=1

Let B be a nonempty set in E. The affine hull (or span) of B is the set of
all affine combinations of points from B, that is,

k k
{ZM% tbhi€B, Y =1, k1,2,...}.
=1

=1

Lemma 4.2. Let A be a nonempty set in E. Then aff (A) is an affine set, in
fact, the smallest affine set containing A.

Proof. Tt is clear that A C aff(A). Let us show that aff(A) is an affine set. If
t € R and u,v € aff(A) have the forms

k l k l
U:ZAiIi, ’U:Z[Ljyj, where L, Yj EA, Z)\lil, Z,u] = 1,
i=1 j=1 i=1 j=1

then i l
L—tu+to=> (1—tAai+ Y tpy;.
i=1 j=1
Since
k k l
> a-t)A +Ztu3— A=Y N4ty pyj=1—t)+t=1,
i=1 i=1 j=1

we see that (1 — ¢)u + tv is an affine combination of points in A; this proves
that aff(A) is an affine set.

Next, we show that if D is an affine set containing A, then aff(4) C D, that
is, every affine combination Zle Aix;, x; € A, lies in D. We use induction on
k, the number of elements in the affine combination. The result is trivial for
k =1, and easy for k = 2: if z; and x5 are points in A, and 0 # t € R, then
x1,x2 € D, and since D is affine, we have (1 — t)x1 + tzg € D. Supposing we
have shown the result for every ¢ < k, we prove it for k. Consider an affine
combination z := Zle Niw; with {238 C A, N\ #0,i=1,..., k. Write

k—1 k-1

=« ﬁxl + (1 — a)xr, where a:= AN =1—= A
(S w0 3

i=1 =1
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The point T := Z;:ll()\i/a)zi is an affine combination of {z;}F=!, since
Zf:ll Ai/a = 1, and it lies in D by the induction hypothesis. Since z =
tT + (1 — t)ay, and T, x, € D, we have 2 € D. The lemma is proved. O

An immediate consequence of Lemma 4.2 is the following result.

Lemma 4.3. If A C E is an affine set, then aff(A) = A, that is, all affine
combinations of elements from A lie in A:

k k
{Al}]f C R, Z)\Z =1, {(El}]f cA — Z)\m € A.
i=1 =1
Affine sets are precisely the translations of linear subspaces. The following
result makes this connection explicit.

Theorem 4.4. If A C E is an affine subset of E, and a € A is an arbitrary
point, then
L:=A—-a={y—a:yec A}

is a linear subspace of E, which is independent of a € A; consequently,
A=a+L, and L=A-A={y—=z:y,z€ A} (4.1)

Conversely, if a € E and L is a linear subspace of E, then A := a+ L is an
affine subspace of E.

Proof. Let us first prove that L is a linear subspace of E. Let {x1,22} C L
and {aq, as} C R. Writing x; = y; — a, y; € A, we have

Y:=a+ o1 + o = a+a1(y1 - a) +CV?(yQ - a)
=1 -0 —a)a+ oy + aoys € A,

by Lemma 4.3, since y is an affine combination of a,y1,y2 € A. Thus, ayz1 +
aoxo =y —a € L, and L is a linear subspace of E.

Next, we claim that if a1, as € A, then A —a; = A — as. This is equivalent
to proving that if a € A, the b defined by the equation a — a; = b — aq, that
is, b := a — ay + ag, lies in A. This follows again from Lemma 4.3, since b is
an affine combination of a,ay,as € A.

It remains to prove the converse statement. Let A := a + L, where a € E
and L C F is a linear subspace of E. If y; = a+ x;, z; € L, i = 1,2, then

I-XNy+Axy2=a+[(1—XNz1+Axe] €a+L=A4,
proving that A is an affine subset of E. a

Definition 4.5. Let A C E be an affine set. The (affine) dimension A is the
dimension of the linear subspace L = A — A,
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dim(A) = dim(A — A).

A set of vectors {z;}} in A is called affinely independent if every affine
combination of {x;}, is uniquely written as an affine combination; in other
words, if © = le ;i le a; = 1, then the coefficients {a;}} are unique.

A set of vectors {x;}¥ in A is called an affine basis of A if it is affinely
independent and spans A.

Lemma 4.6. Let A C E be an affine subset of E with the corresponding linear
subspace L = A — A.
A subset {x;}} of A is affinely independent if and only if

l l
Zai:vi:O, Zai:O — a;=0,1=1,...,1 (42)
1 1

Moreover, {x;}, in A is affinely independent if and only if for any fived j, the
vectors {x; — x;}ixj in L are linearly independent.

A set of vectors {x;}T" affinely span A if and only if for any fixed j, the
vectors {x; — x}izj linearly span L. Consequently, a set of vectors {z;}¥ is a
affine basis of A if and only if for any fized j, the set of vectors {x; — x;}iz;
is a linear basis of L.

Proof. Notice that z = le oz and © = Ell Bix; are two distinct affine
combinations if and only if 0 = le (6i—ay)x; is a nontrivial linear combination
with Z (B; — ;) = 0; this proves the first statement.

To prove the second statement, note that the conditions Zi a;r; = 0
and le a; = 0 can be rewritten in the form }, . a;(z; — x;) = 0 with no
restrictions on {a; }iz;.

To prove the third statement, note that L = A — z;. Thus, an arbitrary
point x € A can be represented as an affine combination x = Z;ﬂ ;T
le a;x; = 0, if and only if the corresponding point y =: x —x; € L has a
representation as a linear combination y = Zi# a;(x; — x;), because

y=x—x; = (Zal ,)xj;ai(x,;o:j)jL(i:ail)xj
= Zai(:ci — ;).

The lemma is proved. a

Let F': A — B be a map between two affine sets A and B. It is easy to
verify that F' is an affine map if and only if its graph

gr(F) = {(2,F(z)) iz € A CAx B
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is an affine set. If A and B are vector spaces and F' is an affine map satisfying
f(0) = 0, then it is also easy to verify, using Lemma 4.3, that F' is a linear
map. Consequently, a map between two vector spaces is linear if and only if
its graph is a vector space. The following result elucidates the relationship
between affine and linear maps.

Theorem 4.7. Let F : A — B be an affine map between affine sets A C F,
and B C FEs. Then F preserves affine combinations, that is,

k

k k
F(Z ozixi> = ZaiF(xi), where x; € A, a; € R, Zai =1.
i=1 i=1 i=1
Let L=A— A and M = B — B be the linear vector spaces associated with A
and B, respectively. The function F : L — M defined by

F(z —a):=F(z) — F(a)

18 a linear map that is independent of a € A.

Consequently, if F : A — B is an affine map between two affine sets
A=a+ L and B =0b+ M, then there exists a linear map T : L — M such
that

F(z) =T(z — a) + F(a).

Proof. The graph C = {(z,y) : € A, y = F(x)} is an affine set in Eq X Es.
It follows from Lemma 4.3 that if Z’f a; = 1, then Zlf ai(z;, F(z;)) =
(Zlf oz, 04 F(x;)) € C. This proves the statement that F(E:ll€ ar;) =
Z}f a;F(z;). The set K = C — {(a, F(a)} is a linear subspace of F; X Es.
It is also the graph of the map F': L — M, which is a linear map. It follows
from Theorem 4.4 that K and F are independent of a € A. i

4.2 Convex Sets

In this section, convex sets will be defined within affine spaces, since this is
their natural setting. However, a reader who prefers to work within vector
spaces may assume that each affine set mentioned is a vector space.

Definition 4.8. A subset C in an affine space E is called a convex set if for
x,y € C, the line segment

) = (= N+ g0 <A< 1}
lies in C. In other words, if x,y € C, then (1—XN)xz+ Xy € C for all0 < X\ < 1.

In Figure 4.1, the sets A and B are convex. However, the set C' is non-
convex, since x and y are in C, but not all of the line segment connecting x
and y.
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QO

Fig. 4.1. Convex and nonconvex sets.

Lemma 4.9. Let E be an affine space. The following statements are true.

(a) Intersections of convex sets are convex: if {Cy} er is a family of convex
sets in IJ, then NyerC, is a convex set.

(b) Minkowski sums of convex sets are convex: if {C;}¥_, is a set of conver
sets, then their Minkowski sum

Ci+-+Cri={r1+ -tz :2;,€Cii=1,...,k}

1 a convexr set.

(¢) An affine image of a convex set is convex: if C C E is a convex set and
T : E — F is an affine map from E into another affine space F', then
T(C) C F is also a conver set.

Proof. These statements are all easy to prove; we prove only (a). Let z,y €
C := NyerC,. For each v € I', we have z,y € C,, and since C,, is convex,
[z,y] € Cy; therefore, [z,y] C C and C is a convex set. O

Definition 4.10. Let {z;}} be a finite set of points in an affine space E. A
convex combination of {x;}¥ is any point of the form

k
i=1 )

Let A C E be a nonempty set. The convex hull of A is the set of all convex
combinations of points from A, that is,

k k
A) :{ZAzxz : $i€A7 Z)\i:L i >0, kZl}
=1

i=1

Theorem 4.11. Let A # () be a subset of an affine space E. Then co(A) is a
convez set; in fact, co(A) is the smallest convex set containing A.

Proof. The proof is essentially a repeat of the proof of Lemma 4.2, but we now
make the additional requirements that 0 < o < 1 and that {\;}}, {u;}} be
nonnegative in that proof. It suffices to note that all the affine combinations
now become convex combinations. a



4.2 Convex Sets 91

The following result is an immediate consequence of the above theorem.

Corollary 4.12. If C is a convex set in an affine space E, then co(C) = C,
that is, all convexr combinations of elements from C' lie in C,

k k
A>0, meCi=1. kY =1 = Y \z;eC.
i=1

i=1

The following theorem, due to Carathéodory [53], is a fundamental result
in convexity in finite-dimensional vector spaces, and has many applications,
including in optimization.

Theorem 4.13. (Carathéodory) Let A be a nonempty subset of an affine
space E. Every element of co(A) can be represented as a conver combination
of affinely independent elements from A.

Consequently, if n = dim(aff(A)) < oo, then every element of co(A) can
be represented as a convexr combination of at most n+ 1 elements from A; in
other words,

n+1 n+1

CO(A):{ZAiZEiIZ'iéA, )\ZZO,’L:l,,TL-l-l,Z)\i:l}
i=1 i=1
Proof. Let
k k
x = Z)‘ixi € co(A), where Z Ai=1, A >0. (4.3)
i=1 i=1

If {x;}¥ is affinely independent, then {z; — z1}% is linearly independent and
k —1 <mn; thus, ¥ <n+ 1, and the theorem is proved.

Suppose that {z;}¥ is affinely dependent. It follows from Lemma 4.6 that
there exist scalars {§;}¥ such that

k k
> Giwi=0, > 8i=0, (61,...,0,) #0. (4.4)
i=1 i=1
If we subtract from (4.3) € times (4.4) (¢ > 0), we obtain
k
Tr = (/\1 — 6(51)!.61 + -+ ()\k - €5k)xk, Z(/\Z — 5(51) =1. (45)
i=1

Since Zle 0; = 0, there exist positive and negative scalars §;. If §; < 0,
then \; — €d; > 0 remains nonnegative for all € > 0; however, if §; > 0, then
Ai —e0; > 01if and only if € < \;/d;. Therefore, if we set e = min{\;/d; : §; >
0}, then x remains a convex combination in (4.5), but has at least one fewer
term. We can continue this process until the vectors {xs — z1,...,2p — 1} in
the representation (4.3) are linearly independent. When we halt, we will have
k<n+1. O
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We immediately have the following.

Corollary 4.14. If C' is a nonempty subset of an n-dimensional vector space
E, then every element of co(A) can be represented as a convex combination
of at most n+ 1 elements from A.

Corollary 4.15. If C is a nonempty compact subset of a finite-dimensional
affine space E, then so is the set co(C).

Proof. 1t follows from Theorem 4.13 that
n+1 n+1
co(C) = {Z)‘ixi N >0, ,€Cri=1,....,n+1, Z)‘i: 1},
i=1 i=1
where n = dim(C). Consider a sequence {x*}$° in co(C), where

n+1

k_ kK
" = E Aixy
i=1

. . k;
Since C' is compact, the sequence {z}} has a convergent subsequence x,’ —

x1 € C. Next, let the sequence {x]:f] } have convergent subsequence z,”" —
x2 € C, and so on. Eventually, we can find a subsequence k; such that

lim xfj::ﬂiGC forall i=1,...,n+1.

J—00
Using the same arguments, we can assume that lim;_, )\fj = )\; > 0 for all
i=1,...,n+ 1. Then we have 7' \; = 1, and
n+1
ahi — Z Aix; € co(C).
i=1
This proves that co(C) is compact. O

An alternative proof runs as follows: Let
n+1
An = {()‘17"")‘71+1) :Ai 2077’: 1,...,7’l+17 ZAZ - 1}
i=1

be the standard unit simplex in R®*!, and consider the map

A, xCx---xC— E,
—_———

n+1 times

given by
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n+1
T(/\l, ey /\n+17$17 .. ,.Z‘n+1) = Z /\11‘1
i=1

Note that the image of T is co(C). Since the map T is continuous and the
domain of T is compact (4,, and C are compact), we conclude that co(C) is
compact.

We also record here the following elementary results.

Lemma 4.16. Let E be an affine space in a normed vector space. If C C E is
a conver set, then its closure C' is also a convex set. If C1,Cs C E are convex
sets, Cy is compact, and Cy is closed, then Cy + Cs is a closed, convex set.

Proof. To prove the first statement, define the convex set
Co={z:]z—z||<¢rzelCl={z4+u:z el |u| <e}=C+ B0).

Note that C' := N¢>oC., because a point z € E lies in C if and only if given
€ > 0, there exists a point z € C such that ||z — z|| < e. It follows from
Lemma 4.9 that C is a convex set.

To prove the second statement, let {zx}32,; be a sequence in Cy + Cy
converging to a point z. Write 2z = x 4+ yx with z € C7 and y; € C5. Since
C1 is compact, there exists a subsequence z,, — = € C;. Since zx, — 2z, Yk,
must converge to the point y := z —x € Cy. Thus, z = x +y € C; + Co,
proving that C7 + Cs is a closed set. O

4.2.1 Convex Cones

Definition 4.17. A set K in a vector space E is called a cone if tx € K
whenever t > 0 and v € K. If K is also a convex set, then it is called a
convex cone.

Lemma 4.18. A set K in a vector space E is a convexr cone if and only if
r,yeKandt >0 =— treK, z+yekK. (4.6)

Proof. Let z,y € K. If K is a convex cone, then (z + y)/2 € K, since K is
convex, and z +y = 2((z + y)/2) € K, since K is a cone. This proves (4.6).
Conversely, if 0 < t < 1 and (4.6) holds, then (1 —t)z +ty € K, proving that
K is a convex set. O

Many concepts and results for convex sets have analogues for convex cones.

Definition 4.19. Let {x;}¥ be a finite set of points in a vector space E. A
positive combination of {x;}¥ is any point of the form

k
Z)\Z-xi, N >0,i=1,...,k.

i=1
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Let A C E be a nonempty set. The convex conical hull of A is the set of all
positive combinations of points from A, that is,

k
cone(A) := {Z)\m s eX, N>0, k> 1}.
i=1

Theorem 4.20. Let A be a nonempty set in a vector space E. Then cone(A)
is the smallest conver cone containing A. If K is a convex cone, then
cone(K) = K.

This is proved in exactly the same way as Theorem 4.11. In fact, the proof
here is somewhat simpler, since the weights {);} in a positive combination
are not required to sum to one.

Theorem 4.21. (Carathéodory) Let A be a nonempty subset of a vector
space E. Every element of cone(A) can be represented as a positive com-
bination of linearly independent elements from A. Consequently, if n =
dim(span(A)) < oo, then every element of cone(A) can be represented as
a positive combination of at most n elements from A. In other words,

cone(A) = {Z/\ixl cx;, €A, N >0, 0= 1,...,n}.
i=1
Proof. The proof is essentially the same as in the affine case. Let

k
T = Z Aix; € cone(A), where all \; > 0. (4.7

i=1

If the vectors {z;}¥ are linearly dependent, then there exist scalars {d;}~_,,
not all zero, such that
k
i=2

If we subtract from (4.3) € times this equation, we obtain
xr = (/\1 — Eé])l‘l + -4 ()\k - eék)xk.

The rest of the proof is completed using the same arguments in the proof of
Theorem 4.13. d

Corollary 4.22. If C is a nonempty subset of an n-dimensional vector space
E, then every element of cone(A) can be represented as a positive combination
of at most n elements from A.
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4.3 Convex Functions

In this section, we define convex functions and discuss their most basic prop-
erties. Normally, a convex function f : C' — R is defined on a convex set C
in a vector or affine space E. It will be sufficient for us to assume that E is
a vector space. If C' is a proper subset of F, we may extend f to the whole
space E by defining f(z) = oo when = ¢ C. This device is for convenience,
since it relieves us from having to describe the domain of C' each time a func-
tion is defined or mentioned. A related advantage is that a convex function
is sometimes defined through a pointwise maximization process, which often
introduces +o00 as a function value. It is possible to consider convex functions
taking the value —oo; see [228, 89]. We do not consider them in this book,
since they tend to be rather pathological.

Definition 4.23. Let E be vector space. A function f : E — RU{oo} is called
a convex function if

f(=tx+ty) <A —t)f(x)+tf(y) forall z,y€ E, t€[0,1]. (4.8)
The set
dom(f) = {z: f(z) € R}
18 called the effective domain of f. The function f strictly convex if
F(A=t)z+ty) < (1—t) f(x)+tf(y) for all = #y € dom(f), t € (0,1). (4.9)

A function f : E — RU{—o0} is called a concave function if —f is a
convez function, that is,

flA=tax+ty) > A —=t)f(x)+tf(y) forall z,y€ E, te[0,1], (4.10)
and strictly concave if for all x # y € dom(f) and t € (0,1),
f(A =tz +ty) > (1 =) f(z) + tf(y). (4.11)

It is clear the function inequalities above need to be verified only when f(z)
and f(y) are finite. Also, it is easy to show that dom(f) is a convex set of E.
Thus, f : dom(f) — R is a convex or concave function in the usual sense, that
is, it satisfies the relevant functional inequality above for all z,y € dom(f).

If f:C — R is a convex function on a convex set C C F and a € Ris a
constant, then it is easy to show that the sublevel sets of f,

la(f):={zeC: f(z) <a}

and {z € C: f(z) < a}, are convex. However, the converse is false, since the
sublevel sets of any monotonic function in R are convex.
Recall that the epigraph of f is the set in R"*! defined by the formula

epi(f) ={(z,e) :z € E,0 € R, f(z) < a}.

The following simple but important result makes it possible to view convex
functions geometrically, an important theme in convex analysis.
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Lemma 4.24. Let f : E — R U {oo} be a function on a vector space E. The
function f is convex if and only if epi(f) C E X R is a convex set in E x R.

Proof. First, assume that f is convex. Let (x;, ;) € epi(f), i = 1,2, and
0 <A< 1. We have f(z;) < «; (i = 1,2), and since f is a convex function,
we obtain

f((]. — )\)iL’l + )\.TQ) S (1 — )\)f(ib’l) —+ )\f(%Q) S (1 — )\)Oél + )\QQ;

this implies (1 — X)(x1, 1) + A(x2, a2) € epi(f), and proves that epi(f) is a
convex set.
Conversely, suppose that epi(f) is a convex set. Let 1,22 € F and 0 <

A < 1. We have (z;, f(x;)) € epi(f), i = 1,2, so that
(1= (21, f(21)) + A2, f(22)) = (1 = N)wy + Az, (1= A) f21) + Af(22))
lies in epi(f), that is,

FIL=Nz1 + Azg) < (1= A)f(21) + Af(22),

thus proving that f is a convex function. O

epi(f)

Fig. 4.2. Epigraph of a convex function.

Corollary 4.25. (Jensen’s inequality) If f : E — R U {oco} is a convex

function, then
k

f(i /\iﬂﬁi) <> Aif (@),
1

1

whenever A\; >0, i=1,... k, and Zle A= 1.
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Proof. Since the corollary clearly holds if f(x;) = co for some x;, we assume
f(z;) € Rfor all i = 1,...,k. The points (z;, f(x;)) lie in epi(f), and since
epi(f) is a convex set, we have

k

k k
> Ml f) = (3o M Yo Af(@) € epi(h).

i=1

It follows that

f (Ek: Nizi) < 30N ().

Lemma 4.26. The following functions are convex:

(a) The affine function f(x) = (a,x) + b, where a € E, and b € R.

(b) A norm function f(x) = ||z|| on a normed linear space E.

(c) If {fi}£_, are convex functions, and c; > 0, then the function Zle o fi
is a convex function.

(d) If { fo}aca is any family of convex function, fo : E — RU{oco}, then the

pointwise supremum of fo, f(2) 1= supyeca fa(), is a convex function
f:E—RU{oo}.

Proof. The proofs of (a) and (c) are trivial. To prove (b), note that if z,y € E
and 0 < A < 1, then

S =Nz +Ay) = [[(1 = Nz + Myl| < [|(1 = Nzl + [[Ay]]
= (=Nl + Myl = 1 =X f(x) + Af(y)-

To prove (d), we consider epi(f):
epi(f) = {(z, ) : sggfa(z) <A =A{(z, ) : fa(z) <\ forall ac A}

= ﬂ {(z,a): falz) <A} = ﬂ epi(fa)-
acA acA
Since each epi(f;) is convex, we see that epi(h) is convex, implying that f(x)
is a convex function. O

We remark that taking the pointwise supremum of convex functions as in
(d) is a common operation in optimization and convex analysis. While this
operation preserves convexity, it usually destroys differentiability.

4.4 Differentiable Convex Functions

In this section, we give characterizations of differentiable convex functions in
terms of their gradients or Hessians. When applicable, these often provide the
quickest means to establish the convexity of a function.
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The following important result gives the differential characterization of
convex functions.

Theorem 4.27. Let C be a convex set in R™, and let f be a Gateaux differ-
entiable function on an open set containing C.

Then f is convex on C if and only if the tangent plane at any point x € C
lies below the graph of f, that is,

f@) > fl@)+ (Vf(z),y —x) forall xz,yeC. (4.12)

Moreover, f is strictly convex on C if and only if the inequality above is
strict when y # x.

Proof. First, assume that f is a convex function. If ¢ € (0,1), then the in-
equality f(z +t(y —z)) = f(1 —tx+ty) < (1 —1t)f(z) +tf(y) can be

written as
flz+t(y —tff)) — f(=) < fy) — f(a); (4.13)

taking the limit of the left-hand side as ¢ \, 0, we obtain

fla+tly—=)) - f(z)
t\,0 t

< f(y) — f(2).

Conversely, assume that (4.12) holds. Let z,y € C, ¢ # y, t € (0,1), and
define z; ;= x + t(y — ) = (1 — t)a + ty. The inequality (4.12) gives

)
(@) = f(2e) +(Vf(2e), 2 — 24),
Fy) > f(xe) +(Vf(xe),y — a4).

Multiplying these inequalities by 1 — ¢ and ¢, and adding them, we obtain

(L =0)f () +tf(y) = fxe) +(Vf(2e), (L= D) + by — )
= flze) = (1 =)z +ty),

which proves that f is a convex function.

Suppose that f is strictly convex. Let x,y € C, x # y, and t € (0,1).
Then, the inequality in (4.13) is strict. It is straightforward to verify that the
difference quotient (f(xz +t(y —x)) — f(x))/t is a nonincreasing function of ¢,
and strictly decreasing if f is strictly convex (see Exercise 9 on page 108); it
follows that

(4.14)

(4.15)

(V10— o) = fig LD =)y Sty 0) = 1)

< fy) — f(2).

Conversely, if the inequality (4.12) is strict for 2,y € C, z # y, then a; € (x,y)
and the inequalities in (4.14) and (4.15) are strict, proving that f is a strictly
convex function. O
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Exercise 10 offers a different insight into the above theorem.
The following important result provides the second-order differential char-
acterizations of a convex function.

Theorem 4.28. Let C be a conver set in R™, and let f be a twice Fréchet
differentiable function on an open set containing C'. Then,

(a) The function f is convex on C if and only if the Hessian H f(x) is positive
semidefinite at every point x € C;
(b) If H f () is positive definite at every point x € C, then f is strictly convez.

Proof. (a). First, assume that f is convex and consider an arbitrary direction
d € E. Tt follows from Theorem 4.27 and Taylor’s formula that

f(@) + 6V f(2),d) < f(x+td)

t2
= f(2) + £V f(@),d) + 5 (Hf(@)d, d) + o(t?).
This implies that (H f(x)d, d) + o(t?)/t?> > 0; letting t — 0 proves that H f(z)
is positive semidefinite.

Conversely, assume that H f(z) is positive semidefinite at every = € C,
and let z,y € C, x # y. There exists a point z € (z,y) such that

(Hf(2)(y —2),y — )

N | =

fy) = flx) +(Vf(z),y —z) +
> f(z) +(Vf(z),y — z),

and Theorem 4.27 implies that f is convex.
The proof of (b) is similar to that of (a). O

It should be mentioned that the converse of statement (b) is false, as the
function f(x) = 2* shows: f is strictly convex, but f”(0) = 0.

Remark 4.29. Theorems 4.27 and 4.28, with straightforward modifications, are
valid in much more general spaces.

Corollary 4.30. Consider the quadratic function

£(@) = 5(Qu.2) + (e,2),

where @ is a symmetric n X n matriz and ¢ € R™. Then:

(a) The function f is convex if and only if Q is positive semidefinite;

(b) The function f(x) is strictly convez if and only if Q is positive definite;

(¢) If f is bounded below on R™, then f is convex and achieves its minimum
on R™;
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(d) Let X* be the set of the global minimizers of f; if X* # 0, then the values
(Qx*,z*) and (c,x*) are independent of x* € X*; in fact,

(Qx*,x*) = —{c,x™) = —Z%innf for all z* e X*.

Proof. We have Vf(z) = Qx + ¢ and H f(z) = Q; see Example 1.26. Thus,
Theorem 4.28 proves (a).
If f(x) is strictly convex and h # 0, then Theorem 4.27 gives

F(@) + (V). B) < flo+ h) = F(a) + (VF (), B) + 5(Qh, B

We have (Qh,h) > 0 for all 0 # h € R"™, that is, Q) is positive definite.
Conversely, if ) is positive definite and h # 0, then

fl@+h) = fz) +(V (), h) + %(Qh, h) > f(x) +(Vf(z),h),

and Theorem 4.27 implies that f is strictly convex. This proves (b).

If z* is a global minimizer of f on R™, then Hf(xz*) = @ is positive
semidefinite by Theorem 2.12, and then it follows from (a) that f is a convex
function.

Suppose that f is bounded from below on R"™. Diagonalize ) in the form
Q = UAUT, where U is an orthogonal matrix and A = diag{\1,...,\n},
where \; # 0 for i =1,....,kand \; =0 for i = K+ 1,...,n. Substituting
u = UTz and setting ¢ = U”'¢c, we have

flx) = %(AUTx, UTa) + (UTe,UTz) = %(Au,u> + (¢, u)

k n
_ A
=: f(u) = g <5uf +E¢ui) + E Ci;.
i=1 i=k+1

It is clear that minimizing f over € R™ is equivalent to minimizing f over
R™ and that f has a lower bound on R” if and only if \; > 0 fori =1,...,k
and ¢; = 0 for i = k+ 1,...,n. Moreover, if f is bounded from below, then it
has a minimizer, since each function %Aluf +¢u, is minimized at uf = —¢;/\;
for i =1,..., k. This proves (c).

It remains to prove (d). If x € X* is any global minimizer of f, then
Vi(x*)=Qx*+c=0 and

1 * * _1 *
:—§<Q$ , 7)) = §<Ca$ ).
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It is shown in Chapter 1 (see Exercise 9 on page 25) that Gateaux differ-
entiability is in general weaker than Fréchet differentiability, and additional
conditions, such as the continuity of partial derivatives, are needed to improve
Gateaux differentiability to Fréchet differentiability; see Theorem 1.19. We
end this section by showing that convexity collapses the distinction between
Gateaux and Fréchet differentiability.

Theorem 4.31. Let C' be a convex set in R" such that int(C) # 0, and let
f:C — R be a convez function. If x € int(C), and the partial derivatives
{0f(x)/0x;}] exist, then f is Fréchet differentiable at x.

Consequently, if f is Gateauz differentiable at x, then it is Fréchet differ-
entiable at x.

Proof. Define the function
g(h) == f(z +h) = f(x) = (Vf(x),h).

Note that g is a convex function, g(0) = 0, and Vg(0) = 0. We have

Znhez <ZhgnheZ <|Ih]- Z‘ g(nhie;)

where the last two sums are over all ¢ such that h; # 0. Here the first in-
equality follows from Jensen’s inequality, and the last inequality follows from
the Cauchy—Schwarz inequality followed by the inequality |lu|| < |ull1 =
St |uil, u € R™ The convexity of g also implies that 0 = 2¢(0) <
g(—h) + g(h). Using this and the above inequalities for g, we obtain

_ g(—nhie;)| _ —g(=h) _ g(h) g(nhie;)
Z‘ ki | = A thﬁz‘ nh;

The terms inside the sums above converge to dg(0)/d0z; = 0 as h; — 0.
Thus, g(h) = o(h), which is equivalent to the statement that f is Fréchet
differentiable at x.

)

4.5 Optimization on Convex Sets

One of the most important and basic properties of convex functions is the fact
that any local minimizer on a convex set is a global one.

Theorem 4.32. Let f : C' — R be a convex function on a convex set C' in a
vector space E. Any local minimizer of f on C is a global minimizer of f on
C. If f is strictly convex, then there exists at most one global minimizer of f

on C.
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Proof. Let 2 € C be a local minimizer of f on C. If x € C, then the line
segment [z*,z] lies in C. For ¢ € (0,1), the point z; := z* + t(x — 2*) =
(1 —t)z* + tx lies in C, and since x* is a local minimizer, f(z*) < f(x;) if ¢
is close to 0. We have

f@) < fla) < (1 —0)f(27) +tf(2),
where the last inequality follows from the convexity of f. Consequently,
f@*) < f(z) forall z € C,

that is, * is a global minimizer of f on C.
If f is strictly convex and x7 and 23 are two global minimizers of f on C,
then

F(TETEY < D) + 508 = fat) = fah) = 1

a contradiction. The theorem is proved.
A slightly different proof runs as follows: If z € C satisfies f(z) < f(a*),
then

fla" +t(e—a™)) = f(1 = )" +tx) < (1 =) f(2") +tf(2) < f(27)

for all t € (0,1], that is, f(z) < f(z*) for all z € (z*,z]. Since the segment
(z*,2] C C contains points arbitrarily near z*, this clearly contradicts the
assumption that x* is a local minimizer of f. O

Now we consider the minimization of a differentiable function f on a con-
vex set C'. We obtain an important first-order necessary condition, called a
variational inequality (the inequality (4.16) below), that a local minimizer
x* € C of f must satisfy. If f a convex function, then the variational inequal-
ity is a sufficient condition as well, so that it provides a characterization of a
global minimizer of the convex function f on C.

Theorem 4.33. Let C' be a convez set in R™, and let f be a Gateaux differ-
entiable function on an open set containing C.

(a) (First-order necessary condition for a local minimizer) If z* € C
is a local minimizer of f on C, then

(Vf(x*),x —x*y >0 forall z€C. (4.16)

(b) (First-order sufficient condition for a local minimizer) If f is
conver and (4.16) is satisfied at x* € C, then x* is a global minimizer of

fonC.

Proof. To prove (a), pick a point « € C. Since C' is convex, [z*,z] C C, and
since x* is a local minimizer of f on C, we have f(z* + t(x — z*)) > f(z*)
when t > 0 is close to zero. Thus,
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o f@t i —at) — f(@)
(Vf(@")o—a") = lim ;

> 0.

To prove (b), suppose z* € C satisfies the variational inequality (4.16).
We have

flx) > f(x*) + (Vf(z"),z —a*) > f(z") forall ze€C

where the first inequality follows from the convexity of f, and the second one
from (4.16). O

It is clear from the proof above that Theorem 4.33 is valid in very general
spaces, including normed linear spaces.

4.5.1 Examples of Variational Inequalities

Ezample 4.34. Let f be a Gateaux differentiable function in a neighborhood
of a convex set C' C R™. If C' has nonempty interior, and z* € int(C) is
a local minimizer of f, then Vf(z*) = 0, as we have seen in Chapter 2
(Theorem 2.7). This equation also follows from the variational inequality,
since choosing x = z* — eV f(z*) € C in (4.16) gives |V f(z*)| < 0.

Ezample 4.35. Consider a differentiable function f : [a,b] — R. If 2* € (a,b)
is a local minimizer, then the preceding example above shows that f/(z*) = 0,
the familiar condition from elementary calculus. If * = a is a local minimizer,
then x—x* = z—a > 0 in the variational inequality, so we can deduce only that
f'(a) > 0. Thus, the condition f’(a) > 0 is the first-order necessary condition
for a to be a local minimizer of f on [a,b]. A similar argument shows that
if * = b is a local minimizer of f on [a,b], then f/(b) < 0. We see that the
variational inequality gives something new, even in the one-dimensional case.

Ezxample 4.36. Consider the minimization of a differentiable function on an
affine subspace,

min  f(z)
s.t. Ax =b,
where f : R" — R, A is an m X n matrix, and b € R™. Define C = {z €

R™: Az = b}. If 2* € C is a local minimizer of f on C, then it satisfies the
variational inequality

(Vf(z*),z —a*) >0 forall zeC.

Since {z=z—2*: 2 € C} ={z: Az = 0} = N(A), the variational inequality
becomes
(Vf(x*),z) >0 forall z€ N(A).

If z € N(A), so is —z € L, and the above inequality reduces to the equality
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(Vf(x*),z) =0 for all z € N(A).

We know from linear algebra that this is equivalent to the inclusion V f(z*) €
N(A)t = R(AT). Consequently,

Vf(z*) € R(AT) (4.17)

is a necessary condition for z* to be a local minimizer. If f is convex, then
(4.17) is a necessary and sufficient condition for z* to be a global minimum
of f over C.

The condition (4.17) can be put in the form

Iy Vf(z") =0,

which states that the component of V f(z*) along the feasible set C = {z :
Az = b} is zero. This resembles the first-order optimality condition in uncon-
strained optimization, and should make it easier to remember (4.17).

Ezample 4.37. Consider the quadratic program

1
min f(z) := §<Q:r,x> + Tz,
s.t. >0,

where @) is an n X n symmetric and ¢ € R".

If @ is positive definite, then the objective function f(z) is coercive, and
thus there exists a unique global minimizer x* of f over the nonnegative
orthant {z € R : z > 0}.

Let * > 0 be a local minimizer of f on the nonnegative orthant. Since
Vf(z*) = Qz* + ¢, the variational inequality becomes

(Qx" +c,x—2a*) >0 for all z>0in R™ (4.18)

If we choose = 2z* and then x = 0 in (4.18), we obtain (Qz* 4 ¢,x*) = 0.
Substituting this in (4.18) implies that (Qz* + ¢, z) > 0 for all > 0, which
in turn yields Qx* + ¢ > 0. Therefore, (4.18) implies the conditions

Qr*4+c¢>0, 2*>0, and (Qx*+c,a*)=0. (4.19)

Conversely, it is easy to verify that (4.19) implies (4.18).

Therefore, the two inequalities and the equation in (4.19) are the first-
order necessary conditions for a local minimizer of a quadratic function f
over the nonnegative orthant. If, moreover, f is a convex quadratic function,
then (4.19) characterizes a global minimizer of f over the same orthant by
virtue of Theorem 4.33.

Remark 4.38. The problem of finding a point z* satisfying (4.19), where @
is an arbitrary n x n matrix @, is called a linear complementarity problem
(LCP). Note that if @ is not symmetric, then (4.19) cannot be associated
with an optimization problem, but it may come from a saddle point problem,
for example.
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Ezample 4.39. Consider the maximization problem

max g(z) =z ... .z0",

s.t. x1+--4x,=1

1‘7,20, i=1,...,n

Since each z} must clearly be positive at a local maximizer, we can reformulate
the problem:

min  f(z):=—-a;lnz; + -+ (—a,) Inx,

s.t. r1+---+x, =1

We have Vf(z) = (—ai/z1,...,—a,/z,)T, and the constraint set has the
form C = {z: Ax =1}, where A =[1,...,1]; thus it follows from (4.17) that
a;/zf =X (i =1,...,n). Therefore, zj = a; /A and

n ’I’La
_E:*_E:J
1= T, = N

i=1 i=1

giving A = >"" | o; and

* Q;
Ty = n 9
> k=1 Ok

Optimization is often a useful tool for proving inequalities. For example, if
ar =1/nfor all k =1,...,n in the above problem, then z* = (1/n,...,1/n),
and the optimal objective value of the maximization problem is g(z*) = 1/n.
This proves that g(xz) < 1/n whenever > 0 and 1 +- - -+x,, = 1. Since both
the objective function and the function h(x) := 1 +- - - +z,, are homogeneous
of first degree, that is, g(tx) = tg(x) and h(tz) = th(x) for ¢ > 0, we have
indeed proved the inequality

1=1,...,n.

Ti+xp+ -+ Ty
n

Vr1xe - xy <

forall x;>0,i=1,...,n,

which is the precisely the arithmetic—geometric mean inequality. Moreover,
since the maximum of g over the feasible set is unique, we see that the
arithmetic—geometric mean inequality becomes an equality if and only if
x1:x2:--~:1’n.

Ezample 4.40. Finally, we consider the minimization of a differentiable func-
tion on a convex polyhedron,

min  f(z)
s.t. Ax <a,
Bx =0,
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where f : R" — R, A and B are m X n and p X n matrices, respectively,
a € R™, and b € RP. Define C = {x ¢ R" : Ax < a,Bx=b}. Ifz* € Cisa
local minimizer of f on C, then it satisfies the variational inequality

(Vf(x"),z —x*) >0 for all x € C,
or equivalently the implication
Arx <a, Bx=b = (Vf(z"),z)> (Vf(z"),z").

It is not a trivial matter to rewrite this system of potentially infinitely many
conditions (one condition for each z € P) in a compact, manageable form,
but it is possible. Note that the implication above is equivalent to stating that
the linear inequality system

Az < a, Bx = b7 <Vf($*),x> < <Vf(l'*),(£*>

is inconsistent. It follows from Theorem 3.17 that there exist multipliers y €
R™ z € R™ such that

Vi) =ATy+ BTz, y>0. (4.20)

These optimality conditions are referred to as the Karush—Kuhn—Tucker
(KKT) conditions for the problem of minimization of f over the set C' =
{z : Az < a,Bxz = b}. This topic will be discussed in great detail in Chap-
ter 9.

If f is a convex function, then the KKT conditions (4.20) are, of course,
necessary and sufficient conditions for a global minimizer of f over C.

4.6 Variational Principles on a Closed Convex Set

If we minimize a differentiable function f : ¢ — R over a convex set in
C C R™ and f has a local minimizer on C, then the variational inequality
may be applied. If f is bounded from below on C' but has no minimizer on C|,
then Ekeland’s e-variational principle may be helpful.

Theorem 4.41. Let C C R™ be a closed convex set, and f a lower semicon-
tinuous, Gateaur differentiable function in a neighborhood of C'.

If f is bounded from below on C, then there exists a sequence {z}7>, of
points in C' such that

flzr) — igf fy and  lm (Vf(xg),d) >0 for all d € rec(C),

k—oo

where rec(C) is the recession cone of C,

recC:={deR":z+tde C foralzecC, t>0}
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Proof. Applying Theorem 3.2 with A = 1 and ¢ = 1/k, we obtain a point
x) € C satisfying the conditions

flax) < inf f +% and  f(zr) < f(z) + ”:”_7];”’“” for all = € C.

Let d € rec(C) and t > 0. Since f is Gateaux differentiable, we have
fxy, +td) = f(ax) + €V f(2r), d) +o(t);
substituting this in the second inequality above and simplifying, we obtain

d o(t
0 < (Vi) d) + 104 D).
Letting ¢ \, 0, we see that the sequence {x} satisfies the required properties.
O

4.7 Exercises

1. Let C be a nonempty set in a vector space E. Show that C' is convex if
and only if sC 4+ tC = (s + t)C for all positive numbers s, .

2. Let A be a nonempty set in a vector space E, and define cog(A) to be the
set of all k-convex combinations of points from A, that is,

k k
COk(A) = {Z NiL; T € A, A > 0, Z)\Z = 1}
i=1

=1

Show that cox(co;(A)) = coxi(A) for any positive integers k and I.

3. Let K; and K5 be convex cones in a vector space FE. Show that K; + Ks
is a convex cone, K1 + K5 C co(K; U K3), and if both cones contain the
origin, then Ky + K3 = co(K; U K3).

4. Let C, D be two nonempty sets in R".

(a) If C is open, show that C'+ D is open.
(b) If C is open, then so is co(C).
(c) Give an example of a closed set in R? whose convex hull is not closed.

5. The convexity of a function is a one-dimensional concept in the following
sense. Let f : C'— R be a convex function, where C' is a convex subset of
a vector space E. For z,y € C, define d = y — x and define the function
h(t) := f(z +td) on [0, 1]. Show that f is a convex function if and only if
h(t) is a convex function for every pair z,y € C.

6. Let f: C'— R be a strictly convex function on a convex set C' in a vector
space E. Let z; € C and \; > 0 for : = 1,2,...,k such that Zle A= 1.
If

Fazr + -+ Xgzg) = M f(@) + -+ A f(2n),
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then show that 1 = 29 = -+ - = xy.

Hint: Use induction on k.

This problem is important for applications of convexity to inequalities

where it is used to characterize when the inequality becomes an equality.
7. Show that the function f(z) := —Inz is strictly convex on (0, c0). For n-

tuples (z1,22,...,2,) and (a1, as,...,a,) such that zx > 0 and ag > 0

for all k, and Y ay = 1, show that

Pt xg? o rnt < oagmy 4 aeka + - 4 iy,
with equality holding if and only if 1 = 25 = -+ = z,,.
8. Consider the arithmetic—geometric—harmonic mean inequality,
n 1+t
T < (x1~-~xn)1/" < #7
o 4+ o+ o n
where 1, ..., x, are positive numbers.

(a) Use Exercise 7 to prove the arithmetic—geometric mean inequality,
and characterize when the inequality becomes an equality.
(b) Prove the geometric-harmonic mean inequality, and characterize the
equality case.
9. Let f: I — R be a convex function on an interval I = [a, b].
(a) If 1 < w9 < w3 are three points in I, then show that

f(z2) — f(21) < f(x3) — f(21) < f(x3) — f(x2)

To — I - Trs — T1 - I3 — I

Moreover, show that the inequalities are strict when f is a strictly
convex function.
Hint: The inequalities may be obtained by purely algebraic means,
but it may be helpful to draw a picture to visualize them.

(b) Use (a) to prove that the one-sided derivatives exist: if « is an interior
point of I, then show that the difference quotient (f(z +¢) — f(z))/t
is an increasing function of ¢ > 0. Use this to show that

ity =t TEEOZTE) g T 0 2 ()

exists and is finite; similarly, show that

A {CO N (CR VY ()

’ —
f_(l‘) 0 t t 0 t

exists and is finite.

(c) If x is an interior point of I, show that f’ (z) < f! (z).

(d) If z is not an interior point of I, show that one of the one-sided
derivatives still makes sense, that it exists, but give an example to
show that it may be infinite (Foo).
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(e) Let f : C — R be a convex function on a convex set C' C R™. Consider
a point z € C and a direction d € R™ such that [z, x4dd] € C for some
6 > 0. Recall that the directional derivative at = along d is given by

o fla e td) — f(@)
f'(azd) = lim g .

Show that the directional derivative exists by proving that

oz = g LEH DS

but it may be infinite. Show that if [x —dd, x +dd] € C for some 6 > 0,
then f’(z;d) is finite.
Hint: Use parts (a)—(c).
This proves the important result that a convex function always has di-
rectional derivatives in the interior of its domain, regardless of whether
it is differentiable in any other sense.

10. This problem provides a condition equivalent to the convexity inequality

F(1=Ha+ty) < (1—)f@) +tf(y), 0<t<1.

(a) Let f: I — R be a function, where I C R is an interval. Let z,y € T
and let [ be the line connecting (z, f(z)) and (y, f(y)). Recall that the
function f is convex if and only if the segment of [ between (x, f(z))
and (y, f(y)) lies above the graph of the function f. Show that this is
equivalent to the statement that the remaining part of the line [ lies
below the graph, that is,

FlA=ta+ty) > (1 -f(@) +tfy), t>1, 1-trt+tyel

(b) Let f: R — R be a convex differentiable function. Use part (a) to
give a more geometric proof of the convexity inequality

f) =z f@)+ f(2)(y — o)

given in Theorem 4.27 on page 98.

(c¢) Let f : R — R be a convex function satisfying f(0) = 0 and f(z) > 0
for some z > 0. Show that lim, ., f(z) = co. If, moreover, f(y) > 0
for some y < 0, then show that f is a coercive function.

(d) Generalize parts (b) and (c) to a function f: C — R, where C C R"
is a convex set.

11. Let f: C — R be a twice Fréchet differentiable function on a convex open
set C' C R™. The following statements are known to be equivalent:

(a) f is convex.

(b) f(y) > F(@) + (V(x),y — ) for all 2,y € C.

() (Vf(y) = Vf(z),y —z) >0 for all z,y € C.



110

12.

13.

14.
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(d) H f(x) is positive semidefinite at every x € C.

In fact, we have proved that (a), (b), and (d) are equivalent conditions.
Give direct proofs of

(i) (b) implies (c).

(ii) (c¢) implies (b).
Hint: First, show that the function g(t) := f(z+t(y—2))—t{Vf(z),y —x)
is differentiable and nondecreasing.

(iii) (c) implies (d).

(iv) (d) implies (c).

(a) Let f: R — R be a differentiable function such that the graph of the
function f at every point x € R is supported by a line, that is, there
exists o, € R satisfying

fly) > f(@) + az(y — z).

Show that «, = f’(z), and consequently, that f is a convex function.

(b) Suppose that f : R™ — R is a differentiable function such that the
graph of f at every point x € R"™ is supported by a hyperplane, that
is, there exists a, € R" satisfying

fly) > f(@) + (e, y — ).

Show that «, = V f(x), so that f is a convex function.
(c) Prove (a) and (b) without assuming that f is differentiable.
(Infimal convolution of convex functions) Let f,g : R® — R U {co} be
convex functions. The function

(fOg)(z) :==inf{f(z —y) +g(y) :y € R"}

is called the infimal convolution of f and g.

Show that fOg is a convex function.

Let C C R” be a convex set. Show that the following functions are convex:
(a) The indicator function of C' defined by

0, ifexeC,
50(%‘) = {

400, otherwise.
(b) The distance function to C defined by
do(z) :=inf{||z —z| : z € C}.
(¢) The support function of C' defined by
oc(z) :=sup{(z,z) : z € C}.

Hint: Consider the epigraph of the function.
Furthermore,
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(d) Show that de = || - || O d¢, where || - ||(z) = ||z|| is the norm function
on R™.

15. Let the function f : C — R given by f(z) = {(a,z)?/(b,x) be defined on
a convex set C' C R™ such that (b,xz) > 0 on C. Show that f is a convex
function.

16. (a) Show that if g : R — R is a concave function with g(z) > 0, then

f=1/g is a convex function.

(b) Show that a function f : R™ — R is convex if and only if for any
given z,y € R™ the function h : R — R given by h(t) = f(z + ty) is
convex.

(c) Use (a) and (b) to show that if a function g : R™ — R is concave and
g(z) > 0, then the function f =1/g is a convex function.

17. Suppose that f: R™ — R is a convex function.

(a) Show that if f(0) = 0 and f is an even function, that is, f(—xz) =
f(z), then f(z) > 0 for all x € R™.

Hint: Compare f(x), f(—z), f(0) using the convexity of f.

(b) Suppose that f is homogeneous of degree p # 1, that is, f(tz) =
t? f(x) for all € R™ and for all ¢ > 0. Show that f(0) = 0 and
f(z) >0 for all z € R™.

Hint: Use the convexity inequality for f on the three points —z,tx, 0,
and vary t > 0.

(c¢) Show that if f is not a constant function, then there exists 0 # ¢ €

R™ such that
tll>r£lo fltzp) = 0.

Hint: We may assume that f(0) = 0. Show that there exists a point
xo with f(xzg) > 0 and apply the convexity inequality for f at the
points 0, g, txg, where ¢ > 1. (If 29 does not exist, then one would
get a contradiction by applying the convexity inequality at z,—z,0
for any x # 0.)
18. Let D be a compact, convex set in R™, and let C' be its projection onto
R"~! that is, onto the hyperplane z,, = 0. Show that there exist two
convex functions f and g on C such that

D={(z,)):z€C, —g(x) <A< f(zx)}.

19. (Logarithmically convez functions) A positive-valued function f : C' — R,
where C' C R™ is a convex set, is called logarithmically convex if g(z) :=
In f(z) is a convex function.
(a) Let f : [a,b] — R. Show that f is a convex function if and only if

Sup {f(t) — at} < max {f(t) — at}

for all & € R and all closed subintervals I of [a, b].
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(b) Let f be a positive-valued function on [a,b]. Use part (a) to show
that the function In f(t) is convex if and only if e f(¢) is a convex
function for every ¢ € R.

(c) Let {fi(t)}¥ be positive-valued functions on [a,b] such that each
In f;(¢) is a convex function. Show that ln(Zle fi(t)) is a convex
function.

(d) Show that ln(Zle efiV) is a convex function if the functions {f;}
are all convex.

This proves that if {f;}¥ are convex functions, then Zle efi) s a
logarithmically convex function.

(e) Generalize (d) to show that [ ef(*:*)ds is logarithmically convex under
appropriate assumptions on f (¢, s).

(f) Generalize parts (¢)—(e) to functions on a convex set C' C R™.

20. (Finite difference characterization of convex functions) Let f : I =
[a,b] — R, and let z1,z9,23 € I be three distinct points. Define the

finite difference
fz1) — f(a2)

(21, 2] f = ———,
r1 — T2

and the second-order finite difference

[x1, 2] f — [x2, 23] f
r1 — I3 '

[Il,.’ﬂg,xg]f =

Show that f is a convex function if and only if [x1,z2,23]f > 0 for all
distinct z1, 29,23 € 1.

21. Jensen’s inequality for convex functions has integral versions. The follow-
ing is an example. Let f : C' — R be a continuous convex function on
a convex set C C R™. If  : [0,1] — C is any continuous function with
component functions x;, that is, x(t) = (x1(t), ..., z,(t)), then prove that

i ([ =) < [ 0
/Ola:(t)dt = </01371(t)dt7~-~,/01 xn(t)dt)_

Hint: Approximate the integral with Riemann sums,

JRECOLE ST}

and do the same with the integral fo t)dt. Use Jensen’s inequality on
the sums and pass to the limit.

22. (Convexity of the function —Indet X ) Consider the function f(X) =
—Indet X on the positive definite cone P,, the set of symmetric, posi-
tive definite n x n matrices. The purpose of this exercise is to prove that
f is strictly convex, in three different ways.

Here
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(a) In Example 1.27 on page 18, it is shown that Hf(X) = X"1® XL
If D is a symmetric n X n matrix and X € P,, show that

(Hf(X)(D),D) = t2(X~'DX'D),

and if D # 0, prove that (H f(X)(D), D) > 0.

(b) First, show by direct computation that f is strictly convex on the set
of diagonal matrices with positive entries. Next, let X, Y € P,, and
use Theorem 2.21 on page 42 to write X = Z7AZ and Y = Z7XZ,
where Z is an n xn matrix Z and A, X' are diagonal matrices. Combine
the two results to prove that f is strictly convex on P,.

(c) Let X € P, and let D be an n X n symmetric matrix. Show that the
function

p(t) == det(X +tD) = det X + det(I +tX1/2DX~1/?)

is a polynomial that can be written as p(t) = cHlf(l — tt;), where
t; # 0 (in fact, ¢; ! is an eigenvalue of —X~1/2DX /2 thus real).
Show that if D # 0, then

k

(Hf(X)D,D) = (~lnp)"(0) = > ;> > 0.
1

This approach comes from the theory of hyperbolic polynomials; see
[101, 102, 119, 26].
23. Consider the function F(x) = (x129 - - - £,)*/™ on the nonnegative orthant
R} :={rcR":2; 20,i=1,...,n}.
(a) Show that F' is a concave function by computing its Hessian H f(x).
(b) Use (a) to show that

1 <y
(y1y2 : "yn)l/n < (a:lggQ . "xn)l/"ﬁ ; :%i’

and prove that this implies the arithmetic-geometric mean inequality.
(¢) Prove the inequality

ﬁ(ﬂfi +yi) /> (ﬁ wzl/n) + (ﬁ y;/n), (4.21)
1 1 1

and show that equality holds if and only if 2,y € R} are proportional,
that is, = and y lie on a line through the origin.
24. (Oppenheim); see [127]. The inequality (4.21) has interesting applica-
tions to matrices.
(a) Let A, B be two n X n symmetric, positive definite matrices. Show
that there exists a nonsingular n x n matrix X such that

XTAX = A =diag{\1,...,\n} and XTBX = A = diag{6y,...,0,}.
Hint: Use Theorem 2.21.
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(b) Use the inequality (4.21) on (A1,...,A,) and (d1,...,d,) to prove
that
(det(A + B))Y/™ > (det A)Y/™ + (det B)Y/,

with equality holding if and only if A and B are multiples of each
other.

() A= [‘2; ﬁ;i] is a partition of A such that A;; and Aoy are r X r
and (n —r) x (n — r) matrices, respectively, then

det A S det A11 - det A22,

with equality holding if and only if A is block diagonal, that is, A;2 =0
and A21 =0.
Hint: Use (b) with B = [_Aj; _Aéf |. Why is B positive definite?

(d) Show that

n
det A S H Qg
i=1
with equality holding if and only if A is a diagonal matrix.
(e) Prove Hadamard’s inequality: if C = [c1,ca,. .., cy] is a nonsingular
n X n matrix with columns {¢;}7, then

| det C| < T lleill,

=1

with equality holding if and only if {¢;}, the columns of C, are mutu-
ally orthogonal.
Hint: Apply (d) to A= CTC.
(Gauss—Lucas) Let p(z) = > 7 a;2’ be a polynomial with complex co-
efficients a;. Show that the roots of the derivative p’(z) are contained in
the convex hull of the roots of p(z).
Hint: Let {z;}T be the roots of p(z). If z is a root of p’ but not of p, show
that

Let p(z) = Y4 a;27 be a polynomial with complex coefficients a; and let
C C C =R? be a closed convex set. Show that

D :={w e C: all solutions z of p(z) = w lie in C}

is a convex set.
Hint: For given positive integers n1,no and points wi, ws € D, define the
polynomial

q(2) = (p(2) — w1)" (p(2) — w2)"2,
and use Exercise 25 to show that all roots of ¢’ lie in C. Use the known
fact (which you may assume) that the roots of a polynomial depend con-
tinuously on its coefficients to finish the proof.
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27. (Carleman’s inequality) Let Y .2, a; < oo, where a; > 0. Show that

oo oo
Z(alag e an)l/" <e Zai.
i=1 i=1

Hint: Let {¢;}$° be a positive, yet unspecified, sequence. Use the arithmetic—
geometric mean inequality to get

(aray - ..an)l/n < (c162- ~-cn)‘1/”(ca1ca2 . ..Can)l/n

71/nca1+ca2+~~+can

< (c1c2---¢cp)

n
_ (mt1)™
Choose ¢,, = pres s and use the fact that
S =2 G at) = m
nzmn(n—l—l) S n+1 m

and (14 1/m)™ < e to complete the proof of the inequality.

28. This problem gives an integral representation for a twice differentiable
convex function f : I — R on an interval I = [a,b]. (In fact, a suitable
generalization gives an integral representation for any convex function,
but this involves more general Stieltjes integrals, which we do not consider
here.)

(a) Let I =[0,1], and define K : I x I — R by

K(o,y) = z(1—1y), if x <y,
W= (1—2a)y, if y<u.

(K(z,y) is the Green’s function for the differential equation u” = 0.)
Show that if f(0) = f(1) =0, then

1
f@) =~ [ K@ W
0
(b) Show that in general,

f(@) = 2f(0) + (& — 1) (1) - / K(z.9) " (4)dy.

(¢c) What is K(z,y) if I = [a,b] is a general interval, and what is the
analogue of the equation in (b)?






5

Structure of Convex Sets and Functions

This chapter is devoted to investigating the deeper properties of convex sets
and convex functions on fairly general affine and vector spaces. The separation
properties of convex sets are very important in optimization, especially in
duality theory, with more sophisticated separation theorems leading to better
duality results; see for example Theorem 11.15, on the strong duality in convex
programming. In turn, sophisticated separation theorems are obtained by a
careful study of the properties of interior points of convex sets. Since a convex
set is not necessarily full-dimensional, it is important to study the “relative
interior” of convex sets. It turns out that the relative interior of a convex set
can be studied in a purely algebraic setting, without any use of topological
notions, and this leads to a rich theory of the relative algebraic interior of
convex sets. If the space under consideration has a topology, then it turns
out that there is a strong connection between the algebraic and topological
notions of relative interior, and the topological results can be obtained from
the corresponding algebraic ones with relative ease.

The boundary structure of convex sets, especially the properties of extreme
points and directions of convex sets, are useful in many applications, since it
is possible to represent convex sets in terms of these. For example, a theorem
of Minkowski states that a compact convex set in R” is the convex hull of its
extreme points.

These are among the many reasons that make it worthwhile to undertake
a close study of the finer structure of convex sets.

5.1 Algebraic Interior and Algebraic Closure of Convex
Sets

Definition 5.1. Let C be a convex subset of an affine space A. The algebraic
interior of C, denoted by ais(C) (ai(C) if A is understood from context), is
the set of all points x € C' such that every line £ C A through x contains a
line segment in C' having x in its interior, that is,

O. Giiler, Foundations of Optimization, Graduate Texts in Mathematics 258, 117
DOI 10.1007/978-0-387-68407-9_5, © Springer Science+Business Media, LLC 2010
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aig(C):={zeC :Vz€ A, 30>0, [zr—0(z—2z),z+0(z—2z)] C A}
={zeC :VzeA >0, z,z+(z—x)) C A}

A convex set C C A is called a convex algebraic body if ais(C) # 0.

If the affine set A is aff(C'), the affine hull of C, then ais(C) is called the
relative algebraic interior of C, and is denoted by rai(C).

The algebraic closure of C, denoted by ac(C'), is the set of all points z € A
such that [x,z) C C for some x € C,

ac(C):={z€ A : I €C, [z,2) CC}.

Lemma 5.2. If C is a convex set in an affine space A, then ai(C) and ac(C)
are also convez sets in A.

Proof. Let x,y € ai(C). If u € A, then there exists § > 0 such that z + §(u —
z)] =: [x,p] € C and [y,y + 0(u — y)] =: [y,q] C C; see the first figure in
Figure 5.1. If z := (1 — t)x + ty for some t € (0, 1), then we have that

ri=z4d0u—2)=01-t)(z+d(u—2))+tly+du—y)) =(1—t)p+1iq

lies in C'; thus [z,7] C C, meaning that z € ai(C).

Let u,v € ac(C), where and [z,u) C C and [y,v) C C; see the middle
figure in Figure 5.1. Let ¢ € (0,1) and define w := (1 — t)u + tv and z :=
(1—t)z+ty € C. We claim that [z,w) C C. Let a := (1 — 0)z + dw for some
0 € (0,1). We have

a=(1-¥8)z+dw=(1-086(1-t)r+ty)+((1—t)u+tv)
=(1-t)((1-¥8)z+ou)+t((1-208y+dv) €C,

proving the claim and the lemma. a

Fig. 5.1. Algebraic interior and algebraic closure of a convex set.

Lemma 5.3. If C is a convez set in a finite-dimensional affine space A, then

rai(C) # 0.
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Proof. Let {z;}%¥ C C be an affine basis of aff(C), and let z := (Zlf x;)/k
be the center of the simplex defined by {z;}¥. We claim that = € rai(C).
Indeed, if u = Zlf t;x;, where Z]f t; = 1 is an arbitrary point in aff(C), then
r+0(u—z)=(1-08x+du= Z]f[(l —0)/k + o0t;]z;. If § > 0 is sufficiently
small, then each (1 —0)/k + dt; is positive, and we have  +d(u—z) € C. O

Remark 5.4. Every infinite-dimensional affine space A contains a convex set C'
such that rai(C) = (). Indeed, let X = {z;}5° be a set of affinely independent
points in A and consider the convex hull C' = co(X). Suppose that x € rai(C).
Then z € Cp, = co({z;}T") for some integer m. If y € C' and y # x, then
there exists z € C such that = € (y, z). But then y, z € C,, for some n > m,
and it is easy to prove that C,, is a face of C,. It follows that y,z € C,,
(see Definition 5.24 and Lemma 5.25), and this implies that C = C,,, a
contradiction.

Lemma 5.5. Let C be a convex set in an affine space A. If y € ac(C) and
x € ai(C), then [z,y) C ai(C).

Proof. First, assume that y € C. Let z :=te+ (1 —t)y =y + t(x —y) € C,
t € (0,1); see the last figure in Figure 5.1. We claim that z € ai(C). Let
d := u—x be an arbitrary direction in A, where v € A. Since z € ai(C), there
exists § > 0 such that [z,z + §(u — x)] =: [z, ¢] C C. We have that

wi=z+tilu—z)=z+tlg—z)=y+tlz—y)+tl¢g—z)=y+tlg—y)

lies in C; thus [z, w] = [z, 2z + t6(u — x)] C C, proving the claim.

Now assume that y € ac(C) \ C. There exists p € C such that [p,y) C C.
We claim that [z,y) € ai(C). Let z € (z,y). If p = z, pick z; € (x,y) such that
z € (z1,x). The first paragraph of the proof shows that z € ai(C). Finally,
suppose that p # x. There exists ¢ > 0 such that [z, 2+ 0(y—p)] =: [z,¢] C C.
Pick a point r € (y, p) such that [r, ¢] intersects [y, ] at a point z; such that
z € (z1,x). It follows again from the first paragraph that z € ai(C). O

5.2 Minkowski Gauge Function

Definition 5.6. Let C' be a convex set in a wvector space E such that 0 €
rai(C). The (Minkowski) gauge function of C is the function pc defined on
E by the formula

po(z) :=inf{t >0:2 €tC} =inf{t > 0: 2 € tC}.

If C is a convex set in an affine space A and xo € rai(C), then the gauge
function of C' with respect to xg is the function p(x) = po—_z,(x — x0) defined
on A, that is,

p(x):=inf{t >0:z €xg+t(C—x0)}, where z€ A
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Theorem 5.7. Let C be a convez set in a vector space E such that 0 € rai(C).
The gauge function pc is a nonnegative extended-valued function, pc : E —
R U {400}, that is finite-valued precisely on the linear subspace span(C').
Moreover, pc is a sublinear function, that is, for all x,y € E and for all
t>0,
pc(tz) =tpc(z) and pc(z+y) < pc(x)+pc(y).

Thus, pc is a convex homogeneous function of degree one.

Proof. Evidently, p(z) := pc(z) > 0 for all € E. Since 0 € rai(C'), there
exists t > 0 such that = € tC if and only if € L := span(C). Thus p(z) is
finite if and only if z € L.

The homogeneity of p is obvious from its definition, and the convexity of
p is thus equivalent to its subadditivity. To prove the former, let 1,205 € L
and 0 < ¢t < 1. Given an arbitrary € > 0, note that z; € (p(x;) +¢€)C, i =1,2.
We have

(1 —=t)xy +txe € (1 —O)[(p(z1) + €)C)] + t[(p(x2) + €)C]
= [(1 = t)p(z1) + tp(z2) + €]C,
where the equality follows since C' is a convex set. Since € > 0 is arbitrary, we
have
p((1 = t)zy + twg) < (1 —t)p(x1) + tp(22).
O

Theorem 5.8. If C is a convex set in a vector space E such that 0 € rai(C),
then

rai(C) = rai(rai(C)) = rai(ac(C)) = {x € E : p(x) < 1},

ac(C) = ac(ac(C)) = ac(rai(C)) = {zr € E : p(z) < 1}. (5.1)

Proof. Note that without any loss of generality, we may assume that £ =
span(C). Then p¢ is finite-valued, and relative algebraic interiors become
algebraic interiors.

First, it is clear from the definition of p that

{fzeE:plx) <1} CCC{z:p(x) <1}

Let € E be such that p(z) < 1. If y € E is arbitrary, then for small enough
t > 0, we have p(z+ty) < p(z) +tp(y) < 1; thus [z, z +ty] C C, which proves
that « € ai(C). Lemma 5.5 then implies that = + sy € ai(C') for s € [0,t), and
we have z € ai(ai(C)). Therefore,

{z € E:p(zx) <1} Cai(ai(C)), (5.2)
and consequently,

ai(ai(C)) Cai(C) C{zx € £ : p(z) < 1} (5§2) ai(ai(C)) C ai(ac(C)).
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Here the second inclusion follows because if z € ai(C'), then there exists ¢ > 1
such that tz € C, implying tp(x) = p(tx) < 1, and hence p(z) < 1. Note that
the first three inclusions above are actually equalities, so that the first line of
(5.1) is proved, except for the inclusion ai(ac(C)) C {z € E : p(z) < 1}.

To prove the second line of (5.1), assume that = € ac(C), with [u,z) C C.
If t € [0,1), then

p(z) =plu+t(z —u)+ (1 -t)(z —u)) <p(uti(z —u)) + (1 - t)p(z — u)
<14+ (1 -t)p(x—u).

Letting ¢ /1, we conclude that p(z) < 1; this proves that

ac(C) C {z : p(x) < 1}.

Now if z € ac(ac(C)), then since 0 € ai(C) C ai(ac(C)), Lemma 5.5 implies
that tx € ai(ac(C)) C ac(C) for t € (0,1); thus tp(z) = p(tz) < 1, and letting
t /1 leads to p(z) < 1, proving

ac(ac(C)) C{x € E: p(x) < 1}. (5.3)

Also, if p(x) = 1, we have p(z) < 1 for every z € [0,x), hence [0,2) C
ai(ai(C)) C ai(C), proving z € ac(ai(C)), so that

{z € E:p(x) =1} Cac(ai(C)). (5.4)
These give

(5.3) (5.2),(5.4) '
ac(C) Cac(ac(C)) C {x € E:px) <1} C ac(ai(C)) Cac(C),

and hence all inclusions are equalities, proving the second line in (5.1).
Finally, it remains to prove that ai(ac(C)) C {z € E : p(z) < 1}. If

z € ai(ac(C)), then there exists t > 1 such that tx € ac(C). Then (5.3)

implies ¢tp(x) = p(tz) < 1, and thus p(z) < 1. The theorem is proved. O

Corollary 5.9. Let C be a convex algebraic body in an affine space A. Then

rai(C) = rai(rai(C)) = rai(ac(C)) = {x € A : p(z) < 1},
ac(C) = ac(ac(C)) = ac(rai(C)) = {z € A: p(x) < 1},

where p(x) is the gauge function with respect to any point xqy € rai(C).

Proof. Let xg € rai(C). Evidently, 0 € rai(C —xz¢) = rai(C) —zg, ac(C —x¢) =
ac(C) — xo, and po () = p(c—gzy)(® — x0). The corollary follows immediately
from Theorem 5.8. O
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5.3 Calculus of Relative Algebraic Interior and
Algebraic Closure of Convex Sets

Lemma 5.10. Let {C;}T* be convez sets in a vector space E. If N7 rai(C;) #
0, then

(a) aff(Ny"Cy) = N7 aff (C),
(b) rai(NP*C;) = N1 rai(C;).

Proof. Write C' := NP*C; and D := Ni*aff(C;). Since C C D and D is an
affine set, it follows that aff(C) C D. To prove the reverse inclusion, let
xo € NP rai(C;y). If « € D, then z lies in each aff (C;), and since zq € rai(C;),
the line [ passing through x and x( contains an open segment around z that
is contained in C;, hence in C. It follows that z € aff (C'), completing the proof
of (a).

We next claim the inclusion rai(C) C NJ* rai(C;) in (b). Let = € rai(C') and
pick a point zy € N rai(C}). Since 2y € C and z € rai(C), Lemma 5.5 implies
that there exists z € C such that = € (z, 2). But z € C; and ¢ € rai(C;) for
each i, and Lemma 5.5 implies = € rai(C};), proving the claim.

To prove the reverse inclusion N{rai(C;) C rai(C) in (b), let = €

"rai(C;) and pick a point y € rai(C), y # x. (If there is no y # x, then
rai(C) = NP rai(C;) = {«} and we are done.) Since z € rai(C;) and y € C;,
there exists a point z; € C; such that « € s; := (z;,y). Then the open interval
s := N"s; has the form s = (z,y) where z € C. Since y € rai(C) and z € C,
Lemma 5.5 implies that = € rai(C). O

The condition N* rai(C;) # 0 is needed for the validity of the lemma. For
example, both (a) and (b) fail for the sets C; = [-1,0], C2 = [0, 1].

Lemma 5.11. Let C and D be two convez sets in a vector space E. Ifrai(C) #
0 and rai(D) # 0, then rai(C + D) = rai(C) + rai(D).

Proof. Let x € rai(C) and y € rai(D). Given arbitrary points v € C and
v € D, there exist u; € C' and v1 € D such that = € (u,u;) and y € (v,vy).
We may assume that z = (1 — A)u + Aug and y = (1 — A)v + Avy. Then
x4+y=(1—-N(u+v)+ Auy +v1), that is, z +y € (v + v,u; + v1) with
u+ v and uy + v1 lying in C + D. Since u + v € C' + D is arbitrary, we have
x +y € rai(C + D). This proves the inclusion rai(C) + rai(D) C rai(C + D).

To prove the reverse inclusion, fix zp € rai(C) and yo € rai(D). Then
xo + yo € rai(C) + rai(D), and since rai(C) + rai(D) C rai(C + D) as we
proved above, xg + yo € rai(C + D). If z # xg + yo is an arbitrary element of
rai(C' + D), then z € (zg + yo,u + v) for some u+ v € C + D, where u € C
and v € D, say z = (1 — A)(zo + yo) + A(u + v) for some A € (0,1). Thus,
z=a'+y’, where 2’ = (1-N)zo+Au € (zo,u) and y' = (1-N)yo+Av € (yo,v).
It follows from Lemma 5.5 that ' € rai(C) and y’ € rai(D); consequently, we
have z = 2/ 4+ ' € rai(C) + rai(D). O
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Definition 5.12. Let E and F be two arbitrary sets. A nonempty subset of
G C E x F may be considered the graph of a multivalued map A from E to
F. The domain and range of A are defined by

dom(A) :={z € E: 3y € F, (z,y) € gr(A)},
R(A):={y e F:3z€E, (x,y) € gr(A)},

respectively. If x € E, the set A(z) :={y € F: (z,y) € gr(A)} is the value of
z; thus A(z) # 0 if and only if x € dom(A).

If E and F are affine sets and gr(A) C E X F is also an affine set, then
A is called a multivalued affine map; then dom(A) and R(A) are both affine
sets.

Lemma 5.13. Let E and F be affine spaces, and A : E — F a multivalued
map whose graph gr(A) = C is a nonempty convez set in E x F'. Then a point
(x,y) belongs to rai(gr(A)) if and only if x € rai(dom(A)) and y € rai(A(z)).

Proof. Let us first prove that if (x,y) € rai(gr(4)), then = € rai(dom(A))
and y € rai(A(x)). If Z € dom(A), T # =, then there exists § € F such that
(Z,7) € gr(A); see Figure 5.2. Since (Z,7) # (z,y) and (x,y) € rai(gr(A)),
there exists (z1,y1) € gr(A) such that (z,y) € ((Z,7), (z1,¥1)) in E x F. This
proves that = € rai(dom(A)), since we have x; € dom(A) and = € (Z,z1). To
prove that y € rai(A(x)), let yo € A(x), y2 # y. Then (x,y) # (z,y2) € gr(A),
and since (x,y) € rai(gr(A)), there exists a point (x,ys) € gr(A) such that
(z,y) € ((x,y2), (x,y3)). We clearly have y € (y2,y3), and so y € rai(A(x)).
Let us now prove the converse statement that if € rai(dom(A)) and
y € rai(A(z)), then (z,y) € rai(gr(A)). Let (z,7) € gr(4), (z,) £ (,y). We
first consider the case Z = x. Then § # y, and since y € rai(A(z)), there exists
some § € A(z) such that y € (7, ). But then (x,y) € ((x,7), (z,9)). f T # «,
then there exists x4 € dom(A) such that x € (Z,x4). Let (x4,y4) € gr(A); see
again Figure 5.2. We need to prove that there exists a point (z1,y1) € gr(4)
such that the line segment ((Z,¥), (z1,y1)) contains (z,y). If the line segment
((z,9), (x4,ys)) already contains (z,y), then the point (z4,y4) can serve as
the point (z1,y1). Otherwise, there exists a point (x,y3) on the line segment
between (Z,§) and (z4,y4). Since y3 # y and y € rai(A(z)), there exists
a point yo € A(z) such that y € (y2,y3). Since (z,y3) € ((Z,7), (x4,94))
and (z,y) € ((z,vy2), (z,y3)), (z,y) is in the relative interior of the convex
hull of the triangle with vertices {(Z,7), (z4,y4), (z,y2)}, that is, (z,y) is a
convex combination of these three points with positive weights. But then
(xz,y) can be obtained first by taking a nontrivial convex combination of
the vertices {(x,y2), (%4,94)} to obtain a point (z1,y1), and then taking a
nontrivial convex combination of the points {(x1, 1), (Z,7)}. Consequently,
(z,y) € ((Z,9), (x1,y1)). This completes the proof that (x,y) € rai(gr(A)).
O
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Fig. 5.2. Relative algebraic interior of a convex set in a product space.

Corollary 5.14. Let E and F be affine spaces, and A : E — F a multivalued
map whose graph gr(A) = C is a nonempty convex set in E x F. Then

dom rai(gr(A4)) C rai dom(A).
Ifrai A(z) # 0 for all € rai dom(A), then
dom rai(gr(A4)) = rai dom(A).
In particular, the above equality holds when F' has finite dimension.

Proof. The inclusion follows immediately from Lemma 5.13. If z € rai dom(A)
and y € rai A(z) # 0, then Lemma 5.13 implies that (z,y) € raigr(A4), and
we have z € dom rai(gr(A4)). If « € rai dom(A) and F' is finite-dimensional,
then Lemma 5.3 implies that rai A(z) # 0. O

Corollary 5.15. Let C; be a convex set in an affine space A;, i =1,... k. If
each rai(C;) is nonempty, then

rai(Cy x Cp x -+ x C) =rai(Cy) x rai(Cs) x - -+ x rai(C).

Proof. The proof is trivial for £ = 1 and follows immediately from Lemma 5.13
for k = 2. The proof is easily completed by induction on k. a

It is also possible to give an independent easy proof of the corollary from
scratch.

Lemma 5.16. Let A : E — F be a multivalued affine map between two affine
spaces E and F, and C C E a convex set such that rai(C) Ndom(A) # 0.
Then we always have
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A(rai(0)) C rai(A(Q)).

Moreover, if E is finite-dimensional, or more generally if rai(CNA™(y)) #
0 for all y € rai A(C), then

A(rai(C)) = rai(A(C)).

Proof. Consider the multivalued map B : F — E whose graph is the convex
set
gr(B) := gr(4) N (C x F),

and note that
dom(B)={y:3z € C, ye A(x)} = A(C)

and
B(y)=CnA ' (y) fory e dom(B).

We have
rai(gr(B)) = rai(gr(A)) N (rai(C x F)) = gr(A) N (rai(C) x F) # 0,

where the last relation follows from the assumption rai(C') Ndom(A) # @), and
the second equation from the equality rai(gr(A)) = gr(A) and Corollary 5.15.
Then the first equality follows from Lemma 5.10. Consequently, we have

dom rai(gr(B)) = {y : Iz € rai(C),y € A(x)} = A(rai(C)).

With these preparations, the lemma follows immediately from Corol-
lary 5.14. O

5.4 Topological Interior and Topological Closure of
Convex Sets

In this section we compare the algebraic and topological concepts of interior,
relative interior, and closure for convex sets. As Theorem 5.20 and Corol-
lary 5.21 show, the algebraic and topological concepts agree to a remarkable
degree.

Let us recall some basic topological notions; see [232] for a quick introduc-
tion to general topology, and [161, 45, 46] for comprehensive treatments. Let
X be a set and T a set of subsets of X. Then (X,7) is called a topological
space if ) € T, X € T, and 7 is closed under unions and finite intersections,
that is, any union of sets in 7 is in 7, and the intersection of two sets in 7 is
in 7. The sets in 7 are the open sets of the topological space (X, 7). A set
F C X is called closed if X\ F is open. A neighborhood of a point z € X is a set
V C X that contains an open set U € 7 such that x € U C V. The interior
of a set A in X, denoted by int(A), is the set of points x € A such that x has
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a neighborhood that lies entirely in A. The closure of a set A C X, denoted
by A, is the intersection of all the closed sets containing A. Alternatively, a
point = € A if and only if every neighborhood of x intersects A.

If Y is a subset of X, then (Y, S) inherits the relative topology from (X, T):
the open sets in S are simply the sets of the form U NY, where U € 7.

A real vector space E is called a topological vector space if there exists a
topology 7 on E such that the linear operations (z,y) — z+y and (o, ) — ax
are continuous maps from the product topological spaces E x E and R x FE
to E, respectively. We refer the reader to any book on functional analysis, for
example [177, 233, 44], for more details.

Let (E,T) be a topological vector space, and A C F an affine subset of E.
Then (A,S), S the relative topology inherited from 7, is called a topological
affine space.

Definition 5.17. Let C C A be a convex set in a topological affine space A.
The relative interior of C, denoted by ri(C), is the interior of C in the relative
topology of the affine space aff (C).

If the topology on A is given by a norm, for example, we have
ri(C) :={z € C: 3 > 0,B.(z) Naff(C) C C}.

Lemma 5.18. Let C' be a convex set in a topological affine space A with a
nonempty interior. If x € int(C) and y € C, then [z,y) C int(C). Conse-
quently, int(C') is a convez set.

Moreover, int(C) C ai(C).

Proof. Let z :== y+ t(x —y), t € (0,1). We claim that z € int(C). Let
U C C be a neighborhood of z; see Figure 5.3. Since y = (z —tx)/(1 — 1) €
(z—=tU)/(1—t) =V and v — (2 —tv)/(1 — t) is a homeomorphism, V is
a neighborhood of y. Pick p € C NV, and define v € U by the equation
p = (z—tu)/(1 —t), that is, z = p + t(u — p). Then z lies in the open set
p+ t(U — p), which is a subset of C by the convexity of C. This proves the
claim.

The convexity of int(C) follows from this: if z,y € int(C), then [z,y) C
int(C). Since y € int(C) as well, the whole segment [z, y] lies in int(C).

Let x € int(C) such that € U C C, where U is a neighborhood of x. If
u € A, then the map t — x + t(u — x) is continuous; thus there exists § > 0
such that « + t(u — x) € U for all |¢| < §. This proves that z € ai(C). O

Lemma 5.19. Let C' be a nonempty convex set in a topological affine space
A. Then C is a convex set, and ac(C) C C.

Proof. Let x,y € C and z := y + t(x —y) = to + (1 — )y, t € (0,1). We
claim that z € C. Let U, be a neighborhood of z. Since the map (u,v)
tu+ (1 —t)v is continuous, there exist neighborhoods U, > x and U, 3 y such
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Fig. 5.3. Interior of a convex set.

that tU, + (1 — t)U, C U,. Pick p, € CNU, and p, € U,. Then the point
p:=tpy + (1 —t)p, belongs to U,, and lies in C' as well, due to the convexity
of C. This proves the claim.

Let y € ac(C) with [z,y) C C, and let U be a neighborhood of y. Since the
map t — y—+t(xz —y) is continuous, there exists & > 0 such that y+t(z —y) €
UNC for all 0 < ¢t < 6. This proves that « € C. O

Theorem 5.20. If C is a convex body in a topological affine space A, that is,
int(C) # 0, then

int(C) = int(C) = ai(C) and C =int(C) = ac(C).

Proof. To prove the equality int(C) = ai(C), it suffices to prove the claim that
ai(C) C int(C), since the reverse inclusion is already proved in Lemma 5.18.
Let 2 € ai(C) and y € int(C'). There exists a point z € C such that = € (y, 2).
Then Lemma 5.18 implies that « € int(C'), proving the claim.

To prove the equality int(C') = int(C), it clearly suffices to prove the

inclusion int(C) C int(C). Let « € int(C) and y € int(C). There exists a
point z € C such that y € (z, 2). Then Lemma 5.18 implies that y € int(C).

Next, let us prove the equality C' = int(C): let € int(C) and y € C.
Lemma 5.18 implies that [z,y) C int(C), which in turn implies y € int(C
This proves the inclusion C' C int(C), and hence the equality C = int(C'
because the reverse inclusion is trivial.

Finally, we consider the equality ac(C') = C. The inclusion ac(C) C C is
already proved in Lemma 5.19. To prove the reverse inclusion, let y € C and
pick z € int(C'). We have [z,y) C int(C') C C, where the first inclusion follows
from Lemma 5.18; this gives y € ac(C), proving the equality ac(C) = C. O

N—

~

7

By considering the relative topology on aff (C'), we immediate obtain the
following result.

Corollary 5.21. Let C be a convex set in a topological affine space A. If
ri(C) # 0, then

1i(C) =1i(C) =1ai(C) and C =r1i(C) = ac(C).
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Lemma 5.22. If C' is a nonempty convez set in a finite-dimensional affine

space A, then 1i(C) # 0. Moreover, dim(C) = dim(ri(C)).

Proof. Let {z;}% C C be an affine basis for aff(C). Consider the simplices

k k
S = {Ztmzm—l, t; >0, i_l,...,k}CC,
i=1 1
k
SM:{QDHWQ)GWWE:m:1J4>Qi:L“wk}
1

Since {z;}¥ is affinely independent, the map

k
T(ty,...,t) = Ztﬂ?z’

is a one-to-one onto affine transformation from the affine space aff(C) to the
hyperplane H := {t € RF : Zlf t; = 1}, hence a homoeomorphism between
the two affine spaces. Evidently, Sy is open in H, and thus S = T'(S}) is open
in aff (C'). This proves that ri(C) # 0.

Note that we also have dim(C) = k — 1 = dim(ri(C)). O

Combining Corollary 5.21 and Lemma 5.22; we immediately obtain the
following important result for finite-dimensional convex sets.

Theorem 5.23. If C is a nonempty finite-dimensional convez set, then ri(C) #
0, and

1i(C) =1i(C) =1ai(C) and C =r1i(C) = ac(C).

5.5 Facial Structure of Convex Sets

In this section, we decompose a closed convex set C' in a vector space E as a
Minkowski sum
C=L+ K+ B,

where L is a linear subspace of F, K is a closed convex cone containing no
lines, and B is a bounded convex set that is the convex hull of the set of
extreme points of a set related to C. We give a further decomposition of
K and B in terms of their extreme directions and points, respectively. The
precise meaning of this decomposition is contained in Theorem 5.37 below.
These decompositions find many applications in optimization and elsewhere.

Definition 5.24. Let C' be a nonempty convex set in a vector space E. A face
of C is convex subset F' C C such that if x,y € C' and the line segment (x,y)
intersects F', then [x,y] C F.
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A point x € C is called an extreme point of C if {x} is a face of C. We
denote the set of extremal points of C by ext(C).

A vector d € E is called an extreme direction of C' if there is a point p € C
such that the ray p+Ryd:={p+td:t >0} is a face of C.

A wvector d € E is called a recession direction of C if there exists a point
p € C such that the ray p+R.d stays in C. The set of all recession directions
of C' is called the recession cone of C,

rec C := {d € R" : there exists p € C' such that p+td € C for allt > 0}.

Lemma 5.25. Let F' and C be two convex sets such that FF C C. Then F' is
a face of C if and only if C'\ F is a convez set.

This is an easy consequence of the definition of a face, and can be used as
an alternative definition of a face.

Remark 5.26. 1t is easy to see that the union of a nested set of faces of C' is
a face (the nestedness condition is needed only to ensure the convexity of the
union), and the same is true for the intersection of any set of faces. The face
of a face is a face, that is, if F, C F; C C with Fy a face of F; and F a face of
C, then F5 is a face of C. Also, if F is a face of C, then ext(F) = ext(C) N F.

A face actually satisfies a stronger property given below. This can be used
to show, among other things, that a convex set C' can be written as a disjoint
union of relative interiors of different faces of C'; see Rockafellar [228], Theorem
18.2.

Lemma 5.27. Let C' be a convex set in a vector space E, F a face of C, and
D a convex subset of C. If ri(D)NF # 0, then D C F.

Proof. Pick z e ri(D) N F. If x € D, then z € ri(D) implies that there exists
y € D such that z € (z,y). Since F is a face of C, we have © € F. O

As a first step toward the decomposition of a closed convex set, we char-
acterize its affine faces.

Lemma 5.28. Let C be a closed convex set in a vector space E. If0 £d € E
s a recession direction of C, then ¢ +R,d C C for every q € C.
Consequently, C +recC = C.

Proof. Suppose that p+ Ryd C C, and let ¢ € C, q # p. It is easy to see
geometrically that the convex hull of ¢ and p+ R is the union of sets {q} and
[p, q) + R, whose closure is the set [p, q] + R; see Figure 5.4. Since C is closed,
we have ¢+ R C C. O

Corollary 5.29. Let C' be a closed, convex set in a vector space E. If C
contains an affine subspace K := p + L, where p € C and L is a linear
subspace of E, then C = C + L.
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Fig. 5.4. Recession direction in a convex set.

Theorem 5.30. Let C' be a nonempty, closed, convez set in a finite-dimensional
linear space E. Then C contains an affine face F.

The affine face F is unique, is a mazimal affine subspace of C, and has
the form F = p+ Lo, where p € C is arbitrary and

Le={reE:C+zx=C}

18 a linear subspace of E.
Moreover, C = C + L¢.

Proof. We first demonstrate the existence of an affine face by induction on the
dimension of C. Suppose dim(C') = n and that we have proved the existence
of affine faces for convex sets with dimension less than n. Clearly, we may
assume that C' is full-dimensional, that is, ' has dimension n. We may also
assume that 9C # 0; otherwise C' = E (C is both closed and open), in which
case the lemma is obviously true. Let p € 9C. By Theorem 6.8, there exists a
support hyperplane H := H(, o) at p such that C C H~.Then D := CNH is
a convex set in £ with dimension less than n, so by the induction hypothesis,
D contains an affine face F'. We claim that F is a face of C. By Remark 5.26,
this will follow if we can show that D is a face of C. Suppose that z,y € C with
z € (z,y) N D. We have (a,z) < a, {(a,y) < a, but (a, z) = a; consequently,
(a,z) = a = {(a,y), which proves that D is a face of C.

Next, we show that an affine face F' C C' is a maximal affine subset of C.
Let M be a maximal affine subset of C' containing F. If x € M, pick z € F
and consider the line passing through x and z. This line is contained in M, so
that z € (x,y) for some y € M; since F' is a face of C, we have € F. This
proves that ' = M.

If F = p+ L is an affine face of C', Corollary 5.29 implies that C = C' + L.
Consider the set Lo defined in the statement of the theorem. Obviously, L C
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Le. We claim that Lo is a linear subspace. It will then follow that L = L¢. It
is easily seen that L¢ is convex, closed under addition, and that Lo = —L¢.
Thus, if x € L, then kx € L¢ for every integer k > 0. The convexity of Lo
implies that tx € Lo for every t > 0, and consequently for every ¢ € R. a

The linear subspace L¢ defined above is called the lineality subspace of C,
and its dimension the lineality of C.

Since affine faces are points if and only if Le = {0}, we have the following
corollary.

Corollary 5.31. A nonempty, closed, convex set in a finite-dimensional lin-
ear space contains an extreme point if and only if it is line-free, that is, it
contains no whole lines.

Definition 5.32. Two linear subspaces L, M of a vector space E are called
complementary if E = L+ M and LN M = {0}, and we denote this by the
notation

E=Lo M.

If C' C E is a convex set such that C = Cy 4+ Cy, where Cy and Cy are convex
subsets of L and M, respectively, we write

C=0C @00,

Lemma 5.33. Let C be a nonempty, closed, convex set in a finite-dimensional
linear space E, and let M be a linear subspace of E complementary to L.
The set C' can decomposed as

c=C ¢ Lc,
where C is a line-free, closed convex set in M.

Proof. Define C:=CnNM.Ifz € C, we can write z = [+m, where |l € L¢ and
m € M; then we have m € C, sincem € M, and m =z —1 € C+ Lc = C by
virtue of Theorem 5.30. This shows that C #0,x =m+l € C'+L¢, and hence
CCLc+ C. The reverse inclusion also holds, since L¢ + CCLo+C= C,
so we have C' = Lo + C.

Suppose that C contains a line g+ {td : t € R} = g+ Rd, where ¢ € C
and 0 # d € M. Then

q+Lch+(Rd+Lc)gC+LC:C,

where ¢+ (Rd+ L¢) is an affine subset of C strictly containing ¢ + L¢, which
by Theorem 5.30 contradicts the maximality of the affine subspace ¢ + Lc.
This proves that C is line-free. O

Lemma 5.34. Let C be a closed convex set C in a finite-dimensional linear
space E. The relative boundary rbd(C) := C\ri(C) of C is convez if and only
if C is either an affine subspace of E or the intersection of an affine subspace
with a closed half-space.
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Proof. If C is either an affine subset or the intersection of an affine subspace
with a closed half-space, then it is clear that rbd(C) is convex.

To prove the converse, assume without loss of generality that C is full-
dimensional. If the boundary of C' is empty, then C' = E (C is both open and
closed), and we are done. Otherwise, Theorem 6.16 implies that there exists a
support hyperplane H such that 9C C H, C does not lie entirely on H, and
C C H*, where H* is one of the two closed half-spaces bounding H.

We claim that C = H*. Pick p € C'\ H; then p € HT = int(H ™). If
x is in HT but not in C, then the line segment [z, p] must contain a point
w € AC, a contradiction because w € H™; consequently, int(C') = HT and
C=H". O

Lemma 5.35. Let C be a nonempty, closed, convex set in a finite-dimensional
linear space E. If C is not an affine subspace or the intersection of an affine
subspace with a closed half-space, then every point in the relative interior of
C lies on a line segment whose endpoints lie on the relative boundary of C;
consequently C = co(rbd(C)).

Proof. Again, we may assume that C is full-dimensional. Since dC' is not
convex by Lemma 5.34, there exist two points z,y € 9C such that [z,y]
intersects int(C'). It follows from Lemma 5.28 that the line passing through
any point of int(C') and parallel to [z,y] must intersect C' in a line segment.

O

Theorem 5.36. A nonempty, line-free, closed, convex set C in a finite-
dimensional linear space E is the convex hull of its extreme points and extreme
rays, that is, any point x € C has a representation

k l
i=1 j=1

where {v;}§ and {d;}| are extreme points and extreme directions of C, respec-
tively, {\:}¥, {u;}} are nonnegative, and Zle A=1.

Proof. We use induction on the dimension of C. Suppose dim(C) = n and
that we have proved the theorem for convex sets with dimension less than n.
First, suppose that « € rbd(C) = C \ ri(C'). By Theorem 6.8, there exists
a support hyperplane H at x such that C C Ht. Then D := C N H is a
convex set in F with dimension less than n, so by the induction hypothesis,
z has a representation (5.5), where {v;}¥ and {d;}| are extreme points and
extreme directions of D, respectively. Since D is a face of C' (see the proof of
Theorem 5.30), {v;}¥ and {d;}} are also extreme points and directions of C,
respectively.
If z € ri(C), then Lemma 5.35 implies that « € (y,z) for two points
y,z € dC. Since y and z both have representations in the form (5.5), so does x.
|



5.5 Facial Structure of Convex Sets 133

Theorem 5.37. Let C be a closed convez set C in a finite-dimensional vector
space E. The set C can be decomposed as

OZLc@O,

where Lo s a linear subspace and Cisa line-free conver set lying in a linear
subspace complementary to Lo. The set of extreme points of C' is nonempty,
and

C = rec(C) + co(ext(C)).

Moreover, we also have the decompositions

recC = Lo ®rec(C) and C = co(ext(C)) + rec(C).

Proof. The theorem follows immediately from Lemma 5.33 and Theorem 5.36.
O

We also have the following classical result.

Theorem 5.38. (Minkowski) A compact, convex set in a finite-dimensional
linear space is the convex hull of its extreme points.

Finally, we include the following two interesting results relating the faces
of a sum set to the faces of its summands.

Lemma 5.39. Let C = C; + Cs, where Cy and Cs are nonempty convex
sets. If F' is a face of C, then there exist faces F; of C;, i = 1,2, such that
F=FN+F.

Proof. Define the sets
F1:{.T€Cli dy € Cs, $+y€F}7 FQZ{.’EECQZ dx € Ch, l’-‘rﬁleF}

It is easy to verify that F} and F> are convex sets. We claim that F is a face
of C;1. Let z € Fy such that z +y € F for some y € Cs. If € (uq,us) for
some uy,us € Cy, then z +y € (u1 +y,us +vy), and since F is a face of C, we
have [u1 +y, us +y] C F. It follows from the definition of Fy that uy,us € F7,
proving that Fj is a face of C. Similarly, F5 is a face of Cs.

It follows from the definition of F; and F; that F' C F; 4+ F5. To prove the
reverse inclusion F} + Fy C F, let 1 € F; and yo € Fy; it suffices to show
that x1 +y2 € F. If y; € Cy and 9 € C; are such that z; +y; € F, i = 1,2,
then (1 +y1)/24+ (x2 +y2)/2 = (21 + y2)/2 + (z2 + y1)/2 € F; since F is a
face of C', we have z1 +y2 € F. O

Lemma 5.40. Let C' = Cy + Cs, where Cy and Cy are nonempty convex sets.
If z is an extreme point of C, then z has a unique representation z = x + vy,
where x € Cq, y € Cy. Moreover, in this representation x is an extreme point
of C1 and y is an extreme point of Cs.
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Proof. 1t follows from Lemma 5.39 that z = x 4y, where x and y are extreme
points of C7 and Cj, respectively. If z = T + 7, where T € C1, § € Cy, then
we have z = (x +7)/2 + (T + y)/2, and because z is an extreme point of C,
T+ 7Y =7+ y = z. Comparing this equation with z = x + y gives ¢ = T and
y=9. o

5.6 Homogenization of Convex Sets

It is often easier to establish results for convex cones than for the more general
class of convex sets. One may desire to extend an already established result
for convex cones to convex sets. This is usually possible, thanks to a procedure
called homogenization that manufactures a convex cone out of a convex set.
Homogenization is thus a very useful technique for translating results between
convex sets and convex cones.

Let C' be a nonempty convex set in a vector space E. We can naturally
identify C' with the convex set

C:={(z,2) e ExR:zeC, z=1}

lying on the hyperplane H = {(x,1) : « € E} of the vector space E x R, and
then form the set

K(C):={t(z,1): 2 € C, t >0} = cone(C);

see Figure 5.5. This process is called the homogenization of C. The intersection
of K(C) with the hyperplane z,+1 =1 is C, so that C may be considered a
cross section of K(C).

It is clear that K(C) is a cone from the above description. The cone K (C)
is convex, because if u; = (z;,1) € K(C) with x; € C (i = 1,2), then

xr1 + T2

U1+’LL22( ,1)€K(C)

When dealing with a closed convex set C, one often desires to homogenize
C so as to obtain a closed convex cone. The set K (C) defined above does not
contain 0, so it is never closed. If one adds 0 to K(C), then it is easily seen
that the resulting set is {t(z,1) : « € C,¢t > 0}, which can be shown to be
closed if C' is a compact convex set. However, if C' is an unbounded closed
convex set, then K(C) U {0} is not closed. For example, if C = R, is the
nonnegative real line, then K(C) U {0} = R% \ {(2,0) : 2 > 0} is not closed.

Therefore, the following result is of interest.

Lemma 5.41. If C # () is a closed convex set in a finite-dimensional vector
space E, then
K(C)=K(C)U{(d,0):derec(C)}.
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rec(C)

Fig. 5.5. Homogenization of a convex set.

Proof. Denote the set on the right-hand side by D. Let d € rec(C). If x € C,
then z, :== x +nd € C, (z,,1)/n € K(C), and (x,,1)/n — (d,0) € K(C),
proving D C K(C).

To prove the reverse inclusion K (C) C D, let (d,t) € K(C) be such that
tn(zn,1) — (d,t). If t > 0, then letting d = tz, we have tn(2n, 1) — t(z,1).
Thus, x, — z € C, since C is closed, and consequently (d,t) = t(z,1) €
K(C)CD.

If, however, t = 0, then t,z, — d and t,, — 0; we claim that d € rec(C).
Let x € C and s > 0 be arbitrary. We have d,, := t,(z, — ) — d, x,, =
x +d,/t, € C, and for large enough n such that 0 < st,, <1,

dn
x + sdy, = (1 — stp,)zx + sty (m + t—) = (1 — stp)z + stya, € C.

n

This gives = + sd,, — « + sd € C, and proves the claim. a

5.7 Continuity of Convex Functions

There are no continuity assumptions made in the definition of a convex func-
tion. However, it turns out that a convex function is continuous in the relative
interior of its domain, even Lipschitz continuous under a mild boundedness
assumption. In finite dimensions, this boundedness assumption is not needed,
because it is automatically satisfied. These constitute some of the most basic
results on convex functions.

Let f : E — RU{o0} be a convex function on a normed linear space F, and
define L = aff(dom(f)). Since f is always +oo off L, in questions regarding
the continuity of f, it makes sense to consider f only on L, since otherwise f
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can never be continuous at any point when L is a proper subset of E. Thus,
in this section, we consider convex functions with full-dimensional domains.

Lemma 5.42. Let f : E — RU{oo} be a convex function in a normed linear
space E such that dom(f) has a nonempty interior.

If f is bounded from above in a neighborhood of some point xo € int(dom(f)),
then f is bounded from above in a neighborhood of every point of int(dom(f))
(with the bound depending on the point).

Proof. Let By, (x¢) € int(dom(f)) be such that f(z) < a < oo for z € B, (zo),
and let = € int(dom(f)) be an arbitrary point. There exists v > 1 such that
w =z + y(r — x9) € dom(f).

We claim that B,(z) € dom(f), where r = (y — 1)rg/vy. Geometrically,
this follows from the fact that the convex hull of w and By (x¢) forms a
truncated conic region that encloses a ball at x whose radius can be computed
using similarity. Analytically, if [[v — x| < 7, consider the point u defined by
the equation w =: u + y(v — w). Then 0 = (1 — v)(u — xg) + v(v — z) and
lu — xo|| < rvy/(y — 1) = 1o, so that u € dom(f). This proves the claim.

Since v = w/v + ((y — 1)/y)u € dom(f), using the convexity of f, we
obtain

1 v—1

=f|-w u 1 w -1 u) < = f(w
f(v)—f(7 + ><7f()+ —Lrw < )+

Thus f is bounded from above by the constant b on B,.(z). O

1 -1
i a=:b.

Theorem 5.43. Let f : E — RU{oo} be a convex function on a normed linear
space E. Then f is continuous in ri(dom(f)) if and only if there exists a point
xo € ri(dom(f)) such that f is bounded from above in a relative neighborhood
of ko (that is, a neighborhood of xq in the relative topology of aff(dom(f))).

Proof. Define C' = dom(f) and assume that int(dom(f)) # 0, by restricting
f to aff(dom(f)) if necessary. If f is continuous at xzy € int(C), then there
exists a neighborhood zg € N C C such that |f(z) — f(20)] <1 on N, and f
is bounded from above on N by the constant f(zo) + 1.

Conversely, assume that f(z) < a < oo for x in a neighborhood N of xg.
We may assume, if necessary by considering the function x — f(x+x¢)— f(z0)
on the set C'— g, that zo = 0 € int(C) and f(0) = 0. Consider the symmetric
neighborhood S = N N (=N) of 0, and pick any 0 < ¢ < 1. If z € &5, then
+z/e € S, and we have

—ea < f(z) < (1-¢)f(0) +ef(z/¢e) < ea,

where the second inequality follows from the convexity of f and the first
inequality from

0= f(0) = f(li n 1j€<z/s>)
L i+ fefe) < L po) + —a

1+¢ 1+e¢ 1+e¢
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This proves the continuity of f at o = 0. By virtue of Lemma 5.42, f is
bounded from above on a neighborhood of every point of z € int(C), so that
f is continuous on int(C). O

It is possible to strengthen the continuity result above.

Definition 5.44. A function f : X — R on a metric space X is called Lip-
schitz continuous if there exists a constant K > 0 such that

[f(x) = f(y)| < Kd(z,y) forall w,y e X.

The function f is called locally Lipschitz continuous if each point x € X has
a neighborhood on which f is Lipschitz continuous.

Theorem 5.45. Let f : E — R U {oco} be a convex function on a normed
linear space E. If there exists a point xy € ri(dom(f)) such that f is bounded
from above in a relative neighborhood of xg, then the function f is locally
Lipschitz continuous on ri(dom(f)).

Proof. We may again assume that int(dom(f)) # (. By virtue of Theo-
rem 5.43, f is continuous in a neighborhood B, (zg). Suppose that

m< f(z) <M on B, (x),

and pick 0 < r < 79. We claim that f is Lipschitz continuous in B, (). Let
v1,v2 € B(x0), and assume for now that |Jva — v1|| < ro — r. The function
g(w) = f(vy + w) — f(v1) is convex and finite-valued, ¢g(0) = 0, and g is
bounded from above in the ball N := B,,_.(0) by the constant M — m.
It follows from the proof of Theorem 5.43 that |g(w)| < e(M — m) on eN.
Consequently, since vy — vy € (|lve — v1||/(r0 — 7)) N, we have

7(2) = )] = lg(os )| < T

— ||1)2 — ’Ul”. (56)

Now if vy, vy € B, are arbitrary, we can partition the interval [vi, vs] into N
points {ug }V in such a way that u; = vy, uy = v, and |Jug —up_1|| < ro—7.
Applying (5.6) to each pair (ux—1,ug), k = 2,..., N, and adding the results
gives

N N oy
[f(v2) = fo0)] <01 F(uk) = flur—1)| < o |k — g1l
=2 k=2
M—-—m
= [va — v,
ro—7T

where the equality follows since each vector uy — up_1 has the same direction
v9 — v1. This proves the claim and the theorem. O
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In infinite-dimensional vector spaces, the boundedness assumption on the
function f is really necessary, where even the continuity of linear functionals
is tied up with boundedness. However, the situation is different in the finite-
dimensional case.

Lemma 5.46. Let f : E — R U {oo} be a conver function on a finite-
dimensional normed linear space E. If x € ri(dom(f)), then f is bounded
from above in a relative neighborhood of x.

Proof. Let n = dim(F). As in the proof of Theorem 5.43, we may assume that
int(dom(f)) # 0. If = € int(dom(f)), then

n+1 n+1
x € N =int(A) = {Z)\zm : A >0, Z/\i = 1},
i=1 i=1

where {u;}7T! are affinely independent vectors in dom(f), so that A =
co({u;}7T) is an n-simplex contained in dom(f). If y = Z;:rll Aiu; € A,
then

n+1 n+1

T = (3 Nus) < D7 Af () < max{F(w)...... ()},

1=1
proving our claim. a

Corollary 5.47. Let f : E — R U {oco} be a convex function on a finite-
dimensional normed linear space E. If we consider f as a function f :
aff(C) — RU {oo}, then f is locally Lipschitz continuous on 1i(C).

5.8 Exercises
1. (a) Show that

co({z:}%) + co({y;}) = co{zi +yj :=1,... .k, j=1,...,1}).

(b) Let C;1 and Cy be two nonempty sets in a vector space E. Use (a) to
show that co(Cy + Cs) = co(C1) + co(Cy).

2. Let C be a k-dimensional convex set in R™. Given any basis {e;}} for R™,
show that there exists a linear subspace L. C R™ spanned by k of the basis
vectors {e;} such that the projection of C' onto L has dimension k.

3. Let C be a convex set and {A;}} affine subspaces in a vector space E. If
CCAUAU---UAg, show that C C A; for some i, 1 <17 < k.

Hint: Use induction on k.

4. The purpose of this problem is to establish a connection between the

Minkowski gauge function and the support function.
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Let ¢ C FE be a convex body in a finite-dimensional vector space E
containing zero in its interior, and let

C°:={z:{(x,2) <1 forall ze€C}
be its polar set, and the function

oo (x) = sup(z, z)
zeC
the support function of C.
(a) Show that the gauge function of C° is the support function of C,
that is,
peo(x) = oc(x) for all z € E.

(b) If C is closed, then show that

pe(x) = oco(x) for all z € E.

Hint: you may assume that (C°)° = C, a fact that requires an appro-
priate separation argument.

5. Let C' C E be a convex set in a finite-dimensional vector space E such that
C' is a relatively open convex in the algebraic sense, that is, rai(C) = C.
Give a direct proof of a result proved in Theorem 5.23, namely, that C' is
a relative open convex set in the topological sense, that is, ri(C') = C:

(a) Using the properties of the Minkowski gauge function.
(b) Using an elementary approach, starting with a basis {d;}} of direc-
tions in E at a point xg € rai(C'), and then using the convexity of C.
6. Let f(x,y) = y?/z, where z > 0.
(a) Show that f is a convex function.
(b) Show that f cannot be made continuous at zero, that is, we cannot
prescribe a value to f(0,0) so that f becomes continuous at (0,0).
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Separation of Convex Sets

Separation theorems involving convex sets is an important topic in optimiza-
tion. The duality theory of convex programming depends on them, and the
various optimality conditions in optimization theory, from the Fritz John and
Karush-Kuhn-Tucker (KKT) conditions to the Pontryagin maximum prin-
ciple, can be obtained from them. In addition, the familiar Hahn—Banach
theorem, which is one of the cornerstones in functional analysis with an enor-
mous number of applications in the field, is an analytic form of a separation
theorem.

Most separation theorems in the literature deal with the separation of
two convex sets. However, it is sometimes advantageous to prove theorems
dealing with separation of several convex sets. We will deal with both types
of separation theorems in this chapter.

It is a fact that it is technically easier to prove separation theorems in
finite-dimensional (and Hilbert) spaces than in general vector spaces. Since
our emphasis is more on finite-dimensional spaces, we find it expedient to first
prove separation theorem in the simpler setting of finite-dimensional spaces
(which for the most part can be extended to Hilbert spaces). This is done
in Sections 6.1-6.5. Our proofs are valid verbatim in any finite-dimensional
Euclidean space E equipped with an inner product (-,-), but we assume for
convenience that £ = R™ equipped with the usual inner product (z,y) =
2Ty, Then in Sections 6.6 and 6.7, we prove separation theorems (involving
both two and several convex sets) in general vector spaces. Our treatment
emphasizes the algebraic approach, which accounts for its generality. The
topological separation theorems are then obtained with ease as corollaries;
see for example the proof of Theorem 6.39. Finally, Section 6.8 deals with the
Hahn-Banach theorem in a general setting.

A reader who is interested in only finite-dimensional spaces may skip Sec-
tions 6.6—-6.8 without any loss of continuity.

O. Giiler, Foundations of Optimization, Graduate Texts in Mathematics 258, 141
DOI 10.1007/978-0-387-68407-9_6, © Springer Science+Business Media, LLC 2010
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6.1 Projection of a Point onto a Finite-Dimensional
Closed Convex Set

Let C C R"™ be a closed convex set. If x is a point in R™, then the point in
C that is closest to x is called the projection of x onto C, and is denoted by

Hc(.’b)

Fig. 6.1. Projecting a point onto a convex set.

Figure 6.1 illustrates the situation. We may convince ourselves that for
any z € C, the angle 6 between the vectors  — I[I(x) and z — II¢(x) must be
obtuse. Since (x — a*,z — z*) = ||l — 2*|| - ||z — ™| cos 6, and since cosd < 0
when 6 is obtuse, we may expect that the following theorem holds.

Theorem 6.1. Let C C R™ be a nonempty closed convez set. The projection
I (x) of x onto C is characterized by the variational inequality

(x —Heo(x),z — He(x)) <0 forall z€C. (6.1)

Proof. Consider the minimization problem

. 1 2
min f(2) := gllz — ="
The function f is clearly coercive on R™, so that any sublevel set [, (f) :=
{z € C: f(2) < a} is a compact set. It follows from Theorem 2.2 that there
exists a global minimizer of f on C'. Since f is a strictly convex function, the
minimizer is unique. Finally, it follows from Theorem 4.33 that the minimizer
x* := II(x) is characterized by the variational inequality

(Vf(x*),z—2a*) >0 forall z€C.
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Since V f(z*) = * — x, this is equivalent to the condition
(x —a",z—2a") <0 forall z€C.
The theorem is proved. a

Remark 6.2. The above theorem holds even in Hilbert spaces; notice that we
need to show only that IT(x) exists. Let {z,}{° be a minimizing sequence,
that is, x,, € C such that

|z — zn|| = d =de(z) :=inf{||lz — 2| : z € C}.
The Euclidean distance satisfies the parallelogram equality |[u — v]|? + ||u +
v]|?2 = 2(|Jul|® + ||v]|?); therefore

2
Tm + @
o = 20l = 2o = 2P+ 2l = o = o - T2

<2l — 2 ||? + 2| — 2, ||* — 4d — 0,

where the inequality follows from the fact (2, + ©,,)/2 € C. This shows that
{zm} is a Cauchy sequence and thus converges to a point z* € C' satisfying
the equality ||z — z*|| = d.

Corollary 6.3. The function Ilo : R™ — C is nonezpansive, that is,
o (x2) — Ho(x1)|| < ||x2 — x1|| for all x1,z2 € R™.
Consequently, Ilc is a continuous mapping.

Proof. The variational inequality (6.1) gives

(1 — Ho(21), He(x2) — (1))
(xo — He(x2), Ho(x1) — He(22))

0,
0.

)

INIA

rearranging and adding these inequalities, we obtain
(r1 — 22 + o (22) — Ho(21), He(72) — (1)) <0,

or

o (w2) — Ho(a1)|]” < (2o — a1, Ho(xs) — Ho(zr))
<o — 21| - (e (22) — He (o],

where the last inequality follows from the Cauchy—Schwarz inequality. O
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6.2 Separation of Convex Sets in Finite-Dimensional
Vector Spaces

We start by defining several relevant concepts.

Definition 6.4. A hyperplane H in R" is an (n—1)-dimensional affine subset
of R™, that is, H = {x € R™ : {(z) = a} is the level set of a nontrivial linear
function £ : R™ — R. If £ is given by £(z) = (a,x) for some a # 0 in R™, then

H=Hgq ={zeR": (a,z) = a}.
A hyperplane H partitions R™ into two half-spaces.

Definition 6.5. Let H = H(, ) be a hyperplane in R™. The closed half-spaces
associated with H are the two closed sets

ﬁ(aa ={reE:(a,z)>a},
):{meE.<, z) < a}.

(a,a

Similarly, the open half-spaces associated with H are the two open sets

Definition 6.6. Let C' and D be two nonempty sets and H := H, ) a hy-
perplane in R™.

H is called a separating hyperplane for the sets C' and D if C' is contained
in one of the closed half-spaces determined by H and D in the other, say
C’CH( I andDCH( )

H is called a strictly separating hyperplane for the sets C and D if C is
contained in one of the open half-spaces determined by H and D in the other,
sayC’CH(*a) andDCH(;a)

H is called a strongly separating hyperplane for the sets C' and D if there
exist B and 7y satisfying 6 > a >y, C C H( )7 and D C H(

H is called a properly separating hyperplane for the sets C’ and D if H
separates C' and D and C and D are not both contained in the hyperplane H.

H is called a support hyperplane of C at a point x € C if x € H and
CCH*.

If there exists a hyperplane H separating the sets C' and D in one of
the senses above, we say that C' and D can be separated, strictly separated,

strongly separated, properly separated, respectively.

We are ready to study the separation properties of convex sets in R™. We
begin by considering the separation of a single point from a convex set.
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Theorem 6.7. If C C R" is a nonempty convez set and T ¢ ri(C), then there
exists a hyperplane H, o) such that T € H, o) and C C H(t )’ that is,

(a,x) > {a,T) for all x € C.
Proof. We first assume that T ¢ C. The variational inequality (6.1) gives
(IT —T,x — IIzT) > 0 for all z € C;
defining a := II(T) — T # 0, and writing
-t =x—-T+ (T —IIgT) =0 —T —a,
we get (a,z —T —a) >0, or {(a,z —T) > ||a]|> > 0. Therefore,
(a,2) > (a,T) forall xz € C,

and the theorem is proved in this case. -
If T € C'\ ri(C), then there exists a sequence {z} of points not in C such
that xp — T. It follows from (6.1) that

(Iz(zy) — 2, v — He(zy)) >0 forall z e C.
Since z, ¢ C and II5(xy) € C, we have IIg () # x; defining

ay = H@((Ek) — (Ek)
o Ms(wk) — 2l

we have -
(ag,x — II5(xy)) > 0 forall z e C. (6.2)

Since the sequence {ay} is bounded, it has a convergent subsequence; to avoid
cumbersome notation, we assume that the sequence {ay} itself converges, say
ap — a, where |la|| = 1. Since 2, — T and Il is continuous,

e (ax) — (@) =7
thus letting k — oo in (6.2) gives
(a,x) > {(a,T) forall x e C,
and the theorem is proved. a
Theorem 6.7 immediately implies the following.

Theorem 6.8. (S@port hyperplane theorem) If C' C R™ is a nonempty
convez set and x € C\ri(C), then there exists a support hyperplane to C' at x.

The following theorem provides the weakest separation result for two con-
vex sets. It follows easily from Theorem 6.7, because a useful trick reduces
the problem of separating two convex sets to the separation of a point from a
suitably defined convex set.
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Theorem 6.9. Let C and D be two nonempty convex sets in R™. If C and
D are disjoint, then there exists a hyperplane H(q, o) that separates C and D,
that is,

(a,2) <a<{a,y) foral x€C, yeD.

Proof. The trick is to define the set
A=C-D={z—-y:z€C, ye D},

and note that 0 ¢ A, due to C N D = (. The set A is convex, because A =
C'+ (—D) is the Minkowski sum of the convex sets C and —D; it follows from
Theorem 6.7 that there exists a hyperplane H(, o) with o = (a,0) = 0 such
that (a,u) <0 for all u € A. Since A = C' — D, this means that (a,z —y) <0
for all x € C and all y € D, or

(a,z) < {a,y) forall x € C, yeD.
Then, any hyperplane H(, o) with « satisfying

sup(a,z) < a < inf (a,
sup(a, ) < o < inf (0.1)

separates the sets C and D. O

Fig. 6.2. Separation of two convex sets by a hyperplane.

Theorem 6.10. (Strong separation theorem) Let C, D be two nonempty,
disjoint, closed, convex sets in R™. If one of them is compact, then C' and D
can be strongly separated.
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Proof. Let us assume for definiteness that D is compact. We note that the
theorem is equivalent to the existence of a hyperplane H, . satisfying the
condition

inf {(a,z) > o > max{a, y),

Inf (a,z) max(a, y)

or equivalently the condition
(a,z) > a > {(a,y) forall z€C, ye D.

Define A := C — D. The set A is convex, and we claim that it is closed.
Let ux — u be a convergent sequence with u; € A; we will show that u € A.
Write ug = xp — yi, where x, € C' and yi, € D. Since D is compact, we can
extract a convergent subsequence from {yi}. To avoid cumbersome notation,
assume that y, — y € D. Since zp — yr — u and yr — y, we see that
zr —x:=u+y € C. Thus,u =z —y € A, and the claim is proved.

Since C N D = (), we have 0 ¢ A = A, and it follows from the first part
of the proof of Theorem 6.7 that there exists a hyperplane H(, ) such that
(a,u) >|lal|* > 0 for all u € A, or (a,z —y) > ||al|? for all x € C and y € D.
This implies

_ Nal® la]l? ,
(a,z)y > (a,x) 5 > (a,y) + 5 > (a,y) for all z€C, y € D;

it is easy to see that the theorem holds with a = ||a||?/2 + maxyep(a,y). O

Remark 6.11. The strong separation theorem breaks down if neither C' nor D
is compact. For example, consider the closed convex sets C = {(0,y)} (the y-
axis) and D = {(z,y) : y <Inz}. Neither set is compact, and it is easy to see
that the only hyperplane separating C' and D is the y-axis. Since C' coincides
with the separating hyperplane, there exists no hyperplane separating C' and
D strictly, let alone strongly.

Theorem 6.12. If C' C R" is a nonempty closed convez set, then C is the
intersection of all the closed half-spaces containing it, that is,
— 7+ . 7+
C= ﬂ {H(a,a) :CC H(a,a)}'

(a,a)

Proof. Denote by D the intersection set above. It is clear that D is a closed,
convex set containing C', so it remains to show that D C C.

If this is not true, then there exists a point xg € D that does not lie in
C'. Applying Theorem 6.10 to the convex sets {zo} and C, we see that there
exists a hyperplane H := H(, o) such that zop € H~ and C' C H™; but then
HY is one of the closed half-spaces intersected to obtain D, and so D C H™.
Since zg € D, we obtain xy € HT, which contradicts zy € H~. The theorem
is proved. a
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Remark 6.13. The result above provides an “external” or “from outside” char-
acterization of closed convex sets as intersections of closed half-spaces. That
is, all closed convex sets are obtained from half-spaces using the intersection
operation. In contrast, the convex hull operation generates a convex set by
enlargement, “from inside.” This is an instance of a “duality,” which is a
common phenomenon in convexity.

The most useful separation result for two convex sets in a vector space is
perhaps the proper separation theorem (Theorem 6.15 below and its general
version Theorem 6.33 on page 161). It is here that the properties of the relative
interior developed in Chapter 5 prove most useful.

We need the following result in its proof.

Lemma 6.14. Two nonempty convex sets C and D in R™ can be properly
separated if and only if the origin and the conver set K := C — D can be
properly separated.

Proof. Let H := H(, ) be a hyperplane properly separating C' and D such
that C € HT, D C H~, and assume without loss of generality that C' does
not lie on H. Then

(a,z) > a > (a,y) forall x€C, yeD,

and (a,zg) > « for some zy € C; it follows that {(a,z) > 0 for all z € K, with
strict inequality holding for some zy € K. This proves that the hyperplane
H,,0) properly separates the sets {0} and K.

Conversely, suppose that the sets {0} and K are properly separated by
a hyperplane H(, o) such that K C H(J;’a). Then (a,z —y) > a > 0 for all
rxe€CandyeD,or

(a,z) > a+ (a,y) forall x€C, ye D,

and either the first inequality is strict for some zy € C' and yg € D, or else
a > 0. In the first case, any hyperplane H, ,) with v € R satisfying

inf (a,) > 7 > a + sup{a, y)
zeC yeD

properly separates C and D; in the second case we have o > 0 and (a, z) = a+
(a,y) for any x € C and y € D, so the hyperplane H, ) with v = a/2+(a, )
properly separates C' and D. a

Theorem 6.15. (Proper separation theorem) Two nonempty convez sets
C and D in R™ can be properly separated if and only if ri(C') and ri(D) are
disjoint.

Proof. Define the convex set K := C' — D. It follows from Lemma 5.11 and
Corollary 5.21 that ri(K) = ri(C' — D) = ri(C) —ri(D); thus, ri(C)Nri(D) = 0
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and 0 ¢ ri(K) are equivalent statements. Consequently, Lemma 6.14 reduces
the proof of the theorem to proving that the sets {0} and K are properly
separable if and only if 0 ¢ ri(K).

Suppose that the origin and K are properly separated by a hyperplane H,
such that 0 € H~ and K C H*. We claim that 0 ¢ ri(K). If 0 ¢ H, then
ri(K) € H*, so that 0 ¢ ri(K). Otherwise, 0 € H and there exists a point
x € K\ H. If we had 0 € ri(K), there would exist a point y € K such that
0 € (x,y), giving the contradiction y € C N H~ = (. This proves the claim.

Conversely, suppose that 0 ¢ ri(K). Write

L := aff(K) = ug + span{uq, ..., ux},

where {u;}¥ is linearly independent. If 0 ¢ L, then {u;}% is linearly indepen-
dent, and we can extend it to a basis {ui}gfl of R™. Then the hyperplane
H := wuy + span{uy,...,up—1} does not contain the origin, so it properly
separates {0} and K.

If 0 € L, we apply Theorem 6.9 within the vector space L to the sets
{0} and ri(K), and obtain a hyperplane P in L separating 0 and K such that
ri(K) C P+; see Figure 6.3. We may assume that 0 € P; otherwise the transla-
tion of P so that it passes through the origin also satisfies the same separation
properties. Extending P to the hyperplane H = span{P, ugi1,...,Un—1}, it
is evident that H properly separates {0} and K. O

H

Fig. 6.3. Proper separation of convex sets.

We use Theorem 6.15 to obtain an improved version of Theorem 6.8.

Theorem 6.16. Let C' be a nonempty convex set in R™. If D is a nonempty
convex subset of the relative boundary of C (D C C\1i(C)), then there exists
a support hyperplane to C' containing D but not all points of C.
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Proof. Since ri(C) Nri(D) C ri(C) N D = (), Theorem 6.15 implies that there
exists a hyperplane H := H(, ) properly separating C' and D, say

(a,2) <a<{a,y) forall z€C, yeD.

If y € D, then (a,y) > «, but since y € C, we also have (a,y) < a. This means
that {(a,y) = « for all y € D, that is, D C H. Since H properly separates C
and D, we must have C Z H. O

Finally, we present a proper separation theorem involving two convex sets
one of which is an affine set.

Theorem 6.17. Let C' C R™ be a nonempty convex set. If M is an affine set
such that ri(C) and M are disjoint, then M can be extended to a hyperplane
H such that ri(C) and H are disjoint.

Proof. Since M is affine, ri(M) = M, and Theorem 6.15 implies that there
exists a hyperplane H properly separating C and M. If M C H, we are done;
if not, there exists a point z € M \ H # (). The affine sets H and M must be
disjoint; otherwise, there would exist a point u € M N H, and the line passing
through  and u would intersect both half-spaces Ht and H~, a contradiction
because the line stays in M, which is included in one of these half-spaces.

If the hyperplane H is shifted parallel to itself so that the new hyperplane
H includes M, then H Nri(C) = 0. O

Fig. 6.4. Separation of an affine set and a convex set.

It is perhaps surprising that even when the affine set M and the convex
set C' in Theorem 6.17 are disjoint, the hyperplane H D M may contain
points of C. The example in Figure 6.4 is such a case in which M C R? is
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the z-axis and C' is the convex hull of the point (0,—1,0) and the hyperbola
{(z,y,2) : xzz = 1,2 > 0,y = 1}. Even though C and M have no common

points, the separating hyperplane H is the xy-plane and contains the point
(0,-1,0).

6.3 Two Applications of Separation Theorems

6.3.1 Dual Cone

Duality is a very important aspect of convex analysis. In this subsection, we
deal with a particular case of duality.

Definition 6.18. If K C R"™ is a nonempty set, the set
K*:={yeR":(x,y) <0 forall =€ K}
1s called the polar cone of K, or sometimes the dual cone of K.

The cone K* is always a closed convex cone, because

K= (Y {yeR": (wy) <0} = () Hyy),
veK zeK

and each H (; 0) is a closed convex cone.
Theorem 6.19. If K C R"” is a closed convex cone, then K = K**.

Proof. From the definition of K*, we see that if € K, then (z,y) < 0 for all
y € K*; this proves that K C K**. Suppose that the reverse inclusion K** C
K is not true, and pick a point x € K**\ K. It follows from Theorem 6.10
that there exists a nonzero vector a € R™ such that

(a,z) > (a,z) forall z€ K. (6.3)

On the one hand, setting z = 0 in (6.3) gives (a,z) > 0; on the other hand, if
z € K is a fixed point, then tz € K for all ¢ > 0, and (6.3) gives (a,x) > (a,tz),
or {a,z) < {(a,z)/t. Letting t — oo, we obtain

(a,z) <0 forall z€ K,

which implies that a € K*. However, since z € K**, we must have (a,z) < 0,
which contradicts the fact (a,z) > 0 proved above. O

Definition 6.18 and Theorem 6.19, with appropriate modifications, hold in
much more general settings.
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6.3.2 A Convex Barrier Function on an Open Convex Set

Theorem 6.20. Let C C R™ be a nonempty open convex set. The distance
function
de(z) :=d(x,0C) = min{||z — z|| : z € OC}
is a concave function on C that vanishes on the boundary of C.
Furthermore, the function —Inde(x) is a convex barrier function on C,

that is,
—Inde(z) 00  asx — OC.

Proof. Let x € C.If Ht is an open half-space containing C, then it is a simple
consequence of the definition of d¢ that do(x) < dg+(x); thus
<
de(x) < clgnffﬁ dpr+(x),
where the infimum is taken over the set of open half-spaces H™ containing C.
However, do(x) = ||z — 2. for some z, € JC, and it follows from Theorem 6.8
that there exists 0 # a € R" such that H(x)" := {z : {(a,z) > {(a, z,;)} contains
C. Clearly
dp(2)+ () = dc(z),
and this proves that

do(z) = cignffﬁ dg(x) for zeC. (6.4)
Now, if HT = H} | where |al| = 1 and # € H¥, then it is easily shown

(a,a)’
that dg(z) = (a,x) — «, a linear function. Consequently, d¢(z) is a concave
function, being the pointwise infimum of a set of linear functions.
The same argument shows that

—Inde(z) = sup —lndgy(z), zeC.
CCH
Since the function —Indy(z) is convex, we see that —Inde(z) is a convex
function on C, and approaches +oo on 0C. O

The converse statement is also true, that is, if C' is an open set and d¢ is
a concave function (or —Indcg is a convex function), then C' is a convex set.
We will not prove this here; the interested reader may consult [47] or [141],
pp- 57-60, for details.

6.4 Proper Separation of a Convex Set and a Convex
Polyhedron

If, in separation theorems, one of the convex sets has a special character,
then it is possible to prove more powerful separation results; see [175, 176] for
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examples of such results. Rockafellar proves a particular separation theorem
when one set is a convex polyhedron; see his Theorem 20.2 in [228]. He uses
it to prove two important results, a convex transposition theorem and as a
corollary the strong duality theorem of convex programming, which more or
less correspond to our Theorems 11.14 and 11.15, respectively.

We here give a simpler proof of Rockafellar’s separation theorem using a
device in [147].

Theorem 6.21. Let C' and P be nonempty convex sets in R™ such that P
s a convex polyhedron, that is, P is the intersection of finitely many closed
half-spaces in R™. There exists a hyperplane separating C' and P properly and
not containing C if and only if ri(C) and P are disjoint.

Proof. Suppose that there exists a hyperplane H that separates C' and P and
does not contain C. If z € ri(C) N P # ) as well, then we have x € H, and
if y € C'\ H, then the line segment [y, ] can be extended beyond x without
leaving C' (since z € ri(C)), intersecting both half-paces H+ and H; this
contradicts the fact that H separates C and P.

To complete the proof, we need to show that if ri(C') N P = ), then we can
find a hyperplane H separating C' and P and not containing C. We will do
this by a suitable separation argument. Suppose that P has the representation

P={xeR":hj(x)<0, j=1,...,m},

where each h; is an affine function.

A crucial part of the argument involves the introduction of the mazimal
set of indices I C {1,...,m} (which could be the empty set) such that there
exist positive multipliers o; > 0 satisfying the conditions

Zajhj(x) =0 for all z € ri(C).
jel

An important property of the set I (which is easy to see) is that if a point
z € 1i(C) satisfies the linear inequalities h;(x) < 0 for all j € I, then it
satisfies them with equality, that is, h;(x) = 0 for all j € I.

We define a set of “right-hand-side vectors” of the affine functions on ri(C),

R:={zeR":3zeri(C), hj(x) <z, j¢ I, hj(z)=z2, jel}.

which is clearly a nonempty convex set. We have 0 ¢ R (since any = €
ri(C) must satisfy h;(xz) = 0 for j € I), and by Theorem 6.17 there exists
a hyperplane H through the origin such that ri(R) N H = §. Consequently,
R lies in one of the closed half-spaces defined by H, but not entirely on H.
Thus, there exists a nonzero vector u € R™ such that (i, z) > 0 for all z € R,
and the strict inequality is satisfied for some Z € R. This means that

> pihi(@) +t5) + > pihi(x) >0 for all x € 1i(C), t >0, (6.5)
JgI Jjel
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and the inequality is strict for some T € ri(C), t > 0.
If 1; < 0 for some j ¢ I, then we obtain a contradiction to (6.5) by letting
t; — oo; thus pu; > 0 for j ¢ I. Letting t; — 0, we obtain

Zujhj(x) >0 for all z e ri(C).
j=1

Some components of the multiplier vector py := (u;,j € I) may be negative,
but adding to it a positive multiple of the vector oy := (o, j € I) makes all
components of p; positive without changing the above inequality.

The affine function

{(x) = Zujhj(fﬂ)

is nonnegative on ri(C) and clearly nonpositive on P. Thus, H := {z : {(z) =
0} is a hyperplane separating ri(C) and P.

The function £(z) does not vanish identically on ri(C): otherwise, in the
case that p; > 0 for some j ¢ I, the maximality of I is violated; and in the
remaining case in which p; = 0 for all j ¢ I, (6.5) implies that ¢(Z) > 0 for
some T € ri(C).

Thus far, we have proved that H separates C' and P, and that such ri(C)
does not lie on H. It remains only to verify the claim that ¢(x) > 0 for all
x € C. If there is a point « € C such that ¢(z) < 0, then the line segment
[0, ], where z¢ € ri(C), contains a point z1 € (x¢,z) such that {(z1) < 0.
Since x; € ri(C') by Lemma 5.18, this gives a contradiction, proving the claim.

O

6.5 Dubovitskii-Milyutin Theorem in Finite Dimensions

Dubovitskii and Milyutin [80] devise a general scheme to derive optimality
conditions in very diverse optimization problems, ranging from mathematical
programming to optimal control. In this theory, the optimality conditions are
reduced to the condition that the intersection of a certain set of convex sets
is empty. Then, the Dubovitskii—Milyutin theorem below is invoked to write
the optimality conditions in a more convenient, analytical, form. Two general
versions of the theorem are given in Section 6.7.

We first prove a generalization of this result in finite dimensions following
[124].

Lemma 6.22. Let {C;}¥"!, k > 1, be convex sets in R" such that 0 € C; for
i=1,...,k+ 1. Consider the conditions

(a) NEHLC = 0.
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(b) There ezists 1 := (I1,...,lg+1) # 0 such that

k+1
(li,z;) <0 forall =z; € Cy, Zli —0.

i=1

Then (a) implies (b). Moreover, if k of the sets, say {C;}¥, are open, then
(b) implies (a) as well, and the two conditions are equivalent.

Proof. (a) implies (b): The important idea here is to define the sets

Ky = {(@k41, - Tot1) : Tagr € Cppa ),
Ky 1201 X“-XC]{;,

and to note that K1 N Ky = (), and 0 € K;, i = 1,2. Theorem 6.9 implies that
the sets K7 and Ky can be separated, that is, there exists 0 # (I1,..., k),
l; € R™, such that

k
Z liy ;) < Zl“ forall @; € C;, i=1,...,k, y € Cry1. (6.6)
i=1

Fix 7,1 <14 < k, and let the remaining x; — 0 and y — 0. This gives
(liyx;) <0 forall z; € C;, i =1,... k.
Similarly, letting all z; — 0 in (6.6) shows that [y := — Zle l; satisfies the
inequality (lx+1,y) <0 for all y € Cry1.
(b) implies (a): We must have l; # 0 for some i < k, since otherwise
It = 0 as well, and | = 0. If x € NFFC; # 0, then 0 = Zkﬂ(ll,@ and
because (I;,z) < 0, we actually have (lz,x> = 0 for each 7 < k. Let [; # 0.

Since C; is open, there exists € > 0 such that = + ¢l; € C;; but then we have
a contradiction, since

0> (lj,x +ely) =¢||ls]|*> > 0.
O

Theorem 6.23. (Dubovitskii—Milyutin) Let {K;}¥ be open convex cones,
and Ki11 a convexr cone in R™. Then

MR =0 (6.7)
if and only if there exist
I, e K, {l; kfl not all zero, such that I3 +ly+ -+ 1lx41 =0. (6.8)

This finite-dimensional version of the Dubovitskii-Milyutin theorem fol-
lows immediately from Lemma 6.22. The theorem is also true in infinite-
dimensional topological vector spaces; see Section 6.7.
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6.6 Separation of Convex Sets in General Vector Spaces

In this section and the next, we prove separation theorems involving two or
more convex sets in arbitrary vector spaces over R. We first prove separation
theorems using a synthetic, algebraic framework, suggested in the works [167,
168, 169, 177, 17, 18], and especially in the charming book [63], because this
approach brings out the basic ideas behind the separation theorems most
clearly, and gives the most general results. Moreover, this approach effectively
isolates the role of topological considerations in separation theorems, and
makes it possible to prove topological separation theorems with relative ease.

Readers who are not interested infinite-dimensional vector spaces may skip
this section and the next two without any loss of continuity.

We start by defining several relevant concepts.

Definition 6.24. Let E be a real vector space. A hyperplane H in E is the
level set of a nontrivial linear functional £ : E — R, that is,

H={zeFE: {z)=a}
for some o € R.

The hyperplane H partitions E into two half-spaces; in the definitions
below, “closed” and “open” are algebraic concepts and do not refer to any
topology of E.

Definition 6.25. An algebraically closed half-space in E is a set either of the
form B

H(Jza) ={z e E:{l(z)>a},
or of the form

H&a) ={z e E:lx)<a},
where £ is a nonzero linear functional on E and o € R.
Similarly, an algebraically open half-space in E is a set either of the form

H(;,a) ={z € E:{x)> al,

or of the form
Hg o = {r e E:{(z) < a}.

Definition 6.26. Let C' and D be two nonempty sets, and H := Hq ) a
hyperplane in a vector space E.

H is called a separating hyperplane for the sets C' and D if C is contained
in one of the algebraically closed half-spaces determined by H and D in the
other, say C C }_I(J;)a) and D C }_I(;?a).

H is called a strictly separating hyperplane for the sets C and D if C is
contained in one of the algebraically open half-spaces determined by H and D

in the other, say C C H& oy ond D C H, .
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H is called a strongly separating hyperplane for the sets C' and D if there
exist B and 7y satisfying v < a < (3, such that C' C H( )7 and D C H( e

H is called a properly separating hyperplane for the sets C' and D if H
separates C' and D, and C and D are not both contained in the hyperplane H.

If there exists a hyperplane H separating the sets C and D in one of
the senses above, we say that C' and D can be separated, strictly separated,
strongly separated, properly separated, respectively.

As in the finite-dimensional case, hyperplanes are proper, maximal affine
subsets. However, when F is a topological vector space, it is no longer true
that every hyperplane is necessarily closed.

Lemma 6.27. Let E be a real vector space. A set H C E is a hyperplane if
and only if H is a proper maximal affine subset of E.

Moreover, if E is a topological vector space, then the hyperplane H oy is
closed if and only if £ is a continuous linear functional.

Proof. Clearly, a hyperplane H(, ) is a proper affine subset of E. The max-
imality of H holds: if @ € E \ H, then ¢(a) # 0, so that if x € E, we
have f(x) = ¢((¢(x)/l(a))a), that is, x — £(z)/l(a)a € H, proving that
E =span{H,a}.

Conversely, suppose that H is a proper maximal affine subset of E. Assume
without loss of generality that H is a linear subspace of E. If a € E'\ H, then
E = span{H, a}, so that every x € E has a representation x = u + ta, where
u € H and t € R. This representation is unique, since x = uy +t1a = us +taa
implies that ug —u1 = (t1 —t2)a € H Nspan({a}) = {0}, that is, uz = uy and
ty = t1. Define

l(x)=t, where z=wu+ta, u€ H,tER,

which is easily shown to be a linear functional. Clearly, H = H ), proving
that H is a hyperplane.

Now suppose that E is a topological vector space. If ¢ is continuous, it
is clear that H(y ) is a (topologically) closed set. Conversely, if H := H (g )
is closed, we claim that ¢ is continuous. Pick a point x in the complement
of H, which is an open set. There exists an open neighborhood N of the
origin such that x + N C E \ H. We may assume that N is a symmetric
neighborhood, that is, N = —N: since (¢,x) +— tx is continuous, there exist
0 > 0 and a neighborhood W of the origin such that tV C N for all |¢| < 4.
The set N := Ujgj<stW C N is clearly a symmetric neighborhood of the
origin. If £(N) is unbounded, then it is easy to see that ¢/(N) = R, so that
there exists y € N satisfying ¢(y) = o — ¢(x), which gives the contradiction
x+y € (xr+ N)N H = (. Therefore, £(N) is bounded, say |[¢(x)| < M for
x € N. The continuity of £ follows, because given € > 0, |{(x)| < € for every
x € (e/M)N. O

Note that the proof above also establishes the following result.
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Corollary 6.28. Let E be a real topological vector space, and H := Hy o)
a hyperplane. The linear functional £ is continuous if and only if one of the
half-spaces HY, H™ contains an open set.

Some form of Zorn’s lemma is needed to prove separation theorems in
general vector spaces. Recall that a partial order < on a set X is a reflexive,
antisymmetric, and transitive relation on X, that is, for z,y, z € X, we have

(a) v 2z,
b)z=yyr = z=y,
=y y=z = z=3z

A subset Y C X is called totally ordered if any two elements z,y € Y can be
compared, that is, either x < y or y < x. An upper bound of any set Z C X
is a point & € X such that z < x for every z € Z. A maximal element of a
partially ordered set X is a point z € X such that < z implies that z = x.

Lemma 6.29. (Zorn’s lemma) A partially ordered set has a mazimal ele-
ment if every totally ordered subset of it has an upper bound.

Zorn’s lemma is a basic axiom of set theory equivalent to the axiom of
choice or the well-ordering principle; see for example [125] for more details.

A pair of nonempty convex sets C' and D satisfying CND = () and CUD =
E are called complementary convex sets. The following result essentially goes
back to [152] and [248].

Lemma 6.30. If A and B are two nonempty, disjoint convez sets in a vector
space E, then there exist complementary convex sets C' and D in E such that
ACC and BC D.

Proof. We introduce a relation =< on the set C of disjoint convex subsets
(C,D) C E x E such that A C C and B C D by the inclusion relation, that
is, we declare (C,D) = (C",D") it C C C" and D C D'. It is evident that < is
a partial order relation on C. Moreover, if D C C is any totally ordered subset,
then the union of sets in D is a pair of disjoint convex sets that is an upper
bound for D. Thus, Zorn’s lemma applies, and there exists a maximal element
(C,D) € C, that is, C and D are convex sets satisfying A C C and B C D,
and whenever C’ and D’ are convex sets satisfying C' C C/ and D C D’, then
C'=C and D' = D.

We claim that C'UD = E. If this is not true, pick a point € E'\ (CUD).
Since (C, D) is a maximal pair, we have co({z} UC) N D # (§ and co({z} U
D)NC # 0. Let y1 € co({z} UD)NC and ys € co({z} UC) N D; then there
exist o € D such that y; € (z,22), and 1 € C such that yo € (x,21);
see Figure 6.5. But the intersection point z of the line segments [z1,y1] and
[2,y2] belongs to both C' and D, a contradiction. This proves the claim and
the lemma. a
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Fig. 6.5.

Lemma 6.31. Let (C, D) be complementary convex sets in a vector space E.
The set
L :=ac(C) Nac(D)

is either a hyperplane in E or the whole space E.
Moreover,

(a) L = E if and only if ai(C) = ai(D) = 0, or equivalently if and only if
ac(C) =ac(D) = E.

(b) If L is a hyperplane, then the sets ai(C) and ai(D) are both nonempty,
and the pairs (ai(C),ai(D)) and (ac(C),ac(D)) are the algebraically open
and closed half-spaces associated with L, respectively.

Proof. The set L is convex, because ac(C') and ac(D) are convex sets. The set
L is not empty: let © € C and y € D; there exists a point w € (z,y) such that
[z,w) C C and [y,w) C D, implying w € ac(D) Nac(D) # 0.

First, we claim that

ac(C) = E'\ ai(D).

If © ¢ ai(D), then there exists u € E such that any point v € E satisfying
x € (u,v) has the property that (z,v] C E\ D = C; thus, € ac(C), and we
have proved that ac(C) U ai(D) = E. The sets ac(C) and ai(D) are disjoint:
if z € ac(C) Nai(D), then there exists u € C such that [u,z) C C. Let v
be a point such that « € (u,v); either v € C, in which case [u,v] C C and
x € ai(D) C D, which is impossible, or v € D and then [u,z) intersects D,
since x € ai(D), which is also impossible. Our claim is proved, and we have

ac(C) = E'\ ai(D), and ac(D) = E \ ai(C). (6.9)
=00

It follows immediately that L = E if and only if ai(C) = ai(D)
equivalently if and only if ac(C) = ac(D) = E, proving (a).

It is now easy to show that L is an affine set. If x,y € L and z satisfies
y € (z,2) and z ¢ L = ac(C)Nac(D), then z ¢ ac(C), say; but then z € ai(D),
and since z € ac(D), we must have y € ai(D) by Lemma 5.5, which contradicts
the assumption that y € ac(C). Thus, z € L, and L is an affine set.

Finally, assume that L # E. Pick p € ai(C) = E \ ac(D), so that p ¢ L;
see Figure 6.6. To prove that L is a hyperplane, it suffices to show that £ =

T
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aff({p} U L). Pick a point » € L and consider a point ¢ = ar — p with o > 1,
that is, r € (p,¢). We must have ¢ € ai(D), because otherwise ¢ € ac(C') and
r € ai(C) = E \ ac(D) by Lemma 5.5, contradicting » € L. If z € C\ L is
an arbitrary point, then the segment [z, ¢] must intersect L; in fact, the point
w € (x,q) satisfying [z,w) C C and [¢,w) C ai(D) must lie on L, because
w € ac(C) and w € ac(ai(D)) = ac(D). This proves that « € aff({p} U L).
Similarly, if y € D\ L is an arbitrary point, then y € aff ({p} UL). Altogether,
we have proved that E = aff ({p} U L), that is, L is a hyperplane.

It follows from (6.9) that the sets ai(C), L,ai(D) are disjoint and their
union is E. This proves (b). ad

q
Fig. 6.6.

Theorem 6.32. Let C' and D be nonempty convez sets in a vector space E
such that ai(C) # (. Then there exists a hyperplane H separating C' and D if
and only if ai(C) N D = 0, in which case ai(C) lies in one of the algebraically
open half-spaces associated with H .

Proof. Suppose that the hyperplane H separates C' and D, such that C C H*
and D C H~. The set C cannot lie on H, since aff(C') = E; hence there exists
a point y € C' N H'. We must have ai(C) C H™, because if there is a point
x € ai(C) N H, then there exists a point z € C such that x € (y, z); since
z € C'N H™, this gives a contradiction.

Conversely, if ai(C) N D = (), then Lemma 6.30 implies that there exist
complementary convex sets (C, D) such that ai(C) € C and D € D. We
claim that ai(C) C ai(C) # 0. If = € ai(C), then for any y € F, there exists
u € C such that € (u,y). Since [z,u) C ai(C) by Lemma 5.5, we may
assume that u € ai(C') C C; this proves the claim. Lemma 6.31 implies that
H := ac(C) Nac(D) is a hyperplane that separates C' and D, hence ai(C) and
D. Supposing ai(C) € HT and D € H~, we must have C C H*, because if
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r € CNH™ and y € ai(C) C HT, then Lemma 5.5 implies that (y, z) contains
a point z € ai(C') N H~ = (), a contradiction.
We have proved that H separates C' and D. a

Theorem 6.33. (Proper separation theorem) Let C and D be nonempty
convez sets in a vector space E, such that rai(C) # 0 and rai(D) # 0.

Then, there exists a hyperplane H properly separating C and D if and only
if rai(C) Nrai(D) = 0.

Proof. The proof is partly the same as the proof Theorem 6.15. Define the
convex set K := C' — D. It follows from Lemma 5.11 that rai(K) = rai(C —
D) = rai(C) —rai(D); thus, rai(C)Nrai(D) = 0 and 0 ¢ rai(K) are equivalent
statements. Lemma 6.14 holds in arbitrary vector spaces, as is evident from
its proof. Thus, the proof of the theorem reduces to establishing the fact that
the sets {0} and K are properly separable if and only if 0 ¢ rai(K).

Suppose that the origin and K are properly separated by a hyperplane H,
such that 0 € H~ and K C H*. We claim that 0 ¢ rai(K). If 0 ¢ H, then
rai(K) C H*, so that 0 ¢ rai(K). Otherwise, 0 € H and there exists a point
x € K\ H. If we had 0 € rai(K), there would exist a point y € K such that
0 € (x,y), giving the contradiction y € C N H~ = (. This proves the claim.

To prove the converse implication, suppose that 0 ¢ rai(K), and let L :=
aff (K') be the affine hull of K. If 0 ¢ L, we will show that {0} and L can be
properly separated; this will imply that {0} and K can be properly separated.
Consider the set of all affine subsets of E' that contain L but not 0, partially
ordered by set inclusion. Zorn’s lemma guarantees the existence of a maximal
affine subspace H containing L but not 0. We claim that H is a hyperplane;
otherwise, H' = aff ({0} U H) # E, and if we pick € E'\ H’, then the affine
set aff ({z} U H) strictly includes H but does not include 0, contradicting the
maximality of H. This proves the claim. It is clear that H properly separates
{0} and L.

If 0 € L, we apply Theorem 6.32 within the vector space L to the sets
{0} and K, and obtain a hyperplane P in L separating 0 and K such that
rai(K) C PT; see Figure 6.3. We may again assume that 0 € P (otherwise
the translation of P so that it passes through the origin also satisfies the
same separation properties). Zorn’s lemma implies that there exists a maximal
linear subspace H of E extending P and satisfying P = H N L. We claim that
H is a hyperplane in E. Otherwise, pick « € E\ H and form the linear subspace
H' := span{x, H}, which strictly contains H. We have H'NL = P:any y € H’
can be written as y = ax + h with « € Rand h € H; if y € L, then y € H,
and consequently axz € H, which implies that « = 0 and y € HNL = P. This
proves that H' N L = P (the inclusion P C H' N L is trivial), contradicting
the maximality of H.

We have proved that H is a hyperplane; clearly H properly separates {0}
and K. O
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Theorem 6.34. Let C' be a nonempty convex set in a vector space E. If M
is an affine set such that rai(C) N M = (0, then there exists a hyperplane H
extending M such that rai(C) N H = ().

Proof. The proof of the theorem is the same as the proof of Theorem 6.17
except that we replace ri(C') in that proof by rai(C') and invoke Theorem 6.33
instead of Theorem 6.15. O

6.7 Separation of Several Convex Sets

In this section, we deal with separation of several convex sets, in both the
algebraic and topological senses. The algebraic separation theorems give the
most general results, being valid under very mild conditions; they also make
it fairly easy to obtain topological separation from them, since the only thing
that needs proof is the continuity of the linear functional defining the hyper-
plane; see for example the proof of Theorem 6.39 below.

The major results of this section are Theorem 6.37, which characterizes,
under mild conditions, when several convex sets can be properly separated
in the algebraic sense, and Theorems 6.38 and 6.39, which generalize the
Dubovitskii-Milyutin theorem, Theorem 6.23, in the algebraic and topological
senses, respectively.

Readers who are not interested infinite-dimensional vector spaces may skip
this section without any loss of continuity.

Definition 6.35. Let {C;}¥ be a family of nonempty proper convex sets in a
vector space E. The sets {C;}¥ are called separable if there exist hyperplanes
{H;}% such that C; C H; for all i and the algebraically open half-spaces
{H; }} have an empty intersection, that is, "¥H; = ().

The sets {C;}% are called properly separable if they are separable and at
least one set C; does not lie on the corresponding hyperplane H;.

Theorem 6.37 below generalizes Theorem 6.33 to more than two convex
sets. We need the following preliminary result in its proof.

Lemma 6.36. Let E be a real vector space, and {{;}¥ a set of linear func-
tionals on E. The system of strict linear inequalities

ZZ(I) <o, 1=1,...,k, (610)

is inconsistent if and only if there exist nonnegative scalars {\;}¥, not all zero,

such that .

k
Z )\zgz = 0, Z )\iai S 0.
i=1

i=1
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Proof. Both sets of conditions cannot hold simultaneously, because if x satis-
fies (6.10), then we have the contradiction

k k
0< Z)‘z(az — &(!E)) = Z)\iai <0.
=1 1=1

Suppose that (6.10) is inconsistent, and define the sets

Li={ueRF:3xcE, u="0(z)—a;,i=1,...,k},
K :={ucR":u<0}

L is affine, and K is an open convex set. Note that K N L = (J; it follows from
Theorem 6.34 (in fact Theorem 6.17 suffices) that there exists a hyperplane
H = H()W) C R* such that L € H and K C H—. On the one hand, the fact
K C H™ gives

(\v) <7 forall veRF v<0,

which implies that A > 0 and v > 0; on the other hand, the fact L C H means
that

k k k
(Z )\i&)(x) ~3 N =Y Milli(w) —ai) = forall z€E,
i=1 i=1 i=1
which implies that Zle Ail; = 0 and E?Zl Aia; = —y < 0. O

An independent proof of the lemma can be found in Appendix A.

Theorem 6.37 gives both analytic and geometric characterizations of the
disjointness condition N¥rai C; = () of k proper nonempty sets {C;}¥ under
the mild conditions rai C; # @ for all i = 1,...,k, which are always satisfied
in the finite-dimensional case.

Theorem 6.37. Let {Ci}’f, k > 1, be proper convex sets in a vector space E
such that taiC; # 0 for alli=1,... k.
The following conditions are equivalent:
(a) Nk rai C; = ().
(b) There exist linear functionals {¢;}¥ on E, not all identically zero, and
scalars {o; }¥ such that

k k
Ei(aﬁi)gai forall z; € Cyy i =1,...k, Z&:O, Zaigo,
1 1

and there exists a point x belonging to a set C; with corresponding £; # 0
such that ;(x;) < ay.
(c) The sets {C;}¥ are properly separable.
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Proof. We first prove the equivalence of parts (a) and (b). We start by proving
(a) implies (b), the longest part of the whole theorem. Suppose that (a) is true.
We prove (b) by induction on k. If & = 2, Theorem 6.33 implies that there
exists a hyperplane H = H; o) such that £(z,) < o for all 21 € C1, £(z2) > «
for all z5 € Co, and Cy U Cy & H; (b) is clearly satisfied with the choices
by =4, 0y =—C, a1 = a, and ag = —a.

Assume that k& > 2, and that we have proved (a) implies (b) for all integers
smaller than k. If the relative algebraic interiors of k—1 of the sets have empty
intersection, say N rai C; = (), then by the induction hypothesis, there exist
{(4;, ;) }5 satisfying (b). If we define ¢; = 0 and a; = 0, then (b) is satisfied
with {(€;, i)}

Thus, we may assume that N5 rai C; # (). Define the sets

Kl = {(mlv‘rh'"awl) HEAIS 01}7
K2 ::CQ X e XCk.

We have, by elementary arguments,

rai K1 = {(z1,21,...,71) : 71 €raiCy} # 0,
rai Ko =raiCs X - -+ x 1ai C), # 0.

Since N¥rai C; = (), we see that rai K; Nrai Ky = (). Theorem 6.33 implies
that there exists (¢, ) = ((€a,...,4),a), £ # 0, such that

k
lo(m)+- - A Lp(mp) < a < (ZEJ (z1) forall z; € Cy, i=1,...,k, (6.11)
2

and strict inequality holds in one of the inequalities above for some choice of
Tlyeoey Tk

Define a; := sup, ¢¢, li(z;) for i = 2,...,k, and £ := — Zg b, aq = —a.
It follows from (6.11) that ag + --- + ar < «. Since we have ¢; # 0 for
some 2 < ¢ < k, (b) holds except possibly when ¢;(x;) = «; for all z; € C;,
t=2,...,k,and Z’; a; = a. However, in this last case we have a < £1(Z;) for
some T1 € Cq and o < ¢1(x) for all 1 € C;. We must have £1 # 0, because
otherwise letting x; = x € N4 rai(C;) gives

k k
0= (Z&)(x) = Zfz(.ﬁ) =a< 61(51) =0,
1 2

a contradiction. Thus, (b) holds in this case as well.

Conversely, let us prove that (b) implies (a). Suppose that (b) is true but
(a) is false, that is, there exists a point z € N¥ rai C; # 0. If the set C; is such
that ¢; # 0 and C; does not lie on the hyperplane H; := H, ,,), we have
rai(C;) C H; ; otherwise, there exist w € rai(C;) N H; and u € C; such that
w € (w;,u), and this gives a contradiction because v € CNH;" = (). Therefore,
we have
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k

0>Z(€i( ) — ) = Zaz>0

i=1
a contradiction, which proves that (a) must be true.

It remains to demonstrate that parts (b) and (c) are equivalent. It follows
immediately from Lemma 6.36 that (c) implies (b). Conversely, suppose that
(b) is true. Define I := {i: 1 <i <k, {; # 0} and H; := H(y, o, fori e I. We
have C; C H; . The open half-spaces {H, };c; must already have an empty
intersection, because x € N;crH; # () gives the contradiction

k

0> > (li(x) — o) Zalzo

It remains to show that every C;, i ¢ I, is contained in a half-space. Pick
a point = ¢ C; and invoke Theorem 6.34 to obtain a hyperplane H; such
that rai(C;) C H; . The hyperplanes {H,}} properly separate the sets {C;}¥,
proving (c). O

The next theorem is a vast generalization of the Dubovitskii-Milyutin
theorem, whose finite-dimensional versions were given in Lemma 6.22 and
Theorem 6.23. The cone version of the theorem, with a different proof, is
given in [82].

Theorem 6.38. (Dubovitskii—Milyutin) Let {C;}¥, k > 1, be nonempty
convez sets in a vector space E, such that {C’i}]f_l are algebraically open, that
18, ai(Ci) :Ci, 1= 1,...,k—1.

The following conditions are equivalent:

(a) NEC; = 0.
(b) There exist linear functionals {¢;}¥ on E, not all identically zero, and
scalars {o;}% such that

k k
li(z;) < a; forall z; € Cyy i=1,...k, Z&-:O, Zaigo.
1

Proof. We first prove that (a) implies (b). Define the sets

Ky o= {(zp, xp, .., wn)  2p € Crl,
Ky:=C1 x -+ x Cp1.

We have, by elementary arguments,
aiK2 :aiCl Xoeee XaiCk_l :Cl X oo X Ck—l :KQ,

so that K is algebraically open. Clearly, K1 N K3 = (3, so by Theorem 6.32
there exists (¢, ) = ((¢1,...,€x—1), ), £ # 0, such that
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k-1
Oz)+ -+ b1 (zr1) <a < (Z&)(wk) forall z; € C;, i=1,...,k.
1

Define a; := sup,,¢¢, li(w;) fori=1,...,k -1, so that a; +--- +ax_1 < a,
and £ := —Zlffl 4;, ay := —a; this proves (b).

Conversely, let us assume (b) and prove (a). If (a) is false, then there exists
a point € N¥C; # () that satisfies (b). On the one hand, we have

k k
0= ti(z) <Y a; <0,
1 1

so that ¢;(x) = o; foralli = 1,... k, and Zlf a; = 0. On the other hand, if z €
E is an arbitrary point, then there exists € > 0 such that [z — ez, z +€z] C C;
fori=1,...,k—1, because C; is algebraically open. This gives ¢;(zFez) < a,
so that

a; Feli(z) =L4i(x) Feli(z) = bi(x Fez) < ay,

which means that £;(z) = 0, that is, the linear functions {£;}*~! are identically
zero, and hence all the {£;}% are identically zero, which contradicts (b). This
proves that (a) must be true. O

The topological version of Theorem 6.38 is now easy to establish. The
following proof should serve as a model for obtaining a topological separation
theorem from an algebraic one.

Theorem 6.39. (Dubovitskii—Milyutin) Let {C;}%, k > 1, be nonempty
convez sets in a topological vector space E, such that {Ci}’f_l are open, that
Z'S, lIlt(Cz) = Cz', 1= 1,...,]’»’7 1.

The following conditions are equivalent:

(a) ﬂ’fCZ = (Z)
(b) There exist continuous linear functionals {£;}% on E, not all identically
zero, and scalars {o;}% such that

k k
Ei(mi)gai forall z; € Cyy i =1,... k, Z&:O, Zaigo.
1 1

Proof. By virtue of Theorem 5.20, int(C;) = ai(C;) for i = 1,...,k — 1, so it
follows from Theorem 6.38 that we need to prove only that if (a) is true, then
the linear functionals {¢;}¥ in (b) are continuous; in fact, since £}, = — ]f_l 1
it suffices to prove the continuity of ¢ := (¢1,...,l,_1).

Suppose that (a) holds. As shown in the proof of Theorem 6.38, there is a
hyperplane H := H(y o) such that the open convex set Cy x - -+ x Cy_1 lies in

the algebraically open half-space H~; £ is continuous by Corollary 6.28. 0O

i
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6.8 Hahn—Banach Theorem

The Hahn—Banach theorem is a cornerstone of functional analysis. Its proof is
given in every book in functional analysis, following almost verbatim its orig-
inal proof given by Banach [20]. Earlier results of Helly [129] and Hahn [123]
were important in the development of the Hahn—Banach theorem. The arti-
cle [52] gives a survey of the Hahn—-Banach theorem and related results and
includes 351 references.

It will be apparent in this section that the Hahn—Banach theorem is inti-
mately related to Theorem 6.34; it is in fact an analytic formulation of it.

Here is an algebraic version of the Hahn-Banach theorem, which we prove
using Theorem 6.34.

Theorem 6.40. (Hahn—Banach theorem) Let E be a vector space, and
p: E — R a sublinear functional,

p(z+y) <plx)+ply), pAz)=Ap(z) foral =z,yeFE, X>0.

If L C FE is a linear subspace, and g : L — R is a linear functional
magjorized by p, that is,

g(y) <ply) foral yelL,

then there exists a linear functional f : E — R that extends g and that is
magjorized by p, that is,

fly)=gly) forall ye L and f(z)<p(z) foral z<cE.

Moreover, if E is a real topological vector space and p is a continuous
function, then f is also continuous.

Proof. Define the following sets in the vector space F x R:
A= epi(p) = {(z,a) € E xR :p(x) < o},
B:=gr(g) ={(z,a) e LxR:g(x)=a}.

Since p is a convex function and g is a linear functional, A is a convex set (in
fact a convex cone) and B is a linear subspace of F x R. By Lemma 5.13,

rai(A) = {(z,a) € E x R: p(x) < a}.

We have rai(4) N B = (), because if (y,a) € L x R is in the intersection set,
then we have the contradiction p(y) < a = g(y).

It follows from Theorem 6.34 that there exists a hyperplane H extending
B, and disjoint from rai(A). Let

H := Hymo = {(z,a) : {(z) + ma = 0},
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where the nonzero linear functional (¢,m) on E x R is given by
(¢, m)(z, a) = L(z) + ma,
and suppose that A C H~. Then

ly)+mg(y) =0 forall yelL,

6.12
lz)+ma<0 foral (z,a)e ExR, p(x)<a. (6.12)

We must have m < 0, since otherwise we get a contradiction in the inequality
above by letting o — oo. If m = 0, then ¢(z) < 0 for all x € E, which is

impossible, since £(0) = 0. Thus, m < 0, and we may assume that m = —1;
then the linear functional f : F — R defined by
fz) == l(x)

satisfies f(y) = g(y) for y € L, that is, f extends g. Finally, the inequality
in (6.12) gives f(x) < « for all a > p(z); it follows that f(x) < p(x) for all
x € E, meaning that p dominates f.

If E is a real topological vector space and p is continuous, then f(z) < p(x)
implies that

{reFE:plx)<alC{zecE: fx)<a}=H

(f,2)?
so that H (} ) contains an open set; Corollary 6.28 implies that f is continuous.

O

Next, we give an independent, analytic proof of a general algebraic form
of the Hahn—Banach theorem, which is in the spirit of the original proof by
Banach.

Theorem 6.41. (Extended Hahn—Banach theorem) Let E be a vector
space, p : E — R U {oco} a convex function, L C E a linear subspace, and
g: L — R is a linear functional.

If
gy) <ply) forall yeL and rai(domp)nL #0,

then there exists a linear function f : E — R that extends g and that is
majorized by p,

fly) =gly) forall ye L and f(z) <p(z) forall z € E.
Proof. Fix a point € E'\ L. For u,v € L and scalars a > 0, < 0, we have

ag(u) — fg(v) = g(au — Bv)

:(a_ﬂ)g<afﬁu_afﬁv)
é(a_ﬁ)p(aiﬁu_aéﬁv)
— (= op( 25w+ z/e) - L+ /9)

< aplu+ z/a) — Bp(v + /).
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Consequently,

Blp(v+2/8) — g(v)] < afp(u+ z/a) — g(u)] Yu,ve€ L, a>0, <0,

so that

—co < sup flp(v+z/B) —g)] < _inf alp(utz/a)-g(u)]
veEL, B<0 ueL, a>

We claim that there exists ¢ € R such that

B sup [pv+z/B)—g)]<ecs inf alp(utz/a)—g(u)]. (6.13)
veL, 3<0 uel,a>

Clearly, the claim holds unless both the infimum and supremum above are
equal to +o00, in which case picking u € rai(dom p)NL, we have p(u+Aox) € R
for some Ag < 0 but p(u+ Ax) = oo for all A > 0, in contradiction to the fact
that u € rai(domp).

Define f(z) := ¢, where ¢ is given in (6.13); this determines f on all of the
linear subspace M = span{L,z}: any w € M has the form w = u + Az for
some A € R, and

Flw) = Flut Az) = f(u) + Mf(x) = g(w) + Ac.

If XA <0, (6.13) implies [p(u + Az) — g(u)]/A < ¢, and if A > 0, [p(u+ Az) —
g(uw)]/A > ¢; in either case, we have

Flu+Az) = glu) + Ae < plu+ Aa),

which proves that the linear functional f can be extended from the linear
subspace L to a linear subspace M strictly containing L in such a way that f
is still dominated by p on M.

Consider the set A = {(f,W)}, where W is a linear subspace of E con-
taining L and f : W — R is a linear functional that agrees with g on L
and is dominated by p on W, and define the relation < on A by declaring
(f1, W) < (f2,Wa) if Wy C W5 and go is an extension of f; to Ws. Clearly,
= is a partial order, and it is easy to see that if {(f, W)} is a chain in the
partial order, then the pair (f, W), where W = UW,, and f agrees with f, on
Wa, is an upper bound to the chain. It follows from Zorn’s lemma that the
partial order has a maximal element (f, W). We must have W = E, because
otherwise g can be extended from W to a strictly larger subspace as shown
above, contradicting the maximality of W. a

A proof of Theorem 6.41 can be given that employs a separation argument;
see Exercise 13.

To complete the proof of the equivalence of Theorems 6.41 and 6.34, we
now deduce the latter theorem from the former.
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Corollary 6.42. Let C' be a nonempty convex set in a vector space E, such
that rai(C) £ 0. If M C F is an affine set satisfying rai(C) N M = 0, then
there exists a hyperplane H O M extending M such that rai(C) N H = (.

Proof. We assume without any loss of generality that 0 € rai(C). Define the
linear subspace L := span M; then M is a hyperplane in L given by the
formula M = {z € L : g(z) = 1}, where g is a linear functional on L. Recall
that the Minkowski function pc : E — RU{oo} is a convex function satisfying

dompc = aff(C') = spanC
and
rai(C) = {z € E: pc(x) < 1}.
Since rai(C) and M are disjoint, we have g(y) < pc(y) for all y € M.

Let x = ty be an arbitrary point in L, where y € M and t € R. If ¢t > 0,
then by the homogeneity of g and pc, we have g(ty) = tg( ) < tpe(y) =
) = )i

pc(ty), so that g(z) < po(z), and if ¢ < 0, then g(x) = tg(y) < 0 < pc(x
therefore

g(x) < pec(z) forall x € L.
We have

0 € rai(dompc) N L = span(C) N P # 0,
and Theorem 6.41 implies that there exists a linear functional f : E — R
satisfying
f(z) <pc(x) forall z € E.
The hyperplane H = {z € E : f(z
)

1} is clearly an extension of M, and we
haveraiCNH ={z € E: pc(x =

f()} = 1. 0

)=
<1

6.9 Exercises

1. Let f : R® — R be a differentiable convex function, C' C R™ a closed
convex set, and a > 0. Prove that z* € C solves the problem min,c¢ f(x)
if and only if z* = I (a* — aV f(z*)).
2. Let C C R"™ be a closed convex set, z € R" \ C, IIc(x) the projection of
x onto C, and de(z) = ||x — e (x)| the distance from z to C.
(a) Show that if D is a closed convex set containing C, then dp(z) <
de(z). Conclude that if the half-space

H= H(d ={zeR":{d,z) <a}, d#0,

contains C, then dy(z) < do(x).

(b) Consider the particular half-space H = FI(_d,a), where d =z — I ()
and « = (d, IIc¢(x)). Show that the variational inequality characteri-
zation of ITx(x) implies that

() CCH, (i) do(z) = di(z).
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(c) Show that these results lead to the following geometrically appealing
“duality” result: the minimum distance from a point x to a convex
set C' not containing x is equal to the mazimum among the distances
from x to the closed half-spaces containing C.

3. Let C, D be nonempty convex sets in R™ such that a hyperplane H prop-
erly separates C and D, C C H*, but C ¢ H. Show that ri(C) C H*.
Hint: Pick g € C'\ H. Show that the assumption z € ri(C) N H leads to
a contradiction.

4. Let f:R™ — R be a concave function such that f(0) = 0 and

C={zeR": f(z) >0} #£0.

Let (I, z) be a linear functional on R™. Show that the following statements
are equivalent:

(a) f(z)>0 implies (l,z) >0,

(b) IA>0, (I,z) > Af(z) for all € R™
Moreover, show that equality holds above if f is a linear functional.
Hint: Define

D = {({l,x), f(x) —t) : 2 € R",t > 0} C R

show that D is a convex set, and that 0 ¢ ri(D) when (a) holds; then use
an appropriate separation argument.

5. Let {K;}7" be closed cones in R™ such that the conical hull of their union
is not closed, that is, K := cone(UT"K;) is not closed. Show that there
exist vectors x; € K;, not all zero, such that

1+ T2+ =0.

Hint: Pick T € K \ K, and let y* € K converge to . Write y* = y¥ +

-+ yk  where y¥ € K;, and define aj, := max{||yf|,...,[|v5||}. Argue
that ap — oo. Finally, consider the convergence behavior of the sequence
% = y¥/ay as k — co.

6. (Stiemke’s theorem) Prove that the system
m
Zmiai =0,z;>0,7=1,...,m,
i=1
has no solution if and only if the system
(a;,y) <0, i=1,...,m, not all zero,

has a solution.
Hint: Use the finite-dimensional version of the Dubovitskii-Milyutin the-
orem.
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7. Let A, B,C be compact convex sets in R™ such that A + C = B + C.
The purpose of this problem is to prove that A = B. Define the support
function

oa(x) := max{({z,u) : u € A}.

(a) Show that o4 is a convex function defined for all x € R™.
(b) Show that

OA+B =04+ 0B.

(c) Show that if F,G C F are compact convex sets such that op = o,
then F' = G (this requires a separation argument).
(d) Prove that A = B.
How far can we relax the assumptions that the sets A, B, C' are compact?
Can we remove the compactness hypothesis altogether?
8. Let C' C R™ be a compact convex set and assume that 0 € int(C). Define
the polar body

C°:={yeR":(z,y) <1 forall zeC}.

(a) Show that B,(0)° = By ,-(0).

(b) Show that if Cy C Cy, then C5 C CF.

(¢) Show that C° is a compact, convex body with 0 € int(C®).

(d) Show that (C°)° =C.
Hint: This will involve a separation argument.

(e) Show that the polar body of the unit cube {x € R™ : |z;] < 1,i =
1,...,n} is the cross polytope {x € R™ : Y7 | |a;| < 1}

9. Let K be a nonempty convex cone in R™.

(a) Show that ri(K) and —ri(K*) must intersect, that is, ri(K) N
(—ri(K")) # 0.
Hint: use a separation argument.

(b) Show that K N (—K*) = {0} if and only if K (hence K*) is a linear
subspace of R".
Hint: to prove the harder part of the statement, show that if K N
(—K*) = {0}, then the origin lies in ri(X). Consequently, prove that
if x is in K, then so is —z.

10. Let ¢ be a linear functional on a topological vector space. Show that if ¢
is nonnegative on an open set, then £ is continuous.

11. (Krein’s theorem) Let K be a convex cone in a topological vector space
E, containing interior points. Let L C E be a linear subspace such that
LNint(K) # 0, and f : L — R a linear functional that is nonnegative on
LNK,that is, f(z) >0 forallz € LN K.

Krein’s theorem states that there exists a continuous linear functional
f: E — R extending f such that f is nonnegative on K.

Prove the theorem by completing the following steps:
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(a) Define M := {z € L: f(z) = 0}. If M = L, show that f = 0 satisfies
the requirements of Krein’s theorem. Assume that M # L, that is, f
is not identically zero on L.

(b) Show that int(K) N M = 0.

(c¢) Use a separation argument to prove that there exists a hyperplane
H C F extending M such that int(K) N H = 0.

(d) Let g : E — R be a linear functional such that H = {z € E : g(x) =
0}. Show that g is either positive or negative on int(X). Assume the
first possibility.

(e) Show that g is a continuous linear functional.

(f) Notice that {x € L : f(z) = 0} C {z € L : g(z) = 0} (because
the first set is M and g extends f). Show that the two sets are either
equal or ¢ is identically zero on L (recall that M is a hyperplane in
L). Show that the second possibility is impossible. Deduce that there
exists A such that f(z) = A\g(x) for all x € L. Show that A > 0.

(g) Show that the functional f := Ag on E satisfies the required proper-
ties.

12. Prove Lemma 6.36 using Theorem 6.38. (Notice that the proof of the

13.

theorem does not depend on the lemma, so there is no circular reasoning
involved.)

Is it possible to prove the results of Appendix A (Theorem A.3 and its
affine version) using Theorem 6.387

Give a separation proof of Theorem 6.41 by mimicking the proof of The-
orem 6.40.






7

Convex Polyhedra

In this chapter, we develop the basic results of the theory of convex polyhe-
dra. This is a large area of research that has been studied from many different
points of view. Within optimization, it is very important in linear program-
ming, especially in connection with the simplex method for solving linear
programs. The choice of the topics we treat in this chapter is dictated mostly
by the needs of optimization. However, we do not have space to treat the
extensive body of work concerning the combinatorial theory of convex poly-
hedra, some of which is intimately related to the simplex method and its
variants. The interested reader may consult the books [115, 50, 274] for more
information on this topic and the book [5] for differential-geometric questions
regarding convex polyhedra.
In this chapter, E will be a finite-dimensional vector space.

7.1 Convex Polyhedral Sets and Cones

Definition 7.1. Let {aj}?zl be a given set of vectors in E. A cone K C E is
called a convex polyhedral cone if it has the form

K={z:{a,2) <0, j=1... k}=nbH

that is, a polyhedral cone is the intersection of finitely many half-spaces passing
through the origin.
A convex cone K is called finitely generated if it has the form

k
K = {Ztaj t] Zo7j:17-'~7k}7
Jj=1

that is, a finitely generated cone is a finite sum of rays, K = Rya1+- - -+Rag.

We first prove an important result on finitely generated cones.

O. Giiler, Foundations of Optimization, Graduate Texts in Mathematics 258, 175
DOI 10.1007/978-0-387-68407-9 7, © Springer Science+Business Media, LLC 2010
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Lemma 7.2. A finitely generated cone is a closed set.
Proof. Let K be a finitely generated cone:
k
K= {thaj Itj 207j:17,k}
j=1

By Carathéodory’s theorem (Theorem 4.21, p. 94), any point z € K can be
written as

k
$:Z(5jbj, (5]‘ ZO,
j=1

where {b;}} is a linearly independent subset of {a;}}. It follows that = €
{377 6;b; : §; > 0}, a simplical cone that is the image of the nonnegative
orthant RY. under the linear map

Since {b;}} is linearly independent, T' is a homeomorphism, and since R is
closed, so is the simplical cone. The cone K is a union of such simplical cones,
which are finitely many in number, so must be closed. a

It follows from this lemma that {Z]f d;a; : 6; > 0} = cl cone(ay,...,ax).
We will denote this set by cone(ay, ..., ax); thus

cone(ay,...,a) := cl cone(ay,...,ax).

Lemma 7.3. The dual of finitely generated cone K = cone(ay,...,ax) is the
polyhedral cone L = ﬁ?zl{x {aj,z) <0}

Proof. Clearly, we have
k
K* = {x : <thaj,x> <0 forall t; > 0} O ni{z: (aj,z) <0}.
j=1

If x € K*, choosing t; = 1 and all other ¢; = 0 implies (a;,z) < 0, proving
that K* C L. O
7.1.1 Convex Polyhedral Cones
Theorem 7.4. Let ay,...,ar € E. The finitely generated cone
K =cone(ay,...,ax)

and the polyhedral cone

L={z:(a;,z) <0,j=1,...,k}
are polars of each other, that is, K* = L and L™ = K.



7.1 Convex Polyhedral Sets and Cones 177

Proof. Tt follows from Lemma 7.3 that K* = L. Since K is closed by
Lemma 7.2, Theorem 6.19 implies that K = (K*)* = L*. O
If F is endowed with a basis, the above theorem takes the following form.

Corollary 7.5. Let A be an n x k matriz. Then the cones K = {Av:v >0}
and L = {x : ATx <0} are polars of each other.

Proof. Let A = [ay...,ax], where {a;} are the columns of A. Then K =
cone(ai,...,ax) and L ={z : (a;,z) <0,j =1,...,k}. O

Theorem 7.6. (Farkas’s lemma, homogeneous version) Let ay,...,ay
be given vectors in E. The following statements are equivalent:

(a) If © € E satisfies the inequalities {(a;,x) < 0,4 = 1,...,k, then it also
satisfies the inequality (b, x) < 0. In other words,

(anz) <0,i=1,....k] =  [(bz)<0].

(b) The vector b is a nonnegative linear combination of {a;}¥, that is, b =
Zle t;a; for somet; >0,1=1,...,k.

Proof. This is essentially a restatement of Theorem 7.4. Define
K =A{z:{a;,z) <0,i=1,...,k}.

Part (a) is equivalent to the statement, b € K*, whereas part (b) states that
b € cone(ay, ..., ar). We have K* = cone(ay, ..., ax) by Theorem 7.4. O

The general, affine version of Farkas’s lemma is given in Theorem 7.20 on
page 185.

Corollary 7.7. Let ¢1,...,cg, a1,...,a; be given vectors in E. The following
statements are equivalent:

(a)

(ci,z) =0,i=1,...,k, (a;,2) <0,j=1,....1] = [(b,x) <0].
(b) There existt; € R (i=1,...,k) ands; >0 (j =1,...,1) such that
k !
b= Ztici—FZsja]
i=1 j=1

Proof. The equality (c;, z) = 0 is equivalent to the inequalities (¢;, z) < 0 and
(—ci,z) < 0. By Farkas’s lemma, part (a) is equivalent to

becone(cr,...,—Clyeev,—ChkyQ1y...,0;) = L.
An arbitrary element of x € L can be written as x = Z (s = Bi)ei +
Sy sja; with oy > 0, 8; > 0 (i = 1,....,k), and 55 > 0 (j = D).
Since t; : a; — B; can be any real number, we see that parts (a) a ( ) are

equivalent. a
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The following important result establishes the equivalence of finitely gen-
erated and polyhedral cones.

Theorem 7.8. Every finitely generated cone K is a convex polyhedral cone,
and vice versa.

Proof. We first show that every finitely generated cone K is a polyhedral cone.
Let K =cone(ay,...,a;) C F be a finitely generated cone. We claim that K
is a polyhedral cone using induction on k. If k = 1, then K = {ta : t > 0}. If
a=0¢€FE, then

K={0}={z:2;,=0,i=1,...,n} ={z: {e;,z) =0,i =1,...,n},

where {e;}7 is a basis of F, and each equation (e;, z) = 0 can be written as two
inequalities (e;,z) < 0 and (—e;,z) < 0. This proves that K is a polyhedral
cone. If 0 # a € E, then K is a half-line. In this case, pick a basis {e;}} of E
such that e; = a and {e;}% is a basis of {a}t. Then we can write K in the
form

K ={z:(—e1,z) <0,{(e;,x) =0,i=2,...,n},

proving that K is again a polyhedral cone.

Supposing that the claim is proved for k — 1, we will prove it for k. Let
K = cone(a,ay,...,ag—1). Define Ky := cone(ay,...,ax—1). Any = € K can
be written as x = y + ta, where y € K and ¢t > 0. This means that

K={zxeFE:3t>0,z—tac K}
By the induction hypothesis, there exist {b;}7* such that
Ki={zeFE:(b,z)<0,5=1,...,m}.
Consequently, we have

K={zxeFE:3t>0,(j,z—ta) <0,5=1,...,m}

7.1
={z € E:3t>0,(bj,x) <t(bj,a),j=1,...,m}. (7.1)

We will write K as a polyhedral cone by “eliminating” the variable ¢ in these
inequalities. Define the index sets I := {j : (bj,a) > 0}, I~ :={j : (b;,a) <
0}, and 19 := {j : (b;,a) = 0}. The conditions in (7.1) can then be written as
(bi,x)/(biya) < tforie I, (bj,x)/(bj,a) >t forje I ,and (b,z) <O for
j € I°. Therefore,

bia b'7 . . —
K:{er >0 Lot oy BT g et e ,le]o}.
<bi7a> <bjaa>
Clearly, a variable t > 0 exists above if and only if
max <b“.'15> < mln <bj,$> mln <b],$> >0
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Since (bj,a) < 0 for j € I~, the second inequality above is equivalent to the
condition that (b;,a) <0 for all j € I~. It follows that

K= {x €E:(b,z) <0, biv2) b5 -0 e I*,je 1—}7
(bi;a) = (bj,a)
which proves that K is a polyhedral cone.

Conversely, suppose that K is a polyhedral cone. It follows from Theo-
rem 7.4 that K* is finitely generated. The above argument shows that K* is
polyhedral. Theorem 7.4 again implies that K = (K*)* is finitely generated.

O

Remark 7.9. The method of elimination of the variable ¢ from (7.1) is called
the Fourier—Motzkin elimination method. It is a powerful tool that can be
used to derive most theoretical results for systems of linear equalities and
inequalities, including the derivation of (various forms of) Farkas’s lemma;
see [180]. The elimination method can also be used to solve systems of linear
equalities and inequalities numerically. However, it is a very inefficient tool in
this respect, since the elimination of a single variable typically leads to the
creation of many additional equations and inequalities.

Remark 7.10. A more general version of the elimination of variables idea ap-
plies to systems of polynomial equations and inequalities, and goes by the
name Tarski-Seidenberg principle; see [34]. This is an indispensable theo-
retical tool in real algebraic geometry. Unfortunately, the Tarski-Seidenberg
principle is also a very inefficient computational tool for solving systems of
polynomial equations and inequalities, for the same reasons.

Remark 7.11. Another elimination procedure is at work in multilinear algebra.
Let V and W be vector spaces over R and consider bilinear maps f(v,w) from
V x W into an arbitrary vector space Z. Thus, f is a map that is linear in
each of the variables separately, that is, f(ayvy + aavg, w) = ay f(ug,w) +
s f(ug, w) and f(v, Biwi + Pows) = B1f(u,,wr)+ B2 f(u, ws). It is well known
in multilinear algebra that the condition

alf(vl,w1)+a2f(v27w2)+--~+anf(vn,wn) =0 (7 2)
for all bilinear maps f: V x W — Z '
is equivalent to the condition that

a(v1 @ wy) + az(ve @ wa) + -+ + ay (v, @ wy,) = 0.

Consequently, the elimination of the quantifier “for all f” in (7.2) leads to the
concept of tensor products.
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7.2 Convex Polyhedra

Definition 7.12. A nonempty set P C E is called a convex polyhedron if P
is the intersection of finitely many closed half-spaces, that is,

P={zxecE:(a,z)<a;,j=1,...,m}, (7.3)

where {a;}7" are given vectors in E and {o;}T* are given scalars.
The polyhedron P is called a convex polytope if P is a bounded set.

We note that

m

P= o (j.2) < g} = (] o,

=1 =1

Fig. 7.1. A convex polytope (icosahedron).

Theorem 7.13 below, due to Minkowski [198] and Weyl [266, 267], is the
fundamental theorem of convex polyhedral theory, giving a basic decomposition
of a convex polyhedron in terms of vertices and directions.

Theorem 7.13. (Minkowski—Weyl) A nonempty set P C E is a convex
polyhedron if and only if there exist vectors {v;}¥ and {d;}} such that

P = co(vy,...,vx) + cone(dy, ..., d;)
k

k ! (7.4)
=1 Jj=1

i=1
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Proof. Let P be a convex polyhedron, say in the form (7.3). We show that P
has the form (7.4). Define the polyhedral cone
K :={(z,t) e ExR: {(aj,z) <a;t,t >0,5=1,...,m}
={(z,t) e ExR:(aj,z) —a;t <0,t >0,j=1,...,m}.
Theorem 7.8 implies that K is a finitely generated cone, say in the form
K =vcone{(v;,1),(d;,0),i=1,...,k,j=1,...,1}.

But P = {z : (z,1) € K}, and a simple calculation shows that P has the
form (7.4).
Conversely, let P have the form given in (7.4). Define the cone

k l
K = {Z/\i(vial)+ZUj(dj7O):)\iz()?p’j Zo,izl,...,k,j:L...,l.}

i=1 j=1
=cone((v;,1),(d;,0),i=1,....k,5=1,...,1).
Theorem 7.8 implies that K is a polyhedral cone, say in the form
K={(z,t):x€ E,t>0,(a;,z) <ta;,j=1,...,m}.
We have
P={z:(z,1)e K} ={x € E:(aj,z) <aj,j=1,...,m}.
The theorem is proved. a

It should be possible to prove Theorem 7.13 using the techniques in Sec-
tion 5.5. In particular, it should be possible to prove that a convex polyhe-
dron P = {x : Ax < b} has finitely many vertices and finitely many extreme
directions. The duality arguments as above would then prove the complete
Theorem 7.13.

7.2.1 Homogenization of Convex Polyhedra

For completeness, we include here descriptions of K(P), the closure of the
homogenization of a convex polyhedron P, when P is given either in the form
(7.3) in terms of linear inequalities or in the form (7.4) in terms of vertices
and directions. It should be noted that the cones ¢one K (P) in Lemmas 7.14
and 7.15 are precisely the cones attached to the polyhedron P in the proof of
Theorem 7.13. This extra information was not used for the sake of a simple
proof.

Lemma 7.14. If
P={zeFE:(aj,z)<ajj=1,...,m}
18 a nonempty polyhedron, then

K(P)={(z,t):x € E,t >0,(aj,z) <toaj,j=1,...,m}.
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Proof. We claim that

rec(P) ={d: (aj,d) <0,j=1,...,m}.
Let zyp € P.If d € rec P, then z9+td € P for t > 0, that is, (a;, zo + td) < ;.
Dividing both sides by t and letting ¢ — oo proves that (a;,d) < 0. Conversely,
if this inequality is satisfied, then xy + td € P, since

(aj,x0 + td) < (aj,xo) +t{a;,d) < a.
Consequently, Lemma 5.41 (p. 134) implies that
K(P) = {t(z,1): x € E,t >0} U{(z,0) : « € rec(P)}
= {(z,t) : (a;,z) < ta;,t >0,j=1,...,m}
U{(z,0): (a;,z) <0,j=1,...,m}
= {(z,t) : {(a;,2z) <ta;,t >0,7=1,...,m}.

O
Lemma 7.15. Let
P = co(vy,...,v;) + cone(dy,...,d)
k l k
i=1 j=1 i=1
Then
K(P) =cone{(v;,1),(d;,0),i=1,...,k,j=1,...,1}. (7.5)

Proof. We claim that rec(P) =cone{d; : j = 1,...,1} =: L. Clearly, we have
that each d; belongs to rec(P), proving the inclusion L C rec(P). Conversely,
if d € rec(P), t > 0, and z € P, then 2y + td € P, so that

l

Xo +td = ws + Z:U’j(t)dj?
j=1

where w; € co(vy,...,v;). Now w; is bounded, since ||w|| < max{||v;| : 1 <
i <k}. Also, d+ *25*¢ is in L and converges to d, and we have d € L, since
L is closed. This proves rec(P) C L, and hence the claim.

By Lemma 5.41, we have

K(P) = {t(z,1): x € P,t >0} U{(z,0) : = € rec(P)}

k 1 k
= {(Z)‘ivi—'—zﬂjdjvt):Z)‘i:t>07)\i >0, 1 20}
1 1 1

l
U{(Zdjdj,()) : 6]‘ > 0}
1
:m{(vi,l),(dj,O),i:L...,k,j: 1,...7l.}.
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7.3 Linear Inequalities

In this section, we prove the basic results on linear inequalities using separa-
tion theorems of convex analysis. These include Gordan’s lemma, the affine
version of Farkas’s lemma, and the affine version of Motzkin’s transposition
theorem. These are important results in their own right; our interest in them
stems from their utility in deriving optimality conditions in various con-
strained optimization problems. These results were proved in Section 3.3 using
Ekeland’s e-variational principle. Another, elementary, approach to proving
these results is given in Appendix A. Each approach is independent of the
other two, which provides more insight into the subject and gives more flexi-
bility in covering the material.

The central result on linear inequalities is the homogeneous version of
Motzkin’s transposition theorem, Theorem 7.17 below. It will be seen that all
other results on linear inequalities are more or less straightforward applica-
tions of it.

We first need a preliminary result.

Lemma 7.16. For a given vector 0 # a € E, consider the open half-space
C:={deFE:(a,d) <0}.
The dual cone C* is given by

C* =vcone(a) = {ta : t > 0}.

Proof. 1t is easily verified that C* = (C)* for any set C, and it is equally easy
to see that C' = {d € E : {(a,d) < 0}. It then follows from Theorem 7.4 that
C* = cone(a). O

Theorem 7.17. (Motzkin’s transposition theorem, homogeneous ver-
sion) Let A, B,C be matrices with the same number of rows. Then either
the system

(a) ATz <0, BTz<0, CTz=0,

s consistent, or the system
(b) Ay+Bz+Cw=0, y>0, y#0, z2>0,
is consistent, but not both.

Proof. Let A = [ay,...,a)), B = [b1,...,bm], C = [c1,...,¢p], where {a;}!,
{b;}7, {ck}}, are the columns of A, B, and C, respectively.

We first show that (a) and (b) cannot both be consistent. If (b) is consistent
and x satisfies (a), we have the contradiction

0= (x, Ay + Bz + Cw) = (AT2,y) + (BTz,2) + (CT 2, w)

l m

= ZZM%‘J) + sz<bj,x> <0,
1

1
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since (bj,z) <0 and z; > 0 for all j, (a;,z) < 0 and y; > 0 for all ¢, and some
y; > 0.

It remains to prove the claim that if (a) is inconsistent, then (b) must
be consistent. First, suppose that C; := {x : Az < 0} = (. Applying
Theorem 6.23 on page 155 to the open cones K; := {z : (a;,z) < 0},
C; = N} K;, and using Lemma 7.16, we see that there exists a nonnegative
vector 0 <y € R, y # 0, such that le yia; = Ay = 0. Then (b) is satisfied
with (y, z,w) = (y,0,0).

In the remaining case Cy # @), and C} is disjoint from the cone Cy := {z :
BTz < 0,CTx = 0} # (). Theorem 6.9 implies that there exist £ # 0 and «
such that

(liu) < a< (Lv) forall ue Cq, ve Cs.

Letting v — 0 and setting v = 0 gives o = 0. Thus, we have ¢ € C} and
—eCs.
The inclusion ¢ € C7 is equivalent to the assertion that the system

(—l,uy <0, {(a;,u)<0,i=1,...,1

is inconsistent. By the argument above in the first case, there exist multipliers
{y;}}, not all zero, such that —yof + le yia; = 0. If yg = 0, then le yia; = 0,
and Theorem 6.23 implies that the system Az < 0 is inconsistent, a contradic-
tion. Therefore, yo > 0, and we may assume that yo = 1 by scaling. This gives
{= le yia; # 0, and y := (y1,...,y) # 0. The second inclusion —¢ € C3
is precisely the statement that if v satisfies all the inequalities BTv < 0 and
CTv =0, then (—¢,v) < 0. Farkas’s lemma (Theorem 7.6) implies that there
exist multipliers z > 0 and w such that —¢ = >"7" z;b; + >} wycx. Summa-
rizing, we have

l m P
Zyiai—&—szbj—FZwkck:O, y>0,y#0, z>0.
1 1 1

The theorem is proved. a
We obtain Gordan’s lemma as an easy corollary.

Corollary 7.18. (Gordan’s lemma) Let {a;}}_,, {b;},_, be given vectors
in E. Then

{d:{aid) <0,i=1,... k (bj,d)=0j=1,...1}=0

if and only if there exist vectors A := (A1,..., ) > 0 and p:= (p1,..., 1)

satisfying A # 0, and
k l
Z ia; + Zujbj =0.
i=1 j=1
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Theorem 7.19. (Motzkin’s transposition theorem, affine version)
Let A, B, and C' be matrices with the same number of rows. The linear system

ATy <a, BTz <b, CTz =c¢ (7.6)
1s inconsistent if and only if the system
Ay+Bz+Cw =0, (a,y)+ (b,z) + (c,w) +yo =0, .7
(v0,9,2) 20, (yo,y) #0
1s consistent.
Proof. The system (7.6) is consistent if and only if the homogeneous system

t>0,ATz < ta, BTz < tb, CTz =tc

in the variables (z,t), that is, the system

0,-1) (f) <0, [AT, —q] @) <0, [BT,-b (f) <0, [T, (] (f) =0,

is consistent. The theorem follows immediately from Theorem 7.17. O

7.4 Affine Version of Farkas’s Lemma

The following, affine, version of Farkas’s lemma is essentially equivalent to the
strong duality theorem of linear programming; see Theorem 8.6.

Theorem 7.20. (Farkas’s lemma, affine version) Let {a;}T", a; € E,
{a;}1*, a; € R, be given vectors and scalars. Suppose that the linear inequali-
ties

(aj,2) <oy, i=1,...,m,
are consistent. Then the following statements are equivalent:

(@)  [{as,z) <azi=1,...,m,] — [{e,z) <],
()  3Iyi,...,ym) >0 such that Zaiyi =g, Zyiai <.
i=1 i=1

Proof. Define A = [ay,...,an], a = (a1,...,am,)T. Then (a) is equivalent to
the inconsistency of the system

ATe <a, =Tz < —.

By the affine version of Motzkin’s transposition theorem (Theorem 7.19), this
is equivalent to the consistency of the system

Ay—2z1c=0, (a,y) —z217+20=0, y>0, (20,21) >0, (20,21) #O.

Since Az < a is consistent, we cannot have z; = 0. Thus, zg is positive, and
we may assume that it is one. The theorem is proved. a
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7.4.1 An Example of Farkas’s Lemma

Here we work out a numerical example in order to develop an intuitive un-
derstanding of Farkas’s lemma. Consider the system (L) of linear inequalities
and equalities

T1 — T2 — w3+ 34 < 1,
521 + x2 + 3x3 + 8Ty > 55,
—x1 + 229 + 313 — dx4 = 3,
z1 > 0,

x3 > 0,

zq < 0.

A linear inequality (M) of the form
121 + came + c3x3 + cpxy < S (C)

is called a consequence of L if every point © = (x1,xs,x3,x4) satisfying L
must satisfy C. Obviously, any of the linear inequalities (or the equality) in
(7.8) is a consequence of (7.8). The inequality —2z;1 + 222 + 223 — 6z4 > —2
is also a consequence of (7.8), since it is obtained from the second inequality
in (7.8) by multiplying both sides by —2 and reversing the direction of the
inequality.

Another way to obtain a consequence inequality is by aggregation. For
example, multiplying the first three inequalities by 5, the equality by —4, and
the sign inequality 1 > 0 by —10, we obtain the valid consequence inequality

—x1 — 13x9 — 1723 + 35z, < —T.

Of course, to obtain an inequality of the form (C) with direction <, we need
to multiply a < inequality by a nonnegative number, a > inequality by a
nonpositive number. To obtain a consequence inequality with the direction
>, the signs on the multipliers are reversed. An equality constraint may be
multiplied by any number.

We can also relax a consequence inequality to obtain a valid consequence
inequality; for example, the inequality

—I1 — 131‘2 — 17$3 + 35334 S 3

is a consequence inequality.

Now note that Farkas’s lemma (Theorem 7.20) can be paraphrased as
stating that any valid consequence inequality to a linear inequality /equality
system such as (7.8) must have been obtained by aggregation and then pos-
sibly a relaxation. For example, the inequality

221 — 459 — 78x3 4+ 90z4 < —100
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is a consequence of the system (7.8), although it may not be easy to see this
by inspection. In fact, this inequality is obtained from (7.8) by aggregating it
using the multipliers 2, —3, —20, —5, —7, 8, respectively, and then relaxing the
obtained right-hand side constant —223 to —100. The validity of this inequal-
ity can be numerically verified by solving the linear programming problem of
maximizing the objective function 2z; — 4bx9 — 7823 + 90x4 subject to the
constraint that x satisfies the linear system (7.8). One then needs only to
check that the optimal objective value of the linear program is at most —100.

Remark 7.21. In a vector space endowed with a coordinate system with respect
to a basis, Farkas’s lemma can be stated in a more compact way. Let n be the
dimension of E. Then E can be identified with R™. Let A be the m x n matrix
having a; as ith row, and define a = (ay,...,an)7 and y = (y1,...,ym)?.
Then (a) and (b) become

(a) (c,z) < for all z satisfying Az < a,
(b) there exists y € R™, y > 0 such that ATy = ¢ and (a,y) < 8.
7.4.2 Application of Farkas’s Lemma to Optimization
Recall that the variational inequality
(Vf(@@*),x —2z*) >0 forall =€ C,

for minimizing a function f over a closed convex set C, is a set of conditions
for every x € C, hence infinitely many in number. In the case that C is
a polyhedron, Farkas’s lemma is a useful tool to turn these infinitely many
conditions into a set of much more manageable, finitely many conditions.

Theorem 7.22. Let f be a Gateauz differentiable function. Consider the op-
timization problem

min  f(z)
s.t. {a,x) >0, i=1,...,m.

If x* is a local minimizer of f, then there exist nonnegative multipliers
{\i}T* such that
D Xiai =V, Y b = (V") z%). (7.9)
i=1 i=1
If f is a convex function, then conditions (7.9) are also sufficient for z*
to be a global minimizer of f.

Proof. The variational inequality for this problem is

(ai,z) > Bi, i=1,....m] = [(Vf(z"),2) = (Vf(z7),2")].
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It follows from Farkas’s lemma (Theorem 7.20) that there exist nonnegative
multipliers {A;}7" such that (7.9) holds. Since the variational inequality is a
sufficient condition for optimality in case f is convex, the rest of the theorem
follows. ad

7.5 Tucker’s Complementarity Theorem

Theorem 7.23. ( Tucker [255]) If L C R" is a linear subspace and L= its
orthogonal complement, then there exist vectors x* € L and y* € L such that
x* and y* are strictly complementary, that is, x* > 0, y* > 0, and for each
index 1 <1 < n, either z; >0 and y; =0 or z7 =0 and y; > 0. Moreover,
the indices I(xz*) = {i : «f > 0}, J(y*) = {i : yf > 0} are independent of
(x*,y*), and are uniquely determined by L.

Proof. Write L = {z : Az = 0}, where A is an m x n matrix. Then LT =
AT(R™) is the range of AT. For each index 4, 1 < i < n, it follows from the
homogeneous version of Motzkin’s transposition theorem (Theorem 7.17) that
exactly one of the systems

Az =0,2>0,2; >0; AT6=p+ Xej,u>0,1>0,

is consistent. Define y := A”§ € L', and denote the sets of indices such that
the first or the second system is consistent by I and J, respectively, and the

corresponding solution to the consistent system by (x*)* or (y*)*. The vectors
RS Z(xz)* and y* := Z(y’)*
icl =

satisfy the requirements of the theorem. The independence of the indices on
x* and y* is also clear. a

A closely related result states that if a linear program min{c’z : Ar = b}
and its dual max{bTy : ATy +s = ¢,s > 0} both have optimal solutions,
then there exists an optimal solution pair (z*, (y*, s*)) such that (z*,s*) are
strictly complementary, that is, * + s* > 0; see Section 8.5. This fact has
important applications in interior point methods for linear programming.

7.6 Exercises

1. Using Farkas’s lemma or otherwise, determine the polar of the cone

K={(z,y,2) ix+y—2<0,—-224+3y > 0,z+2y—42z = 0,2 < 0,y > 0}.
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2. Consider the cone

1 +x2 — w3 <0,
xsZOa
2%17%24’%3 ZO

Determine the polar cone. Find the extreme directions of the polar cone.
3. Determine the polar cone K*, where K = {x € R" : Az =0,z > 0}.
4. If C C F is a closed convex set, define

C° =Ngec{u € E: (u,z) <1}

Since C° is the intersection closed half-spaces, it is closed and convex.
Prove the following:
(a) If
C = co(vy,...,v) + cone(dy, ..., d;),

describe C° in terms of {v;,d;}. Consequently, show that C° is a
polyhedral set. If C is a polytope, determine the conditions under
which C° is also a polytope.

(b) If C is cone, show that C° = C*, the polar cone.

(¢) Determine C° explicitly (in terms of A,b) if C' = {z : Az < b}.

(d) Show that the polar of the cube {z € R3 : |z;] < 1,i = 1,2,3} is the
octahedron {z € R3 : |z1| + |xa| + |23] < 1}.

—— e m == - = = =

Fig. 7.2. A pair of polar polytopes (cube and octahedron).

5. If C = {x : 2T7Qx < 1}, where @ is a symmetric, positive semidefinite
n X n matrix, describe C°.

6. Let K7, Ko be polyhedral convex cones. Show that their Minkowski sum
K = K; + K5 is also a polyhedral convex cone.
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7. Consider the convex polytope
P={x€E:(a;x)<b,i=1,...,k} (I

(a) Theorem 7.13 on page 180 gives a representation of P. Show that the
cone C' in that proposition is null in our situation, that is, C' = {0}.
Thus, P can also be written as

P:{x:x:Zijj,z,uj:L,ujZO,jzl,...,m}. (IT)
j=1 j=1

Use either the representation (I) or (II), whichever is more convenient,
to prove the following statements. (The point of this problem is that
the proof of each of these statements is simplified greatly if one uses
the appropriate representation.)

(b) Every intersection of a polytope with an affine subspace is a polytope.
Thus, a cross section of a polytope is a polytope.

(c) Every intersection of a polytope with a polyhedron is a polytope.

(d) The Minkowski sum of two polytopes is a polytope, that is, if P; and
P, are polytopes, then the sum

P=P1+P2={IL‘1—|—.Z‘2ZLZZ,L'EPi,i:LQ}

is a polytope.

(e) An affine image of a polytope is a polytope.

(f) A projection of a polytope onto an affine subspace is a polytope.

(g) If A:R™ — R™ is an affine mapping and P is a polytope in R™,
then A~1(P) is a polyhedron in R™. Show that the result is true even
if P is a polyhedron.

8. If P is a polytope and A, B nonempty convex sets such that A + B = P,
show that A and B are polytopes.
Hint: Let {p;}¥ be the vertices of P and p; = a; + b;, where a; € A and
b € B,i=1,...,k. Define A’ = co(as,...,ax), B' = co(by,...,b), and
show that A’ + B’ = P. Finally, argue that A= A" and B = B'.
9. Find explicitly the projection of a point x € R™
(a) onto the nonnegative orthant

K={zeR":2=(z1,...,2,)",2; >0,i =1,...,n}.

(Of course, the projection i (x) is the unique solution to the mini-
mization problem min{||z — z|| : z € K}.)
(b) onto the unit cube

C={zeR":z=(x1,...,2,) ,0<2; <1,i=1,...,n}.

10. (Projection onto a simplex) Find the projection of a point a € R™ onto
the standard unit simplex A,_; in R™. (Recall that A,_; = {z =



11.

12.
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(x1,...,2n) ER* 29y + -+ 2, = Lz; > 0,...,2, > 0}.) There is
no simple, explicit formula for the projection * = I, ,(a). Neverthe-
less, Farkas’s lemma simplifies the problem to a manageable form.

(a) Show that Farkas’s lemma applied to the variational inequality for
the projection problem gives a system that is equivalent to the system

¥ —A=a—pe, ¥ >0, A >0, and (z*,\) =0,

where A € R™ and p € R.
(b) Show that

" — A= (a—pe)t, and A = —(a — pe)”;

x* and A are thus the positive and negative parts of the vector a — ue,
respectively, that is, xf = (a; — p)* := max{0,a; — p} and \; =
—(a; — p)” := —min{0,a; —p},i=1,...,n.

(¢) Consequently, show that z* is characterized by the condition

Jp eR, Z(ai -t =1
1

(d) Devise a search routine to compute p and hence the projection z* =
HAn—1 (a)

Let {v;}" be given vectors in R™. Show that the following conditions are
equivalent:

(a) If z # 0, then (v;, z) > 0 for some 3.

(b) coné(vy,...,v,) = R™.

(c) 0 € int(co(vy,...,vm)).
Hint: Let {e;}} be the standard unit vectors in R™. To prove that (b)
implies (c), show that some positive multiples of the vectors Fey lie in
co(V1y ..y Um)-
Let A be an m x n matrix. Recall that Gordan’s lemma states that the
system

{d: Ad < 0}

is inconsistent if and only if the system
A>0eR™, A£0, ATA=0

is consistent. Prove this instead using the following direct approach: let
C' be the convex hull of the rows of A, that is, C = co(aq,...,am) C E,
where q; is the ith row of A.
(a) Show that the consistency of the second system is equivalent to the
statement that 0 € C.
(b) Use a separation argument to prove that {d : Ad < 0} # 0 if and
only if 0 ¢ C, thereby proving Gordan’s lemma.
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13.

14.

15.

16.

17.

7 Convex Polyhedra
Show that exactly one of the following two systems has a solution:

(a) 0#Bx>0 for some z € R",
() BTy=0 forsome 0 <yeR™,

where B is an m X n matrix.
Prove the following version of Farkas’s lemma: for compatible matri-
ces A, B,C and vectors u,v,w, either there exists a solution vector x
satisfying

Ax =wu, Bx > v, Cx <w,

or there exist solution vectors a, b, ¢ with
ATa+BTo+CTc=0,0<0, ¢>0, {a,u) + (b,v) + {c,w) <O0.

Hint: Reformulate the problem so that it reduces to a well-known version
of Farkas’s lemma.

This problem shows how to obtain Gordan’s lemma directly from Farkas’s
lemma. Recall that Gordan’s lemma states that either the system

Ar <0

or the system
ATu=0,u>0, u#0

has a solution but never both. Prove this by reducing it to Farkas’s lemma.
Hint: Let a® be the ith row of A. First, show that Az < 0 has no solution
z if and only if

[(ai,x) <t for all z] = t>0.

Then, apply Farkas’s lemma to this system in the variables (z,t).
Assume that the linear system involving {a;}}* is consistent in each of
the following systems. In each case, characterize (c,7v) that makes the
corresponding implication true:

(a) {apx)<ay,i=1,....m = (c,z)<n.
b)) {a,x)<a;,i=1,....m = (c,z)<n.
(¢) {apz)y<ay,i=1,....m = (cz)<7.
(d) (apx)=aii=1,....m = (c,x)<n.
(e) (apz)<a;,i=1,....m = (c,x)="1.

Prove Carver’s theorem: the linear system Ax < a is consistent if and
only if y = 0 is the only solution for the system y > 0, ATy = 0, and
(a,y) <0.
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Prove by a direct separation argument involving two convex sets that the
following two statements are equivalent:

(i) Ax > a is consistent;
(@) A>0, ATA=0] = (a,\)<0.

Hint: The harder part is to prove that (ii) implies (i). Assume that (i)
is inconsistent and let A be an m x n matrix. Form the affine set S =
{Ax — a: x € R"} and write it in the form S = {y : By = b}. Show that
theset C:={y:y € S, y > 0} is a closed convex set and does not contain
b. Then use an appropriate separation theorem to prove the existence of
a A that violates the conditions of (ii).

(Von Neumann—Morgenstern) The following “theorem of alterna-
tive” plays an important role in game theory in the famous book [212].
Let A be an m x n matrix. Let A,,_; and A,,_1 denote the standard
unit simplices in R™ and R™, respectively. Prove that either there exists
a vector z € R" satisfying

Ar <0,z € A, _q, (I)
or there exists a vector y € R™ satisfying
ATy >0, ye A, (IT)

but not both.
Hint: Use Motzkin’s transposition theorem.
(Strong separation of two disjoint convex polyhedra) Let P, = {x :
ATz < a} and P, = {z : BTz < b} be two nonempty convex polyhedra
in R™. Show that P; and P; can be strongly separated by completing the
following steps:

(a) Use Motzkin’s transposition theorem (Theorem 7.19) to prove that

there exist nonnegative, nonzero multipliers y and z such that

Ay+ Bz =0, (a,y)+ (b,z) <O0.

(b) Show that in fact, Ay # 0 and Bz # 0.
(¢c) Define | := Ay = —Bz # 0, and show that a suitable hyperplane
Hq .~y ={z: (l,x) = 7} separates P; and P, strongly.
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Linear Programming

A linear program is a problem of minimization (or maximization) of a linear
function subject to linear equalities or inequalities, that is, the optimization
of a linear function over a polyhedron. It is probably the most practical and
important class of practical optimization problems, having wide applications
in industry.

We have developed enough theory by now to give the fundamental exis-
tence and duality results in this subject. There is a huge literature on linear
programming and its applications. For more information on linear program-
ming, the simplex method for solving it, and its wide-ranging applications,
the reader can profitably consult the books [67, 58, 238] and the references
therein. For interior-point methods for solving linear programs; see the book
[270].

8.1 Fundamental Theorems of Linear Programming

In this section, we present the fundamental results in linear programming,
concerning the existence of solutions and the duality theory of linear pro-
gramming.

For concreteness, we focus on the linear program

max {c,x)
- (P)
s.t. (a,z) <b, i=1,...,m,

but our results here can be generalized to any linear program.
Let us first consider the existence of solutions.

Lemma 8.1. Assume that the linear program (P) has a nonempty feasible
region. Then (P) has a solution if and only if its objective function (c,x) is
bounded from above on the constraint set.

O. Giiler, Foundations of Optimization, Graduate Texts in Mathematics 258, 195
DOI 10.1007/978-0-387-68407-9_8, © Springer Science+Business Media, LLC 2010
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Proof. Denote by
C:= {‘T:<a’i7x> < b, i=1,...,m}

the constraint set of (P), and suppose that the objective function is bounded
from above by a constant M < oo. By Theorem 7.13, C' has a representation

C = co(vy,...,v;) + cone(dy,...,d;).

Since v1 +td; € C for all t > 0, we have (c,v1 + td;) < M. Dividing both sides
of this inequality by ¢ and letting ¢ — oo gives (¢, d;) < 0 for j = 1,...,1.
Now, the supremum of the objective function over C' equals

k 1
sup{z Aife,v;) + Zéj<c, dj): A€ Ay_1,0; >0, j= 1,...,1}
i=1 j=1

k
= sup{z Aile,v) A € Am_l} =max{{c,v;) :i=1,...,m},

i=1

where A,,,_1 is the standard unit simplex in R". This proves that the supre-
mum of the objective function is attained, and attained at some vertex v;. O

The next result points to the existence of a duality theory for linear pro-
gramming.

Theorem 8.2. Let the linear program (P) have a solution. A feasible point
x* is a solution to (P) if and only if there exist multipliers {y}}T" such that

S yiai=c, y; =0, and (by*)=(c,z"). (8.1)

Proof. Let z* and y* satisfy (8.1). If z is feasible, then

<Zyl ai ) = Emjy (i, 2) < yrby = (.27,

proving that z* is a solution of (P).
Conversely, let * be a solution of (P). Since every feasible point x satisfies
(c,z) < (c,z*), that is,

(ai,z)y <bj,i=1,....m = (c,x) <{c,x"),

it follows from Lemma 7.20 (Farkas’s lemma) that there exist nonnegative
{y;}i satisfying 7", yfa; = c and (b,y*) < (c,z*). Moreover,

(c,z7) Zyzaz, - Zy ({as2*) —b;) <

where the inequality follows since y > 0 and (a;, z*) < b;. This gives (c, *)

<
(b,y*), and we conclude that (¢, z*) = (b, y*). O
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Remark 8.3. The multipliers {y;}7" serve as “certificates of optimality” for
x*: to convince a skeptic that a* is really an optimal solution of (P), all we
need to do is to verify is that a* is feasible for (P) and y* satisfies (8.1).
This amounts to verifying that (x*,y*) satisfies some linear equations and
inequalities, a trivial task in comparison to computing a solution to a linear
program from scratch.

Corollary 8.4. Suppose that the linear program (P) has a solution. A feasi-
ble point x* is a solution to (P) if and only if there exist multipliers {y} }T"
satisfying the conditions

m

nyai:c, y; >0,i=1,...,m,

i=1
and the complementarity conditions

foreachi=1,...,m, eithery; =0 or (a;,x*) = b;.
This follows immediately from the proof of the theorem above, since the con-
dition (¢, z*) = (b, y*) is equivalent to
(b,y") Zy a;, %) — b;) = 0; (8:2)
and since y¥ > 0 and (a;, z*) — b; < 0, each term in the sum above is zero.
The optimality condition
(c,x) < (c,z") = (b,y*), forall z € C,

makes it intriguing to consider the linear program

min (b, y)
Zyiai =q (D)
i=1

yZZO, i=1,...,m

Concerning the linear program pair (P) and (D), we have the following
fundamental results.

Theorem 8.5. (Weak duality theorem for linear programming) If x
is a feasible solution to (P) and y is a feasible solution to (D), then

(e,z) < (b,y).

Proof. This follows from the observation, already used above, that

<b7 y> - <C,$> = <b7 y> - Z?ﬁ(au Zyz i aza ) >0,

where the inequality follows from y; > 0 and (a;, z) < b;. O



198 8 Linear Programming

The expression
<bv y> - <Cv 1’)

is called the duality gap. Thus, the weak duality theorem states that if x and
y are feasible, then their duality gap is nonnegative.

Theorem 8.6. (Strong duality theorem for linear programming) If
(P) has an optimal solution x*, then (D) has an optimal solution y* and the
optimal objective values of (P) and (D) are the same, that is,

{e;a") = (b,y").

This follows immediately from Theorem 8.2.

The linear programs (P) and (D) can be written in more compact form
using matrices. Denoting by A the m x n matrix whose rows are a! , that is,
AT = a1, a9,...,ay], we have

max (¢, x) (P) min (b, y)
s.t. Az <b, s.t. ATy=c¢ (D)
y =0,

8.2 An Intuitive Formulation of the Dual Linear
Program

In this section, we provide an intuitive method to formulate the dual of a
linear program. Consider the linear program

max 4xq + ro + Sxz + 314

S.t. x1—29—23+314 <1
521 + 29 + 3x3 + 8x4 > 15 (P)
— 21+ 229 +3x3 — bxy =3
r1 >0, x5 free, z3 >0, x4 < 0.

Let us try to estimate the optimal objective value z* of (P) by finding
lower and upper bounds for it. To find a lower bound, it suffices to find a
feasible point of (P). For example, the feasible point x = (3,0,2,0)7 allows
us to obtain a lower bound of 4z + 2x3 =4 x 3+ 5 x 2 = 2; thus z* > 22.

Determining an upper bound for z* relies on a different strategy, and this
will motivate the formulation of the dual linear program (D) corresponding
to (P). We proceed as follows: multiply each of the three constraints of (P)
by some numbers y, y2,y3, respectively, and add the resulting inequalities.
We would like the resulting constraint to have the form

lhs < rhs,
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where lhs and rhs denote its left-hand side and right-hand side, respectively.
We then compare lhs with the objective function 4xy + xo + 5x3 + 3z4: we
would like to have the inequality 4x1 + xo + bxs + 3z4 < lhs. Since lhs < rhs,
this will imply that

4x1 + x9 + bxs + 3z4 < rhs for all feasible = = (a1, xQ,xg,a:4)T.

Clearly, rhs will then be an upper bound for the objective value z* = max(P).

Since we would like to have lhs < rhs and the first constraint z1 —xo —x3+
3z4 < 1 has the same direction <, this forces us to choose y; > 0. However, the
second inequality has the direction >, so we multiply it by y2 < 0 to convert
it to the form <. Since the third constraint is an equality, y3 is unconstrained,
or free. Adding the resulting constraints leads to the inequality

y1(z1 — 22 — 23 + 3x4) + y2(bx1 + 22 + 323 + 82y)
+ y3(—xq1 + 222 + 323 — Sxy)
<y + 15y2 + 3ys,

which we rewrite by collecting each x; term separately,

Ihs == (y1 + 5y2 — y3)z1 + (—y1 + y2 + 2y3) 22
+ (=y1 + 3y2 + 3y3)w3 + (3y1 + 8y2 — Sy3)x4
< y1 + 15y + 3y3
=: rhs.

Now, to enforce the condition 41 + x5+ 523+ 3z4 < lhs, that is, the condition

4y + 29 + 5x3 + 3z < (y1 +5y2 — y3)x1 + (—y1 + y2 + 2ys3) 2o
+ (=y1 + 3y2 + 3y3)xs + (3y1 + Sy2 — Sys)ay,

we compare, for each i, the two z; terms on both sides of the inequality. First,
let us see how to ensure the inequality

41 < (y1 + 5y2 — y3)21-

Since 1 > 0, we can guarantee this condition only when 4 < y; + 5y — ys.
Next, we would like to have

T2 < (—y1 + Y2 + 2y3)T9;
since s is free, this can be guaranteed only when
1=—y1 +y2 +2y3.
Finally, we would like to have

3x4 < (3y1 + 8ya — Sys3)x4;
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since x4 < 0, we can guarantee this inequality only when
3 > 3y1 + 8y — Sys.
Summarizing, we see that as long as y1, yo, ys satisfy the inequalities

Y1+ 95y2 —y3 > 4,

—y1 +y2 +2y3 =1,

—y1 + 3y2 + 3ys > 5,

3y1 + 8y2 — dys < 3,
y1 >0, y2 <0, ys3 free,

we have an upper bound for (P), since for any feasible point x = (2,22, 73, 24)7,

we have
4y + 22 + 523 + 324 < Ths <91 + 15y2 + 3y3.

In other words, the value y; + 15y2 + 3ys is an upper bound for z*.

Suppose we want as tight an upper bound as possible, meaning that we
would like to minimize the upper bound y; + 15y2 + 3ys. This leads us to the
dual linear program

min  y; + 1592 + 3y3
s.t. Y1 +5y: —ys >4
—y1+y2+2y3 =1
—y1+3y2+3y3 > 5
3y1 +8y2 — 5y3 < 3
y1 >0, y2 <0, ys free.

(D)

8.3 Duality Rules in Linear Programming

The rules above for formulating the dual of a linear program can be summa-
rized as follows:

’Primal Linear Program \Dual Linear Program ‘
Objective: Maximize Objective: Minimize

ith constraint: < ith variable: > 0

tth constraint: = 1th variable: unconstrained
ith constraint: > ith variable: <0

jth variable: > 0 jth constraint: >

jth variable: unconstrained|jth constraint: =

jth variable: <0 7th constraint: <0

We emphasize that a linear program and its dual form a primal-dual pair.
Either of the two linear programs may be designated as the primal one; then
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the other one is called its dual. The choice is arbitrary. What is important is
the fact that the direction and the sign conventions depend on whether the
LP is a maximization or a minimization problem.

It may be more convenient to remember the following table, which shows
the usual situation:

’Primal Linear Program\Dual Linear Program‘

Objective: Maximize |Objective: Minimize
7th constraint: < ith variable: > 0
jth variable: > 0 jth constraint: >

In other words, in a maximization problem, the usual constraint has the
direction < and the usual variable is nonnegative, and in a minimization prob-
lem, the usual constraint has the direction > and the usual variable is non-
negative. If a constraint (variable) has the opposite direction (sign), then the
corresponding dual variable (constraint) has the opposite sign (direction). If
a constraint is an equality, then the corresponding dual variable is uncon-
strained, and vice versa.

A programming pair with the usual constraints and variables is written in
matrix notation in the form

max {c,x) min (b, y)
s.t. Az <b (P) s.t. ATy>c¢ (D)
z 20, y =0,

where A is an m x n matrix, ¢,z € R™ are n-vectors, and b,y € R™ are
m-vectors. This primal-dual pair of linear programs is said to be in symmet-
ric form. One may verify, using the above duality rules, that the following
programming problems also form a primal-dual pair:

min (¢, z) max  (b,y) D
s.t. Az =b (P) s.t. ATy <e (D)
x>0,

Such a pair of primal-dual linear programs is said to be in standard form. The
simplex method for linear programming is applied to a linear program (P) in
standard form. If a linear program is not in standard form, then slack and
surplus variables must be added to transform it into a standard-form linear
program.

8.4 Geometric Formulation of Linear Programs

In the primal-dual linear programming pairs discussed above, the two linear
programs do not appear to be symmetric. For example, in the last standard
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linear programming pair above, the primal variable x lies in R™, while the
dual variable y lies in R™. We will show in this section that the asymmetry
of the two programs is due to their particular representation. When properly
viewed geometrically, the two programs will have exactly the same form. This
holds for any pair of primal-dual programs, but we will demonstrate it only
for the standard linear programming pair above.

We introduce a slack variable s in (D) and rewrite the linear programs in
the form

min {c,x) max  (b,y)
s.t. Azr=b (P) sit. ATy+s=c (D)
x>0, s> 0.

Suppose that the linear equations in (P) and (D) are feasible, and pick zg
and (yo, o) satisfying them,

Azg = b and ATyg + so = c.

The constraint Az = b is then equivalent to A(z — x9) = 0, or z € g + L,
where L := N(A). We can rewrite the objective function as well:

(c,x) = (ATyo + s0,x) = (Yo, Azx) + (s0,z) = (b, yo) + (s0, ).

Similarly, in the dual program, the constraint ATy 4+ s = ¢ = ATyy + so has
the form
s —so=A"(yo—y) € R(AT) = L+,

and the objective function the form
<ba y> = <Ax07y> = <x07ATy> = <:EOaC - S> = <Cv :E0> - <SC07S>. (83)

With these changes, the linear programs take on their geometric form

min  (sg,x) min (xg, s)
s.t. z€xg+L (GP) s.t. s€syp+ Lt (GD)
x 20, 5>0,

in which the primal and dual programs are in exactly the same form.

Several remarks should be made here. First of all, note that the original
variable y no longer appears in (GD). This shows that the duality is really
between the primal variables « and the dual slack variables s, with y playing
a secondary role.

Secondly, while the feasible and optimal solution sets of (P) and (GP) are
the same, we have

min(P) = (b,yo) + min(GP).

The differences between (D) and (GD) are a bit more substantial. The sets
of dual feasible (optimal) slack variables remain the same; hence the set of
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dual feasible (optimal) y can be recovered from (GD), if desired. Moreover,
the dual program (GD) is now a minimization problem by virtue of (8.3),

and we have
max (D) = (¢, z9) — min(GD).

Since min(P) = max(D), and ¢ = ATyq + so, b = Ay, we have
min(GP)+min(GD) = <C7 .’130>—<b, y()) = <ATy0 -+ So, .1‘0>—<A.Z'07 y0> = <I0, 80>7

which is the duality gap of the feasible points x¢ and sq.

8.5 Strictly Complementary Optimal Solutions

Theorem 8.7. If both programs in the primal-dual pair of linear programs

min {c,x) max (b, y)
s.t. Az=0b (P) s. t. ATy+s =c (D)
z >0, 5 >0,

have solutions, then they have a strictly complementary solution, that is, there
exists a solution x* to (P) and (y*,s*) to (D) such that z* 4+ s* > 0.

Proof. Let A be an m X n matrix and z* := (¢, z*) = (b,y*) the common
optimal value of (P) and (D). Fix an index 4, 1 < i < n. We claim that either
there exists a solution z* to (P) such that = > 0, or there exists a solution
(y*,s*) to (D) such that s} > 0. Consider the systems

(a) Ar = b7 x 2 07 <C7 I’> < Z*a <*€¢,‘T> < 07

) — ATy — i+ poc — Me; =0, —(b,y) + poz* + o =0,
(MO7M7A07)\1) 2 07 ()‘O;Al) 7é 0.

It follows from Theorem 3.17 that exactly one of the systems is consistent.

If (a) is consistent and has a solution x*, then z* is clearly a solution of
(P) with «f > 0, and the claim is proved.

Otherwise, (b) is consistent, with a solution (y, Ao, A1, po, ). We need to
show that there exists a solution (y*, s*) to (D) such that s¥ > 0. We examine
separately the cases po > 0 and po = 0.

If po > 0, we can assume that g = 1. Then ATy + (u + Ae;) = ¢, and
(b,y) = z* + Ao > z*. We conclude that (y*,s*) := (y,pu + Ae;) > 0 is a
solution to (D). Moreover, we have in fact (b,y*) = z* and Ao = 0 and hence
A1 > 0. This proves that s} > 0, proving the claim in this case, too.

If o = 0, then ATy = —p— A\je; < 0 and (b, y) = Ao. If  is feasible, then

0> (z, ATy) = (Az,y) = (b,y) = X0 > 0,
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and we conclude again that Ao = 0, and hence A; > 0. Now if (7,35) is a
solution to (D), then we have
AT +y) +E+rpthe)=c, b7ty =2,

so that (y*,s*) := (J+ y,5+ u + A1e;) is an optimal solution to (D) with
sy > 0.

We have established that for a given index ¢, there exists an optimal solu-
tion pair (x%,y*, s*) to the pair (P) and (D) such that either z* > 0 or s* > 0
(but not both by complementarity). Then the optimal solution pair

n n

=) al (ysT) =) (s

i=1 i=1
satisfies * + s* > 0. O
This result is due to Goldman and Tucker [105]. One of its consequences is
that interior-point methods for linear programming generally produce strictly

complementary optimal solutions [122]. This result has many important ap-
plications in interior-point methods; see Ye [270].

8.6 Exercises

1. Formulate the dual to the linear program
min 1 — 3xy — X3
s.t. 3x1—x9+223>1
—2x1 + 4wy <12
—4x1 + 320 + 323 =14
without transforming the linear program in any way.
2. Formulate the dual to the linear program
min 2x1 + 3x9
s.t. x1>125
Ty + x9 > 350
2x1 + 29 < 600
x1 >0, 2 > 0.
3. Consider the linear program
min  — Ty
s.t. x1+ax9<4
T, — X9 > —2
2r1 a9 <4
x1 >0, 9 > 0.
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(a) Convert the linear program into one in standard form.
(b) Determine the dual linear program to the standard form LP in (a).

4. Let A =lay,...,a,] be an m x n matrix such that the linear program
min ¢’z
s.t. Az =0, (P)
z >0,

is feasible. It is well known that the simplex method is an iterative method
that moves from a vertex (extreme point) of the polyhedron X := {x €
R™: Az = b,z > 0} to an adjacent one, along the edges of X.
This problem provides an algebraic characterization of the vertices of X.
The support of a point z € X is the set of indices of the positive compo-
nents of x, that is,

supp(z) := {i : x; > 0}.
Prove that a point = satisfies

x € X is a vertex of X if and only if

{a: }iesupp(a) 1s linearly independent,

by completing the following steps:

(a) If = is a vertex of X, show that {a;};csupp(s) is linearly independent.
Hint: Otherwise, pick a nontrivial solution § € R", §; = 0 for j ¢
supp(z), to the equation Y ., 6;a; = 0. Show that if € > 0 is small
enough, then the vectors y = z 4+ €) and y = =z — € belong to X,
y # z, and satisfy x = (y + 2)/2.

(b) Conversely, suppose that z is a point in X such that {a;}icsupp(a) 15
linearly independent. Suppose that * = (1—t)y+tz for some 0 < ¢t < 1,
xz € X,y € X. Prove that

supp(z) = supp(y) U supp(z),
Z Tia; = Z yia; = Z zia; = 0,
i€supp(z) i€supp(y) i€supp(z)

and show that these imply x =y = 2.
5. Consider the primal-dual linear programming pair

min <’z max by D)
s.t. Az=b (P) s.t. ATy <e,
x>0,

where A is an m X n matrix.

(a) Suppose that (D) has a bounded, nonempty, feasible solution set.
Show that A({z : # > 0}) = R™. Thus, in particular, A has linearly
independent rows.

Hint: Show that (D) has an optimal solution when b € R™ is arbitrary,
and then use the strong duality theorem of linear programming.
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(b) What can you conclude about A when (P) has a bounded feasible
solution set?

(¢c) Suppose that both (P) and (D) are feasible linear programs, that
is, their feasible solution sets are nonempty. Introduce slack variables
0 < s€& R™in (D) such that ATy + s = c. Consider the pair (z;, s;),
where z; is the ith coordinate of a feasible x for (P) and s; is the ith
coordinate of a feasible s for (D).
Prove that for each i, one of x;,s; must be bounded, the other un-
bounded.
Hint: Suppose, say, x; is bounded. Then (P), but with the objective
function —x;, has an optimal solution. Then use LP duality. Use a
similar argument when s; is bounded.

6. Let A be an m x n matrix and p € R™. Consider the linear program

min ¢

s.t. Ay =0,
T (P)
py—t=-1
y>0,t>0.

(a) Formulate the dual program (D) as an explicitly written linear
program.

(b) Show that both (P) and (D) have optimal solutions.

Hint: Use LP duality.

(¢) Let v* be the common optimal objective value of (P) and (D). Show
that it follows from (P) and (a) that 0 < v* < 1. In fact, show that
v* is equal to either zero or one.

Hint: Use complementarity for the last part.
7. (Klain and Rota [166]) Let ¢; > ¢2 > -+ > ¢, > 0 be given positive

constants. Consider the linear program

n

. Tk

min —
C

=1k

0 <ap < Ck; (P)
n T

Zxk > Zci.

k=1 i=1

Show that the optimal objective value of (P) is r, that is, min(P) = r;
moreover, if ¢; > ¢y > -+ > ¢, > 0, then the optimal solution to (P) is
unique, and is given by x; = ¢; fori =1,...,r and 2; =0 for ¢ > r.

Note that this proves the inequality that >°;_, ”C”—: > r for all zy, satisfying
the conditions 0 < xp < cxand x1 + 2o+ ---+2, >c1 + o+ -+ ¢p.
Hint: Formulate the dual linear program. Define the index sets I; = {i :
x,=c,i=1....n}, b ={i : 0<x; <c¢,i=1,...,n}, I3 = {i:
z; = 0,5 = 1,...,n}, and the dual variables y;, A corresponding to the
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constraints z; < ¢; and 1 +x9 + -+ 4+ x, > 1 + - -+ + ¢, respectively.
Show that A # 0 and determine y;. Show that we can always choose
I, C{1,...,r}, and that we have equality if I = 0.






9

Nonlinear Programming

A nonlinear program, or a mathematical program, is a constrained optimiza-
tion (say minimization) problem having the form

s.t. gi(z) <0, i=1,....r, (P) (9.1)

where f, {g;}7, and {h;}{* are real-valued functions defined on some subsets of
R™. The function f is called the objective function of (P), and the inequalities
and equalities involving g; and h;, respectively, are called the constraints of
the problem. The feasible region (or constraint set) of (P) is the set of all
points satisfying all the constraints,

f(P):{xER” 2 gi(x) <0,i=1,...,r, hj(x):(),jzl,...,m}.

Definition 9.1. A feasible point z* € F(P) is called a local minimizer of (P)
if x* is a minimizer of f on a feasible neighborhood of x*, that is, there exists
€ > 0 such that

f(z*) < f(x) for all x € F(P)N B(z*).
The point x* is called a global minimizer of (P) if
f(z*) < f(x) for all x € F(P).

Local and global maximizers are defined similarly, by changing the directions
of the above inequalities.

The geometry of the feasible set F(P) around a local minimizer z* € F(P)
dictates the optimality conditions that z* has to satisfy. For example, it should
be clear that if g;(«*) < 0, then the constraint function g; plays no role in
determining whether x* is a local minimizer of (P). We call such a constraint
inactive. More formally, if z € F(P), we denote by

O. Giiler, Foundations of Optimization, Graduate Texts in Mathematics 258, 209
DOI 10.1007/978-0-387-68407-9 9, © Springer Science+Business Media, LLC 2010
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I(z) :={i: gi(z) = 0}

the index set of the active constraints at x. If i ¢ I(x), then g; is an inactive
constraint at x.

The purpose of this section is to give necessary and sufficient conditions
for a feasible point z* to be a local minimizer of (P).

Toward this goal, we first define some relevant concepts. Recall (Defini-
tion 2.28) that a vector d € R™ is called a tangent direction of a nonempty
set M C R™ at the point x € M if there exist a sequence x,, € M converging
to z and a nonnegative sequence «,, such that lim,,_, an(z, —x) = d. We
also say that d is a tangent direction of the sequence {x,,}.

Definition 9.2. Let z* be a feasible point of (P) in (9.1). A tangent direction
of F(P) at x* is called a feasible direction of (P) at z*. We denote the set of
feasible directions of (P) at x* by FD(x*).

A wvector d € R™ is called a descent direction for f at x* if there exists
a sequence of points x, — x* in R™ (not necessarily feasible) with tangent
direction d such that f(xy) < f(x*) for all n. If f(x,) < f(z*) for all n, we
call d a strict descent direction for f at z*. We denote the set of strict descent
directions at =* by SD(f;z*).

Lemma 9.3. If z* € F(P) is a local minimum of (P), then
FD(x*)NSD(f;z%) = 0.

Proof. The lemma is obvious: if the intersection is not empty, then there
exists a sequence of feasible points x,, — x* such that f(z,) < f(«*), which
contradicts our assumption that z* is a local minimizer of (P). O

Although this lemma is very important from a conceptual point of view,
it is hard to extract meaningful results from it, since the sets FD(z*) and
SD(f;x*) are difficult to describe in a useful way, unless the functions f, g;,
h; appearing in (P) have additional useful properties, such as differentiability.

9.1 First-Order Necessary Conditions (Fritz John
Optimality Conditions)

The Fritz John (FJ) conditions are first-order necessary conditions for a lo-
cal minimizer in the nonlinear program (P) in (9.1) when all the functions
involved, f, gi, h;, are continuously differentiable in an open neighborhood of
the feasible region F(P).

Let us define the linearized versions of the feasible and strict descent di-
rections defined above,
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LFD(z*) = {d: (Vgi(a™), > i=1,....1
(Vh;(z7),d) = J=17--~7m,}7
LED(f;z*) == {d: (Vf(z), ><0}.

To motivate these definitions, let F' be a differentiable function defined on
an open set in R™. If d € LSD(F;x), then
o(t)
F(x+td)=F(z)+t |(VF(z),d) + - | < F(z),
for all ¢ > 0 small, since (VF(z),d) < 0 and lim;_.¢o0(t)/t = 0, so that the
term inside the brackets is negative. Thus, if d € LFD(z*) N LSD(f; z*) and
t > 0 is small enough, then f(z* +td) < f(z*) and g;(z* + td) < g;(z*) =0
for an active constraint function g;. The requirement that (Vh;(z),d) =0 is
more delicate and will be handled below.

Theorem 9.4. (Fritz John) If a point x* is a local minimizer of (P),
then there exist multipliers (A, 1) := (Aos A1y v oy Apy 1y - oy fhm), 10t all zero,
Moy A1y- -y Ar) >0, such that

MV f(z*) + Z AiVgi(z*) + Z 11,V hj(x (9.2)

Proof. Because of the “complementarity conditions” (9.3), we may write (9.2)
in the form

MV )+ Y AV +Zujv11

JeI(z*)

If the vectors {Vh;(z*)}T* are linearly dependent, then there exist multipliers

wo= (g1, pbm) # 0 buch that Z;”:l w;Vhi(z*) = 0. Then setting A :=

(Mo, - -+, Ar) = 0, we see that the theorem holds with the multipliers (A, u) # 0.
Assume now that {Vh;(z*)}L; are linearly independent. We claim that

{d:(V@"),d) <0, (Vaila®),d) <0, i € I(z"),

(9.4)

(Vhy(z*),d) =0, j = 1,...,m} = 0.
Suppose that (9.4) is false, and pick a direction d, ||d|] = 1, in the set
above. Since {Vh;(z*)}{" is linearly independent, it follows from Lyusternik’s
theorem (see Theorem 2.29 or Theorem 3.23) that there exists a sequence
x, — «* that has tangent direction d and satisfies the equations h;(z,) = 0,
j=1,...,m. We also have
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where (z, —2*)/||x, —2*|| — d, and o(z,, —2*)/||xn — 2| — 0 as n — oo. It
follows that the term inside the brackets is negative and thus f(x,) < f(z*) for
sufficiently large n. The same arguments show that if g; is an active constraint
function at x*, then g;(x,) < g;(z*) = 0 for sufficiently large n. We conclude
that {x,}5° is a feasible sequence for (P) such that f(z,) < f(z*) for large
enough n. This contradicts our assumption that xz* is a local minimizer of
(P), and proves (9.4).

The theorem follows immediately from (9.4) using the homogeneous ver-
sion of Motzkin’s transposition theorem; see Theorem 3.15, Theorem 7.17, or
Theorem A.3. O

Definition 9.5. The function
L(w; A i) i= Ao f (@) + Y Nigi(@) + > pihj(@) (A >0,i=0,...,7)
i=1 j=1

is called the weak Lagrangian function for (P).
If Ao > 0, then we may assume without loss of generality that Ao = 1, and
the resulting function,

m

i=1 j=1

1s called the Lagrangian function.

The Lagrangian function is named in honor of Lagrange, who first in-
troduced an analogue of the function L in the eighteenth century in order
investigate optimality conditions in calculus of variations problems.

We remark that the equality (9.3) in the FJ conditions can be written as

ViL(xz, A p) =0.

The conditions expressed in (9.3) are called complementarity conditions,
since
)‘lgl(‘r*) = 07 )‘i Z 07 gl(x*) S 07

imply that either A\; = 0 or g;(z*) = 0. In particular, if g;(z*) < 0, that is, g;
is inactive at x*, then A; = 0. It is possible that a constraint is active and the
corresponding multiplier is zero. For example, in Exercise 17 on page 245, this
happens at every KKT point. Otherwise, we say that strict complementarity
holds at x*. In every linear program with an optimal solution, there always
exists a strictly complementary solution; see Theorem 8.7 on page 203. This
fact, first proved by Goldman and Tucker [105], plays an important role in
interior-point methods for linear programming.

The Fritz John theorem is remarkable, since it always holds at a local
minimizer. However, we will see later (Example 9.8, page 218) an example of
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an abnormal nonlinear program in which Ay = 0. This is an awkward situation,
since the objective function f is not involved in the first necessary optimality
conditions! Additional assumptions on (P) must be made in order to rule out
this possibility. Such assumptions that ensure A\g > 0 (in fact Ay = 1) are
called constraint qualifications, and the resulting optimality conditions are
called Karush—-Kuhn—Tucker (KKT) conditions.

Corollary 9.6. If the vectors
{Vgi(m*)v i € I(CC*), th(l‘*), J=1... ,m}

are linearly independent, then Ao > 0 and we have

Vf(x*) + 220 MiVgi(a®) + 3055w Vhy(a*) =0, (9.5)
A >0, gi(x*) <0, Ngi(z*)=0, i=1,...,r (9.6)
hj(z*)=0, j=1,...,m. (9.7

Proof. If A\g = 0, then

> AiVgila) + > pVhi(z®) =0.
j=1

i€l(x*)

The linear independence hypothesis of the vectors implies that the multipliers
{A\:}7 and {p;}7* are all zero. But then the entire multiplier vector (A, u) is
zero, contradicting the above theorem. a

The conditions (9.5)—(9.7) in Corollary 9.6 are the Karush-Kuhn—Tucker
(KKT) conditions for the problem (P). The assumption of the linear indepen-
dence of the gradient vectors in the statement of the corollary is an example
of constraint qualification. There are other, less stringent, constraint qualifi-
cations that imply the KKT conditions. These will be discussed in Section 9.5
below.

9.2 Derivation of Fritz John Conditions Using Penalty
Functions

The derivation of the FJ conditions using penalty functions originates from
McShane’s article [195], and uses little beyond elementary calculus. Never-
theless, we remark that the penalty function approach has close connections
with the previous approach outlined above, since the implicit function theo-
rem and Lyusternik’s theorem can also be proved using this kind of approach;
see Theorem 2.26 on page 45.

We now prove Theorem 9.4 using a penalty function approach.
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Proof. Consider the penalty function
F _ ﬁ - + 2 k - h2 1 a2
(o) = f@) + 5 30 g @ + o YR ) + ke —
i=1 j=1

where g; (z) = max{0, g;(x)} and k > 0 is a parameter. Pick an € > 0 small
enough that f(z*) < f(x) for all feasible x € B (z*).

Let x, be a global minimizer of F}, over B (z*), which exists by the Weier-
strass theorem. Since Fj(z*) = f(z*), we have

Fan) < flaw) + Zgz o) Zh2 72+ gl — 2P os)

= Fi(wg) < Fi(a™) = f(z7).

The functions g;', h;, and f are all bounded on B.(z*), and (9.8) shows that
kg (x1)?/2, kh3(xzx)/2 are also bounded. Thus, we have g; (zx) — 0 and
hij(zr) — 0 as k — oo. Let T € Be(z*) be a limit point of the sequence
{z1}8°. We have g (T) = 0 (that is, ¢;(Z) < 0) and h;(Z) = 0. This proves
that T is a feasible point of (P).

Taking limits in (9.8), we obtain

£(@) < 7@ + 5l -2 < f).

Since f(x*) < f(z) for all feasible x € B.(x*), we have also f(z*) < f(%).
This and the above inequalities immediately imply that ||z — 2*||? = 0, that
is, T = x*.

Consequently, the minimization problem

min{ Fj(z) : © € B(2*)}

becomes an unconstrained optimization problem for large enough k. There-
fore, VFy(xr) = 0, that is,

m

V f (s, +Z kg (z1))Vgi(zk) Z hj(xy)
1=1 j=1 (99)

+ (z, —2*) =0.
Define a; ;, = kg; (z) and B; 5 = kh;(z}), scale the vector

(1a QY kyeney ar,lmﬁl,lm oo a/Bm,kH 1)

so that the sum of the absolute values of the entries is 1 (that is, divide
the entries by v, == 2+ >\ Ay + Em |8;k]), and denote the resulting
vector by
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g = (A0 ks AL ks« Arks ML ks - -+ Mim ke AOLE)-
Dividing both sides of (9.9) by v gives

Mok VE@R) + D Xk Vgilee) + Y pj e Vhy(ak) + Aok — %) = 0.

i=1 j=1

Since the entries of ay, are bounded, we may assume that they converge as
k — oo (otherwise, we can take a convergent subsequence). Taking the limit
as k — oo, wedefine \jy, — A, (1 =0,...,7), pjp — 5 (J=1,...,m). We
also have Ao (2 — x*) — 0, since Ag y is bounded and zy, — x*. Thus,

MV f(z +Z/\ Vi(z +ZMJVh

Finally, we note that A\; = 0 for an inactive constraint due to the fact that
xp — o* and thus kg;(zx)T = 0 for large enough k. The theorem is proved.
O

9.3 Derivation of Fritz John Conditions Using Ekeland’s
e-Variational Principle

In this section, we give a third, independent proof of the Fritz John conditions
for the nonlinear program (9.1) using Ekeland’s e-variational principle. The
only other tool used is Danskin’s theorem; hence the proof below could have
been given as early as in Chapter 3. Moreover, it has the added merit that
it is valid in a Banach space, that is, if the functions f,g;, h; are defined in
a Banach space; see [86] for the original proof. There are variants of the FJ
optimality conditions for suitable nonsmooth functions that are proved using
Ekeland’s e-variational principle; see [59, 60].
The proof below is an adaptation of the one in [60].

Proof. Let z* be a local minimizer of problem (9.1), where f(z*) < f(x) for
all feasible z in a closed ball C = B,.(z*) = {x : || — 2*|| < r}. Define the set

T:={( Mo, A\, 1) ERXR"XR™ : (Ao, A) 20, [[(Ao, A, p)|| =1},

and for a given € > 0, where /e < r, define the function
Fa) = mac{ o (f(2) = f2) + ) + Z Nigi(@) + Z pihi(@)}. (9.10)
1= Jj=

It is easy to see that F(a*) = e. Moreover, the function F is positive on C,
because if z € C' and F(x) < 0, then choosing Ao = 1, A; = 1, and |u;| = 1,
respectively, we obtain f(z) < f(z*) — €, gi(z) <0, and h;(z) = 0, that is,
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x is feasible for problem (9.1). This is a contradiction, since z* is a global
minimizer of problem (9.1) on C. Therefore, we have

F(z") < iIéfF(x) +e
It follows from Ekeland’s e-variational principle (Corollary 3.3) that there
exists a point z. satisfying ||z, — z*|| < /€ and
F(z.) < F(x) + Ve||lz — x| forall zeC.
Thus, the point . minimizes the function
G(x) == F(z) + Velz — z|

on the ball C = B,.(z*). Since ||z, — z*|| < /e < r, we have z, € int(C),
and since F(x.) > 0, the maximum in (9.10) is achieved at a unique point
(Ao(€), A(€), pu(€)) € T. It follows from Danskin’s theorem (Theorem 1.29) that
if d is any unit vector in R™, then

G (2eid) = <)\0( )V f () +Z)\ )V gi(xe) +ZMJ YWhi(z.), d>+\/é

j=1

where we used the fact that the function N(z) = ||z — z.|| has directional
derivative N'(z¢;d) = ||d|| = 1. Tt follows that [|[VF(z.|| < /€, that is,

< Ve

M@V @) + 3N Vaiwe) + 3 () Thy ()

By the compactness of T, as ¢ — 0, there exists a convergent sequence
(Mo(€), A(e), p(e)) — (Mo, A, ) € T Since x. — x*, we obtain

AoV f(z +Z/\ Vi(x +Zu]w

It is clear from (9.10) that if g;(z*) < 0, then X;(¢) = 0 for small enough ¢;
hence the complementarity condition A;g;(z*) = 0 holds. O

9.4 First-Order Sufficient Optimality Conditions

In this short section, we give a sufficient condition for local minimizer in a
nonlinear programming problem that seems to have been overlooked in the
optimization literature but deserves to be better known. Perhaps it has been
neglected because in a constrained optimization problem, one often imagines
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second-order sufficient optimality conditions and not first-order ones, analo-
gous to the situation in unconstrained optimization. The original version of
this optimality condition is due to Fritz John [148] and deals with a semi-
infinite programming problem (see Chapter 12) in which he deals with only
inequality constraints. It is interesting that the optimality condition below is
valid even in abnormal cases in which Ay = 0.

Theorem 9.7. Let z* be a feasible solution to the optimization problem (P)
n (9.1), satisfying the F.J conditions (9.2) and (9.3), where we write (9.2) in
the form

V) + Y AVgi(a +Zﬂjw

zEI(ac )
If the totality of the vectors

AV (™), {AiVgia™)ier@s, {Vhi(z™)},
span R"™, then =* is a local minimizer of (P )

Proof. Suppose that x* is not a local minimizer of (P). Then there exists
a feasible sequence of points xp — a* satisfying f(zr) < f(z*). Writing
xp = x* + tgdy with t > 0, ||dg|| = 1, we have

0> f(a" +trdi) — f(z*) = ti(Vf(z"), di) + o(tr),
0> gi(x* + tkdk) = tk(Vgi(m*),dk) + O(tk>, 1€ I(l’*),
0= hJ(Z'* +tkdk) = tk<th(£E*),dk> + O(tk), ] = ]., N 1)

Since ||dk|| = 1, we can assume, by taking a subsequence if necessary, that
dy, — d, ||d|| = 1. Dividing both sides of all equalities and inequalities above
by t; and letting ¢, — 0 gives (Vf(z*),d) < 0, (Vg;(z*),d) < 0, and
(Vh;(z*),d) = 0. Since

MoV f(x + Y XNV d) + ) pi(Vhy(a®),d) =
i€l(z*) Jj=1

we have (A Vf(z*),d) = 0, (\;Vgi(z*),d) = 0, and (Vh;(z*),d) = 0. By

virtue of our assumption on the gradient vectors, the vector d is orthogonal

to every vector in R™. This implies d = 0, contradicting ||d|| = 1. O

9.5 Constraint Qualifications

As we discussed above, it is of interest whether Ag is zero or positive in the
FJ conditions for optimality conditions. If Ag = 0, then f(z) plays no role
in determining the local optimizer, a very peculiar situation indeed, since we
expect f, the function to be optimized, to be present in the FJ conditions.

However, there exist problems in which A\g = 0, as the following example
shows.
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Ezample 9.8. (Failure of the KKT conditions)
Consider the problem

min —x
s.t. (z—1)°+y <0,
x>0, y>0.

We make the definitions f(z,y) = —z, g1(z,y) = (x —1)3 +y <0, ga(w,y) =
—x <0, and g3(x,y) = —y < 0. It is clear from a picture of the feasible region
that the point (1,0) is the (global) minimizer of the problem. Thus, the FJ
conditions must hold there.

The gradients of the objection function and the two active constraints are
V£(1,0)=(-1,0), Vg1(1,0) = (0,1), and Vg3(1,0) = (0,—1). The equation

AoV f(1,0) +A1Vg1(1,0) + A3Vg3(1,0) = (=Ao, A1 — Az) = (0,0)
gives \g = 0. Thus, the KKT conditions fail at the optimal point (1,0).

Consequently, it is useful to identify additional conditions on the objective
function f, and especially on the constraint functions g; and h; that guarantee
that Ao > 0, that is, the KKT conditions hold. Any such condition is called a
constraint qualification. Several such conditions are known in the literature.
We already met one such condition in Corollary 9.6. We discuss some more
conditions below.

First, however, we give a necessary and sufficient condition for the exis-
tence of the KKT multipliers.

Theorem 9.9. Let z* be an FJ point for problem (P) in (9.1). The KKT
conditions

Vi) + > ANgl-(x*HZuOth(x*):o (9.11)

i€l (x*)
hold at x* if and only if

{d: (Vf(z*),d) <0} {d: (Vgi(a*),d) <0, i € I(x*)}

(VR =0, =1, m} =) 0.2)

Proof. The equivalence of (9.12) and (9.11) follows immediately from the
homogeneous version of Motzkin’s transposition theorem. a

We remark that the difference between the FJ and KKT conditions is
seemingly very small. In the FJ conditions, at a local minimizer z* we must
have

{d: (Vf(z*),d) < O} N {d: (Vgi(z*),d) <0, 1€ I(x*)}
N{d: (Vh;(z*),d) =0, j=1,...,m} =0,



9.5 Constraint Qualifications 219

whereas in the KKT conditions we demand somewhat stronger conditions in
that the strict inequalities (Vg;(z*),d) < 0 for active constraints g;(x) are
replaced by the weak inequalities (Vg;(z*),d) < 0.

Corollary 9.10. (Concave and linear constraints) Let x* be a local min-
imizer of problem (P) in (9.1). The KKT conditions hold at x* if the active
constraints {gi}icr(z+) are concave functions in a convex neighborhood of x*
and the equality constraints {h;}* are affine functions on R™.
In particular, the KKT conditions hold at every local minimizer if all the
constraint functions g; and h; are affine, that is,
gZ(LL') = <ai7$>+0é7;, hj(l') = <bj,l’>+ﬁj.
Proof. Let d satisfy the conditions
(Vgi(z*),d) <0, i€ I(z"), (Vhj(z*),d)=0,j=1,...,m.

The point z(t) = z* + td is feasible for small ¢ > 0, since

gi(z" +td) < gi(2") + {Vgi(z*),d) <0,
by Theorem 4.27; similarly

hj(a® +td) = hj(x") + (Vh;(z7),d) = 0,

because h; is an affine function. Since z* is a local minimizer of the problem
(P), we have f'(z;d) = (Vf(xz*),d) > 0 and (9.12) holds. It follows from
Theorem 9.9 that the KKT conditions hold. O

We next prove the Mangasarian—Fromouvitz constraint qualification.
Theorem 9.11. (Mangasarian—Fromovitz [193]) Let * be an FJ point
for problem (P) in (9.1). If the gradients {Vh;(z*)}* of the equality con-

straints are linearly independent and there exists a direction d satisfying the
conditions

(Vgi(z™),d) <0, i € I(z"), (Vhj(z"),d)=0,j=1,...,m, (9.13)
then the KKT conditions are satisfied at x*.

Proof. On the one hand, since (9.13) is consistent, the homogeneous version
of Motzkin’s transposition theorem implies that in any solution 0 < X := (); :
i€ I(z*)) and p: (g1, ..., 4m) to the equation

> AiVgila) + > pVhi(zt) =0, (9.14)
j=1

i€l (x*)

we must have A = 0, and then p = 0 as well, since the gradients Vh;(2*) are
linearly independent.

On the other hand, Theorem 9.4 implies that if A\g = 0, then (9.14) has a
solution with (A, u) # 0. It follows that Ay > 0. O
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One of the earliest and best known constraint qualifications is Slater’s
constraint qualification, which applies to nonlinear programs with convex con-
straints.

Corollary 9.12. (Slater [243]) Let the functions {g;}} in (9.1) be convez,
and the functions {h;}] affine. Let x* be a local minimizer of problem (P). If
there exists a feasible point xg, strictly feasible for the active constraints g;,
that is,
gi(xo) <0, iel(x"),
then the KKT conditions are satisfied at x*.
Proof. Let hj(z) = (aj,x — zo), j =1,...,m. If {a;}7" is linearly dependent,
then we can choose a linearly independent subset of it, say {aj}’f , such that
span{ai,...,ar} = span{ay,...,an,}. Note that keeping only the constraints
{h;}* in the formulation of (P) does not change its feasible region.
Thus, we may assume that the gradient vectors {Vh;(z*)}7* are linearly

independent. We have

0> gi(zo) 2 gi(x") + (Vgi(z™), 20 — 2%), i€ I(z"),

O:hj(l‘o):hj(l‘*)+<v}lj(l‘*),£o—l‘*>, j=1...,m,
where the second inequality follows from Theorem 4.27. We see that the di-

rection d := xg — x* satisfies the Mangasarian—Fromovitz constraint qualifi-
cations, and Theorem 9.11 implies that the KKT conditions hold. a

9.6 Examples of Nonlinear Programs

Ezxample 9.13. This problem and its first-order necessary conditions were con-
sidered in the nineteenth century by the great American physicist J. W. Gibbs,
one of the founders of thermodynamics:

i=1

n
s. t. in = 1,
i=1

xz > 0.

Since the constraint functions are all linear, it follows from Corollary 9.10 that
the KKT conditions hold. We write the Lagrangian function

Lz, A\ p) = Zfl(wl)_z )\ixi+u<l—2xi>7 Ai>0,i=1,...,n, p€R.
i=1 i=1 i=1
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The KKT conditions are

oL
@ 5

(b) Zfﬂi =1,

(C) xiZO, )\iZO, l‘i)\i:(), i:l,...,n.

=filz;) —p—Xi=0, i=1,...,n,

If z; > 0, then (c) implies that A\; = 0, and then (a) implies f/(z}) = p.
If 7 = 0, then we have f/(x}) = p+ A; > p. Thus, we have the following
optimality conditions that were known to Gibbs:

fi(z}) = p for all isuch that z; > 0,

2

fi(z}) > p for all i such that z; = 0.

Note that the problem of projecting a point A € R™ onto the standard
unit simplex (see Exercise 10, p. 190) is a particular case of this problem in
which f;(x;) = (v; — a;)?/2,i=1,...,n.

Ezxzample 9.14. We consider two related problems.
(i
min 22 + 4y% + 1622
s.t. zy=1.

Since the objective function is coercive, there exist global minimizer(s)
to the problem. The constraint function h(x,y,2) = zy — 1 = 0 has the
gradient Vh(z,y, z) = (y,,0) # 0 on the constraint set zy = 1. It follows
from Corollary 9.6 that the KKT conditions hold. Thus, the Lagrangian
function is

L=a%+ 4y + 1622 + Nzy — 1),

and the KKT conditions are

(a) %:233—&-)\3/:0,
(b) Gk =8y+Arx=0,
(c) 2 =32z=0.
Multiplying (a) and (b) by « and y, and using xy = 1, gives
222 = -\ = 8% = %

This gives * = Fv2. If = F/2, then y = 1/2 = F1/+/2. Thus, the
KKT points are
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V2 V2

1 1
V2 | V2
0 0
The objective value is the same at both points, so they are both global

minimizers.
(i)
min 22 + 4y? + 162>
s.t. xyz=1.
As in part (i), the constraint function h(z,y,z) = xyz — 1 = 0 has a
nonzero gradient Vh(x,y, z) = (yz,xz,zy) on the constraint set zyz = 1,

and we may assume that Ay = 1 by virtue of Corollary 9.6. The Lagrangian
function can be written as

L =a? +4y* + 162% + Aayz — 1),

and the KKT conditions are

(a) % =2z + \yz =0,
(b) % =8y + \zz =0,
(c) g—g =322+ Azy =0,
(d) =zyz=1

Multiplying (a)—(c) by =z, y, and z, respectively, and using (d), we obtain

A
22 =4y? = 1622 = —3 > 0.
These give 20 = 642%y?2? = 64, that is, x = F2. Since there are four
possible choices for the signs of = and y (the sign of z is then determined
by (d)), the KKT points are

2 2 —2 -2
1 ) -1 ) 1 ) -1 )
12) \-172) \-1/2) \1,2

which are all global minimizers of the problem.
Ezample 9.15. We examine the problem

max (z+1)% + (y +1)?
S. t. x2—|—y2 <2,
y <L

To avoid developing the FJ and KKT conditions for a maximization problem,
we first convert our problem to a minimization problem:
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-1 1
min 7(3} +1)% - i(y +1)?

S.t. x2+y2—2§0,
y—1<0.

The latter problem has global minimizers, since the constraint region is com-
pact. Since the constraints are convex functions, and there exists a strictly
feasible solution (for example, the point (zg,y0) = (0,0)), Slater’s conditions
hold. It follows from Corollary 9.12 that the KKT conditions must hold at
any local minimizer. Thus, we have the Lagrangian function

1 1 A
L(z,y,\) = *5(93 +1)% - 5(3/ +1)% + 71(172 +y°—2)+Xa(y — 1),

and the KKT conditions

@ o

oL
(0) @Z—(y+1)+A1y+A2=0>

—(x+1)+Mz=0,

() M >0, 22 +¢y* <2, M(2® +9°—2) =0,

Now equations (a) and (b) simplify to the conditions

1 1=
VISR s VI

x (9.15)

The complementarity conditions in (c) and (d), A\j(2? +3* — 2) = 0 and
X2(y — 1) = 0, are combinatorial conditions signifying that at least one of the
multipliers in each equation must be zero. Thus, we are forced to examine the
different possibilities. This can be done by examining all the possible choices
of active constraints, or by examining all the possible choices for the signs of
the multipliers. We choose the latter strategy in this problem; the reader is
encouraged to try the former.

(i) A1 > 0 and Ay > 0: Note that (c) and (d) imply 22 +y?> =2 and y = 1,
which give x = F1 and y = 1, that is, the two points (z,y) = (1,1)
and (z,y) = (—1,1). In the first case, we have z = y, and (9.15) implies
A2 = 0. This contradicts our assumption that Ao > 0. In the second case,
(z,y) = (—1,1), which implies —1 = A; — 1 or A; = 0, which is again
impossible. We see that it is impossible to have both multipliers A\; and
Ao positive.
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(i) A1 > 0 and Ay = 0: The condition (c) implies 2% + y? = 2, and the
equations (9.15) give x = y = 1/(A; — 1). Thus, the points (z,y) = (1,1)
and (x,y) = (=1, —1) are the possible KKT points. At the point (z,y) =
(1,1), wehave 1 = 1/(A1—1), or Ay = 2. Therefore, the point (z,y) = (1,1)
is a KKT point with the corresponding multipliers (A1, A2) = (2,0). We
note that (z,y) = (1, 1) is a feasible point. At the point (z,y) = (-1, —1),
we have —1 =1/ — 1 or A\; = 0, which is impossible.

(iii) Ay = 0 and A2 > 0: The complementarity condition in (d) implies
that y = 1, and the equations (9.15) imply = —1 and Ay = 2. Thus, the
point (—1,1) is a KKT point with the corresponding multipliers (A1, A3) =
(0,2). We note that (—1,1) is a feasible point.

(iv) Ay = 0 and A2 = 0: The equations (9.15) give the point (z,y) =
(=1, —1), which is a KKT point. We note that this is a feasible point.

Therefore, the three KKT points and their corresponding multipliers are

(1) =) (=) ()= ()

It is obvious that the points (1,1) and (—1,—1) are the global minimizer
and maximizer, respectively, of the minimization problem, hence the global
maximizer and minimizer, respectively, of the original, maximization problem.
What about the point (—1,1)? It is not possible to apply Theorem 9.7, since
its conditions are not satisfied at any of the three KKT points, as the reader
may verify. In Section 9.8, we will apply below second-order tests to obtain
more information about this KKT point.

It should be instructive to draw the feasible region and illustrate the KKT
conditions pictorially.

Ezample 9.16. Consider the problem

max (z +1)% + (y +1)?
S.t. a:2+y2 <3,
—z? + 2y <0.

The problem has global maximizers, since the constraint region is compact.

The gradients of the constraints are Vg, (z,y) = 2(x,y) and Vga(z,y) =
2(—z,1). Note that the second gradient is always nonzero, and the first one is
zero only at the origin, where g; is not active. Thus, the KKT conditions hold
at any local minimizer (z*,y*) that has at most one active constraint. If both
constraints are active, the equalities 22 + y? = 3 and 22 = 2y > 0 give y = 1,
and the gradients {Vgi(x,y), Vga(x,y)} are linearly independent. Thus, the
KKT conditions must hold at all possible KKT points.

We can also demonstrate that Ay > 0 by an independent algebraic argu-
ment in the following way. We form the weak Lagrangian function

A A A
L=-2(@+ 1"+ @+ 1) + 5@ +9 =3) + F (2" +2p),
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and write down the FJ conditions

(@) —Xdolx+1)+Mx—Az=0, A >0,

(0 =X+ +My+A2=0, (Ao, A1,A2) #0,
(€ M >0, 22 +y> <3, M2 +y° -3) =0,
(d)  X2>0, 2y <22, Mp(—2?+2y)=0.

We claim that Ag > 0. If Ao = 0, then (a) and (b) become
(@) (A1 —X)x =0, (') A\y+ A =0.
These imply that
AI=X>0,y<0 or x=0, A\ >0, y<0.

The first case is impossible, because we saw above that y = 1 when both
constraints are active. In the second case, we have x = 0, and the equation
x? +y? = 3 implies that y = —/3. But then gy is inactive, Ay = 0, and (b')
implies that Ay = 0. This contradiction proves the claim, and we may assume
that )\0 =1.

The conditions (a) and (b) give

1
= —1y=1-Xo. 1
X )\1 — )\2 — 1, (/\1 )y )\2 (9 6)

Let us consider all the possible cases for the signs of the multipliers:

(i) Ay > 0 and A2 > 0: The complementarity conditions in (¢) and (d) give

22+ y?> =3,y =1and 2? = 2y = 2, that is, z = F+/2. Thus, the points
(v/2,1) and (—/2,1) are the possible KKT points, but we need to verify
that their multipliers are not negative.
At the point (v/2,1), solving the linear equations in (9.16) gives \; =
3/24+1/(2v2) >0, \a = 2— X\ = 1/2 —1/(2v/2) > 0. At the second
point (—v/2,1), the same equations give \; = 3/2 — 1/(2v/2) > 0, Ay =
1/2 +1/(2v/2) > 0. Therefore, both points are KKT points.

(ii) A1 > 0 and Ay = 0: The condition (c) implies 2% + y? = 3, and the
equations (9.16) imply = = )\— = y Thus, the possible KKT points

are (1/3/2,4/3/2) and (—+/3/2,—1/3/2). In the first case, we have \; =

1+ \/g > 0. However, this pomt is not feasible, since it violates the
constraint —xz2 + 2y < 0. In the second case, A\ = 1 — \/g > 0, and the

point (—/3/2, —/3/2) is feasible, hence a KKT point.
(iii) Ay = 0 and A2 > 0: The complementarity condition in (d) implies
2? = 2y, and the equations in (9.16) give * = 1/(=X\y — 1) and y =
A2 — 1. Thus, the equation x? = 2y gives 1/(Ay + 1)2 = 2(\y — 1), that

is, A3+ 22— o — % = 0. Solving this cubic equation approximately (say
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with Newton’s method), we obtain A &~ 1.11208. This gives the point
(z,y) = (—0.473465,0.1120849). It is a feasible point, hence satisfies the
KKT conditions.

(iv) A1 = 0 and A2 = 0: The equations in (9.16) give (x,y) = (—1,-1),
which is a KKT point.

Summarizing, we list the five KKT points with their multipliers:

(D)= () (0= (1) (-0
)= () G 2 )

0 0.1120849 1.1120849

[N~}

[S][9)

At these points, the objective function f(x,y) := (x + 1)2 + (y + 1) of
the maximization problem has values 9.828, 4.1715, 0, 0.101020, and 1.51397,
respectively. Hence, the point (v/2,1) is the global maximizer of f over the
feasible region, whereas (—1, —1) is clearly the point where f is minimized over
the same feasible set. We leave it to the reader to work out how Theorem 9.7
applies to the KKT points. It can be shown that only the first two KKT points,
(Fv/2,1), satisfy the conditions of this theorem. This proves that the KKT
point (—+/2, 1) is a local minimizer of the function — f over the feasible region,
hence a local maximizer of the original maximization problem. In Section 9.8,
we will apply second-order tests to determine further the nature of all five
KKT points.

Ezample 9.17. This is an interesting problem whose solution rests upon a novel
observation:

i=1
n
s.t. E z; =0,
i=1
n
2 _
E Ty =n
i=1

The feasible region is compact, so the Weierstrass theorem implies that
the problem has a global minimizer and a global maximizer.

The gradients Vg (x) = (1,...,1) = e and Vga(z) = 2z of the constraint
functions are linearly dependent only when z is a multiple of e, but there is
no such feasible point. Thus, we may assume that Ao = 1.

We write the Lagrangian function
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n n )\ n
= ;;xf’+>\1;x,+;(§zfn),

and the KKT conditions

oL
(@) 5

(b) zn:l“z =0,
=1

(¢) fo =n.

i=1

ZIIJ?—F)\l—‘r)\Q.’L‘i:O, 1=1,...,n,

Summing (a) over i gives

n n
O:Zx?+n/\1+)\22xi:n—|—n)\1,

i=1 i=1
that is, Ay = —1. Next, multiplying (a) by z; and summing over i gives
n n n n
Z:L’? +)\1 Zfﬂl +>\2 Z.’ﬂ? = Zl’? +n)\2 = 0,
i=1 i=1 i=1 i=1
that is, Ao = —>""" | 23 /n. However, this does not seem to help much.

In this problem, the key observation for determining x; is to perceive that
when A\; and Ay are fixed, the equation (a) in the KKT conditions is a quadratic
equation in x;, so that each z; can have at most two values,

_ —)\2:':\/)\§+4
2 b)

T

one positive x4, one negative x_. Since all the functions in the optimization
problem are symmetric in the variables x;, we may assume, without loss of
generality, that

= (21, &) = (Tgyen Ty, Ty, T ).

k times n—k times

Then the equation (b) in the KKT conditions becomes kx4 +(n—k)(z_) = 0,
giving

k
E—n't
and the equation (c) gives n = kz? + (n — k)z2, which upon simplification
becomes (7 )? = (n — k)/k. Thus,

xTr_ =

_ In—k B k n—k k

EN T o TS EV T T Van—k
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Since = contains at least one positive and one negative entry, the possible
values for k are k =1,...,n— 1.
We have

Note that the first term on the right-hand side of the equation is minimized
and the second term is maximized at k = n—1, and thus the objective function
is minimized for ¥ = n — 1. (Similarly, it is maximized at k = 1.) Therefore,
the global minimizer of the problem is the point

¥ = (%,...7%7—M),

and the global maximizer of the problem is the point

Tt = (\/m,—\/%,...,—\/%).

We will apply second-order tests in Section 9.8 to determine the nature of
all the KKT points.

Ezample 9.18. Let Q be an n X n symmetric matrix, ¢ € R™, and A > 0.
Consider the problem

min g(z) = 3 (Qr, ) + {e.)
s .t z|| < A.

(9.17)

This problem appears in trust region methods for the numerical solution of
an unconstrained minimization problem. In this context, suppose that we are
trying to find numerically a local minimizer of a nonlinear function f(x) of n
variables. If xj is a given approximate minimizer of f, then we can attempt to
find a better approximate minimizer x; by approximating f by its quadratic
Taylor series at xj and then minimizing this surrogate function in a suitable
disk B(x},, A) around 3. We end up with the optimization problem equivalent
to (9.17). See [244, 201, 213, 62] for much more information on trust region
methods and the numerical methods for solving (9.17).

Since the constraint function has a nonzero gradient at every point of the
feasible region, we may assume that A\ = 1. We change the constraint to
|lz||* < A%, and write the Lagrangian function

il é 1,27 2
L= 3(@e,2) + (e,2) + 5 (] - 42).
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At a global minimizer z* of (9.17), we have the KKT conditions

(@) VL=(Q+M)z"+c=0,
(b))  A=0, [27] < A, A(l|l="]| - 4) = 0.

We claim that the conditions (a) and (b), together with the second-order
condition
(¢) @+ M is positive semidefinite,

characterize a global minimizer of (9.17).

First, assume that z* is a global minimizer of (9.17). We need only to
verify the condition (c). If ||z*|| < A, then A = 0 and z* is an unconstrained
local minimizer of ¢, and hence @ is positive semidefinite by Theorem 2.12. If
l*|] = A and ||z|| = A is any feasible point, then ¢(z) — ¢(z*) > 0, and

q(z) — q(z")
= (Vg(a"),z —2%) + J(Qz —a"),z — a7)

o) -

= — Nz z—2%) + = (Q(z — %),z — 2¥) (9.18)

[\V]

)\ * * *
—§(||x—x ||2+2<x T — X ))

1 * * A *
= SUQ+AD( = "),z — %) = Sl - | ),

= QAN — ")z~ o)

where the second equality follows from (a). This immediately implies that
(Q+ M) (z —a*),x —x*) > 0 for all ||z|| = A. Since (z*,z —z*) < 0, we
have ((Q + AI)d,d) > 0 for all d satisfying (z*,d) < 0, hence for all d € R™,
proving that @ + AI is positive semidefinite.

Conversely, suppose that the conditions (a)—(c) are satisfied. If ||a*|| < A4,
then A = 0, and (9.18) shows that z* is a global minimizer of ¢ on R™. If
lz*|] = A, the same equations (9.18) shows that 2* is a global minimizer of ¢
on the disk B(0, A).

9.7 Second-Order Conditions in Nonlinear Programming

We reconsider the nonlinear program (9.1),

min f(x
s. t. gi(JS)SO,i=17~-~7T7 (P)

~

where this time we assume that the functions f, g;, h; have continuous second-
order partial derivatives in an open set containing the feasible region of (P).
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The FJ and KKT conditions are first-order necessary conditions for a local
minimizer. Thus, any local minimizer must satisfy these. However, the con-
verse statement is false: a point satisfying these conditions is not necessarily
a local minimizer.

The second-order conditions give us additional restrictions that help us
narrow down the search for local minimizers of (P). As in the unconstrained
optimization case, these are either mecessary or sufficient conditions. Every
local minimizer of (P) must satisfy the first-order conditions and the second-
order necessary conditions, but not every point satisfying these is necessarily
a local minimizer. By contrast, every point satisfying the first-order conditions
and a second-order sufficient condition must be a local minimizer.

The second order optimality conditions given in this section have their
origins in a paper by McCormick (see [96]), and contain some improvements.
They are applicable, under some restrictions, at a KKT point «* for (9.1)
which has associated Lagrange multipliers A*, u*. It should be noted that
the optimality conditions are stated in a form suitable for the minimization of
the Lagrangian function L(x, \*, 4*) and not the minimization of the objective
function f(x). Since the passage from f to L is not straightforward, this should
explain the need for care (see, for example, the statements of Lemma 9.19 and
Theorem 9.20) in formulating the correct form of the optimality conditions.

The research on second-order optimality conditions is active even today.
More sophisticated second-order conditions, for a wide variety of optimization
problems, are available; see for example [28] and [39].

9.7.1 Second-Order Necessary Conditions

Denote by V2L(z, \, u) the Hessian of the Lagrangian function L with respect
to the decision variables z, that is,

VaL(z, A p) = V2 f(2)+ Y ANiV3igi(x) + > pVh().
i=1 j=1

Lemma 9.19. Let z* be a local minimizer of (P) satisfying the KKT condi-
tions with multipliers \*, p*. If d € R™ is a feasible direction at x* with the
property that there exists a sequence of feasible points x) — x* satisfying the
conditions (x — x*)/||xr — 2*|| — d, gi(zr) =0, i € I(z*), and h;(xy) =0,
then (V2L(z*, \*, u*)d, d) > 0.

Proof. Let d and {xy} satisfy the assumptions of the lemma. Defining dj, =
xp — ¥, we have
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0

< flak) — f(27)
= L(xk»)‘*7l~t*) - L(.’L‘*,)\*,M*)

1
(Vo L(@™, A 1), die) + S{VEL(2", N, 1) di, die) + of[[d[|*)

1 .
5 (V2L(" X", 1), di) + of i 2,

where the inequality follows because z* is a local minimizer of (P), the second
equality follows from Taylor’s expansion, and the last equality follows because

Vo L(z*, X*, u*) = 0 from the KKT conditions. Dividing the above inequality
by ||dx||* and letting k — oo, we conclude that (V2L (x*, \*, u*)d,d) > 0. O

Theorem 9.20. Let z* be a local minimizer of (P) satisfying the KKT con-
ditions with multipliers \*, u*. If the active gradient vectors,

Vgi(z*), i € I(z*), Vh;(@"), j=1,...,m

are linearly independent, then V2L(x*, \*, u*) must be positive semidefinite
on the linear subspace

M = (span{Vg;(z*),i € I(z*),Vhj(z*),j =1,...,m})".
That is, if a direction d satisfies
(d,Vgi(z*)) =0, i € I(z*), (d,Vhj(z*))=0,7=1,...,m,
then <V§L(a:*,/\*,u*)d, d> > 0.

We provide two proofs for this theorem, one based on feasible directions
and Lyusternik’s theorem, and the other using a penalty function approach.

Proof. Since the active gradients at x* are linearly independent, it follows from
Lyusternik’s theorem that M coincides with the set of tangent directions to
the set

{z:9:(x) =0,1€ ("), hj(x)=0,j=1,...,m}

at the point z*. If z is a point near x* belonging to this set, then z is clearly
a feasible point for (P). The theorem follows immediately from Lemma 9.19.
O

Here is a second, independent proof of the same theorem based on the
penalty function approach.

Proof. We use the twice continuously differentiable penalty function

b — R L 1
Fy(z) = f(x) + 3 Zgi(ﬂﬁ)‘3 t3 Zhi(x) + Z\Ix —z*|*
i=1 j=1
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The same arguments used earlier in the penalty function approach to derive
the FJ conditions applies here: z — z*, where z is global minimum of Fj
over a small ball B.(x*). Thus, VF})(zx) = 0 and V2 Fy () is positive semidef-
inite for large enough k. Toward computing the expressions for VF(x)) and
V2F, (), we compute the Taylor expansions of the component functions in
Fy(zg + td).

Define the function a(t) = (t7)3/3. It is easy to verify that o/(t) = (¢t1)?
and o/ (t) = 2t™. Thus,

1
gg:'(a: +td)® = a(gi(z + td))
2

—a (a) + 1Va () d) + 5 (Paa)d ) + o))
= ol (o) + o' (ase) (Vo)) + (Pl

+ 50" (g (@) i), ) + (s

= L0 (@ + ¢ [of () (Vgi(a), )
+ £ 107 @ (TPau(a)d.d) + 207 (2)(Vu(a), )] + oft?),

x + td)?

2 2
{ ) 4 t(Vh;(x),d) +t—<v2hj(a:)d, d>+o(t2)}

= h;(z)* + 2h,( [t §<v2hj(x)d, d>}

—I—t2<Vh (z),d)? —|—0(t2)
= hj(x)? + 2t[h;(x){Vh;(z), d)]
+ 12 [hy(2)(Vhy(2)d, > + (Vhy(x),d)*] + o(t?),
and
|2+ td|[* = (2 + td, & + td)* = [|}2]|* + 2t(x, d) + £*||d||*]*
= lz)|* + 2/|z|1? [2t(x, d) + ¢*||d||*] + ¢*[2(z, d) + t||d]|*]?
= [lz||* + 4t [|l«]*(z, d)] + 22 [|=[|* - |]|* + 2(z, d)?] + o(t?).

Putting all these together, we obtain

VFy(zy) = Vf(l'k) + Zkg;r(l'k)Qvgi((Ek) + Z khj(l‘k)th(l'k)
i=1 J=1

+lax — 2" |*(ar — 2) =0

(9.19)

and
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<V2Fk($k)d, d>

= ([V2f () + D kg (@r)2V2g:(x) + > Wby () V2 (i) d, d)

B mj:1 (9.20)
[Z ngz xk)<ng(xk 2 +Zk’ Vh -Tk) d>2]

+ [l — 22 - )| + 2(ay — 2%, d)?]
Now we use the linear independence hypothesis: define the matrices

A= [v-gl(x*)a i€ I(I*)v Vh](l’*), Jj= 17~'~7m]7
J

Ay = [Vgi(zg), i € I(z"), Vhj(zg), j=1,...,m].

We have M = N(AT) and
TM = TN(AT) = I - TR(A) = I— A(ATA)ilAT.

(AT A is nonsingular since the columns of A are linearly independent.) Since
T — =¥, we have A;{Ak — AT A, so that A{Ak is nonsingular for large k.
For a vector d € M, define

d := WN(AE)d = (I — Ak(AZAk)ilAg)d

Note that dj, is orthogonal to the vectors Vg;(xy) (i € I(z*)) and Vh;(zy)
(j = 1,...,m), and that (this is the most crucial point) d — d. More-
over, since the KKT conditions hold by Corollary 9.6, the scaling argu-
ment in the penalty function proof of Theorem 9.4 shows that the sequences
{kg (x1)?}32, and {kh;(z)}32, are bounded. Thus, there exist convergent
subsequences \; = lim;_ kig;" (71,)? and W = im0 kihj(zk,) such that
A =0fori¢ I(x*). Letting I — oo in the expression (V2Fy, (zx, )dk,, dx,) > 0
and using (9.19) and (9.20), we see that

V. L(z* +ZA Vgi(x +Zuﬂh

and for all d € M,

m

(|3 9+ 3 AV +ZMJV2 )|d.d) >0

=1

9.7.2 Second-Order Sufficient Conditions

Theorem 9.21. Let x* be a feasible point for (P) that satisfies the KKT
conditions with multipliers X*, u*. If
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(V2L(x*, \*, yu*)d, d) > 0 (9.21)
for all d # 0 satisfying the conditions
(d,Vg;i(z*)) <0, ¢ € I(z"),
(d,Vg;(z*)y =0, i € I(z¥) and A\ > 0, (9.22)
(d,Vhj(z*)) =0, j=1,...,m,

then x* is a strict local minimizer of (P), and there exist a constant ¢ > 0
and a ball B.(x*) such that

f(@) > f(a*) +cllx — z*||* for all feasible x € Be(x*). (9.23)

Proof. Suppose that (9.23) is not satisfied, and let ¢, be a sequence positive
numbers converging to zero. Then there exists a sequence of feasible points
xr — x* such that f(zx) < f(z*) + ex|lzx — 2*||?. Define di, = ), — z* and
assume without any loss of generality that di/||di|| — d, ||d|| = 1. On the one
hand, we have

6k||dk||2

>[f(xk Z )‘gz xk

i€l(x*)
= L(xg, \*, ") — L(x*, X", 1*)
1 * *
= <VIL($*7>‘*7N*)ﬂdk> + §<V3L(CE*,)\ M )dkvdk> + 0(||dk||2)

1 * * *
§<V2 (@ N, 1) die, die) + o[l %),

where the last equality follows because of the KKT conditions V, L(x*, X*, ii* ) =
0. Dividing the above inequalities by ||d||?/2 and letting k — oo, we obtain

that is, d does not satisfy (9.21).
On the other hand,

exlldill® > fzr) = f(a*) = (VF(@"),dr) + ollldxl)),
0 > gi(ex) — gi(z%) = (Vgi(z"), di) + ol[|dil]), i€ I(z"),
0 = hy(xy) = h;(a") = (Vh;(2"), dr) + o([[dk]),

and dividing the inequalities by ||dx|| and letting k — oo gives
(Vf(z"),d)y <0, (Vgi(z*),d) <0, (Vhj(z"),d)=0.

These imply that d satisfies (9.22), since multiplying the above inequalities
by 1, AF, p}, respectively (i € I(z*), j =1,...,m) gives
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0= (Vo L(z*)\*, u*), d) =< +Z)\ Voi(x +Zujwl >

= (Vf(z"),d) + ZA?(Vgi(x*),d),

which implies that A\ (Vg;(z*),d) = 0 for each i € I(z*).
We have produced a vector d that satisfies (9.22) but not (9.21), contra-
dicting the assumptions of the theorem. The theorem is proved. a

Corollary 9.22. Let x* be a feasible point satisfying the KKT conditions with
multipliers N*, p*. If Xf > 0 for all i € I(x*) (this is called the strict comple-
mentarity condition) and the Hessian V2L(x*, \*, u*) is positive definite in
the subspace

{d:{d,Vgi(z")) =0, i € I(z"), (d,Vh;(z"))=0,j=1,...,m},
then x* is a strict local minimizer of (P).

The corollary follows immediately from Theorem 9.21.
For some special classes of problems, it is possible to obtain stronger re-
sults.

Lemma 9.23. Let x* be a KKT point of the quadratic program

min{ f(z) := %(Qm,x) + {c,z) : Az < b}. (P)

If (Qd,d) > 0 for all directions d satisfying the condition that {a;,d) < 0 for
all i € I(x*), then x* is a local minimizer of (P).

Proof. The individual linear constraints of the program are {a;, z) < b; where
{a;} are the rows of A. Let = be a feasible point in a small enough neighbor-
hood of z* and define d = x — 2*. We have

flx) = f(a7)

(Vf(a*),d) + Qdd = Y Aaid) <Qdd>

i€l(x*)

> 1(@Qd.d) >0

where the first equation follows since f is a quadratic function, the second
equation is due to the KKT condition, and the first inequality follows since
(a;,d) = {a;,x — x*) = {a;,x) — b; <0 for i € I(z*). O

Remark 9.24. If the quadratic program contains only equations, then it is clear
from the above proof that a point z* satisfying the conditions of Lemma 9.23
is actually a global minimizer of the quadratic program; see also Exercise 12.
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9.8 Examples of Second-Order Conditions

Ezample 9.25. (Continuation of Example 9.15)
We recall that for this problem on page 222, we have

1 A
L=+ D)+ @+ 107+ 5@+ - 2) + ey - 1),
0
Vgl(x7y) =2 (;) ) VQQ(-'L',:U) = (1) ) H = v%z,y)L = ()‘1 - 1)Ia

and the KKT points are

(1)2=6) ()= () =)

At the KKT point (1, 1), we have H = I; hence the second-order necessary
and sufficient conditions are trivially satisfied. Thus, the point (1,1) is a strict
local minimizer of the reformulated (minimization) problem, hence a local
maximizer of the original (maximization) problem.

At the KKT point = (—1,1), both constraints are active, and the
gradients of the active constraints are linearly independent. We also have
H = —1. Since M = 0, the second-order necessary conditions in Theorem 9.20
trivially hold. A vector d in the cone T'(—1,1) must satisfy the conditions
<(71, 1), (dl,d2)> = *dl + d2 Z 0 and <(0, 1), (dl,d2)> = d2 > 0. For exam-
ple, the vector d = (1,1) is in the cone and satisfies (Hd,d) < 0. It follows
from Theorem 9.20 that (—1,1) is not a local minimizer of the reformulated
problem, hence not a local maximizer of the original problem.

At the KKT point x = (—1,—1), only the first constraint is active with
the gradient Vg;(—1,1) = 2(—1,—1) # 0, and H = —1I. Since the subspace M
in Theorem 9.20 is a line through the origin, the second-order necessary con-
ditions fail. Thus, the point (—1, —1) is not a local maximizer of the original
problem.

Ezample 9.26. (Continuation of Example 9.16)
We recall (see page 224) that in this problem

1 A A
— WP Py - 3) + (e 2y),

Vgi(z,y) = 2 (i) Vgo(x,y) =2 (Tc)
~14+XA =X 0 ]

1

(z,y)

_ 2 —
=y L[ 0 14X

and the KKT points are
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3 1 3 1
2 5t 3575 —V2 27 55 -1 0
(@) (105) ()08 (-0
2 2v2 2 22
—./2 2 _
Vi ,A<1_ﬁ>; < 0.473465)’ A( 0 >

0 0.1120849 1.1120849

At the KKT point (\/5, 1), both constraints are active, A > 0, the gradients
Va1 (v2,1) = (2v/2,2) and Vga(v/2,1) = (—21/2,2) are linearly independent,
and the Hessian matrix H = diag(1/v/2, (2++1/2)/2) is positive definite. Thus,
the assumptions of Corollary 9.22 are satisfied, and the point (v/2, 1) is a strict
local minimizer of the reformulated (minimization) problem, that is, a strict
local maximizer of the original (maximization) problem.

At the KKT point (—\/5, 1), both constraints are active, A > 0, the gra-
dients Vgi(—v2,1) = (=2v2,2) and Vgo(—v/2,1) = (2v/2,2) are linearly
independent, but the Hessian matrix H = diag(—1/v/2, (2 — v/2)/4) is not
positive semidefinite. However, since M = 0 in Corollary 9.22, the second-
order sufficient conditions are trivially satisfied, and the point (—v/2,1) is a
strict local maximizer of the original problem.

At the point (—1, —1), both constraints are inactive and the Hessian matrix
H = diag(—1,—1) is negative definite. Therefore, this point is not a local
maximizer of the original problem. We remark that since there are no active
constraints at (—1, —1), the second-order necessary conditions for constrained
and unconstrained optimization problems coincide.

At the point (—+/3/2, —+/3/2), only the first constraint is active, and the
gradient of g7 is not zero. Thus, M is a line through the origin. Since the Hes-
sian matrix H = diag(—/2/3, —1/2/2)/2) is negative definite, Theorem 9.20
implies that the second-order necessary conditions fail. Thus, this KKT point
is not a local maximizer of the original problem.

Finally, at the point (—0.473465...,0.1120849...), only the second con-
straint is active, with a nonzero gradient, and the Hessian matrix H =
diag(—2.1120849, —1) is negative definite. As in the preceding situation, this
KKT point is not a local maximizer of the original problem.

In summary, we see that the only local maximizers of the original (maxi-
mization) problem are the two KKT points (F+/2, 1), which are actually strict
local maximizers. The point (\/5, 1) is, of course, the global maximizer of the
original problem.

Ezample 9.27. (Continuation of Example 9.17)
We reconsider this problem on page 226,

1 n n n
min{SZx? : in = O,Zl’? = n},
i=1 i=1 i=1

with the intention of applying to it the second-order necessary and sufficient
tests in order to isolate its local minimizers (and maximizers). We recall that
the KKT points of the problem consist of the vectors
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x=(x1,...,¢n) = (@4,..., 24, 2—,...,x_), k=1,...,n—1,

k times n—k times

and all their permutations, where

with the multipliers

k k n—k n—k
:—1 = — — .
M > A2 nVn—=k n k

The constraint functions have the gradients
Vhi(z) =e=(1,...,1), Vha(z)=2z.

These gradients are linearly independent at each KKT point. We see that

the assumptions of Theorem 9.20 are satisfied. In order to determine whether

second-order necessary conditions are satisfied, we need to verify whether the

Hessian matrix V2L(z, \) is positive semidefinite on the subspace {e,z}*.
We have

1 n n )\ n
= 32@3—1—)\12%—#;(;%?—”),

so that V2L(z,\) = 2diag(x) + A\21, and
(V2L(z,N)d, d) = > (22 + Ao)d3. (9.24)

=1

The conditions for a vector d to be orthogonal to the vectors {e,z} are

6>:id120,

0= (d,z) deZ—FZdazz er cml

i=k+1 =k+1

Therefore, d is characterized by the equation Ele di=0=>", 41 di- Thus,
(9.24) can be rewritten in the form

k
n—=k
<ViL(m,)\)d,d):<2\/ - +A2>Zd§+<A —2,/ ) Z d?
=1 i=k+1
n+k\/n—k~ k\/k S,
( n k +n n—k‘)%di

on—k [ k n—k [n—k\ < o
_< n n—k+ n k)zd’

i=k+1
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Each term in the parentheses is positive, so that (VZL(z,\)d,d) > 0 only
when Z?:k 11 d? = 0. Thus, the only local minimizer occurs exactly when

kE = n — 1, in which case Z?:_ll d; = d,, = 0. It follows from Theorem 9.20
that the KKT points corresponding to & # n — 1 are not local minimizers.
It is easily seen that the second-order sufficiency conditions in Corollary 9.22
are satisfied at the KKT point corresponding to k = n — 1 (provided Ag # 0,
that is, except for the trivial case n = 2) at the point

This is the only local (actually strict, global) minimizer of the problem.
In the same way, the quadratic form (V2L(x,\)d,d) is less than or equal
to zero only when k = 1. Therefore, the vector

z= (VH—\/%—\/%)

is the only local (global, strict) maximizer of the problem.

We already know from the previous analysis of the problem that the KKT
point corresponding to k =n — 1 (k = 1) is a global, hence local, minimizer
(maximizer) of the problem. The new results we uncovered are the facts that
these are strict optimizers, and that the remaining KKT points are not local
optimizers.

9.9 Applications of Nonlinear Programming to
Inequalities

Optimization often provides effective tools for proving inequalities. To illus-
trate the idea, we describe here one example. Many other possibilities exist
and can be explored; see the exercises at the end of the chapter for some
examples.

Consider the optimization problem

min{ f(z) : g(x) = 1}, (9.25)

where f and g are positively homogeneous of degree o and (3, respectively,
that is,
ftz) =t*f(x), g(tz) =tPg(x), for t > 0.

Suppose that (9.25) has a global minimizer z* with optimal objective value
z* := f(z*). Then f(z) > z* for all x satisfying g(z) = 1, which we can write

in the form

W > ()Y for all z, g(z) =1.



240 9 Nonlinear Programming

Note that above ratio is homogeneous of degree 0, that is, it is unchanged if
x is replaced by tz, t > 0. This means that we have

F(@)Y* > ()Y g(2)Y?, for all &, g(z) > 0. (9.26)

Frequently, it happens that g is a nonnegative function, and that (9.26) is also
satisfied when g(x) = 0. Then, there is a one-to-one correspondence between
the optimization problem (9.25) and the inequality (9.26). Furthermore, note
that if (P) has a unique optimal solution z*, then (9.26) becomes an equality
only at z*. This is useful, since often it is important to determine when an
inequality becomes an equality.

As an example, we consider the well-known Cauchy—Schwarz inequality,
sometimes called the Cauchy—Schwarz—Buniakovsky inequality, which states
that

[, 9)] < llzll - iyl for all @,y € R, (9.27)

with equality holding if and only if the vectors x and y have the same direction.
We can prove this inequality by solving the optimization problem

max{(z,z) :|]z]|* = 1},

where z € R™ is a fixed nonzero (the case x = 0 is trivial) vector, say ||z| = 1.
Since the constraint set is compact, there exists a global maximizer. The
gradient of the constraint function is never zero on the feasible set, so that
the KKT conditions are satisfied at any local minimizer of the problem. We
have
L(z 1) = —(@,2) + S(12]? = 1),

and the KKT conditions are
—x+pz=0, ||z||=1.

Thus, pz = z, and taking the norms of both sides of this equality, we obtain
p = 1, giving the KKT points z = £z. Since (z,2) = pllz||? =p >0 at a
global maximizer, we see that the point z = x is the unique global maximizer.
This proves the Cauchy—Schwarz inequality (9.27), and at the same time
characterizes when it holds as an equality.
The well-known Hdélder’s inequality can be proved in the same way; see
Exercise 29 on page 248.

9.10 Exercises

1. Find the minimal value of the function f(x,y) = (z—2)?+(y—1)? subject
to the conditions that y > 22 and = +y < 2.
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2. The problem

min —xy
s.t. x4y =38,
zz0,y>0

codifies the problem of finding the rectangle of maximum area with
perimeter 16.

(a) Write down the FJ conditions, and show algebraically that Ay # 0,
and thus the KKT conditions are satisfied at all points satisfying the
FJ conditions.

(b) Show that the point (x,y) = (4,4) satisfies the KKT conditions.

(¢) Determine all the KKT points of the problem.

(d) Show that the point (x,y) = (4,4) satisfies an appropriate second-
order sufficient condition, thus is a local (indeed global) minimizer of
the problem.

3. Consider the problem max{z? + (y + 1)? : =22 +y > 0,2 +y < 2}.

(a) Write down the FJ conditions, and argue that \g # 0.

(b) Sketch the feasible region, and graphically determine the optimal
solution(s).

(c) Determine all the points satisfying the KKT conditions; then deter-
mine (global) maximizer(s) among these.

4. In the problem

a;, c;, b are all positive constants. Write the FJ, and if applicable the KKT,
conditions. Then solve for the optimal solution(s) z* = (zF,...,2%).
5. Consider the problem

min 2?2 + y? + 22
s.t. xyz > 8§,
x>0,y >0,2>0.

(a) Find all the points satisfying the KKT conditions.
(b) Use appropriate second-order tests to locate all the local and global
minimizers.
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6. Consider the problem

min Inz —y
s.t. 22y <4
x> 1.

(a) Find all the points satisfying the FJ conditions.
(b) Find all the points satisfying the KKT conditions.
(¢) Which of the KKT point(s) have the lowest objective value?
(d) Verify whether an appropriate second-order sufficient condition is
satisfied at each KKT point.
7. (Absence of KKT points) Consider the problem

min 22 + 32
s.t. 22— (y—1)32=0.

a) Solve the problem geometrically.

b) Show that there exist no points satisfying the KKT conditions.

¢) Find all the points satisfying the FJ conditions.

d) One may be tempted to solve the optimization problem by substi-
tuting 2 = (y — 1)? in the objective, thereby reducing it to the un-
constrained problem miny? + (y — 1)%. But something is wrong with
this approach. What is it, and how can it be corrected?

8. In the optimization problem

(
(
(
(

min  (z +1)% —¢?
s.t. z+y <0,
224y =1,

starting from different initial points, a numerical algorithm returns the
following points (z*,y*) as candidates for a local minimizer:

V2 V2 27 2
(a) Determine which of these points satisfy the KKT conditions.
(b) Determine which KKT points satisfy a version of the second-order
necessary conditions.
(c) Determine which KKT points satisfy a version of the second-order
sufficient conditions.
9. Consider the maximization problem

0) <1 1>7 (i) (~1,0), (i) (0,0), (iv) <1 ¢§>

max x4 Y
s.t. 2 49* <9,
r+y <L
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(a) Sketch the feasible region and the level curves of the objective func-
tion. Based on this, guess the global maximizer of the problem.

(b) Justify why KKT must hold at local maximizers.

(c) Write down the KKT conditions, and use them to determine all the
KKT points.

(d) Determine which KKT points satisfy the second-order (necessary and
sufficient) conditions.

10. Consider the problem

max Jc‘;’+x‘;’+-~-+xi

st ri4ribe4axd=1.

(a) Prove that the KKT conditions must be satisfied at each local max-
imizer.

(b) Determine all the KKT points.

(c) Determine the global maximizers of the problem.

(d) Use (c) to prove the inequality

n n 3/2
Z:|arz|3 < (fo) for all (z1,...,2,) € R™.
i=1

i=1

(e) If there are KKT points other than global maximizers, determine
which ones are local maximizers.
11. Consider the following variant of Exercise 10:

max xij’+x‘r§+-~-—|—mi

sit. xj+xy o4t =1.

Answer the corresponding questions, and take care to formulate and prove
the correct form of the inequality in part (c).
12. The equality constrained quadratic program

min ¢(z) = 3(Qz,z) + (¢, )
s.t. Ax=1»

has a symmetric n x n matrix ) and a vector ¢ € R”.
(a) Show that a local minimizer x* must satisfy the KKT conditions
Qz* + c € R(AT) and Az* =b.
(b) Show that a local minimizer z* must satisfy the second-order neces-
sary condition that @ is positive semidefinite on the subspace N(A),
the null space of A.
(c¢) Show that a KKT point satisfying the second-order necessary condi-
tion in (b) is in fact a global minimizer of the quadratic program.
13. Consider the nonlinear program (P) as in (9.1) but with only inequality
constraints, and where the functions f, g; are continuously differentiable
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14.

15.

16.
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in a neighborhood of the feasible region. Let x* be a local minimizer of
(P).

The purpose of this problem is to show the validity of the FJ conditions
at z* via Danskin’s theorem. Define the function

p(x) = max{f(z) = f(z%), 1(x), ..., gr(2)}.

(a) Show that x* is a local minimizer of .
(b) Show that Theorem 1.29 implies that for any d € R™,

0 < ¢ (2*;d) = max{(Vf(z*),d), (Vgi(z*),d), i € I},

where [ is the index set of active constraints at x*.
(c) Show that (b) implies that the system

(Vf(x*),d)y <0, (Vgi(z"),d) <0, i€,

is inconsistent. Use this fact to prove that the FJ conditions hold
at x*.
(Second-order conditions) In the problem

min z? + (y — 1)?

s.t. —y + m—; >0,
show that (2*,y*) = (0,0) is a KKT point for all values of the parameter
k > 0. However, the nature of the point depends on the value of k. Use the
available second-order conditions to determine the values of k for which
(0,0) is a local minimum. What is the status of the point for the remaining

values of the parameter k > 07
Consider the problem

min (z —2)? + 52
s.t. 22 < ky2 +1
x>0,

where k € R is a parameter of the problem.
(a) Sketch the feasible region of the problem for & > 0, K = 0, and k < 0.
(b) Determine the status of the point (1,0) for each value of k. For what
values of k is the point (1,0) is a KKT point, local minimizer, global
minimizer?
Sketch the constraint set of the optimization problem

min x
s.t. (z—3)%+ (y—2)* > 13,
(x —4)* +y* < 16.

Then,



17.

18.

19.

20.

21.

22.
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(a) Find all the points satisfying the KKT conditions.
(b) Verify which second-order sufficient conditions, if any, are satisfied
at each KKT point.
(Absence of strict complementarity) In the problem

min zy
st 22 +y? <2,
z+y >0,

show that the KKT conditions are satisfied at every local minimizer. Com-
pute all the KKT points. Show that strict complementarity is satisfied at
no KKT point. Finally, use the available second-order necessary /sufficient
conditions to determine which KKT points are local minimizers.
Consider the problem of covering the triangle with vertices at the points
(0,0), (0,1), and (1,0) with a ball of smallest radius.

(a) By geometric considerations, show that the optimal ball has center

at the point (1/2,1/2) and radius 1/v/2.
(b) Show that the problem can be formulated as the nonlinear program

min 7

s.t. iyt
(z-12+y*<r
P+ (y-1)*<r

(¢) Solve the above program.
Inscribe a triangle in the disk {(z,y) : % + y* < 1} with maximum area.
(If you get stuck; see the general form of the problem on page 271.)
Inscribe a tetrahedron in the sphere {(z,y,z) : #2 + y* + 22 < 1} with
maximum-volume. (If you get stuck; see the general form of the problem
on page 271.)
Prove that if -1 <z; <0,i=1,2,...,n, then

Q4az1)(I+ae) - (I4z,) > 14z +a2+ -+ Ty,

and investigate when equality holds.
(a) Set up an appropriate optimization problem such that the optimal
solutions z* to this problem give equality in the above inequality.
(b) Show that each component x} has only two possible values.
(c) Use second-order conditions to isolate the optimal solution(s) among
the KKT points.
Let z1,x,...,2, be real numbers such that ) | z; = 0. Show that the
inequality

n—1 n
(x, —x1)% + Z(ml —2i41)? > 4sin’*(n/n) - me
1 1

holds.
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(a) Formulate the problem as an optimization problem and verify it for
n = 3,4,5.
(b) Verify the inequality for all n.
Hint: The inequality can be viewed as an eigenvalue problem.
23. This problem has appeared in connection with Karmarkar’s potential func-
tion for linear programming. For a fixed parameter « satisfying 0 < o < 1,
consider the minimization problem

n
min H“Tl

i=1

n

i=1

i (s 1)2 _ o
i = .
P n n(n—1)
(a) Show that constraints of the problem imply that each feasible vector
x is positive, that is, z; > 0 for all = 1,...,n. Thus, if we like, we
may replace the objective function by its logarithm.
Hint: The fact that x; > 0 may be verified by solving an optimization
problem!
(b) Write down the FJ conditions for a local minimizer x*, and show
that A\p > 0 at each FJ point.
(c) Find all the KKT points. Determine which KKT point(s) are global
minimizers by comparing their objective values.
(d) Determine whether any second-order conditions (necessary and suf-
ficient) hold at the global minimizer(s) that you found in part (c).
(e) Consider the problem of maximizing the objective function over the
constraint set. Repeat parts (b)—(d) for this problem.
24. Let a,b € R™ be given nonzero vectors. It is known that if x € R™ satisfies
llz|| = 1 and {a,z) = 0, then

< jen(@ib; — ajb;)?
(b z) < Zl<z<]<nl(a’”2J a;b;)
a

(You may assume that {a,b} are linearly independent, since otherwise the
inequality is trivial.) Reduce the inequality to an appropriate constrained
optimization problem. Find the optimizer(s) of this problem; and finally
show that the inequality follows.

25. This problem concerns inscribing into a given circle a triangle such that
the sum of the squares of the sides of the triangle is maximized. This can
be formulated as an optimization problem as follows:

max |lz —y||* + [lz — d|* + [ly — d|*
st 2 =1,

Iyl = 1.
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Here, we have assumed that the circle is the unit circle with center at the
origin, one of the vertices of the inscribed triangle is at the point d = (0, 1),
and x and y are the remaining, unknown vertices of the triangle.

(a) Write down the FJ conditions, and show that all points satisfying
the FJ conditions must be KKT points.

(b) Determine all the KKT points.

(c¢) Determine the optimal solutions among the KKT points. What can
you say about the lengths of the sides of the optimal triangle? Are the
second-order sufficient conditions satisfied at the optimal solution(s)?

(Fagnano) Find a point on each side of a given triangle A such that the
triangle B formed by these three points has the smallest perimeter. Prove
that if all three angles of A are acute, then the vertices of the triangle B
are the base points of the perpendicular lines dropped from the vertices
A onto the opposite sides of A.

Hint: One way to formulate the problem is to assume that one vertex of A
is at the origin and the two sides adjacent to it form linearly independent
vectors a,b € R?. The vertices of B are then at the points sa, tb, and
a+ u(b— a), say, where 0 < s,¢,u < 1.

The goal of this problem is to prove the inequality

n n n
21‘;1 Li 21;1 Yi < Zi:;xlyl (9.28)

whenever x; and y; are nonincreasing,

12T 2 2 X1 2Ty, Y1 2Y22 " 2 Yn-1 = Yn, (9.29)

and characterize its cases of equality.
Prove (9.28) by maximizing the function

n n
() (%)
i=1 i=1
subject to the constraint Y., z;4; = n and the constraints in (9.29).

Note that it suffices to show that the objective value of the optimization

problem is n?.

Form the (weak) Lagrangian

n n n n—1
L==200 ) O y) +AQ i —n) + Y bl — z1)
=1 =1 =1 i=1
n—1

+> &Gt — i), (Mo, 6, € >0,

i=1

(a) Write the FJ conditions, and use them to prove that
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n n

n)\:)\o(fo> . (Zy:‘)

=1 i=1

(This is the crucial result.)
(b) Use this to show that A9 # 0; thus the KKT conditions must hold.
Put A\p = 1, and use the KKT conditions to show that

(A—n)(iyf‘) = (A—n)(ixf) =0.

i=1

Argue that
A=n.

(¢) By considering the form of the optimization problem, argue that any
(z*,y*) above cannot be a (local) minimizer, and then argue that it
must be a global maximizer. Conclude that the inequality (9.28) must

hold.

(d) Show that the optimal solution (z*,y*) must have z7 = -+ = a
and y7 = --- = y’. Conclude that the inequality (9.28) holds as an
equality if and only if 21 =--- =2z, and y1 = --- = yn.

28. Let z1,...,2, (n > 2) be real numbers subject to the conditions

n

Zwi =0, max |z;|=1

1<i<n
1 S
Set Tp+1 = T, and define

plw) = max |z — i

(a) Show that the minimum of u(x) on R™ equals 4/n if n is even, and

4n/(n? — 1) if n is odd.

(b) Determine the optimal solution(s) z* = («7,..., ) in each case.
Hint: The symmetry of the problem allows one to set any x} = 1; this
simplifies the formulation of the optimization problem.

29. (Holder’s inequality) Let p > 1, ¢ > 1 be such that p=* + ¢~ = 1. Then

*

(@, )] <llzllp - llylly forall z,yeR",
with equality holding if and only if x and y are parallel vectors. Here the

p-norm, ||z, is defined by [|z[|h = [z1]P + - - + |2, [P
Prove Holder’s inequality by solving the optimization problem

max{(z,y> : z”: |z:|P = 1},
i=1

where y € R” is a fixed nonzero vector, say ||y|, = 1.
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31.
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Solve the optimization problem

n n
max{z | |P Z |z;|? = 1},
i=1 i=1

where ¢ > p > 1, and use it to prove the inequality

1 1/p L 1/q
- ip < - iq ) > >1a

and determine when equality holds.
(Waterhouse [263]) Determine the optimal value of the problem

min (7’1)2+(i1>2+(21>2+<j1>2

s.t. 1< r<s<t<A4.

Hint: Introduce new variables r, s/r, t/s, and 4/t.
(Waterhouse [263]) Consider the following symmetric optimization
problem:

min / max f(z)
s.t. gi(x) =0, 1 <i<m,

where f and {g;}" are symmetric, continuously differentiable functions
defined on R™. The aim of this problem is to show that symmetric problems
generically admit symmetric solutions.

Suppose that there exists a feasible point zo = (a, . . ., @).

(a) Show that xo is a KKT point (except possibly when Vg;(zg) = 0
(i=1,...,m) and V f(zq) # 0).

(b) Assuming that z is a KKT point, investigate when x satisfies the
second-order sufficient conditions for a local optimizer (minimizer or
maximizer) of the problem. Conclude that z( is generically a local
optimizer. What can the second-order conditions tell us when the
second-order sufficient conditions fail?

Hint: Let h : R" — R be a symmetric function, ¢ a permutation of
the set {1,2,...,n}, and 7 : R® — R" the linear map o (z1,...,2,) =
(To(1)s+ -+ To(n))- Define T := oz and d := @d. Compare the Taylor ex-
pansions of h(5(z +td)) and h(x +td) and relate (VA(Z),d) to (Vh(zx),d)
and V2h(z)[d, d] to V?h(z)[d,d]. Conclude that Vh(xg) is a multiple of
e:=(1,...,1) and that V2h(x¢) is a symmetric matrix with a diagonal a
multiple of e and off-diagonal elements all equal.
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33. (Waterhouse [263]) Consider the symmetric optimization problem

min / max zlyz + zy'z + zy2?
s.t. 2P+t 432 —3=0.

Show that zp = (1,1,1) is a KKT point, but not a local minimizer or
maximizer. (This is a degenerate problem that forms an exception to part
(b) of the above problem.)

Hint: Consider the values of f(z(t)) where x(t) = (st, s, s), t is close to 1,
and s = s(t) is chosen to make z(t) a feasible curve.



10

Structured Optimization Problems

In this chapter, we solve several important well-known problems using opti-
mization techniques. These include the extensive theories of the eigenvalues of
symmetric matrices and the singular values of a matrix, an optimization prob-
lem in Broyden’s method for solving nonlinear systems of equations, an opti-
mization problem appearing in quasi-Newton methods for unconstrained min-
imization of a nonlinear function, the inequalities of Kantorovich, Hadamard,
and Hilbert, and the problem of inscribing a maximum-volume ellipsoid in a
convex polytope in R™. The variational approach to the eigenvalues and sin-
gular values are especially important, both in finite and infinite dimensions,
since they can be used to prove various inequalities among the eigenvalues
(and the singular values), and to establish the spectral decomposition of com-
pact operators in Hilbert spaces, for example.
Many other important problems can be treated by variational means.

10.1 Spectral Decomposition of a Symmetric Matrix

The eigenvalues and eigenvectors of a symmetric matrix can be obtained by
variational means, by solving certain optimization problems. This approach
avoids the use of determinants, and is particularly important in infinite-
dimensional Hilbert spaces, where determinants are not always meaningful.
The variational approach is due to Hilbert, who at the beginning of the twen-
tieth century, developed the spectral theory of compact operators in Hilbert
spaces using such an approach; see the book [227], Chapter 6, for a lucid
presentation. Here we deal only with the finite-dimensional situation.

Let A be a symmetric n X n matrix. We will prove Theorem 2.19, the
spectral decomposition of A, using nonlinear programming.

Consider the minimization of the quadratic form (Az,z) over the unit
sphere,

O. Giiler, Foundations of Optimization, Graduate Texts in Mathematics 258, 251
DOI 10.1007/978-0-387-68407-9 10, © Springer Science +Business Media, LLC 2010
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min (Az,x)
s. t. ||x||2 =1

Since the gradient of the constraint function is nonzero on the feasible region,
the KKT conditions hold. Thus, we have the Lagrangian function

L(z,A) = (Az,z) + M (1 = [[z]*).

Since the constraint set is compact, there exists a global minimizer u; on the
unit sphere that is the solution to the KKT conditions

vxL = 2A’LL1 — 2/\1u1 - 07 ||U1H =1

Thus, Au; = Muy and ||up]] = 1, that is, Ay is the eigenvalue of A correspond-
ing to the eigenvector u;.

We have (Auy,u1) = (AMuy,u1) = A1, and if a unit vector z is any eigen-
vector of A with the corresponding eigenvalue A, then

A=Az, z) = (Az,z) > (Aug,u1) = A1

Thus, A; is the smallest eigenvalue of A and u; is a corresponding eigenvector.
Now consider sequentially the following problems:

min (Az,x)
st fal? =1, ()
(ujx)y =0,i=1,...,k—1,

for k = 2,...,n, where the vector u; in the last set of constraints is an optimal
solution to problem (F;), ¢ < k.

Note that the vectors {ui}’fl form an orthonormal set. Since the con-
straint set is compact, there exists a global minimizer x* on the unit sphere;
the gradients {—2x,uq,...,ux_1} of the constraints are orthogonal, hence
linearly independent. It follows from Corollary 9.10 that the KKT conditions
hold, and we have the Lagrangian function

k—1
1 A
L(@, A, 81, 05-1) = 5 {Az,2) + 5 (1~ 21%) + > oF (us,

The KKT conditions are

k—1
Ax™ — ™ + Sku; =0, |jz*|| =1,
Z Jo* | o)
i=1
(" u;)=0,i=1,...,k—1.
We claim that the multiplier vector 6% := (§F,...,dF ) is zero. We prove

this by induction on k. For k = 1, there is nothing to prove. Suppose that
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the induction hypothesis is true for all integers less than k. Taking the inner
product of both sides of the first equation in (10.1) with u; (j < k), we obtain
(Ax™, uj) — (5;-€ = (2", Au;) — 5;-“ = (2", \ju;) — 5;-“ =0,
where the first equality follows because A is a symmetric matrix, and the
second equality follows from the induction hypothesis. (If the induction hy-
pothesis holds, then ¢ = 0 and (10.1) above shows that u; is an eigenvalue
of A.)
This proves the claim. Thus, u; := z* is an eigenvector of A with the
corresponding eigenvector Ax := A, which is the kth-smallest eigenvalue of A.
Define U := [uy,ug,...,u,] and A = diag(A1,...,A,). We have Au; =
Aiug, 1 =1,...,n, so that

AU = A[Ula A 7un] = [Aul, . ,Aun] = [Alul, cel )\nun]
= [ug,...,uy] diag(Ay, ..., \p) = UA.
Since {u;}7 is an orthonormal set of vectors, the matrix U is orthogonal, that

is, UUT =UTU = 1.
In summary, we have proved Theorem 2.19.

Remark 10.1. It may appear quite remarkable that the multiplier vector o
vanishes in the optimization problem (Py). This may be explained by the fact
that A is tnvariant on the subspace

L1 :={u1,...,up_1}

and on its orthogonal complement L; ,, that is, A(Ly_1) C Lj_1) and
A(L,Jc-_l) C Lé‘_l)‘ The invariance on Ly_1 is easy to see, and if x € Lé—_l and
j < k—1, then
(Az,uj) = (z, Auy) = \j{z,u;) =0,
proving the invariance on Lifr
Thus, we may recast the problem (Py) as the optimization problem

min{(Az, z) : |z||*> = 1, z € E}}

within the vector space Ej = L;}F_r Then problem (Py) looks exactly like
(Py), which has no linear constraints, and it is seen as in (P;) that the optimal
solution uy, is an eigenvector of A. This is the original argument in [227].

The spectral decomposition above can be used to give further variational
characterizations of the eigenvalues of a symmetric matrix.

Theorem 10.2. (Courant—Fischer) Let A be an n x n symmetric real ma-
trix with eigenvalues

M (A) € Aa(4) < - < Au(A)
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arranged in ascending order. Then

Ak(A) = max min (Az,x), k=1
Li-1 zeL |z||=1

geeey
il

where the mazimization is over the set of all (k — 1)-dimensional linear sub-
spaces of R™. Furthermore,

Ak(A4) = min max (Az,z), k=1,...,n.
Ly_g $€L.f;,k;‘|$”:1

Proof. We will prove only the first equality, since the second one follows from
the first applied to the matrix —A. Let u; be the eigenvector corresponding
to \; obtained in problem (P;). Denote by L} the linear span of {u;}¥, and
note that

Akt1 = min (Az,z) < max min (Az, x).
z€(Lp)*,llzll=1 Le zeLy,|z|l=1

It remains to prove the reverse inequality. Let Lj be an arbitrary k-
dimensional linear subspace of R™. It follows from dimensional considerations
that the subspace Lj_; N Li" is nontrivial. Pick a unit vector u = zkH 0y

in this subspace. We note that 1 = ||ul|? = Zf:ll 62, and
k+1 k+1 k+1

min  (Az,z) < (Au,u) <Z>\ 0; ul,Z(5 ul> = Z)\Zﬁ? < Apai1-
i=1

zGLﬁ,HxH:l
This proves the reverse inequality

max min  (Az,x) < Agta,
Ly zeLi|zl=1

and the theorem. O

Corollary 10.3. (Weyl) Let A, B be n X n symmetric real matriz, and
{N(AYE, (B}, and {X\i;(A+ B)}7 the eigenvalues of A, B, and A+ B,
respectively. Then

Ai(A) +M(B) S Xi(A+ B) < Ni(A) +Au(B), i=1,...,n
Proof. We prove only the first inequality; the second one is proved similarly:

N(A+B)=max  min _{(A+B)r,a)
Li—1 zeL} | |lz||=1

>max( min  (Az,z)+ min  (Bz,z))

Li—1 ‘weLi | ||lz=1 weLi | |lzll=1

> max min  (Az,z) + min (Bz,z))
Li1 “zeL} | |=||=1 z€R",||z||=1

= Xi(4) + A (B).
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Remark 10.4. There are many other inequalities satisfied by the eigenvalues of
A, B, and A+B. Horn’s conjecture [142] states that a certain set of inequalities
gives the complete set of inequalities between these three sets of eigenvalues.
Horn’s conjecture has only recently been settled, in the affirmative, using
advanced algebraic techniques. See Fulton [100] for an exposition of Horn’s
conjecture and its proof.

The Courant—Fischer equalities can be used to prove other interesting
results.

Corollary 10.5. Let A be an n x n symmetric real matriz, and A a k X
k principal submatriz of A that is obtained by deleting n — k rows and the
n

corresponding columns of A. If {\i(A)}} and {\;(Ar)}¥ are the eigenvalues
of A and Ay respectively, arranged in ascending order, then

Ai(A) < N(Ak) < A—pri(A), i=1,... k.
Proof. We have

Ai(Ag) = max min (Agz, x)
M;_1 atEMf,pr”:l
S max min <Ak.’b, (E> = )\nfk+i (A)v
Lon—kti-raely i llzll=1

where M;_; varies over the set of all (i — 1)-dimensional subspaces of R¥,
and L, _gy;—1 varies over the set of all (n — k + i — 1)-dimensional subspaces
of R™. The equalities above follow from Theorem 10.2, and the inequality
follows from the fact that the set of subspaces M, | is a restricted set of
(n — k + i — 1)-dimensional subspaces of R".

This proves the second inequality of the corollary; the first inequality is
proved similarly. O

An immediate consequence of the corollary is the interlacing property be-
tween the eigenvalues of A and A,,_1, an (n—1) x (n—1) principal submatrix
A1 of A:

AM(A) S A (An—1) < X2(A) < Xg(Apmr) < -+
S )\nfl(A) S )\nfl(Anfl) é An(A)

10.2 Singular-Value Decomposition of a Matrix

Let A be an m X n matrix. The singular-value decomposition (SVD) expresses
A in the form A = UXVT, where U € R™*™ and V € R™*" are orthog-
onal matrices and Y is an m x n diagonal matrix with nonnegative entries.
The singular-value decomposition is a very important tool in numerical linear
algebra; see for example [108]. Here we give a derivation of the SVD using op-
timization techniques similar to the orthogonal decomposition of a symmetric
matrix above.
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Theorem 10.6. (Singular-value decomposition of a matrix) Let A be
an mxn real matriz. There exist an orthogonal mxm matriz U, an orthogonal
nxn matrix V, and an m X n matriz X whose only nonzero elements are the
diagonal entries Xy = 04,1 =1,...,p:= min{m,n},

01209220, 20

such that
A=UxVT.

The scalars {0;}} are called the singular values of A. Note that AAT =
UEXXT)UT is the orthogonal decomposition of the positive semidefinite ma-
trix AAT. Similarly, ATA = V(XTX)VT is the orthogonal decomposition
of the positive semidefinite matrix AT A. We see that the vectors {u;}} and
{v;}} are the eigenvectors of AAT and AT A, respectively, both with the corre-
sponding eigenvalues {0?}}. The remaining vectors {u;} and {v;} (if any) are
also the eigenvectors of AAT and AT A, respectively, with the corresponding
eigenvalues equal to zero.

Proof. We consider the optimization problem
min  — (Az,y)
s.t. [lz)* —1=0,
ly* =1 = 0.

Since the feasible set is compact, there exists a global minimizer (z*,y*) =
(v1,u1). The gradients of the constraint functions, {(z”,07)T, (07, y™)T'}, are
clearly linearly independent, and thus the KKT conditions hold. We have the
Lagrangian function

1)
L(z,y;0,p) = —(Az, y) + g(llﬂﬁll2 -+ g(\lyll2 -1

and the corresponding KKT conditions
ATuy = 6vy, Avy = puy, |wl| =1, vl =1.
First of all, we have
§ = (v, v1) = (ATuy,v1) = (uy, Avy) = (ug, pug) = p > 0,

where the inequality follows since the optimal objective value —(Awvq,uq) is
clearly nonpositive. We set

o1:=0=pu>0.

Note that the KKT conditions give AATu; = 01 Av; = o%uy, and similarly

AT Avy = ofvy, that is, v; and u; are the eigenvalues of the positive semidef-

inite matrices AAT and AT A, respectively, corresponding to the same eigen-
2

value o7.
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Next, we consider sequentially the following problems:
min  — (Az,y)
st lzf*=1=0, [ly|*~-1=0, (Pr)
(vi, ) =0, (usy)=0, i=1,....,k—1,
for k =2,...,p, where (v;,u;) in the last two sets of constraints is an optimal
solution to problem (F;), ¢ < k.

Again the constraint set is compact, and there exists a global minimizer
(vk, ug). The gradient vectors of the constraints,

U 0 .
(5 (0 =tk

are linearly independent, since {v;}} and {u;}} are both sets of orthonormal
vectors. Thus, the KKT conditions hold. We write the Lagrangian function

[NJ ST

L@,y 0,10, 8) = —(Az, ) + 5 () = 1) + S (llyl* = 1)

k—1

k—1
—+ Zai(vi, Cﬂ> + Zﬁz<uzay>

1

Setting the optimal solution (x*,y*) = (v, ur), the KKT conditions give the
equations

k1 k-1
ATuy = v, + > aivi, Avg = pug + Y B, [|vel| = 1, [Jug = 1.
1 1

We claim that the multiplier vectors «, 8 are zero. We prove this by induc-
tion on k. For k = 1, there is nothing to prove. Suppose that the induction
hypothesis is true for all integers less than k. We have for a fixed j < k,

a; = (AT uy, v;) = (Avj,ug) = 0 (uj,ux) =0,

where the first equality follows from the first KKT condition above, the third
equality follows from the induction hypothesis, and the last equality follows
because of the constraints in problem (Pg). Thus o = 0, and a similar proof
shows that g = 0, proving the claim. Consequently, we have

T .
A’Ui:O'iui, A U; = 03V, ’LZl,...,p.

These can be written more compactly in matrix notation. First, assume that
n < m. Then p = n, and we have

AV = Afvy,vg, ..., v,] = [o1u1, 02us, . . ., Opty]

= [uy,us,...,u,|diag(o1,09,...,0,) = Uy X0,
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where we have defined V' := [v1,v2,...,Unlnxn, Un = [ur,u2, ..., Un]mxn,
and X, := diag(o1,02,...,0n)nxn- Extend the orthonormal vectors {u;}} to
a full set of mutually orthogonal vectors {u;}7* in R™, say by the Gram-—
Schmidt process, and define the matrices

U= [U1, U2,y Un,y Uni1y -y U] = [Un|U’]
and
Pp— En
o5
mXn
We thus have the singular-value decomposition of A,
n | &n
AV = U, %, = [U,|U"] 0l= Ux,
or
A=UxVT, (10.2)

where U and V are orthogonal matrices and Y is an m x n diagonal matrix.
If n > m, we have the singular-value decomposition of AT, say in the form
AT = VXTUT. Transposing both sides yields (10.2) once more. O

We note that the largest singular value oy is the £o-norm of A, that is,

|A]| := max ||Az| = max max (Az,y).
llzll=1 llzll=1 llyll=1

Remark 10.7. It may again appear remarkable that the multiplier vectors «, 8
vanish in the optimization problem (Pj). This can be explained as follows: A
feasible vector = in (P) is orthogonal to the vectors {v;}¥~'. Thus, if j < k,
then

(Az,u;) = (z, ATu;) = (z,05v;) =0,

which means that the linear map x — Az maps the linear subspace Ly_1 :=
{v1,...,v5_1}+ C R™ into the subspace Mj,_1 := {uy,...,up_1}+- C R™, that
is, A(Ly—1) C Mj_1. Consequently, the problem (Py) can be rewritten as
. 1
min — §<A:r,y>
sit. |lz|?=1=0, x € Lp_4,
lyl* =1=0, y € My_1,

thereby avoiding the need for the multiplier vectors a and (3 altogether.
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10.3 Variational Problems in Quasi-Newton Methods

Ezample 10.8. (Broyden’s method)

This problem appears in Broyden’s method for approximating a root of a
nonlinear system of equations G(z) = 0, where G : R — R" is a nonlinear
map. It is the problem

min || X[
s.t. Xa=0,

where X = (x;;) is an m x n matrix, a € R, 0 # b € R™, and where the
Frobenius (or Hilbert—-Schmidt) norm || X || is given by

m n
X015 = a3
i=1 j=1
This norm is a Euclidean norm that comes from the trace inner product
(X,Y) = tr(XTY) = Z ijYij
1,j=1
on R™*™ the vector space of n X n matrices. Thus,
1X (17 = (X, X).

Since the objective function is coercive, there exists a global minimizer. The
constraint functions are linear, so it follows from Corollary 9.10 that the KKT
conditions must hold at any local minimizer.

We form the Lagrangian

1 m n ) m n
2RSS SICES yeih)]
i=1 j=1 i=1 j=1
The KKT conditions are given by
oL
(a) aTijzmij—)\iaj:O, i:1,...7m, j:l,...,n,

(b) injaj:bi, z:l,,m
j=

Multiplying (a) by a; and summing over j, we obtain

n

n
= Zmijaj = /\Z-Zc@ = Xilla||?, i=1,...,m,
j=1

1
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where the first equality follows from (b).
The condition (a) implies that x;; = A;a;, that is,

X = [l‘ij] = [/\iaj] =Xal =\ X a.
Since b; = \;||a||?, we have \; = b;/|a||?, that is, A = b/||a|?>. This gives

baT b®a

lall®  al?”

Ezample 10.9. (Symmetric matrix updates in quasi-Newton methods)

We now consider the symmetric version of the preceding problem,

min || X%
s.t. Xa=0b,
XT=Xx

9

where X is an n X n symmetric matrix, b, ¢ € R™, and b # 0. Slight modifica-
tions of the above problem appear in the variational characterization of the
matrix updates in quasi-Newton methods such as those of Davidon—Fletcher—
Powell (DFP) and Broyden—Fletcher—-Goldfarb—Shanno (BFGS). We refer the
reader to [97, 73, 74, 213, 120] for more details.

The symmetry constraint X7 = X on the matrix X can be enforced
through the system of constraints x;; = x;; for 1 <4 < j < n. We arrive at
the Lagrangian

L=: Xn: 3+ ZA ( Xn:l’ijaj) + > bij(wij — @ji)-

7.] 1 j=1 i<j

We leave to the reader to solve the problem using this Lagrangian.

The problem may be solved more elegantly by setting it up within the
vector space S™ of the space of n X n symmetric matrices equipped with the
trace inner product inherited from R™*"™,

(X,Y) =tr(XTY) = tr(XY) Z TijVij-
,j=1
In this setup, the vector constraint equation Xa = b will enter into the La-
grangian in the term (\,b — Xa) = A'b — (), Xa), where A € R" is the
Lagrange multiplier and the inner product is the usual one in R™. We can
write the last as an inner product in S™: note that

(N, Xa) =2 (Xa) = tr(A\T (Xa)) = tr(X (a\T)) = (X, XaT),

where the last inner product is the trace inner product in R™*™, the vector
space of n x n matrices not in S”, since the matrix Aa” is not symmetric.
However,
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(X, ATy = tr(X (a\T)) = tr((Ma®) X) = (X, aT),
and we have
ar” + \a” >
2 3

which is an inner product in S™, since both matrices X and aA” + Aa” are
symmetric.
We thus obtain the Lagrangian function

(A, Xa) = <X,

adT + \a”

1
L=—(X,X)— <X,
2 2

> (b,
The KKT conditions are VxL = X — (aAT + XaT) =0, or
X =a\"+ X"

Then
b= Xa=(a\" +Xa")a= (Na)a+ |a|*)
and
bTa = (ATa)|al* + [la]*(\"a) = 2]al|* (AT ).

The last equation gives ATa = a”b/2||al|?, and substituting it into the first
equation yields the equality
b aTb
= - a.
lall* 2[lall*

Finally, substituting this value of A into the equation X = aAT + Aa”, we
obtain

T T T
1
ab” + ba a'b L asbtboa) <a’b4>a®a.

X = — aa
[|al? [|all* [[al?

[lal

10.4 Kantorovich’s Inequality

Let A be an n x n symmetric positive definite matrix with eigenvalues
A=A > 2> A, >0,
Kantorovich’s inequality states that

()\1 + )\n)Q

. -1 : = <
max{(Az,z) - (A" 'z, z) : |z]| = 1} < .

A proof of this inequality is given in Lemma 14.8 on page 369. Here we give
a perhaps more natural proof by setting it up as an optimization problem.
Consider the problem
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max  (Az,z)- (A7 'z, z)

s.t. z)* =
Kantorovich’s inequality will follow if we can show that the optimal objective
value of this problem is (A1 +A,)?)/(4A1 Ay, ). Considering the spectral decom-

position A = UAU”, U orthogonal and A = diag{\1,...,\,} and noting that
|lz]| = 1 if and only if |[Uz|| = 1, the optimization problem reduces to maxi-

mizing (Z;—;l )\jx?) . (Z] 1 )\] ) subject to the constraint 37, z3=1.

A further substitution y; = 2? yields the optimization problem
n n
(Xam) - (X w)
j=1 j=1
n
doui=1,
j=1

y > 0.

From the Lagrangian function (for the equivalent minimization problem)

L(y, 6, ) (Z/\yyj) (Z/\j yj) +5(iyj - 1) — (),

we deduce the KKT conditions (the KKT conditions hold since the constraints
are linear)

—Ai(ixglyj) —A;l(ixjyj) YO — =0, i=1,....n,
=1 j

- Jj=1 (10.3)
Sy=1 520, 420, (my)=0.
1

Multiplying the first equation above by ;, summing up over ¢, and using the
feasibility and complementarity conditions, we get

5= 2(23 A ) (i: Ay ) (10.4)

Ifi € I:={i:y > 0}, then y; = 0 by complementarity. Dividing both
sides of the first equation in (10.3) by (2?21 )\]flyj> . (Z?:l )\jyj) and using
(10.4) gives
A At
n + n —1
Zj:l AjYj Zj:l Ay

=2, iel (10.5)

If i,j € I, then
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A A by A
n + n s —1 = n + n —1 )
D ket ARYE Dokl Ne Uk 2 k=1 ALYk D k=1 Yk

which upon simplification becomes

22—1 AkYk .
! Dokt Mg 1yk !

Solving (10.5) and (10.6) for S"3_, Agyr and >op_; A, 'yx gives

g N NN+
> ARk Zi’;kyk PPV
PN

that is,

- i + A

> Mk = 5 .

1
and

N e ARUE A
)\k Yk = .
Zl By NN

Thus, the objective function value is
- 1) (e g)?
(ZAW’“) (ZA’C y’“) SV
1 1
Setting ¢t = A;/);, the right-hand side equals (1/2) 4+ (¢ + ¢t~')/4, and is
maximized, in the worst case, at the extreme eigenvalues A1 and \,,.
10.5 Hadamard’s Inequality

Let X = (x;5) = [z1,...,2,] be an n x n matrix with columns {z;}7. We
consider the problem

max det X
st |l@)*=1, i=1,...,n.
Since the n-volume of a parallelepiped with side vectors x1,...,x, is known

to be | det X, this problem is equivalent to the problem of finding the largest-
volume parallelepiped with unit sides. Geometric intuition tells us that the
solution must be a cube, that is, the sides of the parallelepiped must be
mutually orthogonal.

The gradient vectors of the constraints are linearly independent, because
each one contains different columns of the matrix X. It follows from Corol-
lary 9.10 that the KKT conditions hold at each local optimizer.



264 10 Structured Optimization Problems

We write the Lagrangian for the equivalent minimization problem,
n )\ . n
_ J 2
L= —detX—|—Z?(inj - 1).
j=1 i=

Toward obtaining the KKT conditions, we first calculate the derivatives of
the determinant function (see also Exercise 22 on page 29). Recall the Laplace
expansion formula for determinants,

det X = Z ﬂx” ijs

where Xj; is the ¢j-minor of X, that is, the determinant of the matrix obtained
from X by striking out the ith row and jth column of X. Thus,

Odet X

O0x;; = b= (1) Xy,

where the expression b;; is called the ij-cofactor of X, and the KKT conditions are

(a) —bij =Ajzyy, 4,5=1,...,n,
n

() Y af =1 j=1,...,n.
i=1

Recall that B = (b;;) = [b1,...,bs]T := Adj(X) is called the adjoint matrix
of X and is characterized by the equation

X - Adj(X) = (det X)]I.
Thus, in matrix notation, (a) can be written as
(@) Adj(X) = XA,

where A = diag(A1, ..., Ay). These give —(det X)I = —X7T Adj(X) = XTX A,

meaning that X7 X is a diagonal matrix, that is, the matrix X has orthogonal

columns. In fact, since the columns X; have unit length, we have X7X = I,

so that X is an orthogonal matrix. This implies that | det X| = 1.
Consequently, we obtain Hadamard’s inequality

|det X| < ||z1]| -« - ||zn]| for all X = [z1,...,2,] € R™*",

with equality holding if and only if the columns {z; }}" are mutually orthogonal.
See also Exercise 24 on page 113 for a different treatment of Hadamard’s
inequality.



10.6 Maximum-Volume Inscribed Ellipsoid in a Symmetric Convex Polytope 265

10.6 Maximum-Volume Inscribed Ellipsoid in a
Symmetric Convex Polytope

Let
P={zxeR":|{(ag,x)| <1, k=1,...,p}

be a symmetric polytope (in the sense that P = —P, that is, if x lies in P,
then so does —z). Suppose

E:{xER":xTX_leI}

is the ellipsoid with maximal volume contained (inscribed) in P, where X
is an n X n symmetric, positive semidefinite matrix. (The uniqueness of the
ellipsoid is well known and assuming that the center of the optimal ellipsoid
is the origin, follows from the fact that the optimization problem (10.8) below
is a convex programming problem with a strictly convex objective function.)
We show here, using optimization techniques, that the ellipsoid \/nFE con-

tains P, that is,
ECPC/nE, (10.7)

an important inequality essentially due to Fritz John [148].

Fig. 10.1. Inscribed ellipsoid in a polytope.

The problem of finding the maximum-volume ellipsoid can be set up as an
optimization problem as follows. Let X/2 be the symmetric square root of
X. (Xl/2 is the unique symmetric matrix whose square is X. If X = UAU”T
is the spectral decomposition of X, then X'/2 = UAY2UT where A'/? =

diag(v/A1, - -, vAn).) We have
E={zeR": X "2z <1} ={X"Py e R": |ly| <1} = X'/*(Bn),
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where B, = {z € R™ : ||z|| < 1} is the unit ball in R™. Thus, vol(E) =
det(X1/?)vol(B,,). The condition E C P can be turned into a constraint
as follows: if 27X 12z = ||[X~1/2z|| < 1, then we want to have |{ay,z)| =
[(X1/2ay, X~1/22)| < 1. This is equivalent to requiring that

(XYV2a,,9)| <1 forall y, |jy|| <1,

or to the constraint || X/2a| < 1.
Thus, we arrive at the optimization problem
min  —Indet X

10.8
s.t. (Xag,ar) <1, k=1,...,p. ( )

Since the constraints are linear, it follows from Corollary 9.10 that the KKT
conditions hold at each local optimizer.
The Lagrangian of the above problem is

P
L(X,\) = —Indet X + > A\e((Xag, ar) — 1)
k=1

= —Indet X + <X,Z>\kaka7;}> - zp:%
& k=1

where (-, ) on the last line is the trace inner product in S™. The KKT condi-
tions imply that there exists a multiplier vector A > 0 such that

P
VL(X,A) = =X""+ ) Maraf =0
k=1
(we have used the fact that the gradient of — Indet X is X ~1; see Example 1.27
on page 18) and the complementarity conditions A, ((Xax,ar) —1) = 0 hold.

We may assume that A\ > 0 for all £ > 1 by simply omitting any A\ = 0 from
the KKT conditions. In summary, the KKT conditions are

l
X_1:Z)\kakaz;’ <Xak,ak>:1, k)zl,,l
k=1

The first equation gives I = 22:1 M Xaral, and taking traces of both sides,
we obtain

l l

!
n=tr(l) = tr(Z )\ankaz) = Z)\k<Xak,ak> = Z)\k.
k=1

= k=1 k=1
We can now finish the proof. If x € P, that is, {x,a;)? < 1, then

l

I
(X la,z) = ZM(ak,@Q < Z)\k =",
k=1

k=1
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which immediately implies that x € /nE, proving (10.7).

The problem of inscribing a maximum-volume ellipsoid into an arbitrary
convex body K C R"™ is treated in Section 12.4 using semi-infinite program-
ming. Chapter 12 also treats the problem of circumscribing a minimum-volume
ellipsoid around K.

10.7 Hilbert’s Inequality

Consider the Hilbert space of square summable sequences,

I? = {x ={z;}5°: iazf < oo}.
=0

The inner product and the norm in /2 are given by

o] 0o 1/2
) =Y wies el = (D)
0 0

Let {z;}&° and {y;}5° be nonnegative sequences in (. Hilbert’s inequality
states that

St (Ya2) () = el Iyl
i‘—0i+j+1 T l_oxi '_Oyj =7 ||Z{l2 - [|Y]l2,
J= i= j=

unless {z;} or {y;} is identically zero. This is an important inequality in
analysis, treated extensively in the book Inequalities by Hardy, Littlewood,
and Polya [127].

Hilbert’s inequality can be extended to [P spaces. Let p > 1 and ¢ > 1 be
conjugate exponents, that is,

11
S4 =1
p q

The space [P is the p-summable sequences

P = {ac ={z;}: i|xi|p < oo}.
i=0

The norm of a sequence z € [P is given by

fally = (3 i) "
0

Recall that Holder’s inequality states
z,y) < ||lz|, - |y for all z € [P, y € 9.
P q

Hilbert’s inequality is a weighted version of Holder’s inequality.



268 10 Structured Optimization Problems

Theorem 10.10. (Hilbert’s inequality) If {z;}5° and {z;}3° are nonney-
ative sequences in conjugate spaces [P and 19, respectively, then

o0
Lilj T
< . . ’
ijzzoi—i_j'i'l sin(7/p) lzllp - lyllq

unless {x;} or {y;} is identically zero.

Proof. Consider the finite-dimensional optimization problem

max (Ax,y)
k k
s.t fo =1, yi =1,
i=0 j=0
x>0,y>0,

where x € RFt1 ¢ € R+ and

k
TiY;
(Az,y) =Y P

im0ttt

Note that A is a symmetric matrix with ij entry 1/(i + j + 1), a well-known
matrix in numerical linear algebra. We form the (weak) Lagrangian (for the
equivalent minimization problem):

k

L =—\o(Az,y) + g(fo - 1) + Z(jz:y? - 1) — (A z) — (,y).

i=0

The FJ conditions are
— XAy + 02"t — X =0,
— XAz + vyt —y =0,
x20,y>0, (\x)=0=(uy),
(A5 0,7, A, 1) # 0, (Ao, A, p) = 0,

where 2P~ = (2271, ... ,xiil), and where y?~! is defined similarly. Taking
the inner product of the first equation by x and using the above conditions,
we obtain Ag{Az,y) = 4. Similarly, \g(Az,y) = v, and thus § = 7.

Now if Ay = 0, then we immediately obtain § =0 =+, and also A=0=p
by the FJ conditions, so that all the multipliers are zero, contradicting the
FJ conditions. Therefore, the KKT conditions hold, and we may take Ay = 1.
Thus, we have
0= <A‘T7 y) =1

We now estimate 6. If x; > 0, the KKT conditions give
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k i
§2P7 1 = (e, Ay) = —
’ (e Ay) Z i+j+1
3=0
and similarly if y; > 0,
k
eyt
P 1

Let 7% and j* be indices maximizing {(i + 1/2)"/Px; : 0 < i < k} and {(j +
1/2)1/qyj : 0 < j <k}, respectively. We have

k k .
satt =% -3 y; (G +1/2)"
= z*+y+1 i+ DG+ 1/2)

k
1
< (y;- 1/2)%/a § .
- (y] G"+1/2) ) J:0 i* 47+ 1)(+1/2)e

Now

i 1 </k+1 dx
ZEH DGRy F A2 e

1/ 2k+2 dy
<(*+1/2)" q/ _—
¢ +172) o yMaly+1)

where the second inequality follows by substituting y = 2/(¢*+1/2) and using
y < (k+1)/(*+1/2) <2(k+1). These give us

1 1 1 2k+2 dy
Salt <y (G + 129 (7 4+ 1/2) q/ - —
7 > Y (] / ) ( / ) o yl/q(y+1)

and taking gth powers of both sides and using p + ¢ = pq,

2k+2 a
8y <yl +1/2)- (" +1/2)7" R
o o yMiy+1))

(y +

Similarly, we also have

2%k42 P
Pl a1/ G +1/2)7 (/ wéﬂg) '

Multiplying the last two inequalities and simplifying gives

2k+2 P 2k+2 4
§P1 — gp+a < / dy , / dy
“\Jo  yry+1) o yYiy+1))



270 10 Structured Optimization Problems

or equivalently,

§ < Y . _dy )
“\Jo  yry+1) o yYiy+1)

Now let £ — oco. It can be shown, by contour integration for example, that

/°° dy _ T
o yYP(y+1) sin(r/p)

Thus, we obtain ¢ < 7/ sin(w/p).
It is known that the constant 7/ sin(7/p) is optimal in Hilbert’s inequality;
see [127]. O

The proof of Hilbert’s inequality given above is due to Cassels [56]. It
should be noticed that even though optimization techniques help, the proof
of Hilbert’s inequality requires considerable ingenuity.

10.8 Exercises

1. Example 10.8 may be solved more efficiently by expressing its Lagrangian
in terms of the trace inner product on R"*™,
(a) Show that the Lagrangian has the form L = || X||?/2 + (\,b — Xa,).
(b) Show that the term (\,Xa) in L can be written as \'Xa =
tr(aATX) = (X, A ® a), giving

1
L= §||X||2 — (X, A®@a) + (b, A).

(c) Proceed as in Example 10.9 and solve Example 10.8 in a coordinate-
free manner.

2. (Simultaneous diagonalization of two symmetric matrices) Let A, B be
two symmetric n X n matrices, where B is also positive definite. Imitate
the procedure in Section 10.1 to obtain a spectral decomposition of A with
respect to B, by replacing the constraint ||z||? = 1 with (Bz,z) = 1, and
the constraints (z,u;) = 0 with (Bz,u;) = 0. Show that this leads to the
following results:

(i) The n xn matrix U := [uy, ..., u,] satisfies the conditions (Bu;, u;) =
1, (Bu;,u;) =0, Au; = \jBu; for i, =1,...,n, 1 # j.

(ii) Define A := diag()\q,. .., A,). Prove that (i) implies that we have the
simultaneous diagonalization of A and B,

UTAU = A, and UTBU = 1.
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3. (Abu Ali al-Hasan ibn al-Haytham, 965-1039) There are two balls
on a circular billiard table with center O at the origin and radius r; see
Figure 10.2. The balls are at the points p = (a,b) and ¢ = (¢, d). How
should one strike the ball p so that it hits the ball ¢ after rebounding from
the cushion? The problem can be posed as the problem of minimizing the
distance traveled by the ball p, that is,

min ||z —p[ + [z — g

s.t. 2] =,

where z = (z,y) is the point where p hits the cushion. It is well known
(Snell’s law) that the point z is characterized by the condition that the
angles o and 3 are equal. The object of this problem is to prove this fact,
and then characterize the four possible points z = (z,y) based on this
condition.
(a) Show that the KKT conditions hold at an optimal point z, and give
the equation
it B B
lz=pll  llz—qll 2]
(b) Show that the equation in (a) implies that a = g.
Hint: Obtain two equations, first by taking the inner product of both
sides with z, and then square of the norms of both sides. Use the fact
|lz]] = r and simplify.
(¢) Show that the four possible (in general) optimal points z lie in the
intersection of the circle 22 + y? = r? and the hyperbola

A(x? —y*) + Bxy +r*(Ca + Dy) = 0,

where A =ad+be, B=2(bd—ac), C = —(b+d),and D =a+c.
Hint: Let v, 6, and é be the angles the lines pz, Oz, and ¢z make
with the positive z-axis. Show that « = 06 — v, 8 = § — 0. Thus,
tan(fd — o) = tan(d — ). Use the formula tan(¢; — ¢2) = (tan ¢y —
tan ¢2)/(1 + tan ¢ tan ¢2), and substitute the expressions for tan-~,
tanf, and tan$.

4. (Inscribe a mazimum-volume simplezx in an n-dimensional sphere) This
can be set up as an optimization problem. We take as our sphere the unit
sphere with center at e, = (0,...,0,1) € R™, that is, B = {z € R™ :
| —enll < 1}. Let {x1,...,2pn,Znt1} be the n + 1 vertices of the desired
simplex A, where we assume that x,1; = 0. Then

n+1 n+1

1 1

= {i)\zxz : i)\
1 1

1, A >0, izl,...,n—i—l}
g

iglv
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Fig. 10.2. Al-Haytham’s problem

(a) Show that A = T(Sy), where T(\) = X\, X = [z1,...,%,], and
Sp:={AeR™ : A>0, >7\; <1} is the solid unit simplex in R™.
(b) Show that {z;}] are linearly independent and 7" in (a) is a one-to-one
linear map. Conclude that vol(A) = | det X| vol(S1) by the change of

variables formula.
Consequently, determining the largest-volume simplex A can be set
up as the constrained optimization problem

max{det X : ||x; —e,]| <1,i=1,...,n}.
(c¢) Write the Lagrangian (for the equivalent minimization problem) as
- Aj 2
L(X,\) =—det X + Z ?(Hx] —en]® —1).

j=1

Give a theoretical justification as to why we have taken A\ =1 in L.
(d) Show that the KKT conditions give

(Tiyxj—en) =0, 1<4,5<n, i#].

Hint: Expand L(X + tH, \) using Exercises 22 and 23 in Chapter 1.
(e) Use the results of (d) above to prove that for some a,

lzi — 2> =20, 1<id,j5<n+1,i#j,
and
(i —zj @i —ak) =, 1<4,j,k<n+1, 14,jk distinct.

(f) Conclude from (e) that the optimal simplex has edges of equal lengths,
and the angle between any two adjacent edges is 60 degrees.



10.8 Exercises 273

5. This problem is inspired by electrostatics. Loosely speaking, it is the prob-
lem of how to place n point charges on a given set so that the charges are
as “far away” from each other as possible. Its generalizations, when the
number of points charges is large, lead to important problems that are
still unsolved. One form of the general problem is

max H lz; — ;]|

1<i<j<n (P)
s.t. xz;€eD,i=1,...,n,

where D C R™ is a given bounded set. In this generality, the problem is
unsolved, that is, no explicit solution is known at present.
In this problem, we take D = [—1,1] C R; the solution is known in this
case. We reformulate the problem as the maximization of the function
H1§i<jgn($i — x;) subject to the conditions —1 < z,, < 1 < --- <
X1 S 1.
(a) Show that the problem can be solved as an unconstrained minimiza-
tion problem.
Hint: Use logarithms.
(b) Show that we must have z; = 1 and x,, = —1.
(¢) Solve the problem for n = 4.
(¢) Solve the problem for n = 5.
6. Solve the problem (P) for the square D = {(z,y) : 0 < z,y < 1} C R? for
n = 3 charges.
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Duality Theory and Convex Programming

The theory of duality is an important tool in optimization, both in theory and
in computation. Although duality is not universally applicable in optimiza-
tion, it holds under mild regularity assumptions in some important classes of
problems such as convex programs and some of its close relatives.

The beginnings of duality theory go back a long time. Already in 1921,
E. Helly [130] gave necessary and sufficient conditions for the solvability of a
linear system in an infinite-dimensional normed space subject to some norm
conditions. This was a preliminary step in the evolution to the Hahn—Banach
theorem in functional analysis.

The famous minimax theorem of von Neumann [211] is also a kind of du-
ality theorem. This theorem from 1928 was the starting point of game theory.

Theorem 11.1. Let L : C; xCs — R be a continuous function where C'y C R™
and Cy C R™ are compact convex sets. If L is a convex—concave function, that
is, x — L(x,y) is convex for fixred y, and y — L(x,y) is concave for fized z,
then

Rty = ey,

Shortly after the simplex method for linear programming was invented in
1947, the existence of a duality theory was hinted at by von Neumann; see
Dantzig [68]. In 1951, this duality theorem was extended to convex program-
ming by Kuhn and Tucker [182], who also brought to light the connection
between duality and saddle points.

11.1 Perspectives on Duality
In this chapter, we treat duality through the Lagrangian function and the

minimax theorems for such functions. For this approach to succeed in a given
optimization (say minimization) problem (P), one needs somehow to devise

O. Giiler, Foundations of Optimization, Graduate Texts in Mathematics 258, 275
DOI 10.1007/978-0-387-68407-9 11, © Springer Science +Business Media, LLC 2010
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a Lagrangian function L(z,y) such that (P) is equivalent to the minimax
problem min, max, L(z,y), and then show that the minimax theorem holds,

inf sup L(x,y) = supinf L(z,y),

that is, the optimal values of the minimax and maximin problems are equal.
One can then denote the maximin problem sup, inf, L(z,y) by (D), call it
the dual of (P), and declare that the strong duality theorem holds for the pair
(P) and (D). We treat several classes of problems in this chapter using this
approach, and additional examples are given in the exercises at the end of the
chapter.

It is possible to reverse this process: if L : A x B — R is any function,
then we can define a primal problem (P) by inf,c 4 sup e g L(z,y) (say) and a
dual problem (D) by sup,¢pinfzea L(,y), and state that the strong duality
holds for (P) and (D) if the minimax theorem is valid for L.

Within convex programming, there is another approach to duality, called
the Fenchel duality. This approach depends on the Fenchel transform within
the class of proper, lower semicontinuous functions. Such a function f : R® —
R U {oo} achieves a finite value somewhere, and epi(f) = {(z,a) € R" x R :
f(z) < a} is a closed convex set in R"*!. Denote the class of proper, lower
semicontinuous convex functions on R™ by IH(R™). If f € I'H(R™), its Fenchel
dual function (or Fenchel conjugate function) [93, 94] is the function

f(@*) == sup{(z*,z — f(z): 2 € R"},

which is also in I'y(R™). The most important property of the Fenchel transform
is that it is an involution on I'y(R™), that is, f** := (f*)* = f. (In this respect,
it is similar to the Fourier transform. The recent paper [9] characterizes the
Fenchel transform in terms of involution and order-reversing properties.)

To successfully apply the Fenchel duality approach, one first writes a con-
vex programming problem (P) as the “unconstrained” minimization of a func-
tion f € Io(R™). If fy is the objective function of (P), then the function f
defined simply by setting f(z) = fo(z) if « is a feasible point in (P), and
f(z) = oo otherwise. The next step is somehow to embed f into a function
&(z,p) € [H(R™™) such that @(x,0) = f(z). Here the variable p is regarded
as a perturbation. Finally, one defines the dual problem (D) as the minimiza-
tion problem

max —@*(0,p"). (D)

The Lagrangian and Fenchel duality approaches are theoretically equiva-
lent within the class of convex programming. In fact, one can switch between
the Lagrangian function L and the Fenchel transform @* by the partial Fenchel
conjugation. Both approaches and the connection between them are developed
in Rockafellar’s book [228]. A short, elegant, but complete treatment of the
basic theory can be found in the book Ekeland and Temam [89], Chapters 1-3,
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6, in a general setting. The short book [107] treats the Lagrangian approach
and some associated minimax theorems.

While they are theoretically equivalent, the Lagrangian and Fenchel dual-
ity approaches may offer different advantages in practice. On the one hand,
the Fenchel duality approach offers valuable sensitivity analysis information
through the use of subgradients and subdifferentials, and also explains why
we should expect the strong duality theorem to hold generically. On the other
hand, a Lagrangian function may be easier to obtain than a perturbation
function for a given convex program, and the Lagrangian approach offers a
connection between optimization and game theory. Finally, the Fenchel du-
ality theory is valid only within convex programming, but the Lagrangian
approach may extend beyond it, since there exist several version of minimax
theorems that hold beyond convex—concave Lagrangian functions.

11.2 Saddle Points and Their Properties
Consider a function
L: AxB—R,

where A and B are arbitrary sets and L is an arbitrary function. We associate
with L the primal and dual problems

inf sup L(x, y), P
fswpLiey),  (P)

sup inf L(z,y). D
sup inf L(z. ). (D)

We start with the following elementary result.

Theorem 11.2. ( Weak duality theorem) If (P) and (D) are the associated
primal and dual programs with L, then

sup(D) < inf(P),

that is,

sup inf L(x < inf sup L(z,v).
sup Inf, ( ,y)_.weAyeg (z,y)

Proof. 1t is easy to see that
ig&L(m,y) < L(u,y) forall ue A, y€B.

This implies that

sup inf L(z,y) < sup L(u,y) for all u € A,
yeBTEA yeB
and

S inf L < inf sup L = inf sup L .
£%&<Lw_k%g<ww g%g(nw

This proves the theorem. a
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The weak duality theorem already gives us some useful information con-
cerning the problems (P) and (D). In particular, we have the following.

Corollary 11.3. Let L be a Lagrangian function, and let (P) and (D) be the
associated primal and dual programs with L. If the primal minimization prob-
lem (P) is unbounded, then the dual mazimization problem (D) is infeasible.

Proof. (P) is unbounded if and only if inf(P) = —oo. Then sup(D) = —o0 as
well, which means that (D) is has an empty feasible region. a

The difference in the objective values,
inf(P) — sup(D) > 0,

is called the duality gap. It is of great importance to know when the duality
gap is zero, that is, when the optimal objective values of the primal and dual
problems coincide.

Definition 11.4. A point (z*,y*) € A X B is a saddle point of L if
L(z*,y) < L(z*,y") < L(x,y*) forall z€ A, yeB. (11.1)

The following fundamental theorem gives a characterization of saddle
points.

Theorem 11.5. (Saddle point theorem) Let L : AxB — R and (x*,y*) €
A x B. The following conditions are equivalent:

(a) (x*,y*) is a saddle point of L(zx,y).
(b) x* is a solution of (P), y* is a solution of (D), and min(P) = max(D),
that is,

L fL 11.2
%12222 (,y) = max inf L(z,y). (11.2)

The minimization on the left-hand side is achieved at x*, and the maxi-
mization on the right-hand side is achieved at y*.

Furthermore, if either (a) or (b) is satisfied, then the common optimal value
of (P) and (D) must be L(xz*,y*).
Proof. Suppose that (a) holds. We have

;ggw*vy) = max L(s",y) = L(=",y") = min L(z,y") = inf L(z,y"),
where the middle equalities follow directly from (11.1), and the first and last
equalities are trivial. Then,

inf sup L(z,y) < sup L(z*,y) = L(z*,y") = inf L(z,y"

Jnf, sup (z,y) sup (@%,y) = L(z",y") = inf L(z,y")

<sup inf L(z,y) < inf sup L(z,y),
yeB zeA zeA yeB



11.2 Saddle Points and Their Properties 279

where the last inequality follows from the weak duality theorem, Theo-
rem 11.2. Since the first and the last terms in the above inequalities are the
same, we must have equalities throughout. This proves (b) and the fact that
the common optimal value of (P) and (D) equals L(z*,y*).

Conversely, suppose that (b) holds. Then (11.2) gives

nf L(z,y") = sup L(z",y),
which in turn implies
L(z*,y) < L(z*,y") < L(z,y") forall z € A, y € B,
proving (a). O

The theorem reveals the intimate connection between saddle points and a
pair of primal-dual optimization problems. This connection was first brought
to light by Kuhn and Tucker [182], inspired by the linear programming duality
and the game theory results of von Neumann [211].

Corollary 11.6. The set of saddle points of L : Ax B — R is a direct product
Aqg X By, where Ay C A and By C B.

Proof. This result follows immediately from Theorem 11.5. An independent
proof runs as follows: suppose (27, y7) and (x3,y3) are saddle points of L. We
need to show that the points (z7,y3) and (x3,y7) are also saddle points of L.
We have

L(z1,y5) < L(z1,y1) < L(z3,y1) < L(z3,y3) < L(x7, 3),

where the first two inequalities follow from (11.1) applied to the saddle point
(x7,97), and the remaining ones from applying (11.1) to (z3, y3). Since the end
terms are equal, we must have equalities throughout, L(z7,y3) = L(x],y7) =
L(g:;ayf) - L(l‘;,y;) These imply

L(Jf{,y) < L(‘f{’yi‘) = L(x;y;) = L(ch,yS) < L(x7y;) for all = € -Aa Yy e B,

where the inequalities follow from (11.1) applied to the saddle points (z}, y}),
1 = 1,2. In particular, we have

L(zy,y) < L(z%,y5) < L(z,y;) forall x € A, y € B,

which proves that (z7,y3) is a saddle point. A similar proof shows that (z3, y7)
is a saddle point. O

We also have the following result, useful in convex programming.

Lemma 11.7. Let A C R"™ and B C R™ be convex sets, and let L(x,y) be a
convezr—concave function.

The set of saddle points of L is a set of the form Ay x By, where Ay and
By are conver sets.

Moreover, if Ag X By # 0, and L is strictly convex in x (strictly concave
iny), then Ay (Bo) is a singleton.
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Proof. We prove only the statements concerning Ag; the corresponding proofs
for By are the same. Let y* € By, and z7,25 € Ag, and 0 < A < 1. Define
the point 2} = (1 — X\)a] + Az3. Since (z],y*) (i = 1,2) is a saddle point by
Corollary 11.6, it follows that

L(z},y) < L(zf,y") < L(z,y*), i=1,2, forall z€ A, ye B.

We multiply the above inequality for ¢ = 1 by 1 — A, the one for ¢+ = 2 by A,
and add them, and use the convexity of L in x to obtain

L(zy,y) < (L= A)L(z1,y) + AL(23,y) < (1 = A)L(21,y7) + AL(23,y")
= L(z},y") < L(z3,y") (i=1,2), forall yeB.
Here the equality follows since L(z7,y*) = L(x3,y*), a consequence of the fact
that the points (z},y*) (i = 1,2) are saddle points, and the last inequality
follows, again since (z},y*) is a saddle point.
Next, we have

1 )L(m’{,y*)—l—)\L(at;,y*) < (l—A)L(a:,y*)—i—)\L(x,y*)

L(z},y") < (1= A
= L(z,y*) for all z € A,

where the first inequality follows from the convexity of L in x, the second one
since the points (z},y*) (i = 1,2) are saddle points. The two facts above give

L(zy,y) < L(2},y*) < L(x,y*) forall z € A, y <€ B,

meaning that (z3,y*) is a saddle point. Consequently, Ay is a convex set.
Suppose that L be strictly convex in x and Ay x By # (0. Let =}, x5 € Ao
and y* € By. If ] # 3, then

L(%,y ) < 12 + 22 = L(z7,y") = L(x5,y").

This is a contradiction, since A, is convex, so that the point (z} + z3)/2
belongs to Ay, and it follows from Corollary 11.6 that ((z} + x3)/2,y*) is a
saddle point. Thus Ay must be a singleton, and the lemma is proved. O

11.3 Nonlinear Programming Duality

Consider the nonlinear program

min  f(z)

site gi(x) <0,i=1,...,r
hj(x)=0,j=1,...,m,
xeC.

(P)
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We associate with (P) the Lagrangian function
T m
Lz, M\ p) = f(x)—l—Z/\igi(x)—l—Zujhj(x), xeC, A>0, peR™. (11.3)
i=1 j=1

Note that
if g;(z) <0,

0
sup \;gi(z) =1 .
00, otherwise.

Ai>0
Similarly,
0, if hj(z) =0,
00, otherwise.

Thus, we have

flz), ifgi(x)<0,i=1,...,m
sup Lz, A p) = hi(z) =0, j=1,...,m,

0<AER”, peR™ .
400, otherwise.

Consequently, we can write (P) in the form

inf sup L(xz, A\ p). (P)
zeC 0<AER™, pER™

We formulate the dual program to (P) by switching the orders of inf and

sup above,
sup inf L(z, A\, p). (D)
0<AeR”, peRm z€C

We call (P) a convex program or a convex programming problem if the
functions f, {g;}] are convex, {h;}7" affine, and C' C R™ is a nonempty convex
set. In Section 11.4, we describe the important and deep duality relationships
between a convex program (P) and its dual. In the rest of the chapter, we will
work out the duality relationships in some special classes of convex programs
and closely related problems.

We now undertake a more detailed study of the Lagrangian function
L(z, A\, p) in (11.3).

Theorem 11.8. A point (x*, \*, u*) is a saddle point of the Lagrangian L,
that is,

Lz*, A\ p) < L(x", N, p0") < Lz, \*, 1*) forall 2 € C, 0 <A eR", peR™,
if and only if

(i)  x* is a (global) minimizer of (P),
(it) (A", u") is a (global) maximizer of (D),
(#91)  min(P) = max(D).
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Furthermore, if (x*, \*, u*) is a saddle point, then
(iv) min(P) = L(z*, \*, u*) = max(D),
or equivalently
(v) Afgi(z*)=0, i=1,...,m

Consequently, if (x*,\*) is a saddle point, then the complementarity condi-
tions hold,

AP >0, gi(x*) <0, Ag(z")=0, i=1,...,r

Proof. Theorem 11.5 implies immediately that (z*, A*, u*) is a saddle point if
and only if (7)—(¢4¢) hold, and if (z*, \*, u*) is a saddle point, then (iv) holds,
that is,

f@@*) = L(z*, A", 1) +ZA*gz )+ > wihi(zT).
j=1
Since hj(z*) =0 (j =1,...,m), we get

S Ag) =0
=1

Since Af > 0 and g;(z*) < 0, we conclude that Afg;(z*) = 0. This proves (v).
O

Corollary 11.9. If the functions f, {g;}7, and {h;}{* are differentiable, and
C =R", then the KKT conditions hold,

0=V L(z* X\, p*) = ZA Vi(z +ZMJWL

Proof. The inequality L(x*, \*, u*) < L(x, \*, u*) shows that z* minimizes
L(xz, \*, u*) over R™. This immediately implies the corollary. O

Remark 11.10. Since the Lagrangian function for (P) is an affine function
of the multipliers (A, u), it follows that the objective function of the dual
program (D),
q(A, ) :=min L(z, A, ),
zeC

is a concave function, being the pointwise infimum of the family of affine
functions {q, }zec, where g, (A, u) = L(z, A, u). Thus, (D) is equivalent to the
minimization of the convex function —q over its domain, which is a convex
subset of {(A,u) : A > 0}. Thus, (D) is a convex programming problem,
regardless of whether (P) is. Thus, in order to obtain symmetric duality results
between (P) and (D), such as the results in Section 11.4, one needs to impose
some convexity conditions on the primal program (P).
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The following result gives an interesting method to construct a constrained
optimization problem out of an unconstrained one.

Lemma 11.11. Let A* € RY, and p* € R™ be arbitrary. If v* € C is a global
minimizer of the function

Lz, \*,u*) —I—Z)\*gz +Zu;hj(x)
j=1

on C, then z* is a global minimizer of the nonlinear program

min  f(z)

s.t. gi(z) <gi(z™), i=1,...,r
hi(x) = hj(z*), j=1,...,m,
r e C CR".

(P)

Proof. If x satisfies the constraints of (P), then
f@*) = L{x*, A, i) ZA gi(a*) = pihy(a”)
j=1
Lz, A", u*) Z)\ gi(x —Zu;hj(x*)
j=1

x) + Z N (gi@) = gil@™)) + D w5 (hy(@) — hy(2")
i=1 j=1
< f(),

proving that z* is a global minimizer of (P). ad

Remark 11.12. The above theorem leads to a simple method to construct a
constrained minimization problem whose Lagrangian has a saddle point, and
thus to construct an optimization problem for which no duality gap exists. It
was discovered by Everett [90] in connection with finding approximate solu-
tions to some integer programming problems.

11.4 Strong Duality in Convex Programming

In this section, we will be concerned with the duality theory of the convex
programming problem

min  f(z)

b gilz)<0,i=1,...,r
st gi(@) <0, " (P) (11.4)
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where C' C R" is a nonempty convex set, f and {g;}] are convex functions on
C, and {h;}7* are affine functions, say

hj(z) = (aj,z) +B;, j=1,...,m,

with a; € R™ and ; € R. Associated with (P), we have the Lagrangian
function

Lle A p) = f@) + 3 Mgi(@) + > (), z€C, ARy, peRT.
i=1 j=1

Recall that the dual program is given by

s.t. AeR, peRY,

where
9(A p) = inf Lz, A, p).

The main result of this section, indeed of the whole chapter, is the deep
result that under minor restrictions, the optimal multipliers (A, ) exist, and
there is no duality gap between the primal-dual programming pair (P) and (D).
The proof of this fundamental result will be based on a nonlinear analogue of
Motzkin’s transposition theorem for a system of nonlinear convex inequalities
and linear inequalities. It is necessary to single out linear constraints, since
it will be seen that the nonlinear constraints need a Slater-type constraint
qualification, but the linear ones do not.

We first prove a technical lemma.

Lemma 11.13. Let | be a nonnegative affine function on a conver set C C
R™. If l(xzo) = 0 at some point in x¢ € ri(C), then | is identically zero on C.

Proof. Suppose that I(z) > 0 at some point x € C. Since zg € ri(C), there
exists ¢ > 1 such that the point 1 = x+t(xg—z) = (1—t)x+tzo is in C. This
gives the contradiction 0 < I(z1) = (1 —¢)i(x) + tl(zo) = (1 —t)l(z) < 0. O

The theorem below is a nonlinear generalization of the homogeneous ver-
sion of Motzkin’s transposition theorem; see Theorem 3.15, Theorem 7.17, or
Theorem A.3.

Theorem 11.14. (Convex transposition theorem) Let C C R" be a
nonempty convex set, {g;}] convex functions, {h;}7" affine functions on R™,
such that dom(g;) contain C, ¢ = 1,...,r. Assume that there exists a point
x* € ri(C) satisfying the linear inequalities, that is,

z* eri(C), hj(z*) <0, j=1,...,m. (11.5)

Then exactly one of the following alternatives holds:
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(@) 3TEC, ¢(T)<0,i=1,...,r, hj(T) <0, j=1,...,m,

() 3 (\p) =0, X£0, Y Nigi(x +Zu3 ) >0 forall zeC.

i=1

Proof. The statements (a) and (b) cannot both be true: if T € C satisfies (a)
and (A, ) satisfies (b), then we have a contradiction

0< Z)\igi(f) + Zl«tjhg(iﬁ) <0
i=1 j=1

where the first inequality follows from (b) and the second one follows from
(a), the nonnegativity of the multipliers, and the fact that A # 0.

Suppose that (a) is false. We will show that (b) must hold, using a separa-
tion argument. We define a set of “right-hand-side vectors” of the constraint
functions on C,

R:={(y,2) eR"xR™ : Jw €C, gi(x) <wy;, i=1,...,m
hj(z) =2, j=1,...,m.}.

Since C' C dom(g;) for all i = 1,...,r, R is a nonempty convex set. Since (a)
is false, we clearly have that the set R is disjoint from the nonpositive orthant

N :={(u,v) e R" xR™: 4 <0,v <0}.

Since N is a polyhedral set, it follows from Theorem 6.21 that there exists
a hyperplane H, , o) separating R and N and not containing R, say

Ay) +(2) =2 > (A u) + (p,0) forall (y,2) € R, (u,v) €N,

such that the first inequality is strict for some (7,%z) € R. Setting (u,v) = (0,0)
gives a > 0. Moreover, if \; < 0, then picking (u,v) = (te;,0), t — —o0
contradicts the second inequality above; thus, A > 0, and similarly, x > 0.
Since C' C dom(g;) for each ¢ = 1,...,m, this means that

Z)\ gi(z) + si) +Zu3 y>a>0, forallze C, s >0, (11.6)

and the first inequality is strict for some T € C, s > 0. Letting s; — 0 gives
T
= Nigi(z +ZM] ) >0 forall z€C.

The proof will be complete once we establish the claim that A # 0. Suppose
that A = 0. Then the affine function I(z) is nonnegative on C, and it follows
from assumption (11.5) that {(z*) = 0. Lemma 11.13 implies that I(z) is
identically zero on C' (and that o = 0). However, this contradicts the fact in
(11.6) that I(Z) > 0 for some T € C. This proves the claim. O
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It is now easy to prove the following fundamental duality theorem of convex
programming.

Theorem 11.15. (Strong duality theorem of convexr programming)
Suppose that the convex program (P) in (11.4) has a finite infimum, that
is, —oo < inf(P) < oo, and the conditions C' C dom(f), C C dom(g;),
1=1,...,m hold.

If Slater’s conditions are satisfied, that is,

Jz eri(C), ¢:(T) <0, i=1,...,r, hj(T) <0, j=1,...,m, (11.7)

then there exist multipliers (\*, p*) € R x R such that

we(P) = it 1) + o) + Y- i)}
i=1 j=1

The multiplier vector (X\*, u*) is an optimal solution to the dual program
(D), and
inf(P) = max(D).

Furthermore, if (P) has an optimal solution x*, then (x*, \*, u*) is a saddle
point of the Lagrangian function L(x, \, ).

We emphasize that Slater’s conditions (11.7) put no restrictions on the
linear constraints.

Proof. Define f* := inf(P), and consider the system of constraints
flz)—fr <0,
gi(x) <0, i=1,...,7

h](I)SO’ j:17"'7m)
zeC.

Theorem 11.14 applies to the above system, since C C dom(f), C' C dom(g;),
= 1,...,r, and Slater’s conditions (11.7) hold. Since f* < f(z) for any fea-
sible solution of (P), the system is inconsistent; thus there exists a vector
(G AT, A wy, o wk) >0, (MG, AT, ..., AF) #£ 0, such that

N5 (f( ) + Z)\*gt + Zu] )>0 forall zeC.  (11.8)
We claim that A§ # 0. Otherwise, (Af,..., A%) # 0,

i)\fgl +Zuj ) >0 forall ze€C,
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and therefore by Theorem 11.14, the system
IGC, gi(x)<03 (1§ZST)3 h](x)§0(1§j§m)

cannot have a solution, contradicting Slater’s condition (11.7). This proves
that A\j > 0, and we set \j = 1.
The inequality (11.8) gives that for all z € C,

inf(P) =: f* < f(z +Z/\*gz +Z/~LJ L(z, \*, ).

Thus, we have

inf(P) < inf L(z, A", u*) < sup inf L(z, A, u) =sup(D) < inf(P),
zeC (A,p)>0 zeC
where the last inequality follows the weak duality theorem, Theorem 11.2. This
proves that all inequalities above are equalities, that (A*, u*) is an optimal
solution to (D), and that inf(P) = max(D).
If x* is an optimal solution to (P), it follows from Theorem 11.5 that
(z*, \*, u*) is a saddle point of L. |

Remark 11.16. A special version of the convex transposition theorem, Theo-
rem 11.14, in which the affine functions do not appear, was first proved by
Fan, Glicksberg, and Hoffman [91]. Theorems 11.14 and 11.15 in the gen-
erality stated above seem to have first been proved by Rockafellar [228] as
Theorem 21.2 and Theorem 28.2, respectively, under slightly more general
assumptions than C C dom(f), dom(g;). His proof of Theorem 11.14 uses the
special separation result, Theorem 6.21, in which one of the convex sets is a
polyhedral set. Later, several direct proofs of Theorem 11.15 were published
avoiding the use of this special separation theorem, but utilizing other tricks
[247, 221, 214, 147]. Our proof of Theorem 11.14 is essentially the same as
Rockafellar’s, but we have simplified the proof of its main ingredient, Theo-
rem 6.21, using a device in [147].

Corollary 11.17. Let the convex program (P) have only linear constraints;

min  f(z)
s.t. hj(z) <0, j=1,...,m, (P)
x e R™

and an objective function f with dom(f) = R".

If (P) has a finite infimum, then there exists a multiplier vector u* > 0 in
R™ that is an optimal solution to the dual program (D), and strong duality
holds, that is, inf(P) = max(D).

Furthermore, if (P) has an optimal solution x*, then (z*,u*) is a saddle
point of the Lagrangian function

m

L(z, 1) = f(z) + Z 11h ()
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11.4.1 Failure of Strong Duality in Convex Optimization

We now give an example of a convex programming problem for which there
exist no optimal multipliers and that has a positive duality gap.

Consider the following convex program in which the convex set C' is the
nonnegative quadrant C' = {(z1,z2) : 1 > 0,22 > 0},

min f(z) = e VT2
s.t. a9 =0, (P)
x = (x1,22) € C.

We note that any point «* = (z7,0), 7 > 0, is an optimal solution for (P)
and that min(P) := f* = f(z*) = 1. The dual problem is

Igggg(k), (D)

where
g()\) = II>1% eivajlajz —+ )\.’EQ.

Note that if A > 0, then e~ V*1%2 4 \xy — 0 as o — 0 and z1z9 — 00. Also,
if A <0, then e~ V*1%2 4 A\xy — —00 as x9 — 00. Thus, we have

0. ifA>0
A: ) patiy b)
9 {—oo, i A <0

Consequently, the dual program is

max A
9(N) D)
s.t. A>0,
where g(A) = 0 is the zero function. Any A > 0 is an optimal solution to
(D), and we have sup(D) = 0. Therefore, we have a positive duality gap
inf(P) —sup(D) =1-0=1.
Of course, Slater’s conditions are not satisfied, since int(C) = {(z1,z2) :
x1 > 0,29 > 0}, and an optimal point (x1,0) to (P) does not belong to it.

11.5 Examples of Dual Problems

In this section, we consider the duality theory of several special common
classes of problems in detail.
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11.5.1 Linear Programming

The duality theory of linear programming is developed in Chapter 8 using
Farkas’s lemma and the theory of convex polyhedra. The development below
offers a different perspective, and is largely independent of the previous treat-
ment, although in the final analysis, both approaches depend on separation
of convex sets.

Consider the linear program

min {c,x)
s.t. Az =b, (P)
x>0,

where A is an m X n matrix, ¢ € R”, and b € R™.
Define C = R’} (The reader is encouraged to work out the formulation of
the dual problem by choosing C' = R™.) We have the Lagrangian function

Lz, p) = (¢, x) + (u, b — Az) = (b, p1) + (¢ — ATM7:L'>'
The dual problem is, by definition,

sup inf L(x,u). (D)
HeRmeO

Let us give an explicit description of (D). We first deal with the inner
minimization problem in (D). We have

<b7 /J/>7 if ¢ — AT/J/ > Oa

inf L(z, 1) = (b, 1) + inf (¢ = ATps,z) =
inf L(z,p) = ( N>+;1210<C # %) {—oo, otherwise.

x>0

Therefore, (D) can be written as

sup {(b, 1) : ¢ — ATp > 0}.
uER™

In other words, (D) is the linear programming problem (replacing u with y)

max (b, y)

s. t. ATy <c. (D)

If (P) is unbounded, then Corollary 11.3 (weak duality theorem) implies

that (D) is infeasible. If (P) is feasible and bounded from below, then Corol-

lary 11.17 implies that (D) has an optimal solution, and the duality gap is

zero. Furthermore, Lemma 8.1 on page 195 implies that (P) has an optimal

solution. The same result can be obtained more easily by observing that (P)
is the dual of (D) and applying Corollary 11.17.
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Finally, if (P) is infeasible, then the above considerations show that (D)
is either unbounded or infeasible. There are examples showing that each of
these two cases is possible.

We leave to the reader as an exercise to calculate the dual to the linear
program

min {c,x)
s.t. Ax >b,
x > 0.

11.5.2 Quadratic Programming

We now consider the convex quadratic program

1
min 2 (Qr,) + (e,)
s.t. Ax =0, (P)
z >0,
where @ is an n X n symmetric positive semidefinite matrix, A an m X n
matrix, c € R™, and b € R™.

Defining C' = R™ (the reader is invited to work out the dual problem by
choosing C' = R’} ), we have the Lagrangian function

L(z,/\,,u) = <Q'T7I> + <Cv 1‘> + <:u7b - AI> - </\7:C>

I
~ N

1
b+ 5(Qu,x) = (ATp+ X = c,z).
The dual problem (D) is, by definition,

sup inf L(xz, A\ p).
pER™ 0KACR?  ZTER™

The inner optimization problem is the unconstrained minimization of the
convex quadratic function

q(z) == %(Qx,@ —(ATp+ X —¢,x)

on R™. It follows from Corollary 4.30 on page 99 that ¢ is bounded from below
if and only if it has a minimizer, and this happens if and only if the equation

Qr=ATp+x—c (11.9)

is solvable for x. The set X of solutions to this linear equation is then the set
of minimizers of ¢q. Note the important fact that
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(Qr*,z*) = (ATpu+ X —c,z*) = 72%3}1(] for all 2* € X.
Consequently, the dual program (D) is given by

1
max (b, u) — §<ATu +A—cz")
s.t. ATpu+X—c=Qu*,
nweER™, R"3A>0,

where x* is any point satisfying the equation (11.9). We can choose z* as a
linear function of A, u; for example, we can choose

v = QI AT+ A~ o),
where Q' is the pseudoinverse or Moore—Penrose inverse of Q. We recall that
Qt=uAtU”, At =diag{Al,... A},

where Q = UAUT is the spectral decomposition of @, )\;r = (N\)"Hif N #£0,
and A! = 0 when \; = 0; see Golub and van Loan [108] and [218]. Since Q is
positive semidefinite, we see that Q' is also positive semidefinite. Thus, the
dual program is

1
max (b, pu) — 3 <QT(ATM+ A—c), ATp4+ ) - c)
s.t. ATu+X—ceR(Q), A>0.

(D)

This is a maximization quadratic program whose objective function is a con-
cave function; thus (D) is equivalent to the convex quadratic program

min %(QT(AT,LL+)\70),AT;L+/\70>—(b,u)
s.t. ATp+X—ceR(Q), \>0.

If one wishes, one can further eliminate p from this formulation by minimizing
over € R™.
In the case that Q is positive definite, then Qf = Q~!, and (D) becomes
1
max (b, 1) — 5<Q—1(ATM +A—0),ATu4+ -0
s.t. A>0, p.

We summarize the strong duality properties of the primal-dual pair (P)
and (D):

Theorem 11.18. Let (P) be the convex quadratic program above. The dual
program is also a convex quadratic program.
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If (P) is unbounded, then (D) is infeasible.

If (P) is feasible and bounded from below, then both (P) and (D) have
optimal solutions that are then the saddle points of the Lagrangian function
Lz, A\ ).

Finally, if (P) is infeasible, then (D) is either unbounded or infeasible.

Proof. If (P) is unbounded, then Corollary 11.3 implies that (D) is infeasible.
If (P) is feasible and bounded from below, then Corollary 11.17 on page 287
implies that the dual program (D) has an optimal solution (A*,*). Since
the dual of (D) is (P), applying the same theorem, this time to (D), shows
that (P) also has an optimal solution z*. Then Theorem 11.5 shows that
(*, \*, u*) is a saddle point of L(x, A, i), and conversely.

Finally, if (P) is infeasible, then the above considerations show that (D)
is either unbounded or infeasible. Furthermore, since linear programming is a
quadratic program with ) = 0, there are examples showing that each of these
two cases is possible. a

Remark 11.19. Part of the above theorem asserts that if a convex quadratic
program is bounded from below, then it has a (global) minimizer. The same
result is true for any quadratic programming problem regardless of whether
the quadratic objective function is convex. This was first proved by Frank
and Wolfe [98] in 1956 and has been re-proved numerous times since then. A
particularly interesting solution to this problem is given in [99].

We leave to the reader as an exercise (see Exercise 7 on page 303) to
compute the dual of the quadratic program
. 1
min §<Qx,x> + {c,x)

s.t. Ax >0b.

11.5.3 A Minimax Problem

Consider the problem

min max{ f1(z),..., fm(x)}, (P)

z€R™

where f; : R" — R are convex functions. We will reformulate (P) in order to
first define a Lagrangian function for it. We begin with a preliminary result.

Lemma 11.20. Let aq,...,a,, be real numbers. We have

max{ai,...,am} = eHXJLX E i,
m—1

where A,,_1 is the standard unit simplex in R™.
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Proof. We may assume that a; = max{as,...,a,} without any loss of gen-
erality. If A € X, we clearly have

m m
Z /\ia,' S Z /\ia1 = aj.
i=1 i=1

This proves that

m
max E Nia; <max{ay,...,amnm}
AEX ), 4 1

i

We achieve equality in the above inequality by taking A = (1,0,...,0) € X,,.
The lemma is proved. a

Using this result, we have
max{fl(x), ey fm(-r)} = ){Iel%‘x E )\lfl(l‘>7
™ i=1

so that (P) can be rewritten in the form
min max Z/\Zfz(x)

cER™ A€ X, 4
=1

A natural Lagrangian function for (P) is then
L(z,A) =Y Nfi(z), zeR" A€ X,
i=1

We note that the Lagrangian L is linear, thus concave in \; since the functions
{fi(z)}* are convex, L is convex in .
The dual of the problem (P) is

max min zm:)\lfl(x) (D)
i=1

AEX,, TER 4

Let (z*, \*) be a saddle point of L. We have
L(z*,A\) < L(z*, \*) < L(z,\*) forall z e R", A€ X,,.

Note that if all the functions f; are differentiable, then the second inequality
above gives

i)\foi(x*) ~0.
=1

Also, it follows immediately from Theorem 11.5 that 2* is a minimizer of (P).
Define I(z*) := {i : fi(z*) = max{fi(z*),..., fm(z*)}}, that is, I(z*) is
the indices of f; that attain the maximum value max;<;<m{f;(z*)}.
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Lemma 11.21. If i ¢ I(x*), then A} = 0.

Proof. We have

ffi= max fi(z") = max fi(z*) = Z)\:fz(ﬂﬁ*)
i=1

i€l (x*) 1<i<m
(X N > MAGE,
i€l (x*) g I(x*)

where the third equality follows because (z*,\*) is a saddle point of L. If
A > 0 for an index k ¢ I(x*), then we have A} fi(z*) < A f*, and the above
equalities imply

<O N+ Y] A=

iel(z*) igI(z*)
a contradiction. O

Remark 11.22. An alternative approach to dualizing (P) is to reformulate it
as the constrained optimization problem

min =z
s.t. filx)—2<0, i=1,...,m,

and then apply the standard Lagrangian approach to obtain a dual for it. This
approach leads to the same dual (D) obtained above; we leave the details
to the reader. In addition, we can now apply the strong duality theorem,
Theorem 11.15: since the constraints satisfy Slater’s condition (pick any point
xo and zp large enough that f;(x0) — 20 < 0), we see that if (P) is feasible and
inf(P) > —oo, then (D) has an optimal solution and inf(P) = max(D).

11.6 Conic Programming Duality

Let E be a finite Euclidean space. Thus, F is a finite-dimensional vector space
over R equipped with an inner product (-, -) and the associated Euclidean norm
| | given by ||z||> = (x,z). A closed, convex cone in E with a nonempty
interior and containing no whole lines is called a regular convex cone.

In recent years, interior-point methods have made it popular to consider
conic programs and their duality theory. A conic-form programming problem
is a programming problem on the vector space F that generalizes a linear
program in that the linear constraints x > 0 in the linear program are replaced
by a constraint of the form = € K, where K is a regular convex cone in E.
Linear programming corresponds to the choices £ = R"™ and K = RY.

Thus, a conic programming problem has the form
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min {c,x)
s.t. (an,z)=0b,1=1,...,m, (P) (11.10)
r e K,

where ¢ and {a;}}* are vectors in F, {b;}1* are real scalars, and K is a regular
convex cone in E. The program (P) is a convex program in which the only
nonlinearities appear in the cone constraint z € K.

Important examples of conic programming beyond linear programming in-
clude semidefinite programming, in which E is the space of n X n symmetric
matrices equipped with the trace inner product (X,Y) = tr(XY') and K is the
cone of symmetric positive semidefinite matrices, and second-order cone pro-
gramming, in which E = R™*! equipped with the usual inner product and K
is the second-order or Lorentz cone K = {x € R : ||(z1,...,2,)|| < Zpy1}-
These are important examples of symmetric cone programming in which K is
a symmetric (homogeneous self-dual) cone [118, 210, 226]. Still more general
examples in interior-point methods include homogeneous cone programming
[118], hyperbolic cone programming [119], and several others.

In the theorem below,

K*={ze€E:(x,z) >0forall z € K}

is the (modified) dual cone, which is the reflection through the origin of the
usual dual cone. We use the notation K* (in this section only) for the modified
cone out of respect for the established terminology in conic programming. The
primal problem (P) is represented in the form below in order to bring out the
similarity between (P) and (D).

Theorem 11.23. Let E and F be two finite-dimensional Fuclidean spaces.
Let A: E — F be a linear operator, A* : F — E its adjoint, c € E, b € F,
and K C E a regular convex cone in E. Consider the conic programming pairs

min (e, z) max (b, y)
s.t. Ar=0b (P) s.t. A'y+s=c (D)
e K, ERS K*,

The conic programs (P) and (D) form a primal-dual pair. If (P) has an
interior feasible point x € int(K) and inf(P) > —oo, then (D) has an optimal
solution, and the strong duality theorem holds, that is, inf(P) = max (D).

Similarly, If (D) has an interior feasible point s € int(K™*) and sup(D) <
oo, then (P) has an optimal solution, and the strong duality theorem holds,
that is, min(P) = sup(D).

Consequently, if both programs (P) and (D) have interior feasible solu-
tions, then both programs have optimal solutions, and min(P) = max(D).

Proof. Consider the Lagrangian function L : K x F — R,

L(z,y) = <Cv $> + <b - A‘T7y> = <ba y> + <C - A*y,$>,
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and observe that (P) can be written as the minimax problem

L
R )

The Lagrangian dual of (P) with respect to L is given by

a L = max{ (b, — A*
mex min L(z,y) = max{(b,y) + min(c — A%y, )}

=max{(b,y) : c— A*'y € K*},

where the second equality follows by setting s := ¢ — A*y and noting that the
term minge g (s, z) has value zero if s € K*, and —oco otherwise. This proves
that (P) and (D) form a primal-dual pair.

Now suppose that (P) has a feasible point T € int(K) and that inf(P) >
—00. Theorem 11.15 implies that (D) has an optimal solution and strong
duality holds, that is, inf(P) = max(D). Since (P) is the dual of (D), the
same argument shows that if (D) has a feasible point 5 € int(K*) (an easy
argument show that K* is a regular convex cone) and sup(D) < oo, then (P)
has an optimal solution and strong duality holds, that is, min(P) = sup(D).

O
Corollary 11.24. Consider the conic programming pairs
min (¢, z) max Y ..o, by
s.t. {ap,x)=0b;,i=1,....,m (P) st Y viai+s=c¢, (D)
r e K, se K*.

The conic programs (P) and (D) form a primal-dual pair. If (P) has an
interior feasible point x € int(K) and inf(P) > —oo, then (D) has an optimal
solution, and the strong duality theorem holds, that is, inf(P) = max(D).

Similarly, If (D) has an interior feasible point s € int(K*) and sup(D) <
00, then (P) has an optimal solution, and the strong duality theorem holds,
that is, min(P) = sup(D).

Consequently, if both programs (P) and (D) have interior feasible solu-
tions, then both programs have optimal solutions, and min(P) = max(D).

The corollary follows immediately from Theorem 11.23 by defining the
linear operator A : E — R™ by

Azr = ((a1,2),..., <a1a$>)T7

and noting that

(Az,y) = Zyl a;, Ty = < Zylal> (x, A™y),

so that A*y = > ya;.
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11.7 The Fermat—Torricelli-Steiner Problem

Here we consider how to formulate a dual problem to the minimization
problem

min ||z — a4+ + ||z — axl, (P) (11.11)
TER™
where {a;}%_, are given vectors in R” and || - || is the Euclidean norm.

The case n = 3 is called the Fermat—Torricelli-Steiner problem and has a
distinguished history.

This type of problem occurs in plant location problems, for example. The
vectors a; could then be the locations of existing plants, and we may want to
locate a new plant at x such that the sum of the distances from the new plant
to the existing ones is as short as possible.

It is a fact of life that most problems cannot be dualized easily in the
sense that the dual problem cannot be given explicitly (or computed easily).
Here, too, there does not seem to be a straightforward approach to dualize
the problem.

The following trick permits us to obtain a workable dual problem. Observe
that |lu| = maxy<i(u,y) for any vector u € R™. Thus, we can write (P) as
the minimax problem

k

in ma =,y 11.12
mnel]gl ”1:;[3H§1 — <at T yt> ( )

with the Lagrangian function

k

L((E,y) = L(xaylv “e 7yk) = Z<al - m7yz>
i=1

Clearly, the objective function f(z) := ||z —a1|| +- -+ ||z — ax|| of the primal
problem is coercive, and we may assume that x lies in a compact set, say in
{z: f(z) < f(0) = |Ja1|| + - - - + ||ax||}. By von Neumann’s minimax theorem,
Theorem 11.1, there exists a saddle point (z*,y7,...,y;). Therefore, we have

min max L(z,y) = max min L(x,y)
22 e, M) = e, ol (. 9),

and we can regard the maximin problem on the right-hand side as the dual
problem to (P). When simplified, the dual problem becomes

k

k
maX{Z@z‘vyz? lyill <1, 1<i <k, Y = O}. (D) (11.13)

i=1 i=1

Observe that the knowledge of a dual optimal solution y* = (y1,...,v5)
does not help us determine the primal one z*, since the problem min, L(z,y*)
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becomes vacuous. However, if we have a primal optimal solution x*, then we
can explicitly compute y* by solving the simple optimization problem

k
*
max E (a; — x",y;).
lyill<t =

The dual problem (D) has a nice form that can be exploited in numerical

algorithms. Indeed, if it did not have the coupling constraint Zle y; = 0, then
(D) would be separated into k simple subproblems. There exist algorithms
that exploit this fact and try to solve (D) in parallel. There are also algorithms
that try to solve (P) and (D) together, using proximal-point methods.
Interior-point methods can be used to solve (P). We reformulate (P):

k
min Zti
i=1
sit. Jle—ai|| <ti, i=1,... k.
Each constraint may be written as x — a; € K, where
K :={(z,t) e R" xR : ||z|| < t}

is the second-order, or Lorentz, cone. Thus, (P) reduces to a second-order
cone problem

s. t. (Z‘—ai,ti)GK,iZL...,k‘.

Its standard dual is also a second-order cone program. The primal, dual, or
primal—dual pair can be solved in polynomial time. See [269] for more details.

N

Fig. 11.1. Torricelli point of a triangle.
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Remark 11.25. When n = 2 and k = 3, and {a;} form the vertices of a triangle
T whose angles at the vertices are smaller than 120°, then the optimal solution
x* is the Torricelli point, which is the point inside T such that the angle
between the two lines connecting x* to any two vertices of T is 120°; see
Figure 11.1. Also, the dual problem is equivalent to determining the largest
equilateral triangle circumscribing the given triangle; see [71], pp. 325-326.
This dual problem was apparently known to Torricelli as early as 1810-1811.

11.8 Hoffman’s Lemma

Let P be a nonempty polyhedron in R™ given in the form
P:={zeR": Az < b},

where A € R™*™. Suppose that we have a point z not lying in P but that
almost satisfies the inequalities Az < b defining P. What can we say about
x? For example, is it close to the polyhedron P?
In this section, we give an estimate of the Euclidean distance from such
a point x to P, that is, we estimate the optimal value of the minimization
problem
d(z, P) := min{||z — z|| : z € P}

in terms of the size of the residual vector (Axz — b)T = Igy (Az — b), the
nonnegative part of the vector Az — b, obtained from Ax — b by replacing its
negative entries by zero.

Theorem 11.26. (Hoffman’s lemma) There exists a constant c(A) > 0,
which depends only on the matriz A defining the polyhedron P = {z : Az < b},
such that

d(x, P) < c(A)||[(Az —b)T|| for all = € R™. (11.14)

We emphasize that this is a nontrivial result. For example, in the ill-
conditioned polyhedron in Figure 11.2; the point = almost satisfies both of
the inequalities defining the shaded polyhedron, but is far away from the
polyhedron. Thus, the constant ¢(A) can get arbitrarily large as the angle
between the two lines gets smaller.

!

€T @

'

Fig. 11.2. An ill-conditioned polyhedron.

Hoffman’s lemma shows that the size of the vector (Az —b)™ can be used
as a stopping criterion in algorithms: if || (Az —b) ™| is small, then z is almost
feasible, optimal, etc., depending on the nature of the polyhedron P.
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Theorem 11.26 was first proved in Hoffman [136], and has led to many sub-
sequent results in the optimization literature; see for example [121]. Hoffman’s
original proof is not very transparent, but later studies have shown that such
estimates are deeply connected with the duality theory of convex analysis.

Proof. In its broad outlines, the idea of the proof is simple. The most im-
portant idea is the second equation below, which follows from the fact that
lv]| = max. <1 (v, z) for a vector in R". Assuming that equality holds in the
minimax problem (the third equation below), we would have

d(z, P) = min [l |

= min max (x — z,u)
Az<b lufl<1

= max min(x — z,u)
Jull <1 Az<b

(11.15)

= max min (w,u) [w:=12—2, b:= Az — 1]
lull <1 Aw>b

= Hmlﬁ<xl max{(b, \) : ATX\ = u, X\ >0}

= max{(Az — b, \) : |[AT\] <1, X\ >0},

where the fifth equality follows from linear programming duality. These would
then give us the formula

d(z, P) = max{(Az — b,\) : |[ATA|| < 1,A > 0}. (11.16)

The estimate (11.14) then follows from an appropriate estimation of the right-
hand side above.

There exist minimax theorems, such as the lop-sided minimazx theorem in
[10], p. 319, that show that in fact equality holds in the third equation in
(11.15); however, we prefer to give a simple, self-contained proof of this fact.

Note that the weak duality theorem (Theorem 11.2) applied to the mini-
max problem in (11.15) already gives

d(x, P) > max{(Az — b, \) : |[ATA|| < 1,A > 0}.
To prove the reverse inequality, define the convex sets
Cy i=Aw: ||w|| <d(z, P)}, Cy = {w: Aw > b},

and notice that CY N Cy = (. By Theorem 6.15, C; and C3 can be properly
separated. Thus, there exists a vector u € R™, ||u|| = 1, such that

(u,w1) < {u,wy) for all wy € Cp, wy € Cs. (11.17)

This gives
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d(z, P) = max (u,w) < min (u, w) = max{(\,b) : A >0, AT\ = p}
weCy Aw>b

< max{(Az —b,\): |[ATA|| < 1,) >0},
where the first inequality follows from (11.17), the last equality from linear

programming duality, and last inequality from the fact ||u|| = 1. This proves
(11.16). Thus, all the inequalities above are actually equalities, and we have

d(z, P) = max{(Azx — b, \) : ATX\ = i, \ > 0}.

The linear program above has an optimal solution A* that is an extreme
point (vertex) of the polyhedron

P,:={\: ATXA =, A\ > 0}.

An extreme point \* € P, is given by
A= ()\ég> 7 BT)\* =,

where AT = (B*,N™') and B” a nonsingular matrix. Thus, A = [£], that
is, B is a nonsingular submatrix of A whose rows are selected from the rows

of A. (It is assumed here, for notational convenience, that the rows of AT are
ordered so that AT = (BT, NT).) We then have

d(z,P) = (Az — b, \*) < ((Ax — b)T,\*)
= ((Az =), Ap) < N5l [(Az = 0)3]]
< IABI - Az = b)F.
The norm of the vector A} is dependent only on the submatrix B, since

BTNy = p, B is nonsingular, and ||| = 1. This completes the proof of the
theorem. O

Remark 11.27. Some estimates in the spirit of Hoffman’s lemma, but distinct
from it, appear in Lemma 4 in Rosenbloom’s paper [231]. His results, estab-
lished almost at the same time as Hoffman’s lemma, and which deserve to be
better known, use essentially duality techniques similar to the ones we have
used above. This is noteworthy, since the machinery of convex duality theory
in its full generality was developed a decade later.

Hoffman’s lemma can also be proved using Ekeland’s variational principle
and metric regularity; see [144, 145, 15].

11.9 Exercises

1. Consider the convex programming problem
min —Inz —Iny

st. (x—1)2*+y* <1
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(a) Give a theoretical reason as to why we can assert that Ag # 0 in the
FJ conditions.

(b) Write the KKT conditions for the program, and find all solutions to
the problem by solving the KKT conditions.

(c) Use the Lagrangian function with C' = R? to explicitly determine
the dual problem (D), which should not contain any of the primal
variables x,y in its final form.

2. Consider the optimization problem

1 1
min  —z? + = (29 — 3)?

2 2
s. t. x%—xggo
—1’1+1’2§2.

(a) Is this a convex programming problem? Justify your answer.

(b) Solve the problem geometrically.

(c) Give a theoretical reason why there should exist KKT points. Give a
theoretical reason for the uniqueness of the KKT point.

(d) Write down the KKT conditions and solve them to determine the
KKT point.

(e) Write the Lagrangian for the problem using C = R2, and use it to
determine explicitly the dual problem. The primal variables xq, 2
should not appear in the dual program.

(f) Determine an optimal solution to the dual problem on the basis of
the information obtained in parts (a)—(e).

3. Use Lagrangian duality to determine the dual to the linear program

min 1 — 3xy — T3
s.t. 3x1 —x2+223>1
— 21‘1 + 4372 S 12
—4x1 4 329 + 323 = 14.
Do not transform the above linear program into any other format (say

into the standard form LP) before applying duality.
4. Consider the optimization problem

min %(Qx,x)
s.t. (a,x) <b,

(P)

where ) is an n X n symmetric, positive definite matrix, 0 # a € R",
and b < 0.
(a) Formulate explicitly the dual program (D) corresponding to (P) in
such a way that the primal variable  does not appear in (D).
(b) Determine whether the strong duality theorem holds between (P)
and (D), justifying carefully your reasoning.
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(¢) Solve the dual program (D), that is, determine its optimal solutions A*.
(d) Use (c) to determine the primal optimal solution z*.
5. Consider the convex quadratic program

min{%(@x,x) + {c,x) x> 0}, (P)

where @) is an n X n symmetric positive semidefinite matrix.

(a) Let (P) have an optimal solution x*. Argue that there exists \* > 0
in R™ such that (z*, \*) is a saddle point of the Lagrangian function
corresponding to (P).

(b) Show that the variational inequality holds at x*:

(Qz* 4+ c,x —a*) >0 for all >0,

and deduce from it the equality (Qz* + ¢,xz*) = 0.
(c) Alternatively, show that the KKT conditions for (P) result in the
linear complementarity problem

2*>0, Qx*+c¢>0, and (Qxz"+c¢z")=0.

(d) Using the Lagrangian function, construct the dual program to (P).
6. Consider the quadratic program pair in Section 11.5.2. If both programs
have optimal solutions, then show that

Qe =ATp + N —c=a

is a constant for all optimal solutions * to (P) and for all optimal solu-
tions (A*, u*) to (D).
Hint: Use Corollary 11.6.

7. Consider the convex quadratic program

) 1
min §<Qx, x) + {c,x) (P)

s.t. Ax >0,

where A is an m X n matrix, and Q) an n X n positive semidefinite matrix.
Work out the dual program (D), following the example in Section 11.5.2.
In particular, answer the following questions:

(a) Write the Lagrangian and formulate its dual program (D).

(b) Assume that —oco < inf(P) < +oo. State the strong duality for the
pair (P) and (D). Does this theorem hold for (P) and (D)? Explain
and justify your answer.

(¢) Assume that @ is positive definite. Show that (P) has an optimal
solution.

(d) Assuming again that @ is positive definite, formulate the dual prob-
lem explicitly, that is, write its objective function in terms of only the
dual variables.
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(e) Repeat part (d), assuming only that @ is positive semidefinite.
8. The problem

1
min f||x||2

2 (P)
s.t. Ar=0b, >0

seeks the point in the polyhedron {z : Az = b,z > 0} closest to the origin.
(a) Write down the KKT conditions for (P).
(b) Calculate (determine explicitly) the dual program (D).
(¢) Use the variational inequality to show that a feasible point z* solves
(P) if and only if x* is a solution to the linear program

min  (z*)7x
s.t. Azx=b, z>0.

9. Consider the constrained optimization problem
min{f(a:) 1 gi(x) <0, z':l,...,m}7 (11.18)

where f,g; : R™ — R are continuous functions. Denote by X* the set of
(global) optimal solutions to (11.18), and assume that X* # (.
(a) Suppose that z* € X* is and there exists a multiplier A* > 0 € R™
such that (z*, \*) form a saddle point of the Lagrangian function

L(z,\) = f(z) + Z)\igi(gﬂ)-

Show that if K > [|A\*||, then X* coincides with the optimal solution
set X** of the unconstrained optimization problem

min (/@) + Kllg* @)}, (11.19)

where " (z) = (9 (2), ..., g;1(2)) and g () = max{0, gi(x)}.
Hint: Use the definition of saddle points. It is easier to show that
X*C X

(b) Suppose that f,g; are convex functions and that there exists x¢ such
that g;(z¢) < 0, ¢ =1,...,m. Show that there exist saddle points of
the Lagrangian function L. Show that if K is large enough, then X*
coincides with X**.

(¢c) Suppose f, g; are linear functions (so that (11.18) is a linear program).
Show that there exist saddle points of the Lagrangian function L, and
that if K is large enough, then X* coincides with X**.

Discuss the advantages and challenges associated with trying to solve
the linear program (11.18) by solving an unconstrained minimization
problem (11.19).
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Compute the dual of the problem in Section 11.5.3 using the nonlinear
programming approach outlined at the end of that section.
Consider the primal-dual linear programming pair

min (¢, ) max  (b,y)
s.t. Ar=0b (P) s.t. ATy+s=c (D)
x >0, 520,

where A is an m X n matrix. Assume that both programs have interior
feasible points, that is, there exist a feasible point > 0 for (P) and a
feasible point (y, s) for (D) such that s > 0.

A class of interior-point methods, called path-following methods, attempt
to follow the primal-dual central path {(x(t),y(t),s(t)) : t > 0} by New-
ton’s method, where z(t) and (y(t), s(t)) are the solutions to the pair of
primal-dual convex programming pair (P;) and (D), respectively, where

min{{c, x) — tilnxj Az = b}, (P)
j=1

and

n
max{(b,y>—|—t21nsj :ATy+s=c}. (Dy)
j=1
It is well known that the primal-dual central path exists for (P) and
(D) under the interior-point assumptions above, and converges to specific
optimal solutions of (P) and (D) as ¢ | 0; see for example Ye [270].
(a) Show that (P;) and (D) form a primal-dual convex programming
pair.
(b) Show that there exist a unique solution z(t) to (P;) and a solution
to (Dy) where s(t) is unique.
(c) Determine the KKT conditions that characterize (z(t), y(t), s(t)) on
the central path.
Consider the minimax problem
aoin, e (It @)l e,z =1,
where A is an m x n matrix, af, i = 1,...,m are the rows of A, and
ceR™ c#0.
(a) Formulate the problem as a minimization problem using the sugges-
tion in Remark 11.22.
(b) Argue that the KKT conditions must hold for a minimizer z*, and
write down the KKT conditions.
(c) Let z* be the optimal objective value of the minimax problem. Prove
that the multiplier § corresponding to the constraint (c,z) = 1 cannot
be zero. Prove that, in fact, 6 = z*.
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(von Neumann) In this problem, the famous von Neumann minimaz
theorem for bimatrix games will be proved using linear programming du-
ality. This result, which von Neumann [211] proved in 1928 by advanced
methods (Brouwer’s fixed point theorem), was the starting point of game

theory.
Let A be an m X n matrix and denote by A,,_; and A, _; the unit

simplices, where
n
An_lz{xER”:xZO, Za:jzl},
j=1

and where A,,,_; is defined similarly. The von Neumann minimax theorem
states that

i Az, y) = in (Az,y). 11.20
L max (Az,y) = max | min (Az,y) (11.20)

Denote by a’ and a; the ith row and jth column of A, respectively.
(a) Show that

_ 1
jdnax (Az,y) = max {{a',z)},
so that
L ax (Awy) = min | max {(a,2)}

(b) Show that the right-hand side of the last equation above can be
written as a linear program

n
min{z:(ai,@ <z i=1,...,m, ij =1, xZO},
j=1

in the variables (z, 2).
(¢) Show that the dual of the above linear program is

max{6 : Zm:yiai —de >0, Zm:yl =1, y> 0}7
i=1 i=1

in the variables (y, 9). Here e € R™ is the vector with all components 1.
Hint: One way to proceed is to write the Lagrangian function

L(z, 2;y,0) = 2 + Zw((ai,x) —2)+6(1 = (e,x))

on the set X x A, where X = {z : x > 0} and A = {(y,0) : y > 0},
and to formulate the dual using L.
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(d) Using the already encountered techniques in parts (a) and (b), show
that the dual linear program above is equivalent to the right-hand side
of (11.20), thereby proving von Neumann’s minimax theorem.

14. (M. Riesz; see Rosenbloom [231]) Let K C R™ be a closed convex cone.

(a) For u € R™, consider the problem

max  (u,y)
st yll <1, (P)

y €K,
and the equalities
max (u,y) = max {(u,y) — max (y,w
IIyIISLyGK< v) Hyllﬁl{< v) WGK*<y >}

= a mi —
|\IgI/1||§Xlw€lI?*<u w,y)

= min max (u — w,

2. e v)

= min ||u—w|. (D)
weK*

Show that a saddle point (y*,w*), ||y*|| < 1, w* € K*, exists for
this minimax problem and justify all the equations above. Show that
u = (u—w*)+w* is a decomposition of u into two elements u—w* € K
and w* € K* that are orthogonal, (w*,u —w*) = 0.

(b) Show that if K is the polyhedral cone
K={yeR":{a;,y)=0,1=1,...,7r, (a;,y) >0, i=r+1,...,s},

then the dual problem is given by

S
min{”u + Z cit;
1

15. (Teboulle [252]) Consider the minimization problem

n
min _E Inx;
i=1

1
s. t. 5(@1‘,.13) + (b,x) +¢ <0,

1 >0, i=r+1,...,s}. (D)

(P)

where @ is an n X n symmetric positive definite matrix. Assume that the

constraint set contains a vector Z > 0 such that 1(QZ,Z) + (b,Z) + ¢ < 0.
(a) Show that (P) has a minimizer.

(b) The direct approach to formulating the dual will lead to a problem

that is hard to write down explicitly. The following trick will lead to

a manageable dual problem. Since @ is positive semidefinite, it has a
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square root, that is, an n x n positive semidefinite matrix A such that
A% = Q. Introducing the variable u = Az, we can rewrite (P) in the
form

n
min —g Inx;
i=1

1, (P)
s. t. §||u|| + (b,x) +¢ <0,

Ax —u=0.

Using the standard Lagrangian approach, formulate the dual problem
explicitly, that is, as a maximization problem in which the objective
function is given explicitly.

(¢) Suppose an optimal solution to the dual problem is somehow found.
Use this knowledge to determine the optimal solution z* € R™ to the
original problem (P).

Hint: Use Theorem 11.5.

(d) Using the above approach, formulate the dual problem when (P) has
more than one (k > 1) convex quadratic inequality.

16. This problem is about different ways to dualize the problem of projecting
a point a € R™ onto a linear subspace L in R™.
(a) One way to formulate the projection problem is

in <[ —af
min — T — a
2 (Pr)
s.t. Ax =0,

where A is a matrix such that L = {z : Az = 0}.

(i) Formulate the Lagrange dual (D;) of (P;), and prove whether
strong duality between (P;) and (D7) holds.

(ii) The dual problem (D7) has a geometric interpretation similar to
that of (Py); describe it.
(b) A second way to formulate the projection problem is

min ||z — af|
P,
s.t. x¢€lL. (F2)

(i) Using the fact that ||u|| = max, <1 (u,y) for any u € R", write
(P2) as a minimax problem.

(ii) Write the dual (D3) of the minimax problem above, and show
that it can be written as
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max {a,y)
st fyll <1, ye M,

where M is a certain subset of R™. Give a description of M. Prove
that the strong duality theorem holds between (P;) and (D2).
17. (The von Neumann economic growth problem) This is an early duality
result formulated by von Neumann for an important economic growth
problem. Consider the problem

max 7y
s.t. B—yA)x >0

inzl,xzo,

1

where A, B are nonnegative m X n matrices such that Az > 0, Bz > 0 for
all x in the standard unit simplex A, _; in R™. Denote by a;,b; € R™ the
rows of A, B, respectively.

(a) Show that the vector constraints can be written as

<bi7x>
7 < (a5, 7)

Use this to transform the minimization problem into the form

max min .
w€A,_11<i<m (a;, T)

(b) Show that the auxiliary problem

m
min Zl 52‘%‘
YEA L1 Z;n QY ’

where the denominator >_}" a;y; is positive on A,,_1, has the optimal
value

Use this to prove that the optimization problem in (a) can be written
in the form

max min 72?%(1)@,@

TEA,_1 YEA 1 Zl yi<ai7x> ( )

Von Neumann proved that the minimax theorem holds, that is, the
optimal value of the maximin problem (P) equals the optimal value
of the minimax problem

21 yilbi )

min  max =——— D
YEA 1 TEA, 1 Z;n yi<ai7 .’II> ’ ( )
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so that (D) can be regarded as the dual problem to (P) and thus to
the original economic growth problem. Also, the function

T ibi7
L($>y):w xEAnfh yeAmfh

21 yilai )’
can be considered a Lagrangian function (albeit an unusual one).
(c) Retrace the arguments in (a) and (b) and prove that the dual problem
can be written in the form

min v

s.t. wA-B)Ty>0
1

The novelty of this problem and the duality result is that the Lagrangian
function L is not a concave—convex function, that is, x — L(z,y) is not a
concave function for a fixed y, and y — L(x,y) is not a convex function
for a fixed z. However, L is a quasi-concave—convex function, that is, the
level sets {z : L(z,y) > o} and {y : L(z,y) < a} are convex sets for
a fixed y and x, respectively. Minimax theorems generally apply to such
functions on compact spaces; see [242], for example.
18. Consider Fermat’s problem

min ||z — a1l + | — a2 + ||z — a3,
zE€ER?
where a1, az, and a3 are the vertices of a triangle 7' in R?, and || - || is the
Euclidean norm.
(a) Suppose that the optimal solution x* is not at a vertex. Show that
x* must be the Torricelli point of the triangle; see Figure 11.1.
Hint: Use the constraints of (11.13) and argue that ||y;| = 1.
(b) If the angle at a vertex of T is at least 120°, then show that this
vertex is the optimal solution.
(c) Show that the dual of Fermat’s problem is equivalent to determining
the largest equilateral triangle circumscribing 7.
19. (Courant—Hilbert [64]) Consider the Euclidean distance problem

in ~llp — poll?
min
2 0 (11.21)

s.t. p€q +L,

where L C R" is a linear subspace.
(a) Show that the dual of (11.21) is equivalent to the Euclidean distance
problem
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min | I?
=g —
g7 %0 (11.22)

s.t. gepy+ Lt

where
L={2eR":(2,2) =0 forall z€L}

is the orthogonal complement of L.
Hint: Write L = N(A) = {z : Az = 0} for some linear map 4 : R" —
R™, and construct the Lagrangian dual of (11.21).

(b) Show that the (unique) solutions to (11.21) and (11.22) are identical,
that is, if p* is the solution to (11.21) and ¢* is the solution to (11.22),
then p* = ¢*; see Figure 11.3.

Hint: Use the optimality conditions of the two optimization problems
to obtain p* — ¢* € L and p* — ¢* € L.

(c) Show that if p primal feasible (p € ¢o + L) and ¢ is dual feasible

(q € po + L*), then

(d) Generalize the above results to the problem

" p+q
=3 Ip —ql|-

2
min HQ p— po)H
s.t. peq+L,

where () is a symmetric positive definite matrix, and L C R™ is a
linear subspace.
Hint: Define the inner product (u,v)g = (Qu, v) and the correspond-
ing norm ||u||é = (Qu,u).
20. (Projection onto the standard unit simplez) Consider once more the prob-
lem of projecting onto a simplex previously treated on page 190. Write
the problem as the optimization problem

min{|z — a|?*/2: (e,2) = 1,2 > 0}.

Formulate the dual problem, and simplify it by eliminating the multiplier
vector A* corresponding to the constraints = > 0. Solve the resulting
search problem for the remaining multiplier p* as before.
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|p0+LJ‘
9 o J
q + L !
? Do
po+ L E

Fig. 11.3. Primal-dual least squares problem.
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Semi-infinite Programming

Semi-infinite programs are constrained optimization problems in which the
number of decision variables is finite, but the number of constraints is infi-
nite. In this chapter, we treat a class semi-infinite programming problems in
which the constraints are indexed by a compact set. We will demonstrate the
usefulness of such problems by casting several important optimization prob-
lems in this form and then using semi-infinite programming techniques to
solve them. Historically, Fritz John [148] initiated semi-infinite programming
precisely to deduce important results about two such geometric problems: the
problems of covering a compact body in R™ by the minimum-volume disk and
the minimum-volume ellipsoid. In the same landmark paper, he derived what
are now called Fritz John optimality conditions for this class of semi-infinite
programs.

12.1 Fritz John Conditions for Semi-infinite
Programming

We need the following technical result.
Lemma 12.1. Let K C R™ be a compact set. Then 0 € co(K) if and only if
{h:(x,h) <0 forall z€ K}=0. (12.1)

Proof. If 0 € co(K), then ), A;jz; = 0 for some z; € K and 0 < X # 0. Then
>; Ai{xi, h) = 0 and we cannot have (x;,h) < 0 for all . Thus (12.1) holds.
Conversely, suppose that 0 ¢ co(K). It follows from Corollary 4.15 that
co(K) is compact, and from Theorem 6.10 that there exists h € R™ such that
(h,z) < 0 for all z € co(K), hence for all z € K. O

Theorem 12.2. Consider the semi-infinite program

O. Giiler, Foundations of Optimization, Graduate Texts in Mathematics 258, 313
DOI 10.1007/978-0-387-68407-9 12, © Springer Science +Business Media, LLC 2010
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min max f(z,y)

s.t. g(z,2) <0, z€Z,

where f(x,y) and V. f(x,y) are continuous functions defined on the set X XY,
where X C R™ is open and Y is a compact set in some topological space E,
and g(x, z) and V g(x, z) are continuous functions defined on the set X X Z,
where Z is a compact set in a topological space F'.

If «* is a local minimizer, then there exist vectors {yi}icr, {%;}er, ot
most n + 1 in number, satisfying

f(x*,yi):maxf(x*,y), g(x*,zj):O,
yey
and a nonzero, nonnegative vector (A, p) such that
il jeJ
Proof. Define the functions

— max f(,1),

(.13 yey

) =
y(z) = maxg(gc z),
)

J(x) == max{p(z) — p(z"),v(z)}.

Note that ¥(z*) = 0. If 9(x) < 0 for some z € X, then we must have p(z) <
o(x*) and g(z,2z) <0 for all z € Z. Since z* is a local minimizer, this cannot
happen if x is sufficiently close to =*. Thus, we see that z* is a local minimizer
of 9. It follows from Theorem 1.29 (Danskin’s theorem) that

0 < (z*;h)
_ V. f(z*, ), ), Vgl y), by} forall heR™,
max{ max (Vof(a,y),h), max (Veg(a',y) )| fora

where

Y(2*) = argmax f(z*,y), Z(z*)=argmaxg(z*,z).
yey ze€Z

This implies that there exists no direction h € R"™ satisfying the conditions
(Vaf(z,y),h) <0, y € Y (%), (Vag(z™,2),h) <0, z € Z(z").
Since Y (z*) and Z(z*) are compact, so is the set
K :={V.f(z",y), y e Y(z*), Vog(z*,2),z € Z(z")}.

It follows from Lemma 12.1 that 0 € co(K'). Theorem 4.13 implies that there
exist at most n+ 1 vectors from K such that zero is in the convex hull of these
vectors. o
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The following two theorems are special cases of the above theorem.
Theorem 12.3. Consider the minimax problem

min max f(z, ),
where X C R™ is an open set, Y s a compact set in some topological space,
and f(z,y), Vo f(z,y) are continuous functions.
If x* is a local minimizer, then there exist at most n + 1 points {y;}§
satisfying
f(x*ayz) = maxf(x*ay)a
yey

and a nontrivial, nonnegative multiplier vector
0#AA=(N,...,0) >0

such that

Zw fa*,yi) =0

Theorem 12.4. Consider the optimization problem

min  f(z)

12.2
s.t. g(r,y) <0, yevy, (12.2)

where f(x) is a continuously differentiable function defined on an open set
X CR"™, and g(z,y) and Vg(x,y) are continuous functions defined on X XY,
where Y is a compact set in some topological space.

If x* is a local minimizer of (12.2), then there exist k active constraints
{g(z,y:))}¥ (that is, g(x*,y;) = 0), and a nontrivial, nonnegative multiplier
vector

A= (A5, AL, -, Ak) with at most n+ 1 positive entries
such that
)‘va +Z)‘ V:vg ayz) -
In the following sections, we treat several important problems from geom-
etry and analysis using semi-infinite programming techniques. These should

serve as convincing examples of the power and importance of semi-infinite
programming.
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12.2 Jung’s Inequality

We start with Jung’s theorem on the relationship between the diameter and
the inradius of a compact set S C R™. This is one of the problems treated
in John’s paper [148]. It is solved there by converting it to the semi-infinite
program

riuzn{z Sz —yl? —2<0 forall ye S},

which is in a form suitable for applying Theorem 12.4. The details of the
solution below are very similar to John’s, but we formulate the problem in a
somewhat more natural form and apply Theorem 12.3 instead.

Define the diameter of S as

D(S) := max{||z —y|| : x,y € 5},
and the inradius the radius of the smallest ball containing S,

R(S) := nin max |z — yl|.
Theorem 12.5. (Jung’s inequality) Let S be a compact set in R™. The
inequality
2(n+1)

D(S) > -

R(S) (12.3)
holds between the diameter D(S) and the inradius R(S).

Proof. Notice that R(S)? = z*, where z* is the optimal objective value of the
minimax problem

_ 2
min max o — y|".

Define
_ _ 2
p(x) = glggllx yl*.

Evidently, ¢(x) is coercive, and so has a global minimizer 2* by the Weier-
strass theorem. It follows from Theorem 12.3 that there exist k (k < n+ 1)
points {y;}¥ in § satisfying p(2*) = ||z* — y;||?, and multipliers 0 # \ =
(A1,...,Ak) > 0 such that

k

Z/\l(x* — yz) =0.

=1

|
—

Without loss of generality, we assume that A; > 0 for all ¢ and Zle Ai =

Thus,
k
i=1
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that is, «*, the center of the enclosing optimal ball, is in the convex hull of
the points {y; }%.
We compute

Z Aidjllyi = w2 Z Aidslly: — sl

1<i#j<k 1<i,j<k

S Al — ) - (g — )
1<4,j<k
k k
Nillyi = 12) + 3 x (Do Al — 211
Jj=1

z:: i=1
< S A - 7))

=22" = 2R(S)2.

i

By the Cauchy—Schwarz inequality,

k 9 k
1= (X)) k20
i=1 i=1
so that
k—1
A =1— ,\2<1ff:7
> Z 7
1<i#5<k
Consequently, we have

> Al -yl < (X Ady) - max g -

1<i#j<k 1<ij<k

<= lpe

The theorem is proved. a

The inequality (12.3) is sharp and is attained for the standard unit sim-
plex. In this case, we have D(A,) = ||(1 0,...,0) — (0,1,0,...,0)|| = V2,
R(A,) = [[1/(n+1)(1,1,...,1) — (1, )||— n/(n+1), and D(A,) =

V2(n+1)/nR(A

12.3 The Minimum-Volume Circumscribed Ellipsoid
Problem

The circumscribed ellipsoid problem is the problem of finding a minimum-
volume ellipsoid circumscribing a convex body K in R™. This is the main
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problem treated in Fritz John [148]. In that paper, John shows that such
an ellipsoid exists and is unique; let us denote it by E¥. John introduces
semi-infinite programming and develops his optimality conditions to prove
the following deep result about the ellipsoid EX: the ellipsoid with the same
center as £ but shrunk by a factor n is contained in K, and if K is symmetric
(K = —K), then EX needs to be shrunk by the smaller factor /n to be
contained K. This fact is very important in the geometric theory of Banach
spaces. In that theory, a symmetric convex body K is considered the unit
ball of a Banach space, and if K is an ellipsoid, then the Banach space is
a Hilbert space. Consequently, the shrinkage factor indicates how close the
Banach space is to being a Hilbert space. In this context, it is not important
to compute the exact ellipsoid EX.

However, in some convex programming algorithms including the ellipsoid
method and its variants, the exact or nearly exact ellipsoid E¥ needs to
be computed. If K is sufficiently simple, F¥ can computed analytically. In
more general cases, interior-point-type algorithms can be developed to ap-
proximately compute E¥. This, however, is a relatively challenging task.

In this section, we deal with the EX problem more or less following John’s
approach. However, in the interest of brevity and clarity, we use more modern
notation and give new and simpler proofs for some of the technical results,
including for John’s containment results mentioned above.

Fig. 12.1. Circumscribed ellipsoid around a convex body.

An ellipsoid F with center ¢ is an affine image of the unit ball
B:={ueR":|u| <1},

that is, E = ¢ + A(B), where A is a nonsingular n x n matrix. We may
assume that A is a symmetric positive definite matrix: if A = UAVT is the
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singular-value decomposition of A, we can write
A= UAUTUVT) = X0,

where X := UAU7 is a symmetric positive definite matrix and O = UV is an
orthogonal matrix. Since O(B) = B, we have F = ¢+ X(O(B)) = ¢+ X(B).

For technical reasons, we will represent E in the form E = ¢+ X ~1/2(B),
where X a symmetric positive definite matrix. Setting v = ¢ + X ~'/2u, that
is, u = X'/2(v —¢), we have E = {v : | X'/2(v — ¢)|| < 1}. We denote this
ellipsoid by E(X,c),

EX,c):={v:(X(v—c),v—c) <1}. (12.4)
Since E(X,c) = ¢+ X~ '/2(B),
vol(E(X,¢)) = (det X)~Y/2w,,, (12.5)

where w,, = vol(B). Consequently, we can set up the circumscribed ellipsoid
problem as a semi-infinite program

min —Indet X

12.6

st (X(y—o),y—c) <1, yekK, (12.6)
in which the decision variables are (X,¢) € S™ x R™, where S™ is the vector
space of n X n symmetric matrices.

Lemma 12.6. If K C R™ is a convex body, then there exists an ellipsoid of
minimum volume circumscribing K.

Proof. We claim that the feasible sublevel sets in the problem (12.6) are com-
pact; then the Weierstrass theorem implies that (12.6) has an optimal solution.
Being a convex body, K contains a ball of radius r, which is then contained
in every ellipsoid E(X,c) 2 K containing K. Note that every such ellipsoid
E(X,c) contains the ball of radius r centered at c¢. This means that every
vector u € R™, ||ul]| = r, must satisfy the inequality (Xwu,u) < 1. Picking
u = re; gives 0 < Xy < 1/r2, for all i = 1,...,n. Since X is symmetric
positive definite, a 2 x 2 submatrix {?j ))Zj} is positive semidefinite. This
implies that X?j < XX < 1/1"47 meaning that all entries of X are bounded
above by 1/r? in absolute value. Thus, the feasible matrices X in problem
(12.6) form a compact set. As the norm of the center ¢ of an ellipsoid E(X, ¢)
circumscribing K goes to infinity, the volume of the ellipsoid must obviously
go to infinity as well. This proves the claim and the lemma. a

We now derive the optimality conditions for (12.6).

Theorem 12.7. Let K C R™ be a convex body. There exists an ellipsoid of
minimum volume circumscribing K. If E(X, c¢) is such an ellipsoid, then there
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exist a multiplier vector A = (A1,..., ;) > 0,0 < k <n(n+3)/2, and contact
points {u;}¥ in K such that

k
X t= Z)‘i(ui —c)(u; — )7,
i=1

k
0= Z )\Z(UJz — C), (127)

u; € OKNIOE(X,¢c), i=1,...k,

K C E(X,c).
Proof. The existence of a minimum-volume ellipsoid has already been proved
in Lemma 12.6. Let E(X,c) be such an ellipsoid. Since the constraints in
(12.6) are indexed by y € K, a compact set, Theorem 12.4 applies. Therefore,
there exist a nonzero multiplier vector (Ao, A1,..., ) > 0, where k < n(n +
1)/2+n =n(n+3)/2, \; > 0 for i > 0, and points {u;}¥ in K such that the
Lagrangian function

k
L(X,c,\) ;= —XgIndet X + Z)\Z-<X(ui —¢),u; —c)

i=1
k

= —)Mlndet X + <X, Z)‘l(u’ —c)(u; — c)T>,
i=1

where the inner product on the last line is the trace inner product on S™,
satisfies the optimality conditions
k
0=VeL(X,c,)) =X Y Ni(u; —c),

=1
k
0=VxL(X,¢,\) = =X X '+ > Ai(ui — ¢)(u; — o)
=1

Here we used the first formula for L(X, ¢, \) to differentiate L with respect to
¢, and the second formula for L(X, ¢, A) together with (1.13) to differentiate
it with respect to X.

If Ao = 0, then 0 = tr(32F_, X (wi — ) (us — &)T) = S2F_, Aiflugs — ¢f|?. This
implies that A; = 0 for all i, contradicting A # 0. We let A\g = 1 without loss
of generality, and arrive at the Fritz John conditions (12.7). O

For most theoretical purposes, we may assume that the optimal ellipsoid is
the unit ball E(7,0). This can be accomplished by an affine change of coordi-
nates, if necessary. This results in the more transparent optimality conditions

k k
I = Aiuiu?, Aiu; =0,
Z., Z{f (12.8)
=1 =1

w € 0KNOB, i=1,....,k, KCB.
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Taking traces of both sides in the first equation above gives

k k k
i=1 i=1 i=1

In this section and the next, convex duality will play an important role. If
C C R" is a convex body, the Minkowski support function is defined by

sc(d) == rz?eac}*(<d’ u).
It is obviously defined on R™ and is a convex function, since it is a maximum
of linear functions indexed by u. By duality results of convex programming,
two convex bodies satisfy C' C D if and only if s¢ < sp. (In fact, s¢ = ¢,
where ¢ is the indicator function of C', and * denotes the Fenchel dual. By the
fundamental theorem on the Fenchel dual functions, we have sf, = 0** = d¢;
see [228] or [89] for further details. This implies our assertions.) We compute

5E(x,e)(d) = max {(d,u) : (X(u—c),u—c) <1}

= max {(d,c+ XV20) : o] < 1)}
—1/2 —1/2 (12.9)
= (c.d) + max (X2d,v) = (c,d) + | X~V/2d]

llvl<1

= (c,d) + (X 'd,d)'/?,

where we have defined v := X'/2(u — ¢), or u = ¢+ X /%,
The polar the set C is defined by

C*:={d:sc(d) <1} ={z:(z,u<1 foral ueC}.
An easy calculation shows that

(co ({ui}¥)) = {=: (m,w) <1, i=1,...,k}.

The following key result shows that the optimality conditions (12.8) are
powerful enough to prove the uniqueness of the minimum-volume circum-
scribing ellipsoid in this section and the uniqueness of the maximum-volume
inscribed ellipsoid in the next section.

Lemma 12.8. Let {u;}¥ be set of unit vectors in R™ satisfying the conditions
Zle Niwgul =1 and Zle Aiu; = 0. Define the polytope P = co ({u;}})) and
its polar P* = {x : (u;,x) < 1,i =1,...,k}. The unit ball is both the unique
minimum-volume ellipsoid circumscribing P and the unique maximum-volume
ellipsoid inscribed in P*.

Proof. Let E(X,c) be any ellipsoid covering the points {u;}¥. We have
(X(u; — ¢),u; —c) <1 and
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n= zk:/\l > vk. Al X (u; — ¢),u; —¢) = <X,zk:/\l(ul —¢)(u; c)T>
k k k
= ,Z )\ZuzulT> - <X, Z /\lcuZT> - <X, Z/\luch> + <X, (Z )\,)ccT>

>n (det(X Un 4 (Xe, c)) .

Here the fourth equality follows from (12.8), and the last inequality follows
from the fact that det(X)'/™ < tr(X)/n, which is precisely the arithmetic—
geometric mean inequality applied to the eigenvalues of X. Thus

det(X)™ 4 (X¢,¢) <1,

and the equality det(X) = 1 holds if and only if ¢ = 0, (X (u; — ¢),u; —¢) =1
forall7=1,...,k, and the arithmetic-geometric mean inequality holds as an
equality. The last condition holds if and only if X is a positive multiple of the
identity matrix (and then det(X) = 1 implies X = I). Thus, the minimum-
volume ellipsoid covering the points {u;}¥ must be the unit ball.

Next, let E (X, ¢) be any ellipsoid inscribed in P*. By (12.5), vol(E(X, ¢)) =
det(X 1)w,,. By virtue of (12.9), the inclusion E(X,c) C P* implies

sp(x,e) (i) = {c, ul->—|—||X_1/2uZ—|| < sp«(u;) = max(u;,u;) <1, i=1,... k.
J

By the Cauchy—-Schwarz inequality, we have <X_1/2Ui7ui> < ||X_1/2Uz‘” )
|| = [| X ~1/2u;]|; therefore,

k k
n = ZM > Z)\i ((C, ui) + <X_1/2ui7ui>)
=1 i=1
k
= <X—1/2,2Aiuiuf> = tr(XY2) > ndet(X)~Y/2,
=1

where the last inequality follows from the arithmetic—geometric mean inequal-
ity applied to the eigenvalues of X /2. Thus det X > 1, and the equality
det X =1 holds if and only if (i) X is a positive multiple of the identity ma-
trix (and then det X = 1 implies X = I), and (i) 1 = (¢, u;)+ (X~ 2u;, u;) =
(c,u;) + 1, that is, (c,u;) = 0 for all ¢ = 1,... k. Then the equation
E?Zl Niwgul = I implies that |c||?> = Zfil Aile,u;)? = 0. The lemma is
proved. a

Theorem 12.9. Let K be a convex body in R™. The minimum-volume ellip-
soid circumscribing K 1is unique. Moreover, the optimality conditions (12.7)
are necessary and sufficient for an ellipsoid E(X, c) to be the minimum-volume
ellipsoid circumscribing K.
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Proof. The necessity of the conditions (12.7) has already been proved in The-
orem 12.7. To prove the sufficiency, we assume, without loss of generality, that
E(1,0) = B satisfies the optimality conditions (12.8) for some set of multipli-
ers {\;}. Let E D K be a minimum-volume ellipsoid circumscribing K. Since
PC K CE,PCK C B, and FE is the optimal covering ellipsoid for K,
we have vol(E) < vol(B). Similarly, since B is the optimal covering ellipsoid
for P by Lemma 12.8, vol(B) < vol(E). These give vol(E) = vol(B), and the
uniqueness of the covering ellipsoid for P implies £ = B. a

Remark 12.10. The uniqueness of the circumscribed ellipsoid E¥ can be seen
by recasting problem (12.6) by setting X = Y2 and d := Y ~!c. Then we have
the semi-infinite program

min —IndetY

, (12.10)
s.t. Yy—d|* <1, yekK,

with decision variables (Y, d). This is a convex semi-infinite program, since
the objective function is strictly convex in Y by (1.13), and the constraint for
each parameter y € K is convex. This proves the sufficiency of the conditions
in (12.7) and the uniqueness of the matrix X in E(X,c). The uniqueness of
the center ¢ can then be completed by a special argument.

We end this section by proving Fritz John’s results mentioned at the be-
ginning of the chapter. Our proof is simpler, and uses ideas from Ball [19] and
Juhnke [150].

Theorem 12.11. Let K be a convex body in R™ and E(X,c) = EX its optimal
circumscribing ellipsoid. The ellipsoid with the same center ¢ but shrunk by
a factor n is contained in K. If K is symmetric, that is, K = —K, then the
ellipsoid with the same center ¢ but shrunk by a factor of only \/n is contained
mn K.

Proof. Without loss of generality, we assume that EX = E(I,0) = B. The
theorem states that n™'B C K. Let

P=co ({ul}’f)

be the convex hull of the contact points. We claim that the stronger statement
n~1B C P holds. Since P C K, we will then have n™!B C K. By duality, the
claim is equivalent to showing that the polar sets satisfy P* C (n~'B)* = nB.
Let z € P*. Since —||z|| = —||z|| - [Jui]| < {z,u;) < 1, we have

Ai(1 = (, ua)) (]| + (2, i)

o
IA

s
Il
=

|
@w

>~ Al - ZA (@, ui))? = nllz] - |2,

1

.
Il
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where the second equality follows from ) . A; = n and (12.8). This implies
lz|| < n, and proves that P* C nB.

If K is symmetric, we define @ = co ({£u;}f) C K, and claim that
n~/?B C Q, or equivalently, that Q* C (n~'/2B)* = \/nB. It is easily shown
that Q* = {z : [{z,u;)| <1,i=1,...,k}. Let x € Q*. Since —1 < (z,u;) <1,
we have

k
0< Z/\z‘(l — (@, w)) (1 + (z,w) =n — ||lz|>.

This gives ||z|| < /n and proves the claim. O

12.4 The Maximum-Volume Inscribed Ellipsoid Problem

The inscribed ellipsoid problem is the problem of finding a maximum-volume
ellipsoid inscribed in a convex body K in R™. It will be seen that this ellipsoid
is unique as well, and we denote it by Ex. This ellipsoid is referred to as the
John ellipsoid in the Banach space literature, and a reference is given to Fritz
John [148], although the inscribed ellipsoid problem is not treated in John’s
paper.

In this section, we again use semi-infinite programming to treat this prob-
lem. The inscribed ellipsoid has properties similar to those of the circum-
scribed ellipsoid. For example, the ellipsoid with the same center but blown
up n times contains K, and in the case K = —K is symmetric, the ellipsoid
needs to be blown up by a smaller factor /n. The ellipsoid F is very useful
in the geometric theory of Banach spaces. It is also useful in some convex
programming algorithms, such as the inscribed ellipsoid method of Tarasov,
Erlikh, and Khachiyan [251].

As a first step, using (12.5), we can formulate the inscribed ellipsoid prob-
lem as a semi-infinite program

max{det X : E(X,c) C K}.

However, this is hard to work with, due to the inconvenient form of the con-
straints E(X, c¢) C K. Using support functions, we convert them into inequal-
ities
(ed) + (X7, d)'V? = sp(x.o(d) < sx(d), [ld] =1,

where we restrict d to the unit sphere, since support functions are homoge-
neous (of degree 1).

Defining Y = X!, we can therefore rewrite our semi-infinite program in
the form

min —IndetY

12.11
st {e,d) +(Yd,d)*? < sg(d), ||d|| =1, ( )
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in which the decision variables are (Y,c¢) € S™ x R™ and we have infinitely
many constraints indexed by the unit vector ||d|| = 1.

Since si is a convex function on R™, it is continuous. Therefore, there
exists a positive constant M > 0 such that if (Y,c) is a feasible decision
variable, then |{c,d)| < M, and (Yd,d) < M for all ||d|| = 1. This proves that
the feasible set of (Y, ¢) for (12.11) is compact, and implies that there exists
a maximum-volume ellipsoid inscribed in K.

We derive the optimality conditions for the maximum-volume inscribed
ellipsoid.

Theorem 12.12. Let K C R™ be a convex body. There exists an ellipsoid of
mazimum-volume inscribed in K. If E(X,c) is such an ellipsoid, then there
exist a multiplier vector A = (A1,..., ;) > 0,0 < k < n(n+3)/2, and contact
points {u;}¥ such that

k
1= Z)‘l(u’ —)(u; — c)T,

k
0= in(ui — ), (12.12)

u; €OKNOE(X,¢), i=1,...,k,
E(X,c) C K.

Proof. The existence of a maximum-volume ellipsoid inscribed in K has al-
ready been proved above. Let E(X, ¢) denote this ellipsoid, and define Y =
X 1. Since the constraints in (12.11) are indexed by ||d|| = 1, Theorem 12.4
applies. Therefore, there exist a nonzero multiplier vector (dg, 01, . ..,dx) > 0,
where k < n(n + 3)/2, § > 0 for i > 0, and directions {d;}¥, ||d;|| = 1,
satisfying the conditions

(c,d;) + (Ydi, di)'/? = s (dy)

such that the Lagrangian function

k
L(Y, ¢,6) i= —o Indet Y +23 " 6 [{e, di) + (Y, i)/ — sc(d)|

=1

satisfies the optimality the conditions

ffVLchS Zéd“

k

i
0=VyL(Y,c,8) = —6Y ' + Z 7

% g4
— (Yd;,d;)'/?
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Recalling that ||d;|| = 1 and taking the trace of the right-hand side of the last
equation above gives dg tr(Y 1) = Ele 6;(Yd;, d;)~'/2. If 8y, then all §; = 0,
which contradicts 6 # 0. Therefore, dy # 0, and we let §y = 1. Define

Yd; ,
u; = c+ < A= (Yd;,d)'V25;, i=1,... k.

Ydi,d)i2’
Note that
sp(x,e)(di) = sk (d;) = (¢, d;) + (Yd; di)? = (ds,ui),

which means that u; € 0K NOE(X, ¢), that is, u; is a contact point. Rewriting
the above optimality conditions in terms of {u;} and {\;} and simplifying, we
arrive at the conditions (12.12). O

As in the circumscribed ellipsoid case, we can simplify these conditions by
assuming that the optimal ellipsoid is the unit ball E(I,0). Then the Fritz
John conditions become

k k
I= Nugul, 0= Aits,
2 2 (12.13)
w € KNOB, i=1,....k, KCB.

We note that the optimality conditions (12.13) are exactly the same as the
corresponding optimality conditions (12.8) in the circumscribed ellipsoid case,
except for the feasibility constraint K C B.

Theorem 12.13. Let K be a convex body in R™. The mazimum-volume ellip-
soid inscribed in K is unique. Furthermore, the optimality conditions (12.12)
are necessary and sufficient for an ellipsoid E(X,c) to be the mazimum-
volume ellipsoid inscribed in K.

The proof uses Lemma, 12.8. It is omitted, since it is very similar to the proof
of Theorem 12.9.

We end this section by proving an analogue of Fritz John’s containment
results concerning EX.

Theorem 12.14. Let K be a convez body in R™ and let E(X,c) = Ex be its
optimal inscribed ellipsoid. The ellipsoid with the same center ¢ but blown up
by a factor n contains K. If K = —K is symmetric, then the ellipsoid with
the same center ¢ but blown up by a factor \/n contains K.

Proof. The proof here is similar to the proof of Theorem 12.11. Without loss
of generality, we assume that Fx = E(I,0) = B. The first part of the theorem
follows if we can prove the claim that

K CP*CnB.
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Since 1 = sp(u;) = sk(u;) = maxgek (u;, x), the first inclusion holds. If
x € P*, then —||z|| = —||z| - ||w]| < (z,u;) <1, and

k
Z (@, ui) (2]l + (@, ui) = nllz]| - [l

where the equality follows from ). A; = n and (12.13). This implies ||z|| < n,
and proves the second inclusion in the claim.

If K is symmetric, we define Q = co ({£u;}}) € K and claim that K C
Q* C /nB. Since 1 = si(+u;), we have |(u;, )| < 1, and the first inclusion
follows. To prove the second inclusion in the claim, let z € Q*. We have
[(x,u;)| <1, and the rest of the proof follows as in the proof of Theorem 12.11.

O

12.5 Chebyshev’s Approximation Problem

In this section, we solve Chebyshev’s approrimation problem using semi-
infinite programming techniques. Another interesting approach to tackling
this and similar problems is given in Section 13.2.1 using Helly’s theorem in
convex analysis.

Let I := [, ] be an interval. The supremum norm of a continuous function
f:I—-Ris
= max
171+ max 1)

Chebyshev’s approximation problem is one of the central problems in ap-
proxzimation theory. One version of it is formulated as follows. Let v be a point
not in I. We are looking for the nth-degree polynomial ¢(¢) whose supremum
norm is minimal among all nth-degree polynomials p(t) that satisfy the con-
dition p(y) = 1.

Mathematically, this is the minimax problem

min ma t)|, 12.14
Join mee Ip(t)] (12.14)

where
P :={p(t) = ant™ + -+ + a1t + ao : p(y) = 1}.

The solution is given by Chebyshev’s polynomials as described below.

Theorem 12.15. Let I = [«, (] be an interval and v a point not in I. The
optimal solution of the problem (12.14) is given by the polynomial

T, (1+2 a)

q(t) = (12.15)
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where
T, (t) := cos(ncos ™' t)

is Chebyshev’s polynomial of the first kind of degree n.
Moreover, the optimal objective value of the problem (12.14) is

1 1
lall = T
T, (1+2ﬂ)‘ T, (237%)
where = azﬂ is the midpoint of the interval [, f3].

Proof Note that the linear transformation I(¢) = 1+ 2% maps the interval

ﬁpl into the interval [—1, 1] and sends the point v into the point 5 = 1+
24— 1f q(t) and q(t) are the optimal solutions of (12.15) with parameters
([a,ﬁ],v) and ([—1,1],%), respectively, then q(t) = ¢(I(t)). Thus, it suffices
to consider the case ([—1,1],7) from the start, and show that the optimal
solution is q(t) = T, (t)/T,,(7) and ||q|| = m in that case.

We first demonstrate the existence of a solution. This will follow if we can
show that a sublevel set of polynomials L, := {p € Py, : ||p|| < n} is compact.
Let {p'}{° be a sequence of polynomials in L . We claim that the sequence
of the coefficient vectors a® = (al, ..., al,a}) is bounded. If the claim is true,
then a subsequence {a%} can be extracted from {a'} converging to a vector
a = (@n,...,a1,ao). Then the polynomials p’i converge to p(t) = Y j_, aptk
in L,, and this will show that L, is compact. Suppose that the claim is not
true. Then we there exists a subsequence {i;} such that ||a% || — oo and
a'i /||a% || — a # 0. We have

n 713

Ia“ll Z “H

As j — oo, the left-hand side of the equality above approaches zero on
[—1, 1], while the right-hand side approaches the nonzero polynomial p(x) =
ZZ:O ait®, a contradiction. This proves the claim.

Next, we reformulate the minimax problem as an optimization problem.
We introduce an extra variable z, and write it as a semi-infinite program in
the variables (z,a),

min 2z
st —z2< (apt" +an_1t" '+ tat+ag) <z te[-1,1] (12.16)
anY" + ano1y" "+t ary +ag =1
At the optimal solution (2*,a) € R"*2 it follows from a slight extension of

Theorem 12.4 (to take into account the last, equality, constraint above) that
there exist s < n+ 2 values of t (s <n+1if Ag > 0 below)
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“1<ti<ta<-- <ty <1

for which the inequality constraints in the problem are active. We form the
(weak) Lagrangian

L(z,a;\,0) = Moz + Z)‘i (Z apth — sgn()\i)z> +9 <Z ary® — 1)
k=0

i=1 k=0
= </\0 — zn: )\L|) z+ iak (Z‘;: )\itf + 5’7k> - 6,
i=1 k=0 i=1

where sgn(t) = 1 if t > 0 and sgn(¢t) = —1 if ¢ < 0. The multipliers satisfy
the conditions (A, ) := (Ao, A1,.-.,As,0) # 0, Ag > 0, and \; is nonnegative
or nonpositive depending on whether the corresponding constraint is of the
form ¢ + S 070 aptt < z or —(t7 + 70 apth) < 2, respectively. The FJ
conditions consist of these conditions on the multipliers and the equations

STl =X Do Mth+sk =0, k=0,....n (12.17)
i=1 =1

If \g = 0, then all the multipliers {\;}{ and ¢ are zero, contradicting the
FJ conditions. We set A\g = 1 and obtain >_;_, |\;] = 1. The second set of
equalities in (12.17) becomes

11-11 il
tita - ts °
L. S =0, (A,...,A,0) #0.
R
: 1)

We must have s = n + 1, since otherwise s < n and the Vandermonde matrix
above has full rank s + 1 (for example, its submatrix consisting of the first
s+ 1 rows is a nonsingular Vandermonde matrix), implying that A = 0 and
6 =0.

At the points {t;}7 7", the optimal polynomial q(t) := >_;_, axt* achieves
its supremum

v:=2z"= max |q(t)|
te[—1,1]

Since the derivative ¢’ is a polynomial of degree at most n — 1, the number
of t; in the open interval (—1,1) can be at most n — 1. This means that the
number of such ¢; is exactly n—1 and that endpoints —1, 1 of I are also among
the t;’s. Thus, we have

1=t <te < - <tp <tht1 =1

Next, we see that the polynomial (1 —2)(¢’)? has the 2n roots
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717 t27 t27 cee ;tn; tn7 1.

The polynomial v? — ¢(t)? is of degree 2n, also with roots {t;}7"*. Since
(2 — q(t)?)" = —2q(t)¢’'(t) = 0 at an interior root t;, each such t; is a double
root of v2 — ¢(t)2. Thus, the two polynomials are multiples of each other. By
comparing the coefficients of their highest terms, we obtain

n?(v® —q(t)?) = (1 - t*)q'(t)*.

The problem of determining ¢(t) is thus reduced to solving this equation.

Let J = (¢;,t;4+1) be an interval where t;,¢;41 are in (—1,1) such that
q'(t) > 0 on J. The above equation can be written as

¢ _ _n
VrE—q)?  V1-2

Integration both sides, and making a substitution u = ¢(¢)/v on the left-hand
side, we obtain

cos ™! (q;(/t)> = cos ' (u) :/\/% :n/\/% =c+ncos (t),

giving

q(t) = veos(c 4+ ncos 1 (t)) = vcos(c) cos(ncos™* ) — vsin(c) sin(n cos ™' t).

Since the function sin(n cos~! ¢) is not a polynomial, the right-hand side above
can be a polynomial only when sinc = 0, implying that cosc = F1. We set
cosc = 1 without losing any generality. Thus, ¢(t) = vT,(¢t) and ¢(y) = 1
1 Tn(v)"
[—1,1], we also have ||q|| = eI O

implies v = 1/T,(y). This proves that ¢(t) = Since |T,,]| = 1 on

12.6 Kirszbraun’s Theorem and Extension of Lipschitz
Continuous Functions

Kirszbraun’s theorem [165] states that if S € R™ and f: S — R™ is a Lip-
schitz continuous function, then f can be extended to a Lipschitz continuous
function f : R™ — R™ without changing its Lipschitz constant. Kirszbraun’s
theorem is valid in infinite-dimensional Hilbert spaces as well, but may fail in
spaces with non-Euclidean norms.

Kirszbraun’s theorem has important applications, for example in the the-
ory of mazimal monotone operators, where it is used to establish Minty’s
theorem, which forms the cornerstone of that field; see for example [10, 48].

The key ingredients in the proof of Kirszbraun’s theorem (Theorem 12.18
below) are the following two related results due to Schoenberg [237]. The first
is an appealing, and geometrically plausible, result.
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Lemma 12.16. Let {D;}} and {D!}\ be disks in R™ and R™, respectively,
where
Di = Bri ((EZ), D; = Bri (yz) (Z = 1, ey l)

If the disks {D;}} have nonempty intersection, and the centers of the disks
D} are closer together than the centers of D;, that is,

lyi =yl < llws =25l (1 <4,5 <), (12.18)
then the disks { D!}, also have nonempty intersection.

This lemma is equivalent to the following result, which states that a non-
expansive function defined on a finite set S can be extended to a nonexpansive
function on a set containing S and one more point:

Lemma 12.17. Let {z;}} C R™ and {y;}} C R™ be points satisfying (12.18).
Let © € R™ be given. There exists a point y € R™ such that

ly —will < llz =zl (E=1,...,0). (12.19)

Lemma 12.16 implies Lemma 12.17: consider D; = Bjj;_,,| (z;). Each D;
contains the point x; hence Lemma 12.16 implies that there exists a point
Y € NB|jg—z,||(yi). Clearly, y satisfies (12.19).

Conversely, Lemma 12.17 implies Lemma 12.16: if = € NB,,(x;), then
(12.19) states that there exists a point y satisfying ||y — || < ||z — x| < rs.
Thus, y € NB,, (y;) # 0.

We proceed with the proof of Lemma 12.17.

Proof. If x = z; for some j, then the lemma holds with the choice of y = y;;
thus we consider the case that z is distinct from {z;}}. Consider the minimax

problem
: lv — will®
min max

s 12.2
veR™ 1<i<l ||o — 24 |2 (12.20)

The function

is coercive, since we clearly have p(v) — oo as ||v]| — oco. Thus, (12.20) has
an optimal solution y.

Let {1,...,k} be the set of “active constraints,” that is, ¢(y) = |y —
vill?/|lx — x;]|? if and only if i < k. It follows from Theorem 12.3 that there
exists a nonzero vector 0 < § € R such that

k

D Nily—w) =0, (12.21)

i=1

where \; := §;/||x — 2;]|?. Thus, y € co({y; }}).
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The lemma is proved if we can show that ¢(y) < 1. Suppose this is not
true. Then, defining

wi=x,—x, vii=yi—y (1<i<k),

we have ||u;]|? < [Jv;]|?. Note that (12.18) implies ||v; — v;]|? < [Ju; — u %
Upon expanding this inequality and using |lu;||? < |lv;||?, we get

luall® + llug|* = 2(vi, v5) < fJoall® + [lvg I* = 2(vi, v5)
< luall® + g 1* = 2€us, uy),

or simply (v;,v;) > (u;, u;). Then we have

k k k k
0= HZ Ajvi 2 _ Z Aij (v, v5) > Z i (ug, uy) = HZ il
i=1 i,5=1 i,j=1 i=1

where the first equality follows from (12.21). This is a contradiction, which
proves that ¢(y) < 1. O

2

i

Theorem 12.18. If S C R™ and f : S — R" is Lipschitz continuous, then
f has an extension to a function f : R™ — R"™ having the same Lipschitz
constant as f.

Proof. Without loss of generality, we may assume that f is nonexpansive, that
is, || f(z1) — f(z2)| < ||lx1 — 2| for all z1,22 € S. By Zorn’s lemma, f has a
maximal extension to a nonexpansive function f : T — R™.
We will show that if T # R™ and p ¢ T, then there exists a point ¢ € R™
satisfying R
lg = f(@)|| < |lp—z| forall zeT. (12.22)

If this is true, then the domain of f can be extended to include p. This
contradicts the maximality of f, and proves that T' = R™.
Now, (12.22) is equivalent to the statement that

(N By (F(x)) # 0.

zeT

Since the disks By, (f(z)) are compact, it is sufficient to show that every
finite intersection of such disks is nonempty. But every such finite intersection
is nonempty by Lemma 12.17. The theorem is proved. a

Remark 12.19. Theorem 12.18 also holds for Lipschitz functions of order «,
0 < a < 1, that is, for functions satisfying the condition

1f(x) = F)|l < Lllx — y||* forall z,yeS.

The proof is similar, but is a bit more involved.
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12.7 Exercises

1. (First-order sufficient conditions for a local minimizer) Consider the semi-
infinite program

min{f(z) : g(z,y) <0,y €Y, h(z,z) =0,z€ Z}, (P)

where f(x), g(z,y), and h(z, z) are functions continuously differentiable
with respect to x, and defined on X, X XY, and X x Z, respectively, where
X C R™ is an open set, and Y, Z are compact sets in some topological
spaces. Let z* be a feasible point of (P) such that

k l
AV F@) + Y NV, y) + > pVh(a®, z) =0,

i=1 j=1

for some A\g >0, \; >0, y; €Y, g(z*, ;) =0,i=1,...,k, and p; # 0,
z; € Z,j=1,...,0. Show that if the gradients

)\va(x*),v.g(mvyz)vl = 1,...,k,Vh(.’E*,Zj) = 07] = 17"‘7Za

span R™ then z* is a local minimizer of (P), thereby generalizing Theo-
rem 9.7.

2. Let K C R" be a convex body. Show that the equation Zle Ai(uj—c) =0
implies that the contact points of EX (Ex) cannot lie on one side of any
hyperplane passing through the center of EX (Ex).

3. Use the equations 3¢, \ju;ul = Iand Y2F | Aju; = 0in (12.8) or (12.13)
to prove that the vectors {u;}¥ span R™. Show that this implies k > n+1.
Conclude that the number of contact points must be at least n+1 in both
the circumscribed and inscribed ellipsoid problems.

4. Let E be an ellipsoid and K C R™. The inclusion K C F is equivalent to
the inequalities

sp(d) > sk (d) for all d, ||d| = 1.

Use the method in Section 12.4 to develop an alternative semi-infinite
programming method to derive the optimality conditions (12.7) for the
minimum-volume ellipsoid circumscribing K.

5. Let C be a compact, convex set in R™ with nonempty interior. Let b(C')
be the breadth of C, that is, the minimum among the distances of two
parallel support hyperplanes of C. Define also r(C) to be the radius of
the largest ball contained in C. Prove that

vn+2

>
(€)= 2n + 2

b(C), n =2k,

and

1

by setting up an appropriate semi-infinite programming problem.

(@), n=2k+1,
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6. Let C' C R™ be a closed set, and do(z) := min,ern ||z — 2| the distance
function to C, where ||z|| = VT is the Euclidean norm. Show that:
(a) The function f(x) = dc(x)? is directionally differentiable, with

f(x;h) = min{{x — z,h) : ||z — z|| = dc(x)}.

(b) If C is convex, then f(x) is continuously differentiable. Compute
(c) If C' is convex, then d¢(x) is also continuously differentiable on R™\C.
Compute Vdg(z).
7. (Pdlya) Let 0 < a < b be given. Solve the following problems using
semi-infinite programming:
(a) min, max, e, b (z —y)?,

(b) min, max,c(q,p) (x;§)2.
8. Determine the nth-degree polynomial p(t) = t" +a, _1t" "' +---+a;t+ao
whose supremum norm |[|p|| := max;<q [p(t)| on the interval I = [—1,1]

is minimum. This is the problem of best approximation of the monomial
t" by an (n — 1)th-degree polynomial on the interval [—1,1].
Show that the solution of this problem is g[;fgl) , where T,, is Chebyshev’s
polynomial.
Hint: Mimic the proof of Theorem 12.15.
9. Show that Theorem 12.15 can be solved by ordinary nonlinear program-

ming using Helly’s theorem in Chapter 13 or one of its consequences.

10. Let f: A C X — R be a Lipschitz continuous function on a subset A of

a metric space (X, d), that is,

|f(z) — f(y)| < Ld(z,y) forall z,y€ A

Show that f can be extended to a Lipschitz continuous function g : X — R
with the same constant L.

Hint: Show that g(x) = inf{f(y) + Ld(z,y) : y € A} satisfies the desired
properties.
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Topics in Convexity

In this chapter, we probe several topics that use significant ideas from convex-
ity theory and that have significant applications in various fields. In particular,
we prove theorems of Radon, Helly, Kirchberger, Barany, and Tverberg on the
combinatorial structure of convex sets, application of Helly’s theorem to semi-
infinite programming, in particular to Chebyshev’s approximation problem,
homogeneous convex functions, and their applications to inequalities, attain-
ment of optima in maximization of convex functions, decompositions of convex
cones, and finally the relationship between the norms of a homogeneous poly-
nomial and its associated symmetric form. The last result has an immediate
application to self-concordant functions in interior-point algorithms.

Many interesting applications of the topics can be found in the exercises
at the end of the chapter.

13.1 Combinatorial Theory of Convex Sets

Intersections of convex sets have interesting combinatorial properties. We start
with three classical results by Radon, Helly, and Kirchberger dating back to
the early part of the twentieth century.

Theorem 13.1. (Radon) If A C R™ is an affinely dependent set, then A
can be partitioned into two sets B,C such that co(B) Nco(C) # (.

Proof. Pick an affinely dependent set {z;}} in A; then there exists \ :=
(A,...,Ak) # 0 such that

k k
=1 1=1

Suppose that A\; >0for 1 <i<jand \; <0 fori=j+1,..., k. Defining

O. Giiler, Foundations of Optimization, Graduate Texts in Mathematics 258, 335
DOI 10.1007/978-0-387-68407-9 13, © Springer Science +Business Media, LLC 2010
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J k
A=) A== > N #O,
i=1 i=j+1

we see that the vector

belongs to co({z1,...,xx}) Nco({z;t1,...,21}). Clearly, B := {x1,..., 21}
and C := A\ B satisfy co(B) Nco(C) # 0. 0

Theorem 13.2. (Helly) Let {A;}f_, be a finite collection of conver sets in
R™. If the intersection of any n+1 sets from this collection is nonempty, then

NE_, A # 0.

Proof. The theorem is trivially true for £ < n 4+ 1, so we consider the case
k > n+1. The proof is by induction on k. Suppose that the theorem has been
proved for k — 1, and let {A4;}} be a collection of convex sets satisfying the
hypothesis of the theorem. By the induction hypothesis any k& — 1 of the sets
have nonempty intersection; pick

wieﬁj#Aj#@, i=1,...,k.

The set A := {x;}¥ is affinely dependent, so Theorem 13.1 implies that A =
BUC, where B ={z1,...,z;} and C = {z;41,..., 2k}, say, such that

x € co{z1,...,x;}) Nco{xjy1, ... Tk })-

If i < J then z; € NE Ay, so that o € co({z1,...,z;}) € NE Ay similarly,
x € NJ A;. We conclude that = € N A; # (). 0

Here are some quick applications of Helly’s theorem; more substantial ex-
amples, some important in optimization, will be given in Section 13.2 and in
the exercises at the end of the chapter.

Ezample 13.3. Let K and {C;}¥_,, k > n + 1, be convex sets in R".

(a) If the intersection of every n+ 1 of the sets C; contains a translated copy
of K, then N¥C; must also contain a translated copy of K.

(b) If the intersection of every n+1 of the sets C; is contained in a translated
copy of K, then N¥C; must also be contained in a translated copy of K.

(c) If the intersection of every n+1 of the sets C; intersects a translated copy
of K, then N¥C; must also intersect a translated copy of K.

To prove (a), define the sets D; := {x € R” : K C z + C;}; it is easy to
verify that the set D; is convex. Since x € D; means that —z + K C C;, the
statement x € ﬂ;-jllDij # () is equivalent to —x + K C ﬂ?jllCij, which holds
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for some = by our assumption. It follows by Theorem 13.2 that N¥D; # (), so
there exists a point a € R™ such that a + K C ﬂfCl-. This proves our claim.

The proofs of (b) and (c) are similar; define the sets D; := {& € R" :
x+C; C K} and D; :=={x € R" : (x4 C;) N K # 0} for (b) and (c),
respectively. The verification of the details is left to the reader.

Corollary 13.4. Let {Ay}aca be any collection of closed convex sets in R™
such that some finite intersection of sets from this collection is bounded and
nonempty. If the intersection of any n+1 sets from this collection is nonempty,

then NgeaAa # 0.

Proof. If F is any finite subset of A, it follows from Theorem 13.2 that
QQE}-A # 0. Let Ay := Nicr,Ai # 0 be a bounded set, and define
Ay = Ay N Ag. Each set A, is compact, and {Aq}laca has the property
that any finite intersection of sets from this collection is nonempty. It follows
from the finite intersection property of compact sets that Nye Afla # (. Thus,

ﬂaeAAa = maeAAa 7é @
O

Theorem 13.5. (Kirchberger) Let S and T be two finite subsets of R™. The
sets S and T can be strictly separated if and only if every subset of S and T,
consisting of at most n + 2 points can be strictly separated.

Here is an amusing application of Kirchberger’s theorem [114]. Suppose
that in a flock consisting of black sheep and white sheep, any four sheep may
be separated by a straight fence, that is, black and white sheep lie on different
sides of the fence. Then the whole flock can be separated by a straight fence.

Proof. We may assume that |SUT| > n+ 2. For each s € S and each ¢t € T,
define the open half-spaces in R™*!

L= {00, \) ER X R : (5,A) > Ao},
Jttz{( 0, )ERXR”I<, ></\0}.

By assumption, each n + 2 members of the family {I,: s € S} U{J, : t € T}
have a nonempty intersection. Theorem 13.2 implies that there exists a point
(Mo, A) € Nsesls N NgerJy; this means that the sets S and T are strictly
separated by the hyperplane {z : (\,x) = Ao} in R™. O

Helly’s theorem and its relatives, Radon’s, Carathéodory’s, and Kircher-
berger’s theorems among others, are the beginnings of an extensive literature
on the combinatorial properties of convex sets. The reader is directed to the
survey articles [69, 83, 156] for more information on this subject.
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13.2 Applications of Helly’s Theorem to Semi-infinite
Programming

Helly’s theorem has important applications to optimization, especially when
the number of constraints is infinite (semi-infinite programming); see [224],
[187], [228].

The theorem below is the main result of this section.

Theorem 13.6. Consider the problem
p = inf{f(x) 1g(z,y) <0, y € Y}7 (P)

where x belongs to a convex set in R™, f(x) and g(x,y) are lower semicon-
tinuous convex functions in x, Y is a (possibly infinite) index set, and the
feasible set

F:={z:g9(z,y) <0, forallyeY}

is not empty. Assume that

there exists a finite subset Z C'Y such that

13.1
{z:9(x,y) <0, y € Z} is a bounded set. (13.1)

Let §2,, be the collection of all sets w C'Y of cardinality at most n, and for
each w € (2, define the subproblem

plw) = inf{ f(x) : g(z.y) <0, y €w}. (P.)
Then

(a) p=sup,en p(w), that is,

inf{f(a:) cg(x,y) <0,y € Y} = Ldseugninf{f(av) cg(z,y) <0,y € w}.

Moreover, if p is finite, then:

(b) If each subproblem (P,) has an optimal solution, then problem (P) also
has an optimal solution.

(¢) If each subproblem (P,) has an optimal solution x*(w) and the mazimum
of p(w) is achieved at a set w* € (2, then the point x* = x*(w*) is an
optimal solution of (P) provided it is a feasible solution of (P).

(d) If each subproblem (P,) has an optimal solution x*(w), the mazimum of
p(w) is achieved at a (possibly nonunique) set w* € 2, and the optimal
solution xy := x*(wp) to at least one (P,;) is unique, then the point xj
is the unique optimal solution of (P).



13.2 Applications of Helly’s Theorem to Semi-infinite Programming 339

Proof. We assume that |Y| > n; otherwise the theorem is trivial. For each
subset Z C Y, define the corresponding feasible set Fy = {z : g(z,y) <
0, for all y € Z}; for convenience, set Fy, := F,;. Define

p = sup p(w).
weN,
If we §2,, then F C F,, and p(w) < p; consequently p < p. We claim that
the reverse inequality p > p also holds. This is trivially true when p = —oo,
so assume that p € RU {oo}. If p € R, for € > 0, define the set

Ce:={z: f(z) <p—e€}.

Note that C. N F = Cc N Nyey Fy = 0, but Nyey Fy # 0. It follows from
Corollary 13.4 that there exists a subset w € (2,, such that C, N F,, = (; this
gives p > p(w) > p — € for all € > 0, proving the claim. If p = oo (that is,
(P) is infeasible), we want to prove that p = oo. If p < M < oo, then define
D :={z: f(z) < M} and note that DNF,, # 0 for every w € §2,,; this implies
that DN F # () and gives the contradiction p < M < oo.

To prove part (b), note that if w € £2,,, then

{z: f(x) <pwW)}NF, C{z: flx)<p}NE,=CoNE, #0,

since the first intersection is nonempty by hypothesis, and the inclusion follows
because p(w) < p. By Corollary 13.4, Cy N F # (), and any point z in this
intersection is clearly a minimizer of (P).

Part (c) is trivial: f(z*) = p = p and z* is feasible for (P) by assumption.

It remains to prove part (d). We know by part (b) that (P) has an optimal
solution 7. Clearly, 7 is a feasible solution to (P, ), and we have

f(@) =p=p=plws) = f(xg),

which proves that Z = xf is the unique optimal solution to (P). O

We remark that it is possible to obtain results similar to Theorem 13.6
by imposing compactness assumptions on the index set Y instead of the as-
sumption (13.1) on the feasible set; see Levin [187] (Theorem 1) for more
details.

13.2.1 Chebyshev’s Approximation Problem

Let f(x) be a continuous function on the interval [a, b], and n a given positive
integer. Chebyshev’s approzimation problem we consider here is concerned
with approximating the function f(z) on [a,b] by a polynomial p of degree at
most n — 1 such that the uniform norm

I =Pl = max £(z) - p(x)
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is minimized. This is a central problem in approzimation theory. A variant of
the problem is solved explicitly in Section 12.5 by semi-infinite programming
techniques. Following [224], we use Theorem 13.6 to solve Chebyshev’s prob-
lem. Many other important problems in approximation theory, and in general
in semi-infinite programming, can be solved similarly using Helly’s theorem
as a main tool.

Our problem is a minimax problem

i - , 13.2
,in | max |f(z) — p(z)| (13.2)

where P,,_1 is the vector space of polynomials of degree at most n — 1. We
can write it as the semi-infinite (linear) program

(z,a)eRn+1

n—1
min {z =z < fx) — Zaixi <z, x € la, b]} (13.3)
=0

We give a characterization of the solution in Theorem 13.10. As dictated by
Theorem 13.6, we first need to solve a finite-constraint version of Chebyshev’s
approximation problem. This is done in the following two lemmas.

For z € R¥, we define

|z|loc = max{|z;| :i=1,...,k}.
Lemma 13.7. Consider the problem
min{||z : (b, z) = B},
where b = (bo, b1, ...,b,), and b; # 0 for all i.

The optimal solution x* is unique, and x* and the optimal objective value
p are given by
_ 18
- n )
Zi:o ‘bz’|

Proof. Clearly, we can assume that 5 > 0. We have

xf = psgn(Bb;), i=0,...,n.

n

8= biwe <D Ibal - il < Jalloo (3 I0i]).
=0 1=0

=0

and ||z]|s is minimized only when the inequalities above are equalities, which
happens if and only if p = 8/(3>_ 1, |bi]) and b;x; = |b;| - |z;| = |bi]p for all 4,
that is, x; = sgn(b;)p for all 4. O

The next result gives the best approximating polynomial on a finite set of
points.
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Lemma 13.8. Let {(x;,y:) "y be n+ 1 given points in the plane such that
To <1 < - < Ty,

and consider the minimax problem

i - — plx; 13.4
pgjgl_lmiaXIyz p(;)], (13.4)

which seeks a polynomial p(x) = ap_12" 1+ -+ 4+ ayx + ag of degree at most
n — 1 that best fits the data points {(x;,y;)} in the sense that it minimizes the
quantity

p(xo, @1, .oy Xy) = max ly: — p(a;)|.
The optimal objective value p(xg, 1, ...,Ty,) s the absolute value of the
quantity
n—1 n—1|"1
Yo 1 xo ... xy 1 1lzo...2§
yllxl...x?fl -1 lxl...ﬂ“l
Yo lag ... (=" 1o, ... 201
and there exists a unique polynomial p* achieving p(xg, 1, ..., Ty), which is
characterized by the condition that the discrepancies {y; —p*(z;) Y, are equal
in absolute value to p(xg,x1,...,2,) and alternate in sign.

In light of Theorem 13.6, it is perhaps not surprising that the characteristic
alternation property of the optimal solution in Chebyshev’s approximation
problem (see Theorem 13.10 and Lemma 13.11) is already present in this
finite-dimensional approximation subproblem.

Proof. Writing u; = y; — p(x;) for the discrepancies, problem (13.4) becomes
the optimization problem

min  [|ulls

(13.5)
s.t. Xa=y—u
in the decision variables a and u, where
1z ... 1'6171 ao Yo Uug
1z ... x?_l a Y1 U
X = : soa= . |, o y=|[ .|, and u=
Loy, ...an" 1 Gn—1 Yn Un

Since the vector a can be chosen at will, the vectors w in the constraint
Xa = y — u fill the affine space y + R(X). The matrix X has linearly in-
dependent columns, since augmenting it with the column (2%, ... ,2")7 yields

a Vandermonde matrix with determinant [, ,(2; —;) > 0. This implies that
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y + R(X) is an n-dimensional affine space in R"™!, hence a hyperplane, and
can thus be described by a single linear equation in u. This equation is

n—1
up — Yo 1 g ... T

n—1
UL — Y 1 Ty ... Ty

n—1

Uy —Yn L Ty ... 2]

which simply expresses the linear dependence of the vectors consisting of y —u
and the columns of X. Therefore, the constraint of (13.5) is given by

uolxo...xg_l yolxo...xg_l

ullxl...x?71 yllxl...x?71
1 n—1 1 n—1

Un 1 Xy ... 2] Yn 1 Tp oo 2l

Denoting the right-hand by 3 and expressing the left-hand side by expanding
the determinant using the first column, we can write this equation in the form
St o biu; = B, where

bi| = (=1)'b; = det[(zx) Tkpiocicn = [ (@x—x1) >0

k>1ik, I
and .
n—
1 1x...% .
-1 1 Ty ... Z?

I
=0

(- 1y, ...an 1

The lemma is completed by invoking Lemma 13.7. The optimal polynomial
p* is unique, since a can be determined uniquely from y — u. O

Theorem 13.9. Let f(x) be a bounded (not necessarily continuous) function
on the interval [a,b], and n a given positive integer.
The problem

min{||f — pllec : p € Pp—1}
has an optimal solution p* € Pp_1, and

P = |1f =0l = sup{p(xo,z1,...,2n) ra<xo <21 < <y < Db}

The supremum is achieved at some {x;}{}, and the optimal value p* is the
absolute value of

f(zo) 1950...3:6’71 1 1z ...ngl
flz) 1ag ... x{‘_l -1 1ay... x?_l

flp) Lay, ...oant (-D)" 1y, ...an?
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Proof. We write our problem as the semi-infinite linear program (13.3) in the
decision variables (z,a) = (z,aq,...,a,_1) € R""1. We can clearly assume
that [2] < sup,e(q [f(2)] (pick p = 0), and if we choose a < xg < z1 < -+ <
Tn < b, then it is easy to show, using the invertibility of the Vandermonde
matrix, that the linear constraints

have a bounded set of feasible a. The theorem follows immediately from part
(b) of Theorem 13.6 and Lemma 13.8. O

Theorem 13.10. (Chebyshev’s theorem) Let f(z) be a continuous func-
tion on the interval [a,b], and n a given positive integer.

There exists a unique polynomial p* of degree at most n — 1 minimizing
the norm || f — plleoc on [a,b].

Moreover, there exist n + 1 distinct points xg < x1 < -+ < Zp in [a,b]
such that the minimum norm p* := || f — p*||c satisfies

p* = p(x07x17 cee 3x7l)a
and the discrepancies f(x;) — p*(x;) are equal to p* in absolute value and
alternate in sign.

Proof. Theorem 13.9 guarantees everything except the uniqueness of p*. Ex-
tend the function p(zg,1,...,2,) to all of [a,b]"*! by defining it to be zero
when {z;}{ are not all distinct. Note that the uniqueness will follow from part
(d) of Theorem 13.6, provided we can show that p(xo, 1, . .., 2, ) is continuous
on [a,b]" 1.

We may assume p* > 0, because otherwise f itself is a polynomial of degree
at most n — 1, p* = f, and the function p is identically zero. The formula for
p(xo,1,...,2,) in Lemma 13.8 shows that it is a continuous function if all
x; are distinct. To prove that it is everywhere continuous, let

) = (mék),xgk),...,x%k)> — = (T, T1,. .., Tn),

where the components of x are not all distinct. By the Lagrange interpolation
formula, there exists p € P,,_1 such that p(z;) = f(x;) for i = 0,...,n. Since

f is continuous, we have for ¢ =0, ..., n,
k k
p(e™) < |f (@) = plai)| = |F(xs) = plai] =0,
proving p(z®*)) — p(z). O

The alternation property in Theorem 13.10 actually characterizes the op-
timal solution to Chebyshev’s approximation theorem. The following result
goes back to de la Vallée-Poussin.
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Lemma 13.11. Let f(x) be a continuous function on the interval [a,b], and
n a giwen positive integer.

Let p* € Pp,—1 be a polynomial of degree at most n—1 such that there exist
n + 1 distinct points xg < x1 < -+ < X, in [a,b] with the property that the
discrepancies f(xz;) —p*(x;) alternate in sign and their absolute value is equal
to a constant p > 0.

Then p is an optimal solution to Chebyshev’s approximation problem (13.2),
and p is the optimal deviation p = p* := minpep, , ||f — plloc-

Proof. Suppose that there exists p € P,,_1 satisfying || f — p|lcoc < p. Then the
polynomial 7 := p — p* € P,,_1 has the property that

r(wi) = (f(zi) = p* (i) = (f(2:) —p(2:)) € Fp+ (—pp), i=0,...,m,

so that two consecutive values r(z;) and r(z;41) lie in the disjoint intervals
(—2u,0) and (0,2u), thus are nonzero and alternate in sign. By the interme-
diate value theorem, r must have n distinct roots in [a, b]. This means that
r(x) is identically zero, a contradiction. We have proved that p* > u, and
since |f(x;) — p*(z;)| = p, we must have p* = p. O

13.3 Barany’s and Tverberg’s Theorems

We describe two results here, one by Bardny [22] generalizing Theorem 4.13
(Carathéodory’s theorem) and the other by Tverberg [257] generalizing Theo-
rem 13.1 (Radon’s theorem). The proofs below are taken from [63]; the elegant
proof of Tverberg’s theorem uses an idea from [235].

Theorem 13.12. (Bdrdny) Let {A;}"]' be n + 1 nonempty sets in R™. If
x € R™ belongs to the convexr hull of each set A;, then there exists a point
x; € A; such that x belongs to the convex hull of {x1,...,Zns1}.

Note that the theorem reduces to Carathéodory’s theorem if A; = Ay =
<+ = Ap41. Bérany’s theorem is referred to as the colorful Carathéodory’s
theorem for the following reason: assume that all points of A; are given a
certain color, say red, all points of A; are given a certain color, say blue,
etc. The theorem states that if the convex hulls of all monochromatic sets A;
have a common point z, then x must be in the convex hull of a colorful set
A={a1,...,an41} with a; € A;.

Proof. We may assume, without loss of generality, that x = 0, and by virtue
of Theorem 4.13 that each A; contains at most n + 1 affinely independent
points. Consider the collection A of all colorful sets A = {z1,...,2ny1} with
x; € A;; A is a finite collection of sets. For a set A € A, define

d(A) = min{||z| : x € co(A)}.



13.3 Barany’s and Tverberg’s Theorems 345

Since co(A) is compact, the minimum is achieved, say at point a € co(A).

Suppose that d(A) > 0 for all A € A; we will obtain a contradiction by
showing that if A € A is the set with the smallest d(A) > 0, we can find
A € A such that d(A) < d(A). Since a € A is the closest point to zero, a lies
in a proper face of A, so that a € co(A4\ {a;}) for some a; € A;. The set
{z € R" : (x — a,a) < 0} contains the point zero. Some point a&; € A; must
also lie in this set, since otherwise we have (y —a,a) > 0 for all y € A;, and
since 0 € co(A;), this leads to the contradiction (—a,a) = —|la|| > 0. Now
define the set A that is obtained from A by replacing a; with @;. We have
[a,a;] € A, because a,a; € A; if t > 0 is small enough, we obtain

(1 = t)a + ta;]|* = [la]|* + 2t(a,a; — a) + *[|a; —a]|? < [|a]*.
This proves the claim and the theorem. a

Theorem 13.13. (Tverberg) Let r > 1 be an integer, and A C R™ a set
with (r — 1)(n 4+ 1) + 1 distinct elements. Then A can be partitioned into r
sets whose conver hulls have a common point.

Proof. The proof utilizes Bardny’s theorem. Define k := (r — 1)(n + 1). Let
A ={ag,a1,...,ar} and define

A={ag,ar,...,a}, @ = <af> eR"™ i=0,1,... k.
For each @;, associate the set
Ap o= My, Mo, ..., M1, My}
= {[ai,o,...,oL 0,3;,0,...,0),...,[0,...,0,a], [—ai7—ai,...,—ai]}
of (n+1) x (r — 1) matrices; note that we have M;; + - -+ + M; = 0, so that
0 € co(4;),i = 1,...,r. Identifying R* with the vector space of (n+1)x (r—1)

matrices, Theorem 13.12 implies that there exist matrices M;;, € A; and
A >0, 3% A\ =1, such that Y-F_  A\;M;;, = 0. Define

Li={i:j;=370<i<k}, j=1,...,mr

Then {I;}] is a partition of the index set {0,1,...,k}, and we have

0= ZT:Z/\iMij

j=14€l;
=A@, 0,00+ > Ni[0,@,0,...,0]+ -+ > N[0, a]
i€l i€ly i€l

+ Z )\i[faia RN 761']'

i€l
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This implies that
a = ZAlaz = Z)\Zal:: Z)\iai,
i€l i€ly i€l
and recalling that the last component of each @; is 1, we also have
1
Z,\i:Z)\i:...:Z,\i:;.
i€l i€l icl,

Define
Aj::{ai:ielj}, j=1...r

We see that {A;}] is a partition of A into r sets such that ra € N}_; co(A;).
The theorem is proved. a

Note that the theorem reduces to Radon’s theorem when r = 2. It can
be given a colorful interpretation: if A C R™ has (r — 1)(n + 1) + 1 distinct
elements, then A can be partitioned into r monochromatic sets whose convex
hulls have a common point. It is known that (r — 1)(n + 1) + 1 is the best
constant, so that the theorem is false for any smaller integer.

The computational complexity of these colorful theorems and related prob-
lems are discussed in [23].

13.4 Homogeneous Convex Functions

Let K C R™ be a convex cone containing the origin, and p > 0. A function
f: K — R is homogeneous of degree p if

ftx) =t f(x) forall t >0, z € K.

A convex homogeneous function of degree one is called a sublinear function.
The usual definition of strict convexity is not meaningful for a sublinear func-
tion, because if z and y are positively collinear, say y = ax for some a > 0,
then

flaty) = f(at+ax) = f(1+a)z) = (1+a) f(z) = f(z)+af(z) = f(2)+f(y);
thus it is more natural to call a sublinear function f strictly convex if
fle+y) < f(x)+ f(y) for all z,y not positively collinear.

Recall that if f is a convex function, then the directional derivatives always
exist (but may be Foo); in fact,

f(w:d) = Tim flx+td) — f(z) o f@ttd) — f(x)
AN t T 50 t

)

see Exercise 9 on page 108.
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Lemma 13.14. The directional derivative of a convex function f is sublinear,
that is,

f(xydi +d2) < f'(25dh) + f'(25do).
Proof. We have

1 1
§m+¢m)+§@+¢@ﬁ

fo+tdy) + %f(a: +tdy),

f(ﬂH‘%(dH-dz)) =f<
.

which implies

S @+ +da) = f() _ flottdy) = fla) | S+ tdy) — f(x)
t/2 = t t :

we obtain the lemma by taking the limits of both sides as ¢ \, 0. O

Lemma 13.15. A sublinear function f : K — R is strictly convex if and
only if
fy) > f'(x;y) for all x,y not positively collinear.

Proof. Let x,y be not positively collinear. If f is sublinear, then f(x + ty) <
f(z) + f(ty) = f(x) +tf(y), and this implies for any ¢ty > 0,

ooy fletty) = fw) _ flzttey) — flz)
fiayy) = inf , < »

< f(y).

Conversely, we have f(x) > f'(x +y;2) and f(y) > f'(z+ y;y). Since f'(z;-)
is sublinear by the previous lemma, we obtain

f@)+ fly) > flle+y;x+y) = flz+y),

where the last equality follows because
(L+8)f(2) - f(2)

f'(z;2) = inf fztts) = f(2) = inf = f(2).

t>0 t t>0 t

O

Lemma 13.16. Let f : K — [0,00) be a convex function on a convex cone
K CR", 0€ K, such that f(z) > 0 for x # 0.

If f is homogeneous of degree p, then g(x) = f(z)'/P is a sublinear function
on K. If f is strictly convex in the sense that

F((L=t)z +ty) < (1 =) f(x) +1f(y),

where 0 < t < 1 and x,y are not positively collinear, then g is also strictly
CONveL.
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Proof. Since g is homogeneous of degree one, it suffices to prove the inequality
g(x+y) < g(x) +g(y), (13.6)
because we then have
g((L=t)z +ty) < g((1 —t)z) +g(ty) = (1 — t)g(x) +tg(y).

The inequality (13.6) is clearly true if x = 0 or y = 0. If  and y are both
nonzero, then g(z) > 0 and g(y) > 0; letting ¢t = ¢(y)/(9(z) + g(y)) (and
1—t=g(z)/(g9(x) + g(y)), and using the convexity of f, we obtain

o(serram) =0 (0056 i)
= f ((1 — )t ty)l/p

g(z)  g(y)
2 y 1/p
< ((1—t>f<gm>+tf<g(y)>) |
Note that ) f( )
f@m)wwﬂ”ﬂmh

similarly f(y/g(y)) = 1. Thus, we have

_ Tty _ 1/p _
g <g<x>+g<y>) S(@=H+)7r=1,

proving (13.6). If f is strictly convex, x and y are not positively collinear, and
0 <t < 1, then we have strict inequalities above, and g is strictly convex. O

We use the above lemma to give a quick proof of Minkowski’s inequality,
which is an important result in analysis. Let p > 0. If z = (21, 29,...,2,), we

define
1/
Joll, = (Zw) ’

Minkowski’s inequality states that ||z]|, is a sublinear function, so that ||z||,
is a norm in R™.

Corollary 13.17. (Minkowski’s inequality) Let p > 1. Then
lz +yllp < llzlly + llyllp for all z,y € R",

with equality holding if and only if the vectors x and y are proportional, y = ax
or x = ay, with a > 0.
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Proof. The function t — tP is strictly convex for ¢t > 0, since its derivative
ptP~1 is strictly increasing. It follows that the function f(z) = Y1 af is
convex on R (it is a sum of convex functions), and it is easy to verify that f
is strictly convex. Thus, the function g(x) = f(z)*/? = ||z||, is strictly convex

on R", proving Minkowski’s inequality in R},
[z +yllpy < llzllp + llyllp forall 2,y cRE,

with equality holding if and only if z and y are proportional.
If 2,y € R™ are arbitrary, denote by u and v the vectors with components
|z;| and |y;]|, respectively. Applying Minkowski’s inequality u,v gives

lz+yllp < llutvlly < llullp + vl = [zl + lyllp,

where the first inequality follows from |z; + y;| < |z;| + |y;|. Now the second
inequality holds with equality if and only if the vectors v and v are propor-
tional, and the first one if and only if |z; +y;| = |z;|+|y;:| foralli =1,...,n. It
is easy to see these two conditions are equivalent to the condition that y = ax
or x = ay with a > 0. O

13.5 Attainment of Optima in Mathematical
Programming

The following result [135] gives a nice illustration of the use of the decomposi-
tion theorem, Theorem 5.37, in the investigation of attainment of an optimizer.

Theorem 13.18. Let f : C — R be a convex function that is bounded from
above on a closed convex set C C R™. Then,

(a) The function f is constant along any direction on the lineality space L¢
of C.

(b) The function f is nonincreasing along a recession direction of C.
Consequently,

(¢) The function f attains its maximum on C if and only if it attains its

maximum on the set ext(C), where C = co(ext(C)) + rec(C) is the de-
composition of C given in Theorem 5.37.

Proof. Let M = sup,cc f(x) < oo. Pick a point € C, and consider the
convex function g(I) := f(I + z) on the lineality subspace Lo of C. Since
= (1/t)(tl) + (1 — 1/t)0, we have for t > 1,

1
t

1

A{+(1—¥)mm.

| =

o(it) + (1~ 7)9(0) <

g(l) < ;

Letting ¢ — oo gives g(I) < ¢(0). Since —! € L¢, we also have
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9(0) < 390) + 59(-1) < 29(0) + 59(0),
)

or g(0) < g(I). Therefore, we have g(I) = g(0
x € C and | € L¢, proving (a).

Next, pick z € C and d € rec(C). Since z + d = (1 — })a + 1(x + td), the
convexity of f gives, for ¢t > 1,

that is, f(z +1) = f(z) for all

fa+d) < (1- %)f(:c) + %f(a:—&-td) <(1- %)f(x) + %M7

and letting ¢ — oo gives f(z +d) < f(x), proving (b)
Finally, if z1,z2 € ext(C) are two extreme points and 0 < ¢ < 1, then

F(L=t)zy +tz2) < (L —t) f(z1) + tf(22) < max{f(z1), f(z2)}.
Since C' = co(ext(C)) + rec(C) by Theorem 5.37, the proof is complete. O

Corollary 13.19. Let f : C' — R be a convez function bounded from above
on a closed convex set C C R".

If C is a convex polyhedron, then f attains a mazimum on C. The same
result is true if ext(C) is compact and f is upper semicontinuous on C.

Proof. If C' is a convex polyhedron, then Theorem 7.13 implies that f attains
its maximum on {v;}¥. The rest of the corollary follows immediately from
Theorems 13.18 and 2.3. a

13.6 Decomposition of Convex Cones

In this section, we show that any pointed (line-free) convex cone decomposes
into a direct sum of indecomposable or irreducible components in a unique
fashion. This is a special case of a result in [113]; the more general result there
is in an affine setting, which renders the proof more technically involved. The
proof here is more accessible.

Recall that the Minkowski sum of a collection {A4;}7, of sets of E is

defined as .
=1

If all of the A; = E; are linear subspaces {0} # E; C E that satisfy F =
Ey+--+ Ep and E; N (32,4, Ej) = {0}, then we say that E'is a direct sum
of {E;}7" and write

E=E10E& &Ly

In this section we assume that every cone contains the origin.
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Definition 13.20. Let K C E be a pointed convexr cone. K is called decom-
posable if there exist cones {K;}™,, m > 2, such that K = K1 +--- + K,
where each K; lies in a linear subspace E; C E, and where the spaces {E;}™
decompose E into a direct sum E=FE1 S Ey®---® E,,. Fach K; is called a
direct summand of K, and K is called the direct sum of the {K;}. We write

K=K oKy® ---dK,, (13.7)

to denote this relationship between K and {K;}" . K is called indecompos-
able or irreducible if it cannot be decomposed into a nontrivial direct sum.

Let us define EAl = @ F; and IA{l = @4 K;. If K is the direct sum
(13.7), then every x € K has a unique representation = x1 + - -+ + &,,, with
x; € K; C E;. Thus, x; = I, x, where Iy, is the projection of E onto E;
along E;. Also, since 0 € K;, we have K; = K; + >t0} € K =K.
Therefore,

I, K=K, CK.

This implies that K; = IIg, K is a convex cone. Similarly, we have
(I-Ig)K =13 K=K, CK.
We first prove a useful technical result.

Lemma 13.21. Let K be a pointed convex cone that decomposes into the
direct sum (13.7). If x € K; is a sum x = x1 + - - + x, of elements z; € K,
then each x; € K;.

Proof. We have 0 = Il x = Il x1 + -+ + Il ). Bach term &; := Il ;
belongs to K; C K, so that &; € K and —&; = >12; &1 € K. Since K contains
no lines, we have £; = 0, that is, x; = lIg,x; € K;, j=1,...,k.

Theorem 13.22. Let K C E be a decomposable pointed convexr cone. The
irreducible decompositions of K are identical modulo indexing, that is, the set
of cones {K;}1, is unique. Moreover, the subspaces E; corresponding to the
nonzero cones K; are also unique.

If K is a solid cone, then all the cones K; are nonzero and the subspaces
{E:}T are unique.

Proof. Suppose that K admits two irreducible decompositions

m m q q
K=K cPE ad K=, cPE.
i=1 i=1 j=1 j=1

Note that each nonzero summand in either decomposition of K must lie in
span(K) and that the subspace corresponding to each zero summand must
be one-dimensional, for otherwise the summand would be decomposable.
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This implies that the number of zero summands in both decompositions is
codim (span(K)).

We may thus concentrate our efforts on span(K), that is, we can assume
that K is solid and all the summands of both decompositions of K are nonzero.
By (13.7), each € C; C K has a unique representation = z1 + -+ + Ty,
where z; = Ilg,x € K; C K. Also, Lemma 13.21 implies that z; € Cj,
and hence z; € K; N C;. Consequently, every € C; lies in the set (K; N
C;) + -+ (K N Cj). Conversely, we have K; N C; C Cj, implying that
(K1NCj)+ -+ (K NCj) € Cj; therefore,

Cj=(E1NC)) + -+ (KnnC).

Note that K; N Cj CENF;, F; = (El N Fj) + -+ (Em n 1‘7}')7 and
that the intersection of any two distinct summands in the last sum is the
trivial subspace {0}. The above decompositions of F; and C; are therefore
direct sums. Since C; is indecomposable, exactly one of the summands in the
decomposition of C; is nontrivial. Thus, C; = K;NC}, and hence C; C K; for
some ¢. Arguing symmetrically, we also have K; C C) for some [, implying that
C; C Cj. Therefore, j = I, for otherwise C; C F; N F; = {0}, contradicting
our assumption above. This shows that C; = K;. The theorem is proved by
repeating the above arguments for the cone R'i = P2 K = 125 O

Theorem 13.22 is reminiscent of the Krull-Remak—Schmidt theorem in
algebra; see [184].

13.7 Norms of Polynomials and Multilinear Maps

Let E,F be two vector spaces over R or C endowed with some norms. A
mapping p : E — F is called a polynomial if for fixed z,y € E, the map
t — p(x + ty) is a polynomial in ¢. A homogeneous polynomial of degree k
induces a k-multilinear symmetric mapping p : E¥ — F such that

p(x) = plz,z,...,x).
In fact, it is a well-known result of Mazur and Orlicz [194] that
1 b a
Bl ) = 0 (DR p(z ijj); (13.8)
ee{0,1}* 1
see [35] and [141], p. 393. One may associate two norms with such a mapping,
Ipll = sup {[lp()]| : [l«]| = 1} = sup{[|p(=z, ..., 2)|| : ] =1},
12l = sup {lIp(z1, .., 2e)| = Nzl <1, flanll < 1}

Of course, ||p|| < ||p||; conversely, the formula (13.8) implies that if ||z;|| = 1,
i=1,...,k, then
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Bl < S up||~HZe]wJka E .

" ee{0,1}*

that is,

o (2k)F
5] < o lIpll-

If E, F are finite vector spaces over R and F is a Euclidean space, then the
above norms are in fact equal. This result plays an important role in deriving
some properties of self-concordant barrier functions in the book by Nesterov
and Nemirovski [209] and is proved there in Appendix 1. It has an interesting
history and seems to have been rediscovered many times. The first proof seems
to have been given by Kellogg [162]. Subsequently, independent proofs have
been given in [258, 21, 139, 35, 264, 209], and possibly others.

The following simple and elegant proof of the result is in Bochnak and
Siciak [35] and is attributed to Lojasiewicz.

Theorem 13.23. Let E be a finite-dimensional real Euclidean space, and F
a real normed space. Then

Il = lI5]-

Proof. Tt suffices to show that ||p|| < ||p||. Let S = {z € E : ||z|| = 1} be the
unit ball in E.

First, consider the case k = 2. If z,y € S such that ||p(z,y)|| = ||p||, we
claim that

15(z +y, 2 +y)ll = 1B - =+ ylI*.

Otherwise, ||p(z+y, z+y) || < [|B||-|z+yl|?; since [|p(z—y, z—y)|| < [|5]]-lx—yl?
and
plx+y,x+y) —plx—y,x—y)

4 b

plx,y) =
we have

||P||(

18] = I5(z,y)|| < Iz +yl1 + [l — yl*)

171, :
= LRl + 20y)?) = 51,

a contradiction.

Next, we assume k > 2. There exist Z1,...,%; € S such that ||p| =
Ip(Z1,...,Z%)|- We can find a € S such that the inner products (a,Z;) are
nonzero for all i = 1, ..., k. Consequently, by replacing z; by —z; if necessary,
we see that there exists € > 0 such that the set

A = {(ml,..., )ES’k (a, ;) > €, Vi, ||p(x1,,xk)\\:||ﬁ||}

is a nonempty compact set. There exists a point (z7,...,z%) € A that max-
imizes the linear functional Zle(a, x;) over A.; we claim that
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* _ *
xli.‘.i'xk7

which will prove the theorem.
Suppose that z} # x} for a pair of indices 4, j. Note that z}7 # —u7,
otherwise, we would have the contradiction
€< (a,r}) = —(a,z]) < —e <0.
The parallelogram law

e} + 2517 + i — 2517 = 2l |1 + 2|25 )|* = 4

implies that 0 < ||zF + x;“|| < 2. Consider the point (zf,...,z},) € S*. where
/ / ‘T;k + l‘; ’ * ..
. = . = 7, pu— B l B 5
Ty =T ot + lel r=ua, L#1,]

which lies in A, because ||z} + 27| < 2. In fact, ||z} + 27| < 2, and we have

k k
Slacaf) > Y a,x),

=1 1=1
which contradicts the maximality of (z7,...,x}). O

We remark that the lemma also holds in the case that F is a real or
complex Hilbert space.

13.8 Exercises

1. Suppose that a convex set C' C R™ is covered by a finite family of open
(or closed) half-planes {H, }oca, that is, C C Uye aHy. Show that C can
be covered by at most n + 1 of the half-planes.

Hint: Show that the sets H, := C \ H,, a € A, have empty intersection.

2. Let {S;}, be vertical line segments in the plane, S; = {(x;,y) : a; <
y < Bi} = {ai} x [y, Bi].

(a) If any three of the segments S; can be cut by a line, then there is a
line that cuts all of the line segments {S;}7".

Hint: Let L; = {(a,b) : a; < axz; +b < 3;} C R? be the set of lines
that cut the segment S;.

(b) If any k-+2 of the line segments can be cut by a kth-degree polynomial
curve {(z,y) : y = apz¥ +a;2*" 1+ - +ay}, then there is a kth-degree
polynomial curve that cuts all of the line segments {.S;}7".

3. A slab of width d in R™ is the region between two parallel hyperplanes in
R™ that are d-distance apart. The width of a set A C R™ is the smallest
width of a slab containing A. Let {C;}¥ be convex sets in R™ such that
the intersection of every n + 2 of them has width at least d. Show that
the width of the intersection N¥C; is at least d.
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4. An interesting consequence of Helly’s theorem is the following result [69].
Let C C R™ be a convex body. Show that there exists a point £ € C such
that each chord [u,v] in C passing through Z is divided by Z into two
parts satisfying the condition

[z —of] 1
[ —ull —n

Thus, Z is a sufficiently “central” point of C.
Hint: For each x € C, define the set

C, :a:—&—nL_’_l(C’—x).
If {z;}§ are arbitrary points in C, prove that the point y = (xg + - +
Zn)/(n + 1) lies in the intersection N} ,Cy,. Then show that the set
NzecCy is nonempty, and that any point Z in this set satisfies the re-
quired conditions.

5. State and prove a version of Theorem 13.6 for a finite set Y without the
lower semicontinuity assumptions on the functions f and g, and without
assuming that {x : g(z,y) <0,y € Z} is a bounded set for a finite subset
ZCY.

6. State and prove an analogue of Theorem 13.6 for the minimax problem

inf su T
Iecaeg%( )s

where all ¢, are lower semicontinuous convex functions on a convex set
C in R™.

Hint: Convert the minimax problem into the minimization problem inf{z :
va(x) —2 <0, € A} as in Section 13.2.1.

7. This problem outlines a straightforward proof of a result of Bohnenblust,
Karlin, and Shapley (see [157], Theorem 1), which the last two authors use
to prove a number of interesting results in convex sets (including Helly’s
theorem) and in approximation theory [157].

Let F := {¢a}aca be a family of continuous convex functions on a com-
pact convex set K C R™. Assume that

for each x € K, ¢(x) is positive for some function ¢ € F. (13.9)

Prove that there exist k < n+1 positive numbers {\; }¥ satisfying Elf Ai =
1, and functions {p;}} C F such that the function

k
o(x) == Z Aipi(x) is positive on K. (13.10)
i=1

Prove this result by the following steps:
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(a) Show that the assumption (13.9) is equivalent to

inf o) > 0. 13.11
Jnf sup () ( )

(b) Convert the minimax problem into the minimization problem
inf{z : pa(x) —2<0, a € A},

and use Theorem 13.6 to prove that there exist @;(z) € F,i =1,...,k,
where k < n + 1 such that the function

(@) = max oi(v)
is positive on K.
(c) Let A1 be the standard unit simplex in R*. Note that ¢(z) =
maXieA, , Zle Aipi(x). The proof of (13.10) then follows from

k k
PR = R, 2 i) = g i 2 A ()
where the last equality follows from an appropriate minimax theorem:;
see Chapter 6 in Aubin and Ekeland [10].

8. The result of Bohnenblust, Karlin, and Shapley described in the previous
problem is equivalent to Helly’s theorem. In particular, show that it im-
plies the version of the Helly’s theorem in Corollary 13.4 in which each set
in the family is compact. (In fact, part (c) of the previous problem is not
needed.) Since the proof of Corollary 13.4 is done in two stages, first for
a family compact sets, then in the general case, we obtain its full proof in
this way.

Hint: Define the function ¢, (z) := d(x, Aq) = min,c4, ||z — z||, the dis-
tance function to the set A,.

We remark that Rademacher and Schoenberg [224] give a geometric proof
of Helly’s theorem in a similar manner, by characterizing (in a different
way) the optimal solution to a minimax problem mingeg» max; d(z, K;),
where {K;} is a finite family of compact convex sets in R™.

9. The purpose of this problem is to prove Jung’s inequality

D(S) > v/2(n+1)/n R(S)

using Helly’s theorem. (The same problem is treated in Section 12.2 by
semi-infinite programming techniques.)

Let S C R™ be a compact set. Define the diameter of S as D(S) :=
max{ ||z —y|| : z,y € S}, and the inradius R(S) := mingeprr maxyeg ||z —
y||, the radius of the smallest ball containing S.
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(a) Prove the claim that if Jung’s inequality holds for sets with cardinality
at most n + 1, then it holds for all compact sets.
Hint: For x € S, define the closed ball B(z) := B T EmIID(S) ().

Show that the hypothesis of the claim implies that N,c., B(z) # () for
allw={z1,..., 2041} CS.

(b) Let S = {y1,..-,Ynst1} C R™. Show that there exists a point x*
minimizing the function ¢(z) := max; ||z — y;||.

(¢) Show that the point z* in (b) lies in co(.S), so that Z?:ll Ai(r* —y;) =
0 for some nonnegative A;, not all zero.

Hint: If not, then separate x* and co(S) by a hyperplane H; then,
moving x* orthogonally slightly toward H, we can decrease the dis-
tance between z* and each y;. Why?

(d) Complete the problem using the technique in the proof of Theo-
rem 12.5 starting with the equations 3, ; \iAjlly; — yil> = - =
2R(5)2.

10. State and prove versions of Barany’s and Tverberg’s theorems for convex
cones.

11. It is customary to prove Holder’s inequality and then deduce Minkowski’s
inequality from it. In this problem, we reverse the order of the proofs. Let
p>1and g > 1 be conjugate exponents, that is,

1 1

-+-=1, p>1q¢g>1.
p q

Holder’s inequality states

(@, y) <llzllp - lyllq

for all nonnegative, nonzero z,y € R"™.
(a) Assuming Minkowski’s inequality, prove that Lemma 13.15 implies

_ 1 _
wlla = Ny, (s ) ),

for all z,y € R}\{0}, with equality holding if and only if z and y are

proportional.
(b) Define 2 = (227,...,2¢71), and show that |z[|5 = ||z[|Z. Use these
and (a) to conclude that Holder’s inequality holds for x,y € R™ , with

equality holding if and only if the vectors (z¥,...,2zP) and (y{,...,y2)

are proportional.

(c) Show that Holder’s inequality holds for vectors in R™, with equality
holding if and only if the vectors (|z1|?, ..., |z, [P) and (|y1]9,. .., |yn|?)
are proportional.

12. Let p > 1, and define the homogeneous function of degree one

Fol@) = (af = |zaf? — - — |za )P
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on the set

K, = {x = (21,%) = (£1,%2,...,Tpn) : T1 > ||i“||p}

The goal of this problem is to show that f, is a concave function on K.
(a) Show that K, is a convex cone. (When p = 2 and n = 4, this is the
forward light cone, or the Lorentz cone, in physics.)
(b) The hypograph of f is the set

hypO(fp) = {(:L',,u) rr e K, fp(x) > M}‘

Note that f,(z) > 0, and use it to show that f, is a concave function
if and only if hypo(f) N{(z, x) : p > 0} is convex.
(c) Show that

hypo(fp) N {(@, 1) : p 2 0} = {(z1, &, 1) s p 2 0,21 2 ||(1s, T)[p}-
Show that this set is convex; conclude that f, is a superlinear function,
fo(@+y) = fp(@) + fp(y) forall z,y € K,.

This is called Bellman’s inequality.
(d) Show that the above results and Lemma 13.15 imply Popoviciu’s

inequality
T1Y1 — Tayz — - — TaYn = fp(2) - foly) Vo € Kp, y € Ky,

where p, ¢ > 1 are conjugate exponents, that is, p~' + ¢! = 1.
13. (Hilbert metric) Let K be a compact convex body in R™. Let us first
define an asymmetric distance function D(a,b) on C = int K,

_ 1 111
D(a,b) =1 P

see Figure 13.1. Note that D(a,b) — oo if a — OK. Show that
D(a,c) < D(a,b) + D(b, ),
by verifying the following assertions:

(a) Define a = (1 — a)f + ab; then D(a,b) = —Ina. Similarly, define
b=(1-8)g+pPc,a=(1—7)k+~c, and k = (1 —0)f+dg. Show that

_ l-a a(l = p5)
(b) Show that
D(a,c) <1In ekl _ —In(aB) = D(a,b) + D(b,¢).

jak|
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Fig. 13.1. Hilbert metric on a convex body.

Consequently, D(a,b) satisfies the triangular inequality, and it is clear
that D(a,b) = 0 if and only a = b. However, D(a,b) # D(b,a), so D is
not a metric in the usual sense. It is easy to fix this defect by defining a
new distance

,7 _ 1 (16f]- lah]
d(a,b) := D(a,b) + D(b,a) =In <|af| : bh|) .
(c) Show that d(a,b) is a metric in the usual sense.
It is called the Hilbert metric on C. Note that d(a,b) — oo when a or b
approaches the boundary of C'.
This problem constructs an interesting isomorphism between R™ and an
open convex polyhedral cone, and another one between R™ and the interior
of a solid convex polytope.
Consider the functions f,g: R" — R,

k
fl@)=> a;e™™ and g(z) =Inf(z),
=1

where {a;}¥_; are positive numbers. Assume that the convex cone

k
K:{Zuiuizui>0, z':l...,k}
=1

is a proper (K # R™) and open polyhedral cone in R".
Define the maps

F(z)=Vf:R" -R" and G(z):=Vg:R" —R"

(a) Show that the function f is strictly convex.
Hint: Use the Taylor series for f(x + td) to compute d” H f(z)d, and
prove that dT H f(x)d = dT DF(x)d = 0 implies d = 0.
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(b) Use (a) to prove that the mapping F'(z) is one-to-one. Use the inverse
function theorem to prove that the range F(R™) is an open set.

(c) If up is an extreme direction of the polyhedral cone K, then show

that u; € F(R").
Hint: Argue that the ray {tu; : t > 0} is an exposed face of K, so
that there exists a vector v such that (uq,v) = 0, but (u;,v) < 0 for
j=2,..., k. See what happens to F'(w+tv) as t — oo, and show that
one can choose w € R" such that F(w + tv) — u; as t — oo.

(d) Prove that F(R™) is almost convex in the sense that the sets F'(R")
and int F'(R™) are both convex.

Hint: Use Proposition 11 in Section 6.7 of Aubin and Ekeland [10];
even better, prove the assertion directly.

(e) So far, it has been shown that F'(R™) is an open convex set contained
in K whose closure is K. Prove that F(R") = K. Argue that F is an
analytic isomorphism between R" and K.

(f) Prove that the function g(x) is convex.

Hint: Either compute the Hessian Hg(x) using the Taylor series for
g(x + td), or use Exercise 19 on p. 111.
(g) Show that

Y
G(z) = Vg(z) = eluntly,
2 g

maps R™ one-to-one onto the interior of the convex polytope P =

CO(U,l7 RPN ,uﬁ).
Hint: Let K be the open polyhedral cone generated by the vectors
{(u;,1)}5_; in R**! and use the results above to show that

k s
F(@,&n41) = e (E aiet o,y Oéi€<u'“x>)
i=1 i=1

maps R"*! one-to-one onto K. To finish the proof, note that P can
be considered as the intersection of K with the plane y,+1 = 1.
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Three Basic Optimization Algorithms

This chapter has a different focus from that of the rest of the book. While
all the other chapters deal with the theory of optimization, this chapter deals
with numerical algorithms for finding solutions of optimization problems. Al-
though, for space reasons, we cannot go into this vast, central aspect of opti-
mization in great depth, it is important to give an introduction to it, and to
show how numerical methods and the theory of optimization fit together.

In this chapter, we discuss three central algorithms: the steepest-descent
method, Newton’s method, and the conjugate-gradient method. The first two
are chosen because many algorithms in optimization are based on them. The
last algorithm is a powerful method for solving the very specific problem
of minimizing convex quadratic functions in R™ (or equivalently for solving
linear equations Az = b where A is a symmetric positive definite matrix). It
is chosen because of its intrinsic importance, and to show that, sometimes,
a simple modification of a slow algorithm (in this case the steepest-descent
method) can lead to a method with much better theoretical and practical
properties.

The steepest-descent method is indeed a very slow algorithm and is not
used much in practice. Its merit lies in the fact that it is simple and reliable.
Once we choose any starting point and an appropriate line-search routine, the
method will decrease the value of the function we are minimizing and even-
tually will find a local minimizer. The success of an optimization algorithm
often hinges on the quality of its line-search algorithm, and the line-search
routines we discuss here are also useful in other algorithms.

We discuss the convergence rate of the steepest-descent method for min-
imizing a very simple function, a strongly convex quadratic function. The
estimate we give, due to Kantorovich, hints that the steepest-descent method
may be very slow; a later result of Akaike [2] confirms that the steepest-descent
method often performs at the rate given by Kantorovich’s estimate.

We also examine the steepest-descent method for minimizing a class of con-
vex functions, and show that it is possible to extend the convergence rate re-
sults for quadratic functions to this class of problems. Moreover, it is even pos-

O. Giiler, Foundations of Optimization, Graduate Texts in Mathematics 258, 361
DOI 10.1007/978-0-387-68407-9 14, © Springer Science +Business Media, LLC 2010
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sible to obtain conjugate-gradient-like methods for the same class of problems
with improved convergence rates; see for example [206, 204, 207, 117, 208].

Newton’s method (sometimes called the Newton—Raphson method) is ac-
tually a method for the more general problem of finding solutions to a system
of nonlinear equations. It is a local method, meaning that it is guaranteed to
work in a neighborhood (perhaps a very small neighborhood) of a solution; it
could even be chaotic far away from a solution. It has the merit is that it is
a very fast method; in technical terms, it converges quadratically in a neigh-
borhood of the solution. The celebrated theory of Kantorovich can be used
to estimate the size of the quadratic convergence region. We give an account
of his theory in this chapter. There have been two important recent advances
in Newton methods that we do not treat here. One is Smale’s theory [33] for
estimating the quadratic convergence region using data (function values and
derivatives) at a single point, and the other is the theory of self-concordant
functions due to Nesterov and Nemirovski [209], which is the cornerstone of
the theory of interior-point methods. Self-concordant functions are a very spe-
cial class of convex functions for which Newton’s method converges globally,
at a predetermined linear rate far away from a solution and at a quadratic
rate locally. The interested reader can find a wealth of information in the book
[209] and a concise introduction in [226].

The conjugate-gradient method of Hestenes and Stiefel [132] was originally
a method for minimizing a strongly convex quadratic function. In this context,
it is a vast improvement over the steepest-descent method discussed above.
Although it has been extended to more general classes of functions as discussed
above, its properties are most remarkable and best understood in its original
setting, and we restrict our treatment to this case. Nowadays, the conjugate-
gradient method is a very important numerical method. It is used in practice
as an iterative numerical method for solving a linear system of equations
Ax = b, where A in an n X n symmetric, positive definite matrix, with A
sparse and n large.

We provide a fairly complete treatment of the conjugate-gradient method
here. We derive the algorithm, show its remarkable properties, and give a
complete derivation of a convergence-rate estimate for it. To a beginner, the
conjugate-gradient method may seem intricate and hard to understand. In
Section 14.10, we give an independent treatment of the method that we believe
is fairly straightforward, certainly shorter.

14.1 Gradient-Descent Methods

Let U be a nonempty open subset of R”, and f : U — R a function with
continuous partial derivatives 0f/0x;, ¢ = 1,...,n; we recall that such a
function is Fréchet differentiable.

Gradient-descent methods try numerically to find a local minimizer of
f iteratively, using only the function value and gradient information; they
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generate a sequence of points {zx}5° C U such that if xj is not already a
local minimizer of f, then

Tpr1 = F(xr, Vf(zr))

for a suitable function F such that

f(wrg1) < flog).

Thus, the function values decrease at each step of the method.

14.1.1 Descent Directions

Definition 14.1. Let v € U such that V f(x) # 0, so that x is not a critical
point of f. A descent direction for f is a nonzero vector d € R™ such that
there exists t > 0 with the property

flx+1td) < f(x) forall t, 0 <t <. (14.1)

Thus, f strictly decreases along the half-line Ry, d := {x + td : t > 0} for
sufficiently small step sizes ¢t > 0.

If f is differentiable, it is easy to characterize descent directions by calculus.
Lemma 14.2. Let x € U be a noncritical point of f, and d € R™ a nonzero
vector.

If (Vf(x),d) <0 (d makes an obtuse angle with the gradient V f(z)), then

d is a descent direction of f at x.
Conversely, if d is a descent direction of f at x, then (V f(z),d) <0.

Proof. Since f is Gateaux differentiable,
flx+td) = f(x) +t(Vf(x),d) +o(t). (14.2)

Thus, if d satisfies (Vf(x),d) < 0, then f(xz + td) < f(z) for all sufficiently
small ¢ > 0; conversely, if f(z+td) < f(x) for all sufficiently small ¢ > 0, then
letting ¢ | 0 in (14.2) gives (Vf(x),d) <O0. O

Remark 14.8. If x(t) is a curve on the level set f~1(a) = {z : f(z) = a}, then
differentiating the equation f(x(t)) = « gives

(Vf(x(t),2'(t)) = 0.

Since x/(t) is tangent to the level set f~1(a), we see that the gradient V f(z(t))
is a normal vector to the tangent plane of f~!(a) at the point .
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The Steepest-Descent Direction
In (14.2), we have
fle+td) = f(z) +t(Vf(x),d) forsmall ¢>0.

Thus, it seems that we can make the most decrease in the function value
of f for a fixed small ¢ > 0 if we minimize the quantity (Vf(x),d) over all
directions d € R™ with ||d|| = 1.

Since
(VI(x),d) = IV f(@)] - [|dll cos 0 = [|V f ()] cos,
we would choose cos() = —1, that is,
Vi@
IVf@)]”

this is the reason why the (unnormalized) direction d = —V f(x) is called the
steepest-descent direction of f at the point z.

14.1.2 Step-Size (Step-Length) Selection Rules

Once a descent direction dj is somehow chosen at the point xj, the next
iterate is given by
T4l = Tk + trdg, tg >0,

where the step size t is a suitably chosen quantity. One must exercise great
caution in choosing tj; improperly chosen t; may in fact lead to methods that
do not converge to a local minimizer.

We list here some step-length rules that have been proposed over the years:

1. (Ezact minimization rule) Choose tj such that
flag + tpdy) < f(zk + tdg) for all ¢t >0,

that is, xx + txdy is the global minimizer of ¢ on the half-line {xz) + td :
t > 0}. This rule may be very expensive or even impossible, except for
some special classes of functions such as the quadratic function we will
encounter in Section 14.2.

2. (Limited minimization rule) Choose t; such that

(g + trdy) < f(zg +tdy) forall 0 <t <s,

where s > 0 is some predetermined quantity.
3. (Constant step-length rule)

Tit1 = T + ady,

where a > 0 is a fixed, predetermined constant.
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This rule works for some functions having special properties. For example,
if V f(z) is a Lipschitz continuous function, that is, there exists a constant
L > 0 such that

IVf(y) = V@) < Lllz =yl

then one can choose ay, = ||V f(zx)||/L, that is, zx41 = zr — Vf(ax)/L;
see Theorem 14.13 on page 373.

4. (Armijo’s rule) Fix s > 0,0 < f < 1, and 0 < o < 1, and test the
inequality

fzr) = flzp 4 Bisdy) > —o(8's)(Vf(xk),d), i=0,1,2,..., (14.3)

iteratively, starting with ¢ = 0.

The idea here is that the decrease f(xzx) — f(xg+1) in the function value
should be sufficiently large. We first test the inequality (14.3) with ¢ = 0,
that is, with step size s,

flag) — f(ag + sd) > —os(V f(xg), dg)-

If the above inequality is satisfied, we set xx41 = x) + sdi; otherwise,
the decrease f(xzx) — f(zr+1) in the function value is deemed not large
enough, and we cut back the step size to (s: we set xpy1 = xp + Bsdy,
and test the inequality (14.3) with ¢ =1,

fzr) — f(og + Bsdy) > —a(V f(xr), Bsdy),

etc. This method is very practical. However, we need to prove the implicit
claim that the iterations (14.3) will eventually terminate. Suppose the
claim is false. If 7 in (14.3) is large, then t := 3's > 0 is small, and (14.3)
gives

f(l‘k + tdk) > f(xk) + at(Vf(kadk)

Comparing this with
[y +tdy) = far) + UV f(r), de) + o),

we obtain

(o~ DV (ar)sde) + 2 <o

letting t \, 0 gives
(0 = 1)V (k). di) <0,

a contradiction, because o — 1 < 0 and (V f(xy),dr) < 0. The claim is
proved.
5. (Goldstein’s rule) Fix ¢ € (0,1/2). Choose t, such that

(o) + (1 = )te(Vf(zr), dp) < f(zp + tdy)
< flxx) + cti(V f(zr), di)-
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As in Armijo’s rule, the second inequality here requires that the function
value of f decrease sufficiently in going from the point xj, to the new point
T +trdi. The first inequality can be thought of as requiring that the step
size t;, not be too small.

. (Wolfe’s rule) Fix two constants 0 < ¢; < ¢z < 1. Choose tj such that

flag +tdy) < f(zk) + etV f(zr),dr),

(
(Vf(xp +tdy),dr) > co{V f(x1), dy). (14.4)

The first inequality requires that the function value of f decrease suffi-
ciently, and the second one requires that the step size t; be not too small;
see Figure 14.1.

This is a popular step-size selection rule in quasi-Newton methods.

line of sufficient decrease

desired slope

acceptable regions

Fig. 14.1. Wolfe’s step-length selection rule.

1.3 Convergence of Descent Methods

In this section we prove the convergence of descent methods under several
step-size rules, including the popular Armijo’s and Wolfe’s rules.

Let the descent direction dj, satisfy the condition that the angle 6; between

the vectors —V f(xy) and di is positive and bounded away from zero, that is,
there exists € > 0 such that

W €(el], el =1. (14.5)

cos by, :=
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Theorem 14.4. Let {x,}5° be the sequence of vectors generated by a descent
method
Tk+1 = Tk + Qpdy,

where dy, satisfies (14.5), and «y, is chosen by the Armijo rule with parameters
s, B,0. If lim;_,o0 2, = x* is a limit point of the iteration sequence {x1}5°,
then ©* is a critical point of f, that is, Vf(z*) = 0.

Proof. By taking a further subsequence if necessary, we may assume that dy,
converges to some direction vector d*, ||d*|| = 1. Since the ith step is successful
in (14.3), we have

flan) = f(ar, + owdi,) = oo (V f @k, di,) = eoay, ||V f(zg,], (14.6)
and if there is a previous unsuccessful step, we also have
g, g,
Floe) = f(wn + S ) < oGV e d). (147)

Suppose that Vf(z*) # 0. Since z, — z* and f(xy) is a decreasing
sequence, we have f(xg,) \, f(z*) and the left-hand side of (14.6) converges
to zero as i — oo. The other two terms of the same inequality converge to
zero as well, and by virtue of our assumption (14.5), we obtain

(Vf(x*),d") <0 and ag, = ||Tk+1 — Tk

=0, (14.8)
and the second fact implies that step-length selection requires backtracking
at xx, when 7 is large.

We can use (14.7) to arrive at a contradiction: by the mean value theorem,

(67 (67

B B

for some zy, € (wk,, 2k, + ap, B tdg,). We have lim; o, 2, = x*; simplifying
the above inequality, and taking limits as ¢ — oo, we obtain (V f(z*),d*) > 0.
This contradicts (14.8) and proves that V f(z*) = 0. O

<vf(zkz)7dkz> < -0 <vf(x/ﬂ)>d/€»>

Corollary 14.5. Suppose that the search directions satisfy (14.5). If the step
size is chosen by the exact minimization rule or limited minimization rule,
then any limit =* of the sequence {xi}&° is a critical point of f, that is,

Vf(*)=0.

Proof. Suppose that lim; oz, = z*, but V f(z*) # 0. Let &1, = xx, + b, d,
be the point that would be chosen using an Armijo-type rule. Then

flar,) = f(xr1) > fag,) = f(@ri41) > —0ar, (Vf(zr,), dy, )

Since f(xx) . f(2*), we have f(zx,) — f(2r,.,) \, 0, and as in the proof of
the previous theorem, we obtain lim; ., &, = 0. Also, we have, from (14.7)
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Fan) — flax, + [;dk) Ag%w(xm,dm.

As in the previous theorem, we arrive at a contradiction to the descent con-

dition (V f(z*),d*) < 0. O

Finally, we consider the convergence of descent methods under Wolfe’s
step-size selection rule. We start with

Lemma 14.6. (Zoutendijk) Let f be a function bounded from below on the
sublevel set M = {z : f(x) < f(xo)}, with a Lipschitz continuous gradient
there, that is, for some L >0,

IVf(y) = V@) < Llly— || forall x,y € M.

Let {x1}5° be the sequence of points generated by a descent algorithm using
Wolfe’s step-selection rule (14.4). Then

z:cos2 0% ||V f(z1)]]? < oo,

k=0
where 0y, is defined in (14.5).
Proof. Recalling ||dy|| = 1, we have

(co = (Vf(zk),di) < (Vf(xri1) = V(ar),dr) < L,

where the inequalities follow from the second condition in Wolfe’s rule and
the Lipschitz condition on f, respectively. This gives a lower bound for the

step size,
1—c

H(=V f(wr), i),
and substituting it into the first condition in Wolfe’s rule (14.4) gives

ty >

F) ~ Sa) = 22 (9 (), P
= @cos2 0|V f ()%
The lemma follows, since
K—1 (1 02 = ,
flwo) = flar) = D [f(wr) = flansr)] = > cos Ok[|V £ () |
k=0 k=0
and f(zo) — f(zr) < f(xo) — infps f < o0. O

We immediately have the following corollary.

Corollary 14.7. Let f be a function satisfying the conditions of Lemma 14.6.
If the search directions {dy} satisfy the condition (14.5) and * € M is a limit
point of the sequence {xy}, then V f(z*) = 0.
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14.2 Convergence Rate of the Steepest-Descent Method
on Convex Quadratic Functions

The results above on the gradient-descent methods above have been very
modest; we have showed only that if the minimizing sequence {z;}5° has a
limit point z*, then z* is a critical point. Any result on the rate of convergence
to z* has been absent. In fact, it is impossible to give such results for general
problems. The situation is radically different for convex problems. Since the
introduction of the famous ellipsoid method of Nemirovski and Yudin [205],
we know that there are methods to solve convex programming problems in
polynomial time.

In this section, we analyze the convergence rate of the steepest-descent
algorithm on the minimization of a strongly convex quadratic function.

Consider the quadratic function

q(z) = %(Qx,x) — (b, x) + a, (14.9)

where @) is an n X n symmetric positive definite matrix, b € R", and a € R.
We write

r(z) :=Vq(r)=Qx —b

throughout this subsection.

Of course, the global minimizer 2* of ¢ over R™ satisfies r(2*) = Qz*—b =
0, that is, 2* = Q~'b. The steepest-descent method for minimizing ¢ does not
need any line searches; if x is at hand, then x41 may be computed exactly
by minimizing ¢ on the line ¢ = {z; — ary : @ € R}. It is easy to compute
Tp+1: letting

2
@
hia) := qlay, — are) = () = allre]* + 5 (@ri, i),
we see that the exact minimizer oy of h is given by

0 =h(o) = —llrell® + cw(Qrr, mi);

thus )
el

(Qri,r)”
We need the following technical result for estimating the convergence rate
of the steepest-descent algorithm for minimizing q.

Tpt1 = Tk — QgTE, Where ap =

Lemma 14.8. (Kantorovich’s inequality) If Q is a symmetric positive
definite n. x n matriz with eigenvalues {\;}7 in the interval [m, M|, then

(@o.) - (Q o) _ (m+ MY
[|]|* - 4mM
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Proof. Since the above inequality remains unchanged if we replace each @
with 7Q), where 7 is any positive constant, we assume that mM = 1. Let
Q = UT AU be the spectral decomposition of @, where A = diag(\1,...,\n).
Setting s = Ux, where ||z|| = ||s|| = 1, and defining t; = s?, i = 1,...,n, the
lemma reduces to proving the inequality

(i:ti)\z) ) (zn: %) < W for all t; >0, iti =1,
i=1 17"

1= =1

where \; € [m,1/m],i=1,...,n.
This inequality follows from the claim that

- Ly Z?:1ti()\i+)\;1)2 m+ L)?
(;tm).(ZQJ : ) 4

i=1""

The first inequality follows because of the inequality ab < (a + b)?/4; the
second inequality follows since \; + )\;1 <m+m~", due to the fact that the
maximum of the function A+ A~! over the interval [m, 1/m] is attained at the
endpoints m and 1/m. 0

A different proof of Kantorovich’s inequality is given in Section 10.4 using
nonlinear programming techniques.

Theorem 14.9. In the steepest-descent method for minimizing a strongly con-
vex quadratic function q(x) in (14.9), the optimality gap E(x) = q(x)—ming. ¢
decreases at a geometric rate,

k—1
Kk+1

E(xg1) < ( )QE(l’k)a

where K = Amax/Amin 1S the condition number of the matriz Q.

Proof. Since xi41 — xp = —agrk, we have
aj, L rell®
E =F — 2y k =F _
(2h41) = Elzx) —arfrll” + 5HQrie, e = Elzx) = 5 Qrerr)
where the first equality follows from Taylor’s formula and the second equality

follows because ay, = 7% ||?/(Qrk, ri). We also have
1
E(zp) = E(z") + (VE(2"),zr — ™) + 5(@(:1% — "),z — ")
1
= §<Q_1Tk7rk>7

where the first equation is Taylor’s formula, the second one follows because
E(z*) =0, VE(z*) =0, and r;, = Q(z, — z*). We deduce that
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Blax) I _, . dmM
E(y) Qri, i) - (@7 'riyre) = (M +m)?
(M —-m\2  k—1\2
- <M+m) N (K,—l—l) ’
where the inequality follows from Lemma 14.8. O

Corollary 14.10. In the steepest-descent method for minimizing a strongly
convez quadratic function ¢ on R™, the optimality gap E(x) = q(x) — mingn ¢
is halved in every O(k) iterations, where & = Amax/Amin S the condition
number of the matriz Q.

Proof. Let m be the smallest integer satisfying the condition (1-2/(k+1))™ <

1/2. We have %((Z’g)) < %, and if k is large, then

)N—QmN—2m
K+ 1 ~H+1~ I

—1n2%m1n<17 ,
where we have used

dt t2

— = Q4+t )dt =t — ot
T3 /( T+ ) to+

for small |¢|. This proves that m = O(k). O

In(l—t)=

The convergence rates given in Theorem 14.9 and Corollary 14.10 suggest
that the steepest-descent method converges very slowly. For example, if () has
a condition number x = 10°, then our estimates indicate that the steepest-
descent method would require on the order of a million iterations to reduce
the initial optimality gap FE(zo) by half. Numerical computations support
this pessimistic view. Moreover, it was shown by Akaike [2] that the estimate
given in Theorem 14.9 is actually realized most of the time. Consequently,
the steepest-descent method is a very slow algorithm, even for minimizing a
convex quadratic function.

Convergence rate estimates for E(x) can also be given for minimizing a
convex quadratic function that is not strongly convex, that is, the matrix @ is
positive semidefinite but not positive definite. We do not derive this estimate
here, since a similar estimate is given in Section 14.3 for a much larger class
of problems.

We will see in Section 14.7 that the conjugate-gradient method, which is
a simple modification of the steepest-descent method, is a vast improvement
upon the steepest-descent method for minimizing convex quadratic functions.

14.3 Convergence Rate of the Steepest-Descent Method
on Convex Functions

Let f: R™ — R be a convex function with a Lipschitz continuous derivative,
that is, there exists a constant L > 0 such that
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[Vf(@) =Vl < Lly—z|| forall z,yeR™

In this section, we consider a version of the steepest-descent method for min-
imizing f, and provide a convergence-rate estimate in terms of the optimality
gap E(z) = f(z) — ming» f.

We start with some technical results.

Lemma 14.11. If f is a convex function with a Lipschitz continuous deriva-
tive satisfying

IVf(x) =Vl < Lz -yl forall w,yeR",

then
F() < Fla) + (V7 @),y — ) + 2y — 2l

Proof. Define the function g(t) := f(z + t(y — )), and note that
1 1
9(1) - g(0) = / J(t)dt = ' (0) + / (¢ (1) — g/ (0)dt.

Since g(1) = (), 9(0) = f(x), and ¢'(t) = (Vf(x+ 1ty —a)),y — z), we
obtain

6) = @) = (V) =) = [ (VFat tly =) = V). —a)a
<ly =l [ IV+tly ) - V(e de
0
! L
< ly—alf [ tdt=Fly—al?

O

Lemma 14.12. Let f : C — R be a differentiable convexr function on the
convez set C. The following conditions are equivalent:

IV4) ~ Vi@ < Ly 2l forall wyeC. (1410
S IV I) = V@I < f(3) ~ F@) ~ (V@) — )
. (14.11)
< Zlly—=|* foral z,yeC.
1
IVF) = VI@I? < (VI ) - VI @),y - 2) i)

<Ly —=z||* forall z,y€C.
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Proof. (14.10) = (14.11): Notice that Lemma 14.11 gives the second inequal-
ity in (14.11); to prove the first inequality, define the function

with the gradient Vg(y) = Vf(y) — Vf(z). Since Vg(z) = 0, x is a global
minimizer of g, and we have

g@)gﬂy—y%@)gmmfﬂﬂgﬁﬁ

where the second inequality follows from Lemma 14.11. The first inequality
in (14.11) is obtained by substituting the values of g(x), ¢g(y), and Vg(y), and
rearranging the terms of the resulting inequality.

(14.11) = (14.12): Obtain an inequality by switching = and y in (14.11),
and add it term by term to (14.11), and simplify.

(14.12) = (14.10): This is immediate. O

The first inequality in (14.11) seems to be due to Nesterov [208].

We are now ready to state our convergence-rate result.

Theorem 14.13. Let f : R" — R be a convexr differentiable function with
Lipschitz continuous derivative, that is,

IVf(y) = V@) < Ly ==l forall w,yeR",

where L > 0. Suppose that f has a minimizer on R™, and consider the follow-
ing gradient-descent method for minimizing f:

Tg given,
1 (14.13)
Tht1l = T — ZVf(l‘k), k>0.

Then the minimizing sequence {1 }5° converges to a minimizer x* of f,
lxk —x*|| is a strictly decreasing sequence converging to zero, and we have the
global convergence rate estimates

i} 5L
flzr) = f(¥) < YT ey 2 (14.14)
Fle) = f(&) = o(1/k). (14.15)
Proof. Lemma 14.11 gives the estimate
- L
Fln) = F(a) < IVI@IP + 1LV )P
(14.16)

-1 —L
= ﬁ”vf(ﬂ?i)”z = 7”%‘ - 5171:+1H2-
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Since f is convex, we also have
f@®) = fzi) + (V@) 2" —2i).
For brevity, let us define w; := f(x;) — f*; the above inequality gives
wi <V f(@)ll - fles —2*|| = Llja; — ziga || - ||z — 27,

and it follows from this inequality and (14.16) that

L
f(xi) = f(@it1) = wi —wip1 > §||93¢ — @i’

S L w; 2 B w?
= 2\ L|jz; —2*|| )] 2L|x; —z*|?

2
> Wikl
= 2L||@; — x*||?

which we rewrite in the form

-1
_1 1 Wi41
< 14— . 14.17
o (14 s (14.17)
Note that
) ) L * |12
Wi41 S Wy S §||I1 — T || 9

where the second inequality follows from Lemma 14.11; thus, the fraction in
(14.17) is at most 1/4. Using calculus, it is easily verified that (1 +¢)~ <
1 — (4t)/5 when 0 <t < 1/4; plugging this in (14.17) gives

w.ﬁl < w.ﬁl — #
CEM T

Summing this inequality from ¢ =0 to i = k — 1, we get
0<wy' <wy' - ZHx,—xH_Q

Recalling wy, = f(zr) — f(z*), we arrive at (14.14).
Next, we show that the sequence ||z — z*|| is strictly decreasing, that is,
lzk+1 — 2*|| < ||xx — x*||: this follows from

[@ps1 — 2*|° = ||ox — &* — V f(z) /L]
2
I*HQ 4 M _ E Tk

2 2

< lax — ™%,
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where the first inequality follows from Lemma 14.12.

Consequently, the sequence {xj}$° is bounded, and there exists a subse-
quence xy, converging to a point . Taking the limit in (14.16) as k; — oo
gives 0 < —||Vf(2)||?/L, or Vf(Z) = 0, meaning that Z is a minimizer of f.
Since ||z — Z|| is decreasing as shown above, we see that the whole sequence
{z1} converges to Z.

It remains to prove (14.15). Let us take z* to be the point Z, so that
|lzx — x*|| — 0. Define ay, := ||z — z*|| =2, and note that aj is an increasing
sequence diverging to infinity. Let us rewrite (14.14) in the form

K(F(an) — 17) < 22 (% ‘ ai)_l. (14.18)

We claim that @ = (Zl o Y a;)/k — co. Let M > 0 be arbitrary and suppose
that a; > M for all ¢ > N. Then

2N -1 2N -1
1 1 M
2N = oy Zi:o % =95N Z:N L=

It is easily verified that {ay} is an increasing sequence, and hence the claim is
proved. Consequently, the right-hand side of (14.18) goes to zero as k — oo,
proving (14.15). O

Remark 14.14. One may wonder why the convergence rate above is given in
terms of the optimal value gap f(xy)— f(2z*), and not in terms of the distance
of the iterates to the optimal solution set. It turns out that under the assump-
tions of the theorem, it is not possible to give convergence-rate estimates in
terms of ||z — z*|| unless some strong convexity conditions are present in the
function f.

It is possible to design algorithms for the same class of problems with an
improved complexity estimate f(zy) — f(z*) = O(1/k?); see [205, 220, 206,
207, 208].

It is even possible to give the same kinds of complexity estimates, either
f(zk) — f(@*) = o(1/k) or f(zx) — f(z*) = O(1/k?), for minimization of
nondifferentiable convex functions, by regularizing f through the proximal
mapping

fata) = minf f(2) + o5z 21},

which gives a differentiable, convex function f) whose derivative is Lipschitz
continuous with constant 1/A. The resulting algorithms are the proximal-point
methods [116, 117], or more general proximal-point methods [57]. Using convex
duality, these algorithms make it possible to give global convergence rates for
augmented Lagrangian methods for general convex programming.
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14.4 Gradient Projection Method

This algorithm is an extension of the gradient-descent method to the mini-
mization of a function over a closed convex set C C R™.

It has the following description:

Step 0: Choose g € C, s >0, >0,and 0 <o < 1.
Step k: Given zj, compute

T = (zx — sV f(zr))T = Ho(x) — sV fxg)).
Perform an Armijo-type line search by recursively testing the inequality

flar) = [ + BT — ax)) > —0B™(Vf(2p), T — x1),  (14.19)

for m =0,1,..., until it is satisfied, say at myg := m.
Set
Tr41 = Tk + /Bmk (fk — l‘k)

We need the following technical result.

Lemma 14.15. Let C' C R" be a closed convex set, and f : C — R a differen-
tiable function. Let s > 0. A point x* € C satisfies the variational inequality

(Vf(x*),z —x*)y >0 foral z€C (14.20)
if and only if
(2" — sV (")t = Ho(a* — sV f(a*)) = z*. (14.21)

Proof. By Theorem 6.1, IIc(z* — sV f(2*)) = z* if and only if
<(J:* — sV f(z")) —a*,x— J;*> <0 foral zeC,

which is clearly equivalent to (14.20). O

Theorem 14.16. Let C C R™ be a closed convex set, and f : C — R a
differentiable function. Let {xy}5° be a sequence generated by the gradient
projection method with Armijo’s step-size selection rule described above.

If x* is a limit point of the sequence {x}3°, then x* is a critical point,
that is, it satisfies the necessary condition for a local minimizer of f on C
given by the variational inequality (14.20).

Proof. The inequality (14.19) gives

flxr) = f(@p1) = fzr) — fog + andy) > —oap(Vf(zg),dy),  (14.22)

where
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dp =T — o1, = (2, — sVf(ap))T —2, and ap = 8.

First, we show that dj is a descent direction (assuming that zj is not a
local minimizer of f on C, in which case we would stop the algorithm at xzy).
Theorem 6.1 implies

(w = sV (@r) = (= sV f@r) ", @ = (2 = sV f@r) ") <0,
and recalling the definition of dj, this gives (dy + sV f(xx), dr) < 0; therefore
0 < [ldel|* < =s(V f (k) di), (14.23)

where the first inequality follows from Lemma 14.15 because xj, is not a local
minimizer of f on C. This proves that dj is a strict descent direction at xj.

Let {zx, } be a subsequence of {z)} converging to z*. Since dy, is a strict
descent direction, the right-hand side of (14.22) is positive. Thus, f(zy,) >
f(xr,41) > f(xr,,,), and since lim; .o f(zg,) = f(2*), the left-hand side of
(14.22) converges to zero. This implies that

lim aki<vf($ki);dki> =0. (14.24)

We have zy, — z*, d, — d* = z* — (z* — sV f(2*))T, and by virtue of
(14.23),

0 < [|ld]* < =s(V f(a"),d"). (14.25)

We claim that (V f(z*),d*) = 0. If a;, does not converge to zero, then the
claim follows from (14.24); if o, — 0, then the mean value theorem implies

f(xk'i + akidki) - f(xkz) = <Vf(m’ﬁ + tkidki)7dki>7

and letting i — oo, both sides of the equation converge to zero, and we have
again proved the claim.

Finally, (14.25) implies that d* = 0, and Lemma 14.15 implies that z*
satisfies (14.20). O

14.5 Newton’s Method

Newton’s method (or the Newton-Raphson method) is a method for finding
roots of systems of equations. In its more general form, it could be applied,
for example, to finding solutions to a nonlinear equation

f(l‘) = Yo,

where f : U — Y is a differentiable map from an open set U in a Banach
space X into another Banach space Y, and yg € Y is given, under conditions
that will be spelled out in Section 14.6.
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In this section, we consider Newton’s method in finite dimensions, where
the map f: U — R"™ is defined on an open set U C R™.

By replacing f(x) with f(z)—yo, we will assume from now on that yo = 0,
that is, we are solving an equation

f(@) =0.
Newton’s method is an iterative method having the form
Tpi1 = x — Df(wp) " f(2n), k>0, (14.26)

starting from an initial solution xy € U. Thus, D f(x}) must be invertible at
each step k.
For functions of a single variable (n = 1), Newton’s method is normally
written in the form
f(xr)

T4l = Tk — .
f' (@)
The geometric interpretation of Newton’s method stems from Taylor’s for-

mula. At an approximate solution xj, we replace the graph of the function f
with its tangent line

(14.27)

lp(z) = f(op) + f(z)(x — 21),

and determine the next approximate solution x4 by solving the linear equa-
tion fi(x) = 0; that is, we expand f(z) in a Taylor series around xy to the
linear term, and set it to zero:

f@) = fan) + f' (@) (@ — 2) = 0.
If we define
f(@)
f@)’
then Newton’s method for f is the discrete dynamical system obtained by
iterating N¢(x), that is,

Ny(z) =z —

Trt1 = Ny ().

Note that if f'(x) # 0, f(z) = 0 is equivalent to Ny(x) = z, so that a root of
f is a fixed point of N¢, and vice versa.
Assuming that f” exists, we calculate
/ 2 _ " "
Ny =1 L@ I@I @) @)@
7(a) 7(@)

If f(2*) = 0, we have N¢(z*) = * and N} (2*) = 0; Taylor’s formula gives

Ny(z) = Np(@®) + Nj(a*) (o = 2°) + 5 N7 ()& - o)

1
="+ SNy — )’
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for some z € (z*,x). Putting + = z, in the above equation gives
* 1 " *\2
Tpe1 = Nyp(zg) = 2% + §Nf (z)(xp — ™))",

that is,
1
Tpr1— = iN}’(zk)(:vk — %)%
Assuming that xy, is close to 2*, and N} is continuous, we have ||%N}’(zk)|| <
M for some M > 0, so that

|zp1 — || < M(z), — %)% (14.28)

this shows that Newton’s method is quadratically convergent in a neighbor-
hood of the root z*, under the assumption that f/(z*) # 0.

The inequality (14.28) shows why Newton’s method is extremely fast: if
|z, — 2*| ~ 1079, that is, 3, and z* have d common digits after the decimal
point, then |z — 2*| ~ 10724, meaning that z;,; and z* have 2d common
digits. Thus, Newton’s method approximately doubles the number of accurate
digits at every step.

We give an illustration of this: consider approximating the numerical value
of v/2. This can be done by applying Newton’s method to the equation f () =
0, where f(x) = 22 — 2. In this case, Newton’s method has the form

flzg) _:ci—?_:ck 1

T =L — =X .
kel k f’(;vk) k ka 2 Tk

Starting from the initial point x¢o = 1, we generate the following table:

k |z TE— V2
01 —0.414213562
1115 0.085786438
2 [1.41666 0.002453105
3 [1.414215686 [ 0.2124 x 10—°
4 [1.414213562 | 0

Note that in this case f/(2*) = 2v/2 # 0.

Remark 14.17. The quadratic convergence of Newton’s method is not guar-
anteed when f’(z*) = 0. For example, the root of the equation f(z) = z? is
2* = 0. In this case Newton’s method generates the sequence
J?% Tl
xr =X, — — = —
k+1 k 21']@ 2 )
which is only a linear rate of convergence. If xg = 1, then x5, ~ 0.38 x 1075,
much slower than a quadratic rate of convergence.
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We now consider the multidimensional version of Newton’s method. Let
f(x) = (fr(z),..., fn(z) with the coordinate functions f;(x), i = 1,...,n.
Again, we develop f(z) in a Taylor series around z; € R, cut off at the linear
term, and determine the solution of the approximate, linear, map. This can
be done coordinatewise:

filrig1) = filxr) + (Vfi(zr), opp1 —2) =0, i=1,...,n,
or in vector notation,

fi(zk) V fi(ay)T
: + " (Thy1 — 1) = 0;

foan)) | Vha(an)T

the matrix is the Jacobian D f(zy), so that this gives

f(z) + Df(zp)(@ht1 — i) = 0. (14.29)

If Df(xy) is invertible, we multiply the above equation on the left by
Df(xx)~! to obtain Newton’s method (14.26) for solving f(z) = 0.
We can expect fast convergence of Newton’s method here, too.

Theorem 14.18. Let f : U — R™ be a continuously differentiable function
on an open set B CR™. If * € U is a root of f, that is, f(x*) =0, such that
Df(x*) is invertible, then

(a) There exists an open ball B := Bs(z*) around x* such that if xg € B, then
Newton’s method initiated at xq is well defined, and the iterates {xy}5°
stay in B and converge to x* superlinearly, that is,

im e el (14.30)
k—o0 ||-77k — x*||

(b) If Df(x) is Lipschitz continuous in B, that is, there exists L > 0 such
that

IDf(y) = Df ()l < Llly — x| forall x,y€B, (14.31)

then Newton’s method converges quadratically, that is, there exists K > 0
such that
lapsr — 2| < Kl — a2 (14.32)

Let us first prove a useful technical result.

Lemma 14.19. If f and z* are as in the above theorem, then

f(a:)z/o Df(@* +t(x — %) (& — ) dt.
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Proof. For the coordinate function f;, define a(t) = f;(z* + t(x — x*)). We
have o (¢ ) (Vfi(z* +t(xr — 2*)),z — 2*) by the chain rule. Since (1) —

fo o/ (t)dt by the fundamental theorem of calculus, and a(1) = f;(z),
a( ) fi(z*) =0, we have

1
fi(:c):/o (Vfi(z* +t(x —a)),z —a™)ydt, i=1,...,n;

the lemma follows when we write these equations in matrix notation. a
We now prove Theorem 14.18.
Proof. We calculate
Tpy1 — ™
=y, —a" = Df(wy) " f(ax)
= Df ()~ (Df ) (x — 27%) = )

= Df ()™ (Df(an) i — ") - /0 Df (" + iy — ")) (i~ o) it

= Df(xx)™ /Ol[Df(xk) — Df(z* + t(xp — )] - (wp — 2% dt.
This implies
2k — 2| < IDf (@)~ | - [y — )|
X /01 IDf(zx) — Df(x* +t(wy, — a*))|| dt.

If |Df(x)~1|| < M on B, and § defining B = B;(z*) is small enough that
IDf(zx) = Df (" + txx — 2"))|| < 1/2M, then [|zppy — a¥|| < [z, — 2¥(|/2
and all Newton’s iterates {z;}5° stay in B and converge to z* geometrically.
Since

2k — 2|
g — |

<M / IDf(e) — Df(e" + tlan —a*))|dr,  (14.33)

and the integrand above will be as small as desired as k — oo, we see that
(14.30) holds.
If Df is Lipschitz continuous, then (14.31) and (14.33) imply

* 1

X — X

Nggr — 2] - I < M/ Lljz — (2 + t(zy, — *))|| dt
2k —z*|| 0

1
— MLz —x*||/ (1— 1) dt
0

= 5 llzk = 2";
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setting K = M L/2, we obtain
l2psr — 2| < Klax —2*||*.
This proves the theorem. a

Here is a numerical example illustrating the quadratic convergence of the
method for a function of two variables. Let us try to compute a solution to
the system of equations

3ty +y* =1,
ot 4yt = 1

We apply Newton’s method to the function

fla,y) = By +y* — 1,2t +ay® — 1) :

k| (zk, yr) (z)p — 2" yp —2¥)

0 ](.98,.32) (—.01277,.0135)

1 [ (.99309, .3060802) (.00031, —.00036)

2 | (.9927801,.3064402) (.18 x 1075, —.21 x 107°)
3 1(.9927799948,.306440465) | (10-1°,10~ 1)

4 | (.9927799949, .306440466) | (0,0)

Let us point out the use of Newton’s method in optimization. Let f : U —
R be a function with continuous second partial derivatives 92 f /0z;0z ;. A local
minimizer (or a maximizer) z* € U is a critical point, that is, Vf(z*) = 0,
which means that «* is a root of the map F': U — R",

F(z) = Vf(z).

Newton’s method applied to F(z) = 0 is given by

Tht1 = Tk — DF(J,‘k)_lF(J?k).

Since F(xy) = V f(x) and

- of(x
VF(z)" a?cl( ;1 ) - %( gggl))
DF@)=| : |=| i
T of(z of(x

VE@T] D) - SR
ro*f@ .. 9%f(x)

81% 0z, 0xq

= . . = Hf(.’lf),

Pfx) .. Pf(x)

LOx10x, ox2

Newton’s method for finding a critical point of f becomes
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Thy1 = 2 — HF (2) "'V f ().

This Newton’s method is also connected with Taylor’s series:

=
&
2

Fl) + V() — ) + 5 — o) H (o) (e — )

and the quadratic function ¢(z) has the gradient
Va(z) = Vf(zy) + Hf(zr)(x — x1),
and the critical point T satisfies V f(zx) + H f(xr)(T — xx) = 0, that is,
Hf(zy) 'Vf(ry) +T —xp = 0.

Therefore,
T =Tk — Hf(l‘k)_lVf(l‘k) = Tk41,

that is, xx41 is the critical point of the second-order Taylor approximation

f(@r) + V(g (z —xx) + %(w —ap)H f(zg)(z — 21).

14.6 Convergence Theory of Kantorovich

In Theorem 14.18, we need to know that a root x* exists, and we do not know
the size of the convergence region of quadratic convergence around x*. There
exist more sophisticated results on the convergence of Newton’s method that
remove these drawbacks. A famous class of such results was initiated by Kan-
torovich [154, 155]. Another approach, with a different set of assumptions, was
advanced by Smale; see [33]. Moreover, there exist very sophisticated versions
of Newton’s method that are known as the “hard” implicit function theorems
due to Nash and Moser that have important applications to partial differen-
tial equations, differential geometry (embedding of Riemannian manifolds into
R™), and dynamical systems (KAM theory, the stability of the solar system);
see [239, 126, 71].

Another important application of Newton’s method occurs in interior-
point methods, where Newton’s method with a step-size selection rule is
applied to minimize a very special class of convex functions called self-
concordant functions on a convex set, in such a manner that enables us to
obtain polynomial-time algorithms for a large class of convex programming
problems. The two important properties of the self-concordant functions re-
sponsible for these desirable outcomes are the inequalities

D3F(x)[h, h, h] < 2D?F(z)[h, h]*/?,
DF(x)[h)* < 0D?F(x)[h, h),
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among the first three directional derivatives of F' at the point x along the
direction h, and where 6 > 0 is a characteristic property of f called the self-
concordance parameter, which is responsible for the speed of the algorithm.
We do not go into more detail regarding these important methods; the inter-
ested reader will find a wealth of information in the books [209, 226]. However,
one remark should be made: the distinguishing feature of self-concordant func-
tions that sets them apart from all other Newton’s methods we are aware of,
is the idea that the norm used to measure distances should come from the
function itself (this requires that F' be strongly convex), and should change
from point to point. The self-concordant functions use the Euclidean norm
that comes from the Hessian D?F, by defining the local norm at z by the
formula
Jul2 = (D?F (2)u, u);

the directional derivative inequalities are best viewed in terms of these local
norms.

The theorem below and its assumptions belong to the circle of ideas ini-
tiated by Kantorovich. The proof below is an adaptation of the one given
n [71]; however, we have formulated the hypotheses of the theorem in an
affine invariant manner, following [75]. Affine invariance simply means that
since Newton’s method is affine invariant, that is, Newton’s method applied
to F(z) and G(xz) = AF(x), where A is an invertible linear map, generates
in both cases the same solution sequence {z,}, the hypotheses (14.34) of the
theorem should remain the same if we replace F(x) with the map G(x).

The natural setting of the following theorem below is in Banach spaces. A
reader who is interested only in finite dimensions may simply assume through-
out that X and Y are finite-dimensional Euclidean spaces, say X =Y = R™.
For brevity, we will denote the derivative DF by F’ in this section.

Theorem 14.20. Let F : D — Y be a Fréchet differentiable map with contin-
uous derwative from an open, convex set D in a Banach space X to a Banach

space Y. Let xg € D be a point such that F'(xo) be invertible, and assume
that

1F" (20) ™" F (o)l < «v,

|F"(z0) " (F'(y) — F'(@)|| < &lly — || for all a,y € D,
1 (14.34)
ak 5’

Ega(l‘o) c D.

Then F has a unique oot x* in Bao(x0), and the Newton iterates {x,}5°
converge quadratically to x* such that

lzn — x| < "7t where q=2ak <1. (14.35)

«
2n71
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Proof. Consider the map
G(x) := F'(xo) ' F(x).

Since Newton’s method is affine invariant, applying it to the map G(z) gener-
ates the same sequence {z,}. The hypotheses of the theorem can be rewritten
in the form

(@) [[G(zo)] < a,
(®) G'(2) =G Wl < slle -yl forall 2,y € D,

1 _
(¢) ar< 3 and  Bas(wo) C D.

Define the quantities

Axy = Tyl — Ty,
an 1= ||Tnt1 — zul| = [ Az,
B = (|G ()7,
Y 1= QpOnk.
The idea of the proof is to estimate «,,, then 3,, and then use these two

estimates to obtain a recurrence for v,. Since G(2,,—1)+ G (xy—1)Azp_1 = 0,
from Newton’s formula we have

an = [|G'(2,) T G (@) < BullG (@)
= ﬁn“G(xn) - G(xn—l) - Gl(xn—l)Axn—ln

1
= ﬁn / [G/(l'nfl + tA.’Enfl) — G/(.fn,l)]A.’En,l dtH
0 (14.36)
< ﬁn/ ”[Gl(mn—l + tAa:n—l) - G,(xn—l)}Axn—IH dt
0
1 2
< Bnkl|Azp_1|I? tdt = M.
< Buslda, | [ ede= 2]
Since
G/(xn) = G/(xnfl) + (Gl(xn) - G/(xnfl))
= G'(zn-1) [I+ G'(wp-1) (G (wn) — G/(xnfl))] )
we also have
B = 1G" (@n)
< o | [T+ G @0) G () = & an-1))] |
< Br-1 (14.37)
T 1= (@) T NG (20) — G (@p—1) |
anl /anl

1— fBp_1kan_1 11—y ’
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where in the second inequality we used Neumann’s formula (I + A)(I — A +
A% — A3 +...) = [ for an operator satisfying ||A|| < 1, and the resulting
inequality

I+~ =D -via ZIIAIV = =
=0

The inequalities (14.36) and (14.37) imply

. < '%a%flﬁnfl _ Yn—1 o L
" 2(1 = yn-1) 2(1 = yn-1) "
and
= Ko, B < /17,}/"_1 oY . Fn—1 = 75_1
" e 2(1 = yn-1) - Yn—1 2(1 = yp1)?

In summary, we have proved that

"Yn—l [e77 }
Op > )
1- Tn—1 2
14.38
%2171 ( )

Note that fy = 1 and thus 79 = ax < %. Using induction, it follows from
(14.38) that

Op—1

'yn<§ and a, <

this proves that a,, < a/2", and

forall n>1;

[2n = zoll < llzn — znall + -+ [lz1 — 0|
<lzg —aol|(T+271 427241 )
= 2a,

which shows that the sequence {z,,}5° is well defined. Similarly,

|z — 2wl < o0 — Tn-all + - + [[Tms1 — Tl

o1 = o277+ 27 )
«
2m—1’

IN

<

so that {z,,}§° is a Cauchy sequence, with limit 2* € Ba, (o). Since
IG (@)l < IG" (@)l - |G (20) ™' Gl@n) | = |G (22)]| — 0,

because {G'(x,,)}5° is bounded, we see that G(z*) = 0.
Using the technique in the proof of Theorem 14.18, we can prove that
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Tt — || < ¢l|zn — 2*]|> with ¢= rkmax{B,}/2;
therefore {z,}5° is quadratically convergent to *; here ¢ < co because (3, —
||G'(a:*)71ﬂ< 0.

If & € Bay (o) is another root of G, then G(z) = G(x*) = 0, G'(z0) = I,
and

12 = 27| = |G(Z) = G(z") — G'(w0)(Z — =7

< /O G (" + t( — 2*)) — G (20))(F — )

| dt

1

< k||Z — =¥ / lx* + t(Z — ™) — zo|| dt
0
< 2ax|# — 2"

since 2ak < 1, we have T = z*, proving the uniqueness of the root of F' in

Bga (.Z‘())
It remains to prove the estimate (14.35). Define

__n
l_fYn

n -

Then, (14.38) and the fact that v, < 1/2 for all n imply 6, < 62_;, which

in turn implies by induction that &, < (60)2" for all n > 0; therefore (14.38)
gives

1 n—1 n n
a, < ianqég < <270 Tlag <27 T la

and
oo
2 =2 < 2n = @nsall + lonss = Tnpall + oo = e
i=n
_ n__ «Q n__
S22 ’n,q2 la:2n71q2 1
The theorem is proved. a

14.7 Conjugate-Gradient Method

Throughout this section, we consider solving the system of linear equations
Qr =0, (14.39)

where ) is an n X n symmetric positive definite matrix. Hestenes and
Stiefel [132] invented the conjugate-gradient method (CGM) in order to solve
this system, especially when @ is a sparse large-scale matrix. Such large-
scale, sparse linear systems come up, for example, in the numerical solution
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of partial differential equations. The conjugate-gradient method is an impor-
tant iterative method, with many desirable properties that will be highlighted
below.

Note that the equation (14.39) is equivalent to minimizing the strongly
convex quadratic function

aw) = 5(Qu,2) — {ba) +a, (14.40)

where a € R, because Vq(z) = Qz — b; thus the equation Qx = b has the
variational characterization Vq(z) = 0. We set

r(z) = Vq(x)

throughout this section.
The conjugate-gradient method has been extended to nonquadratic mini-
mization problems; see for example [190, 213] for further information.

14.7.1 @Q-Inner Product and Q-Norm

Definition 14.21. Let Q be a symmetric, positive definite n X n matriz. The
Q@-inner product on R™ is given by

(z,y)q = (Qz,y);

then (R, (-,-)) is a finite-dimensional Euclidean space. The corresponding
norm is called the @Q-norm,

[zllq = V(Qz, ).

This inner product can also be viewed as follows: let Q = UAUT
be the spectral decomposition of Q. (Recall that U = [u1,...,u,], A =
diag(A1, ..., An), where w;, |Ju;|| = 1, is an eigenvector of @ with the cor-

responding eigenvalue \;.) The matrix R = U diag(v/A1, ..., vA,)U7T is the
unique symmetric matrix satisfying R% = Q; it is called the square root of Q,
and denoted by Q'/2. Thus,

(@.y)g =(Q"2,Q"%) and |zllo = Q" ],

that is, ||z||g is simply the ordinary Euclidean norm of the vector Q'/2z and
(%, y)q is the ordinary inner product of the vectors Q'/?z and Q'/%y.

Definition 14.22. A set of directions {d;}¥_, C R" is called Q-conjugate or
Q-orthogonal if they are orthogonal in the Q-inner product, that is,

Idillo #0, (di,d;)g =0 forall i#j, i,j=1,...,k (14.41)

Lemma 14.23. A set {d;}¥_, of Q-conjugate directions is linearly indepen-
dent.
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Proof. If aydy + -+ - + axdr = 0, then
k k

0= (3" cids, Qdy ) = 3" aildi, Q) = a5{d;, Qdy);
i=1 i=1

since (d;, Qd;) # 0, it follows that a; =0 for all j, j =1,... k. O

An important feature of conjugate directions {d;}¥ is that if we have them
at hand, then it is ¢rivial to minimize the quadratic function g(x) on an affine

subspace A = x¢ +span({d;}¥_,): if z = z¢ +Zf:1 ~id; € A, then by Taylor’s
formula,

k k
g(x) = qx0) + Y vilro, di) + % > 75 (Qds, dy)
=1

Q=1
k k
= (o) + 3 [rutro i) + 5 D7 22(Qd; i),
i=1 =1

where the second equation follows since the vectors {d;}¥ are Q-conjugate.
Thus, the minimizer * of ¢ on A can be obtained by minimizing separately
over each ;; we have

(ro, di)

(Ods, d)” (14.42)

k
¥ =29+ Z%‘di, where v; = —
i=1

Gram—Schmidt Process

Suppose we are given linearly independent vectors {r;}%. The Gram-Schmidt
orthogonalization process generates a set of Q-conjugate direction {d;}£ out
of {r;}% such that span({r;}X) = span({d;}§).

The process starts by setting dy = rg; if {di}f)_l is at hand, then we define

i1
di=r;+ Zﬁjdja
3=0

where the coefficients 3; are determined as follows: since we require (d;, d;)g =
0 for I < i, we must have

i—1
0= <di,dl>Q = <’I“i + Zﬂjdj,dl>Q
j=1

i—1

= (ri,d)q + Y _ Bi{d;, di)q = (ri,di)q + Bildy, di)q,

J=1
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where the last equation follows because (d;,d;)g = 0 for j # I; therefore
B = —(ri,di)q/(di, d1)q, and

i—1 i—1
(ri,dj)q (Qri, d;)
PP S ELE) L BN i LATLL 1T
= {djdj)q 7:21 (Qdj.dj)

14.7.2 Conjugate-Direction Methods

It is useful to discuss a more general class of algorithms known as conjugate-
direction methods before studying the conjugate-gradient method in detail.
Let {di}?z_ol be set of Q-conjugate search directions, either preselected,
or selected recursively, somehow, as the algorithm proceeds. A conjugate-
direction method simply minimizes g(x) in (14.40) by successively minimizing
it using {d} as search directions.
The precise description of the method follows.

Conjugate-Direction Method

Let xy be a point and {d; ?;01 a set of Q-conjugate directions in R™.
Fork=0,1...,n—1, set

o (ri, di)
R T Y A

Here xj1 is the exact minimizer of the function ¢ on the line ¢ = {x} +
ady, : o € R}, because defining

di, where 1= Vq(zK). (14.43)

2
h@) = g+ adi) = (o) + alri, di) + - (Qdr, ),

we see that the exact minimizer ay of h is given by the equation h'(ay) =
<7’k, dk> + ak<Qdk, dk> =0.

We now come to one of the key results in the theory of the conjugate-
gradient method.

Theorem 14.24. Let {d;}"=; be a set of Q-conjugate directions in R™, and
{x;}1=) the points generated by the conjugate-direction method using these
directions.

Then xy, is the global minimizer of q on the k-dimensional affine subspace

My, == xo +span({d;}¢1);

consequently, the solution to the equation Qx = b can be found in at most n
steps of the conjugate-direction method.

Moreover, 1y is orthogonal to the directions {d;}¢ ", that is, (ry,d;) =0
fori=0,...,k—1.
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Proof. Let T = xg + vodo + - - - + Yx—1dr—1 be the minimizer of ¢ on M. We
will show that v; = «;, ¢ = 0,...,k — 1, which will imply the first statement
of the theorem.

By (14.42), we have

(ro,d;) .
P L7 S S
K <Qd17dl>

Now, if x € M; such that x = xo + dodo + - - - + d;_1d;_1, then

Vq(z) = Qro 4+ 50Qdo + -+ + 0;—1Qd;—1 — b
=719+ 60Qdo + -+ 0;_1Qd; 1,

and
i—1

(Va(@),di) = (ro, ds) + Y 6;(Qdy, di) = (ro, d;);

7=0
this shows that

(Vq(x),d;) = (ro,d;) forall =& M,

and setting x = x; € M; gives (r;,d;) = (ro,d;). It follows from (14.43) that
vi=a41=01,..., k-1
To prove the second statement, note that xj is minimizes the function

h(do,...,0k—1) := q(xo + dodo + - - + Op—1dp—1)

on R*. This implies

oh
0= 8((;}/) = <VQ($k)adi> = <’r‘k,di>7 i=0,...,k—1.
This completes the proof of the theorem. -

14.7.3 The Conjugate-Gradient Method

The conjugate-gradient method (CGM) of Hestenes and Stiefel is a conjugate-
direction method that successively manufactures the Q-conjugate directions
{d;}t out of the negative gradient directions {—r;}8 = {~Vq(z;)}& encoun-
tered during the running of the algorithm, using the Gram—Schmidt process
described above. Note that this is possible, since the Gram—Schmidt process
never looks ahead; only the knowledge of {—7;}§ is needed to generate dj.

Consequently, we have the following, preliminary version of the conjugate-
gradient method:

Choose a point xg € R™; define dy = —Vq(xg) := —rg.
while Ty, # 0,
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(Qr, d;
dip = — 14.44
k Tt Z de,d ( )
H?”k|\2
ar = 14.45
" Qg dy) ( )
Tht1 = T + apdy. (14.46)

end (while)

We note that the formula for ay in (14.45) follows, because Theorem 14.24
implies

(rydi) = (g, =7 + Bodo + -+ + Br—1dp—1) = —|ri||*.

As it stands, the above algorithm is not practical, because the computation
of dj by the Gram—Schmidt process requires too much computational effort.
Happily, (14.44) can be simplified considerably; this is the magical feature of
the CGM.

Theorem 14.25. Let the gradient vectors {r;}*_, be all nonzero. Then {r;}}_,
are mutually orthogonal, that is,

(ri,rj) =0 for all i# j. (14.47)
Moreover,

el

dk = —Tr+ Bkdk_l, where /Bk = W

Thus, the search direction dj at the kth step of CGM is a linear combina-
tion of the current gradient vector Vq(z) and the last search direction dj_1.

Proof. Note that the vectors {d;}X~! are generated from the vectors {r;}5~!

by the Gram—Schmidt process, so that
span{dy,...,dr_1} = span{rg,...,"k—1}.

Since {d; }1 o are @-conjugate, Theorem 14.24 implies that r, L {d;}F i 0,
thus,
Tk L {T07r17 ceey rk?*l}?

proving the first statement of the theorem.

We can now simplify equation (14.44). We must have a; # 0 in the equa-
tion ;41 = x; + o d;, because otherwise 7,41 = rg, and this contradicts
(14.47); then

Qd :Q(%‘H —ffj) _ (Qzj1 —b) — (Qu; —b) _ mj1—1j (14.48)

Qj Qj Qj
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Therefore, we have in (14.44)

1 .
(Qry, dj) = (ri, Qdy) = ;<7”k,7“j+1 -r5), Jj=0,....,k—1

J

Consequently,

(Qri,d;j) =0 forall j<k-—1,

2
r
(Qry, dx—1) = Il :
Qp—1
Substituting these in (14.44) gives
Ll Ll
di = -1k + dp—1 = -1+ di—1,
g P a1 (Qdiy,di—1) ! P a2

where the second equality follows from (14.45).
Here is the final description of the conjugate-gradient method.
The Conjugate-Gradient Method

Choose a point xg € R™; define dy = —Vq(xg) =: —r¢.
while 1y, # 0,

oo el
(Qdg, dy)
Tpt1 = Tk + Qpdg,
Tkl = Tk + arQdy, (14.49)
(s
Br+1 = e
di+1 = —Tk+1 + Br+1dk,

end (while)

393

For easy reference, we state some of the important results we proved above.

Corollary 14.26. Suppose the CGM generates the points {xi}gﬂ, where the
last point xy4 1 is the optimal solution. The vectors {r;}§ (ri = Vq(x:)) are

orthogonal, the directions {d;}t are Q-conjugate, and

span{rg,...,r;} =span{dy,...,d;}, i=0,... k.
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14.8 Convergence Rate of the Conjugate-Gradient
Method

In theory, the conjugate-gradient method (14.49) terminates in at most n steps
by Theorem 14.24. This is rarely true in practice, however, because of numer-
ical roundoff errors. Since the 1970s, the prevailing view is that the conjugate-
gradient method is an iterative method for solving linear equations Qz = b,
where the matrix @ is large-scale, sparse, symmetric, and positive definite (or
positive semidefinite). Viewed from this perspective, it becomes important to
estimate the convergence rate of the algorithm based on the properties of the
matrix @, not merely its dimension n, and to obtain convergence-rate results
that are independent of n. It even becomes relevant to investigate the behav-
ior the conjugate-gradient method for solving a linear equation Qx = b where
@ : H — H is a self-adjoint positive semidefinite operator on an infinite-
dimensional Hilbert space H. Theorem 14.24 will be a key tool in this section.

A consequence of Corollary 14.26, which in turn is a consequence of The-
orem 14.24 and Theorem 14.25, is the following result.

Corollary 14.27. Let {z;}*_, {ri}r_, and {d;}F_, be the iterates, gradients,
and conjugate direction vectors, respectively, generated by a conjugate-gradient
method.

If all the gradient vectors r; are nonzero, then

span{dy,dy,...,dr} = span{ro,r1,...,7,} = span{rg, Qro,. .., rio}.

Proof. The first equality was already proved in Corollary 14.26; to prove the
second, we use induction on k. The equality is trivially true for k£ = 0; as-
suming that it is true for k — 1, let us prove its truth for k. Let {r;}}_,
all be nonzero vectors. It suffices to show that span{r;}5 C span{Qro}k,
because span{r;}£ has dimension k + 1 by Corollary 14.26, while the sub-
space span{Q'ro}f has dimension at most k + 1. By the induction hypoth-
esis, we have span{r; 5—1 = span{Qiro}ﬁ_l, so it suffices to prove that
TR € span{Qiro}lg; this last assertion is true, because ry = r_1 + ap_1Qdr_1
from the description of CGM, and both r;_; and dj_q lie in span{Qiro}lgf1

by the induction hypothesis. O

Definition 14.28. Let A be an n x n matriz and d € R™ a vector. The Krlov
subspace of A of order k in the direction d is the linear subspace

K(A,d, k) := span{d, Ad, ..., A*"1d}.

Let
E(z) := q(z) — q(z7)
be the objective value gap g(x)—q(x*) at the point =, where x* is the minimizer
of ¢ on R™. By Taylor’s formula,
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E(z) =q(z) — q(z*) = 5(@(1‘ —z"),x —a¥) = §||a: — ||é (14.50)

‘We now come to perhaps the most central result concerning the conjugate-

gradient method, sometimes called the expanding subspace theorem. We shall

use it in Section 14.10 to give a short and independent derivation of the
conjugate-gradient method itself.

Theorem 14.29. (Expanding subspace theorem)The point xj generated
by the conjugate-gradient method has the variational characterization

B(ai) = 5 min{[p(Q) (w0 — )} - p € Pi p(0) = 1},

where Py, is the vector space of polynomials of degree at most k.

Proof. Tt follows from Theorem 14.24 and Corollary 14.27 that xj is the min-
imizer ¢ on the affine subspace My_1 = z9 + K(Q, 719,k — 1). If x € Mj,_4,
write

x =9 +Y0r0 + N1Qro + - + 1—1Q ro =m0 + p(Q)r0,
where p is the polynomial
p(t) =0 +nt+ - +yat"
Since 19 = Qxg — b = Qo — Qz* = Q(xg — z*), this gives
z—x" = (o — %) + p(Q)ro = [ + Qp(Q)](z0 — 2"); (14.51)
thus  — 2™ = p(Q)(xo — z*), where p(t) =1+ tp(t) € Pr and p(0) =1. O

Theorem 14.29 is a powerful result on the convergence rate of the conjugate-
gradient method. However, it has the drawback that the gap FE(xzj41) is esti-
mated by the displacement vector o — x*; it may be preferable to estimate
the gap in terms of a known similar quantity instead, say F(z). This is done
below.

Theorem 14.30. Let x41 be the (k+ 1)th point generated by the conjugate-
gradient method. If {\;}1_, are the eigenvalues of the matriz Q, then

E(rpi1) ) )
El@e+1) _ .
Blry) = mmin max (14 Xip(A))

Proof. Let Q@ = UAU” be the spectral decomposition of @, where A =
diag(M1, ..., An), and write zg — 2* = UJ.

If p € Py, is such that 1+ ¢p(¢) is the polynomial realizing the minimum
in Theorem 14.29, then p(Q) = Up(A)UT, and we have
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(QU +P@Q) (@0 — "), (I +PQQ) (o "))
= (AT +p(A)A)S, (I +p(4)1)3)

zn: L+ Aip(Ai)2Nid?

<(max(1 + Xip(A ) Z PV

Theorem 14.29 implies that

E(zr41) < <max(1 + Aip(A ) ( Z)\ 52)

= (mlax(l + Aip(Ai)) )E(ZO)’

where the equality follows from
2B (o) = lleo — 2|3 = U813 = (43, ) ZA 2.

O

Corollary 14.31. Let x. be the kth point generated by the conjugate-gradient
method. Let kK = Amax/Amin be the condition number of @, where A\pax and
Amin are the largest and smallest eigenvalues of Q, respectively.

Then
. k
gg;gi < (;D <2 <£+ 1) : (14.52)

where Ty, is Chebyshev’s polynomial given by

Ty.(z) = cos(kcos™' ).

Proof. Write m = Apin and M = Apax. Theorem 14.30 implies

E
Fey < min ms PO S min s (o)

where the minimization is over polynomials p € Py, satisfying p(0) = 1.
The minimax problem min, max,e(,, a7 p(x)* above is a classical problem
in approximation theory whose solution is the polynomial given by

T (142524) 7 (1+2474)

T (1 +2M——i‘{n) T (—%})

=
8
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with
1 1
max [p(x)] = AR A
e ()| ()

see Theorem 12.15 on page 327. The last equality above follows from the fact
that T} is an even or odd function, according to whether & is even or odd. (It
is easy to prove this using To(z) = 1, T1(x) = z, and the recursive formulas
Ti+1(z) = 22Ty () — Tr—1(x).) This proves the first inequality in (14.52).

Toward proving the second inequality in (14.52), we express T (z) in a
different form. Defining 6 = cos™! z, we have

e = cosf+isinh = cosh +i\/1—cos26 = cosf + \/cos2 6 — 1
=z++Va?-1
and

ik6 —ik6 i0\k —_io\—F
Ty (z) = cos(kb) = ¢ +26 - () +2(e )

(Hm)H(Hm)‘k_

Thus, we have

k Kk
1 1 1 1 1 1+2
RSN Y L W T2 R R Y L0 BV
k—1 2\ k—1 k—1 2 k—1
1
2

The corollary is proved. a

In general, it is impossible to improve upon the convergence-rate estimates
given in Corollary 14.31; see for example [153], pp. 373-374. Another “optimal-
ity” property of the conjugate-gradient method is given in [205], pp. 261-263,
where it is shown that the conjugate-gradient method is essentially an optimal
algorithm in the black-box, oracle model of computational complexity for op-
timization problems. Nevertheless, as one would expect from Theorem 14.30,
it is possible to obtain better convergence rates for the conjugate-gradient
method if one knows more about the distribution of the eigenvalues of Q. The
interested reader is referred to the extensive literature on the subject for more
information.

Corollary 14.32. The optimality gap E(x) = q(x) — q(z*) is halved in every
O(\/k) tterations of the conjugate-gradient method.

Proof. See the proof of Corollary 14.10. ad

Thus, if & = 105, say, then the conjugate-gradient method is a thousand
fold improvement over the steepest-descent method.
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14.9 The Preconditioned Conjugate-Gradient Method

We have seen that the convergence rate of the conjugate-gradient method for
solving the equation Qz = b is proportional to the square root of the condition
number of the matrix @. For ill-conditioned matrices, this rate may still be
slow. In order to accelerate the convergence rate, we may instead solve an
equivalent linear system

QT =b, (14.53)

where ~ -
Q=c7'Qc T, z=C%z, b=C""p, (14.54)

where C is an invertible n x n matrix and C~7 = (C~1)T = (CT)~1, such that
the matrix Q has smaller, hopefully much smaller, condition number than Q.
It will be seen below (see (14.56)) that the matrix C itself is not needed in
the preconditioned CGM; we need only to solve linear equations of the form
Mz = r, where
M =cc”

for z. The matrix C should be chosen so that the equation Mz = r is easy
to solve, and of course Q, equivalently M ~1(@Q, has reasonably small condition
number. There exists an extensive literature on how to choose C, but we
cannot pursue this topic in any depth here; see for example [14, 234].

The quadratic function corresponding to (Q,b) is given by

Note that we have

q(z) = %(c—ch—T(C%), CTz)y —(C7',CTx)
1
= 5(Qz,2) — (b, x)
= q(z)
and
Fz)=Qr—b=C"'QC T (CTz) —C b= C"'r(x). (14.55)

The conjugate-gradient method applied to (14.53) becomes

Choose a point Tg € R™. Define dy = —79 = —Vq(Zo)-
while Ty, # 0,
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= |12
_
k=737 70
(Qdy;, dy)
Ty1 = Tk + apdy,

Trht1 = T + apQdy,

[Pl
(752
dir1 = —Trt1 + Brr1di.

end (while)

We can describe the above algorithm in the original variables. For this purpose,
we first define
T ZciT.fk, rp = Crp,

in accordance with the equations (14.54) and (14.55). We also define
d, = C_Tcik,

so that the equation Zyy1 = i + axdy, transforms into the equation zpy =
Tk + axdy, that is, di is the direction of movement from zj to xx41. Finally,
we need an auxiliary variable z;, which we define as z; := (CCT)~!ry, that
is, 2y is the solution of the linear system

Mz, = r,, where M =CCT.

By making these substitutions in the preconditioned conjugate-gradient method
above, we arrive at the following description.

The Preconditioned Conjugate-Gradient Method

Choose a point xg € R™. Define dy = —Vq(zg) := —rg, and solve
Mzg =1y for zp.
while 1y, # 0,
o = {2k, Tk) 7
(Qdy, dy)

Thy1 = T + odp,
Tht1 = Tk + apQdy

i Qe (14.56)
solve M zx11 = rg41 for zp41,

{21 TRt)
Bry1 = ————
(21, Tk)
di+1 = —2k+1 + Br+1dk-
end (while)
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14.10 The Conjugate-Gradient Method and Orthogonal
Polynomials

We now give an independent derivation of the conjugate-gradient method,
inspired by the expanding subspace theorem, Theorem 14.29. This approach to
the conjugate-gradient method has considerable advantages: the derivation is
short, clear, self-contained, and provides a link between the conjugate-gradient
method and orthogonal polynomials.

Choose a point zg € R™, and consider the algorithm for minimizing ¢(z)
such that it generates the sequence {xj}, where xj is the global minimizer
q(z) on the affine subspace

Mk =T + ’C(Q7T07 k) =To + Span{TOa Q?"m LR Qk_lr()}v k > ]-7

where 1o = Vq(z¢) = Qo — b.

A priori, this is a conceptual algorithm, because it is not clear how to
minimize g(x) on My, effectively. (Of course, we know by Theorem 14.29 that
xj, can be computed recursively, and the resulting algorithm is the conjugate-
gradient method, but we do not need or use this knowledge here.)

Denote by

er =z —x*

the displacement vector at step k, where x* is the minimizer of ¢ on R™; then
ro = Quo — b= Q(z0 — %) = Qeo.
Now, any point = € M} has a representation
z = x0 + c170 + 2Qro + -+ + Q" g

=" +eo+ Qe + -+ + cxQ¥eo
=" + p(Q)eo,

where
p(t) =1+cit+-+cxth € Py, p(0) =1.

We denote by pji the polynomial corresponding to xj, that is, xp = z* +
pr(Q)eg. We conclude that

er = pr(Q)eo and 7 = pr(Q)ro, (14.57)

where the second equation follows since r, = Qer, = Qpi(Q)eo = pr(Q)Qeo =

pr(Q)ro-
If r(t) € Pr—1, then the polynomials py and py(t) + etr(t) are both in Py,
and have value 1 at ¢t = 0. Since

B@) = glle —2*I3 = 3 Ip(Q)(eo)l3,
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where the first equation follows from (14.50) and E(x) is minimized at py, it
follows that

0 < [lpe(Q) + er(@)Qleallfy — llpr(Q)eoll},
= 2¢(pi(Q)e0, 7(Q)Qeo) g + € |7(Q)Qeo 15

for all € € R, which is possible if and only if

(P (Q)eo, 7(Q)Qen)q = (Pr(Q)r0,7(Q)ro) =0

for all polynomials r(t) € Py_1.
Now we define an inner product on polynomials as follows:

(p,0)p = (p(Q)ro,q(Q)r0)- (14.58)

Then
(pk,m)p =0 for all r € Py_1q,

that is, the polynomials {p;} are orthogonal in the inner product (-,-)p.
Note that (14.57) and (14.58) give

<piapj>P = <7"z‘77”j>-

The vectors {rg}5* thus form an orthogonal set of vectors (hence a basis)
in £(Q,ro,1) as long as they are nonzero. Similarly, the polynomials {pk}f)_l
are also linearly independent, and the polynomial pg(¢) thus has degree k.
Therefore, our algorithm stops precisely at step m, where m is the dimension
of the Krylov space K(Q,79) := span{Q'rq : i > 1}, that is, the first time we
have Mk = Mk+1.

Write
k+1
tpi(t) = Z Ch,iPi (1);
i=0
we have
(tpr, pi)p = (P, tpi)p = 0
fori =0,...,k — 2, so that only the last three coefficients cy r—1, ¢k, and

Ck.k+1 may be nonzero. In fact, ¢ k41 # 0, since tpy(t) has degree k+ 1. (We
remark that this three-term recurrence for {py} is a characteristic property of
orthogonal polynomials; see [250].)

Let us write pgi1(t) = (vut + &)k (t) + dxpr—1(t). Since all three polyno-
mials take the value 1 at ¢t = 0, we have £ =1 — 0, and

Prtr(t) = [t + (1= 61)]pw () + Oxpr—1(2). (14.59)

It follows from (14.57) and (14.59) that
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Trp1 — 2" = epy1 = prr1(Q)eo
= 1Qpr(Q)eo + (1 — x)pr(Q)eo + dkpr—1(Q)eo
= Yk + (1 — 0p)er + Oper—1
=1k + (1 = 0)(z — &%) + O (21 — 27).

Therefore,

Thy1 = Tk + Yok — Ok (Th — Tr—1),

14.60
Thy1 = T + VQri — 0k (1h — Th—1)- ( )

The coefficients 7, and d; can be computed as follows: since (ri41,75) = 0
and (rg41,7%—1) = 0, we have, using (14.60), the equations

Ve Qre, i) + (1= 08Il ? = 0, (@i, 7i1) + Skl|ri—1]|* = 0,

which have the solution

el
< [re—1l?’
—|lrell?
_ , 14.61
Tk (Qri, ri + BeTr—1) ( )
5 = Br{Qri, Tk—1)

(Qrig, i + Breri—1)

The equations (14.60) and (14.61) give an alternative description of the
conjugate-gradient method.

In the remainder of this section, we show the exact correspondence between
the data of the algorithm here and the one given in (14.49). (This is not strictly
necessary but rounds out our treatment of the conjugate-gradient method.)

First, note that the sequences {xy}o' ' and {r;}5' " are the same, since
xp minimizes ¢(z) on My in both algorithms and rp = Quy — b. Next, we
claim that v = —ay, where «y is defined in (14.49). Using the last equation
in (14.49), we have

(Qri, ) = (Q(dk — Prdi—1), di — Prdi—1)
= (Qdy, di) + B (Qdr—1, dr_1),

where the second equation follows by the Q-conjugacy of the vectors {d;} in
(14.49); similarly,
(Qri,ri—1) = (Q(dr — Brdr-1),dr—1 — Br—1dk—2)
= —Br(Qdk—1,dk—1).

Adding, we get
(Qri,ri + Bpri—1) = (Qdy, di).
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It follows from (14.61) that v, = —||r&||?/(Qdk, dx) = —au, proving our claim.
Similarly,

5, — —Bi(Qdi—1,dk-1) _ _O‘kﬁk, (14.62)

(Qdk, di) h—1
We define dj, as in (14.49) by the formula

Tp41 = T + axdy (or equivalently, ryi1 = ri + apQdy).
Then we have

Tht1 — T )
dy = LT O (g ader) = 1+ B,
AL Qe (697
where the second equality follows from (14.60). This proves the last equation
in (14.49) (with k& + 1 replaced by k), and completes the equivalence of the
formulas (14.60) and (14.61) with (14.49).

Remark 14.33. The attentive reader will note that all the results of this sec-
tion can be worked out without orthogonal polynomials ever being mentioned.
However, the connection between the conjugate-gradient method and orthog-
onal polynomials is important and should be kept in mind. We remark that
this connection was noted already in [132], the first paper on the subject,
and is treated in more detail later in [246]. The classic book [250] is still a
good reference on orthogonal polynomials. The inspiration to write this sec-
tion comes from the book [186], but we have removed the restrictions there
on the matrix Q.

14.11 Exercises

1. Consider the steepest-descent method to compute a minimizer of the func-
tion f(z,y) = 2*+y*—8y starting at the point (z°,y") = (0,1). Determine
the next iterate (x1,y1) using several of the step-size selection rules.

2. Newton’s method is used to compute a solution to the system 3z2y+y2 =
1, z* + 2y3 = 1 starting at the point (o, o) = (1,1). Determine the next
iterate (z1,y1)-

3. Consider the function f(z,y) = 222 + y* — 22y + 223 + 2.

(a) Determine all the critical points of f.

(b) Suppose we initiate the Newton’s method for minimizing f at a point
(z0,yo). Write down the equation describing this Newton’s method.

(¢c) Suppose that the Newton’s method in (b) is initiated at the point
(—1,0). Compute numerically the next point (z1,y;).

(d) Near which critical points can we expect a quadratic convergence
rate from Newton’s method?

4. Consider using Newton’s method for finding roots of the function

flay) =@ —y—1a+y” —1).
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(a) If the initial point is (1,1), compute the next iterate.

(b) Note that the points (1,0) and (0, —1) are roots of f. If the initial
point (29, yo) is very close to any of these roots, will Newton’s method
be fast in the sense that it will converge quadratically?

(¢) Find all other roots of f, if they exist.

5. Here is a problem in which we have quadratic convergence even if we
modify Newton’s method, such that

Tryp1 = 2k — g(wr) f(21),

where g is a suitable function.

Suppose we would like to invert a nonsingular matrix A € R™*". We can
view this problem as solving the equation

F(X)=0, where F(X)=I-AX, F:R"™" —R"",

Since F is linear, we have DF(X) = —A. Obviously, if we apply Newton’s
method, we obtain

Xpi1=Xp — DF(Xp) 'F(Xp) = X + A7HI — AXy) = A7,

that is, Newton’s method converges in one step. The drawback is, of
course, that calculating DF(X;)~! = —A~! is computationally costly.
Suppose we replace DF(X;)™! by G(Xk) := —Xj. (Since DF(X)~! =
—A~1 and X} ~ A~!, this is reasonable.)

(a) Show that if Xy is close enough to A™1, then the method

Xi41 =Xk + XkF(Xk) =Xi+ Xk(I - AXk) = Xk(QI — AXk)
is quadratically convergent, in the sense that
[F(Xg) | < 17 (X017

How would you quantify the “closeness” criterion for X so that the
method actually converges, that is, what conditions do you need on
Xp so that the above “Newton’s method” converges and converges
quadratically?
Hint: Find an equation connecting F'(X}) and F(Xj41).

(b) How can we choose Xj11 so that the resulting method is cubically
convergent in the sense that

1F (X )| < [1F (X172

(c) How can we choose Xj41 so that the method is nth-order convergent?
6. Prove the following facts about the conjugate-gradient method using its
description in (14.49):
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(Cl) Zk: |’rk||
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®)  Ndell® = [lrel® + B2l di—1]? = Z I

lrll*”

sl Il _ P
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Thus, ||d|| increases with k, and the angle between two different directions
di. and d; is acute.
. Prove the following facts about the conjugate-gradient method:

el = di) (o, dy)
<Qdkvdk> B <Qdkvdk> B <Qdkvdk>,
) Bess = rie1l® (kg1 Qi) —(ris, Qra)
75| (Qdy, dy.) (Qdy, dy,)

. Prove the following three-term recurrence formulas for {d} and {ry} in
the conjugate-gradient method:

@ di = (14 B1)do — apQdo,
“ dievr = (1+ Breypr)dr — arQdy, — Brdy—1, k>0,

(a) o=

r1 =710 — ®Qro,

« «
Th41 = (1 + kﬂk) re — apQry — £k re_1, Kk >0.
Q1 «

(0)

. Prove that in the conjugate-gradient method, the iterates xj get closer
to the optimal solution x* at each step, that is, ||z — z*|| is a strictly
decreasing sequence.

Hint: Prove that (z* — xy, 2 — 2x—1) > 0 by expressing the vectors z* —
zg and xp — zk—1 as linear combinations of {d;} and using the property
(d;,dj) > 0,4 # j, indicated in Exercise 6 on page 404.






A

Finite Systems of Linear Inequalities in Vector
Spaces

In this appendix, we characterize the consistency of finitely many linear
inequalities in an arbitrary vector space E over R by proving the central
Motzkin’s transposition theorems in this setting. This is done using elemen-
tary combinatorial techniques that go back at least to the work of Carver [55]
in the 1920s. A significant merit of this approach, besides its elementary char-
acter, is the fact that the completeness of R is not used, so that the proofs
can be extended to vector spaces over other fields, say the field Q of rational
numbers.
We first need a definition and a technical lemma.

Definition A.1. Let E be a real vector space. A system of inequalities and
equalities

bi(z) <ag, i€l li(x)<aj jed, l(z)=ox k€K,

where £;,4;,0;, : E — R are linear functionals and the index sets I, J, K are
finite, is called irreducibly inconsistent if it has no solution, but dropping any
one of the constraints leads to a system that has a solution.

Lemma A.2. Let E be a real vector space, and let {£;}} be linear functionals
on E. The set
L:={yeRF:y;=li(x), i=1,... k}

is a linear subspace of R, which is a proper subspace of R¥ if and only if
{£;}% is linearly dependent.

Proof. The fact that L is a linear subspace of R is an immediate consequence
of the linearity of {¢;}¥. We have L # R” if and only if there exists a nonzero
X € R¥ such that ) is orthogonal to L, that is, Zle Aili(x) =0forallx € E,
which is equivalent to the linear dependence of {/;}%. O

We are ready to state and prove the homogeneous version of Motzkin’s
transposition theorem.
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Theorem A.3. (Motzkin’s transposition theorem, homogeneous ver-
sion) Let E be a real vector space, and let {€;}icr, {€;}ics, and {€;i}rek be
linear functionals on E, where I, J, K are finite sets.

Then the linear system

li(x) <0,i€l, Li(x)<0,jed, L(x)=0,keK, (A1)

is inconsistent if and only if there exist multipliers A == (A, : i € I), p:= (p; :
jeJ), and § :== (0 : k € K) such that

SONli+Y il + > Gkl =0, (\p) >0, X#£0. (A.2)

el jeJ keK

Proof. If x € E satisfies (A.1) and the multipliers (A, u, 0) satisfy (A.2), then

l m p
0= (Z Ail; + Z ujéj + Z 5k€k) (I)
1 1 1
=Y Nili(@) + Y pili(x) + Y owle(x)

el jeJ keK
< Z )\ZEZ(LL') <0,
el

where the last inequality follows since at least one JA; is positive.

To complete the proof of the theorem, it remains to prove the claim that
if (A.1) is inconsistent, then there exist multipliers (\, p,d) satisfying (A.2).
Let us make some observations that will simplify the proof of the claim.

First of all, we may assume that K = (). Suppose that we have succeeded
in proving our claim for this case. If K # (), then each equality fx(z) = 0,
k € K, can be written as two inequalities £;(z) < 0 and —¢;(z) < 0, thus
reducing (A.1) to a system with no equality constraints, and obtain multipliers
(A, 1), including the multipliers pp, > 0 and pg, > 0 corresponding to the
inequalities £ (z) < 0 and —{(x) < 0, respectively. If we let o := pg, — i,
be the multiplier for the equality ¢;(2) = 0, then it is clear that the multipliers
(A {j}je,6) satisty the required properties, proving the claim in the case
K #0.

Secondly, we may assume that the system (A.1) is irreducibly inconsistent,
if necessary by getting rid of constraints one at a time while still preserving
the inconsistency of the system. If we succeed in proving the claim in this case,
then it is clear that setting the multipliers to zero for the omitted inequalities
proves the claim for the original case.

Thirdly, we may assume that |I| = 1, that is, there exists exactly one
strict inequality in (A.1). Suppose that |I| > 1; pick p € I and consider the
system obtained by relaxing all strict inequalities except £,(z) < 0 to non-
strict inequalities,

y(x) <0, 6(x) <0, i€ I\ {p}, £;(z)<0, ;€. (A.3)
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If this system is consistent, then there is a point a € FE satisfying it, and since
(A.1) (with K = 0) is irreducibly inconsistent, there exists a point b € F
satisfying the inequalities

ep(b)zo» gz(b)<07 ZGI\{p}v gj(b)gov JGJ

But then a point ¢ € (a,b) sufficiently near a satisfies all the inequalities
in (A.1), a contradiction. This proves that (A.3) is inconsistent, in fact irre-
ducibly inconsistent, since (A.1) is.

Thus far, we have succeeded in reducing our claim to proving that if the
system

Ua) <0, £(x) <0, j e, (A.4)
is irreducibly inconsistent, then there exist multipliers A > 0, p; > 0, j € J,
such that
A il =0; (A.5)
jeJ

this is a special case of Farkas’s lemma. Note that if £ = 0, then J = ), and
the claim is obvious. We consider the remaining case in the rest of the proof,
where ¢ # 0, J # 0, and £; # 0 for every j € J.
For any two distinct indices r, k € J, there exist, by virtue of irreducible

inconsistency of (A.4), a,b € E such that

la) <0, {p(a)>0, li(a) <0, {j(a)<0,jeJ\{rk},

£(b) <0, £.(b) <0, £i(b) >0, {ij(a) <0, jeJ\{rk}
If we move on the line segment [a, b] from a to b, we obtain a point ¢ satisfying
the equality £;(c) = 0; the point ¢ satisfies the inequalities

lc) <0, £p(c)>0, li(c)=0, {i(z)<0,jeJ\{rk},

where the second inequality follows because (A.4) is inconsistent.
Next, consider two consistent systems like the one above,

E(I) < 0’ ET(I) > 07 gkl (SC) = Oa Ekz(x) S 07 é](x) S 07 .] € J\{Ta klka}a
lx) <0, L(z) <0, lg,(x) =0, Ly, (x) >0, £Li(x)<0,jeJ\{r ks, ka},

and apply the same idea to obtain a consistent system
lx) <0, £p(z) >0, L (x)=0, Ly, (x) =0, Li(x)<0,jeJ\{r ki, ka}.

In this manner, we can replace, one at a time, all but one of the nonstrict
inequalities with equality, and arrive at the consistent system, for any k € J,

Ua) <0, fp(z)>0, £(x)=0,jeJ\{k}. (A.6)

Since (A.4) is inconsistent, Lemma A.2 implies that the linear functionals
{} U {¥¢;};es are linearly dependent; thus there exist scalars {\, u;,j € J},
not all zero, such that
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A+ sty = 0.
jeJ
Clearly, at least two multipliers are nonzero, and we may assume without loss
of generality that u, > 0 for some r € J. If a € F satisfies (A.6) for k = r,

then
M(a) = —plr(a) <0,

and since £(a) < 0, we have A > 0.
Finally, if s € J is arbitrary, and b € E satisfies (A.6) for k = s, then

wsls(b) = —=M(b) > 0,
and since £4(b) > 0, we have pus > 0. The theorem is proved. O

Note that two other proofs of Theorem A.3 in the case that F is a finite-
dimensional vector space over R have been given in Theorem 3.15 on page 72
and Theorem 7.17 on page 183. All three proofs are independent of one an-
other. The proof above is the most general one, and has the added virtue that
it needs no prerequisites.

Now that the central result Theorem A.3 is established, the following four
results follow as easy corollaries.

Corollary A.4. (Gordan’s lemma) Let E be a real vector space, and let
{liticr, {L;}jes be a finite set of linear functionals on E. Then

{d:4;(d)<0,i€l, £;(d)=0,je€J}=10
if and only if there exist a nonnegative, nonzero vector X € R and a vector
pe RV such that
D Xili+ > pit; = 0.
il jeJ

Corollary A.5. (Farkas’s lemma, homogeneous version) Let E be a
real vector space, and let {€;}*_,, {¢} be linear functionals on E. The following
statements are equivalent:

(a) any x € E satisfying ¢;(x) <0, i =1,...,k, also satisfies ¢(x) <0,
k
) > = iLi.
(b)  there exists A > 0 such that ¢ Zi:l Aili
Proof. Note that (a) is equivalent to the inconsistency of the system

—(z) <0, 4i(x) <0,i=1,....,k.



A Finite Systems of Linear Inequalities in Vector Spaces 411

Theorem A.6. (Motzkin’s transposition theorem, affine version) Let
E be a vector space over R. Let {l;}icr, {4;}jer, and {l;}rex be linear func-
tionals on E, and let {o;}icr, {oj}jer, and {ou}rer be real scalars, where
I, J, K are finite sets.

The linear system

bi(x)<a;,i€l, Li(z)<a;, jeJ, li(z)=o, keEK, (A7)

is inconsistent if and only if there exist multipliers \g € R, A € RUI, 1 e RIVI,
5 € RIEI satisfying

Z Aili + Zﬂjéj + Z orly, =0,

i€l JjeJ keK
Z )\iai + Z 127187 + Z 5kak + )\0 = 0, (AS)
el JjeJ keK

()‘07 )‘nu’) > 07 (>‘07 >‘) 7é 0.

Proof. The inconsistency of the system (A.7) is equivalent to that of the
homogenized system ¢ > 0, {;(z) < toy, ¢ € I, £;(z) < tay, j € J, and
li(x) = tag, k € K, that is, of the homogeneous linear system in the vector
space E x R,

bo(z,t) <0, Gi(x,t) <0, £j(z,t) <0, b(x,t) =0, (i,5,k) € IXTxK, (A.9)

where fo(x,t) = —t, l;(z,t) = l;(z) — toy, i € T UJ U K. This follows from
the fact that if = solves (A.7), then (x,1) solves (A.9), and conversely, if (z,t)
solves (A.9), then z/t solves (A.7). Theorem A.3 implies that there exist
nonnegative multipliers Ao € R, A € R, ;, € RVl and a multiplier § € RI¥I
such that (Ao, A) # 0 and

/\0[0 + Z Aigi + Z‘ujgj + Z 5k€~k =0.
iel jed kek

Setting (z,t) = (x,0) gives the first equality in (A.8), while setting (z,t) =
(0,1) gives the second one. O

Theorem A.7. (Farkas’s lemma, affine version) Let E be a real vector
space. Let {€;}% |, ¢ be linear functionals on E, and let {c;}f_,, ~ be real
scalars. Suppose that the linear inequality system

&(m)gai7 izl,...,]{/’,

18 consistent.
Then the following statements are equivalent:

(a) any x € E satisfying U;(x) < «;, 1 <i <k, also satisfies £(x) <,

k k
(b) 3(A1,..., M) >0 such that Z_fl Nl =0, Z-,JM <.
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Proof. Note that (a) is equivalent to the inconsistency of the system
—l(x) < =7, bi(x) <y, i=1,...,k.

By Theorem A.6, there exist nonnegative multipliers {\;}*__, such that
(A-1,A0) # 0 and

k k

A1l + Z Ail; =0, —A_17+ Z Aia; + Ag = 0.
i=1 i=1
Since the system ¢;(z) < «;, i = 1,..., k, is consistent, we must have A_; > 0

by Theorem A.6, and we may set A_; = 1. The theorem follows. O



B

Descartes’s Rule of Sign

In this appendix, we give a simple proof of Descartes’s rule of sign following
Vinberg [260].
Recall Definition 2.22:

Definition B.1. Let ag,aq,...,a, be a sequence of real numbers. If all the
numbers in the sequence are nonzero, the total number of variations of sign in
the sequence, denoted by V(ag, a1, ...,ay), is the number of times consecutive

numbers ar_1 and ay, differ in sign, that is,
V(ag,a1,...,an) = {k:ar—1ar <0,k =1,...,n}|

If the sequence ag,az,...,a, contains zeros, then V(ag,a1,...,a,) is defined
to be the variations of the reduced sequence by ignoring all zero elements in
the sequence. Also, we define V(ag) = 0 for any ag € R.

Let p(z) = ap + a1z + a2z’ 4 - - - + a,x™ be a polynomial of degree n with
real coefficients. We write

Vp :=V(aog,a1,...,a,).
We recall Theorem 2.23:

Theorem B.2. (Descartes’s rule of sign) Let p(z) = ap + a1 + azx? +
-« +apx™ be a nonzero polynomial of degree n with real coefficients. Then the
number of positive roots N,(0,00) of p is given by

Ny(0,00) =V, — 2k,

where K is a nonnegative integer.
Moreover, if the roots of p are all real, then k = 0, that is, N, (0, 00) = V.

The following simple technical lemmas will be used in its proof.
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Lemma B.3. Let p(x) = ag + a1x + -+ + apz™ be a polynomial with real
coefficients such that ag # 0 and a, > 0. Then V,, and Np(0,00) differ by an
even integer.

Proof. We have p(0) = ag and p(x) > 0 for large enough x. As we move along
the real line to the right, p(z) changes sign when we pass a simple root. When
we pass a root of multiplicity k, the sign of p(z) changes (—1) times. This
means that N,(0,00) is even if ag > 0 and odd if ag < 0. A little thought
shows that the same thing is true about V. a

Lemma B.4. N,(0,00) < Np(0,00) + 1 and Vy <V,,.

Proof. The second inequality is clear; to prove the first, note that by Rolle’s
theorem, there exists a root of p’ strictly between two distinct roots of p,
and if x is a root of p with multiplicity ¥ > 1, then x is a root of p’ with
multiplicity k& — 1. a

The number of negative roots of the polynomial p is equal to the number
of positive roots of the polynomial

Lemma B.5. V, + V5 < n.

Proof. A change of sign occurs in the sequence aq, ..., ax_1, ak, - - -, G, of p at
the kth position if and only if no change of sign occurs in the coefficients of
p at the kth position. If all a; are nonzero, we have Vj,, + V5 = n; in the case
that some a; = 0, we have V, + V5 < n. O

We are ready to give the proof of Theorem B.2.

Proof. We first prove the inequality N,(0,00) <V, by induction on the degree
of the polynomial p. If degp = 0, then N,(0,00) =V, =0. If degp =n > 0,
then degp’ =n — 1, and we have

N, (0,00) < Np(0,00) +1 <V, +1 <V, +1,

where the first and last inequalities follow from Lemma B.4, and the middle
one from the induction hypothesis. Lemma B.3 implies that N, (0, 00) = V,+1
is impossible. This establishes the first statement of the theorem.

If all roots of p are real, we can assume that 0 is not a root of p. Then,

n = Ny(0,00) + Np(0,00) < Vp + Vi <
thus Np(0,00) =V, and N5(0,0) = V5. O

Let p be a polynomial of degree n with real coefficients. For a < b, let
N,(a,b] be the number of roots of p in the interval (a,b], and if ¢ € R, let
V,(c) = V(p(e),p'(c),...,p'™(c)). It is easy to verify that V},(c) is the number
of sign variations in the coefficients of the polynomial z — p(z + ¢).

The following two results follow easily from Theorem B.2.
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Theorem B.6. (Budan—Fourier) If p is a polynomial of degree n with real

coefficients, then
Np(avb] = Vp(a) - VZD(b) — 2K,

where k > 0 is a nonnegative integer.

Theorem B.7. (Loewy—Curtiss) Let p be a polynomial of degree n with real
coefficients. Then
Np(a,b] = Vp(a) =V, (b)

for every real interval (a,b] if and only if all roots of p are real.

Chapter 10 of the book [225] is a good resource for the root-counting
results on polynomials.

B.1 Exercises

1. Prove Theorem B.6.
2. Prove Theorem B.7.



C

Classical Proofs of the Open Mapping and
Graves’s Theorems

Theorem C.1. (Open mapping theorem) Let X andY be Banach spaces
and let A: X — 'Y be a continuous linear mapping onto Y.
Then there exists T > 0 such that

TBy g A(Bx), (Cl)

where Bx = {x € X : ||z|| < 1} and By ={y € Y : |ly|]| < 1} are the open
unit balls in Xand 'Y, respectively.

Consequently, A is an open mapping, that is, if O C X is open set, then
A(O) is open set inY.

Proof. Since A is a linear map, it suffices to prove (C.1). Since A is an onto
mapping, we have

Y =A(X) =AU;2 nBx) = U2 A(nBx) = Uy nA(Bx).

It follows from the Baire category theorem that at least one set nA(Bx)
contains an open set, or equivalently, A(Bx) contains an open set, say O1 =
y+ 7By C A(Bx). Since Bx = —Bx, we have Oy = —y — 7By = —y +
TBy C A(Bx). If z € Y such that ||z|| < 7, then there exist {uy}® and
{vk}3° in X such that y + z = lim Auy, and —y + z = lim Avy, and thus
z = lim A(uy, + v)/2 € A(Bx). This proves that

TBy C A(Bx). (C.2)

It remains to show that A(Bx) contains some open ball §By. We claim
that this is true for any 0 < § < 7. Pick an arbitrary y € Y, |ly|| < 0. We
have y € A(rBx), where r = 0/7, so that there exists 1 € rByx such that
ly — Az1]| < o, where 0 < a < 1 is chosen such that 8 < 7(1 — «). Next,
y—Axy € A((af/7)rBx) = A(a?rBx), so there exists 2 € a?rBx such that
ly — Azy — Axs|| < a26. Continuing in this manner, we obtain a sequence

{z,}$° in X such that
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|znl < a™r, and ||y — A(z1 4+ -+ z,)|| < ™0, n>1.
Then the point z := > ° z,, satisfies Az =y and

lz]| <7 +ar+a®r+.- = U b <1
- Cl-a 7(1-a) '

This proves our claim. a

We remark that the inclusion (C.1) also holds if the open balls Bx and
By are replaced by the closed units balls Bx = {z € X : [[z|| < 1} and
By ={yeY:|y|| <1}:if 0 <7’ <7, then (C.1) gives

T/EY g TBY Q A(Bx) g A(Ex)
The following theorem, proved first by Graves [110] (see also Dontchev [79]),
is an important generalization of the open mapping theorem.

Theorem C.2. (Graves’s theorem) Let X andY be Banach spaces, r > 0,
and let f :rBx — Y be a mapping such that f(0) =0. Let A: X - Y bea
continuous linear mapping onto Y satisfying

Let f — A be Lipschitz continuous on rBx with a constant §, 0 < § < T,
that is,

I f(z1) — f(w2) — A1 — 22)|| < §||w1 — 22| for all z1,20 €rBx. (C.4)

Then
(r—6&)rBy C f(rBx),

that is, the equation y = f(x) has a solution ||z| < r whenever ||y|| < (7—3§)r.
Proof. Define ¢ := 7 — ¢ and let y € Y be any point satisfying llyl] < er. We
will show that there exists z € rBx such that f (x) = y. Toward that goal,

we recursively generate a sequence {x,}5° in rBx converging to x.
We start with xg = 0, and using (C.3), pick a point z; satisfying

Az =y, and |z1] < gl <ZLor
T T

Assuming that {z; }’5 has been generated, we generate xy11 from the equation
A(@psr — ) = (A= f)lzr) — (A= f)@p-1), k=1 (C.5)

Here, the right-hand-side vector above has norm at most |z — 2x—_1| by
(C.4), so that by virtue of (C.3), we can choose xj41 such that 7||xg1 — x| <
||z — xp—1]]. Thus,



419

C Classical Proofs of the Open Mapping and Graves’s Theorems

6
lzrsr = 2ull < —llzk — 21|

and
5 n—1
fon=anall < (£) hl w1

Since 6/7 < 1, {x,} is a Cauchy sequence, and hence converges to a point

x € X. In addition, we have
n n 5 k—1 ||$ ”
1
feall < 3 e il <32 (1) <

Thus, x4 satisfies the required property. We also have ||z|| < r.
Summing the equation (C.5) from k =1 to k = n — 1, and using the facts
O

Az =yand (A—f)(zo) = (A—f)(0) = 0, we obtain Az, —y = (A—f)(zn_1)
Since z,, — z, and A, f are continuous, we have f(z)=1y.
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hull, 86
map, 86
set, 85
affine invariant, 384
affinely
independent, 88
algebraic
closure, 118
approximation theory, 327, 340

Borwein—Preiss variational principle, 68

Cauchy—Schwarz inequality, 240
complementarity, 197
condition, 212
strict, 212
cone, 93
convex
decomposable, 351
dual, 151
finitely generated, 175
homogeneous, 295
homogeneous self-dual, 295
hyperbolic, 295
light, 358
Lorentz, 298, 358
polar, 151
second-order, 298
symmetric, 295
conjugate exponent, 267

constraint, 209
active, 210
inactive, 209
set, 209

constraint qualification, 213, 218
Mangasarian—Fromovitz, 219

Slater’s, 220
contractive mapping, 68
convergence rate, 369

cubic, 404

linear, 379

quadratic, 379

superlinear, 380
convex
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body, 118
combination, 90
cone, 93

polyhedral, 175

conical hull, 94

hull, 90

polyhedron, 180

polytope, 180

set, 89

sets

complementary, 158
properly separable, 162
separable, 162
critical point, 32
monkey saddle, 39
nondegenerate, 39, 48
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derivative harmonic, 57
directional, 5 homogeneous, 27
partial, 5 hypograph of, 53, 358
Descartes’s rule of sign, 32, 42, 413 indicator, 110
diagonalization infimal convolution, 110
orthogonal, 40 Lagrangian, 212, 281
simultaneous, 42, 270 Lipschitz continuous, 135
differentiability logarithmically convex, 111
Gateaux , 6, 8, 65 lower semicontinuous, 52
Fréchet, 6 nonexpansive, 143
direct sum strictly concave, 95
of cones, 351 strictly convex, 38, 95
direct summand sublinear, 346
of a cone, 351 support, 110, 139
direction upper semicontinuous, 52
descent, 210, 363 weak Lagrangian, 212
extreme, 129
feasible, 210 game theory, 275
linearized feasible, 210 gradient, 5
linearized strict descent, 210 Gram—Schmidt process, 48, 258, 389,
steepest-descent, 364 392
strict descent, 210
directions half-space
Q-conjugate, 388 closed, 144, 156
Q-orthogonal, 388 open, 144, 156
duality gap, 278 Hilbert metric, 358
Horn’s conjecture, 255
Ekeland’s e-variational principle, 32, hyperplane, 144, 156
61-63, 215
Euler’s formula, 27 inequality
arithmetic—geometric mean, 105, 113,
face, 128 115, 322
feasible region, 209 arithmetic—geometric-harmonic
Fenchel mean, 108
dual function, 276 Bellman’s, 358
duality, 276 Carleman’s, 115
transform, 276 Holder’s, 240, 248, 357
Fourier—-Motzkin elimination method, Hadamard’s, 114, 263
71, 179 Hilbert’s, 267
function Jung’s, 316, 356
coercive, 34 Kantorovich’s, 261, 369
concave, 5, 95 Minkowski’s, 348
convex, 5, 38, 95 Oppenheim’s, 113
coordinate, 8 Popoviciu’s, 358
distance, 110 interior
effective domain of, 95 algebraic, 117
epigraph of, 53, 95 relative, 118
gauge, 119 relative, 126

Green, 115 interior-point methods, 305
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Jacobian, 9

Karush—Kuhn—Tucker conditions
failure of, 218

lemma
Farkas’s
affine version, 75, 183, 185, 411

homogeneous version, 74, 177, 410
Gordan’s, 72, 183, 184, 191, 192, 410

Hoffman’s, 299
Zorn’s, 158
lineality, 131
subspace, 131
linear inequalities
irreducibly inconsistent, 407
Lipschitz continuous
function, 137
locally Lipschitz continuous
function, 137

matrix
leading principal minor, 43
leading principal submatrix, 43
positive definite, 37
positive semidefinite, 37
principal submatrix, 255
square root, 388
Vandermonde, 17

maximal monotone operators, 330

maximizer, 33

method
augmented Lagrangian, 375
Broyden, 259
conjugate-direction, 390
conjugate-gradient, 387
gradient, 362
gradient projection, 376
Newton’s, 377
proximal-point, 375
steepest-descent, 367
trust region, 228

metric regularity, 80

minimizer
global, 5, 32, 209
local, 5, 32, 209
strict global, 32

Index

strict local, 32

strong, 56
Minkowski

sum, 90
Moore—Penrose inverse

of a matrix, 291
Morse theory, 32
Morse’s lemma, 45, 49
multilinear algebra, 179
multivalued map, 123

affine, 123

neighborhood, 125
notation
Landau’s, 6

optimality condition
first-order
necessary, 35, 102
sufficient, 102
Fritz John, 210
Karush—Kuhn—Tucker, 106, 213
second-order
necessary, 37, 230, 231
saddle point, 39
sufficient, 38, 233, 235
optimizer, 33

Palais—Smale condition, 83
parallelogram law, 58
partial order, 158

maximal element of, 158
point

critical, 5

extreme, 129

projection, 142

Torricelli, 310

polar
cone, 151
set, 139

polynomial, 352
Chebyshev’s, 327, 396
Hermite, 36
hyperbolic, 113
orthogonal, 36, 400
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cross, 172
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primal program totally ordered, 158
of a Lagrangian, 277 simplex, 119, 138, 271
primal-dual central path, 305 standard unit, 92, 190, 193, 196, 221,
problem 292, 309, 311, 317, 356
Chebyshev’s approximation, 327, 339  singular values
circumscribed ellipsoid, 317 of a matrix, 256
Fermat—Torricelli-Steiner, 297 singular-value decomposition
inscribed ellipsoid, 265, 324 of a matrix, 255
linear complementarity, 104 space
minimax, 292 Euclidean, 294
plant location, 297 spectral decomposition, 40
program step-size selection rules
convex, VIII, 281 Armijo’s , 365
quadratic, 290 constant length, 364
dual, 281 exact minimization, 364
of a Lagrangian, 277 Goldstein’s, 365
linear, VIII, 187, 195, 289 limited minimization, 364
duality gap, 198 Wolfe’s, 366
mathematical, VII, 209 strictly complementary
nonlinear, 209 feasible solution, 188
quadratic, 104 optimal solution, 203
second-order cone, 295, 298 strong slope, 76
semi-infinite, VIII superlinear
semidefinite, 295 function, 358
semi-infinite, 313 support function, 321
projection support hyperplane, 144
onto a simplex, 190, 311
pseudoinverse tangent
of a matrix, 291 cone, 47
direction, 47, 210
recession Taylor’s formula
cone, 106, 129 Cauchy’s form, 4
direction, 129 Lagrange’s form, 1
multivariate, 15
saddle point, 32, 278 tensor product, 179
separating hyperplane, 144, 156 theorem
properly, 144, 157 Banach fixed point, 68
strictly, 144, 156 Budan—Fourier, 415
strongly, 144, 157 Bérany’s, 344
separation Carathéodory’s, 91
strong homogeneous form of, 94
of two disjoint convex polyhedra, Caristi fixed point, 82
193 Carver’s, 192
set Chebyshev’s, 343
diameter, 316, 356 convex transposition, 284
homogenization, 134 Courant—Fischer, 253
inradius, 316, 356 Danskin’s, 20
interior of, 125 duality
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fundamental theorem of algebra, 34

Graves’s, 76, 77, 418

Hahn—Banach, 167, 168

Helly’s, 336

Hirsch-Hoffman, 349

implicit function, 32, 45, 76, 81

inverse function, 32, 47, 76, 80

Kirchberger’s, 337
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Krein’s, 172

Loewy—Curtiss, 415

lop-sided minimax, 300
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mean value, 3, 7

Minkowski-Weyl, 180

Minty’s, 330

Motzkin’s transposition
affine version, 74, 183, 185, 411
homogeneous version, 72, 183, 408

open mapping, 76, 79, 417

proper separation, 148, 161
Rockafellar’s, 153

Radon’s, 335

saddle point, 278
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simultaneous diagonalization, 42
singular-value decomposition

of a matrix, 256
spectral decomposition

of a symmetric matrix, 40, 251
Stiemke’s, 171
strong duality
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Sylvester’s, 43
Tucker’s complementarity, 188
Tverberg’s, 345
von Neumann

minimax, 275, 306
Weierstrass, 33

topological
affine space, 126
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