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Preface

This book is intended as an introduction to all the finite simple groups. During
the monumental struggle to classify the finite simple groups (and indeed since),
a huge amount of information about these groups has been accumulated.
Conveying this information to the next generation of students and researchers,
not to mention those who might wish to apply this knowledge, has become a
major challenge.

With the publication of the two volumes by Aschbacher and Smith [12, 13]
in 2004 we can reasonably regard the proof of the Classification Theorem for
Finite Simple Groups (usually abbreviated CFSG) as complete. Thus it is
timely to attempt an overview of all the (non-abelian) finite simple groups
in one volume. For expository purposes it is convenient to divide them into
four basic types, namely the alternating, classical, exceptional and sporadic
groups.

The study of alternating groups soon develops into the theory of permu-
tation groups, which is well served by the classic text of Wielandt [170] and
more modern treatments such as the comprehensive introduction by Dixon
and Mortimer [53] and more specialised texts such as that of Cameron [19].
The study of classical groups via vector spaces, matrices and forms encom-
passes such highlights as Dickson’s classic book [48] of 1901, Dieudonné’s [52]
of 1955, and more modern treatments such as those of Taylor [162] and Grove
[72]. The complete collection of groups of Lie type (comprising the classical
and exceptional groups) is beautifully exposed in Carter’s book [21] using
the simple complex Lie algebras as a starting point. And sporadic attempts
have been made to bring the structure of the sporadic groups to a wider
audience—perhaps the most successful book-length introduction being that
of Griess [69]. But no attempt has been made before to bring within a sin-
gle cover an introductory overview of all the finite simple groups (unless one
counts the ‘Atlas of finite groups’ [28], which might reasonably be considered
to be an overview, but is certainly not introductory).

The remit I have given myself, to cover all of the finite simple groups, gives
both advantages and disadvantages over books with more restricted subject
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matter. On the one hand it allows me to point out connections, for example
between exceptional behaviour of generic groups and the existence of sporadic
groups. On the other hand it prevents me from proving everything in as much
detail as the reader may desire. Thus the reader who wishes to understand
everything in this book will have to do a lot of homework in filling in gaps, and
following up references to more complete treatments. Some of the exercises
are specifically designed to fill in gaps in the proofs, and to develop certain
topics beyond the scope of the text.

One unconventional feature of this book is that Lie algebras are scarcely
mentioned. The reasons for this are twofold. Firstly, it hardly seems possible
to improve on Carter’s exposition [21] (although this book is now out of print
and secondhand copies change hands at astronomical prices). And secondly,
the alternative approach to the exceptional groups of Lie type via octonions
deserves to be better known: although real and complex octonions have been
extensively studied by physicists, their finite analogues have been sadly ne-
glected by mathematicians (with a few notable exceptions). Moreover, this
approach yields easier access to certain key features, such as the orders of the
groups, and the generic covering groups.

On the other hand, not all of the exceptional groups of Lie type have had
effective constructions outside Lie theory. In the case of the family of large Ree
groups I provide such a construction for the first time, and give an analogous
description of the small Ree groups. The importance of the octonions in these
descriptions led me also to a new octonionic description of the Leech lattice
and Conway’s group, and to an ambition, not yet realised, to see the octonions
at the centre of the construction of all the exceptional groups of Lie type, and
many of the sporadic groups, including of course the Monster.

Complete uniformity of treatment of all the finite simple groups is not
possible, but my ideal (not always achieved) has been to begin by describ-
ing the appropriate geometric/algebraic/combinatorial structure, in enough
detail to calculate the order of its automorphism group, and to prove sim-
plicity of a clearly defined subquotient of this group. Then the underlying
geometry/algebra/combinatorics is further developed in order to describe the
subgroup structure in as much detail as space allows. Other salient features
of the groups are then described in no particular order.

This book may be read in sequence as a story of all the finite simple
groups, or it may be read piecemeal by a reader who wants an introduction
to a particular group or family of groups. The latter reader must however
be prepared to chase up references to earlier parts of the book if necessary,
and/or make use of the index. Chapters 4 and 5 are largely (but not entirely)
independent of each other, but both rely heavily on Chapters 2 and 3. The
sections of Chapter 4 are arranged in what I believe to be the most appropri-
ate order pedagogically, rather than logically or historically, but could be read
in a different order. For example, one could begin with Section 4.3 on G2(q)
and proceed via triality (Section 4.7) to Fy(q) (Section 4.8) and Eg(q) (Sec-
tion 4.10), postponing the twisted groups until later. The ordering of sections
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in Chapter 5 is traditional, but a more avant-garde approach might begin with
J1 (Section 5.9.1), and follow this with the exotic incarnation of (the double
cover of) Js as a quaternionic reflection group (in the first few parts of Sec-
tion 5.6), and/or the octonionic Leech lattice (Section 5.6.12). But one cannot
go far in the study of the sporadic groups without a thorough understanding
of M24.

I was introduced to the weird and wonderful world of finite simple groups
by a course of lectures on the sporadic simple groups given by John Conway in
Cambridge in the academic year 1978-9. During that course, and the following
three years when he was my Ph.D. supervisor, he taught me most of what
subsequently appeared in the ‘Atlas of finite groups’ [28], and a large part of
what now appears in this book. I am of course extremely indebted to him for
this thorough initiation.

Especial thanks go also to my former colleague at the University of Birm-
ingham, Chris Parker, who, early in 2003, fuelled by a couple of pints of beer,
persuaded me there was a need for a book of this kind, and volunteered to write
half of it; who persuaded the Head of School to let us teach a two-semester
course on finite simple groups in 2003—4; who developed the original idea into
a detailed project plan; and who then quietly left me to get on and write the
book. It is not entirely his fault that the book which you now have in your
hands bears only a superficial resemblance to that original plan: I excised the
chapters which he was going to write, on Lie algebras and algebraic groups,
and shovelled far more into the other chapters than we ever anticipated. At
the same time the planned 150 pages grew to nearly 300. Indeed, the more
I wrote, the more I became aware of how much I had left out. I would need
at least another 300 pages to do justice to the material, but one has to stop
somewhere. I apologise to those readers who find that I stopped just at the
point where they started to get interested.

Several colleagues have read substantial parts of various drafts of this
book, and made many valuable comments. I particularly thank John Bray,
whose keen nose for errors and assiduousness in sorting out some of the finer
points has improved the accuracy and reliability of the text enormously; John
Bradley, whose refusal to accept woolly arguments helped me tighten up the
exposition in many places; and Peter Cameron whose comments on some early
draft chapters have led to significant improvements, and whose encouragement
has helped to keep me working on this book.

I owe a great deal also to my students for their careful reading of various
versions of parts of the text, and their uncovering of countless errors, some
minor, some serious. I used to tell them that if they had not found any errors,
it was because they had not read it properly. I hope that this is now less
true than it used to be. I thank in particular Jonathan Ward, Johanna Ramo,
Simon Nickerson, Nicholas Krempel, and Richard Barraclough, and apologise
to any whose names I have inadvertently omitted.

It is a truism that errors remain, and the fault (if fault there be), human
nature. By convention, the responsibility is mine, but in fact that is unrealistic.
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As Gauss himself said, “In science and mathematics we do not appeal to
authority, but rather you are responsible for what you believe.” Nevertheless,
I shall endeavour to maintain a web-site of corrections that have been brought
to my attention, and will be grateful for notification of any further errors that
you may find.

Thanks go also to Karen Borthwick at Springer-Verlag London for her gen-
tle but persistent pressure, and to the anonymous referees for their enthusiasm
for this project and their many helpful suggestions. I am grateful to Queen
Mary, University of London, for their initially relatively light demands on me
when I moved there in September 2004, which left me time to indulge in the
pleasures of writing. It is entirely my own fault that I did not finish the book
before those demands increased to the point where only a sabbatical would
suffice to bring this project to a conclusion. I am therefore grateful to Jianbei
An and the University of Auckland, and John Cannon and the University of
Sydney, for providing me with time, space, and financial support during the
last six months which enabled me, among other things, to sign off this book.

London Robert Wilson
June 2009



Contents

1 Introduction........... .. .. .. . 1
1.1 A brief history of simple groups ............... ... ........ 1
1.2 The Classification Theorem .. ........ ... ... .. ... ... 3
1.3 Applications of the Classification Theorem.................. 4
1.4 Remarks on the proof of the Classification Theorem ......... 5
1.5 Prerequisites . ....... ..o 6
1.6 Notation ....... ... 9
1.7 How to read this book .......... ... .. .. ... . ... .. ... 10

2 The alternating groups ......... ... .. ... .. .. i 11
2.1 Imtroduction .......... ... i 11
2.2 Permutations ............ .. 11

2.2.1  The alternating groups ............cooiiiiiienon .. 12
2.2.2  Transitivity . ... 13
2.2.3  Primitivity ... ... . . 13
2.24  Group actions . .............iiiii i 14
2.2.5  Maximal subgroups ........... ... .. i 14
2.26  Wreath products........... .. . .. .. . ... 15
2.3 SImplicity . ..o 16
2.3.1  Cycle types .. oot 16
2.3.2  Conjugacy classes in the alternating groups .......... 16
2.3.3  The alternating groups are simple................... 17
2.4 Outer automorphisms . ....... .. .. .. . i 18
2.4.1 Automorphisms of alternating groups ............... 18
2.4.2  The outer automorphism of Sg ..................... 19
2.5 Subgroups of Sy ..o 19
2.5.1 Intransitive subgroups......... ... ... ... o L. 20
2.5.2  Transitive imprimitive subgroups ............. ... ... 20
2.5.3  Primitive wreath products ........... .. .. . .. ... 21
2.5.4  Affine subgroups....... ... ... i i 21

2.5.5  Subgroups of diagonal type .......... ... .. .. ... 22



Contents

2.5.6  Almost simple groups ............... ... 22
2.6 The O’Nan—Scott Theorem ........... ... ... ... ... ... ... 23
2.6.1 General results ........ ... 24
2.6.2 The proof of the O’Nan—Scott Theorem.............. 26
2.7 COVEriNg GIOUDPS .« .. vt ve ettt e e e e 27
2.7.1  The Schur multiplier .......... ... .. .. .. .. ... ... 27
2.7.2 The double covers of A, and S,, .................... 28
2.7.3 The triple cover of Ag ........ .o 29
2.7.4 The triple cover of A7 ...... ... ... ... .. ... 30
2.8 COXELET BIOUPS .« v vttt et e e e e e 31
2.8.1 A presentation of S;, ... 31
2.8.2  Real reflection groups ......... ... . i L. 32
2.8.3 Roots, root systems, and root lattices ............... 33
2.84 Weyl groups ....... ... 34
Further reading . .. ... 35
Exercises . ... ... 35
The classical groups ......... .. ... . i, 41
3.1 Imtroduction .......... ... i 41
3.2 Finite fields. ... ... .o 42
3.3 General linear groups .. ... .....c..ouiuiininiii 43
3.3.1 The orders of the linear groups ..................... 44
3.3.2  Simplicity of PSLy,(q) ««vvvvvviii 45
3.3.3  Subgroups of the linear groups ..................... 46
3.3.4 Outer automorphisms ............. ... .. ... .. .. ... 48
3.3.5 The projective line and some exceptional isomorphisms 50
3.3.6  Covering roups .. ... ....oeuiiuneineennennennenn.. 53
3.4 Bilinear, sesquilinear and quadratic forms .................. 53
3.4.1 Definitions .. ... 54
3.4.2  Vectors and subspaces . . ....... ... . i 55
3.4.3 Isometries and similarities .............. ... .. ... ... 56
3.4.4 Classification of alternating bilinear forms ........... 56
3.4.5 Classification of sesquilinear forms .................. 57
3.4.6 Classification of symmetric bilinear forms ............ 57
3.4.7 Classification of quadratic forms in characteristic 2.... 58
348 Witt’'s Lemma. ... i 59
3.5 Symplectic Groups .. ... ... 60
3.5.1 Symplectic transvections. ............ ... .. ... ... 61
3.5.2  Simplicity of PSpg,,,(q) « oo 61
3.5.3  Subgroups of symplectic groups..................... 62
3.5.4 Subspaces of a symplectic space .................... 63
3.5.5 Covers and automorphisms. ................ .. ... ... 64
3.5.6  The generalised quadrangle ............... .. ... ... 64
3.6 Unitary groups ... .......ouininii i 65

3.6.1 Simplicity of unitary groups.............. ... ....... 66



Contents XI

3.6.2  Subgroups of unitary groups ............. ... ..., 67
3.6.3  Outer automorphisms ......... ... ... ... ... ..., 68
3.6.4 Generalised quadrangles .......... ... .. .. ... ..., 68
3.6.5 Exceptional behaviour............................. 69
3.7 Orthogonal groups in odd characteristic .................... 69
3.7.1 Determinants and spinor norms. . ................... 70
3.7.2  Orders of orthogonal groups........................ 71
3.7.3  Simplicity of PQy,(q) - vvvveii 72
3.7.4  Subgroups of orthogonal groups .................... 74
3.7.5 Outer automorphisms ............. ... .. ... .. .. ... 75
3.8 Orthogonal groups in characteristic2 ...................... 76
3.8.1 The quasideterminant and the structure of the groups . 76
3.8.2  Properties of orthogonal groups in characteristic 2 .... 77
3.9 Clifford algebras and spin groups . ..............cooueeuon... 78
3.9.1 The Clifford algebra.......... .. .. .. ... .. ... 79
3.9.2 The Clifford group and the spin group............... 79
3.9.3 The spin representation. ......... ... .. .. .. . ... 80
3.10 Maximal subgroups of classical groups ..................... 81
3.10.1 Tensor products ......... ... ... i 82
3.10.2 Extraspecial groups .. ...t 83
3.10.3 The Aschbacher-Dynkin theorem for linear groups .... 85
3.10.4 The Aschbacher-Dynkin theorem for classical groups .. 86
3.10.5 Tensor products of spaces with forms................ 87
3.10.6 Extending the field on spaces with forms............. 89
3.10.7 Restricting the field on spaces with forms ............ 90
3.10.8 Maximal subgroups of symplectic groups............. 92
3.10.9 Maximal subgroups of unitary groups ............... 93
3.10.10 Maximal subgroups of orthogonal groups ............ 94
3.11 Generic isomorphisms .. ... ... 96
3.11.1 Low-dimensional orthogonal groups ................. 96
3.11.2 The Klein correspondence. ......................... 97
3.12 Exceptional covers and isomorphisms ...................... 99
3.12.1 Isomorphisms using the Klein correspondence ........ 99
3.12.2 Covering groups of PSU4(3) ........ .ot 100
3.12.3 Covering groups of PSLg(4) ...t 101
3.12.4 The exceptional Weyl groups . ...................... 103
Further reading . .. ... 105
Exercises ... ... 106
The exceptional groups ............ .. .. ... .. .. ... .. ..., 111
4.1 Introduction ........ ... .. 111
4.2 The Suzuki groups. ...... ... 113
4.2.1 Motivation and definition ......... ... .. .. ... .. 113
4.2.2  Generators for Sz(q) ... i i 115

4.2.3  Subgroups ... ... 117



XII

Contents

4.3

4.4

4.5

4.6

4.7

4.8

4.9

4.2.4  Covers and automorphisms. .. ...................... 118
Octonions and groups of type Go ... oo 118
4.3.1  Quaternions. . ............eeiiii i 118
4.3.2  OCtOnIONS. .« .ottt 119
43.3 Theorder of Ga(q) . ..o vvvvieeii 121
4.3.4  Another basis for the octonions..................... 122
4.3.5  The parabolic subgroups of Ga(g) ................. .. 123
4.3.6  Other subgroups of Ga(q) . ...« 125
4.3.7  Simplicity of Ga(q) .. ..o 126
4.3.8 The generalised hexagon ................ ... ... .... 128
4.3.9 Automorphisms and covers............ ... ... ....... 128
Integral octonions ......... .. .. . . i 129
4.4.1 Quaternions in characteristic 2 ..................... 129
4.4.2 Integral octonions. .......... ... .. . i 129
4.4.3 Octonions in characteristic 2 ....................... 131
4.4.4  The isomorphism between G2(2) and PSU5(3):2 ...... 132
The small Ree groups .......... . i 134
4.5.1  The outer automorphism of Go(3) .................. 134
4.5.2  The Borel subgroup of 2Ga(q) . .vvvvvrieneain.. 135
4.5.3 Other subgroups....... ..., 137
4.5.4  The isomorphism 2G2(3) 2 PTLa(8) ... ..oovvn ... 138
Twisted groups of type 3Dy .. ..o 140
4.6.1 Twisted octonion algebras ................... ... ... 140
4.6.2 Theorder of 3Dg(q) ..o vvvvniii i 140
4.6.3  SImMpPlicity. ... ..o 142
4.6.4 The generalised hexagon ............. ... ... ... .... 143
4.6.5 Maximal subgroups of 3Dy(q) ... .o 143
Triality .o 145
471 TSOtOPIeS . . v vt 146
4.7.2  The triality automorphism of PQZ (¢) ............... 147
4.7.3 The Klein correspondence revisited ................. 148
Albert algebras and groups of type Fy........... ... ... 148
4.8.1 Jordan algebras ......... .. .. . . i 148
4.8.2 Acubicform......... ... . 149
4.8.3 The automorphism groups of the Albert algebras ... .. 150
4.8.4 Another basis for the Albert algebra ................ 151
4.8.5 The normaliser of a maximal torus.................. 153
4.8.6  Parabolic subgroups of Fy(q) . ..., 155
4.8.7  Simplicity of Fu(q) -« vvvveei i 157
4.8.8 Primitive idempotents ......... .. .. .. .. .. L 157
4.8.9  Other subgroups of Fy(q) « .. oovvineiiii ... 159
4.8.10 Automorphisms and covers of Fy(q) ................. 161
4.8.11 An integral Albert algebra ......................... 162
The large Ree groups ... i 163

4.9.1 The outer automorphism of Fy(2)................... 163



Contents  XIII

4.9.2  Generators for the large Ree groups ................. 164
4.9.3  Subgroups of the large Ree groups .................. 165
4.9.4  Simplicity of the large Ree groups................... 166
4.10 Trilinear forms and groups of type Eg ... ..o vvvin ... 167
4.10.1 The determinant............ ... .. .. ... 167
4.10.2 Dickson’s construction........... .. .. ... ... 169
4.10.3 The normaliser of a maximal torus.................. 170
4.10.4 Parabolic subgroups of Eg(q) ... ...covvvi ... 170
4.10.5 Therank 3 action........... ... iiiieniinon.. 171
4.10.6 Covers and automorphisms. ........................ 172
4.11 Twisted groups of type 2Eg . ..o oo 172
4.12 Groups of type Fr and Eg .. ..o ovvii i 173
4.12.1 Liealgebras.........o.iiii i 174
4.12.2 Subgroups of Eg(q) «...oooviiiiiii i 175
4123 E7(q) o oot 177
Further reading . .. ... i 177
Exercises . ... 178
The sporadic groups . ...t 183
5.1 Imtroduction ......... ... . 183
5.2 The large Mathieu groups .......... ... . .. 184
5.2.1 Thehexacode ........ .. .. .. . . i 184
5.2.2  The binary Golay code ........... ... ... .. ... .... 185
523 Thegroup Mog ..o ovov i 187
5.2.4  Uniqueness of the Steiner system S(5,8,24) .......... 188
5.2.5 Simplicity of Mog . ..o 190
5.2.6  Subgroups of Mog . ... 190
5.2.7 A presentation of Mog . ... 191
5.2.8 Thegroup Mag ..o viiiiii i 192
5.2.9 Thegroup Moo ..ot 193
5.2.10 The double cover of Moo ... ... 194
5.3 The small Mathieu groups .......... ... . .. .. 195
5.3.1 Thegroup Mg ..o ovi i 195
5.3.2  The Steiner system S(5,6,12) ...................... 196
5.3.3  Uniqueness of S(5,6,12) ........ ... ... 197
5.3.4  Simplicity of Myg . ..o 199
5.3.5  The ternary Golay code ............. ... ... ....... 199
5.3.6  The outer automorphism of My .................... 201
5.3.7 Subgroups of Mig . ... 201
5.3.8 Thegroup My1 ..o oviii 202
5.4 The Leech lattice and the Conway group ................... 203
5.4.1 The Leech lattice .......... .. ... .. . ... . ... 203
5.4.2 The Conway group Cop......ovvviiiiinnninen... 205
5.4.3  Simplicity of Cop ..o 206

5.4.4 The small Conway groups. ...........ccooouvienoo... 206



XIV

Contents

5.5

5.6

5.7

5.8

5.9

5.4.5 The Leech lattice modulo 2 ........................ 208
Sublattice groups .. ... 210
5.5.1 The Higman—Sims group HS ...... ... .. .. ... ... 210
5.5.2  The McLaughlin group McL ......... .. .. ... .... 214
5.5.3 Thegroup Cog .....oviiniiii i 216
5.5.4 Thegroup Cog . ..ot 217
The Suzuki chain....... .. .. . 219
5.6.1 The Hall-Janko group Jo ...... ... .. . .. . .. ... 220
5.6.2 The icosians . ..........cuuiuiiinniinnn.. 220
5.6.3  The icosian Leech lattice.......... ... .. .. ... ... 221
5.6.4 Properties of the Hall-Janko group ................. 222
5.6.5 Identification with the Leech lattice ................. 223
5.6.6 Jg as a permutation group . ... 223
5.6.7 Subgroupsof Jo ... .. 224
5.6.8 The exceptional double cover of Ga(4) ............... 224
5.6.9 Themaponto Ga(4) ... 226
5.6.10 The complex Leech lattice .............. .. .. ... ... 227
5.6.11 The Suzuki group..........cooiiiiiiii ... 229
5.6.12 An octonion Leech lattice .. ........................ 230
The Fischer groups ...t .. 234
5.7.1 A graph on 3510 vertices ............. ... .. ... ..... 235
5.7.2 Thegroup Figg ... 237
5.7.3 Conway’s description of Figg ......... ... ... ..., 241
5.7.4 Covering groups of Figg . . ... ... . L 242
5.7.5 Subgroups of Figg .. ... ... 243
5.7.6 Thegroup Fiog .. ..ot 243
5.7.7 Subgroups of Figg...... ... i i 246
578 Thegroup Figg ... 246
5.7.9 Parker’sloop .........coii i 247
5.7.10 The triple cover of Fiby .. .ouvvviii i, 248
5.7.11 Subgroups of Figg .. ... 250
The Monster and subgroups of the Monster ................. 250
5.81 TheMonster ....... ... 251
5.8.2 The Griess algebra ........ ... .. ... L. 255
5.8.3  6-transpositions .......... ... i i 256
5.8.4 Monstralisers and other subgroups .................. 256
5.8.5 The Y-group presentations ......................... 257
5.8.6 The Baby Monster ........... ... .. .. .. . ... ... 259
5.8.7 The Thompson group .............coouviiininnon.. 260
5.8.8 The Harada—Norton group . ......... ..., 262
5.89 TheHeldgroup ......... .. .. . i 263
5.8.10 Ryba’salgebra ........ ... ... .. . ... 264
Pariahs ... ... . 265
5.9.1 The first Janko group Jy ....... ... . it 267

5.9.2  The third Janko group Jg ...... ... .. . .. oL 268



Contents XV

5.9.3 The Rudvalisgroup .......... . ..., 270

5.9.4 The O'Nan group . ... .....ouiiuiiinennnennenn.. 272

5.9.5 TheLyons group ............. ..., 274

5.9.6 The largest Janko group Jy ........ ... .. ... ... 276

Further reading . .. ... 278
Exercises . ... ... 279
References . ..... ... .. .. . . 283



1

Introduction

1.1 A brief history of simple groups

The study of (non-abelian) finite simple groups can be traced back at least
as far as Galois, who around 1830 understood their fundamental significance
as obstacles to the solution of polynomial equations by radicals (square roots,
cube roots, etc.). From the very beginning, Galois realised the importance of
classifying the finite simple groups, and knew that the alternating groups A,
are simple for n > 5, and he constructed (at least) the simple groups PSLy(p)
for primes p > 5.
Every finite group G has a composition series

1=Gp<G1 <G 4--<1G,,1 <G, =G (1.1)

where each group is normal in the next, and the series cannot be refined any
further: in other words, each G;/G;_1 is simple. The Jordan—Holder theorem
states that the set of composition factors G;/G;—1 (counting multiplicities) is
independent of the choice of composition series. Thus if any composition series
contains a non-abelian composition factor then they all do. Galois’s theorem
states that a polynomial equation in one variable has a solution by radicals
if and only if the corresponding ‘Galois group’ has a composition series with
cyclic factors.

The 19th century saw slow progress in finite group theory until 1870, in
which year appeared Camille Jordan’s ‘Traité des substitutions’ [104], followed
in 1872 by the publication of Sylow’s theorems. The former contains construc-
tions of the simple groups we now call PSL,,(p), while the latter provides the
first tools for classifying simple groups. And we must not forget the extraor-
dinary paper of Mathieu [131] from 1861 in which he constructs the groups
we now know as the sporadic groups M;; and Mjs, and which was followed
by another paper [132] in 1873 constructing Mag, Mas and May.

It was not until the dawn of the 20th century that a well-developed theory
of the finite classical groups began to emerge, most notably in the work of

R.A. Wilson, The Finite Simple Groups,
Graduate Texts in Mathematics 251,
(© Springer-Verlag London Limited 2009



2 1 Introduction

L. E. Dickson. In large part this work was inspired by Killing’s classification
of complex simple Lie algebras (if that is not an oxymoron) into the types
A,, B,, Cu, Dy, Go, Fy, Eg, E7 and Eg. Dickson constructed finite simple groups
analogous to all of these except F4, E;y and Eg, for every finite field (with a
small number of exceptions which are not simple).

One wonders why Dickson did not go on to construct finite simple groups
of the remaining three types. It seems extraordinary that it was another fifty
years before Chevalley provided a uniform construction of all these groups,
in his famous 1955 paper [23]. The types A, B, C,, and D,, give rise to the
classical groups PSL,,1+1(q) (linear), PQs,11(q) (orthogonal, odd dimension),
PSp,,,(q) (symplectic) and PQJ (g) (orthogonal, even dimension, plus type).
But where were the unitary groups, and PQ; (¢)? Very soon it was realised
that these could be obtained by ‘twisting’ the Chevalley construction. Using
the unitary groups as a model, Steinberg, Tits and Hertzig independently
constructed two new families 3Dy4(q) and 2FEg(q).

Soon afterwards, Suzuki and Ree saw how to ‘twist’ the groups of types By,
Go and Fy, provided the characteristic of the field was 2, 3, or 2 respectively.
And that seemed to be that. There was a feeling in the early 1960s (or so I
am told) that probably all the finite simple groups had been discovered, and
all that remained was to prove this.

Meanwhile, other parts of group theory had been developing by leaps and
bounds. The Feit—-Thompson paper [59] of 1963 proved the monumental result
that every finite group of odd order is soluble, or to put it another way, every
non-abelian finite simple group has even order. Thus every nonabelian finite
simple group contains an element of order 2 (an involution) and soon the
seemingly outrageous notion began to take root, that one could prove by
induction that all finite simple groups were known. Thompson again provided
the base case for the induction by classifying the minimal simple groups.

And so, in the early 1960s, the attempt to get a complete classification of
the finite simple groups began in earnest. But it turned out to be a lot harder
than some people had predicted. More or less the first case to try to eliminate
after Thompson’s work (at least logically, if not historically) was the case of a
simple group with involution centraliser Cy x A5. Janko’s construction of such
a group in 1964 sent shock-waves throughout the group theory community.
Suddenly it seemed that the classification project might not be so easy after
all. Maybe there were still hundreds, thousands, infinitely many simple groups
left to find?

In the decade that followed, a further twenty ‘sporadic’ (the term originally
used by Burnside to describe the Mathieu groups) simple groups were discov-
ered, and then the supply suddenly dried up. By 1980 there was a general
feeling that the classification of finite simple groups was almost complete, and
there were probably no more finite simple groups to find. Not that that has
stopped some people from continuing to look. Announcements were made that
the proof was almost complete, and (premature) predictions of the imminent
death of group theory filled the air.
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1.2 The Classification Theorem

The Classification Theorem for Finite Simple Groups (traditionally abbrevi-
ated CFSG, conveniently forgetting that what is important is not so much
the Classification, as the Theorem) states that every finite simple group is
isomorphic to one of the following;:

(i) a cyclic group C, of prime order p;
(ii) an alternating group A,, for n > 5;
(iii) a classical group:

linear: PSL,(q), n > 2, except PSLy(2) and PSLy(3);
unitary:  PSU,(q), n > 3, except PSU3(2);
symplectic: PSp,,,(q), n > 2, except PSp,(2);
orthogonal: PQo,11(q), n > 3, ¢ odd;
PQ3 (q), n > 4;
PQy. (), n >4

where ¢ is a power p® of a prime p;
(iv) an exceptional group of Lie type:

G2(q9),q = 3; F1(q); Es(q); *Es(q); *Da(q); E7(q); Es(q)

where ¢ is a prime power, or
2By (22", n > 1;2Go (32" ), n > 1,2 R (22T, n > 1

or the Tits group 2Fy(2)’;
(v) one of 26 sporadic simple groups:
e the five Mathieu groups Mi1, M1a, Moo, Mag, May;
the seven Leech lattice groups Coy, Cos, Cos, McL, HS, Suz, Jo;
the three Fischer groups Figs, Fiss, Fig,;
the five Monstrous groups M, B, Th, HN, He;
the six pariahs Jy, J3, J4, O’N, Ly, Ru.

Conversely, every group in this list is simple, and the only repetitions in this
list are:

PSU,(2) = PSp,(3). (1.2)

It is the chief aim of this book to explain, as far as space allows, the
statement of CFSG. Thus we seek to introduce all the finite simple groups,
to provide concrete constructions whenever possible, to calculate the orders
of the groups, prove simplicity, and study their actions on various natural
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geometrical or combinatorial objects to the point where much of the subgroup
structure is revealed. In so doing, we prove a substantial part (though by no
means all) of the converse part of CFSG, that is, we prove the existence
of many of the finite simple groups. (In the literature on CFSG the word
‘construction’ is generally used in this technical sense of ‘existence proof’,
but in this book I shall often use it in the weaker sense of building, possibly
without proof, an object which is in fact the group in question.) On the other
hand, there is nothing at all here about the proof of the main part of CFSG,
that is, the non-existence of any other finite simple groups.

1.3 Applications of the Classification Theorem

If one has (or if many people have) spent decades classifying certain objects,
one is apt to forget just why one started the project in the first place. Predic-
tions of the death of group theory in 1980 were the pronouncements of just
such amnesiacs. But group theorists did not spend such an enormous amount
of effort classifying simple groups just in order to put them in a glass case
and admire them.

The first serious applications of CFSG were in permutation group theory.
For example, the classical problem of classifying multiply-transitive groups,
which had led Mathieu to the discovery of the first five sporadic groups, was
easily solved: essentially, there are no others. With more work, one can clas-
sify 2-transitive groups. The O’Nan—Scott Theorem was the first result aimed
towards a classification of primitive permutation groups. It reduced this prob-
lem (for a fixed degree n) to the problem of classifying maximal subgroups of
index n in the almost simple groups, rather than in arbitrary groups.

This emphasised the need which was already felt, to have a good classifica-
tion of the maximal subgroups of the simple groups. For individual groups it
is possible to obtain complete explicit lists of maximal subgroups. For exam-
ple, the maximal subgroups of the sporadic groups can be obtained by (often
formidable) calculations: all except the Monster have been completed in this
way. For families of groups it is not always possible to obtain such an explicit
answer. In the case of the alternating groups, the O’Nan—-Scott theorem lists
some maximal subgroups explicitly, and says that any other maximal sub-
group is almost simple, acting primitively. A theorem of Liebeck, Praeger and
Saxl [120] tells us exactly when a subgroup of the latter type is not maximal,
but it is impossible to give an explicit list of the rest.

A similar programme for classifying the maximal subgroups of the classical
groups began with the publication of Aschbacher’s paper [5] on the subject
in 1984. For small dimensions explicit lists of all the maximal subgroups are
known, going back to the classification of the maximal subgroups of PSL(q)
more than a century ago by L. E. Dickson and others [48]. With the benefit
of exhaustive lists of representations of quasisimple groups in dimensions up
to 250, due to Hiss and Malle [79] and Liibeck [124], there is some prospect
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that eventually there will be explicit lists of maximal subgroups for classical
groups in these dimensions. Similarly, one would hope to be able to do the
same for the exceptional groups of Lie type: so far, complete lists are available
for five of the ten families.

1.4 Remarks on the proof of the Classification Theorem

There has been much debate about whether CFSG deserves to be called a the-
orem, and this debate has contributed to the philosophical arguments about
what a theorem is, what a proof is, what mathematics is (or are) and how we
recognise them when we see them. I believe most mathematicians are prag-
matic in their daily professional lives, and do not expect to reach the Platonic
ideal of a perfect proof which confers absolute certainty on a result. Certainly
some mathematicians who argue most vociferously for the absolute nature
of proof are amongst those whose own proofs often fall short of this ideal.
Thus my own point of view is that it is ultimately meaningless to argue about
whether a written (or spoken) argument ‘is’ or ‘is not’ a ‘proof’. One can only
really argue about the degree of certainty we derive from the argument.

The twentieth century saw announcements of solutions of many long-
standing difficult problems in mathematics, including besides the CFSG, also
the four-colour problem, Fermat’s Last Theorem, the Poincaré conjecture,
and others. It is natural, and necessary, to greet these announcements with a
healthy degree of scepticism, as not all of them have stood up to the test of
time. But in most cases a gradual process of expert scrutiny, tidying up and
correcting minor (or major) errors leads eventually to a general acceptance
that the problem in question has indeed been solved. On the other hand, it is
impossible in practice to satisfy the mathematician’s desire for absolute cer-
tainty. After all, we are only human and therefore fallible. We make mistakes,
which sometimes lie hidden for years.

So what of the CFSG? Has it indeed been proved? Certainly the process
of collating the various parts of the proof, filling in the gaps and correcting
errors, has taken longer than anyone expected when the imminent completion
of the proof was announced around 1980. The project by Gorenstein, Lyons
and Solomon [66] to write down the whole proof in one place is still in progress:
six of a projected eleven volumes have been published so far. The so-called
‘quasithin’ case is not included in this series, but has been dealt with in two
volumes, totalling some 1200 pages, by Aschbacher and Smith [12, 13]. Nor
do they consider the problem of existence and uniqueness of the 26 sporadic
simple groups: fortunately this is not in the slightest doubt. So by now most
parts of the proof have been gone over by many people, and re-proved in
different ways. Thus the likelihood of catastrophic errors is much reduced,
though not completely eliminated.
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1.5 Prerequisites

I have tried in this book to keep the prerequisites to a minimum, but I do
assume a familiarity with abstract group theory up to the level of Sylow’s the-
orems and the Jordan—Ho6lder theorem, as well as the basics of linear algebra,
such as can be found in Kaye and Wilson [105], and a reasonable mathemat-
ical maturity. In a few of the proofs I also need to assume a basic knowledge
of representation theory, such as can be found in James and Liebeck [98], al-
though this is not necessary for most of the text. In the chapter on sporadic
groups I shall from time to time use basic properties of graphs, codes, lattices
and other mathematical objects, but I hope that these can be picked up from
the context. For the record, here is a summary of roughly what I assume as
background in group theory. (Don’t read this unless you need to!)

Groups, subgroups and cosets

A group is a (finite) set G with an identity element 1, a (binary) multiplication
x.y (or zy) and a (unary) inverse x~! satisfying the associative law (zy)z =
x(yz), the identity laws 1 = 1z = z and the inverse laws xaz~' = 271z =1
for all x,y,2 € G (and the closure laws xy € G and 2! € G which we take
for granted). It is abelian if zy = yx for all 2,y € G, non-abelian otherwise. A
subgroup is a subset H closed under multiplication and inverses. (It is sufficient
to check zy~! € H for all z,y € H.) Left cosets of H in G are subsets
gH = {gh | h € H} and right cosets are Hg = {hg | h € H}. The left (or
right) cosets all have the same size, and partition G, so that |G| = |H||G : H|
(Lagrange’s Theorem), where |G| is the order of G, i.e. the number of elements
in G, and |G : H| is the index of H in G, i.e. the number of left (or right)
cosets. The order of an element g € G is the order n of the cyclic group
(9) ={1,9,9°,...,g" '} (denoted C,,) that it generates, and the exponent of
G is the lowest common multiple of the orders of the elements, that is the
smallest positive integer e such that g¢ =1 for all g € G.

Homomorphisms and quotient groups

A homomorphism is a map ¢ : G — H which preserves the multiplication,
d(xy) = ¢(x)d(y) (from which it follows that ¢(1) = 1 and ¢(z~ 1) = ¢(x)71).
The kernelof ¢ isker ¢ = {g € G | ¢(g) = 1}, and is a subgroup which satisfies
g(ker ¢) = (ker ¢)g, i.e. its left and right cosets are equal (such a subgroup N
is called normal, written N <G, or N < G if also N # G). An isomorphism
is a bijective homomorphism, i.e. one satisfying ker ¢ = {1} and ¢(G) = H:
in this case we write G = H.

If N is a normal subgroup of G, the quotient group G/N has ele-
ments zN (for all x € G) and group operations (zN)(yN) = (xy)N, and
(xN)~! = 27 IN. The first isomorphism theorem states that if ¢ : G — H is a
homomorphism then the image of ¢, ¢(G) = G/ker ¢ (and the isomorphism
is given by ¢(x) — z(ker ¢)).
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The normal subgroups of G/N are in one-to-one correspondence with the
normal subgroups K of G which contain N, and the second isomorphism
theorem is (G/N)/(K/N) = G/K. If H is any subgroup of G, and N is any
normal subgroup of G, then HN = {zy | « € H,y € N} is a subgroup of G
and N N H is a normal subgroup of H, and the third isomorphism theorem is
HN/N 2 H/(NNH).

Simple groups and composition series

A group S is simple if it has exactly two normal subgroups (1 and S). In
particular, an abelian group is simple if and only if it has prime order. A
series

1=Gp<G1 <G 4---<1G,,1 <G, =G (1.3)

for a group G is called a composition series if all the factors G;/G;—1 are
simple (and they are then called composition factors).

The fourth isomorphism theorem (or Zassenhaus’s butterfly lemma) states
that if X <Y <G and A < B < G then

(YNB)X _ (YnB) _ (YNnB)A

(YNAX (YNA(XNB) (XNBA’

Hence any two series for G have isomorphic refinements, and by induction on
the length of a composition series, any two composition series for a finite group
have the same composition factors, counted with multiplicities (the Jordan—
Hélder Theorem). A normal series is one in which all terms G; are normal
in G, and if it has no proper refinements it is called a chief series, and its
factors G;/G;—1 chief factors.

Soluble groups

A group is soluble if it has a composition series with abelian (hence cyclic of
prime order) composition factors. A commutator is an element x =1y~ lzy, de-
noted [x,y], and the subgroup generated by all commutators [z, y] of elements
x,y € G is the commutator subgroup (or derived subgroup), written [G,G] or
G'. Writing G(© = G and G™ = (G=DY | it follows that G is soluble if and
only if G =1 for some n. Also G/N is abelian if and only if N contains G,
so G/G' is the largest abelian quotient of G.

Group actions and conjugacy classes

The right regular representation of a group G is the identification of each
element g € G with the permutation x — xg of the elements of G. This shows
that every finite group is isomorphic to a group of permutations (Cayley’s
theorem). If G is a group of permutations on a set 2, and a € {2, the stabiliser
of a is the subgroup H consisting of all permutations in G which map a to
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itself. Then Lagrange’s theorem can be re-interpreted as the orbit—stabiliser
theorem, that |G|/|H| equals the number of images of a under G (i.e. the
length of the orbit of a).

Now let G act on itself by conjugation, ¢ : x — ¢~ 'xg, so that the orbits
are the conjugacy classes [x] = {g~'xg | g € G}, and the stabiliser of x is the
centraliser of x, Cq(x) = {g € G | g~txg = x}. In particular, the conjugacy
classes partition G, and their sizes divide the order of G. An element z is in
a conjugacy class of size 1 if and only if x commutes with every element of G,
ie.z€ Z(G)={y € G| g lyg =y for all g € G}, the centre of G, which is
a normal subgroup of G.

p-groups and nilpotent groups

A finite group is called a p-group if its order is a power of the prime p (and so
by Lagrange’s Theorem all its elements have order some power of p). Every
conjugacy class in G has p® elements for some a, and {1} is a conjugacy class,
so there are at least p conjugacy classes of size 1, and Z(G) has order at least
p. Define Z1(G) = Z(G) and Z,(G)/Zn-1(G) = Z(G/Z,—1(G)), so that if G
is a p-group then Z,,(G) = G for some n. A group with this property is called
nilpotent (of class at most n), and the series

1=2y(G) <1 Z1(G) 1 Z2(G) < -+~

is called the upper central series.

The direct product Gy X --- X G, of groups G1,...,Gy is defined on the
set {(g1,...,9%) | gi € G;} by the group operations (g1,...,gx)(h1,..., k) =
(g1h1, ..., gxhe) and (g1,...,9k) " = (g1~ %, ..., gx~1). A finite group is nilpo-
tent if and only if it is a direct product of p-groups.

Abelian groups

If m and n are coprime, then C,, x C,, & C},,. Hence in any finite abelian
group there is an element whose order is equal to the exponent of the group.
Indeed, every finite abelian group is isomorphic to a group Cy,, X Cp, X+ - - X Cp .
with n; dividing n;_; for all 2 < ¢ < r. Conversely, the integers n; are uniquely
determined by the group.

Sylow’s theorems

If G is a finite group of order p*n, where p is prime and n is not divisible by
p, then the Sylow theorems state that

(i) G has subgroups of order p*;
(ii) these Sylow p-subgroups are all conjugate; and
(iii) the number s, of Sylow p-subgroups satisfies s, = 1 mod p. (Note also
that, by the orbit-stabiliser theorem, s, is a divisor of n).
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To prove the first statement, let G act by right multiplication on all subsets
of G of size p¥: since the number of these subsets is not divisible by p, there
is a stabiliser of order divisible by p*, and therefore equal to p*. To prove
the second statement, and also to prove that any p-subgroup is contained in
a Sylow p-subgroup, let any p-subgroup @ act on the right cosets Pg of any
Sylow p-subgroup P by right multiplication: since the number of cosets is not
divisible by p, there is an orbit {Pg} of length 1, so PgQ = Pg and gQg~!
lies inside P. To prove the third statement, let a Sylow p-subgroup P act by
conjugation on the set of all the other Sylow p-subgroups: the orbits have
length divisible by p, for otherwise P and @ are distinct Sylow p-subgroups
of N (@), which is a contradiction.

An important corollary of Sylow’s theorems is the Frattini argument: if
N <G and P is a Sylow p-subgroup of N, then G = Ng(P)N.

Automorphism groups

An automorphism of a group G is an isomorphism of G with itself. The set
of all automorphisms of G forms a group under composition, and is denoted
Aut(G). The inner automorphisms are the automorphisms ¢, : = — g~ 'zg,
for g € G. These form a subgroup Inn(G) of Aut(G). Indeed, if & € Aut(G),
then a 'dga = ¢ga, so that Inn(G) is a normal subgroup of Aut(G). Now
bgh = Gy, and ¢, = ¢y, if and only if gh™! € Z(G), so the map ¢ defined
by ¢ : g — ¢4 is a homomorphism from G onto Inn(G) with kernel Z(G).
Therefore Inn(G) = G/Z(G) and, in particular, if Z(G) = 1 then G 2 Inn(G).
The outer automorphism group of G is Out(G) = Aut(G)/Inn(G).

1.6 Notation

Unfortunately there is no general consensus on notation for simple groups,
extensions of groups, and so on. In this book I shall usually, but not always,
follow the notation of the ‘Atlas of finite groups’ [28]. The main exception is for
orthogonal groups, where Atlas notation is most likely to be misunderstood,
and I prefer to follow Dieudonné [52]. Notation for simple groups is given in
Section 1.2. Extensions of groups are written in one of the following ways:
A x B denotes a direct product, with normal subgroups A and B; also A:B
denotes a semidirect product (or split extension), with a normal subgroup
A and a subgroup B; and A'B denotes a non-split extension, with a normal
subgroup A and quotient B, but no subgroup B; finally A.B or just AB
denotes an unspecified extension.

The expression [n] denotes an (unspecified) group of order n, while n or
C,, denotes (usually) a cyclic group of order n. If p is prime, p™ denotes an
elementary abelian group of order p", i.e. a direct product of n copies of C).
Often I shall use ¢™ (where ¢ is a power of p) also to denote an elementary
abelian p-group, although this is not standard Atlas notation. This includes
the case n = 1.
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1.7 How to read this book

Above all, this book should be read slowly. In order to cover a lot of ground,
the text proceeds at a fast pace, and therefore demands the undivided atten-
tion of the reader. I believe that the reader will gain a lot more by mastering
a small section than by skimming the whole book. (I have tried to make it as
easy as possible to dip into the book and read one section which is of inter-
est.) There are plenty of exercises collected at the end of each chapter. These
range from routine calculations to consolidate and test the basic material, to
substantial projects which go beyond the material presented in the book. The
serious reader will of course attempt at least a selection of these exercises.

Within each chapter, the material gets significantly harder from beginning
to end. Therefore at first reading one might profitably give up on each chapter
when the going gets tough, and start again with the more elementary parts
of the next chapter.

Gaps in the proofs are of varying sizes. A small gap, which we hope the
reader will be able to plug with a minimum (or a modicum) of effort, is
signalled by a phrase such as ‘it is easy to see that’. A large gap, or complete
absence of proof, which might require considerable effort, or reference to the
literature, is signalled by a phrase such as ‘it turns out that’, or ‘in fact’. The
word ‘shape’ is used frequently to indicate that the notation is imprecise, but
that it would take up too much space to make it precise.

Chapters 2 and 3 are reasonably ‘complete’ and for the most part ‘elemen-
tary’, and could be covered at advanced undergraduate level. The material in
Chapters 4 and 5 is harder, and I have found it necessary to cover this in less
detail, which makes it more suitable for project work than for a traditional
lecture course.
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The alternating groups

2.1 Introduction

The most familiar of the (finite non-abelian) simple groups are the alternating
groups A, which are subgroups of index 2 in the symmetric groups S,. In
this chapter our main aims are to define these groups, prove they are simple,
determine their outer automorphism groups, describe in general terms their
subgroups, and construct their covering groups. At the end of the chapter we
briefly introduce reflection groups as a generalisation of the symmetric groups,
as they play an important role not only in the theory of groups of Lie type, but
also in the construction of many sporadic groups, as well as in the elucidation
of much exceptional behaviour of low-dimensional classical groups.

By way of introduction we bring in the basic concepts of permutation
group theory, such as k-transitivity and primitivity, before presenting one
of the standard proofs of simplicity of A, for n > 5. Then we prove that
Aut(A,) = S, for n > 7, while for n = 6 there is an exceptional outer
automorphism of Sg. The subgroup structure of A, and S, is described by
the O’Nan—Scott Theorem, which we state and prove after giving a detailed
description of the subgroups which arise in that theorem.

Next we move on to the covering groups, and construct the Schur double
covers 2 A, for all n > 4. We also construct the exceptional triple covers 3- Ag
and 3 A7 (and hence 6 Ag and 6° A7), but make no attempt to prove the fact
that there are no other covers. Finally, we define and prove the Coxeter pre-
sentation for S,, on the fundamental transpositions (i,i+1), as an introduction
to reflection groups in general. We state Coxeter’s classification theorem for
real reflection groups, and the crystallographic restriction, for future use.

2.2 Permutations

We first define the symmetric group Sym({2) on a set {2 as the group of all
permutations of that set. Here a permutation is simply a bijection from the
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set to itself. If {2 has cardinality n, then we might as well take 2 = {1,...,n}.
The resulting symmetric group is denoted S, and called the symmetric group
of degree n.

Since a permutation 7 of (2 is determined by the images (1) (n choices),
m(2) (n—1 choices, as it must be distinct from 7(1)), 7(3) (n—2 choices), and
so on, we see that the number of permutations is n(n — 1)(n — 2)...2.1 = n!
and therefore |S,,| = nl.

A permutation m may conveniently be written simply as a list of the im-

ages 7(1),...,m(n) of the points in order, or more explicitly, as a list of the
points 1,...,n with their images 7(1), ..., 7(n) written underneath them. For
example, (1 g ;’ ;l Z denotes the permutation fixing 1, and mapping

2 to 5,3 to 2,4 to 3, and 5 to 4. If we draw lines between equal numbers in
the two rows, the lines cross over each other, and the crossings indicate which
pairs of numbers have to be interchanged in order to produce this permuta-
tion. In this example, the line joining the 5s crosses the 4s, 3s and 2s in that
order, indicating that we may obtain this permutation by first swapping 5
and 4, then 5 and 3, and finally 5 and 2. A single interchange of two elements
is called a transposition, so we have seen how to write any permutation as
a product of transpositions. Of course, for any given permutation there are
many ways of doing this.

2.2.1 The alternating groups

An alternative interpretation of this picture is to read it from bottom to top,
and record the positions of the strings that are swapped. In this example, we
first swap the second and third strings, then the third and fourth, and finally
the fourth and fifth. Thus the second string moves to the fifth position, the
third string moves to the second position, and so on. In this way we have
written our permutation as a product of swaps of adjacent strings. Moreover,
the product of two permutations can be expressed by concatenating any two
corresponding lists of swapping strings.

But if we write the identity permutation as a product of such transposi-
tions, and the line connecting the is crosses over the line connecting the js,
then they must cross back again: thus the number of crossings for the identity
element is even. It follows that if 7 is written in two different ways as a prod-
uct of such transpositions, then either the number of transpositions is even
in both cases, or it is odd in both cases. Therefore the map ¢ from .S,, onto
the group {£1} of order 2 defined by ¢(w) = 1 whenever 7 is the product of
an even number of transpositions, is a (well-defined) group homomorphism.
As ¢ is onto, its kernel is a normal subgroup of index 2, which we call the
alternating group of degree n. It has order %n!, and its elements are called the
even permutations. The other elements of S,, are the odd permutations. (An
alternative proof that A,, has index 2 in S,, can be found in Exercise 2.1.)
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The notation for permutations as functions on the left (where mp means
p followed by 7) is unfortunately inconsistent with the normal convention for
permutations that mp means 7 followed by p. Therefore we adopt a different
notation, writing a™ instead of m(a), to avoid this confusion. We then have
a™ = p(rn(a)), and permutations are read from left to right, rather than right
to left as for functions.

2.2.2 Transitivity

Given a group H of permutations, i.e. a subgroup of a symmetric group S,,
we are interested in which points can be mapped to which other points by
elements of the group H. If every point can be mapped to every other point,
we say H is transitive on the set (2. In symbols, this is expressed by saying
that for all @ and b in {2, there exists 7 € H with a™ = b. In any case, the set
{a™ | ®# € H} of points reachable from a is called the orbit of H containing a.
It is easy to see that the orbits of H form a partition of the set (2.

More generally, if we can simultaneously map k points wherever we like,
the group is called k-transitive. This means that (for k£ < n) for every list of
k distinct points aq,...,ar and every list of k distinct points by, ..., b there
exists an element m € H with a;” = b; for all 7. In particular, 1-transitive is
the same as transitive.

For example, it is easy to see that the symmetric group S, is k-transitive
for all k£ < n, and that the alternating group A,, is k-transitive for all £ < n—2.

It is obvious that if H # 1 is k-transitive then H is (k—1)-transitive, and is
therefore m-transitive for all m < k. There is however a concept intermediate
between 1-transitivity and 2-transitivity which is of interest in its own right.
This is the concept of primitivity, which is best explained by defining what it
is not.

2.2.3 Primitivity

A block system for a subgroup H of S, is a partition of {2 preserved by H;
that is, a set of mutually disjoint non-empty subsets of {2 whose union is 2.
We call the elements of the partition blocks. In other words, if two points a
and b are in the same block of the partition, then for all elements ©# € H,
the points a™ and b™ are also in the same block as each other. There are two
block systems which are always preserved by every group: one is the partition
consisting of the single block 2; at the other extreme is the partition in
which every block consists of a single point. These are called the trivial block
systems. A non-trivial block system is often called a system of imprimitivity
for the group H. If n > 3 then any group which has a system of imprimitivity
is called émprimitive, and any non-trivial group which is not imprimitive is
called primitive. (It is usual also to say that So is primitive, but that Sp is
neither primitive nor imprimitive.)
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It is obvious that
if H is primitive, then H is transitive. (2.1)

For, if H # 1 is not transitive, then the orbits of H form a system of imprim-
itivity for H, so H is not primitive. On the other hand, there exist plenty of
transitive groups which are not primitive. For example, in Sy, the subgroup

H of order 4 generated by (; ? i g) and <§ i i’ g) is transitive,

but preserves the block system {{1,2},{3,4}}. It also preserves the block sys-
tems {{1,3},{2,4}} and {{1,4},{2,3}}. Of course, in any block system for a
transitive imprimitive group, all the blocks have the same size.

Another important basic result about primitive groups is that

every 2-transitive group is primitive. (2.2)

For, if H is imprimitive, we can choose three distinct points a, b and ¢ such
that a and b are in the same block, while ¢ is in a different block. (This is
possible since the blocks have at least two points, and there are at least two
blocks.) Then there can be no element of H taking the pair (a,b) to the pair
(a,c), so it is not 2-transitive.

2.2.4 Group actions

Suppose that G is a subgroup of S, acting transitively on 2. Let H be the
stabiliser of the point a € (2, that is, H = {g € G | a9 = a}. Then the
points of {2 are in natural bijection with the (right) cosets Hg of H in G.
This bijection is given by Hz < a®. It is left as an exercise for the reader (see
Exercise 2.2) to prove that this is a bijection. In particular, |G : H| = n.

We can turn this construction around, so that given any subgroup H in G,
we can let G act on the right cosets of H according to the rule (Hz)9 = Hzg.
Numbering the cosets of H from 1 to n, where n = |G : H|, we obtain a
permutation action of G on these n points, or in other words a group homo-
morphism from G to .S,. If this homomorphism is injective, we say G acts
faithfully.

2.2.5 Maximal subgroups

This correspondence between transitive group actions on the one hand, and
subgroups on the other, permits many useful translations between combina-
torial properties of {2 and group-theoretical properties of G. For example, a
primitive group action corresponds to a maximal subgroup, where a subgroup
H of G is called maximal if there is no subgroup K with H < K < G. More
precisely:

Proposition 2.1. Suppose that the group G acts transitively on the set {2,
and let H be the stabiliser of a € 2. Then G acts primitively on §2 if and only
if H is a mazimal subgroup of G.
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Proof. We prove both directions of this in the contrapositive form. First as-
sume that H is not maximal, and choose a subgroup K with H < K < G.
Then the points of {2 are in bijection with the (right) cosets of H in G. Now
the cosets of K in GG are unions of H-cosets, so correspond to sets of points,
each set containing |K : H| points. But the action of G preserves the set of
K-cosets, so the corresponding sets of points form a system of imprimitivity
for G on {2.

Conversely, suppose that G acts imprimitively, and let {21 be the block
containing a in a system of imprimitivity. Since G is transitive, it follows
that the stabiliser of (2, acts transitively on (21, but not on (2. Therefore
this stabiliser strictly contains H and is a proper subgroup of G, so H is not
maximal.

2.2.6 Wreath products

The concept of imprimitivity leads naturally to the idea of a wreath product
of two permutation groups. Recall the direct product

GxH={(g,h)|ge G heH (2.3)

with identity element 1gxy = (1g, 1g) and group operations

(91, h1)(g2, h2) = (9192, h1h2),
(g.h)"=(g~ ", n7H). (2.4)

Recall also the semidirect product G:H or G:4H, where ¢ : H — Aut(G)
describes an action of H on G. We define G:H = {(g,h) | g € G,h € H} with
identity element 1g.i = (1g, 1g) and group operations

(91, h1)(g2, h2) = (glgf(hlil),hlhz),
(g M) = (g~ ™, hh). (2:5)

Now suppose that H is a permutation group acting on 2 = {1,...,n}.
Define G" =G x G x -+ x G={(g1,.--,9n) | gi € G}, the direct product of
n copies of G, and let H act on G" by permuting the n subscripts. That is
¢ H — Aut(G") is defined by

() (g1 gn) = (Gims s Gnr ) (2.6)

Then the wreath product GUH is defined to be G™:4 H. For example, if H = .5,
and G =2 S, then the wreath product S,,,1S,, can be formed by taking n copies
of S,,,, each acting on one of the sets (21, ..., {2, of size m, and then permuting
the subscripts 1,...,n by elements of H. This gives an imprimitive action of
Sm 1Sy, on 2 = |JI; £2;, preserving the partition of 2 into the 2;. More
generally, any (transitive) imprimitive group can be embedded in a wreath
product: if the blocks of a system of imprimitivity for G are {21, ..., {2, then
clearly all the {2; have the same size, and G is a subgroup of Sym({2;) ! Sk.
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2.3 Simplicity
2.3.1 Cycle types

An alternative notation for a permutation 7 is obtained by considering the
cycles of w. These are defined by taking an element a € {2, which maps under
7 to a™: this in turn maps to ™ , which maps to a™ and so on. Because {2 is
finite, eventually we get a repetition a™ = a™ and therefore a™ " = a. Thus
the first time we get a repetition is when we get back to the start of the cycle,
which can now be written (a,a™, a”z7 ... ,a”kil), where k is the length of the
cycle. Repeating this with a new element b not in this cycle, we get another
cycle of 7, disjoint from the first. Eventually, we run out of elements of {2, at
which point 7 is written as a product of disjoint cycles.

The cycle type of a permutation is simply a list of the lengths of the cycles,
usually abbreviated in some way. Thus the identity has cycle type (1™) and a
transposition has cycle type (2,1"~2). Note, incidentally, that a cycle of even
length is an odd permutation, and vice versa. Thus a permutation is even if
and only if it has an even number of cycles of even length.

If p € S, is another permutation, then 7” = p~!7p maps a” via a and
a™ to a™. Therefore each cycle (a, a",a’rz, ...,a” 71) of 7 gives rise to a
corresponding cycle (a”,a™, a”zp, . ,a”kilp) of 7. So the cycle type of 7” is
the same as the cycle type of w. Conversely, if 7 and 7’ are two permutations
with the same cycle type, we can match up the cycles of the same length, say
(a,a™,a™ ... ,a”kil) with (b, S
p by mapping a™ to b= for each integer j, and similarly for all the other
cycles, so that 7’ = #w”. Thus two permutations are conjugate in S,, if and
only if they have the same cycle type.

By performing the same operation to conjugate a permutation 7 to itself,
we find the centraliser of 7. Specifically, if 7 is an element of S, of cycle type
(e1F1,eo2 ... c.*r), then the centraliser of 7 in S, is a direct product of r
groups C;, 1 Sk, (see Exercise 2.25).

71). Now define a permutation

2.3.2 Conjugacy classes in the alternating groups

Next we determine the conjugacy classes in A,,. The crucial point is to de-
termine which elements of A,, are centralised by odd permutations. Given an
element g of A,,, and an odd permutation p, either g” is conjugate to g by an
element 7 of A, or it is not. In the former case, g is centralised by the odd
permutation pr~!, while in the latter case, every odd permutation maps ¢ into
the same A,-conjugacy class as ¢g”, and so no odd permutation centralises g.

If g has a cycle of even length, it is centralised by that cycle, which is
an odd permutation. Similarly, if g has two cycles of the same odd length
(possibly of length 1!), it is centralised by an element p which interchanges
the two cycles: but then p is the product of an odd number of transpositions,
so is an odd permutation.
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On the other hand, if g does not contain an even cycle or two odd cycles
of the same length, then it is the product of disjoint cycles of distinct odd
lengths, and every element p centralising ¢ must map each of these cycles to
itself. The first point in each cycle can be mapped to an arbitrary point in
that cycle, but then the images of the remaining points are determined. Thus
we obtain all such elements p as products of powers of the cycles of g. In
particular p is an even permutation.

This proves that g is centralised by no odd permutation if and only if g
is a product of disjoint cycles of distinct odd lengths. It follows immediately
that the conjugacy classes of A,, correspond to cycle types if there is a cycle
of even length or there are two cycles of equal length, whereas a cycle type
consisting of distinct odd lengths corresponds to two conjugacy classes in A,,.

For example, in A, the cycle types of even permutations are (1%), (3,12),
(22,1), and (5). Of these, only (5) consists of disjoint cycles of distinct odd
lengths. Therefore there are just five conjugacy classes in As.

2.3.3 The alternating groups are simple

It is easy to see that a subgroup H of G is normal if it is a union of whole
conjugacy classes in G. The group G is simple if it has precisely two normal
subgroups, namely 1 and G. Every non-abelian simple group G is perfect,
ie. G =G.

The numbers of elements in the five conjugacy classes in Ay are 1, 20, 15,
12 and 12 respectively. Since no proper sub-sum of these numbers including
1 divides 60, there can be no subgroup which is a union of conjugacy classes,
and therefore Ay is a simple group.

We now prove by induction that A, is simple for all n > 5. The induction
starts when n = 5, so we may assume n > 5. Suppose that N is a non-trivial
normal subgroup of A,,, and consider N N A,,_1, where A,,_; is the stabiliser
in A, of the point n. This is normal in A, _1, so by induction is either 1 or
A, _1. In the second case, N > A,,_1, so contains all the elements of cycle type
(3,1"73) and (22,1"~%) (since it is normal). But it is easily seen that every
even permutation is a product of such elements, so N = A,,. Therefore we can
assume that N N A,,_; = 1, which means that every non-identity element of
N is fixed-point-free (i.e. fixes no points). Thus |N| < n, for if z,y € N map
the point 1 to the same point then zy~! fixes 1 so is trivial.

But N must contain a non-trivial conjugacy class of elements of A,,, and
it is not hard to show that if n > 5 then there is no such class with fewer
than n elements. We leave this verification as an exercise (Exercise 2.10).
This contradiction proves that N does not exist, and so A, is simple. (An
alternative proof of simplicity of A,, is given in Exercise 3.4.)
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2.4 Outer automorphisms

2.4.1 Automorphisms of alternating groups

If n > 4 then A, has trivial centre, so that A,, = Inn(A, ) < Aut(A,). More-
over, each element of S,, induces an automorphism of A,,, by conjugation in
Sn, 80 Sy, is (isomorphic to) a subgroup of Aut(A,). It turns out that for
n > 7 it is actually the whole of Aut(A,). We prove this next. (I am grateful
to Chris Parker for supplying this argument.)

First we observe that, since (a,b,c)(a,b,d) = (a,d)(b,c), the group A,
is generated by its 3-cycles. Indeed, it is generated by the 3-cycles (1,2, 3),
(1,2,4), ..., (1,2,n). Also note that for n > 5, A, has no subgroup of index
k less than n—for if it did there would be a homomorphism from A,, onto a
transitive subgroup of Ag, contradicting the fact that A,, is simple. We next
prove:

Lemma 2.2. Ifn > 7 and A,,_1 =2 H < A, then H is the stabiliser of one
of the n points on which A, acts.

Proof. By the above remark, H cannot act on a non-trivial orbit of length less
than n —1, so if it is not a point stabiliser then it must act transitively on the
n points. For n = 7 this is impossible, as 7 does not divide the order of Ag. For
n > 8, each element of H which corresponds to a 3-cycle of A,,_; centralises a
subgroup isomorphic to A,,_4, with n — 4 > 5, so again by the above remark
this subgroup must have an orbit of at least n — 4 points. Therefore the ‘3-
cycles’ of H can move at most four points, so must act as 3-cycles on the
n points. The same is true for n = 8, as the 3-cycles centralise A5, which
contains Cy x Cy, whereas the elements of cycle type (32,12) do not centralise
02 X Cg in Ag.

Now the elements of H corresponding to (1,2,3) and (1,2,4) in A, _;
generate a subgroup isomorphic to A4, and therefore map to cycles (a,b,c)
and (a,b,d) in A,. Similarly, the elements corresponding to (1,2, j) must all
map to (a,b,z). It follows that the images (a,b,z) of the n — 3 generating
elements of H together move exactly n — 1 points. Therefore H is one of the
point stabilisers isomorphic to A,_1, as required.

Now we are ready to prove the theorem:

Theorem 2.3. If n > 7 then Aut(A4,) = S,.

Proof. Any automorphism of A, permutes the subgroups, and in particular
permutes the n subgroups isomorphic to A,_;. But these subgroups are in
natural one-to-one correspondence with the n points of {2, and therefore any
automorphism acts as a permutation of {2, so is an element of .S,,.

The theorem is also true for n = 5 and for n = 4 (see Exercise 2.16).
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2.4.2 The outer automorphism of Sg

Of all the symmetric groups, Sg is perhaps the most remarkable. One manifes-
tation of this is its exceptional outer automorphism. This is an isomorphism
from Sg to itself which does not correspond to a permutation of the underly-
ing set of six points. What this means is that there is a completely different
way for Sg to act on six points.

To construct a non-inner automorphism ¢ of Sg we first note that ¢ must
map the point stabiliser S5 to another subgroup H = S;5. However, H cannot
fix any of the six points on which Sg acts, so H must be transitive on these
six points.

Thus our first job is to construct a transitive action of S5 on six points.
This may be obtained in a natural way as the action of S5 by conjugation
on its six Sylow 5-subgroups. (If we wish to avoid using Sylow’s theorems at
this point we can simply observe that the 24 elements of order 5 belong to six
cyclic subgroups ((1,2,z,y, z)), and that these are permuted transitively by
conjugation by elements of S5.)

Going back to Sg, we have now constructed our transitive subgroup H of
index 6. Thus Sg acts naturally (and transitively) on the six cosets Hg by
right multiplication. More explicitly, we can define a group homomorphism
oS¢ — Sym({Hg | g € Se}) = Se. The kernel of ¢ is trivial, since Sg
has no non-trivial normal subgroups of index 6 or more. Hence ¢ is a group
isomorphism, i.e. an automorphism of Sg.

But ¢ is not an inner automorphism, because it maps the transitive sub-
group H to the stabiliser of the trivial coset H, whereas inner automorphisms
preserve transitivity. [A more sophisticated version of this construction is given
in Section 3.3.5 in the discussion of PSLg(5). An alternative construction of
the outer automorphism of Sg is given in Section 4.2.]

This is the only outer automorphism of Sg, in the sense that Sg has index 2
in its full automorphism group. Indeed, we can prove the stronger result that
the outer automorphism group of Ag has order 4. For any automorphism maps
the 3-cycles to elements of order 3, which are either 3-cycles or products of two
disjoint 3-cycles. Therefore it suffices to show that any automorphism which
maps 3-cycles to 3-cycles is in Sg. But this follows by the same argument as
in Lemma 2.2 and Theorem 2.3 (see Exercise 2.18).

2.5 Subgroups of S,

There are a number of more or less obvious subgroups of the symmetric groups.
In order to simplify the discussion it is usual to (partly) classify the maximal
subgroups first, and to study arbitrary subgroups by looking at them as sub-
groups of the maximal subgroups. In this section we describe some important
classes of (often maximal) subgroups, and prove maximality in a few cases.
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The converse problem, of showing that any maximal subgroup is in one of
these classes, is addressed in Section 2.6.

The first two classes are the intransitive subgroups and the transitive im-
primitive subgroups. The other four are types of maximal primitive subgroups
of S, which are ‘obvious’ to the experts, and are generally labelled the prim-
itive wreath product, affine, diagonal, and almost simple types. We shall not
prove that any of these are maximal, and indeed sometimes they are not.

2.5.1 Intransitive subgroups

If H is an intransitive subgroup of S,,, then it has two or more orbits on the
underlying set of n points. If these orbits have lengths nq, ..., n,, then H is a
subgroup of the subgroup Sy, X --- xSy, consisting of all permutations which
permute the points in each orbit, but do not mix up the orbits. If > 2, then
we can mix up all the orbits except the first one, to get a group Sp, X Sny+-.4n,
which lies between H and S,,. Therefore, in this case H cannot be maximal.

On the other hand, if r = 2, we have the subgroup H = S; X Sp,—
of S, and it is quite easy to show this is a maximal subgroup, as long as
k # n — k. For, we may as well assume k < n — k, and that the factor Sy acts
on 21 ={1,2,...,k}, while the factor S,,_; actson 2 ={k+1,...,n}. If g
is any permutation not in H, let K be the subgroup generated by H and g.
Our aim is to show that K contains all the transpositions of S,,, and therefore
is S,.

Now ¢ must move some point in 25 to a point in {27, but cannot do this
to all points in {29, since [£25] > |£21]. Therefore we can choose i,j € 25 with
19 € () and j9 € {%. Then (i,7) € H so (i9,j9) € H9 < K. Conjugating this
transposition by elements of H we obtain all the transpositions of S,, (except
those which are already in H), and therefore K = S,,. This implies that H is
a maximal subgroup of S,,. Note that we have now completely classified the
intransitive maximal subgroups of S,,, so any other maximal subgroup must
be transitive. For example, the intransitive maximal subgroups of Sg are Ss
and S x Ss.

2.5.2 Transitive imprimitive subgroups

In the case when k = n — k, this proof breaks down, and in fact the subgroup
Sk X S is not maximal in Ss;. This is because there is an element h in
Sor which interchanges the two orbits of size k, and normalises the subgroup
Sk x Sk. For example we may take h = (1,k +1)(2,k +2) - - - (k, 2k). Indeed,
what we have here is the wreath product of Sy with S;. This can be shown
to be a maximal subgroup of Sa; by a similar method to that used above (see
Exercise 2.27).

More generally, if we partition the set of n points into m subsets of the
same size k (so that n = km), then the wreath product S5, can act on this
partition: the base group Si x --- X Si consists of permutations of each of the
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m subsets separately, while the wreathing action of S, acts by permuting the
m orbits of the base group. It turns out that this subgroup is maximal in .S,
also (see Exercise 2.28). Thus we obtain a list of all the transitive imprimitive
maximal subgroups of S,,. These are the groups Si ! S, where £ > 1, m > 1
and n = km. For example, the transitive imprimitive maximal subgroups of
Sg are S91.53 (preserving a set of three blocks of size 2, for example generated
by the three permutations (1,2), (1,3,5)(2,4,6) and (3,5)(4,6)) and S35z
(preserving a set of two blocks of sise 3, for example generated by the three
permutations (1,2, 3), (1,2) and (1,4)(2,5)(3,6)).

2.5.3 Primitive wreath products

We have completely classified the imprimitive maximal subgroups of .S,,, so all
the remaining maximal subgroups of \S,, must be primitive. To see an example
of a primitive subgroup of ,,, consider the case when n = k2, and arrange the
n points in a k X k array. Let one copy of Sy act on this array by permuting the
columns around, leaving each row fixed as a set. Then let another copy of S
act by permuting the rows around, leaving each column fixed as a set. These
two copies of Sy commute with each other, so generate a group H = S x Sj.
Now H is imprimitive, as the rows form one system of imprimitivity, and
the columns form another. But if we adjoin the permutation which reflects
in the main diagonal, so mapping rows to columns and vice versa, then we
get a group Sk ! S2 which turns out to be primitive. For example, there is a
primitive subgroup S35 in Sg, which however turns out not to be maximal.
In fact the smallest case which is maximal is the subgroup S5 S5 in Sos.

Generalising this construction to an m-dimensional array in the case when
n = k™, with £ > 2 and m > 1, we obtain a primitive action of the group
Sk 1S on k™ points. To make this more explicit, we identify {2 with the
Cartesian product £ of m copies of a set {21 of size k, and let an element
(71, ...,mm) of the base group S act by

(a1, ..y am) — (@™, ... an™) (2.7)
for all a; € £2;. The wreathing action of p~! € S,, is then given by the natural
action permuting the coordinates, thus:

p i (ar, . am) = (@1es .y Gme). (2.8)

This action of the wreath product is sometimes called the product action,
to distinguish it from the imprimitive action on km points described in Sec-
tion 2.5.2 above. We shall not prove maximality of these subgroups in S,, or
A,,, although they are in fact maximal in A, if £ > 5 and k™! is divisible
by 4, and maximal in S, if k > 5 and k™! is not divisible by 4.

2.5.4 Affine subgroups

The affine groups are essentially the symmetry groups of vector spaces. Let p
be a prime, and let F), = Z/pZ denote the field of order p (for more on finite
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fields see Section 3.2). Let V' be the vector space of k-tuples of elements of F,,.
Then V has p* elements, and has a symmetry group which is the semidirect
product of the group of translations ¢, : v — v + a, by the general linear
group GLyg(p) consisting of all invertible k x k matrices over F,. This group,
sometimes denoted AGLg(p), and called the affine general linear group, acts
as permutations of the vectors, so is a subgroup of S,, where n = p*. The
translations form a normal subgroup isomorphic to the additive group of the
vector space, which is isomorphic to a direct product of k copies of the cyclic
group C,. In other words it is an elementary abelian group of order p*, which
we denote E,, or simply p*. With this notation, AGL(p) = p*:GLy(p).

An example of an affine group is the group AGL3(2) = 23:GL3(2), which
acts as a permutation group on the 8 vectors of Fo®, and so embeds in Ss.
Indeed, it is easy to check that all its elements are even permutations, so
it embeds in Ag. Another example is AGL;(7) 2 7:6 which is a maximal
subgroup of S7. Note however that its intersection with A7 is a group 7:3 which
is not maximal in A;. These groups 7:6 and 7:3 are examples of Frobenius
groups, which are by definition transitive non-regular permutation groups in
which the stabiliser of any two points is trivial. Other examples of Frobenius
groups are the dihedral groups D, = n:2 of symmetries of the regular n-gon.

2.5.5 Subgroups of diagonal type

The diagonal type groups are less easy to describe. They are built from a
non-abelian simple group 7', and have the shape

T%.(Out(T) x Sy) = (T2 Sy).Out(T). (2.9)

Here there is a normal subgroup 7! Sy, extended by a group of outer auto-
morphisms which acts in the same way on all the k copies of T. This group
contains a subgroup Aut(T) x Sy consisting of a diagonal copy of T' (i.e. the
subgroup of all elements (¢, ...,t) with ¢t € T'), extended by its outer automor-
phism group and the permutation group. This subgroup has index |T|*~!, so
the permutation action of the group on the cosets of this subgroup gives an
embedding of the whole group in S,,, where n = |T'|F~1.

The smallest example of such a group is (A5 x Ap):(Ce x C3) acting on
the cosets of a subgroup S5 x Cs. This group is the semidirect product of
As x As = {(g,h) | g,h € As} by the group Cs x Co of automorphisms
generated by « : (g,h) — (g™, h™), where 7 is the transposition (1,2), and
B:(g,h) — (h,g). The point stabiliser is the centraliser of 3, generated by «,
B and {(g,9) | g € As}. Therefore an alternative way to describe the action
of the group on 60 points is as the action by conjugation on the 60 conjugates

of 3.

2.5.6 Almost simple groups

Finally, there are the almost simple primitive groups. A group G is called
almost simple if it satisfies T < G < Aut(T) for some simple group T'. Thus
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it consists of a simple group, possibly extended by adjoining some or all of
the outer automorphism group. If M is any maximal subgroup of G, then
the permutation action of G on the cosets of M is primitive, so G embeds
as a primitive subgroup of S,, where n = |G : M|. The class of almost
simple maximal subgroups of S,, is chaotic in general, and to describe them
completely would require complete knowledge of the maximal subgroups of
all almost simple groups—a classic case of reducing an impossible problem to
an even harder one!

However, a result of Liebeck, Praeger and Saxl [120] states that (subject
to certain technical conditions) every such embedding of G in S,, is maximal
unless it appears in their explicit list of exceptions. It is also known that as n
tends to infinity, for almost all values of n there are no almost simple maximal
subgroups of S, or A,.

2.6 The O’Nan—Scott Theorem

The O’Nan—Scott theorem gives us a classification of the maximal subgroups
of the alternating and symmetric groups. Roughly speaking, it tells us that
every maximal subgroup of S,, or A, is of one of the types described in the
previous section. It does not tell us exactly what the maximal subgroups are,
but it does provide a first step towards writing down the list of maximal
subgroups of A, or S, for any particular reasonable value of n.

Theorem 2.4. If H is any proper subgroup of S, other than A,, then H is
a subgroup of one or more of the following subgroups:

(i) an intransitive group Sy X Sy, where n =k 4+ m;
(ii) an imprimitive group Sk ! Sm, where n = km;
(141) a primitive wreath product, Sk 1 Sy, where n = k™;
(iv) an affine group AGLqg(p) = p?:GL4(p), where n = p?;
(v) a group of shape T™.(Out(T) x Sy,), where T is a non-abelian simple
group, acting on the cosets of a subgroup Aut(T)x S,,, wheren = |T|™~1;
(vi) an almost simple group acting on the cosets of a mazimal subgroup of
index n.

Note that the theorem does not assert that all these subgroups are maximal
in S, or in A,,. This is a rather subtle question. As we noted in Section 2.5.6,
the last category of subgroups also requires us to know all the maximal sub-
groups of all the finite simple groups, or at least those of index n. In practice,
this means that we can only ever hope to get a recursive description of the
maximal subgroups of A,, and 5,,.

In view of the fundamental importance of the O’Nan—Scott Theorem, we
shall give a proof. However, this proof is not easy, and could reasonably be
omitted at a first reading.
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2.6.1 General results

In this section we collect a number of general facts about (finite) groups which
will be useful in the proof of the O’Nan—Scott theorem, as well as being of
more general importance. Throughout this section we assume that H acts
faithfully on a set (2.

Lemma 2.5. Every non-trivial normal subgroup N of a primitive group H is
transitive.

Proof. Otherwise the orbits of N form a system of imprimitivity for H.

A normal subgroup N of a group H is called minimal if N # 1 and N
contains no normal subgroup of H except 1 and N.

Lemma 2.6. Any two distinct minimal normal subgroups N1 and No of any
group H commute.

Proof. By normality, [N1, Na] < N7 N No < H, so by minimality
[N, No] = Ny N Ny = 1.

A subgroup K of a group N is called characteristic if it is fixed by all
automorphisms of V. The following is obvious:

Lemma 2.7. If K is characteristic in N and N is normal in H then K is
normal in H.

A group K # 1 is called characteristically simple if K has no proper non-
trivial characteristic subgroups. Thus Lemma 2.7 is saying that any minimal
normal subgroup of H is characteristically simple.

Lemma 2.8. If K is characteristically simple then it is a direct product of
isomorphic simple groups.

Proof. If T is any minimal normal subgroup of K, then so is T¢ for any
a € AutK. So by the proof of Lemma 2.6 either 7% = T or TNT* = 1. In the
latter case TT® = T x T® is a direct product. Since K is characteristically
simple, it is generated by all the T'*. By induction we obtain that K is a direct
product of a certain number of such 7. But then any normal subgroup of T’
is normal in K, so by minimality of T', T is simple.

Corollary 2.9. Every minimal normal subgroup N of a finite group H is a
direct product of isomorphic simple groups (not necessarily non-abelian).

Proof. By minimality, N is characteristically simple.

A group N is called regular on §2 if for each pair of points a and b in (2,
there is exactly one element of N mapping a to b. In particular NV is transitive
and |N| = |[£2], and every non-identity element of N is fixed-point-free.
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Lemma 2.10. If H is primitive, and N is a non-trivial normal subgroup of
H, then either Cy (N) is trivial, or Cy(N) is regular and |Cy(N)| = |£2|.

Proof. Clearly Cy(N) is normal in H, so by Lemma 2.5, if C(N) # 1 then
both N and Cy(N) are transitive. Moreover, if 1 # z € Cy(N) has any fixed
points, then the set of fixed points of x is preserved by N. This contradiction
implies that every element of Cy(N) is fixed-point-free. This means that
Cy(N) is regular.

This has a number of important consequences.

Corollary 2.11. If H is primitive, and N1 and Ny are non-trivial normal
subgroups of H, and [N1,Na] = 1, then Ny = Cy(Ny) and vice versa. In
particular, H contains at most two minimal normal subgroups, and if it has
an abelian normal subgroup then it has only one minimal normal subgroup.

Proof. By Lemma 2.5, N; is transitive, and by Lemma 2.10, Cy(N2) is reg-
ular. But Ny C Cg(N2), and therefore Ny and Ci(N2) have the same order
and are equal.

Corollary 2.12. With the same notation, N7 = Ns.

Proof. The result is trivial if Ny = N, so assume N; # Ny, and therefore
N1 N Ny = 1. Fix a point x € {2, and let K be the stabiliser of = in the group
NiNy. Then K NNy = KN Ny =1 as Ny and Ny are regular. Therefore
KNy = KNy = N1 Ny, and by the third isomorphism theorem

K>K/(KNN;) 2 KN;/N; = NaN;i /Ny 2 Ny /(N1 N Na) 2 Ny
and similarly K = Nj.

Lemma 2.13. Suppose that H is primitive and N is a non-trivial normal
subgroup of H. Let K be the stabiliser in H of a point. Then KN = H.

Proof. By Lemma 2.5, N is transitive, so the result follows by the orbit—
stabiliser theorem.

The following result is called the Dedekind modular law and although it is
very easy to prove it is surprisingly useful.

Lemma 2.14. If K, X and N are subgroups of a group G and X < N, then
NN(KX)=(NNK)X.

Proof. Tt is obvious that (N N K)X < NN (KX). Conversely, if £ € K and
x € X satisfy kz € N, then also k € N, so kx € (NN K)X.

A subgroup X of H is called K-invariant if K < Ny (X).

Lemma 2.15. Suppose that H is primitive and N is a minimal normal sub-
group of H. Let K be the stabiliser in H of a point. Then K N N is mazimal
among K-invariant proper subgroups of N.
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Proof. f KN N < X < N and K < Ng(X) then KX is a subgroup of H.
Moreover, X contains elements (of N) not in K, so K < KX; and H contains
elements (of N) not in X, so NN(KX)=(NNK)X =X < N and therefore
KX < KXN = KN = H. This contradicts the maximality of K in H.

2.6.2 The proof of the O’Nan—Scott Theorem

With this preparation we are ready to embark on the proof of the theorem.
Let H be a subgroup of S,, not containing A,,, and let N be a minimal normal
subgroup of H. Let K be the stabiliser in H of a point.

Reduction to the case N unique and non-abelian.

Certainly H is either intransitive (giving case (i) of the theorem), or transitive
imprimitive (giving case (ii) of the theorem), or primitive. So we may assume
from now on that H is primitive.

If N is abelian, then by Corollary 2.9 it is an elementary abelian p-group,
and by Lemma 2.10 it acts regularly, and by Corollary 2.11, N = Cg(N).
Therefore H is affine (case (iv) of the theorem).

Otherwise, all minimal normal subgroups of H are non-abelian. If there is
more than one minimal normal subgroup, say N7 and Ns, then by Corollar-
ies 2.11 and 2.12 N7 = N5 and both N; and Ns act regularly on (2.

Thus N7 and N act in the same way on the n points, so there is an element
x of S, conjugating N7 to Na. Moreover, by Corollary 2.11, Ny = Cg(Ny).
Therefore x conjugates No to Ny, and (H,z) has a unique minimal normal
subgroup N = N; x N,. So this case reduces to the case when there is a
unique minimal normal subgroup.

The case N unique and non-abelian.

From now on, we can assume that H has a unique minimal normal subgroup,
N, which is non-abelian. If N is simple, then Cy(N) = 1 and so we are
in case (vi) of the theorem. Otherwise, N is non-abelian, non-simple, say
N =Ty X+ xTy, with T; 2 T simple for all 1 < i < m, and m > 1, and
H permutes the T; transitively by conjugation. Also, by Lemma 2.13 we have
KN = H, where K is the stabiliser in H of a point.

For each i, let K; be the image of K NN under the natural projection from
N to T;. In particular, K " N < Ky X -+ x K,,. We divide into two cases:
either K; # T; for some i (and therefore for all i) or K; = T; for all 4.

Case 1: K; # T;.

Now K normalises K; X --- X K,,, so that, in this case, by maximality
(Lemma 2.15), we have K " N = K; X -+ X K, and K permutes the K;
transitively since H = KN. Let k be the index of K; in T;. Then H is evi-
dently contained in the group Sy 1 Sy, acting in the product action (case (iii)
of the theorem).
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Case 2: K; =1T;.

This is the hardest case. For the purposes of this proof define the support of
an element (t1,...,ty) € Th X -+ X T, = N to be the set {i | ¢; # 1}. Let (4
be a minimal (non-empty) subset of {1,...,m} such that K N N contains an
element whose support is {2;. Then the subgroup of all elements of K NN with
support 27 still maps onto Tj;, for each ¢ € (21, since it maps onto a normal
subgroup and T; is simple. Now if {25 is another such set, intersecting {2; non-
trivially, then there are elements z and y in K N N such that [z,y] # 1 has
support contained in 21 N {25. Minimality of {2; implies that 2, N2 = ;. In
other words, {27 is a block in a block system invariant under K, and therefore
under H = KN.

The blocks cannot have size 1, for then K contains N, a contradiction.
Now

n=|0=|H:K|=|N:NNK]| (2.10)

since H = KN and KN/N = K/N N K. If the block system is non-trivial,
with [ blocks of size k, say, and [ > 1, then N = Tk and NN K = T so
n = |T|**=D! Thus we see that H lies inside S, S, in its product action,
where r = |T|¥~1. This is case (iii) of the theorem again.

Otherwise, the block system is trivial, so K N N is a diagonal copy of T’
inside T X - -+ X Ty, and we can choose our notation such that it consists of
the elements (g, g,...,g) forall g € T. Alson = |T|™~!, and the n points can
be identified with the n conjugates of K N N by elements of N. The largest
subgroup of S,, preserving this setup is as in case (v) of the theorem. This
concludes the proof of the O’'Nan—Scott Theorem.

2.7 Covering groups

2.7.1 The Schur multiplier

We have seen that the alternating groups arise as (normal) subgroups of the
symmetric groups, such that S, /A4, = Cs. They also arise as quotients of
bigger groups 2-A,, by a subgroup Cs, so that 2°A4,,/Cy = A,. Under the
natural quotient map, each element 7 of A, comes from two elements of
2-A,. We label these two elements +7 and —m, but it must be understood
that there is no canonical choice of which element gets which sign: your choice
of signs may be completely different from mine. To avoid confusion, we write
the cycles in 2' A,, with square brackets instead of round ones.

This group 2-A,, is called the double cover of A,. More generally, if G is
any finite group, we say that Gisa covering group of G if Z(G) < G’ and
G/Z(G) = G. If the centre has order 2, 3, etc., the covering group is often
referred to as a double, triple, etc., cover as appropriate. It turns out that
every finite perfect group G has a unique maximal covering group G, with
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the property that every other covering group is a quotient of G. This is called
the universal cover, and its centre is called the Schur multiplier of G. On the
other hand, if GG is not perfect there may be more than one maximal covering
group. For example, the group Cs x C5 has four: one is isomorphic to the
quaternion group (g and the other three are isomorphic to the dihedral group
Ds. [The quaternion group Qs consists of the elements +1, i, -5, £k and the
multiplication is given by 2 = j2 = k% = -1, ij = —ji = k, jk = —kj = i,
and ki = —ik = j.]

2.7.2 The double covers of A,, and S,

To define 2-A,, it suffices to define the multiplication. One way to do this
is to define a double cover of the whole symmetric group, as follows. First
choose arbitrarily the element [1, 2], mapping to the transposition (1,2) of S,,.

Then define all the elements [7, 5] inductively by the rule [, j]¥™ = —[i", j7]
if 7 is an odd permutation. Then define the elements mapping to cycles
(ai, Ai41y--- ,aj) by [ai, Ait 1y aj] = [ai, ai+1][ai, ai+2] e [ai, aj].

Finally, all elements are obtained by multiplying together disjoint cycles
in the usual way. However, we must be careful not to permute the cycles, or
start a cycle at a different point, as this may change +m into —x. For example,
our rules tell us that

[1,2] = [132][172] =—[2,1]

while

1,2
1(3,4] = —[3,4][1,2]. (2.11)

Any product can now be computed using these rules, by first writing each
cycle as a product of transpositions, and then simplifying. However, it is not
obvious that if we compute the same product in two different ways, then we
get the same answer. You will have to take this on trust for now. [A proof
can be obtained by embedding the symmetric group in an orthogonal group,
and using the construction of the double cover of the orthogonal group in
Section 3.9.]

For example, consider the case n = 4. There are 6 transpositions in Sy,
lifting to 12 elements =[i, j] in the double cover. These elements square to
+1, but they are all conjugate, so either they all square to 1 or they all
square to —1. Let us suppose for simplicity that [i,j]> = 1 for all i and
j. Next there are some elements like [1,2][3,4]. We have already seen that
[3,4][1,2] = —[1,2][3, 4] and therefore

(1, 2][3,4][1,2][3,4] = —[3,4][1, 2][1, 2][3, 4]
= [3’4][374]
= 1. (2.12)
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Similarly the elements £[1, 3][2, 4] and +£[1, 4][2, 3] square to —1, so together
these elements form a copy of the quaternion group of order 8. The method
for multiplying elements together can best be demonstrated by an example,
such as the following.

(2,1,3][3,1,4] = [2

[
| o
N ==

In this way we obtain two double covers of S,,: the first one, denoted 2SI,
is the one in which the elements [i, j] have order 2. The second one, in which
the elements [i, j] square to the central involution —1, is denoted 2°S,; . Both
contain the same subgroup of index 2, the double cover 2-A,, of A,.

See Section 3.3.1 for an explicit representation of 2'Sy as GLa(3). See also
Sections 5.6.8 and 5.6.1, and Exercises 2.35 and 2.37, for descriptions of 2- A4

and 2' Ay as groups of unit quaternions.

2.7.3 The triple cover of Ag

The double covers of the alternating groups, described in Section 2.7.2, are
in fact the only covering groups of A, for n > 8, and for n = 4 or 5, but
Ag and A7 have exceptional triple covers as well. These can both be seen as
the groups of symmetries of certain sets of vectors in complex 6-space. We let
w = e?™/3 = (=14 +/=3)/2 be a primitive (complex) cube root of unity, and
consider the vectors (0,0,1,1,1,1), (0,1,0,1,w,) and their multiples by w
and @ = w?. Then take the images of these vectors under the group S, of coor-
dinate permutations generated by (1,2)(3,4), (3,4)(5,6), (1,3,5)(2,4,6) and
(1,3)(2,4) (that is, the stabiliser in Ag of the partition {{1, 2}, {3,4},{5,6}},
which we shall write as (12 | 34 | 56) for short). These vectors come in triples
of scalar multiples, and there are 15 such triples. Indeed, each triple consists
of the three vectors whose zeroes are in a given pair of coordinates.

In addition to the above coordinate permutations, this set of 45 vectors is
invariant under other monomial elements (that is, products of permutations
and diagonal matrices). For example, it is a routine exercise to verify that the
set is invariant under (1,2, 3)diag(1,1,1,1,w,w), i.e. the map

(x1,...,26) — (3,21, T2, Ta,WT5,WTe). (2.13)

This group G of symmetries now acts on the 6 coordinate positions, in-
ducing all even permutations. Thus we obtain a homomorphism from G onto
Ag, whose kernel consists of diagonal matrices. But any element of the kernel
must take each of the 45 vectors to a scalar multiple of itself (since it does
not move the zeroes), so is a scalar. Hence the kernel is the group of scalars
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{1,w,w} of order 3. Thus we have constructed a group G of order 1080 with

Finally notice that (4,5, 6)diag(w,w,1,1,1,1) is also a symmetry, and its
commutator with (1,2,3)diag(1,1,1,1,w,w) is diag(w, ...,w), so the scalars
are inside G’. Therefore G = G, since Ag is simple, so G is perfect.

This group, written 3 Ag, can be extended to a group 3'Sg by adjoining
the map which interchanges the last two coordinates and then replaces every
coordinate by its complex conjugate.

This construction of 3-Ag and 3°Sg is of fundamental importance for the
sporadic groups, as well as for much of the exceptional behaviour of small
classical and exceptional groups. Compare for example Section 5.2.1 on the
hexacode, used for constructing the Mathieu group Maoy, Sections 3.12.2 and
3.12.3 on exceptional covers of PSU4(3) and PSL3(4), and Section 5.6.8 on
the exceptional double cover of G2(4).

2.7.4 The triple cover of A

Now the groups 3° A7 and 3'S7 can be described by extending the above set
of 45 vectors to a set of 63 by adjoining the 18 images of (2,0,0,0,0,0) under
3 Ag. There are now some new symmetries, such as

200 00 0
001 1 11
o101 ww
2lo1 1 0 @ w (2.14)
01 @ w 10
01 w01

Indeed there are just 7 ‘coordinate frames’ consisting of 6 mutually orthog-
onal vectors (up to scalar multiplication) from the set of 63. We label the
standard coordinate frame with the number 7, and the frame given by the
rows of the above matrix with the number 1. Similary we obtain frames 2 to
6 containing the vectors (0,2,0,0,0,0), ..., (0,0,0,0,0,2) respectively. With
this numbering, the matrix (2.14) corresponds to the permutation (1,7)(5,6)
of A7.

This gives a map from our group onto the group A; of permutations of
the 7 coordinate frames. The kernel K of this map fixes each of the 7 frames,
and therefore fixes the intersection of every pair of frames. But each of the 21
triples {v,wv,wv} of vectors is the intersection of two frames, so each triple
is fixed by K, and the argument given above for 3-Ag shows that K consists
of scalars.

Therefore the group G we have constructed satisfies K = Z(G) = C3 and
G/Z(G) = Az, as well as G = G'. This group is denoted 3-As.
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2.8 Coxeter groups

2.8.1 A presentation of S,

We have looked at the symmetric groups as groups of permutations of points,
but for many purposes we want to use linear algebra, so it is convenient
to consider the points as basis vectors in a vector space. More formally, let
V = R" be the canonical real vector space of dimension n, and let {eq,...,e,}
be the canonical basis, so that e; = (1,0,0,...,0) and so on. Let S,, act on
this vector space by permuting the basis vectors in the natural way, that is
e;” = e;~. (Here we write linear maps as superscripts rather than as functions,
for conformity with our notation for permutations. Note that #—!, not 7, maps
the general vector > i | Aie; to i Aire;.)

Now the transpositions (i,7) have a single eigenvalue —1, and all other
eigenvalues 1: specifically, e; — e; is an eigenvector with eigenvalue —1, while
e; +¢; and ey for i # k # j are linearly independent eigenvectors with
eigenvalue 1. Such linear maps are called reflections, because they fix a space
of dimension n — 1, and ‘reflect’ across this subspace by negating all vectors
in the orthogonal 1-space. We call S,, a reflection group since it is generated
by these reflections.

The symmetric group S,, can be generated by the n—1 fundamental trans-
positions (4,4 + 1), or by the corresponding fundamental reflections acting on
V. Obviously, these reflections have order 2, and commute if they are not
adjacent, while if they are adjacent, their product (i,7 + 1)(i + 1,4 + 2) =
(4,7 + 2,7+ 1) has order 3. What is not so obvious is that these relations are
all that you need to work in S,,. To make this more precise, we define a presen-
tation for a group G, written G = (X | R), to consist of a set X of generators
and a set R of relations, which are equations in the generators, sufficient to
define the entire multiplication table of G. For example the dihedral group
has a presentation

Dy, = (a,b | a® = b* = (ab)™ = 1). (2.15)
Thus we are asserting that S, is defined by the so-called Coxeter presentation
<’I“1, ey Tp—1 ‘ 7“7;2 = 1, (’I“i’/‘j)z =1if |Z —j| > 1, (Ti7‘1‘+1)3 = 1>. (216)

To prove this, by induction on n, note first that it works for n = 2. Now
assume n > 2, and we prove that the subgroup H generated by r1,...,7,—2
has index at most n. But r = r,_; commutes with K = (rq,...,r,_3), which
by induction has index at most n — 1 in H. Therefore r has at most n — 1
images under conjugation by H. Moreover, every element in H U HrH is in
one of the cosets Hz, where x is either the identity or one of these (at most)
n — 1 conjugates of r.

We need to show that G = H U HrH. To do this we show that

(HUHrH)g C HUHrH (2.17)



32 2 The alternating groups
for all g € G. Then, as 1 € H U HrH, we have
GC HUHrH. (2.18)

Plainly, if ¢ € H, then the claim (2.17) holds. So, as G = (H,r), we may
assume that g = r. By induction we assume that H = K U KqK where
=r,_o. We have Hr C HrH and, as every element of K commutes with r

HrHr = Hr(K U KqK)r
= H(Kr*U KrqrK)
= H(K U Kqrq¢K)
C H(KUHrH)
= HUHrH. (2.19)

This proves the claim.

2.8.2 Real reflection groups

The idea of a reflection group, introduced in Section 2.8.1 for the symmetric
groups, turns out to be extremely important in many areas of mathematics.
The finite real reflection groups were investigated and completely classified by
Coxeter. We do not have space here to prove this classification, so we shall
merely state it.

Every finite reflection group in n-dimensional real orthogonal space (so-
called Fuclidean space) can be generated by n reflections, and is defined by the
angles between the reflecting vectors (by which we mean vectors in the —1-
eigenspaces of the generating reflections). Notice that two reflections generate
a dihedral group: if the order of this group is 2k, then the reflecting vectors
can be chosen to be at an angle 7 — 7/k to each other—that is, as near to
being opposite as possible. Indeed, it turns out that we can always choose the
generating reflections so that every pair has this property, in an essentially
unique way.

We draw a diagram consisting of nodes representing the n generating (or
fundamental) reflections, joined by edges labelled & whenever the product of
the two reflections has order & > 2. Any labels which are 3 are usually omitted,
for simplicity.

If this diagram is disconnected, it means that all the reflections in one
component commute with all the reflections in all the other components, so
the reflection group is a direct product of smaller reflection groups. Thus we
only really need to describe the connected components of the diagrams. The
ones which occur are shown in Table 2.1. The last column of this table gives
some indication of the structure of the corresponding reflection groups, which
will be explained in more detail in Section 3.12.4.

We saw in Section 2.8.1 that the diagram for A, gives a presentation for
the group S,t1, by taking abstract generators of order 2 corresponding to
the nodes of the diagram, and specifying that their products have order 2
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Table 2.1. The Coxeter diagrams

Name Diagram Group
Ay (n21) e——e— —o—o Sn+1
B, (n>2) e——e— - et G215,
D, (n>4) e—o— l—c crts,
Es o—o—I—o—q SO; (2)
E; 0—0—1—0—0—0 SO~(2) x 2
Es o—o—I—o—o—o—q 2:807 (2)
F4 — o % o 2174:(S3 x S3)
Hs .—QL. 2 x As
Hy — o o9, 2 (As x As):2
(k) (k>5) —" o Do

if the nodes are not joined, and order 3 if the nodes are joined. In fact this
generalises to all the Coxeter groups, where an edge labelled k denotes that
the corresponding product of reflections has order k. Thus for example the
diagram of type Hz in Table 2.1 indicates that 2 x Ay has a presentation

{a,b,c| a® =b* = c* = (ac)? = (ab)® = (be)® = 1). (2.20)

2.8.3 Roots, root systems, and root lattices

In some contexts it turns out that only some of these reflection groups arise.
For example, the dihedral groups are the symmetry groups of the regular k-
gons, but these k-gons only tessellate the plane if £ = 3, 4, or 6. If we put
this restriction onto all the non-abelian dihedral groups in our diagram (this
is called the crystallographic condition), we obtain a shorter list of groups. In
this context, only the labels 3 (usually omitted), 4 and 6 arise, and it is usual
(following Dynkin) to replace an edge labelled 4 by a double edge, and an
edge labelled 6 by a triple edge.

The importance of the crystallographic condition is that by choosing the
lengths of the reflecting vectors suitably, the Z-span of these vectors is a
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discrete subgroup of the additive group R™, as well as spanning R" as a
vector space. Such a subgroup is called a lattice. We call the reflecting vectors
roots, and the lattice is the corresponding root lattice. The term root system
is used here to denote the set of roots as a subset of the ambient Euclidean
space, although in the literature it often has a more abstract definition. The
roots corresponding to the vertices of the diagram are called the fundamental
or simple roots.

For vertices joined by a single edge, corresponding to the symmetries of
a triangle, we can take the vectors defining the reflections to be all the same
length. For vertices joined by a double edge, corresponding to symmetries of
a square, the vectors may be taken as the vertices of the square together with
the midpoints of the edges: the fundamental reflections must then be one of
each type, so that one vector is v/2 times as long as the other. We put an arrow
on the double edge pointing from the long vector to the short one. [Dynkin
originally used open circles for the long roots, and filled circles for the short
roots.] Now the diagram B,, comes in two varieties: B,, with the arrow pointing
outwards and C,, with the arrow pointing inwards.

Similarly in the case of triple edges, corresponding to symmetries of a
regular hexagon, one vector is v/3 times as long as the other, and again we
put an arrow pointing from the long vector to the short one.

The root systems are of types A, (n > 1), B, (n > 2), C,, (n 3)

(n > 4), Eg, E7, Eg, F4 and Gg, this last being another name for IQ(G)
corresponding diagrams are called Dynkin diagrams.

2.8.4 Weyl groups

The crystallographic reflection groups arise in many contexts, where they are
usually called Weyl groups. The Weyl group of type A, is just the symmetric
group S,+1, while that of type B, (and C,,) is S35, and that of type D, is a
subgroup of index two in the latter. For Go = I5(6) we get a dihedral group of
order 12, and for F4 a group of order 1152. The Weyl groups of types Eg, E7 and
Eg are especially interesting groups which we shall meet again later. Writing
W(X,,) for the Weyl group of type X,,, we have the following descriptions of
exceptional Weyl groups in terms of orthogonal groups (see Chapter 3).

W (Fy) =2 Go+( ) =2 284 (S5 x S3),

W (Es) = GOg (2) = Ua(2):2,

W(E7) = GO7( ) X 2 = Sp6(2) X 2,

W (Es) = 2°GOZ (2) = 2:Q7 (2):2. (2.21)

In a similar vein, the reflection group of type Hy is a subgroup of index 2 in
GOJ (5). More details concerning the exceptional Weyl groups are given in
Section 3.12.4.
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Further reading

For a comprehensive modern treatment of permutation groups at an intro-
ductory level I would recommend the book ‘Permutation groups’ by Dixon
and Mortimer [53]. There one can find a detailed proof of the O’Nan—Scott
Theorem, and a construction of the Mathieu groups (see Chapter 5) by build-
ing up one step at a time from PSL3(4) via Mag and Mas to Moy, and from
PSL2(9) via Mj; to Mys. An older classic which still has a lot to offer is
Wielandt’s book ‘Finite permutation groups’ [170]. Another classic text is
Passman’s book ‘Permutation groups’ [145], which develops the subject from
the beginning with the study of multiply-transitive groups as one of its prin-
cipal aims. Highlights are elucidation of the structure of Frobenius groups,
that is, transitive permutation groups in which the stabiliser of two points is
trivial but the stabiliser of one point is not (or more generally, 3/2-transitive
groups, defined as transitive groups in which all non-trivial orbits of the point
stabiliser have the same length), and a construction of the Mathieu groups
by Witt’s method. Another more modern advanced treatment, which covers
a variety of diverse topics, including the O’Nan—Scott Theorem, and infinite
permutation groups, is ‘Permutation groups’ by Cameron [19].

For a more specialised treatment of the symmetric groups and their rep-
resentation theory, see ‘The representation theory of the symmetric group’
by James and Kerber [97], or ‘The symmetric group’ by Sagan [151]. A
full and approachable account of the classification of finite real reflection
groups (i.e. Coxeter groups) is given by Benson and Grove in ‘Finite reflection
groups’ [73]. For a more advanced treatment of Coxeter groups and related
topics see Humphreys ‘Reflection groups and Coxeter groups’ [85]. For presen-
tations in general see Coxeter and Moser ‘Generators and relations for discrete
groups’ [40] or Johnson ‘Presentations of groups’ [103].

Exercises

2.1. For a permutation 7w € S,, define

(m= [ —Lea

Z'ﬂ' — jTr
1<i<jsn

Show that e(7) = £1 and that ¢ is a group homomorphism from S,, onto

Cy = {1, —1}. Hence obtain another proof that the sign of a permutation is
well-defined.

2.2. Let G < S,, act transitively on 2 = {1,...,n} and let H be the point
stabiliser {g € G | a9 = a} for some fixed a € 2. Prove that ¢ : a9 — Hg is a
bijection between (2 and the set G : H of right cosets of H in G.

Prove also that Hg = {x € G | a® = a9}.
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2.3. Prove that the orbits of a group H acting on a set {2 form a partition of
0.

2.4. Show that A, is not (n — 1)-transitive on {1,2,...,n}.

2.5. Let G act transitively on (2. Show that the average number of fixed points
of the elements of G is 1, i.e.

1
@Z|{x€()|x9:x}|:1.

geG

2.6. Verify that the semidirect product G:4H defined in Section 2.2 is a group.
Show that the subset {(g,1x) | ¢ € G} is a normal subgroup isomorphic to
G, and that the subset {(1g,h) | h € H} is a subgroup isomorphic to H.

2.7. Suppose that G has a normal subgroup A and a subgroup B satisfying
G = AB and AN B = 1. Prove that G = A:4,B, where ¢ : B — AutA is
defined by ¢(b) : a — b~ lab.

2.8. Prove that if the permutation 7w on n points is the product of k disjoint
cycles (including trivial cycles), then 7 is an even permutation if and only if
n — k is an even integer.

2.9. Determine the number of conjugacy classes in Ag, and write down one
element from each class.

2.10. Show that if n > 5 then there is no non-trivial conjugacy class in A,
with fewer than n elements.

2.11. Prove that Inn(G) < Aut(G).

2.12. Write down all the elements of Aut(Cy x C3). To which well-known
group is it isomorphic?

2.13. Calculate Inn(G) when G = Dg. Show that Aut(G) = Ds.

2.14. Show that Aut(Qg) = S4, where Qg = (i,j | i2 = j2 = (ij)?) is the
quaternion group of order 8.

2.15. Show that if p is an odd prime then
Aut(C'pn) ~C

~
pr _pnfl =

C

pr—1 X Cp_l.

2.16. Prove that Aut(A,) = 54 and Aut(As) = Ss.

2.17. Use Lemma 2.2 to show that if n > 6 then A, cannot act transitively
on a set of n + 1 points.

2.18. Use the argument of Lemma 2.2 and Theorem 2.3 to show that any
automorphism of Ag which maps 3-cycles to 3-cycles is realised by an element

of S@.
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2.19. Construct the outer automorphism of Sg combinatorially, as follows.
From the 6 ‘points’, show that there are 15 ‘duads’ (pairs of points), and 15
‘synthemes’ (partitions of the 6 points into three duads), and 6 ‘synthematic
totals’ (partitions of the 15 duads into five synthemes). [Thus Sg permutes
the 6 synthematic totals.]

Show that any two synthematic totals intersect in a unique syntheme, that
any partition of the synthematic totals into three pairs determines a unique
duad, and that any ‘synthematic total’ on the synthematic totals corresponds
to a point in a natural way.

2.20. Let S5 act on the 10 unordered pairs {a,b} C {1,2,3,4,5}. Show that
this action is primitive. Determine the stabiliser of one of the 10 pairs, and
deduce that it is a maximal subgroup of Ss.

2.21. The previous question defines a primitive embedding of S5 in S19. Show
that this S5 is not maximal in Sig.
[Hint: construct a primitive action of Sg on 10 points, extending this action

of 55]

n

222, If k< 2 i

5, show that the action of S,, on the (

> unordered k-tuples
is primitive.

2.23. If G acts k-transitively on {1,2,...,n} for some k£ > 1, and H is the
stabiliser of the point n, show that H acts (k — 1)-transitively on the subset
(1,2,...,n—1}.

2.24. Let G be the group of permutations of 8 points {c0,0,1,2,3,4,5,6}
generated by (0,1,2,3,4,5,6) and (1,2,4)(3,6,5) and (c0,0)(1,6)(2,3)(4,5).
Show that G is 2-transitive. Show that the Sylow 7-subgroups of G have order
7, and that their normalisers have order 21. Show that there are just 8 Sylow
7-subgroups, and deduce that G has order 168. Show that G is simple.

2.25. Let  be an element in S,, of cycle type (¢, ..., c;™), where ¢1,. .., ¢
are distinct positive integers. Show that the centraliser of x in \S,, is isomorphic
t0 (Cey USny) X -+ X (Cep USn,,)-

2.26. Show that if H = AGL3(2) = 23:GL3(2) is a subgroup of Sg, and
K = HY where g is an odd permutation, then H and K are not conjugate in
As.

2.27. Prove that S!Sy is maximal in Sy, for all k& > 2.
2.28. Prove that S;S,, is maximal in Sk, for all k,m > 2.

2.29. Prove that the ‘diagonal’ subgroups of .S,, constructed in Section 2.5.5
are primitive.
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2.30. Show that if H is abelian and transitive on {2, then it is regular on (2.

2.31. Use the O’Nan—Scott theorem to write down as many maximal sub-
groups of S5 as you can. Can you prove your subgroups are maximal?

2.32. Do the same for As.

2.33. Let G be a simple group, H a maximal subgroup of GG, and K a minimal
normal subgroup of H. Prove that H = Ng(K) and that K is characteristi-
cally simple.

2.34. Use Exercise 2.33 to determine the maximal subgroups of As from first
principles.

2.35. The real quaternion algebra H (see Section 4.3.1) is made by linearising
the quaternion group Qg, identifying the central element 2 of Qg with the
real number —1, and extending the multiplication bilinearly. Show that the
quaternion w = %(—1+i+j+k)7 where k = ij, satisfies w® = 1 and w™liw = j.
Deduce that the group generated by i and w is a double cover of A4, permuting
the four coordinate axes (1), (3}, (), (k).

2.36. Prove the following presentations:

(i) (z,y | 2® =y = (ay)® = 1) = Ay;
(ii) (z,y | 2 = y® = (ay)* = 1) = Sy;
(ifi) (z,y | 2* = y* = (zy)® = 1) = 4s.

2.37. Show that the subgroup of the unit quaternions generated by 7 and
1+o0i+7j, where o = %(\/5— 1) and 7 = %(\/5—&— 1), is a double cover of As.

[Hint: show that modulo —1 these elements satisfy the relations given in
Exercise 2.36(iii).]

2.38. Use the outer automorphism of Sg to prove that the two double covers
2:Sg and 2°S; of Sg are isomorphic.

2.39. Write down the 15 vectors which are images of (0,0,1,1,1,1) and
(0,1,0,1,w,w) under the group Sy generated by the coordinate permutations
(1,2)(3,4), (1,3,5)(2,4,6) and (1,3)(2,4).

Verify that the map (z1,...,z¢) — (x3, 1, T2, T4, wxs5, wrs) preserves this
set of vectors up to scalar multiplication by w and .

2.40. Show that the reflection group of type A3 is the group of symmetries of
a regular tetrahedron.

2.41. Show that the reflection group of type Bs is the group of symmetries of
the cube/octahedron, and is isomorphic to Cy x Sy.

2.42. Show that the reflection group of type Hs is the group of symmetries of
the dodecahedron/icosahedron, and is isomorphic to Cy x As.
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2.43. Show that the root system of type B3 consists of the midpoints of the
edges and faces of a cube.

2.44. Show that the root system of type Cs consists of the vertices and the
midpoints of the edges of a regular octahedron.

2.45. Show that the long roots of the B, root system (or the short roots of
the C,, root system) form a root system of type D,,. What type of root system
do the short roots of the B, root system (or the long roots of the C, root
system) form?






3

The classical groups

3.1 Introduction

In this chapter we describe the six families of so-called ‘classical’ simple groups.
These are the linear, unitary and symplectic groups, and the three families
of orthogonal groups. All may be obtained from suitable matrix groups G
by taking G'/Z(G’). Our main aims again are to define these groups, prove
they are simple, and describe their automorphisms, subgroups and covering
groups.

We begin with some basic facts about finite fields, before constructing
the general linear groups and their subquotients PSL,(¢), which are usu-
ally simple. We prove simplicity using Iwasawa’s Lemma, and construct some
important subgroups using the geometry of the underlying vector space.
This leads into a description of projective spaces, especially projective lines
and projective planes, setting the scene for proofs of several remarkable iso-
morphisms between certain groups PSL,(¢) and other groups, in particular
PSL4(4) = PSLy(5) =2 As and PSLy(9) = Ag. Covering groups and automor-
phism groups are briefly mentioned.

The other families of classical groups are defined in terms of certain ‘forms’
on the vector space, so we collect salient facts about these forms in Section 3.4,
before introducing the symplectic groups in Section 3.5. These are in many
ways the easiest of the classical groups to understand. We calculate their or-
ders, prove simplicity, discuss subgroups, covering groups and automorphisms,
and prove the generic isomorphism Sp,(q) 2 SLa(¢) and the exceptional iso-
morphism Sp,(2) & Sg. Next the unitary groups are treated in much the same
way.

Most of the difficulties in studying the classical groups occur in the or-
thogonal groups. The first problem is that there are fundamental differences
between the case when the underlying field has characteristic 2, and the other
cases. The second problem is that even when we take the subgroup of matri-
ces with determinant 1, and factor out any scalars, the resulting group is not
usually simple.

R.A. Wilson, The Finite Simple Groups,
Graduate Texts in Mathematics 251,
(© Springer-Verlag London Limited 2009
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To avoid introducing too many complications at once, we first treat the
case of orthogonal groups over fields of odd order, defining the three different
types and calculating their orders. We use the spinor norm to obtain the
(usually) simple groups, and describe some of their subgroup structure. Then
we describe the differences that occur when the field has characteristic 2, and
use the quasideterminant to obtain the (usually) simple group.

Clifford algebras and spin groups are constructed next, in order to complete
the proofs of certain key facts, especially the fact that the spinor norm is well-
defined.

We then prove a simple version of the Aschbacher—-Dynkin theorem which
gives a basic classification of the different types of maximal subgroups in a
classical group. It is analogous to the O’Nan—Scott theorem for permutation
groups, but is rather harder to prove, and is less explicit in its conclusions.
The proof relies heavily on representation theory, however, and can be omitted
by those readers without the necessary prerequisites. More explicit versions
of the theorem are stated for individual classes of groups, taken largely from
the book by Kleidman and Liebeck [108].

The generic isomorphisms of the orthogonal groups all derive from the
Klein correspondence, by which PQF (¢) = PSL4(q) (and also PQg (q) =
PSU4(q) and PQ5(q) = PSp,(¢)). This correspondence also leads to an easy
proof of the exceptional isomorphisms PSL4(2) & Ag and PSL3(2) = PSLy(7).
Finally we discuss some exceptional behaviour of small classical groups, and
relate this to the exceptional Weyl groups introduced in Chapter 2.

3.2 Finite fields

All the classical groups are defined in terms of groups of matrices over fields,
so before we can study the finite classical groups we need to know what the
finite fields are. A field is a set F' with operations of addition, subtraction,
multiplication and division satisfying the usual rules of arithmetic. That is,
F has an element 0 such that (F,+,—,0) is an abelian group, and F \ {0}
contains an element 1 such that (F \ {0},.,/,1) is an abelian group, and
z(y+z) = xy+xz. It is an easy exercise to show that the subfield Fj generated
by the element 1 in a finite field F' is isomorphic to the integers modulo p,
for some p, and therefore p is prime (called the characteristic of the field).
The field Fy is called the prime subfield of F. Moreover, F is a vector space
over Iy, since the vector space axioms are special cases of the field axioms. As
every finite-dimensional vector space has a basis of n vectors, vy, ..., v,, say,
and every vector has a unique expression Z?zl a;v; with a; € Fy, it follows
that the field F' has p™ elements.

Conversely, for every prime p and every positive integer d there is a field
of order p¢, which is unique up to isomorphism. [See below.]

The most important fact about finite fields which we need is that the
multiplicative group of all non-zero elements is cyclic. For the polynomial
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ring F[z] over any field F' is a Euclidean domain and therefore a unique
factorisation domain. In particular a polynomial of degree n has at most n
roots. If the multiplicative group F'* of a field of order ¢ has exponent e
strictly less than ¢ — 1, then ¢ — 1 has ¢ — 1 roots, which is a contradiction.
Therefore the exponent of F'* is ¢ — 1, so, since it is abelian, F'* contains
elements of order ¢ — 1, and therefore it is cyclic.

Note also that all elements x of F' satisfy £? = x, and so the polynomial
29 — x factorises in F[z] as [[,c (2 — ). Moreover, the number of solutions
to 2™ = 1 in F is the greatest common divisor (n,q — 1) of n and ¢ — 1. A
useful consequence of this for the field of order ¢? is that for every u € F,
there are exactly ¢ + 1 elements A € F 2 satisfying A\ = 1, where X = ).

We now show that fields of order p? exist and are unique up to isomor-
phism. Observe that if f is an irreducible polynomial of degree d over the field
F, = Z/pZ of order p, then F,[z]/(f) is a field of order p?. Conversely, if F is a
field of order p?, let = be a generator for F*, so that the minimum polynomial
for x over F, is an irreducible polynomial f of degree d, and F = F,[z]/(f).
One way to see that such a field exists is to observe that any field of order
q = p? is a splitting field for the polynomial 2¢—x. (A splitting field for a poly-
nomial f is a field over which f factorises into linear factors.) Splitting fields
always exist, by adjoining roots one at a time until the polynomial factorises
into linear factors. But then the set of roots of 7 — x is closed under addition
and multiplication, since if ¢ = x and y? = y then (zy)? = 2%y? = zy and
(r +y)? =294 y? = z + y. Hence this set of roots is a subfield of order g,
as required. To show that the field of order ¢ = p® does not depend on the
particular irreducible polynomial we choose, suppose that fi; and fy; are two
such, and F; = F,[z]/(f;). Since fa(t) divides t? — ¢, and 7 — ¢ factorises into
linear factors over Fi, it follows that F; contains an element y with f2(y) = 0.
Hence the map x — y extends to a field homomorphism from F5 to a subfield
of Fy. Moreover, the kernel is trivial, since fields have no quotient fields, so
this map is a field isomorphism, since the fields are finite and have the same
order.

If also f; = f3 then any automorphism of F' = F; = F5 has this form, so is
defined by the image of x, which must be one of the d roots of f;. Hence the
group of automorphisms of F' has order d. On the other hand, the map y — y?
(for all y € F) is an automorphism of F, called the Frobenius automorphism,
and has order d. Hence Aut(F') is cyclic of order d.

3.3 General linear groups

Let V be a vector space of dimension n over the finite field F, of order g.
The general linear group GL(V) is the set of invertible linear maps from V to
itself. Without much loss of generality, we may take V as the vector space F,"
of n-tuples of elements of Fy, and identify GL(V) with the group (denoted
GL,(g)) of invertible n x n matrices over F,.
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There are certain obvious normal subgroups of G = GL,,(¢). For example,
the centre, Z say, consists of all the scalar matrices AL, where 0 # X € [,
and I, is the n x n identity matrix. Thus Z is a cyclic normal subgroup of
order ¢ — 1. The quotient G/Z is called the projective general linear group,
and denoted PGL,,(q).

Also, since det(AB) = det(A)det(B), the determinant map is a group
homomorphism from GL,,(g) onto the multiplicative group of the field, so its
kernel is a normal subgroup of index ¢ — 1. This kernel is called the special lin-
ear group SL,(q), and consists of all the matrices of determinant 1. Similarly,
we can quotient SL,(q) by the subgroup of scalars it contains, to obtain the
projective special linear group PSL,,(¢), sometimes abbreviated to Ly, (¢q). [The
alert reader will have noticed that as defined here, PSL,,(q) is not necessarily
a subgroup of PGL, (¢). However, there is an obvious isomorphism between
PSL,(¢) and a normal subgroup of PGL,(q), so we shall ignore the subtle
distinction.]

3.3.1 The orders of the linear groups

Now an invertible matrix takes a basis to a basis, and is determined by the
image of an ordered basis. The only condition on this image is that the ith
vector is linearly independent of the previous ones—but these span a space of
dimension 7 — 1, which has ¢‘~! vectors in it, so the order of GL,(q) is

IGLn(q)] = (¢" = D(¢" —a)(@" —a®) -~ (" —q" ")
=q"" Vg -1)(* 1) (¢" = 1). (3.1)

The orders of SL,(q) and PGL,(q) are equal, being |GL,(¢)| divided by
g—1. To obtain the order of PSL,,(g), we need to know which scalars AI,, have
determinant 1. But det(AI,) = A", and the number of solutions to ™ =1 in
the field F, is the greatest common divisor (n,q — 1) of n and ¢ — 1. Thus the
order of PSL,(q) is

n(n 1)/2
PSL.(0) = H (32)

The groups PSL,,(¢) are all simple except for the small cases PSLo(2) & S
and PSL(3) = A,. We shall prove the simplicity of the remaining groups
PSL,,(q) below. First we prove these exceptional isomorphims. For PSLy(2) =
GLy(2), and GLy(2) permutes the three non-zero vectors of Fy?; moreover,
any two of these vectors form a basis for the space, so the action of GLg(2) is
2-transitive, and faithful, so GLg(2) & Ss.

Similarly, GL2(3) permutes the four 1-dimensional subspaces of F3?
spanned by the vectors (1,0), (0,1), (1,1) and (1,—1). The action is 2-
transitive since the group acts transitively on ordered bases. Moreover, fixing

the standard basis, up to scalars, the matrix (é _01) interchanges the other
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two 1l-spaces, so the action of GL2(3) is S4. The kernel of the action is just
the group of scalar matrices, and the matrices of determinant 1 act as even
permutations, so PSLy(3) = A4. Notice that SLy(3) is a proper double cover
2' Ay, and similarly GLa(3) 22 2:S4 (see Section 2.7.2).

We use the term linear group loosely to refer to any of the groups GL,,(q),
SL,(q), PGLy(q) or PSLy(q).

3.3.2 Simplicity of PSL,,(q)

The key to proving simplicity of the finite classical groups is Iwasawa’s Lemma,
originally proved in [95].

Theorem 3.1. If G is a finite perfect group, acting faithfully and primitively
on a set §2, such that the point stabiliser H has a normal abelian subgroup A
whose conjugates generate G, then G is simple.

Proof. For otherwise, there is a normal subgroup K with 1 < K < G, which
does not fix all the points of {2, so we may choose a point stabiliser H with
K £ H, and therefore G = HK since H is a maximal subgroup of G. So
any g € (G can be written ¢ = hk with h € H and k € K, and therefore
every conjugate of A is of the form g7 'Ag = k= 'h ' Ahk = k1 Ak < AK.
Therefore G = AK and G/K = AK/K =2 A/JAN K is abelian, contradicting
the assumption that G is perfect.

In order to apply this, for n > 2 we let SL,(¢) act on the set 2 of 1-
dimensional subspaces of Fy", so that the kernel of the action is just the set
of scalar matrices, and we obtain an action of PSL,(q) on §2. Moreover, this
action is 2-transitive (since any basis can be mapped to any other basis, up
to a scalar multiplication, by an element of SL,,(¢)), and therefore primitive.

To study the stabiliser of a point, we might as well take this point to be
the 1-space ((1,0,...,0)). The stabiliser then consists of all matrices whose
first row is (A, 0,...,0) for some A # 0. It is easy to check that the subgroup

1 Onfl
Un—1 Infl
vector of length n — 1, is a normal abelian subgroup A. Moreover, all non-
trivial elements of A are transvections, that is, matrices (or linear maps) ¢
such that ¢ — I, has rank 1 and (¢ — I,,)? = 0. By suitable choice of basis (but
remembering that the base change matrix must have determinant 1) it is easy
to see that every transvection is contained in some conjugate of A.

We have two more things to verify: first, that SL,(q) is generated by
transvections, and second, that SL,,(q) is perfect, except for the cases SLa(2)
and SLg(3). The first fact is a restatement of the elementary result that every
matrix of determinant 1 can be reduced to the identity matrix by a finite
sequence of elementary row operations of the form r; — r; + Ar;. To prove the
second it suffices to verify that every transvection is a commutator of elements
of SL,,(¢). An easy calculation shows that the commutator

of matrices of the shape ( )7 where v,,_1 is an arbitrary column
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g
0 0 1 0 0 1 00
1 0),{0 1 0 = 0o 1 0}, (3.3)
0 1 0 « 1 -z 0 1
so by suitable choice of basis we see that if n > 2 then every transvection is

a commutator in SL,(¢). If n = 2 and ¢ > 3, then F, contains a non-zero
element = with 22 # 1, and then the commutator

Kll/ D’(g iﬂOlﬂ(y(le—l) (1))’ (3.4)

which is an arbitrary element of A.
We can now apply Iwasawa’s Lemma, and deduce that PSL,,(¢) is simple
provided n > 2 or ¢ > 3.

3.3.3 Subgroups of the linear groups

Here we introduce some of the more important subgroups of the linear groups,
including the subgroups B, N and T, and the parabolic subgroups, as well
as the Weyl group W = N/T. We use this notation and terminology since it
is standard in the theory of groups of Lie type (see Carter’s book [21]). The
standard properties of B and N can be axiomatised into the notion of a ‘BN-
pair’, which led Tits to the even more abstract notion of a building. A fuller
discussion of the subgroup structure, incorporating the Aschbacher—Dynkin
theorem on maximal subgroups, will be found later, in Section 3.10. We work
in GL,,(q) for simplicity, but it is easy to modify the constructions for SL, (q),
PGL,(¢) and PSL,(q).

The subgroup B of GL,(q) consisting of all lower-triangular matrices is the
Borel subgroup, and N is the subgroup of all monomial matrices, i.e. matrices
with exactly one non-zero entry in each row and column. Then T'= BN N,
called the mazimal split torus, consists of the diagonal matrices, which form a
normal subgroup of N. (Indeed, N is the normaliser of T', except when ¢ = 2,
in which case T is trivial.) The quotient group W = N/T is called the Weyl
group. It is clear that the torus T is isomorphic to the direct product of n
copies of the cyclic group C,_1 (or n—1 copies in SL,(¢q)), and that the Weyl
group is isomorphic to the symmetric group S, of all coordinate permutations.

The subgroup U of all lower unitriangular matrices (i.e. matrices having
all diagonal entries 1, and all above-diagonal entries 0) is easily seen to be a
group of order ¢"("~1/2 so it is a Sylow p-subgroup of GL,(q), where p is
the characteristic of F,. Moreover, B is the semidirect product of U with T,
the group of diagonal matrices, so B has order ¢™("~1)/ 2(q — 1)™. This group
B may also be defined as the stabiliser of the chain of subspaces

0=Vo<Vi< Vo< <V, =V (3.5)

defined by V; = {(x1,...,24,0,...,0)}, so that dim(V;) = i. A chain of sub-
spaces ordered by inclusion is called a flag, and if such a chain has a subspace
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of each possible dimension it is called a mazimal flag. Thus B is the stabiliser
of a maximal flag.

The parabolic subgroups are the stabilisers of flags, and the maximal
parabolic subgroups are the stabilisers of minimal flags 0 < W < V| i.e.
the stabilisers of subspaces W. If W has dimension k, say, we may choose
a basis {e1,...,ex} for W and extend it to a basis {ey,...,e,} for V. Then
the matrices for elements of the subspace stabiliser have the shape (é, ?)) ,
where A and D are non-singular k& x k and (n — k) x (n — k) matrices and
C' is an arbitrary k x (n — k) matrix. The subset @ of matrices of the shape
(ICk 7 0 ) is easily checked to be an elementary abelian normal subgroup

n—k
of order ¢*(»=%)_ (Recall from Section 2.5.4 that an abelian group is called
elementary if it is a direct product of cyclic groups of order p, for some fixed

prime p.) The subset L of matrices of the shape is a subgroup

0
0 D
isomorphic to GLg(q) x GL,_x(q). Moreover, LN Q = 1 and LQ is the full
stabiliser of W, so this has the structure of a semidirect product Q:L (see
Exercise 3.5). In the language of Lie theory, @ is the unipotent radical and L
is a Levi complement . It is left as an exercise (see Exercise 3.7) to show that
the maximal parabolic subgroups are indeed maximal subgroups.

Interpretations of the Dynkin diagram

The Weyl group S, in GL,,(q) may be generated by the coordinate permuta-
tions (1,2), (2,3) ..., (n—1,n), which in turn may be regarded as reflections in
the vectors (1,—1,0,...,0), ..., (0,...,0,1,—1) as described in Section 2.8.1.
Since these vectors are the fundamental roots of the A, _; root system, we
have a (natural) identification with the Weyl group of type A,_1.

The maximal flag V7 < Vo < --- < V,,_1 may also be described by the
Dynkin diagram, by labelling the kth node Vj. The stabiliser of V}, is a maxi-
mal parabolic subgroup, whose Levi complement is GLx(q) X GL,—x(q), and
the Weyl group of this complement is obtained by deleting the node labelled
Vi from the A, _; diagram.

Some more subgroups

For each family of classical groups we aim eventually to prove (in Sec-
tion 3.10) a version of the Aschbacher-Dynkin Theorem, which is analogous
to the O’Nan—Scott Theorem (Theorem 2.4) for the alternating and symmet-
ric groups. Just as in that case we had to construct various subgroups as
stabilisers of certain structures on the underlying set, so here we have various
structures on the underlying vector space V.

We have already seen the stabilisers in GL,(q) of proper non-zero sub-
spaces (also known as the maximal parabolic subgroups): if the subspace has
dimension k, so codimension m = n — k, then the stabiliser is a group of shape
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¢"™:(GL(q) x GLy,(q)), where k +m = n = dim V. These are analogous to
the intransitive subgroups of S,,. Notice that the stabiliser of a subspace of
codimension k is isomorphic to that of a subspace of dimension k, but they
are not conjugate in GL,(q) except when k = n/2.

Corresponding to the imprimitive subgroups of S,, there are the stabilisers
of direct sum decompositions of the space. Thusif V =V, ®Vo®- - - @V, with
dim V; = k, then there is a group GLg(g) ! Sy, stabilising this decomposition.
These groups are also called imprimitive linear groups.

There are a number of other types of subgroups which we shall construct
in Section 3.10, namely tensor product subgroups (somewhat analogous to
the primitive wreath products), subgroups of extraspecial type (somewhat
analogous to the affine groups), and various types of almost simple subgroups.

3.3.4 Outer automorphisms

It is a fact that the outer automorphism groups of all the classical groups
have a uniform description in terms of so-called diagonal, field, and graph
automorphisms. The diagonal automorphisms are so called because they are
induced by conjugation by diagonal matrices (with respect to a suitable basis).
In the case of the linear groups, PGL,,(¢) acts as a group of automorphisms of
PSL,,(¢), and the corresponding quotient group PGL,,(¢)/PSL,(q) is a cyclic
group of order d = (n,q — 1), called the group of diagonal outer automor-
phisms.

The field automorphisms are, as the name suggests, induced by automor-
phisms of the underlying field. Recall from Section 3.2 that the automorphism
group of the field IF, of order ¢ = p® is a cyclic group of order e generated by the
Frobenius automorphism z +— zP. This induces an automorphism of GL,,(q),
also of order e, by mapping each matrix entry to its pth power. Taking the
semidirect product of GL,(q) with this group of field automorphisms gives
us a group I'L,(q), and correspondingly the extension of SL,(q), PGL,(q)
or PSL,(q) by the induced group of field automorphisms is denoted XL, (q),
PI'L,(q) or PXL,(q). [Notice that this definition of the field automorphisms
is basis-dependent. This does not matter much in the present instance, as
all the groups just defined are well-defined up to isomorphism. However, the
situation in the other classical groups is not so straightforward.]

The graph automorphisms are induced by an automorphism of the Dynkin
diagram, but do not appear particularly uniform from a classical point of view.
In the case of the linear groups, the graph automorphism is best explained by
the classical concept of duality. Formally, the dual space of a vector space V'
over a field F' is the vector space V* of linear functions f* : V — F. Given
a basis {e1,...,e,} of V there is a well-defined dual basis {e3,...,ef} of V*
defined by ef(e;) =1 and ef(e;) =0if i # j. If g € GL(V) acts on V by

j=1
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and on V* by
j=1

then a straightforward calculation shows that the matrix A = (h;;) is the
transpose of the inverse of the matrix g = (g,;). The duality automorphism
(with respect to these bases) of GL(V) is the map which replaces each matrix
by the transpose of its inverse. This is an automorphism of the general linear
group because

(AB)") "' =(BTAT) = (A7) (B! (3.8)
and of the special linear group because also
det((AT)™1) = (det(AT))™t = (det(A4)) L. (3.9)

For n = 2, observe that duality is an inner automorphism of SLa(g), induced
0

-1 0
is not inner, even in GL,(q), as it maps the stabiliser of a 1-space, consisting

by conjugation by < (see Exercise 3.10). For n > 2, however, duality

of the matrices of shape (i\ 2) , to the stabiliser of a hyperplane, consisting

. woow
of the matrices of shape (0 B )

Let us sketch the proof that the outer automorphism group of PSL,,(q) is
no bigger than this. We have to reconstruct the geometry from the abstract
structure of the group (i.e. from its subgroups), and reconstruct the field from
the abstract structure of the geometry (i.e. from its subspaces). The first step
is accomplished by analysing the p-local subgroups, that is, the normalisers of
p-subgroups. First observe that any p-local subgroup fixes a non-trivial proper
subspace in the natural representation (that is, the action of SL,,(¢) on F,"),
and therefore is contained in one of the maximal parabolic subgroups. There-
fore any automorphism permutes the maximal parabolic subgroups amongst
themselves. Now the stabiliser of a k-space is isomorphic to the stabiliser of an
(n — k)-space, but not to the stabiliser of any other subspace. Therefore, mul-
tiplying by the duality automorphism if necessary, we may assume that our
automorphism ¢ preserves the set of 1-spaces. Since any two distinct 1-spaces
span a 2-space, or in group-theoretic terms the intersection of two 1-space
stabilisers is contained in a unique 2-space stabiliser (but no (n — 2)-space
stabiliser, unless n = 4), the set of 2-spaces is also preserved. Similarly, by
induction, ¢ preserves the set of k-spaces, for each k.

Hence by transitivity of SL,(¢) on maximal flags we may assume that ¢
preserves the standard maximal flag, and therefore (multiplying by a diagonal
matrix if necessary) we may assume that ¢ fixes the standard basis. Next we
have to prove that ¢ acts semilinearly. (A map ¢ on a vector space V is called
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semilinear if there is an automorphism o of the underlying field such that
(Au+v)? = A\7u® + v® for all u,v € V and all scalars \.) By induction it is
enough to prove that ¢ acts semilinearly on the space spanned by two basis
vectors, e and f, say (since the same field automorphism o must be involved
for every 2-space (e, f’), and therefore on the whole of V).

Now the stabiliser in SL,, (¢) of the flag 0 < (e) < (e, f) acts on this 2-space
as a group F,.Cy—1 of lower-triangular matrices. The normal subgroup of order
q determines the additive structure of the field, as it acts by f +— f+ Ae, and
the composite of f — f+ Xeand f— f+peis f — f+ (A+ p)e. The
diagonal subgroup C,_; determines the multiplicative structure, as it maps f
to Af, and the composite of f +— Af with f +— uf is f +— (Au)f. Therefore
(multiplying by a suitable element of E,.Cy_1) we may assume that ¢ acts on
(e, f) as a field automorphism, as required. To sum up, we have proved

Theorem 3.2. Let g = p?, where p is prime.

(i) If n > 2 then Out(PSLy,,(q)) = Da(n,q—1) X Ca-
(ii) If n = 2 then Out(PSLa(q)) = C(2,4—1) % Cy.

3.3.5 The projective line and some exceptional isomorphisms

There are many isomorphisms between the small linear groups and other
groups. The most important are

PSL,(2) = S,
PSL,(3) = Ay,
PSLy(4) = PSLy(5) & As,
PSL,(7) = PSL;(2),
PSL,(9) = Ag,
PSL,(2) & As. (3.10)

We have already proved the first two of these in Section 3.3.1, and some of
the others can be proved in much the same way. In this section we use the
projective line, defined below, to prove the isomorphisms of PSLy(4), PSLy(5)
and PSL2(9) with alternating groups. The isomorphism PSL4(2) = Ag can
be proved by showing that both are isomorphic to Qg (2), using the Klein
correspondence. [See Section 3.12 for a proof of this and of the isomorphism
PSL3(2) = PSLy(7).]

It is convenient to work in PSLa(q) directly as a group of permutations of
the 1-dimensional subspaces of FQZ, and to this end we label the 1-spaces by
the ratio of the coordinates: that is ((z, 1)) is labelled 2, and {(1,0)) is labelled
00. The set of 1-spaces is then identified with the set F, U {oo}, called the
Z) € GLz(q)
now acts on the projective line as z — (az + ¢)/(bz + d), or, working in the
traditional way with column vectors rather than row vectors,

projective line over F,, and denoted PL(g). The matrix
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a b az+b
<C d) Xl (3.11)
In this formula, co obeys the usual rules: 1/0 = oo, 1/00 = 0, co + 2z = o0,
and (if z # 0) co.z = co. To avoid meaningless expressions such as co/oo it is
occasionally necessary to rewrite the formula:
az+b a+b/z
cz+d c+d/z

(3.12)

If z — z for all z in the projective line, then putting z = 0 gives ¢ = 0 and
putting z = oo gives b = 0, and putting z = 1 then gives a = d, so the matrix is
a scalar. In other words, we get a faithful action of PGL2(gq) on the projective
line. Notice that any two points of the projective line determine a basis of
the 2-space, up to scalar multiplications of the two basis vectors separately.
Given any change-of-basis matrix we can multiply by a diagonal matrix to
make the determinant of the product 1. Thus PSLy(q) is also 2-transitive on
the points of the projective line. It is easy to see (Exercise 3.11) that PSLy(q)
is generated by the three maps z +— z + 1, z +— A2z and z — —1/z, where \
is a generator for the multiplicative group of F,.

The isomorphism PSLo(4) & As

Now PSLs(4) = SLy(4) permutes the five points of PL(4) 2-transitively. The
field F4 of order 4 may be defined as {0, 1,w,w} where @ = w? and w? +w = 1.
Fixing the points 0 and oo in PL(4) = {00,0,1,w,w} we still have the map

z +— Wz/w = wz (defined by the matrix ), which acts as a 3-cycle

w
0
on the remaining three points 1, w, @. Thus the action of PSLy(4) contains
at least a group As. But the orders of PSLy(4) and As are the same, and

therefore the two groups are isomorphic.
The isomorphism PSLa(5) = As

The isomorphism PSLy(5) 2 A5 may be shown by putting a projective line
structure onto the set of six Sylow 5-subgroups of As. For example if we label
((1,2,3,4,5)) as co and, reading modulo 5, label ((¢,t + 1,¢t+2,t +4,¢t+ 3))
as t for t = 0,1,2,3,4, then the generators (1,2,3,4,5) and (2,3)(4,5) of A5
act on the line as z — z+ 1 and z — —1/z (see Exercise 3.12). Hence there
is a homomorphism ¢ : A5 — PSLy(5), which is easily seen to be injective.
Moreover |As| = |PSLa(5)[, so the two groups are isomorphic.

Notice that this isomorphism is intimately connected with the outer auto-
morphism of Sg, as constructed in Section 2.4.2. Indeed, PGL2(5) has order
(52 — 1)(5% — 5)/(5 — 1) = 120 and permutes the six points of PL(5) transi-
tively and faithfully. In particular, PGL2(5) is a subgroup of index 6 in Sg,
which therefore has an outer automorphism mapping the natural action to
the action on the cosets of PGLy(5). This simultaneously constructs the outer
automorphism of Sg, and proves that the point stabilisers S5 and PGLy(5)
are isomorphic.
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The isomorphism PSL3(9) = Ag

The isomorphism PSLy(9) = Ag is best shown by labelling the ten points
of the projective line PL(9) with the ten partitions of six points into two
subsets of size 3 (equivalently, the ten Sylow 3-subgroups of Ag). Take Fg =
{0,£1, 44, +1 £ i}, where i = —1. Let the 3-cycle (1,2, 3) act on the points
by z — z+ 1 and let (4,5,6) act by z — z + i. Then the point oo fixed
by these two 3-cycles corresponds to the partition (123 | 456), and we may
choose the point 0 to correspond to the partition (423 | 156), so that the
rest of the correspondence is determined by the action of the 3-cycles above.
We can now generate PSLy(9) by adjoining the map z — —1/z, which we
can check acts on the points in the same way as the permutation (2,3)(1,4)
(see Exercise 3.12). Thus we have a homomorphism from PSL3(9) onto Ag,
and since these two groups have the same order, they are isomorphic. Notice
incidentally that an odd permutation of Sg realises a field automorphism of
Fy: for example, the map z +— 23 corresponds to the transposition (5, 6). Thus
Se 22 PXLy(9), which is not isomorphic to PGLy(9).

The actions of PSLa(11) on 11 points

The action of PSLy(¢) on the ¢ + 1 points of the projective line is usually
the smallest permutation action. However, we have seen that PSLy(5) & Aj
so has an action on 5 points. Similarly, PSLy(7) = PSL3(2), so has an action
on 7 points (indeed, it has two such actions: one on the seven 1-dimensional
subspaces, and one on the seven 2-dimensional subspaces). In fact, the only
other simple group PSLy(g) which has an action on fewer than ¢ + 1 points is
PSL4(11), which has two distinct actions on 11 points. As this has ramifica-
tions later on (for example in the Mathieu groups, Sections 5.2, 5.3) we take
time out to construct these actions here.

We follow Conway’s construction [26], which is based on the work of Edge
[56] and goes back ultimately to Galois. Consider the partition of the projec-
tive line PL(11) into six pairs (o000 | 12| 36 | 48 | 5X | 79) where we write
X = 10 to avoid confusion. It is easy to see that this partition has just 11
images under the subgroup 11:5 of PSLg(11) generated by z — 2z + 1 and
z +— 3z. Now consider the action of z — —1/z on these 11 partitions. Label
them p;, so that p; is the partition in which oo is paired with ¢. A small cal-
culation shows that z — —1/z preserves this set of partitions, and acts as the
permutation (1,9)(2,6)(4,5)(7,8) on the p; (see Exercise 3.12). Of course, the
map z — 2z + 1 on PL(11) acts as ¢ — t + 1, and similarly z +— 3z acts as
t — 3t.

The other action on 11 points may be obtained by taking the image under
z — —z of the partition given above.

Projective planes

Analogous to the construction of a projective line from a 2-dimensional vector
space is the construction of a projective plane from a 3-dimensional vector
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space. The projective plane consists of points (i.e. 1-dimensional subspaces of
the vector space) and lines (i.e. 2-dimensional subspaces). If the underlying
field is F,, then there are ¢> + ¢ + 1 points and ¢ 4+ ¢ + 1 lines, with ¢ + 1
points on each line, and g + 1 lines through each point.

For example if ¢ = 2 there are seven points and seven lines. If the points
are labelled by integers modulo 7, then the lines may be taken as the seven
sets {t,t + 1, + 3}. The automorphism group PGL3(2) = PSL3(2) may then
be generated by the permutations ¢t — ¢t + 1, ¢ — 2t and (1,2)(3,6) of the
points.

Similarly if ¢ = 3 the thirteen points may be labelled by the integers
modulo 13 (where for convenience we write X = 10, £ = 11 and T' = 12) in
such a way that the lines are {¢,t + 1,¢ + 3,¢ + 9}. Then the automorphism
group PGL3(3) = PSL3(3) is generated by the permutations t — t+1, t — 3t
and (1,3)(2,6)(8, E)(X,T) of the points.

3.3.6 Covering groups

It turns out that, in general, the special linear group SLy,(g) is the full covering
group (see Section 2.7) of the simple group PSL,,(¢q). There are however a few
exceptions. In fact, the exceptional part of the Schur multiplier of any classical
or exceptional group is always a p-group, where p is the characteristic of the
defining field of the group.

Most of the exceptional covers of groups PSL, (¢) arise as a result of the
exceptional isomorphisms above. Thus A5 has a double cover, and therefore so
does PSL3(4); similarly, Ag has a triple cover, and therefore so does PSL(9).
Both PSLy(7) and Ag have double covers, and therefore so do PSL3(2) and
PSL4(2). The only other exceptional cover of a simple group PSL,(q) is
4%-PSL3(4). (See Section 3.12 for a sketch of a construction of this group.)

3.4 Bilinear, sesquilinear and quadratic forms

There are a number of useful inner products on real and complex vector
spaces, and these inner products give rise to various bilinear, sesquilinear and
quadratic forms. The situation is similar for vector spaces over finite fields,
although the classification of the forms is rather different. In characteristic 0,
the three interesting types of forms (generalised inner products) are

(i) skew-symmetric bilinear,
(ii) conjugate-symmetric sesquilinear, and
(iii) symmetric bilinear.

The corresponding generalised norms are called

(iv) Hermitian forms (derived from (ii)) and
(v) quadratic forms (derived from (iii)).
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Over finite fields of odd characteristic we can use the same definitions, us-
ing a field automorphism of order 2 in place of complex conjugation (thus
the field order must be a square in this case). But in characteristic 2, these
definitions do not capture the interesting geometrical (and group-theoretical)
phenomena. To remedy this, we replace skew-symmetric bilinear forms by al-
ternating bilinear forms, and symmetric bilinear forms by quadratic forms. In
both cases, the two concepts are equivalent if the characteristic of the field is
not 2.

3.4.1 Definitions

First, a bilinear form on a vector space V over a field F'isamap f: VxV — F
satisfying the laws f(Au + v,w) = A\f(u,w) + f(v,w) and f(u, \v + w) =
Af(u,v) + flu,w). Tt is

symmetric if f(u,v) = f(v,u),
skew-symmetric or anti-symmetric if f(u,v) = —f(v, u),
and alternating if f(v,v) = 0. (3.13)

Now an alternating bilinear form is always skew-symmetric, since

0=f(u+v,u+v)
:f(u,u)+f(u7v)+f(v,u)+f(v,v)
= f(u,v) + f(v,u). (3.14)

Conversely, if the characteristic is not 2, then a skew-symmetric bilinear form
is alternating, since f(v,v) = —f(v,v). But if the characteristic is 2, then a
bilinear form can be skew-symmetric without being alternating.

A quadratic form is a map @ from V to F satisfying

Qu+v) = NQ(u) + M (u,v) + Q(v), (3.15)

where f is a symmetric bilinear form. Thus a quadratic form always deter-
mines a symmetric bilinear form, called its associated bilinear form. And if
the characteristic is not 2, the quadratic form can be recovered from the sym-
metric bilinear form as Q(v) = 3 f(v,v). If the characteristic is 2, then the
associated bilinear form is actually alternating, since

0=0Q(2v) =Q(v+v)=2Q() + f(v,v) = f(v,v). (3.16)

Warning. It is common in elementary textbooks to define Q(v) = f(v,v),
since this gives a closer analogy with norms and inner products in Euclidean
spaces. However, the factor % is essential for the correct generalisation to
characteristic 2. This can lead to some confusion over the precise definitions

of norms and inner products in the finite case.

Next we consider conjugate-symmetric sesquilinear forms. For this to make
sense we need a field automorphism of order 2, to take the place of complex
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conjugation for C. Thus the underlying field must have order ¢2, for some
q = p°, and we write T = x? for every element x of the field. Then a conjugate-
symmetric sesquilinear form over a vector space V defined over F' = Fy2 is a
map f:V xV — F satisfying

f()\u+v,w) = )‘f(uaw) +f(v,w),
f(w,v) = f(va)' (317)

Note that this implies f(u, \v +w) = Af(u,v) + f(u,w). The form H defined
by H(v) = f(v,v) is called a (or an) Hermitian (or Hermitean) form. Its
defining property is that

H(Au+v) = A\H (u) + Af(u,v) + Af(v,u) + H(v). (3.18)

Any of the forms f considered in this section is determined by its values
f(es,e;) on a basis {e1,...,e,}. The matrix A whose (¢, j)th entry is f(e;, e;)
is called the matrix of f (with respect to this ordered basis). It is easy to show
that if ¢ : f; — e; is a base-change matrix, in the sense that f; = Zj gijej,

then the matrix of the form with respect to the new basis {f1,..., fn} is

gAg'.

3.4.2 Vectors and subspaces

Many of the concepts, and much of the notation and nomenclature, are the
same whichever type of bilinear or sesquilinear form f we have, although the
quadratic forms are more complicated in characteristic 2. (See Section 3.4.7
for the modifications required in this case.) For example, we write u L v
to mean f(u,v) = 0 (which is equivalent to f(v,u) = 0 in each case), and
say that w and v are perpendicular or orthogonal (with respect to the form
f). We write St = {v € V | v L sforall s € S}, for any subset S of V
(and abbreviate {v}* to v1). In many contexts S+ is called the orthogonal
complement of S, but since it is often not a complement in the vector-space
sense, | prefer the term perpendicular space as being more accurate and less
liable to be misunderstood.

A non-zero vector which is perpendicular to itself is called isotropic. More
generally f(v,v) is called the norm of v. (This is not the same as the usual
definition over C, where we take the square root of f(v,v). Over finite fields,
however, there is no sensible analogue of this square root.) The radical of f,
written rad f, is V1, and f is non-singular if the radical is 0, and singular
otherwise. We are usually (but not always) only interested in forms which are
non-singular.

Given any subspace W of V', we can restrict the form f to W. In general
this restriction, written f|y, will be singular, and its radical is W N W+, If
flw is non-singular, we say that W is non-singular, while if f|y is zero, we
say W is totally isotropic. It is a straightforward exercise to show that if f is
non-singular, and U is a subspace of V, then (U+)* = U and
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dim(U) + dim(U+) = dim(V), (3.19)

and hence if UNUL =0 then V = U ® U+ (see Exercise 3.17).

3.4.3 Isometries and similarities

If f is a form on a vector space V', an isometry of f (or of V, if f is understood)
is a linear map g : V' — V which preserves the form, in the sense that
f(u9,v9) = f(u,v) for all u,v € V. Similarly, an isometry of a quadratic
form @ is a linear map g such that Q(v9) = Q(v) for all v € V. We think of
an isometry as preserving inner products and norms, and therefore preserving
‘distances’ and ‘angles’. If we allow also changes of scale we obtain similarities,
that is linear maps g such that f(u?,v9) = A, f(u,v) for a scalar A, which
depends on g but not on uw or v. A similarity of a quadratic form @ is a
linear map ¢ such that Q(v?) = A;Q(v). Similarities preserve ‘angles’ but not
necessarily ‘distances’.

We obtain the finite classical groups from the groups of isometries of non-
singular forms. In order to classify these groups, we need to classify the forms,
which we do by choosing a basis for the space in such a way that the matrix
of the form takes one of a small number of possible shapes. We consider the
different types separately. In each case, we say two forms on V' are equivalent
if they become equal after a change of basis.

3.4.4 Classification of alternating bilinear forms

Given an alternating bilinear form f on a space V', we want to find a basis of
V such that f looks as nice as possible. Our argument in this section applies
to arbitrary fields, finite or infinite, of any characteristic. If there are any
vectors u and v with f(u,v) = A # 0, then choose the first two basis vectors
e; = v and f; = A~tv, say. Then with respect to the basis {e;, f1} the form
f satisfies

fler,er) = f(f1, f1) =0,
fler, f1) = —f(fr,e1) = 1. (3.20)

Now restrict the form to {e1, f1}*, and continue. Eventually we have chosen
basis vectors ey, ...,e, and fi,..., fm, such that f(u,v) = 0 for all basis
vectors u, v except f(e;, fi) = —f(fi,e;) = 1. Either we have a basis for the
whole space, in which case f is non-singular and dim(V) = 2m is even, or

else f(u,v) = 0 for all u,v € {ey,..., f}* # 0, in which case f is singular,
and we can complete to a basis in any way we choose. Notice that in the
latter case we have that f(u,v) = 0 for any u € {ey,..., fm}*, and any

v € V. Usually (but not always) we shall be considering non-singular forms,
in which case we have decomposed V as a perpendicular direct sum of m non-
singular subspaces (e;, f;) of dimension 2, called hyperbolic planes. The basis
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{e1,..., fm} is called a symplectic basis, and the form is called a symplectic
form.

[The word ‘symplectic’ derives from the Greek cognate of ‘complex’, and
in this context is said to have been coined by J. J. Sylvester, who had a partic-
ular affinity for words beginning with ‘sy’ (another example is the ‘syntheme’
introduced in Exercise 2.19). It is preferable, however, to emphasise the En-
glish pronunciation rather than the etymology, and realise that the symplectic
groups are the simplest of the classical groups to understand.)

3.4.5 Classification of sesquilinear forms

To classify conjugate-symmetric sesquilinear forms, we again find a canonical
basis for the space V' with the form f. Recall that the underlying field is IF.
which has an automorphism = — T = z? of order 2. If there is a vector v
with f(v,v) # 0, then f(v,v) = f(v,v) so f(v,v) is in the fixed field F, of the
field automorphism x — 9. Since the multiplicative group of the field is cyclic
order ¢>—1 = (g+1)(g—1) there is a scalar A € F 2 with AX = A\7F! = f(v,v),
so that e; = A~ 1w satisfies f(e;,e1) = 1. Now restrict f to (e;)*, and carry
on. If we find that f(v,v) = 0 for all vectors v in the space remaining, then
for all v and w we have

0= f(v+ A w,v+ Iw)
= i(v,u) + A f(v,w) + Mf(w,v) + AN f(w,w)
= Af(v,w) + Af(w,v). (3.21)

Now we can choose two values of A forming a basis for F, over Iy, say
A1 = 1 and Ay # Mg, and solve the simultaneous equations to get f(v,w) =
flw,v) = 0, so that the form is identically 0. In particular, if the form is
non-singular, then we have found an orthonormal basis for V, i.e. a basis of
mutually perpendicular vectors each of norm 1.

3.4.6 Classification of symmetric bilinear forms

Suppose f is a symmetric bilinear form on a vector space V over a field F'
of odd characteristic p. Again we try to find a nice basis of V. If there are
any vectors u,v € V with f(u,v) # 0 then there is a vector x (either u, or v
or u +v) with f(z,z) # 0. If f(z,2) = A2, then writing 2’ = A\~12 we have
f(@',2") = 1. Otherwise, we can choose our favourite non-square « in the field
and scale so that f(z’,2") = a. (Here we use the finiteness of the field in an
essential way.) Restricting the form now to 2’ we continue until we find a
perpendicular basis 1, ..., z, such that for each i, f(z;,2;) = 0,1 or a.

But if we have say f(z1,21) = f(z2,22) = a, and f(z1,22) = 0, then
since the squares do not form a field we can choose A and y such that A? + 2
is a non-square, and by scaling appropriately we can choose A2 + p? = o~ 1.
Then we find that o} = Az1 + pxe and x4 = pux; — Aze form an orthonormal
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basis of the 2-space spanned by z; and zq, that is f(z],2)) = f(ah,z}) =1
and f(z,x%) = 0. In this way, we can ensure that the matrix of the form is
diagonal with all entries except at most one being 1 or 0.

In particular, we have shown that there are exactly two equivalence classes
of non-singular symmetric bilinear forms under the action of the general linear
group, in the case when F' is a finite field of odd characteristic. Note that
the finiteness of the field is essential: for example, over the polynomial ring
I, [t] there are infinitely many equivalence classes of quadratic forms, even in
dimension 1.

If n = 2, the two forms may be taken as f; and f5 given with respect to an
orthogonal basis {I’,y} by fl(l’,l’) = fl(ya y) = 17 and f2(x71') = 17 fQ(yay) =
a ¢ F*2. Now, if —1 is a square in F, say —1 = 42, then f;(z +iy, x +iy) = 0,
while fo(z+ Ay, x+ \y) = 14+ A%, which cannot be 0 (otherwise o = —\72 =
(A71)2, which is a contradiction). On the other hand, if —1 is not a square,
then —a is a square, say —a = A~2 for some A, so fo(z + \y,z + A\y) = 0,
while fi(z + Ay,z + Ay) can never be 0. Now —1 is a square in F, if and
only if ¢ = 1 mod 4, so there is a non-zero isotropic vector for f; if and only
if ¢ = 1 mod 4, and there is a non-zero isotropic vector for fy if and only
if ¢ = 3 mod 4. We prefer the geometric distinction to the number-theoretic
one, so we say the form is of plus type if there is an isotropic vector, and of
minus type if there is not. Thus f; is of plus type and f5 is of minus type if
¢ = 1 mod 4, and vice versa if ¢ = 3 mod 4.

More generally, a form in 2m dimensions is defined to be of plus type
if there is a totally isotropic subspace of dimension m, and of minus type
otherwise. A straightforward calculation shows that the form which has an
orthonormal basis is of minus type just if ¢ = 3 mod 4 and m is odd. The
maximal dimension of a totally isotropic subspace is often called the Witt
indez of the form. Thus the forms of plus type have Witt index m while those
of minus type have Witt index m — 1.

3.4.7 Classification of quadratic forms in characteristic 2

First we need to extend some of our earlier definitions from Section 3.4.2.
Suppose that @ is a quadratic form on V over a field F' = F, of characteristic
2, and that f is the associated bilinear form. The radical of @), written rad @,
is the subset of vectors v € rad f such that Q(v) = 0. This is a subspace since
rad f is a subspace and if v, w € rad @ then

Qv+ w) = Q(v) + Af(v,w) + A?Q(w) = 0.

Indeed, if v,w € rad f then Q(v + Aw) = Q(v) + A\?Q(w), so @ restricts to a
semilinear map from rad f to F, so rad @ has codimension 0 or 1 in rad f.
The norm of a vector v is Q(v), and v is called isotropic if it is a non-
zero vector of norm 0. The form @ is called non-singular if rad Q@ = 0, and
non-degenerate (or non-defective) if rad f = 0. Thus if Q is degenerate but
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non-singular then rad f has dimension 1, and V/rad f supports an alternating
bilinear form induced by f. On the other hand, if vy € rad f has Q(vg) = 1,
then Qv+ Avg) = Q(v) +A?Q(vp), so every coset v+ (vg) contains one vector
of each possible norm.

It is not hard to show that every isometry of V/rad f can be lifted to
a unique isometry of V', so the isometry groups of V' (with the form @) and
V/rad f (with the form induced by f) are isomorphic. If we are only interested
in the group theory rather than the geometry, therefore, we may, and do,
restrict to the cases where rad f = 0, so dim V is even.

We pick a basis for the space in the same way as for alternating bilinear
forms in Section 3.4.4, with the additional condition that we choose our basis
vectors to be isotropic (i.e. Q(v) = 0) whenever possible. If Q(e;) = 0, then
QUfi + Aes) = QUfi) + A, 50 replacing f; by f; + Q(fi)e; we may assume
Q(f;) = 0. Moreover, if the dimension is at least 3 then there is always a
pair of perpendicular vectors w, v say, and if u is not isotropic then set A =
(Q(v)Q(u)~1)9/2 so that A2 = Q(v)Q(u)~" and therefore Q(v + Au) = 0, so
there is always a non-zero isotropic vector. To complete our basis, therefore,
we only need to consider separately the case when the dimension is 2.

In this case, we may choose basis vectors v,w with Q(v) = f(v,w) = 1,
and then for all A we have f(v,w + M) = 1 and Q(w + \v) = Q(w) + A% + \.
Now for each i the equation A2 + A = p has at most two solutions for A, so
there are at least ¢/2 distinct values for A2+ as \ ranges over F,. So replacing
w by w 4+ Av we see that there are at most two possible quadratic forms, up
to equivalence. Indeed, the equation A + A = 0 has two solutions A = 0,1,
so there are exactly two possible quadratic forms, up to equivalence. This
argument also shows that there is a value of y such that 22 +z 4y = 0 has no
solutions, so 224z + p is an irreducible polynomial. Moreover, the two types of
quadratic forms are represented by Q(z,y) = zy and Q(z,y) = 2% + 2y + uy?
where 22 4+ 2 + p is irreducible.

The first of these is called of plus type, as there are isotropic vectors, while
the second is of minus type as there are not. More generally, in 2m dimensions,
there is one form (called the plus type) which has isotropic m-spaces, and
another (called the minus type) which does not.

3.4.8 Witt’s Lemma

A key result which plays an important role in the study of the geometry of
these spaces, and hence in the study of the subgroups of the classical groups,
is Witt’s Lemma (also known as Witt’s Theorem). Essentially this says that
the isometry groups of nonsingular forms are transitive on subspaces of any
given isometry type. We prove here the cases where the forms are alternating
bilinear, or conjugate-symmetric sesquilinear, or symmetric bilinear in odd
characteristic. We shall not prove the corresponding result for quadratic forms
in characteristic 2. More formally:
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Theorem 3.3. If (V, f) and (W, g) are isomelric spaces, with f and g non-
singular, and either alternating bilinear, or conjugate-symmetric sesquilinear,
or symmetric bilinear in odd characteristic, then any isometry o between sub-
spaces X of V andY of W extends to an isometry of V' with W.

Proof. Suppose for a contradiction that Witt’s Lemma is false, and pick a
counterexample such that dim V' is minimal, and X is as large as possible
in V. We divide into two cases, according as X contains a non-trivial non-
singular subspace U, or X is totally isotropic. In the first case V. =U @ U+,
and the classification of non-singular forms in the previous sections shows that
U+ and (U®)* are isometric. Therefore, by induction, the restriction of a to
UL N X extends to an isometry from U+ to (U%)%. Combining this with «
on U gives the required isometry between V' and W, extending a.

In the second case, pick 0 # x € X and a complement Z to (x) in X, so
that X = (z) @ Z, and pick 1 € Z+ \ X*. Scaling z; if necessary, we may
assume f(x,z1) =1, and then replacing z1 by 1 + Az for suitable A we may
assume 2z is isotropic. Similarly, Y = (%) & Z* and we pick an isotropic
vector y; € (Z%)+\ Y1 with g(y,y1) = 1. Then we extend « to an isometry
from (X, z1) to (Y,y1) by mapping 1 to y;. By induction, this map extends
to an isometry from V to W, as required.

Witt’s Lemma for orthogonal groups in characteristic 2 states that if (V, Q)
and (W, R) are isometric spaces, where @ and R are non-degenerate quadratic
forms, then any isometry between subspaces X of V and Y of W extends to
an isometry of V and W. We leave the proof as an exercise (see Section 3.8
and Exercise 3.31). (There are more general versions of Witt’s Lemma which
apply to degenerate quadratic forms, or other singular forms, but they are
more complicated to state and prove, and we shall not need them.)

3.5 Symplectic groups

The symplectic group Sp,,, (q) is the isometry group of a non-singular alternat-
ing bilinear form f on V = Fqu, i.e. the subgroup of GLa,,(q) consisting of
those elements g such that f(u9,v?) = f(u,v) for all u,v € V. Recall from Sec-
tion 3.4.4 that V has a symplectic basis {e1,...,€m, f1,..., fm} such that all
basis vectors are perpendicular to each other except that f(e;, f;) = 1. To cal-
culate the order of the symplectic group, we simply need to count the number
of ways of choosing an (ordered) symplectic basis e1, ..., fn. Now e; can be
any non-zero vector, so can be chosen in ¢ —1 ways. Then e; - has dimension
2m —1, so contains ¢>™~! vectors. Thus there are ¢*™ —¢*™~1 = (¢—1)¢*™ !
vectors v with f(u,v) # 0. These come in sets of ¢ — 1 scalar multiples, one
with each possible value of f(u,v), so there are just ¢?™~! choices for fi.
Hence by induction the order of Sp,,,(q) is
m
1SP2m(9)] = [[(¢* = Dg* ' =¢™

i=1 2

2

(¢* —1). (3.22)

—

1
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Observe that f(Au, \v) = A2f(u,v), which equals f(u,v) if and only if
A = £1. Therefore the only scalars in Sps,,(q) are +1. The group PSp,,,(q)
is defined to be the quotient of Sp,,,(¢) by the subgroup (of order 1 or 2) of
scalar matrices. It is usually simple, as we are about to see.

3.5.1 Symplectic transvections

Notice that Sp,(¢) = SLa(g). For if we write elements of Sp,(q) with respect
to a symplectic basis, then (i Z) € Spy(q) if and only if f((a,b), (¢,d)) =1,

that is ad — bc = 1. In particular, every element of Spy(g) has determinant 1,
and, from Section 3.3.2, Sp,(q) is generated by transvections.
More generally, a symplectic transvection is a linear map

T,(A) : x— x4+ Af(z,v)v, (3.23)

where f is a fixed symplectic (i.e. non-singular alternating bilinear) form on
the space V', and v # 0 and A # 0. We aim to show that the group S generated
by symplectic transvections is the whole of Sp,,,(q). As well as feeding in to
Iwasawa’s Lemma, to prove simplicity of PSp,,, (¢), this implies that (since the
transvections have determinant 1) every element of Sp,,,(¢) has determinant
1, so that Sps,,,(¢) < SLa.,(q). Our method is to prove that S acts transitively
on the set of ordered symplectic bases. Since the stabiliser of an ordered basis
is (obviously!) trivial, it will then follow immediately that S = Sps,, (q).

So let v, w be two distinct non-zero vectors. If f(v,w) = A # 0, then
Ty—w(A71) 1 v +— w. Otherwise, pick x such that f(v,z) # 0 # f(w,): such
an x exists because if not then by non-singularity there exist y and z with
flu,y) = fw,z) = 0 and f(v,z) # 0 and f(w,y) # 0, whence a suitable
linear combination of y and z has the required properties. Now we can map
v to x and z to w, and deduce that S is transitive on non-zero vectors.

Similarly, suppose u is a fixed vector, and f(u,v) = f(u,w) = 1. If
fv,w) =X #0, then T, _,,(A™1) : v — w and fixes u. Otherwise, let x = u+v,
so that f(u,z) =1 and f(v,2z) = f(w,xz) = —1, so we can map v to x and x
to w while fixing u. Thus by induction S is transitive on ordered symplectic
bases, as required.

3.5.2 Simplicity of PSp,,,(q)

We usually disregard the case m = 1, because Spy(q) = SL2(q), as we saw
in Section 3.5.1. The only other non-simple case is Sp,(2) = Sg. To see this
isomorphism, let S act on the 6-space Fo® over Fy by permuting the coor-
dinates. The subspace U = ((1,1,1,1,1,1)) of dimension 1 is fixed by Sg,
as is the subspace W of dimension 5 consisting of vectors z = (z1,...,x¢)
satisfying Z?Zl x; = 0. There is a natural alternating bilinear form f on W
given by f(z,y) = Z?=1 x;Y;, under which U is the radical of f.
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Since U < W we obtain (as in Section 3.4.7) an induced alternating bilinear
form on the 4-space W/U and an induced action of Sg on W/U preserving this
form. Therefore there is a homomorphism from Sg to Sp,(2), and the image
is certainly bigger than Cs, so the kernel of the homomorphism is trivial, and
since the two groups have the same order they are isomorphic. (More on this
isomorphism can be found in Section 4.2.1.)

To prove simplicity of the symplectic groups PSp,,,(¢), for all m > 2, and
for m = 2 and ¢ > 2, we just need to verify the hypotheses of Iwasawa’s
Lemma (Theorem 3.1). We have already seen in Section 3.5.1 that the group
SPam(q) is generated by its symplectic tranvections. In the action of Sp,,,(q)
on the 1-dimensional subspaces, we proved that the stabiliser of a point is
transitive on the ¢! points which are not orthogonal to the fixed point. It
is also transitive on the (¢*™~! —1)/(q¢ — 1) — 1 points which are orthogonal
but not equal to it: for if v and w are both orthogonal to wu, then either
f(v,w) = X # 0, in which case T,,_,(A\™!) : v — w while fixing u, or there
exists a vector x with f(v,x) # 0 # f(w,z) and we can map v via = to w
while fixing u. Therefore the action is primitive, since the only possibilities
for block sizes are now 14 ¢*™ % and 1+ (¢*™ ! —1)/(¢—1), neither of which
divides number of points, (¢*™ —1)/(q — 1).

It is obvious that the symplectic transvections T, ()) for a fixed vector
v form a normal abelian subgroup of stabiliser of the point (v), so the only
remaining thing to check is that Sp,,,(q) is perfect. It is enough to check that
the symplectic transvections are commutators. If ¢ > 3, this is already true in
Spa(q) =2 SLa(q), so we only need to check the two cases Sp,(3) and Spg(2).
This is left as an exercise (see Exercise 3.21).

3.5.3 Subgroups of symplectic groups

To construct groups B, N, T, U and W by analogy with the general linear
groups (see Section 3.3.3), we take B to be the stabiliser of a maximal flag of
the shape

0<Wy < oo < Wy = (W)t < (W)t <o < (W)F < V.

We may as well take Wy, = (ey,...,ex), for simplicity, and order the basis as
€1y ---s€ms fmy---, f1 to show the structure of the flag. For all ¢+ < j7 < m and
all A € Fy, define the maps z;;(\) and y;;(A) to fix all basis vectors e, and fj
except

zii(A) + fim fi + S,
ej > ej — Aeg,
and yij ()\) : fz — fl —+ )\ej,
fj — fj + )\ei. (324)
We then see that the unitriangular subgroup U is generated by the maps z;; ()
and y;;(A), together with the symplectic transvections T, (—A) : fi — fi+Xe;,
so that U has order qu and is a Sylow p-subgroup.
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The torus T is generated by diagonal elements f; — Af;, e; — A e;, so is
a direct product of m cyclic groups of order ¢ —1, and B = UT as before. The
normaliser N of this torus is generated modulo the torus by permutations
of the subscripts 1,...,m, together with the element e; — f; — —ep, and
therefore the Weyl group N/T is isomorphic to the wreath product C2?.S,,.
As before, N is represented by monomial matrices, and the Weyl group is the
quotient group of suitable permutations of the coordinate 1-spaces (e;) and

(fi)-

3.5.4 Subspaces of a symplectic space

Since the stabiliser of any subspace W of V must stabilise W+ and WNW+, we
are generally only interested in the cases where WNW+ = 0or WNW+ = W,
so either W is a non-singular subspace, or W is totally isotropic.

The stabiliser of a non-singular subspace of dimension 2k preserves the
decomposition V = W @ W+, so is just Spy(q) X Spa,,_ox(q). This is usually
a maximal subgroup of Sp,,,(¢q), unless m = 2k, in which case there is an
element exchanging W and W+, and extending the group to Spy(q) ! Sa.

More generally, if m = kil there is a subgroup Spy.(q) ! S; preserving a
decomposition of V' as a direct sum of mutually perpendicular non-singular
spaces of dimension 2k.

The stabiliser of an isotropic subspace W of dimension k preserves the flag
0 < W < W+ <V, and there is an induced non-singular form on W+ /W.
By Witt’s lemma, we may choose our symplectic basis so that W is spanned
by e1,...,ex, and W is spanned by e1,...,em, fists-- -, fm. We therefore
see a basis of W /W consisting of the images of €511, -, €m, fotts--sfms
and a quotient group Sp,,, ox(q) acting on W /W. We also see a group
GLg(q) acting on W (and inducing the dual action on V/W=), and a p-group
of lower triangular matrices generated by elements (defined in (3.24)) z;; ()
and y;;(A) for all i <k < j < m. It can be shown that these elements z;;(X),
y;5(A) generate a non-abelian group @, such that Z(Q) = ¢(Q) = Q' is an ele-
mentary abelian group of order ¢"*+t1)/2 and Q /@’ is an elementary abelian
group of order ¢?*(m=F) (Here &(G) denotes the Frattini subgroup, i.e. the
intersection of all the maximal subgroups of G. A p-group with the property
that the centre, derived group and Frattini subgroup are equal is called a spe-
cial group. We shall have more to say about them later.) The full stabiliser
is therefore a group of shape ¢F(k+1)/2 g2k(m=k).(Sp, . (q) x GLg(q)). In
the case when k = m, the corresponding group has shape ¢™("+1/2:GL,,(q).
These stabilisers are the maximal parabolic subgroups.

Just as in Section 3.3.3 there is an interpretation of the Dynkin diagram in
terms of these subgroups. In this case the Dynkin diagram is C,, and the kth
node of the diagram corresponds to a totally isotropic k-dimensional subspace.
Deleting this node from the diagram gives the Dynkin diagram of the Levi
complement Sp,,,, o1 (q) X GLg(g) of the subspace stabiliser.
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Given a maximal isotropic subspace W = W+, of dimension m, we can
choose a complement U which is also totally isotropic. For example, if W =
(e1,...,em) we may take U = (f1,..., fm). The stabiliser of the direct sum
decomposition V.= W & U is GL,,(q).2, in which the elements swapping W
and U induce the duality automorphism on GL,,(q) (see Section 3.3.4).

See section 3.10 below for more subgroups.

3.5.5 Covers and automorphisms

The generic covers are described by Sp,,(¢) = 2:PSp,,, (¢) for ¢ odd, while for
q even Sp,,,(q) = PSp,,,(¢) and there is usually no proper cover.

It turns out that there are just two exceptional covers of finite symplectic
groups, including the exceptional double cover of Sp,(2) = Sg, which we
constructed earlier (see Section 2.7.2). [The alert reader may object that we
constructed two double covers of S, in one of which the transpositions lift
to involutions, while in the other they lift to elements of order 4. Such a
reader is encouraged to prove, by using the outer automorphism of Sg, or
otherwise, that the two double covers of Sg are isomorphic: see Exercise 2.38.]
The other is 2:Spg(2), which may be seen for example inside the exceptional
cover 22-Qf (2) of the orthogonal group € (2), which we shall construct later,
in Section 3.12.

The diagonal automorphisms are induced by similarities of the form, that
is elements g of the general linear group which satisfy f(u9,v9) = A f(u, v) for
all u,v € V, and a scalar \; depending only on g and not on v and v. As scalar
multiplication by A multiplies f by A2, the only scalar multiples which can
correspond to non-trivial outer automorphisms are those by F*/F*2, where
F*2 = {2? | x € F*}. This quotient group of scalars has order 2 if ¢ is odd,
and order 1 if ¢ is a power of 2. We obtain a group PGSp,,,(q¢) = PSps,,(q).2
for all odd q.

The field automorphisms are obtained by applying an automorphism of
the underlying field to all the matrix entries, when the matrices are written
with respect to the standard symplectic basis {e1, ..., f}.

The graph automorphisms are harder to describe: they only exist in di-
mension 4, and only for fields of characteristic 2 (cf. the outer automorphism
of S = Sp,(2) described in Section 2.4.2). They are best constructed using
the Klein correspondence (see the end of Section 3.7) and the natural isomor-
phism Sp,(2°) 2 Q5(2°) (see Section 3.8). As their main application is as the
crucial ingredient in the construction of the Suzuki groups (see Section 4.2),
we postpone discussion of these automorphisms until Chapter 4.

3.5.6 The generalised quadrangle

As we saw in Section 3.5.3, the Weyl group of Sp,(¢) is C21Cs = Dg. It turns
out that when the Weyl group of a group of Lie type is dihedral of order 2n,
so acts as the group of symmetries of an n-gon, the group itself acts on a
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so-called generalised n-gon. We briefly describe the generalised quadrangle for
Spa(q)-

The points are the (isotropic) 1-spaces, and the lines are the totally
isotropic 2-spaces. We say a point and a line are incident if the corresponding
1-space is contained in the corresponding 2-space. We know that there are
(¢* —1)/(g—1) = ¢® + ¢* + ¢+ 1 points, and easily compute that there is the
same number of lines. Each line is incident with g + 1 points, and therefore
each point is incident with ¢ + 1 lines. [So putting ¢ = 1 would give us back
the ordinary quadrangle, with four points and four lines, each incident with
two of the other type.]

Often the generalised quadrangle is described in terms of its point-line
incidence graph: this is the bipartite graph with ¢3 + ¢ + ¢ + 1 vertices
corresponding to points, and ¢3 + ¢% + g + 1 vertices corresponding to lines,
and edges joining all incident pairs. If we fix a point, there are ¢ + 1 lines
incident with it, and ¢(g + 1) further points incident with one of those lines.
There are then ¢%(q + 1) more lines incident with one of these further points.
That leaves just ¢> points, and we summarise the structure of the graph as
follows, where figures below the nodes denote the number of vertices, and
figures above the edges denote the number of edges incident with each vertex.

+1 1 1 1 +1
.q q .q Oq q °

1 g+1 q(g+1) ¢*(g+1) ¢

Other examples of generalised n-gons are the generalised quadrangles
for the unitary groups Us(g) and Us(q) (see Section 3.6.4), the generalised
hexagons for Ga(q) (see Section 4.3.8) and 3Dy4(q) (see Section 4.6.4), and
the generalised octagon for 2Fy(q) (see Section 4.9.4). Moreover, a projective
plane (see Section 3.3.5) may also be regarded as a generalised triangle.

3.6 Unitary groups

We obtain the unitary groups in much the same way, starting from a non-
singular conjugate-symmetric sesquilinear form instead of a non-singular al-
ternating bilinear form. The (general) unitary group GU,(q) is defined as
the isometry group of a non-singular conjugate-symmetric sesquilinear form
f, i.e. the subgroup of GL,(¢?) consisting of the elements g which preserve
the form, in the sense that f(u9,v9) = f(u,v) for all u,v € V. To calcu-
late its order, we need to count the number of vectors of norm 1, and use
induction. Let z, denote the number of vectors of norm 0, and y, denote
the number of vectors of norm 1. Then the total number of vectors in the
space is ¢*" = 1+ 2, + (¢ — 1)yn, and we calculate z, 11 = 2z, + (¢*> — D)y,
s0 zny1 = (¢ — 1)(g + 1) — qz,. Since 29 = z; = 0 we may solve the
recurrence relation to get z, = (¢" — (=1)")(¢"~' + (—=1)"), and therefore
Yo =q""(q" = (=1)").
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Now an arbitrary element of GU, (¢) may be specified by picking an or-
thonormal basis one vector at a time, so the order of GU,,(q) is

n

|GU,(q)| = qu’l(qi - (-1)%

— " V2T (g" - (~1)). (3.25)

i=1

Writing elements g of GU,,(q) with respect to an orthononormal basis, the
rows of g are orthonormal vectors. This fact can be expressed by the equation
gg" = I,. In particular if det(g) = A then A\ = A9"! = 1. Now as A is in a
cyclic group of order ¢* —1 = (¢+1)(¢ — 1) this equation says that A is in the
unique subgroup of order ¢+ 1. In particular, GU,(¢) has a subgroup SU,,(q)
of index g + 1 consisting of all the elements with determinant 1.

Similarly, the scalars in GU,(q) are those A for which A\ = \¢+! = 1.
There are exactly ¢ + 1 such A in Fg2. In particular, GU,(q) has a central
subgroup Z of order g + 1. The quotient PGU,(¢) = GU,(q)/Z is called the
projective unitary group.

The scalars of determinant 1 are those A for which both A\ = 1 and
A9tl = 1. The number of such scalars is precisely the greatest common divi-
sor d = (n,q+ 1). The quotient PSU,,(q) of SU,(¢) by the scalars it contains
is usually a simple group. The exceptions are those explained by the isomor-
phisms PSUs(q) = PSLs(g), together with the group PSUjs(2), which is a
soluble group of order 72 (see Exercises 3.23 and 3.24).

To see that SUz(q) = SLa(q) we take the natural module for SU3(q) over
F,2, and find a 2-dimensional I -subspace which is invariant under the action
of the group. We first pick an element p € Fo with up = p't? = —1 € F,
and then take all vectors of the form (), u)\) where \ € Fy2. This is clearly a
2-dimensional IF-subspace, and we can check it is invariant under an arbitrary

element ( _QB g) of SUs(q). [For this matrix maps the typical vector (), u\)

to (@A — uBA, BA + pa)) and

plaX — pfX) = paX — pEBh = X+ paX

since pufi = —1.] The kernel of this action is obviously trivial, and |SUs(q)| =
|SL2(gq)], so the groups are isomorphic.

Warning. Here as elsewhere notation varies within the literature. In particular,
a notation such as U, (q) or U(n, q) is sometimes used for the general unitary
group which I have called GU,(¢), and sometimes for PSU,,(q).

3.6.1 Simplicity of unitary groups

We merely sketch the proof of simplicity of the unitary groups PSU,,(q) here,

~

as it is very similar to the case of the symplectic groups. Since PSUy(q) =
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PSL2(g) we may assume n > 2. The proof uses Iwasawa’s Lemma applied
to the permutation representation on the isotropic 1-spaces, and the unitary
transvections as generators. These transvections are defined in the same way
as for the symplectic groups, by the rule T,,(A\) : & — = + \f(x,v)v, where
v is isotropic, so f(v,v) = 0. A straightforward calculation shows that T, ())
is an isometry if and only if A = 0 or A9~! = —1; thus we define the unitary
transvections to be the maps T, (\) with A9~! = —1 (see Exercise 3.22).

The unitary transvections for fixed v form an abelian normal subgroup of
the stabiliser of (v}, since T,(A)T,(1) = Tp(A + p), and A\ = =X, p? = —p,
$0 (A + )9 =N+ pu? = — X — p. Tt is straightforward to show that the special
unitary group acts primitively on the set of isotropic 1-spaces. Also SU,(q)
can be shown to be generated by the unitary transvections, except for the
case SU3(2). Explicit calculation shows that every unitary transvection is a
commutator of elements of SU,,(¢q), provided n > 3, or n = 3 and ¢ > 2. Hence
Iwasawa’s Lemma shows PSU,,(¢q) is simple in all the remaining cases.

3.6.2 Subgroups of unitary groups

First we change basis so that we can see the ‘BN-pair’ (i.e. the subgroups B,
N and related subgroups T'= BN N, W = N/T and U such that B = UT)
clearly. If V7 is a non-singular unitary 2-space, and ¢ is odd, then we can
find a symplectic basis of V; by taking e; = («, 8) and f1 = (o, —0), where
aa + B =0 (ie (a/B)9T" = —1) and aa@ — B8 = 1. (Such «a and 3 exist
because T = A has solutions for all A € IF,. If ¢ is even we may take instead
e1 = (1,1) and f; = (w,w?), where w? + w+ 1 = 0 in Fy.) Write V as a
perpendicular direct sum Vi @ --- @ V,,, of non-singular 2-spaces (together
with a 1-space W in odd dimensions), and pick a symplectic basis {e;, f;}
for V; as above. Choosing w € W of norm 1 if necessary, we order our basis
€1y s Cms (W) frny vy f1-

With respect to this ordered basis there is a Sylow p-subgroup U acting as
lower unitriangular matrices, and a torus 7' acting as diagonal matrices. Now
if e; — Ae; then f; — puf;, where = A=1, so the torus is a direct product
of m cyclic groups of order ¢> — 1 in both SUsg,,(q) and SUs,,11(q). In both
cases the normaliser N of the torus acts on the set {(e;), (f;)} of 1-dimensional
subspaces as a permutation group of shape Cs1.S,,, with the wreathing group
Sm permuting the subscripts 1,...,m, and the ith factor of the base group
interchanging (e;) with (f;).

The maximal parabolic subgroups are again the stabilisers of totally
isotropic subspaces, such as Wy, = {e1, ..., ex), and have shape

qk(2n—3k) :(GLg (qg) x SUp—2k(q)),

where the normal subgroup @ denoted by ¢*(?"—3%) is a p-group with Z(Q) =

Q' = &(Q) of order qkz. In particular, @ is a special group as defined in
Section 3.5.4.
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The stabilisers in GU,,(q) of non-singular subspaces of dimension k have
the shape GUy(q) X GU,_r(q). If n = km there are imprimitive groups of
shape GUy(q)2Sm, preserving a decomposition of the space as a perpendicular
direct sum of non-singular k-spaces. If n = 2m there is also a group GL,, (¢?).2
preserving a disjoint pair of maximal isotropic subspaces (of dimension m).

3.6.3 Outer automorphisms

Here there is not much to say: the diagonal automorphism group has order d =
(n,q+1) and comes from PGU,,(¢q). In other words it is PGU,,(q)/PSU,(q) =
Cin,g+1)- The field automorphisms form a cyclic group of order 2e where
g = p°, since we are working over the field of order ¢2. There are no graph
automorphisms.

Various groups may be defined by adjoining field automorphisms to the
various versions of the unitary groups. Since a field automorphism is defined
by its action on matrix entries, it is heavily dependent on the basis chosen.
Since we have defined the standard basis for the unitary groups to be an
orthonormal basis, we shall use this also for our definition of the standard field
automorphisms. We then obtain groups I'U,(¢) and XU,(q), by adjoining
the standard field automorphisms to GU,(¢q) and SU,(q) respectively. The
quotients of these groups by the scalar matrices they contain are denoted
PI'U,(¢) and PXU,(q).

Warning. In the literature one sometimes finds definitions of these groups
without specifing the basis. Such groups are not always well-defined, even up
to isomorphism! Even if the basis is specified, it may not be the same as ours.
In particular, a field automorphism defined with respect to a symplectic basis
is likely to result in a definition of 3U,(¢) and PXU,(¢) incompatible with
ours.

3.6.4 Generalised quadrangles

Both PSU4(¢) and PSU;(g) have Weyl group Ds so give rise to generalised
quadrangles as described in Section 3.5.6 for Sp,(q). Again, the points are
the isotropic 1-spaces and the lines are the isotropic 2-spaces, with incidence
being given by inclusion. We have already shown that the number of points is

(@' -D(@+D/(*-1D)=(+1D(*+1)
for PSU4(q) and

(@ -1 +1)/( 1) = (" +1)(¢" +1)

for PSUs(gq). A similar argument shows that for PSU4(¢q) each point is in
q + 1 lines, and for PSUs(q) each point is in ¢® + 1 lines, while in both cases
each line contains ¢? + 1 points. Therefore the number of lines is repectively
(g+1)(¢®+1) and (¢ +1)(¢° +1). Drawing black circles for points and white
circles for lines we have the following pictures for PSUy(q):
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g+1 1 ¢2 l.q 1 ¢® g+1
1 ¢+1  ¢Flg+1) ¢g+1) ¢
2 2 2
+1 1 1 1 +1
q o’ q o ¢
1 ¢+1 ql@®+1) P +1) ¢

and for PSU;5(q):

3 2 3 2 3
+1 1 1 1 +1
1 ol o! ol 1T g
1 P+l PP +1) PP +1) q’
2 3 2 3 2
+1 1 1 1 +1
d Oq a Cq a O
1 ¢+l PP+ PP +1) ¢

3.6.5 Exceptional behaviour

There is one exceptional isomorphism, namely PSU4(2) = PSp,(3), which is
best treated as an isomorphism of orthogonal groups P (2) = PQ5(3) (see
Section 3.12 below). This is related to the fact that the automorphism group,
PGOyg (2) = PGO5(3), is the Weyl group of type Eg. Since PSp,(3) has a dou-
ble cover Sp,(3), it follows that PSU4(2) has an exceptional cover 2:PSU4(2).
There are also two more exceptional covers 3%-PSU,(3) and 22-PSUg(2).
Some of these are important for the sporadic groups (see Chapter 5). Since
PSU4(3) = PQg (3), we shall discuss this case with the other orthogonal
groups in Section 3.12. The existence of 2:PSUg(2), from which the existence
of 22:PSUs(2) follows easily, is proved in Section 5.7.1 in the course of the
construction of the sporadic group Figs.

3.7 Orthogonal groups in odd characteristic

Recall from Section 3.4.6 that, up to equivalence, there are exactly two non-
singular symmetric bilinear forms f on a vector space V over a finite field
F of odd order. The (general) orthogonal group GO(V, f) is defined as the
group of linear maps ¢ satisfying f(u9,v9) = f(u,v) for all u,v € V. Clearly
GO(V,af) = GO(V, f) for any scalar «.. If n is even then f and «f are always
equivalent forms. On the other hand, if n is odd, and « € F' is a non-square,
then f and af are inequivalent, so there is only one orthogonal group (up
to isomorphism) in this case, and we write it as GO(V') or GO, (¢) without
ambiguity. If n is even, however, we have two thoroughly different orthogonal
groups (they do not even have the same order, as we shall see). If f is of plus
type we write GO3, (¢q) for GO(V, f), while if f is of minus type we write
GOy, (q).
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3.7.1 Determinants and spinor norms

Now in any of these orthogonal groups G the elements have determinant
+1. For if M is the matrix of the form, and g € G, then gMg'™ = M so
det(g) = det(M(g")"'M~—1) = (det g)~*.

The elements of determinant 1 form a subgroup of index 2, called the
special orthogonal group SO, (q). The only scalars in the orthogonal groups
are +1, and —1 is in the special orthogonal group if and only if the dimension is
even. The corresponding quotient groups are the projective orthogonal groups
PGO,(q) and projective special orthogonal groups PSO,(¢). In contrast to
the other three families of classical groups, however, these groups are not in
general simple. The special orthogonal group has itself a subgroup of index 2,
defined as the kernel of another invariant, called the spinor norm. Thus there
is in most cases (the exceptions are the groups PSOS,, (q) where ¢™ + ¢ =
0 mod 4, as we show at the end of this section) a further subgroup of index 2
in PSO,(q).

This new invariant works in much the same way as the concept of even
and odd permutations. We first write our arbitrary element of the special
orthogonal group as a product of reflections. [It is not completely obvious
that this can always be done, but this is not important for us as we shall not
use this fact in the formal definition of the spinor norm in Section 3.9.2, nor
in the proof of its basic properties.] Since a reflection may be defined by the
property that it negates a certain 1-space (v) and fixes all vectors orthogonal
to v, it may be defined by the formula

fv)
f,0)

Since reflections have determinant —1, this product contains an even number
of reflections. Now there are two types of reflections: those which negate a
vector of norm 1, and those which negate a vector of norm a non-square a. So
there is a subgroup of the special orthogonal group (of index 1 or 2) consisting
of those elements which are a product of a set of reflections, consisting of an
even number of each type (these are called the elements of spinor norm 1).
To show that this subgroup has index 2, it suffices to show that there is an
element which cannot be written in this way (these are called the elements
of spinor norm —1), or to show that the identity element cannot be written
as such a product, with an odd number of reflections of each type. This is
surprisingly difficult to prove, and we postpone this until Section 3.9.2.

The kernel of the spinor norm map is denoted Q(V, f) or QF(q) as appro-
priate, and the quotients Q(V, f)/{=1} by PQ(V, f) etc. The groups PQ=(q)
for ¢ odd are always simple if n > 5.

Note that in even dimensions —1 has spinor norm 1 if and only if there
is an orthonormal basis, that is if and only if ¢"* = £ mod 4, where the or-
thogonal group is GOS,,,(q). In particular, if this condition does not hold then
SO%m () = 2 x Q5,,(¢) and PSO3,,,(q) = P35, (q).

Ty T H— T —2

(3.26)
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3.7.2 Orders of orthogonal groups

To calculate the orders of these groups we first prove (by induction) a formula
for the number of isotropic vectors in an orthogonal space. Then we show
that the stabiliser of an isotropic vector in GO3 (q) is ¢"~2:GO;,_5(q). Thus
we obtain (by induction again) a formula for the order of the full orthogonal
group.

In fact, this formula, and the argument used to derive it, works also in
characteristic 2, provided the dimension is even. However, the formulae for
the order of SO, (q) and the generically simple group P, (q) differ slightly
between odd and even characteristic (see Section 3.8.2 below).

For the base case we need to know the orders of the 1- and 2-dimensional
orthogonal groups. It is obvious that GO;(q) 2 C; for odd ¢. For ¢ odd and
n = 2 we can choose an orthogonal basis such that the quadratic form is 22 +
Ay?, with either A = 1 or ) a fixed non-square. For the plus type, there are just
two solutions of (z/y)? + A = 0, so (up to multiplication by scalars) just two
isotropic vectors. In both plus type and minus type the stabiliser in GO35(q)
of a non-isotropic vector v has order 2 (consisting of the reflection in v*), and
therefore (since by Witt’s Lemma the orthogonal group acts transitively on
the vectors of any given norm) the number of vectors of norm 1 is equal to the
number of vectors of norm « (a fixed non-square). In particular, there are up
to sign just 3(g+ 1) vectors of norm 1 in the case GO (¢), and % (g—1) in the
case GO (¢ ) Therefore |GOF (¢)| = 2(¢—1) and |GO; (¢)| = 2(g+1). In fact
(see Exercise 3.28) these are dihedral groups, since they may be generated by
two reflections, in vectors with suitable norms and inner product.

Now we are ready for the first induction, which is really three separate
inductions corresponding to the three separate base cases. Let z,, denote the
number of (non-zero!) isotropic vectors in an orthogonal space of dimension
2m or 2m + 1. Our inductive hypothesis is that

= q2m — 1 in dimension 2m + 1,
= (¢™ —1)(¢™ ' +1) for a space of plus type,
(g™

and zm q™ 4+ 1)(¢™ " — 1) for a space of minus type. (3.27)

Note that these formulae give zg = 0 for a 1-space, z; = 2(¢—1) for a plus-type
2-space, and z; = 0 for a minus-type 2-space, so the induction starts.

For the inductive step, we split the (n + 2)-space V as V = U @ W, where
U is a 2-space of plus type, and W is an orthogonal space of dimension n, of
the same type as the original space V. Now every isotropic vector is of the
form u + w, where v € U and w € W. Either v and w both have norm 0 (but
are not both the zero vector), or v has norm A # 0 and w has norm —\. Since
U contains 2¢ — 1 vectors of norm 0 (including the zero vector), and ¢ — 1
vectors of every non-zero norm, we count

Zm+1 = (2q - 1)(1 + Zm) + (q - 1)(qn -1- Zm) -1
=qgzm+(¢g—1)(¢" + 1), (3.28)
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and it is a simple matter to complete the proof by induction in each of the
three cases.

Next we determine the stabiliser of an isotropic vector vg. Certainly this
is contained in the stabiliser of the flag 0 < (vg) < vo- < V. Fixing v implies
that the quotient V/vot is also fixed. The possible actions on vy~ /(vg) form a
group GO,,_2(q). By choosing a basis {vg, w1, ..., wp—2,v1 } such that w; L vy,
we see that the maps f; defined by

fi twi = wi + o,
V1 U — Wy,
wy > w; (5 # ) (3.29)

generate the kernel of this action. Hence the stabiliser of vy has order

q""2|GO,,_2(q)|. Moreover, we can choose v; orthogonal to wy, ..., w, 2, SO

that V' is the orthogonal direct sum of (v, v1) and (wy, ..., w,—2). Therefore

if n is even then the orthogonal space (wq, ..., w,_2) has the same type as V.
Finally, since GO1(gq) = Cy we have

((¢*" = Dg* )

(@ - 1)(¢"=1)-- (™ —1). (3.30)

Similarly, since GOJ (¢) has order 2(¢ — 1) we have

s

|GO2m+1(q)| =2
k

SN )!‘

GO, ()] = 2(¢ — 1) [T ((¢" = D)(¢* " + 1)g**?)

and also GO; (¢) has order 2(q + 1) so
GO (@) = 24"V (g* = 1)(¢" = 1) -+ (6" = 1)(¢™ +1). (3.32)

In odd characteristic, the special orthogonal group has index 2 in the
general orthogonal group, so we get corresponding formulae for their orders
by deleting the factor 2.

3.7.3 Simplicity of PQ,(q)

As in the earlier cases we can prove simplicity of the groups PQ (¢) for ¢
odd and n > 5 using Iwasawa’s Lemma. However, there are no orthogonal
transvections (except in characteristic 2, and even there they do not lie in
0,(q)), which makes the proof a little more complicated. Instead, provided
n > 5, there are elements called (long) root elements (also known as Siegel
transformations, or Eichler transformations), which are defined for pairs (u,v)
of perpendicular isotropic vectors by the formula
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Tuv(A) tx—= x4+ Af(z,u)v — Af(z,v)u. (3.33)

It is straightforward to show that the root elements T, ,(X) for fixed u
generate an abelian normal subgroup of the stabiliser of (u), and that QF (q)
acts primitively on the set of isotropic 1-dimensional subspaces. It is less easy
to show that % (q) is generated by root elements. Explicit calculations show
that every root element is a commutator of root elements, and hence 2 (¢)
is perfect. Then we can apply Iwasawa’s Lemma as before.

An alternative proof was suggested to me by John Bray. This uses a gener-
alisation of Iwasawa’s Lemma to show that the only proper non-trivial normal
subgroup of the special orthogonal group PSO;, (q) is P (q).

The generalisation of Iwasawa’s Lemma which we use here is the following:

Theorem 3.4. If the finite group G acts faithfully and primitively on a set
2, and A is a normal subgroup of the point stabiliser H, such that the G-
conjugates of A generate G, then any proper quotient of G is isomorphic to a
quotient of A.

Proof. Suppose that K is a non-trivial normal subgroup of G. Then K is not
contained in H, since the action of G is faithful, so G = HK by maximality
of H, since the action is primitive. Therefore, by the same argument as in
Theorem 3.1, G = AK, whence G/K = AK/K 2 A/(ANK).

We apply this to the group G = PSOg;,41(g) with ¢ odd, and m > 1,
acting on vectors of a suitable norm. This norm is chosen so that G contains
(the images modulo scalars of) the reflections in these vectors. Moreover, G is
generated by these reflections—again, this is not obvious, but must be checked
by elementary but tedious calculations—so by the theorem, any proper non-
trivial quotient of G is of order 2. Thus PQa,41(g) is the only proper non-
trivial normal subgroup of PSOgp,41(q).

Now consider the orthogonal groups in even dimension. In this case,
GO;5,,(q) = 95,,(¢)-2% has three subgroups of index 2, one of which is
S0O5,,,(¢). Another contains (and is generated by) the reflections in the vectors
of norm 1, while the third contains (and is generated by) the reflections in
the vectors of norm a non-square. Thus the subgroup of GO3,,(q) generated
by reflections in vectors of a given norm is a subgroup of index 2. Let G be
the image of such a subgroup modulo scalars. The same argument as above
shows that any proper quotient of G has order 2, provided m > 2.

It follows from Corollary 2.9 that in each case P2} (q) is characteristically
simple. But it is easy to see that it is non-abelian provided n > 3, so it is
either simple, or P (¢) 2 T x T for a simple subgroup T. Moreover, in the
latter case T acts regularly on the set of 1-spaces containing vectors of some
fixed norm. Now the stabiliser of such a vector in GO, (q) is a group of type
GO,,-1(q), and by Witt’s Lemma GO,,(q) is transitive on vectors of any given
norm, so the number of them is given by the order formulae in Section 3.7.2.
We get ¢"™(¢™ 4+ 1) or ¢™(¢™ — 1) in GOay,,11(q), according as the stabiliser
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is GO3,,(q) or GO5,,(q), and ¢ 1(¢™ — 1) in GO3,,(q), and ¢™ (g™ +1) in
GOs3,,(q). Hence we know the number of such 1-spaces, and the order of the
group, and we can easily check that this only happens in the case PQI(q). In
particular, PQS (¢) is simple for ¢ odd and n > 5. Conversely, we shall show
later, in Section 3.11.1, that PQj (¢) = PSLa(q) x PSLa(q).

3.7.4 Subgroups of orthogonal groups

We continue to discuss the case when the characteristic is odd, although the
characteristic 2 case is very similar.

To exhibit the structure of the ‘BN-pair’ we choose a different basis from
the orthogonal one used to classify the forms. By analogy with the symplectic
groups we choose a basis ey, ..., e, for a maximal isotropic subspace W for
GO3,,(q), GOspn11(g) or GO3,, 4 5(q). Extend this arbitrarily to a basis of W+,
and then adjoin fp,, ..., fi such that f(e;, f;) =1, and f(e;, f;) = 0 otherwise,
and the f; are orthogonal to the chosen basis vectors for W outside W. Let U
be the group of lower unitriangular matrices, T the group of diagonal matrices
(except in the case of GOy, 5(¢q) where we allow the cyclic subgroup Cy41
of GO; (¢q) acting on the space spanned by the two extra basis vectors), and
then put B=UT, N = N(T) and W = N/T as before.

The details of the calculations are omitted as they are very similar to earlier
cases. We find that U is a Sylow p-subgroup, and B is its normaliser. The
torus 7' is (Cy—1)™ in the case of Q3 (q) or Qam+1(g), and (Cy—1)™ x Cyi1
in ©;,,.5(¢). The normaliser of the torus acts by permuting the subscripts
1,...,m and swapping (e;) with (f;) (in the case Q3 (g) we must swap an
even number of these pairs). Thus N/T = C30S,, in Qo 41(q) and Q3 5(q),
and a subgroup of index 2 therein in Q. (q).

The maximal parabolic subgroups are again the stabilisers of totally
isotropic subspaces. Specifically, the stabiliser of an isotropic k-space in
GOS (q) is a group of shape ¢F(F=1)/2+k(n=2k). (G (q) x GOE _,,.(q)), in which
the normal p-subgroup is a special group with centre of order ¢**=1/2_ In the
case when ¢ = 4 and n = 2k the stabiliser is a group ¢**~1/2:GLy(q) all of
whose elements have determinant 1. It follows that SO3, (¢) has two orbits on
totally isotropic k-subspaces, fused in GO;Fk (¢). It can be shown that two of
these subspaces, U and W, are in the same SO;Fk (g)-orbit if and only if UNW
has even codimension in each of U and W. (The codimension of U NW in U
is by definition dimU — dimU N W.)

The types of totally isotropic subspaces again correspond with the nodes of
the Dynkin diagram. In the case of GO3,  (¢) the diagram is D,,, and the m —2
nodes along the stem of the diagram correspond to the spaces of dimension
1,2,...,m—2, while the last two nodes correspond to the two different types of
m-~dimensional totally isotropic spaces. In the case of GOg;,41(q) the diagram
is By

The stabilisers in GO, (¢) of non-singular subspaces are of the form
GOg(q) x GO, —k(q), but we need to look more closely to determine the signs
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of these orthogonal groups in the cases when it makes a difference. It is easi-
est to turn the question round and ask, for each group GO (q) x GO, _x(q),
whether it fixes a quadratic form of plus type or minus type or both. Clearly
if n = 2m + 1 is odd we have both GOZ (q) x GO, _a1(¢q) < GO,(q). Next
consider GOsgg11(q) X GOgp—2k—1(¢). By multiplying the form on the first
(2k + 1)-space by a non-square, the whole form changes from plus type to
minus type or vice versa, so

GO2k41(q) X GO2pm—2k-1(q) < GO, (q)- (3.34)

Using the symplectic bases defined at the beginning of this section, we see
that
GO3(9) x GO3,,_5(9) < GO3,(a),

2m

GOy, (q) % GO;m—%(Q) < GOy, (9), (3.35)

so the only remaining case to consider is GO, (q) x GO, o, (q). We have
already seen that if o is a non-square then the quadratic form axz? + ay? is
equivalent to 2 + y2. Therefore GO, (q) x GO, ,,.(q) < GOZ,,(q).

If n = km is odd there is an imprimitive subgroup GO (q) Sy, in GO, (q).
Similarly, if n = 2km there is a subgroup GO3, (q)1.S,, in GO, (q), and then
GO, (q)1Sy, is in GO3,,, (g) if m is even and in GO, (q) if m is odd. Also if
n = 2km and k is odd then GO (g)2Sa,m lies in whichever of GOZ;,, (q) admits
an orthonormal basis, that is GO, (q) if km(q—1)/2 is odd, and GOF;,,(q)
otherwise. In GOJ,  (q) it is possible to find two disjoint maximal isotropic
subspaces U, W, and then the stabiliser of the decomposition V =U & W is
a subgroup GL,,(¢).2.

3.7.5 Outer automorphisms

For n # 8 there are no outer automorphisms besides the ones induced by
the full orthogonal group, those induced by similarities (which multiply the
form by scalars) and the field automorphisms. If the defining quadratic form
(or symmetric bilinear form) is invariant under automorphisms of the field,
then the field automorphisms of the group act just by applying the field au-
tomorphisms to the matrix entries. Note that, as for the symplectic groups, a
scalar A multiplies the form by A2, so if n is even then the similarities induce
an outer automorphism group of order 2. If n is odd then all similarities are
scalar multiples of isometries. For n = 8 there is an additional automorphism
of PQZ (¢), called triality, which is described in Section 4.7.

The structures of these outer automorphism groups are not immediately
obvious. If ¢ = p© is odd then for n odd the outer automorphism group is
Cy x Cy. For n = 2m and ¢™ = —e mod 4 it is Cy x Cy,, while for n = 2m
and ¢ = e mod 4 it is Dg X C, except when m = 4 and £ = +, in which case
it is S4 X Ce.
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3.8 Orthogonal groups in characteristic 2

In characteristic 2, everything is different. The quadratic form has a different
definition, the canonical forms are different, there are no reflections, the de-
terminant tells us nothing, and there is no spinor norm. Nevertheless, in even
dimensions, the formulae for the group orders still hold, and there is still a
mysterious subgroup of index 2, although to define it we need a new invariant,
which is called the quasideterminant or pseudodeterminant (it is more closely
analogous to the determinant than to the spinor norm). Indeed, the structure
of the orthogonal groups in characteristic 2 is simpler than in odd character-
istic, since the determinants are all 1 and there are no non-trivial scalars in
the orthogonal group (for if Q(\v) = Q(v) # 0 then A\ = 1 so A = 1). Recall
from Section 3.4.7 that in characteristic 2 we have GOz, +1(q) = Sp,,,,(¢) and
therefore we do not need to consider the odd-dimensional case.

3.8.1 The quasideterminant and the structure of the groups

The elements which in characteristic 2 play the role played by the reflections
in odd characteristic are the orthogonal transvections (some people even call
them reflections, as the formula defining them is obtained from the formula
(3.26) by replacing 1 f(v,v) by Q(v)). For each vector v of norm 1 the corre-
sponding orthogonal transvection ¢, is defined by

ty :w— w+ f(w,v)v. (3.36)
Clearly this is a linear map, and it preserves the quadratic form since
Q(w + f(w,v)v) = Q(w) + f(w,v)* + f(w,v)?Q(v) = Q(w). (3.37)

Now the orthogonal group can be generated by these transvections (at
least if the dimension is 6 or more: the proof is left as an exercise) and the
quasideterminant of an element x is defined to be 1 or —1 according as = can be
written as a product of an even or an odd number of orthogonal transvections.
In order to prove that this is well-defined we show that the transvections act
as odd permutations of the set of maximal isotropic subspaces (in the case
GO3,,(q)). T am grateful to Bill Kantor for supplying this elegant argument.

First consider the case GOJ (q). Here there are just two isotropic 1-spaces,
since if x is isotropic and y is scaled so that f(z,y) = 1, then Q(Az + y) =
Q(y)+ X\ so is zero for exactly one value of A. Choosing y to be isotropic, then,
the vectors of norm 1 are exactly the vectors Az + A~1y, and every orthogonal
transvection ¢y, -1, swaps (r) with (y).

More generally, we need to look at maximal isotropic subspaces in the 2m-
space for GO;m (¢). Suppose we have a maximal isotropic subspace U, and a
vector v of norm 1. Note that v has codimension 1, and does not contain
U since v ¢ U = U*. Therefore v+ N U has codimension 1 in U, and we
may choose a basis u1, ..., u, for U so that uj,...,u,_ span v- N U and
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f(m,v) = 1. Then ¢, fixes uq,...,Um—1 and maps u,, to u,, +v € U, so
t, does not fix U. Hence the transvections act fixed-point-freely on the set of
totally isotropic subspaces of dimension m.

Now we prove by induction on m that the number of such subspaces is
Hﬁgl(qi + 1). Just as in the odd characteristic case (Section 3.7.2), we see
that the number of isotropic vectors is (¢"™ — 1)(¢™~* + 1). Since GO, (q)
acts transitively on the isotropic vectors (this follows from our classification
of the quadratic forms, as the form looks the same whichever isotropic vector
we take as e1), we may choose the first isotropic vector to be e;. Then we see
that the stabiliser of e; has the shape ¢>"~2:GO3, . ,(q). By induction, since
we count each m-dimensional totally isotropic subspace ¢ — 1 times in this
way, the number of them is

<<qm St T+ 1)) / @ -1 =TI+, 339

which is twice an odd number. Therefore ¢, acts as an odd permutation on
the set of m-dimensional totally isotropic subspaces.

We can therefore define the quasideterminant of an element of GO3,,(q)
to be the sign of the permutation describing its action on this set. The kernel
of the quasideterminant map is a subgroup of index 2 in GOJ (q), which
we denote Q. (q). (This subgroup is sometimes denoted SO3,,(q), but this
notation can be confusing, so is not recommended.)

For GOs,,(¢) this argument does not go through directly, since the maxi-
mal isotropic subspaces have dimension m — 1 and it is possible that U < v=.
However, if we extend the field to Fg2, we obtain maximal isotropic subspaces
of dimension m, and can apply the preceding argument. (Incidentally, this
shows that GO5,,(q) < GOZ (¢?).) In fact it is possible to extend this argu-
ment to show that the transvections in GO3,,(g) interchange two families of
maximal isotropic subspaces: two such subspaces U and W are in the same
family if and only if U N W has even codimension in each of them. Another
useful fact is that an element x in GOS,, (q) is in Q5,,(¢) if and only if the
rank of 1+ z (as a 2m x 2m matrix) is even.

3.8.2 Properties of orthogonal groups in characteristic 2

We have already seen in Section 3.7 how to calculate the orders of the orthog-
onal groups by induction. In characteristic 2 the base cases of the induction
are again GO3 (q) = Ds(,—1) and GO3 (q) = Dagy1) (see Exercise 3.28).
Therefore we have

GOS(@)] = 2¢™" "D (¢2 = 1)(q! = 1)+ (2" 72 = 1)(¢" —1) and
GOz (@) = 2™V (¢* = 1)(g* = 1)+ (¢*" 2 = 1)(¢™ +1).  (3.39)
The generically simple groups 5,,(¢) have index 2 in GOS,,(¢q). They are

simple for all m > 3 and all ¢q. Simplicity can be proved analogously to the
proof in odd characteristic (see Section 3.7.3), either using the root elements
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Tuv(A) tx— x4+ Af(x,u)v — Af(z,v)u

where (u, v) is a totally isotropic 2-space, or using the orthogonal transvections
and the argument following Theorem 3.4 (see also Exercise 3.33).

Unless m = 4 and ¢ = 4+, the full automorphism group of 95, (¢) in
characteristic 2 is obtained from GO, (q) by adjoining field automorphisms.
If m = 4 and € = +, there is an additional ‘triality’ automorphism of
PQ{ (), which is defined and described in some detail in Section 4.7. The
Schur multiplier is trivial except for the cases Qf (2) = PSL4(2) = Ag and
Qg (2) = PSU4(2) = PSp,(3), both of which, as already noted, have proper
double covers, and Qf (2) which has a cover 22:Qf (2) which can be con-
structed from the Weyl group of type Eg (see Section 3.12.4), using either the
spin group (see Section 3.9.2) or the triality automorphism (see Section 4.7).

The subgroups of the orthogonal groups in characteristic 2 are very similar
to the subgroups of orthogonal groups in odd characteristic. The main differ-
ence is that the orthogonal groups in odd dimensions usually do not arise,
except that Qam—1(¢) = Sp,y,,_o(¢) is a maximal subgroup of both groups
05,,(q). See Section 3.10, especially Section 3.10.10, for details.

3.9 Clifford algebras and spin groups

For all the classical groups there is a ‘duality’ between the generic part of
the Schur multiplier and the diagonal part of the outer automorphism group.
In the case of PSL,(q), the centre of SL,(q) consists of scalars A such that
A" =1, giving a cyclic group of order d = (n,q — 1). Dually, the determinant
map maps the scalars to the subset {A\"} = {\?} of the non-zero elements
of the field, so induces a map from PGL,(q) onto F*/{\?}, which is again
a cyclic group of order d. Similarly for PSU,(q), replacing ¢ — 1 by ¢ + 1.
The symplectic groups have centre and diagonal automorphism group each of
order 2.

In the case of the orthogonal groups, in odd characteristic and even di-
mension there is a centre of order 2, dual to the determinant 41, but what
is dual to the spinor norm? To answer this question we have to construct a
double cover of the orthogonal group, called the spin group. The usual way to
do this is via the so-called Clifford algebra. Indeed, we can (and do, below)
use the Clifford algebra to define the spinor norm, or rather to prove that it
is well-defined, and hence prove that 2,(¢) has index 2 in SO, (q) for ¢ odd.
(A variant of this construction also works in characteristic 2, although there
is no subgroup of index 2, or double cover, to construct in this case.)

For the purposes of this section, an algebra is a vector space A over a
field F, together with a multiplication A x A — A which is F-bilinear, such
that A is a ring (with or without a 1) with respect to this multiplication and
the vector space addition. In particular, multiplication in A is associative.
Later on, we shall drop this associativity condition, when discussing octonion
algebras, Jordan algebras, Lie algebras, and so on.
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3.9.1 The Clifford algebra

Let V' be a vector space over a field F' = [, of odd order, and let f be
a non-singular symmetric bilinear form on V, with Q(v) = % f(v,v). Pick
a basis {e1,...,e,} of V. Construct a vector space of dimension 2" with
basis vectors labelled by formal products of ey, ..., e, (including the empty
product, representing an identity 1), subject to the relations e;e; = Q(e;)
and e;e; + eje; = f(e;,e;). Extending the product bilinearly, this implies
that for any vector v € V = (eq,...,e,) we have vuv = Q(v) and therefore
vw 4+ wv = f(v,w) for all v,w € V.

This algebra is called the Clifford algebra, written C(V, f), or C(V,Q), or
C(V) if f is understood. It splits as the vector space direct sum of the even
part Cp, spanned by the even products e;, - --e;,  for m < n/2, and the odd
part C1, spanned by the odd products e;, - --e4,, ., for m < n/2, in such a
way that C;C; C Cjyj, with subscripts read modulo 2. Assume from now on
that the basis {e1,...,e,} of V is orthogonal for f,i.e. f(e;,e;) = 0 whenever
i # j. The quadratic form @ on V can be extended to the whole of C(V') by
defining its values on the given basis by

Q(eil T eik) = Q(eil) T Q(eik)7 (340)

and defining these basis vectors to be perpendicular (with respect to the
associated bilinear form). It can be shown that Q(vw) = Q(v)Q(w) for any
v,w € V, and more generally that Q(zy) = Q(z)Q(y) for any z,y € C(V)
(see Exercise 3.35).

The orthogonal group G acts on C(V) as a group of automorphisms, in-
duced from its action on V. (For those who know some representation theory,
the action of G on the Clifford algebra is as on the exterior algebra

AV)=10VOANVOANV O - @A"Y,

where AFV is the kth skew-symmetric (or exterior) power of V, spanned by
the (Z) vectors e;, e;, - - -e;, with i1 < -+ < i.) Indeed, this action can be
expressed by conjugation within the algebra, since for any non-singular vector
v € V the map

w— v tww
= Q(v)_l?}({(vﬂ)v) —vw)
2f(v,w
= w4+ ="y 3.41
Fo0) (3.41)
is just minus the reflection in v. These maps generate GO(V] f) if n is even,
or SO(V, f) if n is odd.

3.9.2 The Clifford group and the spin group

The Clifford group is usually defined as the subgroup of invertible elements
of C(V) which preserve V under conjugation. Certainly the Clifford group
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contains all v € V' with Q(v) # 0. However, this group is a little too big for
our purposes, especially when V has odd dimension. The even Clifford group is
defined to be the intersection of the Clifford group with the even part Cy of the
Clifford algebra C(V'). There is now an obvious group homomorphism from
the even Clifford group onto the special orthogonal group. Moreover, @ is a
group homomorphism from the Clifford group to the scalars, with the property
that Q(A\) = A2 for every scalar A. Therefore there is a homomorphism from
the even Clifford group modulo scalars, to the group of order 2. This factors
through the special orthogonal group, so that @ induces the spinor norm.
Finally we have shown that the special orthogonal group has a subgroup of
index 2, as promised in Section 3.7.1.

The corresponding spin group is defined as the subgroup of the even Clif-
ford group consisting of elements x with Q(z) = 1. There is an obvious group
homomorphism from the spin group onto the orthogonal group Q,(q), and we
want to determine the kernel of this homomorphism. Now z acts trivially on
the Clifford algebra (or equivalently, on V') if and only if « is in the centre of
the Clifford algebra. If n is even, the centre has a basis {1}, while if n is odd it
has a basis {1, eje3 - - - e, }. Hence the intersection of the centre with Cj is just
the set of scalar multiples of the identity. These elements have Q(A1) = A2, so
the only scalars in the spin group are £1. Therefore the kernel of the natural
map from the spin group to the orthogonal group has order 2. It is easy to
find elements of the spin group which square to —1, and hence the spin group
is a proper double cover of the orthogonal group. We write Spin,(q) for this
group of shape 2:Q¢ (q).

If n is odd, or if n = 2m and ¢ = —e mod 4, then Q¢ (¢) is already simple,
and the spin group has the structure 2:Q¢ (¢). If n = 2m and ¢"™ = € mod 4,
then Q£ (¢) has a centre of order 2, and the spin group has the structure
4-PQE (q) if m is odd, and the structure 22-PQ5 (q) (necessarily with ¢ = +)
if m is even. Notice that in the case n = 3, the even part of the Clifford
algebra has dimension 4, and is isomorphic to the quaternion algebra (see
Section 4.3.1).

3.9.3 The spin representation

The Clifford algebra C(V) has been defined abstractly as an (associative)
algebra of dimension 2", where dim V' = n. It is possible to realise the Clifford
algebra more concretely as an algebra of matrices, with the algebra product
being matrix multiplication. Here we only treat the quadratic forms of even
dimension and plus type: the others can be obtained as subalgebras of larger
Clifford algebras, since GOs,,,(q) < GO2m+1(q) < GO3,,,5(q). If W = {0},
then C(W) consists of the 1 x 1 identity matrix. Otherwise, decompose V'
as a direct sum V = W @ (e, f), where W = (e, f)* and Q(e) = Q(f) = 0,
Q(e + f) = 1. By induction C(W) is written as a matrix algebra, and we
write C(V) as an algebra of 2 x 2 matrices over C(W) by mapping w € W
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to 16} _Ow , and e to (8 é) and f to ((1) 8) It is straightforward to
check that these matrices satisfy the required relations we+ew = wf+fw = 0,
e? = f2 =0, ef + fe = 1. For example the 4-dimensional Clifford algebra
C(V), where V = (e, f), is spanned as a vector space by 1, e, f,ef, which are

represented respectively by the matrices

(0 1) 0)-( o) (o)

Thus in the case when V' has dimension 2m and the form is of plus type,
we have written C (V) as an algebra of 2™ x 2™ matrices. Abstractly this is
the full matrix algebra, as it has dimension 22™, but the important ingredient
which makes it a Clifford algebra is the embedding of V inside it. In partic-
ular, C(V) acts (faithfully) on a 2™-dimensional space—this is the so-called
spin representation. Clearly we may restrict this representation to the Clif-
ford group, the even Clifford group, and the spin group. It is easy to see that
on restriction to the even Clifford group the representation breaks up as the
direct sum of two representations of degree 2™ 1. Indeed, just index the rows
and columns by binary numbers and pick just those numbers which have an
even number of bits to make one of the summands. In particular we obtain a
(faithful) representation of the spin group, of dimension 2™~1,

In the case n = 8, we have 2~ = 23 = 8, and so the spin group also has a
representation of degree 8. Therefore there is a corresponding homomorphism
from the spin group to the orthogonal group on this new 8-space. Under
this homomorphism, —1 maps to —1. But in the natural quotient map from
the spin group to the orthogonal group, —1 maps to +1. Therefore we have
constructed an outer automorphism of the spin group, and also of PQéF (q),
which is known as triality. We shall discuss this in more detail in Chapter 4,
where we shall give an alternative description of the spin group 2-Qg (¢) in
terms of octonions.

3.10 Maximal subgroups of classical groups

We wish to classify maximal subgroups of classical groups along the lines
of the O’Nan—Scott theorem (see Sections 2.5 and 2.6) for symmetric and
alternating groups. For classical groups over C, such a result was obtained by
Dynkin in 1952 [55]. The first part of his argument works also for finite fields,
and a more detailed version of the theorem in the finite case was published
by Aschbacher in 1984 [5]. Nevertheless, Aschbacher’s Theorem falls far short
of the degree of explicitness of the O’Nan—Scott Theorem. An early attempt
I made [171] to put the flesh on the bones gave an almost correct result for
the symplectic groups. But it was not until 1990 that Kleidman and Liebeck
[108] provided (for all classical groups) the level of detail which is required to
write down explicit lists of maximal subgroups in particular cases.
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First we describe the types of subgroups which arise in this classification. A
subgroup H of GL(V) is said to be reducible if there is a subspace 0 < W < V
which is invariant under H, and irreducible otherwise. Similarly, H is called
imprimitive if there is a non-trivial direct sum decomposition of V' which is
invariant under H, and primitive otherwise. The maximal reducible subgroups
of classical groups are obviously the full stabilisers of certain subspaces. If
there is a form on the space we may assume the subspace is either non-singular
or totally isotropic. Any imprimitive subgroup preserves a decomposition of
the space as a direct sum of subspaces of the same dimension. If there is a
form then either the subspaces are non-singular or there are precisely two
of them. The other types of subgroups either arise from tensor products or
extraspecial groups, or are almost simple (modulo scalars). We describe these
next.

3.10.1 Tensor products

We first need to define the concept of a tensor product of vector spaces. If U
is a vector space with basis {uj,...,ur} and W is a vector space with basis
{w1,...,wn}, over the same field F, we define the tensor product space V- =
U ® W to be the vector space of dimension n = km with basis {v1, ..., Vgm},
where we write v;ypj—1) = u; ® w; to exhibit the connection with U and
W.If A= (a;;) is a k x k matrix acting on U, and B = (b;;) is an m x m
matrix acting on W, then we get an action on U ® W by sending u; ® w; to
u; A ® w; B, interpreted as

kK m

wAQw;B = Z Z airbjs(Ur @ wy).

r=1s=1

The corresponding n x n matrix with entries a;-b;s (with rows indexed by
i+ k(j — 1) and columns indexed by r + k(s — 1)) is called the Kronecker
product of A and B, and written A ® B.

If we take all possibilities for A in GLk(¢q) and B in GL,,(q) respectively,
we get an action of GLg(q) X GL,,(q) on U ®@ W. However, this is not a faithful
action. For the scalar matrices in both GLx(q) and GL,,(q) act as scalars on
U ®@ W (more precisely, (Aly) ® I, = Mpm = I ® (Al,)), so that the kernel
of the action consists of the elements (A, \™11,,,) of GLx(q) X GL,,(q). The
quotient of GLg(q) x GL,,(q) by this kernel of order ¢ — 1 is an example of
a central product. In general a central product G o H of two groups G and H
is a quotient of G x H by a subgroup of the centre. Usually the subgroup we
quotient by is, as in this case, a diagonal subgroup of Z(G) x Z(H).

Thus we have GLg(¢) o GLy,(¢q) as a subgroup of GLjp,(¢). In this case it
is clearer to work modulo scalars, in the sense that PGLy(q) x PGL,,(q) <
PGLyyn(g). This subgroup is usually maximal, unless & = m in which case we
can identify U with W, and there is a map taking u; ® u; to u; ® u; which
acts on U ® U and extends the group to PGL(g) 1 Sa.
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Since we can take the tensor product of two spaces, we can take the tensor
product of several, say V = V1 @ Vo ®---®V,,. If all the V; are isomorphic, say
dimV = k, then n = dimV = k™, and we have an embedding of PGL(q) S,
in PGL,(q). These groups correspond to the primitive wreath products in the
symmetric groups.

3.10.2 Extraspecial groups

Recall from Section 3.5.4 that a p-group G is called special if Z(G) = G’ =
&(G), where &(G) is the Frattini subgroup. A special group is called ez-
traspecial if also |Z(G)| = p. For any group G, the commutator map from
G/Z(G) x G/Z(G) to G satisfies [h,g] = [g,h]™!, and if G is special then
G/Z(G) = G/P(G) is elementary abelian, so is a vector space over F,,. More-
over, in this case [g, hk] = [g, k][g, h]* = [g, h][g, k], so if G is extraspecial then
this commutator map is a skew-symmetric bilinear form (written multiplica-
tively). Indeed, it is alternating since [g, g] = 1. Moreover, by the assumption
Z(G) = ¢(G), it follows that for every g ¢ &(G) there is an h € G with
[9,h] # 1. In other words, this alternating bilinear form is non-singular.

For every ¢ in an extraspecial p-group G, we have that ¢g? € Z(G), and
therefore

(gh)" = g(hgh™'g™)g(h*gh=2g™")g - -- (K"~ gh~" g~ T)gh?
g p

=g’ g7] [h 2 g7 T g
=g’[h ' g Y[R3, ] “[h’p“,g’llh”

= g"hP[h,g] - [h,g]p !

= gPhP[h, g]PP—1)/2, (3.42)

Now if p = 2 this reduces to (gh)? = g?h?[h, g], which is just the multiplicative
version of the definition of a quadratic form in (3.15), so the squaring map
G/Z(G) — Z(G) is a quadratic form. On the other hand if p is odd it reduces
to (gh)P = gPhP, so either all elements have order p, or the elements of order
1 or p form a characteristic subgroup of index p.

The classification of non-singular (quadratic or alternating bilinear) forms
in Sections 3.4.4, 3.4.7, 3.4.6 implies that there are exactly two isomorphism
types of extraspecial p-groups of each order. We write 21 72™ for the extraspe-
cial group of order 2'72™ whose associated quadratic form is of type €. For p
odd we write p1+2m for the extraspecial group of exponent p, and p ™2™ for
the one of exponent p?.

It is easy to see that Dg =2 2?2 and Qg = 212, Taking central products
of these in such a way that all the central involutions are identified gives us
constructions of 23_+2m =Dgo---0Dgand 2172 = Dgo---0 Dg o Qg. The
2-dimensional representations of Dg and (s (which exist over any field of odd
characteristic) can therefore be tensored together to get representations of
212m of dimension 2.

Similarly for p odd we obtain a p-dimensional representation of pH'2
by taking an element cycling the p coordinates, and a diagonal element
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diag(1,a,...,aP~ 1), where « is an element of order p in the field. (This can
be modified for pt*2 by replacing the coordinate permutation

€1 > ey ey e

by
€1 k> g = - ey b e,

but we shall not be using this case.) A representation of degree p™ of prm

is then obtained by tensoring together m copies of these matrices. (Note that
we need elements of order p in the field, so the order of the field must be
congruent to 1 modulo p.)

What has all this got to do with maximal subgroups of classical groups?
A faithful representation of G of degree n over F' is nothing more than an
embedding of G into GL,, (F'). Thus we have constructed subgroups of GL,, (F")
isomorphic to pl*2™ where n = p™. The subgroups we are after are the
normalisers in GL,(F) (or in other classical groups) of these extraspecial
groups. In the rest of this section we consider in more detail the structure of
these normalisers.

The given representations of extraspecial groups extend to representations
of 21+2mGO3,, (2) for p = 2, or pL?":Sp,,, (p) for p odd. To see this we need
a little representation theory, specifically the fact that the extraspecial group
G has a unique representation of degree p™ such that a given generator for its
centre acts as a given scalar. It follows that any automorphism of G = p!+2m
which centralises the centre Z(G) can be realised inside the general linear
group in dimension p™ over any field of order » = 1 mod p. But every isometry
of the form on G/Z(G) lifts to p>™ automorphisms of G, so we obtain in this
way an extension of G by the isometry group of the form. If p is odd this
extension splits since the involution centraliser is Cj, X Spy,, (p), while if p = 2
it is almost always non-split. If the field F' contains 4th roots of 1, i.e. square
roots of —1, then there is a 2-dimensional representation of 4 o Dg = 4 o (Jg.
Therefore there is a representation of 402'+2™ in 2™ dimensions, and working
modulo {£1} we get a quadratic form on a space of dimension 2m + 1 over
Fy, with isometry group GOgp,41(2) = Sps,, (2). Thus we get a representation
of 40 212m8p, (2) in 2™ dimensions over F.

All these groups of extraspecial type are in SL,m (), where r is a prime
power congruent to 1 modulo p (or modulo 4, in the last case). In some
cases, they also fix forms and so are in smaller classical groups. Thus Dsg
fixes a quadratic form (of plus type if and only if r = 1 mod 4) and Qs fixes a
symplectic form, so 2}~_+2m fixes a quadratic form and 2172™ fixes a symplectic
form. Therefore, for r odd and m > 2,

27205, (2) < SO (r),
212mQO - (2) < Spyw (7). (3.43)



3.10 Maximal subgroups of classical groups 85

Similarly, pr fixes a unitary form over I, if and only if p divides r + 1, and

so the same is true of p}™>™. This gives p}"*"":Sp,,, (p) < SUpm (r) provided

p|(r + 1). Similarly, the groups 4 o 2172™ are unitary whenever 4|(r + 1).

3.10.3 The Aschbacher—Dynkin theorem for linear groups

It is relatively easy to show that every subgroup of PGL,(¢) which does
not contain PSL, (¢) is either contained in a maximal subgroup of one of the
types we have seen above (namely the stabilisers of subspaces, the imprimitive
groups, the groups constructed from tensor product decompositions of the
underlying vector space, and the groups of extraspecial type) or is of almost
stmple type, which means that its intersection with PSL,,(¢) is almost simple
(recall that a group G is almost simple if S < G < AutS for some non-abelian
simple group S). This is a special case of Aschbacher’s theorem [5], but the
proof we sketch is essentially due to Dynkin [55]. The proof requires a little
(modular) representation theory but is otherwise elementary.

Theorem 3.5. Any subgroup of GL,,(q) not containing SL,,(q) is contained
in one of the following subgroups:

1) a reducible grou : k X m the stabiliser of a k-space
(i) a reducible group ¢"™:(GLy(q) x GLy(q)), the stabiliser of a k-space,
where kK +m = n;
1) an imprimitive group k(q) VS, the stabiliser of a direct sum decom-
7 ) imits GL S, the stabili direct d
position into m spaces of dimension k, where km = n;
112) a simple tensor product t(q)oGL,, the stabiliser of a tensor product
impl product GLg(q)oGL,,(q), th bili prod
decomposition F* @ F™, where km =n and F = Fy;
1w) a wreathed tensor product, the preimage o, k(q) USm, the stabiliser o
) hed d h ; PGL S, he stabili
a tensor product decomposition F*¥ @ --- ® F¥, where k™ =n;
v) the preimage of p“*:Spy.(p), where n = p® (or : ifp=2an
th ) g 2k S 2k h k 22k Gogk 2) 1 2 d
g =3 mod4);
vi) the preimage of an almost simple group, acting irreducibly.
) th ) [ impl ing irreducibl

Proof. Given any subgroup H of G = PGL,,(¢) not containing PSL,(q), let
H denote its preimage in G= GL,,(g). The socle of H, written soc H, is the
product of all the minimal normal subgroups of H. Writing N = soc H, we
are interested in the representation p of N on the underlying n-dimensional
vector space V. If p is not completely reducible (a representation is completely
reducible if it is a direct sum of irreducibles), then there is a unique largest
subspace W of V such that p|w is completely reducible. Therefore H fixes W
(case (1)).

If p is completely reducible but not homogeneous (a representation is ho-
mogeneous if it is a direct sum of isomorphic irreducibles) then H preserves
the decomposition of V' as a direct sum of its homogeneous components, so
H is either reducible (case (i) again) or imprimitive (case (ii)).

_ If p is completely reducible and homogeneous, but not irreducible, then
N oCg(N) acts as a tensor product (case (iii)). Similarly, if H has more than
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one minimal normal subgroup, then N acts as a tensor product (case (iii)
again).

So we have reduced to the case that N is the unique minimal normal sub-
group of H. This may be either abelian, in which case it lifts to an extraspecial
group (case (v)), or non-abelian simple (case (vi)), or non-abelian non-simple,
in which case the representation of N is again a tensor product (case (iv)).
This completes the proof of this easy version of the Aschbacher—-Dynkin The-
orem.

It is possible then to look more closely at the subgroups of almost simple
type. Some are ‘really’ written over a smaller field, so are contained in a
subgroup PGL,,(qo) of PGL,,(q), where ¢ = ¢§ and e is prime. Some are ‘really’
of smaller dimension over some extension field, so are contained in a subgroup
PT'L,, /k(qk ) for some prime k. Some are other classical groups in their natural
representations. And the more one knows about the representations of the
quasisimple groups, the more one can extend or refine this list.

Aschbacher’s 1984 version of the list of maximal subgroups comprises nine
types, as follows:

(i) subspace stabilisers,
ii) imprimitive wreath products,
) simple tensors,
iv) wreathed tensors,
(v) extraspecial type,
) subfield groups,
) extension field groups,
) classical type,
(ix) other almost simple groups.

There is a version of this theorem for each of the classical groups, in which
case more details can be given of many of these subgroups.

3.10.4 The Aschbacher—Dynkin theorem for classical groups

In order to understand how the nine types of subgroups of the linear groups
behave in the presence of forms of various types, we need to look at the
behaviour of the forms under the operations of tensor products, and restriction
and extension of fields. (In Section 3.5.4 we looked at the subspaces in the
case of the symplectic groups, and saw that we can restrict attention to non-
singular subspaces and totally isotropic subspaces. It is clear that the same
applies in the case of unitary and orthogonal groups.) Without going into too
much detail at this stage, we can incorporate the forms into the Aschbacher—
Dynkin theorem as follows. In this version, the natural classical groups are
denoted G, and the corresponding projective groups by G. Thus for example
we might have G = Sp,,,(¢) and G = PSp,,,(q).
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Theorem 3.6. If Gy is a finite simple classical group, Gy < G < Aut(Gy),
and G does not involve the triality automorphism of PQd (q) or the graph
automorphism of PSp,(2%), and M is a mazimal subgroup of G, not containing
Gy, then either M stabilises one of the following structures on the natural

module for G:

(i) a non-singular subspace;
1) a totally isotropic subspace;
(1) y P pace;
(i4i) a partition into at least two isometric non-singular subspaces;
(iv) a partition into two totally isotropic subspaces;
(v) a partition into non-singular subspaces defined over an extension field of
prime degree;
(vi) a decomposition as a tensor product of two non-isometric spaces;
(vii) a decomposition as a tensor product of at least two isometric spaces;
(viti) a proper subfield, of prime degree;

or one of the following holds:

(iz) M is a classical group of the same dimension and with the same field of
definition as G;

(x) M is an automorphism group of a simple group S, the representatwn of
S being irreducible and not writable over any proper subfield, where S is
the preimage of S in G

(i) M is an automorphism group of an extraspecial group r ™™ with r di-
viding d, where d is the order of the generic part of the Schur multiplier
of Go; or of Cy o 212™ when the generic part of the Schur multiplier
has Cy as a quotient.

This form of the theorem is stated and proved in [171]. Its proof does not
require any more work than we have done already. However, if we want to
provide more detail of the structures of the corresponding subgroups, and
to decide which ones are in fact maximal, then we need to do a lot more
work. The book of Kleidman and Liebeck [108] is then essential reading, as
Aschbacher’s paper does not give the details required. We begin by studying
the ways in which the forms interact with the geometry.

3.10.5 Tensor products of spaces with forms

The general idea is that given a form f on U and a form h on W, we define
f®honU®W via

(f®h)(u1 & wy, U2 ®w2) = f(ul,ug)h(wl,wg), (344)

where u; range over a basis of U and w; range over a basis of W, and extending
bilinearly if f and h are bilinear, and sesquilinearly if f and h are sesquilinear.
Now the linearity of f and h implies that

(f @ ) (uy ® wy, uy ® wh) = f(uy, up)h(wy, wh)
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for all vectors u; € U and w; € W. Hence f®h is invariant under the isometry
groups of f and h. Indeed, we can extend to similarities of f and h provided
f is multiplied by a scalar A and h is multiplied by the inverse scalar A~'.

Clearly f ® h is a non-singular bilinear form if and only if both f and h
are non-singular bilinear forms, and similarly for sesquilinear forms. In the
sesquilinear case, we are only interested in the forms which are conjugate-
symmetric. For f ® h to be conjugate-symmetric both f and h must be
conjugate-symmetric. In the bilinear case we can mix-and-match symmetry
and skew-symmetry: an even number of the forms f, h and f ® h are skew-
symmetric. Thus, if the characteristic of the underlying field is odd, we have
the inclusions:

PSUk(q) X PSUl(q) < PSUkl(q),
PSp, () x PSpy(q) < PQaji(q),
PSpyy.(q) x PQu(q) < PSpyy(q), and
PQk(q) X PQ[((]) < Ple(q), (345)

where in the second and fourth cases the types of the orthogonal groups remain
to be determined. In the third case, all types of orthogonal group occur.

In both cases PSp,, and PQ;r .. there is a totally isotropic subspace in U of
dimension k, and tensoring this with W gives a totally isotropic subspace of
U ®@ W of exactly half the dimension, so in these cases the bilinear form f ® h
is of plus type, and we get

PSpy.(q) x PSPzil(Q) < PQIM(Q) and
PQ3; (9) x PO (q) < PQyyy(a). (3.46)

In the case P25, ® P{y41 choose a maximal isotropic subspace X of W,
so that U ® X is an isotropic subspace of dimension 2kl in U ® W. Now choose
r € X+ \ X, and Y a maximal isotropic subspace of U, so that Y @ (x) has
dimension k£ — 1. Moreover, the space Z = (U ® X) + (Y ® (x)) is an isotropic
subspace of dimension 2kl + k — 1. Therefore Z+/Z has dimension 2, and is
spanned by u ®  and v ® x where u,v span Y modulo Y. In particular,
Z*+/Z has minus type, and therefore (by Witt’s lemma) so does f ® h. Thus

Py (q) X PQ2ii1(q) < PQyyio41y(0)- (3.47)

Similarly in the case PQ;, ® P);, we may choose a maximal isotropic
subspace X of dimension [ — 1 in W, so that U ® X is isotropic of dimension
2k(l — 1) in U ® W. Now choosing a complement (x;,z3) to X in X+ and
a maximal isotropic subspace Y of dimension k£ — 1 in U gives an isotropic
subspace Z of dimension 2k(l — 1) + 2(k — 1) = 2kl — 2, and we reduce to
considering a 4-space Z1/Z of type PQ; ® P, . Since the characteristic is
odd, we may take orthogonal bases for both tensor factors, and deduce that
the product form is diagonal with entries (1, A, A\, \?) for some A. But this
form is equivalent to the one with entries (1,1,1,1), which is of plus type.
Therefore
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POy (q) x Py (q) < PO, (a). (3.48)

In characteristic 2 things are (for a change) much easier, since both or-
thogonal groups PQZ (g) are contained in PSp,y(¢). We therefore just need
to verify that PSpyy () x PSpy,(q) < PQ,,;(q) in this case also. The quadratic
form is constructed by defining Q(u ® w) = 0 for all basis vectors u of U and
w of W, and it is easy to verify that this implies Q(z ® y) = 0 for all z € U
and y € W, and hence @ is invariant under the group Spy(q) o Spy;(q). It is
obvious that @ is of plus type.

Wreathing iterated tensor products gives rise to some more inclusions:

PSU(q) 1 Sy < PSUu(q) for all g,
PSpay,(q) 1 S1 < PSp(aryi(g) for gl odd, and

PSpyi(q) 1S < PQ?’Qk)l(q) for gl even. (3.49)

For g odd we also have

PQk(q) 1S < PQi(q) for k odd, and

PQoL(0) 1S < PO, (0), (3.50)
where €5 = — if [ is odd and €; = —, and €5 = + otherwise.

The full stabilisers of these tensor product decompositions are usually
maximal subgroups of the appropriate classical group. However, the details
are messy and there are some exceptions. See the book by Kleidman and
Liebeck [108].

3.10.6 Extending the field on spaces with forms

Next we examine what happens when we extend the field. Thus we have a
form f (or @) on a vector space V over Fy, and embed V in a vector space V*
over [Fr by extending the scalars. Concretely this can be done by choosing
a basis {e1,...,e,} of V and defining V* = {31 | Aie; | \i € Fyx}, or more
abstractly by V* = Fg» ®@p, V. Now we want to know how f can extend to a
form f* on V*. We shall show that there are various possibilities, giving rise
to the following embeddings of the corresponding isometry groups.

(4) < Spay(g") for all k,
(¢) < SUzm(q),
05 (q) < SU,(q) for all ¢,
(q) < SUL(¢") for k odd,
(q) < Q2(g") for eg = 1. (3.51)

In the case of symmetric and skew-symmetric forms (and alternating and
quadratic forms in characteristic 2), it is clear that the form can extend to a
form of the same type over the larger field, ignoring the signs of the orthogonal
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groups for the moment. In the case of sesquilinear forms, this can happen
provided the field automorphism extends to the larger field, i.e. if k is odd.

Now consider the signs of the quadratic forms: it is easy to see that
GOQi(q) < GO3 (¢?), since every quadratic polynomial over F, has a root
in Fgo. Similarly if & is odd then GO (¢) < GO3 (¢*), since the irreducible
polynomial 2 — a or 22 + x + p used to define GO; (g) remains irreducible
over Fgx. Therefore

GO,,(g) < GO3,(¢%),
CO3,(q) < GO3, (¢") for all k,
GO, (q) < GO;, (¢") for k odd. (3.52)

It is also possible, however, that the form f* is of a different type from the
original form f. Specifically, if f is bilinear and k is even, then f* can be
sesquilinear. In the case when f is symmetric, such an f* can be defined by
extending f sesquilinearly. In other words,

. (Z AW“ZM@J‘) = Zn:i:/\iu_jf(eiaej) (3.53)

i=1 j=1

for all Aj,pu; € Fye. In the case when f is skew-symmetric we modify this

construction by first multiplying the form by 3, where 3 € F . satisfies 8=
—0. Then we extend the form (f sesquilinearly—this is possible because for
u,v € V we have Bf(u,v) = —ff(v,u) = Bf(v,u) so that 8f is already
conjugate-symmetric on V. The case when f is alternating, over a field of

characteristic 2, is a special case of both of these cases.

Warning. In the literature, the larger group is usually regarded as the primary
one, and therefore the subgroup is called a ‘subfield’ subgroup. Conversely,
what we shall describe in the next section as ‘restricting’ the field is usually
thought of as the ‘extension field’ case.

3.10.7 Restricting the field on spaces with forms

Finally, we examine what happens when we forget some of the field structure,
and identify Fg» with a k-dimensional vector space over F,. Here we start
with a vector space V' of dimension m over I «, endowed with a form f (or
Q) with values in F x. We may assume k is prime, and then use recursion to
build the general case. We need a form f* (or @*) on the same set of vectors,
with values only in F,. The general method is to compose f (or Q) with a
suitable Fy-linear map F» — F,. In fact, any non-zero F,-linear map will do:
they are all of the form x +— Tr(Az), where 0 # A € F x and the trace map,
Tr: Fyx — g is defined by

k—1

Triz—ax+ai4+.- +27 . (3.54)
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This is the same as the trace of ‘multiplication by «’, considered as an F,-linear
map on the k-dimensional vector space [F rx = Fqk .

Therefore f* is symmetric if f is symmetric, and f* is skew-symmetric if
f is skew-symmetric. On the other hand if f is conjugate-symmetric, then f*
may be either conjugate-symmetric (if & is odd), or symmetric (f* is essentially
the ‘real part’ %(f + f) of f in the case k = 2 and ¢ odd), or skew-symmetric
(f* is the ‘imaginary part’ 3(f — f) of f, also in the case k = 2 and ¢ odd).

This gives us the following inclusions of isometry groups, apart from the
signs on the orthogonal groups:

SPom(4*) < SPami(a),
Q. (¢") < Q. (q) for m even,
Qm(qQ) < ng(Q) fOI‘ m,q Odda
Qi (¢*) < Qi (q) for m, k, q odd,
SU(¢%) < SU,uk(q) for k odd,
SU.(q) < 95,,(q) for e = (=1)™,
SUm(q) < Spam(q)- (3.55)

To show that SU,,(q) < €95,,(q), where e = (—1)™, we pick an orthonormal
basis for the unitary form and show that this decomposes the orthogonal space
as a perpendicular direct sum of minus-type 2-spaces. Thus it is sufficient to
prove the case m = 1. If ¢ is odd, pick o € F2 such that @ = a? = —a;, so that
with respect to the Fy-basis {1, a} the form f*(z,y) = 27 + Ty has matrix
diag(2, —2a?), where o is a non-square in Fy. It is now easy to check that f*
is of minus type, as required. A similar argument works in characteristic 2.

It remains to consider the embeddings of orthogonal groups in each other.
If m and k are both odd, there is nothing left to prove, so consider first the
case m odd, and k = 2 (and we may assume ¢ is odd). As above it is sufficient
to consider the case m = 1, where we may take f(z,y) = Azy for some fixed
A € Fp2. We show that for different choices of A, we obtain f* to be either
plus type or minus type. For f* is of plus type if and only if there is a non-
zero solution x to Tr(Az?) = 0. This is equivalent to Az? + \x2? = 0, or
Ni—1g2(a=1) — _1. We can certainly choose \ so that \¥~! = —1, so that
x = 1 is a solution. On the other hand, if A = a8, where a?~! = —1 and
B has order ¢ — 1, then —A\?~! has order ¢ + 1, whereas z2(¢=1) has order
dividing (¢ + 1)/2, so there is no solution.

Finally we consider the case m even. Pick a totally isotropic (m/2—1)-space
W for f, and observe that (by Witt’s Lemma) it is sufficient to determine the
signs of the forms on W+ /W. In other words we may assume that m = 2, and
we want to prove that Q5(¢*) < Q5,(¢). Suppose that g is odd. We first show
that the determinant of (the matrix of) f is a square in F  if and only if the
determinant of (the matrix of) f* is a square in Fy. We use the determinant
map det : Fr — F, defined by

det:z s za - 27 =g =D/ (3.56)
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which is the same as the usual determinant of ‘multiplication by x’ regarded as
an [F,-linear map on Fyx. Thus if f is diagonalised as diag(1, o), then det f = «
and det(f*) = deta = a(qk’l)/(qfl), proving our claim.

Now f is of plus type if and only if either

(i) det f is a square and ¢* = 1 mod 4, or
(ii) det f is a non-square and ¢* = 3 mod 4.

In other words, either

(i) det f* is a square in F,, and either ¥ = 2 or ¢ = 1 mod 4; or
(ii) det f* is a non-square in Fy, and k is odd and ¢ = 3 mod 4.

But this is exactly the condition for f* to be of plus type. Similar arguments
work in characteristic 2 to show that Q§(2%) < Q5,(2).

3.10.8 Maximal subgroups of symplectic groups

We are now in a position to describe in more detail the structures of the
subgroups of the classical groups appearing in Theorem 3.6. As usual, the
symplectic groups are the easiest case to work with. In characteristic 2 we have
the following result proved in [171]. This is more explicit than the theorems in
[5]. Since [171] remains unpublished, and [108] is far more comprehensive, it
seems reasonable to call Theorems 3.7, 3.8, 3.9, 3.10, 3.11, 3.12 collectively the
Kleidman—Liebeck Theorems, although in fact Kleidman and Liebeck prove
much more general results.

Theorem 3.7. If M is a mazimal subgroup of Sps,,(q), with ¢ = 2%, then ei-
ther M is an automorphism group of a simple group S, and the representation
of S is absolutely irreducible, symplectic but not orthogonal, and not writable
over any proper subfield of Fy, or M is one of the following groups:

(i) gFF+D/2 2k (GL (q) X SPoyy,(q)), with 0 < k < k4+m = n;
(7) SpPai(q) X Spa,(q), with 0 <k <m <k +m =n;
(73) SPai(q) 1 S, with 0 < k < km =n, and if ¢ =2 then k # 1;
(iv) Spay, (¢™).m, where km = n and m is prime;
(v) SPay, (qo), where ¢ = qo® and b is prime;
(vi) GO, (q);
(vii) GO3,(q);
(viti) Go(q), if n = 3;
(iz) Sz(q), if n =2 and a is odd.

Note that the last two cases are not necessary in the statement of the theorem.
They are included merely to draw attention to these particular subgroups.
From the same source, we have in odd characteristic:
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Theorem 3.8. If M is a mazimal subgroup of PSp,,, (q), with q odd, then
either M is an automorphism group of a simple group S, and the representa-
tion of S (the preimage of S in Sp,,(q)) is absolutely irreducible, symplectic,
and not writable over any proper subfield of Fy, or M is one of the following
groups:

(i) ¢ *FD72 2R M (GLi () © Spoy (), with 0 < k <k +m = n;
(1) Spoi(q) © Spo,,(q), with 0 < k <m < k4 m = n;
(iii) 2™ 1 (PSpay, (q) 1 Si), with 0 < k < km = n;
(iv) GL,(q).2/{x£1}, with n > 3;
(v) GU, (q) 2/ {21}
(vi) PSpay,(¢™).m, with km = n and m prime;
(vii) (PSpyy,(q) x PGOE, (q)).2, where km = n and m > 2, excluding the cases
(k,m,e) = (1,4,4) and (m,q) = (2,3), (3,3) and (m,q,e) = (2,5,4);
(viii) (PSpyy(q)-20 Sm) 5, where (2k)™ = 2n and m is odd;
(iz) PSps,,(qo), where ¢ = qo® and b is odd;
(LE) PSp2n(Q0)27 where q = QOQ{
(zi) 22™mQy. (2), if q is prime, n = 2™"! and ¢ = +3 mod 8;
(zii) 2°™GO3,,(2), if ¢ is prime, n = 2™, and ¢ = £1 mod 8.

In the above theorem, the notation G% is used to denote a subgroup of
index 2 in G.

3.10.9 Maximal subgroups of unitary groups
The following result is distilled from [108]:

Theorem 3.9. If M is any subgroup of GU,(q) not containing SU,(q), then
either M is almost simple modulo scalars, so that M is the normaliser of
a quasisimple group S, and the representation of S is absolutely irreducible,
unitary, and not writable over any proper subfield of Fy2, or M is contained
in one of the following subgroups:

i k(q) X n—k e stabiliser of a non-singular k-space;
(1) GUk(q) X GUn_k(q), the stabiliser of ingular k-space;
1) q 2.q2k(”_k). GL(¢?) x GU,,_ar(q)), the stabiliser of a totally isotropic
k
k-space, with k < n/2;
(i4i) GUk(q) 1 Sy, the stabiliser of a decomposition as a perpendicular direct
sum of m non-singular k-spaces, with n = km;

w n/2(q).2, the stabiliser of a decomposition as a direct sum of two

v) GL,,, 2).2, th bili d it di
totally isotropic n/2-spaces, if n is even;

v £(q) o GU,,(q), the stabiliser of a tensor product decomposition, wi
GU GU the stabili t duct d it ith
n=km;

(vi) Cq1.(PGUR(q) 1Sm,), the stabiliser of a decomposition as a tensor prod-
uct of m spaces of dimension k, with n = k™;

(vii) GU,,(q").k, the stabiliser of a vector space structure over an extension
field of order ¢®*, with n = mk and k an odd prime;
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(viii) Cq11.PGU,(qo), the stabiliser of a subfield of order qo, where ¢ = go®
and k is an odd prime;
(iz) Cyt1 0 GO;,(q), for any €, if q is odd;
(z) Cyq1 0 Sp,,(q), if n is even;
(21) Cyy10r 2 Spy,. (r), withn = r™, and either r is an odd prime dividing
q+1, orr=2 and ¢ =3 mod 4.

3.10.10 Maximal subgroups of orthogonal groups

We follow the example of Kleidman and Liebeck, and consider separately the
three cases

(i) odd dimension,
(ii) even dimension, minus type, and
(iii) even dimension, plus type.

The structures of the stabilisers of subspaces, and of partitions into non-
singular subspaces, are discussed in Section 3.7.4. The rest of the subgroups
listed here are discussed in Sections 3.10.5 to 3.10.7.

Theorem 3.10. If g is odd, n > 2 and M is any subgroup of GOgp11(q) not
containing Qapn+1(q) then either M is almost simple modulo {£1}, so that M
is the normaliser of a simple group S, and the representation of S is absolutely
irreducible, orthogonal, and not writable over any proper subfield of Fq, or M
is contained in one of the following subgroups:

(i) gFF=1/2 gk (2n=2k+1) (GLy(q) x GOy _ax11(q)), the stabiliser of a totally
1sotropic k-space, with 1 < k < n;
(ii) GO54(q) X GOg(n—k)+1(q), the stabiliser of a non-singular subspace of
dimension 2k and type € (= + or —);
(iti) GOk (q) 1 Sy, with km =2n+1 and m > 1;
(iv) 2 x SOk(q) x SO (q), withkm =2n+1 and 1 <k <2n+1;
(v) 2 x SOk(q) 1S, with K™ =2n+1 and m > 1;
(vi) GO (¢*).k with km = 2n + 1 and k prime;
(vii) GOgp11(q0), with go* = q and k prime.

Notice that the second type of subgroups in this list appears at first glance
to contradict Witt’s Lemma (Theorem 3.4.8), as there are two orbits of the
orthogonal group on non-singular subspaces of each odd dimension. However,
these spaces are not isometric, since the forms on the two spaces differ by
multiplication by a non-square, as described in Section 3.7.4.

Theorem 3.11. If n > 3 and M is any subgroup of GO3,,(q) not containing
05, (q) then either M is almost simple modulo {£1}, so that M is the nor-
maliser of a quasisimple group S, and the representation of S is absolutely
irreducible, orthogonal, and not writable over any proper subfield of ¥y, or M
is contained in one of the following subgroups:
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(i) ¢*F=1/2 g2k(n=k) (GLy(q) x GO;(n_k)(q)), the stabiliser of a totally
isotropic subspace of dimension k, 1 < k <n;
(ii) GOZ;(q) x GOy, (q), with k+m =n and 0 < k < n;
(ii1) GO2m11(q) X GOox41(q) if q is odd, with k + m + 1 = n, and either
k<mork=m and ¢g=1mod 4;
(i) Spoy,—2(q) if q is even;
(v) GO3,.(q) 1 Sy, with km =n and m odd;
(vi) GOk (q) ! Sy, with km = 2n, k and n both odd, and ¢ = 3 mod 4;
(vii) SOm(q) x GOy (q), with km =n, and m and q both odd;
(viii) GO5, (qo) with qo* = q and k an odd prime;
(iz) GOs,,(q%).k with km = n and k prime;
(z) GO, (¢%).2 if n and q are both odd;
(xi) GUp(q).2, if n is odd.

Theorem 3.12. If n > 3 and M is any subgroup of GOJ, (q) not containing
QF (q) then either M is almost simple modulo {1}, so that M is the nor-
maliser of a quasisimple group S, and the representation of S is absolutely
irreducible, orthogonal, and not writable over any proper subfield of ¥y, or M
is contained in one of the following subgroups:

(i) ¢*F=1/2 g2k (k) (GLy(q) x GO;(n,k)(Q)); the stabiliser of a totally
isotropic subspace of dimension k, with 1 < k<n—1ork=n;
(ii) GOZ,.(q) x GO3,.(q), withk+m =mn and 0 < k < n;
(iii) GOy, (q) x GO3,,(q), with k+m =mn and 0 < k < n;
(iv) GOgpm+1(q) X GOaxy1(q) if q is odd, with k +m + 1 = n, and either
k<m ork=m and ¢ =3 mod 4;
(v) SPay,—2(q) if q is even;
(vi) GOZ,(q)  Sm with km = n;
(vii) GOg;(q) 1 Sr with km = n and m even;
(viii) GOk(q) U Sy with km = 2n, k and q both odd, and either n is even or
q =1 mod 4;
(iz) GLy(q)-2;
(z) GU,(q).2, if n is even.
(xi) GO, (¢%).k with km =n and k prime;
(zii) GO, (¢?).2 if n and q are both odd;
(xii1) (Spam,(q) © Spay(q)).2, with n = 2km and k # m;
(ziv) SO, (q) x GOZ,.(q), with km =n, and m and q both odd;
(zv) GOS;.(q) 0 GO32,(q), if q is odd, with 2km = n;
(2vi) 2.(PSpy,, (q).21 Sk) 5 where 2n = (2m)* and either k or q is even;
(zvit) 2.(PGO3,,(q).220 Sk) %, where 2n = (2m)*, q is odd;
(zviii) GO3, (qo) with qo* = q and k prime;
(ziz) GO3,, (qo0) with g0 = q;
(zz) 2£_+2mﬂ2+m (2), with n = 2™~ if q is prime, ¢ = £3 mod 8;
(xxi) 2i+2mGO;m(2), with n = 2m~1 if q is prime, ¢ = +1 mod 8.
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3.11 Generic isomorphisms

We have already proved the generic isomorphisms PSp,(¢) = PSLa(g) in
Section 3.5.1, and PSUs(q) = PSLs(g) in Section 3.6. Here we consider the
orthogonal groups, many of which are isomorphic to other classical groups.
Indeed, all those in dimension up to 6 have other names as follows:

PQ4(q) = PSLa (),

PQS (q) = PSLa(q) x PSLa(q),

PQy (q) = PSLa(¢?),

PQs5(q) = PSpy(q),

PQJ (q) = PSLy(q),

PQg (q) = PSU4(q). (3.57)

A holistic view of these isomorphisms may be achieved by a thorough under-
standing of triality (see Section 4.7), but for the moment we adopt a more
concrete, case-by-case, representation-theoretic approach. We construct cer-
tain representations of the groups on the right-hand side, using tensor prod-
ucts and symmetric and skew-symmetric squares. We then show that these
representations support quadratic forms of the appropriate types, whence the
isomorphism follows from the fact that the two groups have the same order.

3.11.1 Low-dimensional orthogonal groups

The first three cases in (3.57) all concern groups of type PSLy(q) = PSp,(q),
and can be treated similarly. Take two 2-dimensional spaces V; and Vs, with
bases {e1, f1} and {ea, f2}, say, and put a symmetric bilinear form h on V; ®Va,
as in Section 3.10.5, by defining h(z®y, 2®t) = by (x, 2)ba(y, t), where b; is the
alternating bilinear form on V; defined by b;(e;, f;) = 1. First let Vi = V2 =V
be the natural module for SLa(q), with ¢ odd, and let W be the submodule
of V®V spanned by e; ® €1, €1 ® f1 + f1 ® e1 and f; ® f1. (Thus W is the
symmetric square of V.) The above form h restricts to W as the form with

0 0 1
matrix [ 0 —2 0 |, and it is easy to check that this form is invariant under
1 0 0

the generators ey — e; + Af; and e; < f1 of SLa(g), which act respectively
as the matrices

1A A 0 0 1
0 1 2x] and [0 -1 O
0 0 1 1 0 0

Since —1 in SLy(q) acts trivially, we have an embedding of PSLy(q) in GO3(q),
and by comparing orders we have PSLy(q) = Q3(q), for ¢ odd.

In the second case, let V7 and V5 be natural modules for two distinct copies
of Spy(q) = SLa(q), so that V3 ® Vo becomes a module for SLy(gq) x SLa(q),
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with (—1,—1) acting trivially. In characteristic 2, define the quadratic form
Q@ with h as associated bilinear form by

Qe1 ®e2) = Qe1 ® fa) = Q(f1 ®e2) = Q(f1 ® f2) = 0.

It is easy to see that the quadratic form is of plus type, as e; ® e3 and €1 ® fo
span a totally isotropic 2-space. To check that the form is invariant under
the group it suffices (by symmetry) to check invariance under the element
e1 — e; + Af1. This is left as an exercise. It follows that SLs(q) o SLa(q)
embeds in GO} (¢), and PSLa(q) x PSLa(q) = PQJ (q).

In the third case, take Vi to be the natural module for SLy(g?), and V5
to be its image under the field automorphism x — 29 = T. Thus the element
e1 — e1 + Af1 acts as ex — es + ng. Now take the IF -space spanned by
e1 ® ez, f1 ® fo, and pe; ® fo + [f1 ® eg, for p € Fpe, and observe that
this has dimension 4 over F,. Again in characteristic 2 define () to be 0 on
the simple tensors. Moreover, the first two basis vectors are non-orthogonal
isotropic vectors, so span a 2-space of plus type, whose orthogonal complement
consists of the remaining listed vectors. These last satisfy

Qper ® fa +ifi ®ez) = —pE # 0 (3.58)

(for any u # 0), so form a 2-space of minus type. It is easy to check that the
generators e; — f; — —e; and e; — e; + \; f; of SLa(g?), where Ay = (A\1)9,
preserve this subspace. Therefore by order considerations PQ} (q) = PSLa(q?).

3.11.2 The Klein correspondence

The last three isomorphisms in the list (3.57) all concern groups acting on
4-spaces, and can be treated similarly. I shall call these three isomorphisms
collectively the Klein correspondence, although this name is sometimes re-
stricted to the case PQ{ (q) = PSL4(q). They can be proved by putting a
rather different quadratic form on the skew-symmetric square of the natural
4-dimensional module. If {e1,...,e4} is a basis for the natural module V' of
SL4(q), define e;; = e; ® e; —e; R e; = —ej;. (We shall sometimes write e; Ae;
instead of e;;.) Then it is easy to check that {e;; | i < j} forms a basis for
a 6-dimensional subspace of the tensor product V ® V, invariant under the
induced action of SLy(g). This space is called the skew-symmetric square (or
exterior square) of V, and is denoted A%(V). It supports an inner product (i.e.
a non-singular symmetric bilinear form) g defined by

gleij,er) = 1if 4,4, k, 1 is an even permutation of 1,2,3,4,
g(eij,ekl) = —1 if it is an odd permutation, and
g(eij,ext) = 0 otherwise. (3.59)

To check this is invariant under the action of the group it is enough by sym-
metry to check the map e; — e; + Aeg, which acts on A%(V) as
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e13 — €13 + Aeas,
e14 — e14 + Aeay,
eij — e;; otherwise. (3.60)

All inner products are obviously unchanged by this map, except g(e1s,e14)
which goes to g(ejs + Aeas,e1q + Aeas) = A(g(eas,e1q) + glers, eas)) = 0.
Finally we see that the space spanned by ejs, e13, €23 is an isotropic subspace
of dimension 3, so this quadratic form is of plus type, and since the two
groups have the same order it follows that PQZ (¢) = PSL4(q), for ¢ odd. In
characteristic 2 we define the quadratic form @ with associated bilinear form
g by Q(e;;) = 0, and then the same argument proves that PQg¢ (¢) = PSLy(q)
also for ¢ even.

Restricting to the subgroup Sp,(q) of SL4(q) in the case ¢ odd, we might
as well choose e3 = fo and e4 = f1 to get a symplectic basis. Then the
symplectic form on V is a bilinear map f, which gives rise to a linear map
f* on the skew-symmetric square via f*(v @ w — w @ v) = f(v,w). We have
to check that f* is well-defined, using the fact that f is bilinear and skew-
symmetric. Moreover, the kernel of f* is a 5-dimensional subspace, specifically
the perpendicular space to e14+e23, spanned by e12, €13, €24, €34 and e14 —ea3.
Again by comparing orders we obtain PSp,(¢) = PQ5(q), for ¢ odd.

Finally we work inside the Klein correspondence PSL4(¢?) = PQg (¢?) to
show that PSU4(q) = PQg (¢). This time pick eq, ..., es to be an orthonormal
basis with respect to the sesquilinear form, and consider the 6-space over I,
spanned by the vectors Ae;; + Aeg, where (i, j, k,1) is any even permutation
of (1,2,3,4) and X = A9 for \ € F,2. We calculate the natural inner product
g on the 6-space by

g(Neij + Negr, e + fiep) = NI+ A
=t + X e Fy, (3.61)

and for A = p this is always non-zero, so for each choice of 7, j, k, [ the 2-space
{Xeij + Aewi | A € Fp2} supports a quadratic form of minus type over I, for
q odd. The corresponding result in characteristic 2 is

Q()\eij + Xekl) =\ =\t #0. (3.62)

Thus on the whole 6-space we have a quadratic form of minus type. It is
obvious that the 6-space is invariant under even permutations of ey, ..., ey,
and it is easy to check invariance under the elements g,g defined by

e1 — aer + feg,
eo — —[Be; + tes (3.63)

(for any « and 3 satisfying a@ + 83 = a't9 + g1+ = 1), which are suffi-
cient to generate the full group SU4(¢q). Again by comparing orders we obtain
PSU4(q) = PQg (q), for all g.
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3.12 Exceptional covers and isomorphisms

The rest of this chapter is concerned with what might be termed ‘sporadic’
behaviour of classical groups, that is, special properties of individual groups
that are different from the generic properties of the families of groups. Most, if
not all, of this material is important for the study of sporadic simple groups,
and some of it will also be used in Chapter 4 for constructing exceptional
groups of Lie type.

We shall sketch constructions of some of the exceptional covers, and
prove all the remaining isomorphisms among classical groups. We have al-
ready proved PSLs(4) = PSLo(5) & A5 and PSL2(9) = Ag in Section 3.3.5
and Sp,(2) & Sg in Section 3.5.2, so we shall begin with the isomorphisms
Ag = PSL4(2) and PSLo(7) = PSL3(2). Then we use the ‘hexacode’ and
the construction of the spin groups to construct 32-PSU4(3) and 42-PSL3(4).
We use the Weyl groups of types Eg, E; and Eg to construct the excep-
tional covers 2:PSU4(2), 2:Spg(2) and 22:QF (2), and (using Eg) to prove that
PSp,(3) =2 PSU4(2).

The other exceptional covers 22:PSUg(2) and 3-P€27(3) are unfortunately
out of our reach at this stage, although they are of crucial importance when
it comes to studying the sporadic Fischer groups (see Section 5.7). Indeed,
our construction of Fisy in that section contains a proof of the existence of
22-PSUg(2), although one might prefer a more direct proof.

3.12.1 Isomorphisms using the Klein correspondence

To show that Ag = QF(2) (and hence by the Klein correspondence Ag =2
PSL4(2)), consider the permutation representation of Ag written over the
field of order 2. There is a natural inner product Zle x;y; on this space, and
the vector vo = (1,1,1,1,1,1,1,1) and its orthogonal complement are fixed
by the action of Ag. Thus there is an induced action of Ag (indeed Ss) on
the 6-space vo™/(vo). This space not only inherits the inner product, but also
supports a quadratic form under which the vectors with 2 (or 6) non-zero
coordinates have norm 1, while those with 4 non-zero coordinates have norm
0. This quadratic form is non-singular of plus type as the images of the vectors
(1,1,1,1,0,0,0,0), (1,1,0,0,1,1,0,0), and (1,0,1,0,1,0,1,0) span a totally
isotropic 3-space. Therefore Sg is a subgroup of GOg‘ (2) and by comparing
orders we have Sg = GOF(2) and Ag = QF (2). (An alternative proof of the
isomorphism Ag = PSL,4(2) is given in Section 5.2.6, using the Mathieu group
M24.)

The isomorphism PSLy(7) = PSL3(2) can be seen in the same setting, by
labelling the coordinates with the 8 points c0,0,...,6 of the projective line
over F7. Any such labelling will do. For example if we label the coordinates in
the order oo, 0, 1, 3, 2, 6, 4, 5 then the above totally isotropic 3-space is in-
variant under the action of PSLy(7) permuting the coordinates. Alternatively,
you may prefer the order oo, 0, 1, 2, 3, 4, 5, 6, in which case PSLs(7) acts
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on the 3-space spanned by (1,1,1,0,1,0,0,0) (modulo complementation) and
its images under rotations of the last 7 coordinates. It is then easy to check
that the resulting homomorphism PSLy(7) — PSL3(2) is onto, and since the
groups have the same order they are isomorphic.

3.12.2 Covering groups of PSU4(3)

Next we sketch a construction of 3:PSU4(3), from which we obtain 32-PSUy4(3)
by applying an automorphism of PSU,(3) which does not fix the triple cover.
Indeed, we first construct 6:PSU4(3), and then take the quotient by the cen-
tral involution to obtain 3:PSU,(3). Recall the construction in Sections 2.7.3
and 2.7.4 of 3-Ag and 3-A7 as groups of symmetries of sets of vectors of
shape (2,0,0,0,0,0) and (0,0,1,1,1,1) and (0,1,0,1,w,w). Now extend this
set of vectors by allowing sign changes on the 6 coordinates independently.
Thus the group of monomial symmetries of this enlarged set {2 of vectors is
a group of shape 2:3- Ag = 6-(2°:Ag). There are two orbits of this group on
£2: up to scalars there are 6 vectors of shape (2,0,0,0,0,0) and 120 of shape
(0,0,1,1,1,1). We also see a group 3- A7, and in fact the groups 6.2° Ag and
3: A7 together generate 6'PSU,(3).2. However, we do not use this, and instead
show directly that the full group of symmetries of {2 is 6-PSU,4(3).2.
The (complex) reflection in a vector v is defined by the formula

T x— QBU, (3.64)
v

in which x.v denotes the complex inner product Y z;7;. [The complex reflec-
tions defined here have order 2. Often a more general definition of a complex
reflection of order n is used, which is given by the formula

T
z—z—(1-X) v (3.65)
where A is a primitive nth root of unity.]

It is straightforward to verify that (2 is invariant under reflection in
(0,0,1,1,1,1). [By symmetry it is only necessary to look at the images of
(0,0,2,0,0,0), (0,0,—1,1,1,1), (1,1,1,1,0,0) and (0,1,0, —1, w,w), which we
leave as an exercise for the reader.] Hence the set {2 is invariant under reflec-
tion in any element of 2. Moreover, the group of symmetries is transitive on
the 126 vectors (counting modulo scalars). Indeed, it is transitive on pairs of
mutually orthogonal vectors (up to scalars), and even on triples of mutually
orthogonal vectors (again up to scalars). Finally, each such triple extends to
a unique coordinate frame of six mutually orthogonal vectors, and therefore
the group of symmetries is transitive on these coordinate frames.

Now the number of these (ordered) triples is 126.45.12 so the number
of coordinate frames is 126.45.12/6.5.4 = 567 and hence the order of the
symmetry group is 567.26.3.360 = 2°.37.5.7. Taking the subgroup of index 2
consisting of the elements of determinant 1, and factoring out by the scalar
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group of order 6, we obtain a group of order 27.36.5.7 = 3265920 which we
shall show is isomorphic to PSU4(3) (or rather PQg (3), which by the Klein
correspondence (Section 3.11.2) is the same thing).

For if we take A to be the Z[w]-span of the set 2 of vectors, and let
0 = w—w = /=3, then as an additive group the quotient A/0A is elementary
abelian of order 3. Therefore it is naturally a 6-dimensional vector space over
F3, and we may as well take as basis vectors the images modulo # of the vectors
of shape (—2, 0°) in A. With respect to this basis the complex inner product on
A reduces to the symmetric bilinear form > x;y;, and the norm on A reduces
to the quadratic form Y x;%, which is of minus type (see Section 3.4.6). The
set {2 of vectors maps to the set of all vectors of norm 1, that is vectors of
shape (41, 0%) or (+1%,0?), and the complex reflections induce Fz-reflections
in all these vectors. Moreover, the only symmetries of A which act trivially on
A/BA are the scalars 1,w,w, so the image of our reflection group in GOyq (3)
is a group of order 28.3%.5.7, and therefore of index 2. The claim follows.

A similar analysis of A/24 reveals that A/2A is naturally a 6-dimensional
vector space over Fy, where the complex scalars w,w map to w,w € Fy (hence
our use of the same symbols for both concepts). The complex inner product
then reduces to a non-singular conjugate-symmetric sesquilinear form over Fy,
so that the image group is a subgroup of SUg(2). Since only the scalars +1 act
trivially on A/2A, we obtain an embedding of 3:P§g (3):2 into SUg(2), and
hence an embedding of P25 (3):2 in PSUg(2), as a subgroup of index 1408. In
this case the complex reflections induce (some of the) unitary transvections.

The Atlas [28] describes several different bases for the 6-dimensional rep-
resentation of 6:PSU,(3).2, exhibiting various different subgroups. In order
to simplify the construction of 6:PSL3(4) in the next section, we briefly de-
scribe one more of these. We leave it as Exercise 3.40 to show that these
constructions are equivalent.

In this case the monomial subgroup has the shape 6.2%.Sg, generated by
scalars, sign-changes on an even number of coordinates, and all coordinate
permutations. The 126 distinguished 1-spaces are spanned by (2,2,0,0,0,0)
and (6,1,1,1,1,1) and their images under the monomial group. As before,
the group is generated by the reflections in these vectors. This time when we
reduce modulo 6, taking as basis the vectors of shape (4,0%), we find that the
distinguished vectors map to all the vectors of norm 2 over 3, that is the
vectors of shape (£12,0%) and (#1°,0). More about this complex reflection
group can be found in Section 5.7.2, where it is used in the construction of
the Fischer group Fias.

3.12.3 Covering groups of PSL3(4)

To see the subgroup 6:PSL3(4) of 6:PSU4(3), we fix a suitable partition of the
126 1-spaces given above into 21 ‘coordinate frames’, each frame consisting
of 6 mutually orthogonal 1-spaces. This is easiest to do in the second basis,
given at the end of Section 3.12.2. First pick a subgroup 6.2*.PSLy(5) of the
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monomial group 6.2%.Sg, so that we can label the 6 coordinates with the
points of the projective line {00,0,1,2,3,4} (in any order we like—so let us
take this order). Now any pair of points determines a syntheme (a partition of
the points into three pairs), so any vector of shape (2,2,0,0,0,0) determines
six such vectors, up to scalar multiplications, forming an orthogonal basis.
Since there are 30 such 1-spaces altogether, they form five coordinate frames.

Similarly, the other 96 1-spaces form 16 coordinate frames, each fixed by
a complementary PSLs(5). However, we have to be careful here because there
are four conjugacy classes of PSLy(5) in the monomial group 6.24.PSL»(5), and
we have to get the right one! In particular, we cannot use the PSLy(5) consist-
ing of pure permutations. Instead, take the PSLo(5) generated by (0,1,2,3,4)
and the product of (c0,0)(1,4) with the sign-change on coordinates 2 and 3.
This fixes the coordinate frame consisting of (6,1,1,1,1,1) and the images
of (1,6,1,—1,—1,1) under rotation of the last five coordinates. The other 15
coordinate frames are obtained by even sign-changes from this one.

Looking at the coordinate frames of vectors of shape (2,2,0,0,0,0) we see
that the product of the reflections in two vectors in a frame is an element of our
monomial group 6.2*.PSLy(5). So if we do the same for the other coordinate
frames, we will obtain generators for 6.PSL3(4). To prove this, we need to
verify that such elements do indeed preserve the given coordinate frames. By
symmetry, it is enough to consider the product of reflections in the two vectors
(0,1,1,1,1,1) and (1,0,1,—1,—1,1). This calculation is left to the reader.

Finally, we need to show that the 21 coordinate frames have the structure
of a projective plane of order 4. The line through two points in the projective
plane contains three more points, and the corresponding coordinate frames are
obtained by applying the above operation defined by one coordinate frame,
to the other. That is, pick two vectors in one frame, and apply the product of
the reflections in these vectors to the other frame. Again, there is quite a lot
of calculation involved in checking these assertions.

In particular we have an embedding of 2'PSL3(4) into 2°PSU4(3) = Qg (3).
This gives rise to an embedding of 4-PSL3(4) in the corresponding spin group,
which is isomorphic to SU4(3). (Note that the central involution lifts to an
element of order 4 in the spin group.) Now we observe that this covering group
4-PSL3(4) is not preserved by a diagonal automorphism of PSL3(4) (of order
3), and hence we get another (isomorphic) 4-fold cover. Putting these together
we obtain 4%-PSL3(4).

The sextuple cover 6'PSL3(4) is also visible inside the exceptional dou-
ble cover 2:G5(4), which is described in Section 5.6.8, using a quaternionic
extension of the above construction. Note that this allows us to see both
bases simultaneously: the basis described in this section is obtained by taking
the vectors in (5.66) whose coordinates lie in Z[w], while the basis described
in Section 3.12.2 is obtained by taking the vectors whose coordinates lie in
(1+14)Z[w].
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3.12.4 The exceptional Weyl groups

In Chapter 4 we shall need a lot of detailed information about the exceptional
Weyl groups, namely those of types Go, F4, Eg, E; and Eg, which were intro-
duced briefly in Section 2.8.4. We collect some of this information here for
convenience. Since Weyl groups are reflection groups, and reflections are or-
thogonal transformations of real Euclidean space, it is hardly surprising that
orthogonal groups turn up again in this context.

The Weyl group of type Go is the group of symmetries of a regular hexagon,
and is isomorphic to D15. It is generated by reflections in two vectors at an
angle of 5m/6 to each other. One of these is a short root, and the other is a
long root, whose length is v/3 times that of the short roots. The six short roots
are the vertices of the hexagon; the six long roots are twice the midpoints of
the edges (i.e. the sums of two short roots adjacent on the hexagon).

The Weyl group of type F4 is generated by the four reflections in the
vectors (—1,1,0,0), (0,—1,1,0), (0,0,—1,0) and (%, %, %, %), corresponding
to the nodes of the Dynkin diagram below.

(_1a15070) (Oa_17170) (07Oa_170) (%7%7%7%)
¢ '#:' c (3.66)

The 24 long roots are all the vectors of shape (+1,+1,0,0), and the 24
short roots are 8 of shape (+£1,0,0,0) and 16 of shape (i%,i%,i%,i%). If
we reduce the coordinates modulo 3 we see that the generating reflections
of W(F4) map to all the generating reflections of GOJ (3), and therefore
W (F4) = GOJ(3). This interpretation shows that W (F,) has the structure
(2-A4 0 2-A4):22. This orthogonal group has an outer automorphism which
multiplies the quadratic form by —1, and this can be lifted to an ‘automor-
phism’ of Fy which swaps the long roots with the short roots, and which is
crucial in the construction of the exceptional groups of type 2F; (see Sec-
tion 4.9). Of course, this automorphism cannot be realised by an isometry of
the Euclidean space, but it may be realised by applying a matrix such as

-1
0
0

OO = =
—_ o O
_ =0 O

-1

and then dividing the long roots by 2 so they become short roots. Indeed,
it is not uncommon to coordinatise F, so that the short roots have shape
(£1,+1,0,0) and the long roots have shape (£2,0,0,0) and (£+1,+1,+1, +1).

Note that the subgroup of W (F,) generated by reflections in the short
roots only (or the long roots only) is isomorphic to W (D4), and the quotient
W (F4)/W (D4) = S5. Indeed, these two normal subgroups isomorphic to W (Dy)
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intersect in an extraspecial group 2_1‘_+4, and W (F4) has the shape 2?4:(53 X
S3).

We treat the Weyl groups of types Eg, E7, Eg together. There are vari-
ous different coordinate systems in common use, each of which has its own
advantages and disadvantages. The easiest to describe is the one in which
2 .22 = 112 of shape (+1,+1,0,0,0,0,0,0) and
27 =128 of shape (+3,+3, +1 +1 +1 +1 41 +1) with an odd number of
+ signs. (Alternatively, take the ones with an even number of + signs.) We
can then label the 8 nodes of the Dynkin diagram with the roots as follows:

the reflecting vectors are

1,1,0,0,0,0,0,0
0,-1,1,0,0,0,0,0
~1,1,0,0,0,0

0,0,0,0,—1,1,0,0
0,0,0,0,0,—1,1,0

(- )
( )
(o, )
(0,0,0,—1,1,0,0,0)
( )
( )
(0,0,0,0,0,0,—1,1)

(3.67)

Another basis is described in Section 4.4.2, in which there are 16 roots of
shape (£1,0,0,0,0,0,0,0) and 224 of shape (+3,+3,+3,+3,0,0,0,0).

Now consider the root lattice modulo 2: that is, we take all Z-linear
combinations of the roots, and define two such vectors to be equivalent if
their difference is twice a lattice vector. The Euclidean norm (divided by
2) gives a non-degenerate quadratic form on the resulting 8-dimensional Fa-
vector space. The subspace consisting of the images of (2,0,0,0,0,0,0,0) and
(1,1,1,0,+1,0,0,0), together with rotations of the last seven coordinates, is
a totally isotropic 4-space, so this quadratic form is of plus type. Moreover,
the 240 reflecting vectors map to the 120 vectors of norm 1, and the reflec-
tions induce orthogonal transvections in these 120 vectors. Thus the image of
W (Eg) under reduction modulo 2 is GO (2). The kernel of this action is just
{#£1}, and we have that W (Eg) = 2:GOjg (2) = 2:Qf (2):2.

This gives us a double cover 2:QF (2), acting as an orthogonal group in
characteristic 0. Either by lifting to the characteristic 0 spin group, using a
Clifford algebra construction analogous to that given in Section 3.9, or by
first reducing modulo an odd prime p and then using the p-modular Clifford
algebra, we obtain the full cover of shape 22:QJ (2). (Another approach is to
use triality, as in Section 4.7.2.)

Similarly we find that W(E7) = 2 x 27(2) = 2 X Spg(2), represented as a
7-dimensional orthogonal group in characteristic 0 or in characteristic p for
any odd prime p, and lifting to the spin group again gives us a construction of
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2:Spg(2). Also W (Eg) = GOg (2) = PSU4(2):2, and lifting to the spin group
gives us 2°PSU4(2).

Finally we take W (Eg) and reduce modulo 3. If v and w are adjacent nodes
in the diagram, i.e. f(v,w) = —1, then reflection in v maps w to w + v. If the
vectors corresponding to the nodes of the diagram are a, b, ¢, d, e, f, as follows,

If
° 3 oo

a b c d e
then it is easy to check that the vector a —b+d — e is fixed modulo 3 by all the
fundamental reflections. Since this vector is non-isotropic, its perpendicular
space is non-singular, so there is a natural map W(Egs) — GOs5(3). We may
readily check that this map is onto a subgroup isomorphic to SO5(3) and its
kernel is trivial, so that W (Eg) = SO5(3) and therefore

PSUL(2) = Q5 (2) = W (Eg)' = PQ5(3) = PSp,(3). (3.68)

Further reading

The classic text on the classical groups is L. E. Dickson’s 1901 book ‘Linear
groups with an exposition of the Galois field theory’ [48], but of course it is
rather dated. An often cited reference is Dieudonné’s book ‘La géométrie des
groupes classiques’ [52], which gives a concise and elegant treatment. It does
not claim to give detailed proofs for all the results, but the 3rd edition does
include a full discussion of the automorphism groups of the classical groups.
More recent books which I have consulted, and where the reader may find some
of the details which I have perhaps glossed over, include Don Taylor’s book
‘The geometry of the classical groups’ [162], which is a thorough treatment
of all the classical groups, and concludes with a construction of the Suzuki
groups, as well as Peter Cameron’s unpublished ‘Notes on classical groups’ [20]
which emphasise the projective geometries and projective groups, and Larry
Grove’s book ‘Classical groups and geometric algebra’. This last is written at
a fairly elementary level and does not cover as much material as is in this
Chapter, though it does discuss Clifford algebras in characteristic 2, and uses
them to give a nice definition of the quasideterminant. Another useful book
is Alperin and Bell’s ‘Groups and representations’ [2]. The ‘Atlas of finite
groups’ [28] is a good reference for the basic facts, uncluttered by any proofs.

For background in representation theory, which is needed in some of the
later sections in this chapter, the reader wishing for an elementary but reason-
ably comprehensive introductory text will not be disappointed by James and
Liebeck ‘Representations and characters of groups’ [98]. At a higher level of so-
phistication, I recommend Serre’s ‘Représentations linéaires des groupes finis’
[152], or the English translation of the second edition. A more comprehensive
treatment is given by Curtis and Reiner [47], but perhaps less daunting for
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the novice is Dornhoff [54]. The representation theory of the general linear
groups is treated in the seminal work of Green ‘Polynomial representations of
GL,,’ [68]. Feit’s ‘The representation theory of finite groups’ is a comprehen-
sive treatment of the state of the art of modular representation theory in the
early 1980s.

The book ‘The subgroup structure of the finite classical groups’, by Klei-
dman and Liebeck [108], contains a comprehensive and detailed account of
the Aschbacher—Dynkin theorem and its consequences for the subgroup struc-
ture of the classical groups over finite fields. It also contains a concise general
introduction to the classical groups. For an approach to classical groups via
Lie algebras, where the notion of BN-pair has its natural home, see Carter
[21]. More abstractly, this leads on to the theory of buildings, see for example
Brown [16] or Ronan [147]. Closely related to this is the theory of generalised
polygons (roughly speaking, these are buildings of rank 2), for which see van
Maldeghem’s ‘Generalized polygons’ [168] and ‘Moufang polygons’ [167] by
Tits and Weiss. In another direction, the recent book by Geck [65] approaches
the finite classical and exceptional groups from the algebraic group point of
view.

Exercises

3.1. Compute the addition and multiplication tables for the fields

(i) Fy = Fa[2]/ (22 + 2 + 1);
(ii) Fs = Fa[a]/(2® + 2 +1);
(iii) FQ = F3[q}]/(x2 + 1).

In each case compute the Frobenius automorphism as a permutation of the
elements.

3.2. Let G = GL,(q). Prove that Z(G) = {\I,, | 0 # X € F,}, where I, is the
n X n identity matrix.

3.3. Prove the following variant of Iwasawa’s Lemma: Suppose that G is a
finite perfect group acting faithfully and primitively on a set {2, and sup-
pose that the stabiliser of a point has a normal soluble subgroup S, whose
conjugates generate G. Then G is simple.

3.4. Use Iwasawa’s Lemma to prove simplicity of the alternating groups A,
for n > 5. Where does your proof break down for n < 47

[Hint: use the action of A, on unordered triples from {1,2,...,n}, unless
n=6.]

3.5. Let A be a k x k matrix, B a k x m matrix and C' an m X m matrix over

a field F'. Show that det (g g) =det A.det C.
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B C
)} =~ FFm and a subgroup L =

Deduce that the group G of invertible matrices of the shape <A 0

I, 0
B I,

A 0 ~
{(0 C)} >~ GLg(F) x GL,, (F).
Show also that G is a semidirect product of @) and L.

has a normal subgroup @ = {(

3.6. How many k-dimensional subspaces are there in a vector space of dimen-
sion n over the field of ¢ elements?

3.7. Prove that the maximal parabolic subgroups of GL,(g), as defined in
Section 3.3.3, are maximal subgroups of GL,(q).

3.8. Show that every parabolic subgroup in GL,(q) is a semidirect product
of a p-group by GL,,(q) X -+ x GL,,,(q), where ny + -+ + n, = n.

3.9. Prove that XL, (q) as defined in Section 3.3.4 is well-defined up to iso-
morphism.

3.10. Verify that conjugation by (_01 é) maps every element of SLy(q) to

its inverse-transpose.

3.11. Show that PSLz(q) is generated by the maps z — z + 1, z — A2z and
z — —1/z on PL(q), where X is a generator for the multiplicative group of
the field F,.

3.12. (i) Perform the calculations required in the proofs that PSLy(5) = As
and PSL2(9) = Ag in Section 3.3.5.

(ii) Perform the calculations required in the construction of the actions of
PSL3(11) on 11 points in Section 3.3.5.

3.13. Show that in V = F4> there are 21 1-spaces (‘points’) and 21 2-spaces
(‘lines’), that every line contains 5 points and that every point lies in 5 lines.

3.14. Show that both Asg and PSL3(4) have order 20160, but that they are
not isomorphic.

3.15. Show that if f is any bilinear or sesquilinear form on a vector space V,
and St = {v € V| f(u,v) =0 for all u € S}, then S* is a subspace of V.

3.16. Let H be a Hermitian form on a vector space V' over the field Fg 2, and
let  denote the field automorphism A — M. Use the expansion in (3.18) of
H(u+v) and H(u + Av), where XA # A, to derive a formula for f in terms of
H.

3.17. Show that if f is a non-singular bilinear or sesquilinear form, and U is
a subspace of V, then (U+)+ = U and dim(U) + dim(U+) = dim(V). Deduce
that f UNUL =0then V=Ua U~ .
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3.18. Let f be a non-singular alternating bilinear form on a vector space
V' of dimension 2m over F,. If & < m, how many non-singular subspaces
of dimension 2k are there in V7 How many totally isotropic subspaces of
dimension k are there?

3.19. Verify that Sg and Sp,(2) have the same order.

3.20. Show that the symplectic transvections T,,(\) : ¢ — x + Af(z,v)v pre-
serve the alternating bilinear form f.

3.21. Verify that the symplectic transvections are commutators in Sp,(3) and
Sp(2).

3.22. Show that the transvections T,,(A) : © — x+ A\ f(z,v)v preserve the non-
singular conjugate-symmetric sesquilinear form f if and only if A9~ ! = —1.

3.23. Let V be a 3-dimensional space over Fy = {0,1,w,w?}, and let f be
a non-singular conjugate-symmetric sesquilinear form on V. Show that there
are 21 one-dimensional subspaces of V', of which 9 contain isotropic vectors
and 12 contain non-isotropic vectors.

3.24. From the previous question we get an action of GU3(2) (and PGUj3(2))
on the set of 9 isotropic 1-spaces in V. Show that this action is 2-transitive,
and that [PGU3(2)| = 216.

Deduce (from the O’Nan—Scott theorem, or otherwise) that the resulting
subgroup of Ay is the ‘affine’ subgroup (C5 x C5):SLy(3).

3.25. Prove the equivalence of the following alternative definitions of the Frat-
tini subgroup ¢(G).

(i) 2(G) is the intersection of all the maximal subgroups of G.
(ii) @(G) is the set of non-generators of G, where « € G is a non-generator if
for all subsets X C G, (X) =G = (X \ {z}) =G.

3.26. Prove that ¢(G) is nilpotent.
3.27. Prove that if G is nilpotent then ¢(G) > G'.

3.28. Show that the 2-dimensional orthogonal groups are dihedral: GO (¢) =
Dy q—1) and GO3 (q) = Dy(441), both for ¢ odd and ¢ even.

3.29. Show that the long root subgroup {7}, ,(A) | A € F'} in an orthogonal
group in odd characteristic depends only on the totally isotropic subspace
(u,v) and not on the vectors u, v.

3.30. Prove the isomorphism Qg,,4+1(q) = Spa,,,(q) for g even.

3.31. Prove Witt’s Lemma for quadratic forms in characteristic 2 (see Sec-
tion 3.4.7).
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3.32. Prove that the group generated by the orthogonal transvections in
GO3,,(q), ¢ even, is transitive on the vectors of norm 1, except in the case
n = 2, ¢ = 2. Deduce, by induction on n, that these transvections generate
GO3,(q)-

3.33. Prove that if ¢ is even and n > 3 then 05, (¢) is simple.

3.34. Show that the centre of the Clifford algebra C'(V') has dimension 1 if
dim V is even, and dimension 2 if dim V is odd.

3.35. Prove that Q(vw) = Q(v)Q(w) inside the Clifford algebra C(V'), for all
v,w € V. Generalise to Q(zy) = Q(z)Q(y) for all x,y € C(V).

3.36. Compute the Clifford algebra C(V,Q) where dimV = 4 and @ is a
quadratic form of plus type, as an algebra of 4 x 4 matrices.

Find non-singular subspaces W of dimension 3 and X of dimension 2 and
minus type, inside V, and compute C(W) and C(X) as subalgebras of C(V).

3.37. Write down (complex) 2 x 2 matrices generating (i) Dg and (ii) Qs.
Hence obtain 4 x 4 matrices generating (iii) 2}t* and (iv) 2"+*.
Now do the same over I, for ¢ = 1 mod 4, and then for ¢ = 3 mod 4.

3.38. Find 3 x 3 matrices (i) over F; generating 31", and (ii) over Fig gen-
erating 31+2,

3.39. By interpreting 0, 1, w and @ as the elements of the field of order 4 (i.e.
by reducing Z[w] modulo 2), show that 3 Ag is a subgroup of SUg(2). Show
also that the set of 45 vectors given in Exercise 2.39 span a 3-dimensional
subspace modulo 2, and deduce that 3: Ag embeds in SL3(4).

3.40. By finding an explicit base-change matrix, or otherwise, show that the
two sets of 6 x 126 vectors constructed in Section 3.12.2 are isometric to each
other in C® with its usual inner product (up to an overall scale factor).

3.41. Complete the construction of 6:PSL3(4) by computing the 21 coordinate
frames mentioned in Section 3.12.3 and defining the projective plane structure.

3.42. Show that the short roots of the Go root system form a root system of
type As. Do the same for the long roots.

3.43. Show that the short roots of the Fy root system form a root system of
type Dy4. Do the same for the long roots.

Find a labelling of the Dy diagram with short roots of Fy, and find three
reflections in W (F4) which generate the S5 of diagram symmetries.






4

The exceptional groups

4.1 Introduction

It is the aim of this chapter to describe the ten families of so-called ‘exceptional
groups of Lie type’. There are three main ways to approach these groups. The
first is via Lie algebras, as is wonderfully developed in Carter’s book [21].
The second, more modern, approach is via algebraic groups (see for example
Geck’s book ‘Introduction to algebraic geometry and algebraic groups’ [65]).
The third is via ‘alternative’ algebras, as in ‘Octonions, Jordan algebras and
exceptional groups’ by Springer and Veldkamp [158]. I shall adopt the ‘al-
ternative’ approach, for a number of reasons: although it lacks the elegance
and uniformity of the other approaches, it gains markedly when it comes to
performing concrete calculations. We obtain not only the smallest represen-
tations in this way, but also construct the (generic) covering groups, whereas
the Lie algebra approach only constructs the simple groups.

Our approach is analogous to studying the special linear group SL,,(q) via
its natural action on the vector space of dimension n, while the Lie algebra
approach means studying PSL,(¢) via its action by conjugation on the n x n
matrices of trace 0 (the Lie algebra, of dimension n? — 1), and the algebraic
group approach studies SL,,(¢) via its defining equations (det z = 1, a polyno-
mial equation of degree n in n? variables). The price we pay for this concrete
approach is having to study six families of classical groups separately, as well
as ten families of exceptional groups.

From the Lie algebra point of view, the exceptional groups are of three
different types. Most straightforward are the five families of Chevalley (or
untwisted) groups Ga(q), F4(q), and E,(q) for n = 6,7, 8. Next in difficulty are
the Steinberg—Tits—Hertzig twisted groups ® Dy (q) and 2 Eg(q) which also exist
for any finite field F,, and whose construction is analogous to the construction
of the unitary groups from the special linear groups. Finally there are the three
families of Suzuki and Ree groups 2B,(22"t1) = Sz(22nH1) 2G,(32nHl) =
R(32"*1) and 2F,(22"t1) = R(22"*1), which only exist in one characteristic.
In each case the group is not simple if n = 1: the derived group 2Fy(2)’

R.A. Wilson, The Finite Simple Groups,
Graduate Texts in Mathematics 251,
(© Springer-Verlag London Limited 2009
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has index 2 in 2F4(2), and is a simple group known as the Tits group, not
appearing elsewhere in the classification.

We shall treat these ten families in order of (untwisted) Lie rank, that
is, the integer subscript in the name, as the smaller rank cases are generally
easier to understand. We begin by giving a more-or-less complete and quite
elementary description of the Suzuki groups as groups of 4 x 4 matrices over
fields of characteristic 2, including the exceptional isomorphism Sz(2) & 5:4.
Then in Section 4.3 we describe the octonion algebra (also known as the Cayley
algebra) over a field F, of odd characteristic, and the automorphism group of
the algebra, which is (for our purposes, by definition) G2(g), and calculate the
order of G2(g). By a change of basis we obtain a definition which also works in
characteristic 2, and use this basis to help us describe some of the subgroups.
Then in Section 4.4 we prove that G2(2) = PSU3(3):2 by constructing an
octonion algebra on the Eg lattice, and reducing modulo 2. This also provides
an alternative definition of octonion algebras in characteristic 2.

The small Ree groups ?G2(3%" 1) are constructed from the octonion alge-
bras in characteristic 3, as groups of 7 X 7 matrices, in an analogous way to
the construction of the Suzuki groups given earlier. This construction includes
a proof that 2Gz(3) = PSLy(8):3. The twisted groups ®Dy(q) are constructed
as the automorphism group of ‘twisted’ octonion algebras, following Springer
and Veldkamp [158].

The fundamental concept of triality is introduced next, showing the rela-
tionship of G2(q) and ®D4(q) to the orthogonal groups GO7(q) and GOg (q),
and leading naturally to the discussion of the exceptional Jordan algebras
(also known as Albert algebras), and their automorphism groups Fy(q), in
Section 4.8. Here I sketch a proof of the orders of the groups, and of simplic-
ity, and describe some of the maximal subgroups. Not all of the arguments
work in the exceptional characteristics 2 and 3, but most can be modified to
use the characteristic-free definition in terms of a quadratic form and a cubic
form, which then leads to a proof in arbitrary characteristic. The large Ree
groups 2F;(22"*1) are constructed from Fj(g) in an analogous way to the
construction of the small Ree groups from Gz(g), though the proofs in this
case are even more sketchy.

This leads on to a description in Section 4.10 of the groups of type Eg as
the automorphism groups of a cubic form (the ‘determinant’), which is not
very different from Dickson’s original construction of these groups in 1901.
The other twisted groups 2Eg(q) are briefly mentioned.

The chapter concludes with Section 4.12, which contains a brief introduc-
tion to Lie algebras and a sketch of a construction of E7(q) and Es(g), but
with no attempt to prove anything.
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4.2 The Suzuki groups

4.2.1 Motivation and definition

To motivate the construction of the Suzuki groups Sz(22"*1) we revisit the
outer automorphism of Sg (see Section 2.4.2) in the light of the isomor-
phism Sg = Sp,(2) (see Section 3.5.2), and the Klein correspondence (see
Section 3.11.2). In the proof of this isomorphism we saw that the permutation
representation of Sg over the field Fo has a natural symplectic form on it (just
the ordinary inner product Zle x;y;). The fixed vector vo = (1,1,1,1,1,1)
gives rise to the 4-space vo™/(vo) which inherits the symplectic form. Indeed,
we can take as symplectic basis the vectors

)} (4.1)

As generators for the group we may take the following elements (where
basis vectors not mentioned are fixed):

Transformation Permutation
e — e+ fi (1,2)
€1 < fl (2, 6)
es — ex + fo (3,4)
€y f2 (33 5)
Ji— fites, for fo+e](1,6)(2,5)(3,4)

If we now take the exterior square of this 4-dimensional representation,
spanned by the six vectors e; A ea, ..., f1 A fa, there is again a natural
symplectic form f (see the Klein correspondence in Section 3.11.2), under
which f(a A b,c Ad) = 1 if and only if {a,b,c,d} is a basis. The vector
v = e A fi +ea A fo is fixed by Sp,(2), and the 4-space vi*/(v;) has a
symplectic basis

{eT:el/\627 fl*zfl/\f27
6; = €1 AN fQ7 f2* = €2 N fl} (42)

(Strictly speaking, instead of saying u* = v A w we should say that u* is
congruent to v A w modulo e; A f1 + ea A f5.)

It follows that the linear map * defined by e; — e, f; — f induces
an automorphism of Sp,(2), which we shall also denote by *. Moreover, the
symplectic transvection fi — fi + e; induces f; — fi + €3, f5 — f5 +ef,
which corresponds under this automorphism to f; — f1 + ea, fo — fo + €3.
Since the latter is not a transvection, the automorphism x of Sp,(2) is not
inner. It is easy to see that * commutes with the symplectic transformation
e; < fi (corresponding to the coordinate permutation (2,6)(3,5)), and also
with its square root (2,5,6,3) given by
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err—er+ fi+ fo,  fir fitel +eq,
ex = foter+er, faorreat fi+ fo (4.3)

We can also check that it commutes with the coordinate permutation (2,3,4,5,6),
which corresponds to the transformation

et~ fi, fi—ei+ fi+fo
ex — fa,  farsea+ fi. (4.4)

These two maps generate a group of order 20, which is in fact the full
centraliser of the automorphism x. This is the group Sz(2) = 5:4, which we
now generalise to Sz(227"*1) for all non-negative integers n.

We first show that the linear map ** commutes with the action of Sp,(2)
and so acts as the identity automorphism. Since Sg 2 Sp,(2) is generated by
the permutations (1,2), (3,4), and (2,5,6,3), it is enough to check that sx
commutes with the transvections e; — e; + f1 and es — ez + fo, in addition
to the subgroup Sz(2) already checked. If e; — e; + f; then

BT* = (61 /\62)/\(61/\f2)
= ((e1+ f1) Ae2) A(er + f1) A fa)
(e1Aea+ fine) Ner A fat fi A fa)
=€+ fiTteiN{+es NSy
=ei" + fi7, (4.5)

while fi*, e5* and f3* are fixed. Similarly, if eq — e+ f2 then e3* — e3* + f3*.

Now if we extend the field from F3 to 'y, and extend the map * linearly,
then the map ** commutes with the action of Sp,(2) but not with the action
of Sp,(q). This is because the element e; — Xey, fi — A~ f; of Sp,(q) maps
er* = (e1 Nea) A(er A f2) to (Aer Aea) A(Ner A fa) = A2et*. Indeed, it is easy
to see that the map *x takes the generic vector

Aie1 4 Aoeo + p1 fi + pafo — AZel + NoZed* + 2 fi 4+ pefr, (4.6)

and therefore it s the field automorphism.

In the case when this field automorphism o has odd order k = 2n + 1, it
has a square root "' = ¢~ and therefore the automorphism *oo” squares
to the identity. This automorphism of order 2 can be written as

Arer + Ageg + prfi + pafa = Alel + Ases + pi fr + psfs, (4.7)

where A* = A2 and its centraliser in Spy(22"*1) is by definition Sz(22"+1).

Our next task is to determine some information about these groups, which
have been defined in a rather abstract way. It is not even straightforward to
determine the order of the group.
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4.2.2 Generators for Sz(q)

Throughout this section we write ¢ = 22"*!. Already in Sz(2) = 5:4 we
see that the permutation (2,3,5,4) acts with respect to the ordered basis

{e1, ez, fa, f1} as

1.0 00
110 0
1110 (4.8)
1 0 1 1

and generates a Sylow 2-subgroup of Sz(2). Now look in Sz(q) to see which
diagonal matrices diag(a, 3,7, d) belong to the group. By (4.7) and (4.2) we
have that a8 = ozznﬂ, vy = (52n+1, y = ﬁQnH and (86 = 'anH. Hence, once
we know a we know also

_ ontl_g
- )
ontl 1 —ontlig -1
y=8 N = =p",
§ =2 “l=al (4.9)

Conversely, if «, 3, 7, § satisfy these equations, then * o ¢™ does indeed
commute with diag(w, 8,7,d). Therefore the group of diagonal matrices is
isomorphic to the multiplicative group of the field, and is generated by

diag(c, a2n+1_1, a_2n+1+1, a™t). (4.10)

Together with the lower unitriangular matrix given in (4.8) above, they gen-
erate a group of order ¢%(q — 1) = 247 +2(22n+1 1),

To prove this, conjugate the above matrix (4.8) by diag(c, 8,871, a™1),
where G = oz2"+1_1, to obtain the matrix

1 0 0 0 1 0 0 0
aB ! 1 0 0 . 0 1 00
af 52 1 ol squaring to a8 0 1 0
a? 0 ot 1 o> aof 0 1

It is now easy to check that these squares form a group isomorphic to the
additive group of the field, and that modulo this group the elements them-
selves form another such group. In other words, the lower triangular group
which we have constructed has the shape F,.F,;.Cy_1, where E,; denotes an
elementary abelian group of order ¢, and C,_; denotes a cyclic group of order
q— 1. This group turns out to be a maximal subgroup of Sz(q), of index ¢ +1.
We proceed now to prove this.

We first need to show that the stabiliser in Sz(q) of the 1-space spanned
by e; is the group of order ¢?(q — 1) just constructed (and no bigger). If
(e1) is fixed, then so is (e}) = (e1 A e2), and therefore the 2-space (e, e2)
is fixed. It follows that (ej,es) = (e1 A ea,e1 A fa) is fixed, and therefore
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so is the 3-space (e1, ea, fo). Thus the stabiliser consists of lower triangular
matrices. We have already determined the diagonal elements of the stabiliser,
and the same argument is easily seen to determine the diagonal entries of any
lower triangular element. Therefore it only remains to determine the lower
unitriangular elements. Even in Sp,(¢) there is just a group of ¢* such matrices
(see Section 3.5.3), of the form

1 0 0 O
A 1 0 0
p+ar o 1 0
B+ p A1

for arbitrary o, 3, A, p € F,. Now by computing the image of fi' = fi A fo in
two different ways, we see that a = A2 and a)? + 0= y2n+17 so that «
and [ are determined by A and p. Therefore the stabiliser of (e1) in Sz(q) has
order at most ¢%.(q — 1), as required.

Next observe that the element e; < f; of Sz(q) maps e; to f1, and that
(f1) has ¢? images under the stabiliser of the point (e;), namely the 1-spaces
spanned by f1 + Afa + pes + (8 4+ Aun)er, subject to the above equations. In
other words, we take the 1-spaces spanned by f1 + = fs + yes 4+ ze; where

n+41 n41
z ::cher +2+y2 .

(4.11)
We wish to show that the set of g2 + 1 such 1-spaces is fixed by the map
e; < f;, and for this purpose it is sufficient to verify that

Z=XY +x¥ 2y
where Z =271, X =yz~ ! and Y = zz~!. But
2Tz L Xy + X2y

evaluates to

n+t1 n+1 n41 n41
2,2 +1 + :z:y22 + y2 +2 + SE2 2:2

)

and substituting z = zy + 222 4 y2n+1 this expression simplifies to 0.
(Exercise 4.2.)

It follows immediately that the given set of ¢ + 1 subspaces of dimension
1 is invariant under the whole group Sz(q), and so the order of this group is
(¢* +1)g*(g - 1).

An alternative argument, which we now give, and which proves rather
more, is to show that there are just ¢ + 1 spaces (v) such that v* = v Aw for
some w perpendicular to v. Suppose that

v=afi+ fBf+ye2 + de,
w = ¢ef1+(f2 +nez + bey. (4.12)
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Then by orthogonality we have af + 8n = v( + de, and from the condition
v* = v A w we calculate

aC+ e =a",

ve+an=p6""",

5C+ B0 =~2""",

o +~0 = 52"* (4.13)

We show first that unless v is a scalar multiple of e; then « # 0. For if a =0
then Be = 0, and if « = ¢ = 0 then § = 0. Thus @« = 8 = 0 and v = 0.
Now if v = 0 then v = de, so we may assume v # 0, so € = 0 and ¢ # 0,
contradicting the assumption that w is perpendicular to v.

Therefore a # 0, and by applying elements of the lower triangular sub-
group to v we may assume @« = 1 and 8 = v = 0, so v = f; + de; and

= fiAfo+62 e1 Aes. Then the above equations (4 13) give (=1,n=0

and 6¢ =0 so0 d =0 as required.

We have shown that Sz(q) has order (¢2+1)g?(¢—1) and acts 2-transitively
on ¢?+1 points. The point stabiliser has shape ql“.C’q,l7 and provided q > 2,
the involutions are commutators and generate Sz(q). Therefore by Iwasawa’s
Lemma (Theorem 3.1) Sz(q) is simple for g > 2.

4.2.3 Subgroups

The subgroup structure of the Suzuki groups is relatively straightforward.
Besides the (soluble) lower triangular subgroup of order ¢?(¢ — 1) already
mentioned (also known as the Borel subgroup), and smaller Suzuki groups
if ¢ happens to be a proper power, the only other notable subgroups are a
dihedral group of order 2(q — 1) (generated by the diagonal matrices and the
map e; < fi), and two classes of Frobenius groups of orders 4(227t1£2n+141).
[Note that g% + 1 = (2271 4 2n+1 4 1)(22n+1 _ on+1 4 1) ] Indeed, Suzuki
proved the following.

Theorem 4.1. If ¢ = 2?"*1 n > 1, then the mazimal subgroups of Sz(q) are
(up to conjugacy)

(1) Eq.Eq.Cy_q,

(ii) Da(g—1),
(iti) Cyp ymasr4s

(iv) Cq_m_,'_llél,

(v) Sz(qo), where g = qo", T is prime, and gy > 2.
The condition gy > 2 in the last case arises because Sz(2) = 5:4 and ¢ + 1 is
divisible by 5 so one or other of C, | /57, :4 contains Sz(2). In the language of
Lie theory, the subgroup Dy(,_1) is the normaliser N of the torus T' = C,_1,
which consists of the diagonal matrices.
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4.2.4 Covers and automorphisms

The simple Suzuki groups have no outer automorphisms except the field auto-
morphisms. The only proper covers are the exceptional covers of Sz(8), whose
full (i.e. universal) cover is a group 22:Sz(8). The three (isomorphic) dou-
ble covers have 8-dimensional orthogonal representations over Fs5, and indeed
2:57(8) < Q4 (5).

We choose an orthonormal basis for the underlying orthogonal space, and
then we may generate the double cover 2173+3:7 of the Borel subgroup 23+3:7
with the monomial matrices

(x007$07 e ,I‘G) = (1‘47 —T5,T2,T1, —T6, Loo, $0,$3),
(IITOO,ZZ'(), s 71'6) = (wooaxlaxQ; 3, I4,.T5,II}'6,I'0). (414)

(The first of these two elements squares to the sign-change on the coordinates
0,3,5,6.) Next we adjoin an involution inverting the latter element (which
clearly has order 7): it turns out that this involution may be taken to be

21111111
14334103
13341034
13410343
14103433
11034334
10343341
13433410

(4.15)

Since the Borel subgroup is monomial, it determines a coordinate frame,
namely the standard coordinate frame. Therefore there are 65 such coordi-
nate frames permuted by the group in the same way that it acts on the 65
points of the oval. One of the 64 non-standard frames is given by the rows of
the matrix (4.15), and the others are the images of this under the action of
the Borel subgroup. [We omit the proof that these matrices generate a double
cover of Sz(8).]

4.3 Octonions and groups of type G,

4.3.1 Quaternions

The quaternion group Qg consists of the 8 elements +1, +i, £j, £k and is
defined by the presentation

from which it follows that i? = j2 = k2 = —1 and ji = —k, kj = —i, ik = —j.
The (real) quaternion algebra H (named thus after Hamilton) consists of all
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real linear combinations of these elements (where —1 in the group is identified
with —1 in R). Thus

H={a+bi+cj+dk|ab,cdecR} (4.17)

with the obvious addition, and multiplication defined by the above rules and
the distributive law. This is a non-commutative algebra which has many ap-
plications in physics and elsewhere. Given a quaternion ¢ = a + bi + ¢j + dk
we write § = a — bi — ¢j — dk for the (quaternion) conjugate of ¢, and
Re(q) =a= %(q +q) is the real part of g. There is a natural norm N under
which {1, 4,7, k} is an orthonormal basis, and this norm satisfies N(q) = ¢g.

More generally, we may replace the real numbers in this definition by
any field F of characteristic not 2. (Fields of characteristic 2 do not work: one
difficulty is that 1 = —1 in the field but 1 # —1 in the group. See Sections 4.3.4
and 4.4 for two different ways to overcome this problem.) We obtain in this
way a 4-dimensional non-commutative algebra over the field F'; and we extend
the definitions of g, Re (¢) and N(g¢) in the obvious way to this algebra.

The group of automorphisms of this algebra must fix the identity element
1, and therefore fixes its orthogonal complement (the space of purely imaginary
quaternions, spanned by i, j, k). Therefore it is a subgroup of the orthogonal
group GO3(F'), and is in fact isomorphic to the group SO3(F) = PGLy(F).
To prove this we simply need to check that if x, y, z are any three mutu-
ally orthogonal purely imaginary quaternions of norm 1, then zy = +z. (See
Exercise 4.3.)

In fact, the automorphism group of the quaternions consists entirely of
inner automorphisms oy : x — g~ 'zq for invertible ¢ € H (see Exercise 4.4).
Since a_4; = ayq this gives a 2-to-1 map from the group of quaternions of norm
1 to SO3(F). Indeed, this group of quaternions is a double cover of SO3(F)
and is isomorphic to the corresponding spin group (see Section 3.9). If F' is
finite this spin group has a subgroup of index 2 isomorphic to SLa(F').

4.3.2 Octonions

The (real) octonion algebra O (also known as the Cayley numbers, even
though, as Cayley himself admitted [22], they were first discovered by Graves
[67]) can be built from the quaternions by taking 7 mutually orthogonal square
roots of —1, labelled i, .. ., ig (with subscripts understood modulo 7), subject
to the condition that for each ¢, the elements i;, i411, 4443 satisfy the same
multiplication rules as ¢, j, k (respectively) in the quaternion algebra. It is easy
to see that this defines all of the multiplication, and that this multiplication
is non-associative. For example, (igiq)ia = i3ia = —i5 but ig(i142) = iois = i5.
[Recall from Section 3.9 that, strictly speaking, an algebra is associative. We
emphasise the generalisation by describing O as a non-associative algebra.]
For reference, here is the multiplication table:
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1l i %91 42 i3 4 15 16

iol =1 i3 dg —i1 i5 —iq —is
i1|—is =1 d4 iy —ia i —is
io|—ig —ia —1 i5 i1 —i3 o (4.18)
is| iy —ip —i5 —1 dg o —i4 :

ia|—i5 dn —iy —ig —1 4o i3
is| i —ig i3 —iz —ig —1 iy

6| 12 5 —tg ta —i3 —i1 —1

It is worth pausing for a moment to consider the symmetries of this table.
By definition it is invariant under the map i; +— i:y1, and it is easy to check
that it is invariant under i; — 79, extending the automorphism ¢ — j — k +— i
of the quaternions (where i = i1, j =iy and k = i4). It is also invariant under
the map

(io, .-, i6) = (o, 12,91, 16, —i4, —i5,13) (4.19)

which extends the automorphism ¢ < j, k — —k of the quaternions. Ignoring
the signs for the moment, we recognise the permutations (0,1,2,3,4,5,6),
(1,2,4)(3,6,5) and (1,2)(3,6) generating GL3(2) as described in Section 3.3.5.
Thus there is a homomorphism from the group of symmetries onto GL3(2).
The kernel is a group of order 23, since we may change sign independently on
1o, 11 and 9, and then the other signs are determined. In fact, the resulting
group 23GLj3(2) is a non-split extension (see Exercise 4.8).

Now the set {1, +iq,...,+ig} is closed under multiplication, but does
not form a group, since the associative law fails. In fact it is a Moufang loop,
which means that it is a loop (a set with a multiplication, such that left and
right multiplication by @ are permutations of the set, and with an identity
element) which satisfies the Moufang laws

(zy)(22) = (2(y2))z,
z(y(z2)) = ((zy)r)z, and
((yz)2)x = y(z(z2)). (4.20)

In the loop, these laws may be verified directly: the symmetries given above
reduce the work to checking the single case x = ig, y = i1, 2 = 2. Since this
loop has an identity element 1, the Moufang laws imply the alternative laws

(zy)z = x(yz),
(zy) = (zx)y, and
(yzx)z = y(zx). (4.21)

Indeed, the Moufang laws hold not just in the loop, but also in the algebra:
this is not obvious, however, since the laws are not linear in z. It is sufficient
to take y = ip, z = i1, and check that the cross terms cancel out in the cases
x =1idy+is, t = 3,4,5,6 (see Exercise 4.6). It follows from the alternative laws
that any 2-generator subalgebra is associative.
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Just as with the quaternions, an octonion algebra may be defined by the
same rules over any field F' of characteristic not 2. There is again a natural

norm N, under which {1,4,...,46} is an orthonormal basis, and N(z) =
2T, where ~ (called octonion conjugation) is the F-linear map fixing 1 and
negating o, ..., ig. Also we define the real part Re () = 3(z + ), so that

T = 2Re (z) —z. Since Ty = J.T, and T is expressible as a linear combination of
1 and z, the alternative laws imply immediately that N(zy) = N(z)N(y). The
norm N is a quadratic form as defined in (3.15), and the associated bilinear
form is

f(2.y) = N(z +y) — N(z) — N(y) = 2Re (a7), (4.22)

which is twice the usual inner product. For some purposes, notably the dis-
cussion of triality in Section 4.7, it is useful to combine the algebra product
with the inner product into a cyclically-symmetric trilinear form

t(z,y,z) = f(zy,z) = 2Re (zyz). (4.23)

See Section 4.7 for a proof that this form is cyclically-symmetric.

The automorphisms of the algebra again preserve the identity element 1,
so live inside the orthogonal group GO7(F') acting on the purely imaginary
octonions. This time, however, it is clearly a proper subgroup of SO7(F'), since
once we know the images of i and i1, we know the image of i3 = igi;. Indeed,
if we also know the image of i5, then we know the images of all the basis
vectors. This automorphism group is known as Go(F), or, if F is the field F,
of g elements, G2(q).

4.3.3 The order of G2(q)

To calculate the order of G2(q), in the case ¢ odd, we calculate the number of
images under G2(q) of the list ig, 41, i2 of generators for the algebra. The crux
of the matter is to prove that the group is transitive on triples of elements
satisfying the obvious properties of the triple (ig,41,%2), namely that they
are mutually orthogonal purely imaginary octonions of norm 1, and that is is
orthogonal to igi;. We do this by showing that the multiplication is completely
determined by these properties.

First, if i is pure imaginary of norm 1 then 2 = —i.i = —N(i) = —1.
Second, if 1 = Zf:() Mty and § = E?:o ¢ty are perpendicular pure imaginary
octonions of norm 1 then all terms in the expansion of 7j anticommute, except
the terms in 4,,.4,,, which commute and sum to 0 (since 7 is orthogonal to j), so
that i = —ji¢. Third, if 4, j, K = ij and [ are four mutually orthogonal norm 1
pure imaginary octonions, then, in the expansion of (i7)!, the terms which are
associative correspond to the real parts of ij, jl, il or kl, and each of these sets
of terms individually adds up to 0 (we have already seen the ij case: the others
are similar), so that (ij)l = —i(jl). Since N(xy) = N(x)N(y), multiplication
by an octonion of norm 1 preserves norms, and therefore inner products.
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Thus we see that {1,1,7,4j,1,4l, jl, (ij)l} is an orthonormal basis. The entire
multiplication table is now determined by these relations (see Exercise 4.7),
and is visibly the same as given in (4.18).

Now we count the number of such triples (4, j,1): first ¢ can be any vector
of norm 1, and the number of such vectors is

1SO7(q)|/1S05(q)| = ¢° + e¢® = ¢*(¢° +¢) (4.24)
(where e = +1 satisfies ¢ = ¢ mod 4). Then j can be any of the ¢° — e¢® =
q*(¢® — €) vectors of norm 1 in the orthogonal 6-space of type ¢. Finally,

can be any vector of norm 1 orthogonal to 4, j and k = ij, i.e. lying in the
orthogonal 4-space of plus type spanned by I, il, jl, kl. There are ¢ — ¢ such
vectors, so the order of Ga(q) is ¢(¢® + ¢).¢*(¢® — €).q(¢®> — 1), that is

1G2(q)| = ¢°(¢° — 1)(¢* = 1). (4.25)

As an immediate corollary we obtain (for ¢ odd) the transitivity of Ga(q)
on various other objects in the orthogonal 7-space. For example, Ga(q) is
transitive on 2-spaces spanned by two orthogonal vectors of norm 1, in other
words on non-singular 2-spaces of type ¢ = 4, where ¢ = gmod 4. If « is
any non-square in the field, then any vector of norm « lies in such a 2-space.
Moreover, this vector may be written as \i+j, where A2+ u? = o and 4 and j
are two orthogonal vectors of norm 1. Therefore G3(q) is transitive on vectors
of norm «. In Section 4.3.5 we show that G2(q) is also transitive on isotropic
vectors. Thus G2(q) is transitive on non-zero vectors of any given norm. For
the record there are ¢% +¢* vectors of norm —1, spanning 1 (¢° +¢*) subspaces
of dimension 1, and ¢% —¢® vectors of norm —c, spanning §(q6—q3) subspaces,
as well as ¢® — 1 isotropic vectors, spanning (¢° — 1)/(g — 1) subspaces.

4.3.4 Another basis for the octonions

As we saw in Chapter 3 when looking at the unitary and orthogonal groups, an
orthonormal basis may be convenient for defining the groups, but a symplectic
basis is more useful for looking at subgroup structure, especially the so-called
‘BN-pair’ (see Section 4.3.5) and the parabolic subgroups. The same is true
for G2(q), and as an added bonus we get a definition which works also in
characteristic 2.

We change basis as follows. First pick elements a,b € F, such that b # 0
and a®? + b*> = —1 (this can be done for all odd ¢). Then our new basis is
{z1,...,x8} defined by

2{E1 = i4 + aig + bio, 21‘8 = i4 — aiﬁ — bZ'()7
21‘2 = ig + big + ai5, 2:177 = ’iz — big — ai5,
21‘3 = il — biﬁ + aio, 2$6 = ’il + biﬁ — aio,
2x4 = 1+ aig — bis, 2x5 = 1 — ais + bis.

(4.26)
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With respect to the norm N and the associated bilinear form f, the basis
vectors are isotropic and mutually perpendicular, except that f(x;, z9—;) = 1.
Rewriting the multiplication table with respect to this new basis we find that
all entries are integers, as follows (where blank entries are 0).

T To XT3 T4 5 g Ty Tg
I Tr1 o —X3 —T4
xT9 —I1 T2 —T5 Tg
I3 T I3 —I5 —X7
Tyg| T1 T4 Te Ty (427)
Is5 T X3 Is5 xTs
Tg|—T2 —T4 Te xIs
7| T3 —X4a 7 —I8
rg|—Ty —Xg X7 T8

This multiplication can now be interpreted over any field whatsoever, for
example the real numbers, in which case the resulting algebra is called the
split real form of the octonion algebra: this is not the same as the compact
real form defined in Section 4.3.2, since there are no solutions to a? +b? = —1
in R.

In characteristic 2, of course, the signs disappear, but the algebra is still
non-commutative (since zyxz4 = 0 but 2421 = 1) and non-associative (since
(x1x4)x7 = 0 but z1(x427) = zix7 = 21). The norm reduced modulo 2
is again a quadratic form with N(z;) = 0. Clearly this quadratic form is
of plus type (see Section 3.4.7). The ‘real part’ is Re (3, \iz;) = Aa + As.
The automorphism group of the octonion algebra defined over Fay» is denoted
G2(2™). In Section 4.4.3, I shall give another definition of this group, and prove
that the two definitions are equivalent. Since the identity element z4 + x5 is
fixed by every automorphism, and is non-isotropic, we have Ga(q) < Spg(q) <
Qd (). Tt is still necessary to compute the order of G(2") (for example by
the method employed in Section 4.6 to compute the order of 3Dy(q)—see
Exercise 4.11), but then the rest of Section 4.3 applies to the characteristic 2
case with very little alteration. It turns out that the formula

1G2(q)| = ¢°(¢® = 1)(¢* - 1) (4.28)

applies also in the case g = 2".

4.3.5 The parabolic subgroups of G2(q)

With respect to the basis {xj,...,23} defined in (4.26) more symmetries
become apparent. For example it is easy to check that the diagonal matrices
which preserve the multiplication are precisely those of shape

diag(A, g, A 1L, LA, 7t AT (4.29)
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for any non-zero A, € Fy. These matrices form the (maximally split) torus
T, which is normalised by a group W = D, generated by the maps

T (1:17 s 71'8) — (_xlv —I3, —X2, T4, x5, —T7, —T6, _'1:8)’
s:(x1,...,28) — (—%2, —T1, —T6, T5, Ty, —T3, —Tg, —T7). (4.30)

It is left as Exercise 4.10 to verify that these maps preserve the multiplication
table in (4.27). The product rs of these two maps is the coordinate permuta-
tion (1,2,6,8,7,3)(4,5). Traditionally, the normaliser of a (maximally split)
torus is denoted N, and is the ‘N’ part of the ‘BN-pair’ (see Section 3.3.3).

The relationship of this group to the Weyl group of type Gz (see Section 2.8)
may be seen by taking generators

hy = diag(o, 0, 0%, 1,1, a7 2, 0,7 1),

hy = diag(1,a,a™ 1, 1,1, 0,71, 1), (4.31)

for the torus 7', where « is a generator for the multiplicative group of the
field F;. Then the two generators 7, s for the Weyl group act by conjugation
respectively as

r: hy — hih3,
hy — hy ', (4.32)

(which may be thought of as a multiplicative version of ‘reflection’ in the
‘short root’ hs), and

s:hy— hl_l,
hQ (g hth, (433)

(which may be thought of as ‘reflection’ in the ‘long root’ hy).
The unipotent subgroup U has order ¢° and is generated by the following
elements, where A € Fy:

A(N) s z7 = x7 — Az, T8 > Ts + Axa,
B(A) : 26 — x6 — A\x1, T8 — g + Ax3,
C(A) 1 g — x4 — A1, 25 — T5 + AT1, Tg — Tg — A\T2,
Ty — T7 + A3, Ty — Tg + A\T5 — Az + Az,
D(\) : x5+ o3 — AT1,Z4 > T4 — A2, T5 — T5 + Axa,
T7 = Ty — ATq + Ax5 + A2x2,x8 — Ig + Axg,
E()\) 1 XT3 = T3 — ATg, X7 — T7 + Axg,
F(X) : o — xo — A1, 24 > T4 + A3, T5 — T5 — \x3,
Tg — T + Ay — o5 + N2xg, 18 — T8 + Az7. (4.34)

Conjugates of A(\) are called long root elements and conjugates of F'(\) are
called short root elements. The long root elements are special cases of the
(long) root elements (also called Eichler or Siegel transformations: see Sec-
tion 3.7.3) in the orthogonal group GO7(q). The Borel subgroup is the sub-
group B = UT of order ¢°(q — 1)?, and is the ‘B’ of the ‘BN-pair’.
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The subgroup of order ¢ generated by the A()\) is a long root subgroup,
and its normaliser is a group P; of shape ¢***:GLa(q), in which the normal
subgroup ¢'** is generated by the elements B()\), C(\), D(\), and E(\).
In fact, P; is the stabiliser of the 2-space (x1,z3), which is characterised up
to automorphisms by the property of being an isotropic 2-space on which
the algebra product is identically 0. To obtain generators for P; (one of the
mazimal parabolic subgroups) we take the Borel subgroup B = UT and adjoin
the element s defined in (4.30).

In the general theory, a parabolic subgroup is defined as any subgroup
containing a Borel subgroup, which is in turn defined as the normaliser of a
Sylow p-subgroup, where p is the characteristic of the underlying field. In the
case of G2(q), the stabiliser of the 1-space (x;) is the other maximal parabolic
subgroup P, containing B, and has shape ¢>71+2:GLy(q). It is the normaliser
of the group (A(\), B(\)) of order ¢2. Modulo this, the normal p-subgroup is
generated by C(A), D(A) and F(X). This quotient is a special group of shape
q'T? if ¢ is odd (it is elementary abelian if ¢ is even). To obtain generators for
P, we take the Borel subgroup B = UT and adjoin the element r defined in
(4.30). Notice that P, has index (¢% —1)/(¢ — 1) in G2(gq), which is equal to
the total number of isotropic 1-spaces in 11, and therefore G (g) is transitive
on these 1-spaces. It follows that Ga(q) is transitive on the isotropic vectors
in 1+,

It can be shown that if the characteristic of the field is 3, then these
two maximal parabolic subgroups P; and P» are isomorphic, and have shape
(¢*> x ¢**2):GLa(q). [Actually the structure of these groups is quite subtle:
each has normal subgroups of orders g and ¢2, but has no normal subgroup
of shape ¢'72.] Furthermore, there is an exceptional outer automorphism of
G2(q) interchanging the two classes of maximal parabolic subgroups. This is
described in more detail in Section 4.5.

4.3.6 Other subgroups of G2(q)

The maximal parabolic subgroups, described above, may be generated by the
Borel subgroup B and a suitable subgroup of N, the normaliser of a torus.
Some other maximal subgroups may be obtained similarly, but using a proper
subgroup of B. For example, the group generated by A(\), F(\), T, s and
(rs)? : x; — x9_; is a group isomorphic to SOJ (¢). The structure of this group
is SLa(q) x SLa(q) if g is even and 2 (PSLy(q) x PSLa(q)).2 if ¢ is odd. In the
latter case it is the centraliser of the involution diag(—1,—-1,1,1,1,1, -1, —1).
In any case it fixes the 4-space (3, x4, xs5,26), which is a quaternion sub-
algebra, and it acts on this 4-space as SO3(q) = PGLa(q), centralising the
identity element 1 = x4 + x5. The kernel of this action is SLs(g), and the full
group acts naturally and faithfully as SOJ (¢) on the orthogonal complement
(x1,x9,x7,28) of the quaternion subalgebra.

Another subgroup of interest is SL3(¢):2, which may be generated by A(\),
B()), E(A) and N. If ¢ is odd, this group fixes the vector x4 — x5 of norm —1,
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up to sign. (If ¢ is even, it fixes x4 modulo 1 = x4 + z5.) It also preserves the
pair of 3-spaces (x1,x¢,27) and (2, x3,2zs), with elements of SL3(q) acting
naturally on one of these 3-spaces and dually on the other. The outer half
of the group SL3(¢):2 acts by swapping the two 3-spaces. Since there are
exactly 3(¢° 4+ ¢®) such 1-spaces, and this is the index of SL3(¢):2 in Ga(q),
it follows that this subgroup is the full stabiliser of this 1-space. Notice that
if ¢ = 1 mod 3 then [, has an element w of order 3, and SL3(q) has a central
element diag(w,w?,w?,1,1,w,w,w?) of order 3. Indeed, SL3(q) is exactly the
centraliser of this element of order 3.

Similarly, if o is a non-square in F; and ¢ is odd, then the stabiliser of
a vector v of norm —a« perpendicular to 1 = x4 + x5 is a subgroup SUs(q),
contained in a maximal subgroup SUs(q):2. (If ¢ is even take a suitable vector
modulo 1 instead.) These groups are not so easy to see from our generators,
as we need to extend the field to Fj2 to make the natural representation
of SU3(q). Nevertheless, the same counting argument as before shows that
SUs(q):2 is the stabiliser of (v).

Complete determination of the maximal subgroups of G2(q) was obtained
by Cooperstein [38] for ¢ even and Kleidman [106] for ¢ odd. For ¢ even the
only other generic maximal subgroups are the subfield groups Ga(qo), where
q = qo" and 7 is prime. Besides this there are the exceptional subgroups Js
and PSL3(13) in G3(4): see Sections 5.6.8 and 5.6.9 for much more on Go(4).

For g odd and not a power of 3 there is one more generic subgroup, namely
PGL4(g) acting irreducibly on the 7-space of pure imaginary octonions, pro-
vided ¢ > 11 and the characteristic p is at least 7. There are also a number
of exceptional subgroups when ¢ is a small power of p. Of these, we have
already seen 23-GL3(2) and we shall see PSU3(3):2 in Section 4.4 (both these
subgroups are maximal if and only if ¢ = p). The containment of the sporadic
Janko group J; in G2(11) is treated in Section 5.9.1. Other subgroups which
can occur are subgroups PSLy(13), which occur whenever 13 is a square in the
field (that is, whenever ¢ = +1,+3, +4 mod 13), and PSL3(8) which occurs
whenever the polynomial 23 — 3z + 1 has a root in the field.

In characteristic 3 things are rather different, as there is an exceptional
outer automorphism of G3(g) in this case (see Sections 4.3.9 and 4.5.1). A
number of other subgroups occur, including another class each of SLs(g):2
and SUs(q):2, acting irreducibly on the 7-space, and (if ¢ = 32k+1) the Ree
group 2Ga(q) (see Section 4.5 below). The complete list of maximal subgroups
of G3(q) is given in Table 4.1.

4.3.7 Simplicity of G2(q)

In fact Ga(q) is simple for all ¢ except for ¢ = 2, when we have Go(2) =
PSU3(3):2 (see Section 4.4.4). As usual, we can use Iwasawa’s Lemma to prove
simplicity. There are a number of primitive actions of the group which could
be used. Probably the easiest is the action on isotropic 1-spaces perpendicular
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Table 4.1. Maximal subgroups of G2(q), ¢ > 2

p=2 p=3 p>3
q;*;‘:GLz (q) (qi x qi*j):GLz(q q;*‘i:GQLz(q)
¢*"%:GLa(q)  (¢® x ¢'"?):GLa(q)  ¢*T'*:GLa(q)

=

SLs(q):2 SLs(q):2 SLs(q):2
SL3(q):2
SU3(q):2 SU3(q):2 SUs(q):2
SUs(q):2
La(q) x La(q)  2'(L2(q) x L2(q)):2 2 (L2(q) x La(q)):2
G2(qo0) G2(qo G2(qo)

)
2Ga2(q), m odd

PGL2(q),q = 11,p > 7
23.1‘3(2)7(1:3 23'L3(2)7q=p
G2(2)7q:p
L2(13),g=4 Ls(13),q=3 L2(13),p # 13,F, = F,[V13]

Ly(8),Fy =Fp[y],7* =3y+1=0
Jz,q =4
Ji,q =11

Note: ¢ = p™ = qo", with p and r prime.

to 1. In this case, there are (¢° — 1)/(q — 1) points, and the point stabiliser
has the shape ¢%.q.¢*>.GLa(q).

If we stabilise the point (x;) then the normal subgroup of order ¢? is
generated by A(\) and B(A) (see Section 4.3.5). Notice that E(\) = A(\)"*
is a long root element, and its conjugates generate a subgroup ¢2.q.q>.SL2(q)
(namely the stabiliser of an isotropic vector) of the point stabiliser (except
when ¢ = 2). Moreover, this subgroup contains an element of order ¢ —1 from
the torus T, and powers of this element multiply certain isotropic vectors
by all non-zero scalars. It follows that the subgroup generated by long root
elements is transitive on the isotropic vectors, and is therefore the whole of
G2(q).-

Next we calculate the orbits of the point stabiliser ¢2.q.¢>.GL2(q) on the
¢® +q*+ ¢+ ¢® + ¢+ 1 points. We find that there are four orbits, of lengths 1,
q(g+1), ¢®(g+1) and ¢°, represented by (x1), (z2), (r7) and (xg) respectively.
Therefore the only possibility for a block system would be ¢ + 1 blocks of
size ¢®> +q+ 1. Moreover, each block would correspond to an isotropic 3-space,
for example (21, z2, x3). However, (x1) is distinguished in this subspace as the
image of the restriction of the product map. This contradiction implies that
the action is primitive. Clearly long root elements are in the derived subgroup,
so Ga(q) is perfect. Now apply Iwasawa’s Lemma (Theorem 3.1).
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4.3.8 The generalised hexagon

There are (¢° —1)/(g — 1) isotropic 1-spaces (points), and we can construct a
graph with these points as vertices, joining two points whenever their product
in the algebra is 0. From the information above we see that this graph is
regular of degree q(q + 1). [The degree, or valency, of a vertex is the number
of edges incident with it. A graph is regular if all its vertices have the same
degree, called the degree of the graph.] Moreover, if two points (u) and (v)
are joined, then obviously all ¢ + 1 points in the 2-space (u,v) are joined to
each other. These cliques (a clique in a graph is a set of vertices all of which
are joined to each other) are usually called lines, and it is easy to calculate
that the number of lines is equal to the number of points. If we now draw a
new graph, the point-line incidence graph, with vertices corresponding to both
points and lines, and edges joining incident pairs, we obtain a bipartite graph
with the following shape, where figures below the nodes denote the number
of vertices, and figures above the edges denote the number of edges incident
with each vertex.

+1 1 1 1 1 1 +1
.q Uq 'q q 'q uq q °

=

1 qg+1 ag+1) Fq+1) Flg+1) ¢*(g+1) ¢

There are two ways to interpret this picture: either the black vertices de-
note points and the white vertices denote lines, or vice versa. Note however
that there is no automorphism of the graph which swaps the black vertices
with the white vertices, except when ¢ is a power of 3. (Compare the gen-
eralised quadrangles for PSp,(q) described in Section 3.5.6 and for PSUy4(q)
and PSUs(q) described in Section 3.6.4, the generalised hexagon for 3Dy(q)
described in Section 4.6.4, and the generalised octagon for 2Fy(q) described
in Section 4.9.4.)

4.3.9 Automorphisms and covers

Except in characteristic 3, the only outer automorphisms of G3(q) are field
automorphisms. In characteristic 3 there is also a ‘twisting’ automorphism
(known as a graph automorphism because it derives from the automorphism of
the Dynkin diagram) which squares to a generating field automorphism. This
automorphism gives rise to the small Ree groups (see Section 4.5, especially
4.5.1, below).

The only proper covers of any group Ga(g) are the exceptional covers
2:G2(4) and 3'G2(3). The former is visible inside the automorphism group
of the Leech lattice, which can be used to prove the interesting inclusions
Ja < G2(4) < Suz (see Chapter 5, especially Sections 5.6.8 and 5.6.3). The
latter is seen in the chain of groups

3'Ga(3) < 3:Q7(3) < 3'Figy < 3°2E(2)
(see Section 5.7).
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4.4 Integral octonions

This section gives an alternative approach to constructing Gs(q) in charac-
teristic 2, and can safely be omitted at a first reading. Its main purpose
here is to provide a mechanism for proving the exceptional isomorphism
G2(2) =2 PSU3(3):2, and showing in particular that G2(2) is not simple.

4.4.1 Quaternions in characteristic 2

Over fields of characteristic 2, the quaternions i, j, k generate a commutative
ring which is not very interesting. A more interesting quaternion algebra may
be obtained by first constructing the ring generated (over Z) by ¢ and w =
$(—=1+4i+j+ k). This ring is described in more detail in Section 5.6.8, and
consists of the integral linear combinations of 1, 7, j and w = %(71 —i—j—k).
[These four vectors, incidentally, suitably scaled, form a set of fundamental
roots for the root system of type Ds.] Reducing modulo 2 we now have the 16
elements 1,1, j, k, w, iw, jw, kw, w, 1w, jw, kw,0,1+1¢,1+ 7,1+ k, with addition
and multiplication induced from those on the real quaternion algebra. Just
the first 12 elements listed are invertible, and form a group isomorphic to
Ay. The integral norm, reduced modulo 2, gives rise to a (singular) quadratic
form. The last four elements listed comprise the radical of the quadratic form,
modulo which is an orthogonal 2-space of minus type.

This set of 16 elements we take as ‘the’ quaternion algebra over Fs. Its
automorphism group is rather larger than you might expect by comparing
with the odd characteristic case. It is 22:SLy(2) = S, generated by the A4 of
inner automorphisms oy : x g~ 'xq together with the outer automorphism
i < j, w < w. Now to get a quaternion algebra over an arbitrary field F’
of characteristic 2, we simply take linear combinations of 1, ¢, j, and @ with
coefficients in F'. The automorphism group of the algebra is then an affine
group F2:SLy(F).

4.4.2 Integral octonions

The corresponding process for the octonion algebras in characteristic 2 is
considerably more complicated. In essence we have to put an octonion mul-
tiplication onto the Eg lattice, in order to obtain an orthogonal space of plus
type when the lattice is reduced modulo 2 (see Section 3.12.4). This is tricky
as there is not as much symmetry of the coordinates as we would like. One
might expect, for example, that it is sufficient to adjoin the appropriate ele-
ments Wy = %(71 —i4—it+1—1t+3) to all the quaternion subalgebras. However,
this does not work, as one can check by calculating for example (wg.w7)i1 (see
Exercise 4.12).

One solution is to take the ordinary integral octonions and adjoin instead
w = %(—1 +io+i1 +i3), Y = %(z’o + i1 + 2 + 44), and close under multipli-
cation and addition. Now it is easy to see that this algebra contains elements
corresponding to the fundamental roots of Eg, thus:
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Wiy = %(_Z’Q — 14 + 15 + ig)

Vis = 3(ig — i3 — ig + ig)
¢=%(io+i1+i2+i4) —19

w=3(=1+41io+i1+i3)

1 (4.35)

and therefore contains all the 240 roots of Eg. Writing 1 = i, for convenience,
a straightforward calculation shows that these roots are the 16 vectors =i,
together with 16.14 = 224 vectors 1 (=i, £, 14, +1;) where {r,s,t,u} is one
of the 4-sets obtained from {oo,t,t+ 1,4 3} or its complement by swapping
oo with 0. [This swap is vital but easy to forget: failure to make it has been
labelled Kirmse’s mistake. Of course, before making this swap there is a sym-
metry iy — 4441, and therefore we could equally well make the swap of co with
t, for any fixed ¢ € F7. Thus there are seven different non-associative rings of
integral octonions we could construct in this way. Kirmse claimed there were
eight, and described the only one which does not exist. Dickson constructed
three of the seven, but Coxeter was the first to construct them all.]

Conversely we can check that the product of any two fundamental roots is
again a root: products with 1, —ig, —i5 and —ig are easy to check, and for the
rest it is sufficient to check the four cases w1, w(Wis), ¥(wis) and (Yis)(wiq).
It follows that the Eg lattice is closed under the multiplication. Indeed, the
240 roots form an interesting Moufang loop.

The notions of octonion conjugate, norm and inner product still make
sense, but the usual inner product is not necessarily an integer, so it is im-
portant to use the associated bilinear form

f(z,y) = N(z +y) — N(z) = N(y) (4.36)

as the inner product instead. Similarly the real part of x can no longer be
defined as 1(z + @), so let us define Re (z) = f(1,z) and then define T =
f(1,z) — x. This agrees with the usual definition of Z, and Re (z) = z + T is
twice the usual real part. In particular, it is still true that N(z) = 7.

The swap of co with 0 (i.e. of 1 with ig) implies that ¢ is somehow special,
and therefore the visible (monomial) symmetry group is now a subgroup 23-S,
of the original 23-GL3(2). It is generated by the maps

a:ip—i_ ift=0,3,5,6,

b: it — igt,

C: (io, . ,iﬁ) — (—io, —il,iG,i37i5, i4,i2),

d: (io, ..., 1) + (0, —i1, —i4, —i3, —i2, —i6, —i5). (4.37)



4.4 Integral octonions 131
In addition, one can check that the map e defined by

e : iy > 1g — ig > g,
i1 =(i1 +i3 — g +1i5),

i3 (i1 + i3 +ig +i5),

(11 — i3 + 14 + i5),

(—iy — g — ig +i5) (4.38)

—
i4’—>
—

N[ N N[ |

15

is an automorphism of this ‘non-associative ring’ of integral octonions. (We
shall loosely describe the integral octonions as a ring, although strictly speak-
ing a ring is associative.)

The full symmetry group of this ring is a group of order 12096. To see
this, first note (see Exercise 4.12) that e fuses the four orbits of the monomial
group on the 126 pure imaginary roots (i.e. octonions of norm 1), so we may
choose any of these to call ig. There are two orbits of the monomial symmetry
group on roots orthogonal to iy, with representatives ¢; and %(22 +ig+i5+ig).
However, if 71 is mapped to the latter, then i3 = igiy is mapped to

Sio(ia +ia +i5 + i) = 5(—iz — ia +i5 + i6), (4.39)
so by linearity, %(1 +ip + 41 + 43) is mapped to %(1 +ip + i5 + i6), which is
not in the lattice. This contradiction implies that i; must be mapped to +i,
(12 choices). Finally, fixing 41, and therefore i3, we see that i is mapped to
one of the remaining 8 vectors +i;, since these are the only norm 1 vectors
perpendicular to 1,4, 41, and i3. Hence the automorphism group, which I shall
denote G2(Z) (although there may be other groups which have an equal or
greater claim to this name), has order 126 x 12 x 8 = 12096 = 26.33.7. We
shall show in Section 4.4.4 that this group is isomorphic to both G5(2) and

We have verified that with respect to a basis of fundamental roots of Eg,
the multiplication table consists of integers. Therefore it can be interpreted
over any field whatsoever. If the field has odd characteristic, however, % is in
the field, so the vectors %(’LT + 45 + iy + iy) are already in the F -span of the
it, so we get nothing new. Indeed, the resulting homomorphism from Gs(Z)
to Ga(q) is injective, so Ga(Z) is a subgroup of Ga(q) for every odd ¢. It turns
out to be maximal whenever ¢ is prime.

4.4.3 Octonions in characteristic 2

Interpreting the multiplication table over the field Fo, we are in effect reducing
the ring of integral octonions modulo 2. This gives a set of 2% = 256 elements
which form what I shall call ‘the’ octonions over Fo. They may be thought
of as all Fay-linear combinations of the 8 fundamental roots of the Eg lattice
given above. Of these, just 120 are invertible, and arise from the 240 roots
of the Eg-lattice. The multiplicative structure they form is again a Moufang
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loop, and its automorphism group is (by definition) G2(2). It turns out that
this group has order 12096 and is isomorphic to G2(Z) and SU3(3):2. (See
Section 4.4.4 below for a proof.)

As in the case of the quaternions (see Section 4.4.1), we extend to arbitrary
fields F of characteristic 2 by taking F-linear combinations of the fundamental
roots illustrated in (4.35) above. The automorphism group of this algebra is
called G3(F), or Ga(q) if F' has order q.

To see that this definition of G2(2") is equivalent to our earlier one, given
in Section 4.3.4, we choose a basis for the 8-dimensional algebra (over Fan) as
follows. Let

1 =1+ 1,
o =1+41q,
z3 = 1419,
xy = 5(1 410 + i1 +ig + iz — s + i5 + i),
x5 =1+ 24,

zg = 14 L (is + ig +i5 + ig),
Ty = 1+%(i1 —i3+i4—i5),
xg =14 §(—io + i3+ ig — ig). (4.40)

You can now check for yourself that these are isotropic vectors forming a
symplectic basis, and that the multiplication table with respect to this basis
is exactly the same as that given in (4.27) for the algebra in odd character-
istic (ignoring signs). We also define conjugates, norms, inner products and
real parts by reducing modulo 2 the corresponding concepts in the integral
octonions. In particular 1 = x4 + x5 has norm 1 and (counter-intuitively!) we
have Re (1) = 0. Notice also that (x4 + x5)* = (21, 72, 23, 24 + T5, T, T7, T8).
Therefore Go(2") acts on the symplectic 6-space (x4 +z5)" /(x4 +z5). Indeed,
the octonion multiplication gives rise to a symmetric trilinear form ¢ defined
on this 6-space by

t(w1, z6,77) = t(w2, 73, 78) = 1 (4.41)

and otherwise ¢ is zero on the basis vectors. Moreover, G2(2%) is the subgroup
of Spg(2%) consisting of all elements which preserve this symmetric trilinear
form.

4.4.4 The isomorphism between G2(2) and PSU3(3):2

To show that G3(2) = SU3(3):2 (which is isomorphic to PSU3(3):2) we show
that both are isomorphic to the group G2(Z) of automorphisms of the integral
octonions constructed in Section 4.4.2.

First let this group G2(Z) act on the 7-space of pure imaginary integral
octonions reduced modulo 3. We shall explicitly construct an isomorphism
with the faithful irreducible part of the so-called ‘adjoint’ representation of
SU3(3):2. Recall that if F' is a field with an automorphism x +— T of order 2,
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then a matrix M with entries in F is called Hermitian if M'T = M. The set of
3 x 3 Hermitian matrices over Fg = {0, £1, 4, +1 4} forms a 9-dimensional
space over 3, and if SU3(3) is written with respect to an orthonormal basis,
then g € SU3(3) acts on this space by M +— g' Mg, and the field automor-
phism i — —i of Fy acts as M — —M. The subspace of trace 0 matrices is
invariant under this action, as is the subspace of scalar matrices. Thus there is
an induced action of SU3(3):2 on the 7-dimensional space of trace 0 matrices
modulo scalars.

1 0 0
We map each i; to the matrix J;, modulo (I5), where Jy=[ 0 0 0 |,
00 -1
0 0 ¢ 0 —i 0 0 0 0
J=10 oo, =i 0o ofl,u=10 0 —il,
— 0 0 0 0 0 ¢+ O
0 0 1 10 0 00
Js=[10 0 0], Jg=|1 0 0}, Js=[0 0 1],
1 0 0 0 00 010

so that the map 4; — J; mod (I3) is an isomorphism of the two Fs-vector
spaces of dimension 7.

It remains to check that this map induces an isomorphism of the groups
G(Z) and SU3(3):2. First check that the monomial subgroup 42Dy 22 23S, of
SU3(3):2, generated by diag(—i, 1, 1), the coordinate permutation (1,2,3) and
—(2,3) and the field automorphism, acts on these matrices in the same way
that the monomial automorphisms act on the integral octonions, and then
that the automorphism e given in (4.38) above corresponds to the matrix

144 1+¢ 0
3| -1+i 1—4 0 ] inSUs(3). These are straightforward calculations: for
0 0 2
example diag(—i,14,1) conjugates Jo, ..., Jg to Jo, =J3, —Ja, J1, —J5, Jy,
—Jg respectively.

Since the two groups Ga(Z) and SUj3(3):2 have the same order, it follows
that they are isomorphic.

Next we need to show that G2(Z) and G3(2) are isomorphic. The definition
of G2(2) in Section 4.4.3 shows that there is a natural map G2(Z) — G2(2).
The kernel of this map is trivial, since any element of the kernel fixes the 63
images of the roots, so acts as +1 (and therefore as +1, since —1 does not
preserve the multiplication) on the 7-space. In particular, the order of G5(2) is
at least 12096. We have already stated without proof, in (4.28), the fact that
G2(2) has order 26(26 —1)(22 — 1) = 12096, but for the sake of completeness
we give a proof here.

Any element of G3(2) is determined by the images of i, %(1 +ig 4141 +i3)
and %(io + 41 +i2 + i4), since these generate the whole algebra. But ig has
at most 63 images, and having fixed 7o there are at most 32 possibilities for
the image of %(io + 41 + i2 + i4), namely the 32 non-isotropic vectors which
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are orthogonal to 1 but not to ig. Having fixed these two elements, we have
fixed the algebra A they generate, which is spanned as a vector space by 1,
%(1 + i3 + i5 + ig), io, %(io + 41 4 ia + i4), and is therefore an orthogonal
4-space of plus type. The image of %(1 + 40 + 41 + i3) can then be written as
a+b, witha € A, be A+, where a = %(—1—2’04—1'1 +ig + i3 + g + 5 + ig)
is determined by the inner products with the basis vectors of A. Hence b is
one of the six non-isotropic vectors of A+. Therefore Ga(2) has order at most
63.32.6 = 12096 and hence the two groups G2(2) and G2(Z) are isomorphic
as claimed.

4.5 The small Ree groups

The small Ree groups 2G2(32"*1!) bear the same relation to the groups
G2(3*"1) as the Suzuki groups 2B3(22"*1) bear to the symplectic groups
Sp,(227*1). There are many parallels between the two cases, as we shall see
as we go along. Our treatment of the Ree groups is however a little less ele-
mentary than our treatment of the Suzuki groups.

4.5.1 The outer automorphism of G2(3)

First we construct the exceptional outer automorphism of G3(3). To do this
we take the exterior square of the natural 7-dimensional module, defined in
Section 4.3.2 with respect to an orthonormal basis {i; | ¢ € F7}. This gives us
a 21-dimensional space spanned by is; A iy = —iy A ig for s # t. There is an
invariant 7-space Wy spanned by the vector

11 AN13+ 19 Nig + 14 N\ 15 (442)

and its images under ¢; +— ;41. Modulo Wy there is another 7-space V*
spanned by the vectors

’LI = %41 N Ggp3 — 42 A gy + Wo, (443)

which is the space we want. I claim that the linear map defined by * : 4; — 4}
induces an automorphism of Ga(3).

To see this, note first that by construction the map * commutes with the
subscript permutations (0, 1,2,3,4,5,6) and (1,2,4)(3,6,5), and it is easy to
see that it commutes with the sign-change on coordinates 0, 3, 5, 6. Next we
calculate that the map

(Z.Oa"'ai6) — (ioa_i17i4a_i3vi23i67i5) (444)
takes (i,...,45) to (—i5, —i5, 3,145,435, —i§, —i%), so that * acts as an outer

automorphism of the monomial subgroup 23-GL3(2). But the octonion mul-
tiplication is determined (up to an overall scalar multiple) by this subgroup,
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and G3(3) is defined as the automorphism group of the octonion product, so *
acts as an (outer) automorphism of G2 (3). Indeed, the same argument shows
that if we extend the field to Fsx, then * acts as an outer automorphism of
G2(3F).

It is easy to show that G2(3) commutes with the map **: we need only
check that the map (4.44) induces the map

T v e (R S A S S M S B (4.45)

We shall see in Section 4.5.2 that over arbitrary fields of characteristic 3, the
map *# can be identified with the field automorphism of Go(3%), induced by

the map
6 6
. 3.
E )\tzt — E At ¢
t=0 t=0

We now use this to motivate the definition of the Ree groups. We know that
* is an automorphism of G3(3%), squaring to the field automorphism which
maps all matrix entries to their cubes. In order to turn * into an automorphism
of order 2, therefore, we need k to be odd, say k = 2n + 1, so that the map

6 6
S e SN (4.46)
t=0 t=0

is such an automorphism. Its centraliser is defined to be the Ree group
2G2(32n+1)-

4.5.2 The Borel subgroup of 2G2(q)

To investigate the structure of these groups, it is best to change basis so that
a Sylow 3-subgroup becomes a group of lower triangular matrices. The new
basis is essentially the same basis as described for Ga(g) in Section 4.3.4. We
take a = b = 1 and replace x4 and x5 by x4 — x5 to get a pure imaginary
octonion. Thus our basis consists of the vectors

v1 = i3 + i5 + ig,
vy =11 + 12 + 14,

v3 = —ig — i3 + ig,

Vg = iy — i1,

vs = —ig + i3 — ig,

Vg = —1i1 — 2 + 14,

vy = —ig + ’i5 - Z@ (447)

(Note: the version in [182] differs from this by changing sign on vy, va, vy,
vg and v7.) The octonion multiplication gives rise to a multiplication on this
7-space by projecting modulo 1 = x4 + x5, as follows.
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U1 V2 V3 V4 UVUs Vg U7
U1 —U1 V2 —U3 U4
U2 —U1 V2 —V4 Us
U3 U1 U3z —U4 —Vs (4.48)
V4| V1 —V2 —U3 Vs Vg —U7
Us|— V2 Vg —Us U7
Vg| V3 U4 —Veg —U7
U7|—V4 —U5 Vg Ut

Now we calculate (modulo the 7-space Wy defined in (4.42))

UF = 05 0L if = ig Adg — i5 Adg + g Adg — ig Ady + i1 Ads — i3 Adg
and also
Vo AVL = i1 Nig+io Aig+ia Aig+i1 Ais4iaAig—+io Aig+i1 Aig+is Aig+iaAis

so that v} = va Avy mod Wy. Similarly (see Exercise 4.16) we find expressions

for the other vectors vj’-‘:

Vg = v3 A V1,

v3 = U5 A Vg,

vy = v7 A vy + vg A v,

vE = v A vg,

vg = vs A vr,

vy = vg A vr. (4.49)

It is now elementary but tedious to show by direct calculation that with

respect to the ordered basis (v1,...,v7) the matrices
1 1
1 2 1
1 1 1 2 1
11 and 11 . (4.50)
2 1 2 1 2 1
1 2 1 1 1 2 1 1
1 1 2 1 2 11 11

where blank entries are 0, belong to 2G2(3), and generate a subgroup of order
27. Other useful elements are the sign change on i, i3, i5 and ig, which is the
sign change on v1, v3, vs, v7; and the sign change on 1, 49, i3, and g, which
maps vy to —vg and v; to vg_; for all j # 4.

Now consider which diagonal matrices can be in the Ree group. As
we saw in Section 4.3.5, the torus in Ga(g) consists of diagonal elements
diag(\, g, Au~t, 1L, A7, =t A7) Using the equations (4.49) we see that this
map induces on {v],...,v5} the map

diag( Az, N2t A 2, 1, A2 A2, AT, (4.51)
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and therefore induces on {vf*,...,v%*} the map
diag(A®, p3, N3, L AT33, =3, A73). (4.52)

Since ** commutes with the irreducible subgroup 2%-GL3(2), this tells us that
sk induces on Ga(q) the field automorphism which replaces every matrix entry
by its cube.

Since the Ree group consists of those matrices whose action on V* i
obtained by applymg the field automorphlm z— 3" to each matrix entry,
we have A" = =\ so =" ""'~1 In other words the diagonal elements
of the Ree group are

diag(A, A" 1 A2 N3 2 8T 1), (4.53)

Now we can use this diagonal element in the same way as for the Suzuki
group to make the Sylow 3-normaliser (or Borel subgroup) of order ¢3(q — 1),
which is generated by the matrices in (4.50) and (4.53). It can be shown by
arguments similar to those used in Section 4.2.2 that the fixed 1-space (v1) of
the Borel subgroup has ¢+ 1 images under the group 2Gz(q), which therefore
has order (¢® + 1)¢3(q — 1). Details of the calculation can be found in [182].
(See also Exercise 4.17.)

Indeed, 2G2(q) acts 2-transitively (and therefore primitively) on these
¢® + 1 points, and the point stabiliser is just the Borel subgroup. The latter
has a normal abelian subgroup of order g, whose conjugates generate 2Gz(q)
provided g > 3. Moreover, these elements are easily seen to be commutators
already inside the Borel subgroup, so we conclude that 2Gs(q) is simple if
q > 3, by Iwasawa’s Lemma (Theorem 3.1).

As a final remark, note that another (less explicit, and less illuminating)
construction of the small Ree groups is given in Section 5.9.1.

4.5.3 Other subgroups

The torus, a cyclic group of order ¢ — 1 consisting of the diagonal elements
(4.53), is normalised by the involution v4 +— —uv4, v; — vs—; (j # 4), so that
the normaliser of the torus is Dyq_1) = 2 x D,_1, since (¢ — 1)/2 is odd.
Another subgroup which can be fairly easily seen is the involution centraliser
2 x PSLy(g). The involution diag(—1,1,—1,1,—1,1,—1), which is the case
A = —1 in the above torus (4.53), is centralised by 2 x D,_1. We can extend
this to the full centraliser by adjoining the element which negates ig, 72, i3, i4

1 -1 1
and fixes i1, 45, 7g. This element acts on our new basisas | 1 0 —1 | on
1 1 1

-1 -1 1 -1
-1 1 1 1
1 1 1 -1
-1 1 -1 -1

(va,v4,v6) and as on (vy,vs, Us, V7).
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The other maximal subgroups (for ¢ > 3) are in fact 2G2(qo) whenever
q = qo” with r prime, the four-group normaliser (22 x D(411y/2):3, and two
classes of Frobenius groups (3?"*1 £ 3"*! 4 1):6, where ¢ = 3?71, These
Frobenius groups are the stabilisers of certain 1-dimensional subspaces.

The four-group normaliser is most easily seen in the original basis. For ex-
ample we may take the four-group generated by negation on two of the three
2-spaces (i1,1%3), (i2,i6), (i4,%5). As this four-group fixes a unique 1l-space
(spanned by ig), the four-group normaliser is equal to the 1-space stabiliser.
It may be generated by adjoining to the four-group itself the subscript per-
mutation (1,2,4)(3,6,5) and a suitable reflection inside the orthogonal space
(i1,13) (which can be extended in a unique way to the whole space). Indeed, it
is not hard to verify that the %qg(q3 —1) 1-spaces spanned by vectors of norm
1 fall into exactly three orbits under G (q), with stabilisers (22 x D 41y/2):3
and C,¢ /z7,1:6. On the other hand, 2G5 (q) is transitive on the 3¢3(¢® + 1)
1-spaces spanned by vectors of norm —1, and the stabiliser is the non-maximal
subgroup Dy(,_1), namely the normaliser of a maximal split torus. There are
three orbits on isotropic 1-spaces, of lengths ¢® + 1, q(¢® + 1) and ¢?(¢ + 1),
represented respectively by (z1), (x2) and (z3).

To summarise (see Kleidman [106] and/or Levchuk and Nuzhin [119]):

Theorem 4.2. If g = 3?1 withn > 1, then the mazimal subgroups of 2Ga(q)
are (up to conjugacy)

(i) ¢+11C,
(’L’L) 2 x PSLQ((]),
(m) (22 X D(q+1)/2):3,
(1) Cyt yag41:6,
(U) qu\/%+1:6}
(vi) 2G2(qo), where ¢ = qo" and r is prime.

There are no non-trivial covers of the small Ree groups 2Go(32"*1), and
the only outer automorphisms are the field automorphisms, giving a cyclic
outer automorphism group of order 2n + 1.

4.5.4 The isomorphism 2G2(3) = PI'Ly(8)

The smallest Ree group 2Ga(3) turns out to be isomorphic to PGL2(8):3, and
the natural 7-dimensional representation of the Ree group corresponds to the
doubly-deleted permutation representation of PGLy(8) = PSL2(8) on the 9-
point projective line. (This is called ‘doubly-deleted’ because there is a fixed
vector vg = (1,1,1,1,1,1,1,1,1) and a fixed hyperplane vy which contains
o, 50 that vo™ /(vo) has dimension 7.)

We construct this representation first. The field of order 8 is obtained by
adjoining to Fy an element 7 satisfying n® + 7 4 1 = 0. Thus the elements of
Fgare 0, I, p, 2, 0 =n+ 1Lt =n2+n, 0 = +n+1, 75 =n? + 1.
Adjoining oo to this set, we obtain the projective line PL(8) = FgU{oc}, whose
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automorphism group is PI'Ly(8) = PGLy(8):3 = PSL4(8):3. This group may
be generated by the following elements

tz— 241,

Dz 1z,

Dz 22,

e (4.54)

QL O oe

The stabiliser of co is a group 22:7:3 generated by a, b, and the field auto-
morphism ¢. A Sylow 3-subgroup (of order 27) may be generated by ¢ and
2z (nz+1)/(z+n+1) (i.e. the permutation (co,n,1°%, 0,7, 1%, 1,1n%,173) of
the projective line).

Now the 7-dimensional representation over F3 can be obtained by tak-
ing a 9-space spanned by vectors e, for z € Fg U {oo}, and taking the
subspace of vectors with coordinate sum 0, modulo the 1-space spanned by
(1,1,1,1,1,1,1,1,1). The orthonormal basis {z’o, ...,ig} can be calculated as
a basis of eigenvectors of the 23 subgroup <a ab, a ) and we find that (writing
the coordinates in the order oo, 0, 1,7,1%,7%, n* n°,n%)

0 = (07157 71 1a7171771571)7
1 = (07131, ) ]-ala_]-v_la_]-)v
io =(0,1,1,—-1,1,-1,—-1,—-1,1), (4.55)

and so on (we fix the first two coordinates, and rotate the last seven coor-
dinates backwards each time the subscript increases by 1). In other words,
b:i; — 1;_1. It is easy to verify that ¢ acts on this basis as i; — do.

To prove that PSLo(8):3 is contained in G2(3), therefore, it suffices to
check that the map

’th — —i,t + Z’lft + Zbgft + 7;47t (456)

corresponding to z — 27! is an automorphism of the octonion algebra. By

symmetry, we need only check the product
dg.i1 > (—ig + i1 + do 4 i4)(—ig + ig + i1 + i3)
= (—iq + 15 +i6 + 11), (4.57)
which is the image of i3, as required.

Finally we calculate that the map (4.56) takes iy to —if + i + 5 + i}, and
hence, by symmetry, induces the map

I Y Y SRy I (4.58)

Thus the group PSLy(8):3 constructed above commutes with the automor-
phism *, so PSL(8):3 C 2G2(3). But the two groups both have order 1512,
so they are equal.
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4.6 Twisted groups of type 3D,

4.6.1 Twisted octonion algebras

The group ®Dy(q) is usually defined as the centraliser in PQg (¢*) of a certain
automorphism of order 3, namely the product of a field automorphism of order
3 with a ‘triality’ automorphism (see the end of Section 3.9 and Section 4.7). I
prefer a more concrete approach, obtained by ‘twisting’ the octonion algebra
(see Section 4.3.2) over Fgs by the field automorphism x +— x9 of order 3.
Because the triality automorphism rotates z, y and Ty (rather than zy) we also
need to take the octonion conjugate. That is, replace the ordinary octonion
product by a new bi-additive product * which takes the value 7y = 3.7 for x
and y in our standard basis (either {1, 4, ...,is} or {z1,...,zs}), and instead
of the bilinearity condition (Aa)(ub) = (Au)(ab) we now have

(Aa) * (ub) = (A7) (a * b) (4.59)

for all \,u € Fgs and all a,b in the algebra. Notice that the twisted algebra
has no identity element, since 1 x z = x would imply 1 * (\x) = 2 g %+ Ax.
Indeed, we shall see that the automorphism group of the twisted algebra acts
irreducibly on it. It is immediate from this construction that 3Dy4(q) contains
G2(q).

The algebra still has a norm and inner product defined over Fgs. The norm
is still a quadratic form but now it satisifies

N(a*b) = N(a)IN(b)7 (4.60)

instead of N(ab) = N(a)N(b).

Warning. Springer and Veldkamp [158] define x * y = yZ = Z.7 on the stan-
dard basis instead of Ty. This different convention does not affect the general
picture, but does change some of the technical details.

4.6.2 The order of 3D4(q)

In order to calculate the order of 2Dy(q) we study the isotropic vectors v
such that v x v = 0. We shall show that the group acts transitively on them,
and calculate the number of them, and the stabiliser of one of them. Recall
that in the untwisted octonions an isotropic vector v satisfies vo = 0, so
satisfies vv = 0 if and only if v is purely imaginary. But in the absence of an
identity element, this no longer makes sense. First we do some preliminary
investigations into the structure of the group.

Using the basis {z1,...,zs} defined for Ga(q) in Section 4.3.4, and re-
membering that Ty = x5, it is easy to calculate that the diagonal elements in
3D4(q) are just

diag(a, fa™1, ﬁfla‘f*q, ad’ =1 =" ﬁof‘f’q, B la,a™t)  (4.61)
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where o« € Fgs and 8 € F,. These elements constitute a maximal torus
T = Cys_1 xCy_1. Notice that if o is a generator (of order ¢*—1) for the multi-
plicative group of Fys then a4° =4 has order (¢®-1)/(¢q—1) = ¢* +q+1. There-
fore the action of T on the middle two coordinates is only Cg2y 441, while it is a
full Cys_; on each of the other coordinates. This torus is normalised by a group
D15 (this is the Weyl group of type G2 again) generated by the elements given
in (4.30), which map (z1,...,zs) to (-1, —x3, —Z2, %4, x5, —T7, —Tg, —Tg)
and (—z9, —21, —Z6, T5, Ty, —T3, —Tg, —T7).

To make the Borel subgroup B we simply take the elements A(\), ..., F(\)
generating the unipotent subgroup of order ¢° in Go(q) (see (4.34)), and con-
jugate them by the torus T to make the unipotent subgroup U of order ¢'2
in 3D4(q). We find that the ‘long root elements’ A()\), B(\) and E(\) are
essentially fixed (as a set) by this conjugation, whereas the ‘short root ele-
ments’ C'(A), D(X) and F'(X\) are conjugated to ‘twisted’ elements defined for
all A € Fgs. So for example,

C(A) iy — g — )\1+q_q2x17
Ty — Ty + /\17‘”‘123:1,
Tg — Tg + )\q+q2_1332,
Ty — T7 — >\q+q2—1x37
xrg — Tg + )\1+qiq2$5 - )\17q+q2l’4 + )\2331. (462)

To summarise, the Borel subgroup of 3Dy4(¢) has shape [¢*?]:(Cys_; x Cy_1).
Next we determine the stabiliser of the vector x;. This subgroup fixes
various subspaces defined by x1, including

(T1, 29,23, 24) = {v | 11 % v = 0},
(x1, 22,23, 25) = {v | v* a1 =0}, (4.63)

their sum and intersection, and the orthogonal complements of all of these.
Since x5 * 3 = x1, the action of the stabiliser of x; on (xs,x3) is at most
SL2(g). On the other hand, we already see a group SLa(gq) acting faithfully
on it inside G2(g), so the action is exactly SLa(q). Moreover, if we also fix x4
then the resulting stabiliser consists of lower triangular matrices.

We must now show that with respect to the basis {z1,...,zs} any auto-
morphism which is represented by a lower triangular matrix is in the group
[q*?]:(Cyz—1 x Cy_1) just described. First, the same argument that produced
the torus shows that the diagonal entries of the matrix are as in (4.61), so we
may assume the matrix is lower unitriangular. In particular, multiplying by
suitable elements F'(A1) and D(\2) we may assume that x1 — z1, 23 — o
and x3 — x3 + pxs. Now

2
0 = (x5 + pxe) * (x3 + paa) = (u? — p9 )y (4.64)

so pp € Fy, and multiplying by E(un) we may assume x3 — x3. Next the
products x4 *x1 = —x1, To*xxy = —T9 and x3*x x4 = —x3 imply that x4 — x4.
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Similar arguments complete the proof. It follows that the stabiliser in 2Dy(q)
of 1 has the shape ¢*>*3+6:SLy(q). Indeed, if we adjoin the full torus we obtain
the stabiliser of the 1-space (z1), namely the maximal parabolic subgroup

¢*T310:SLa(q).Cpp 1. (4.65)

To complete the calculation of the order of 3Dy(g) it only remains to count
the number of images of z1. We shall do more than this: we shall show that
the images of z; are precisely the isotropic vectors v satisfying v * v = 0, and
that there are precisely (¢® + ¢* + 1)(¢® — 1) of the latter. We already know
that the Weyl group maps z; to x2, 3, g, z7 and xg. The unipotent subgroup
U takes xo,...,xs respectively to ¢, ¢%,¢7, ¢%, ¢'' vectors, making

1+ +¢*+d+E+d" =P+ + 1) (P +1)

in all (or ¢> — 1 times this if we count all non-zero multiples). Conversely,
it is not difficult to show that if z = x, + ZKk A\;x; is an isotropic vector
with = % x = 0, then the coefficients \; satisfy various equations, such that
the numbers of such vectors are exactly as above. [For example, if the leading
term is x¢ we may use suitable F'(A) and C(A) to reduce to x = xg + A\ax4 +
A3x3 + A1x1, whence

zxr = -\l — 3\3‘12565 — )\3qf£24 — /\3q/\4q2933+
()\1q — )\1q )ZL’Q - )\4q>\1q X1 (466)

and therefore Ay = 0, A3 = 0 and \? = )\1q2, so A1 € Fg, so by using a
suitable element B(\) we may assume = = zg.]

In other words, modulo a certain amount of explicit calculation, we have
shown that

(i) there are exactly (¢® + ¢* +1)(¢® — 1) isotropic vectors v with v v = 0,
(ii) the group ®>D4(q) acts transitively on such vectors, and
(iii) the stabiliser of such a vector has order ¢'2(¢® — 1).

It follows immediately that the order of >Dy(q) is

’Da(q)| = a"*(® + ¢* + 1)(¢° = 1)(¢* - 1). (4.67)

4.6.3 Simplicity

To prove simplicity of 3D, (g) we use the variant of Iwasawa’s Lemma given
in Exercise 3.3, applied to the action of *D4(q) on the isotropic 1-spaces (v)
with v % v = 0. The point stabiliser ¢g**376:SLy(q).Cyz_1 has orbits of lengths
1, ¢*(g+1), ¢"(¢g+1) and ¢'! on the points, and it is easy to check that none
of the putative block sizes 1+¢®+4q*, 14+q¢" +¢% or 1+¢>+¢*+q7 +¢° divides
the total number of points, so the action is primitive (see Exercise 4.20). The
point stabiliser has a normal soluble subgroup ¢>t3%% which is contained in
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the derived subgroup. Let H be the subgroup of *Dy(q) generated by the
conjugates of ¢>*3%6: it remains to show that H = 3Dy(q).

Since E(\) is conjugate to A(\), which is in ¢>¥3%6 it follows that H
contains ¢2T3t6:SLy(q). Similarly, H contains ¢'*®:SLy(¢®), which is gener-
ated by conjugates of C(\). Therefore H strictly contains the point stabiliser
q2+3+6:SL2(q).Cqs_1. But the latter subgroup is maximal, since the action on
its cosets is primitive, and therefore H = 3D,(g). We conclude that 3Dy(q) is
simple for all q.

There are no proper covers of any of the groups 3Dy4(q). The only auto-
morphisms are field automorphisms, induced by automorphisms of the field
of order ¢°.

4.6.4 The generalised hexagon

We showed that there are exactly (¢° —1)(¢® +¢* + 1) non-zero vectors v with
v+ v = 0, and therefore there are (¢ + 1)(¢® + ¢* + 1) 1-spaces spanned by
such vectors. These 1-spaces are called points. Two points are called adjacent
if their product in the twisted octonion algebra is 0. If two points are adjacent,
then the 2-space they span contains ¢ + 1 subspaces of dimension 1, all of
which are points adjacent with the first two. These 2-spaces are called lines,
and it is not hard to see that each point is in ¢ + 1 lines, and therefore the
total number of lines is (¢ + 1)(¢® + ¢* + 1).

If we now draw the point-line incidence graph (as in Section 4.3.8), we
obtain a bipartite graph with the following shape, where figures below the
nodes denote the number of vertices, and figures above the edges denote the
number of edges incident with each vertex. Notice that, unlike the case of the
generalised hexagon for G3(q), the numbers of points and lines are different.
Therefore I have drawn the graph twice, once from the point of view of a point
stabiliser, and then from the point of view of a line stabiliser.

g+1 1 ¢° 1gq 1 ¢ 1 g L ¢ q+1
° ® ® °
1 q+1 Ala+1) ¢*(q+1) ¢ (¢+1) ¢®(g+1) gt
3 3 3 3
1 1 1 1 1 1 +1
q o’ o1 o’ o1 ol L
1 F+1 0 g+ P +1) PP +1) Bl +1) ¢’

(As well as the generalised hexagon for G2(q) described in Section 4.3.8, com-
pare the generalised quadrangles for PSp,(q) described in Section 3.5.6 and for
PSU,4(q) and PSU;(q) described in Section 3.6.4, and the generalised octagon
for 2Fy(q) described in Section 4.9.4.)

4.6.5 Maximal subgroups of 3Dy, (q)

To make the maximal parabolic subgroups, we adjoin to B suitable subgroups
of the Weyl group, just as in the case of Ga(q). Thus we adjoin the element
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(z1,...,28) — (2,21, —Z6, T5, T4, —T3, Ts, T7) tO Obtain
*310:8L5(q).Cys 1, (4.68)
and adjoin (21, ...,xs) — (—x1, —x3, —T2, T4, T5, —T7, —Xg, —Lg) tO obtain
¢ 8:SLy(¢*).Cy—1. (4.69)

In characteristic 2 the maximal parabolic subgroups have the slightly simpler
shapes

¢ 7%:(Cy1 x SLa(g%),
*T30:(Cps_y x SLa(q)). (4.70)

The involution centraliser (for ¢ odd) has the shape
2 (PSLy(¢®) x PSLa(q)).2. (4.71)

If we take the involution which negates x1, x3, g, xs, its centraliser is gener-
ated by T, B(\), D(\) and the elements of the Weyl group mapping

(3317 o ,st) — (_'T67 —X2, —T8, T4, L5, —T1, —T7, _'T3)7
(x17 .. 7:178) — (I-?)a —X7,T1,T5,T4,T8, 739271‘6)' (472)

For ¢ even there is an analogous subgroup SLa(¢?) x SLa(q), generated in the
same way.

Other subgroups of interest include PGL3(g¢) when ¢ = 1 mod 3, and
PGUs(q) when ¢ = 2 mod 3. A complete list of maximal subgroups is given
by Kleidman (see [106]).

Theorem 4.3. The maximal subgroups of 3D4(q) are as follows:

(i) ¢S ().Cy 1,
(i) ¢*T3%6:SLy(q).Cps 1,
(iii) Ga(g),

(iv) PGL3(q) if ¢ = 1 mod 3,

(v) PGUs(q) if 2 < ¢ = 2 mod 3,
(vi) ®Dy(qo) if ¢ = qo”, for r prime,
(vii) SLa(q®) x SLa(q) if q is even,

(viii) 2:(PSLa(q%) x PSLa(q)):2 if q is odd,

(iz) SL3(q).Cy244+1-C2,

(x) SUg(q).qu_q+1.Cg,

(71) (Cor4q+1 X Cg24441):SLa(3),
(z1i) (Coz—g41 X Cqz—g41):SL2(3),

(IZZZ) Cq4_q2+1:4.
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4.7 Triality

The phenomenon known as triality plays an important role in many of the ex-
ceptional groups, especially Fy(q), Eg(q) and 3Dy4(q), but is ‘really’ a property
of the orthogonal groups PQg (), or rather of the spin groups Sping (q). We
saw at the end of Section 3.9 that triality arises naturally from the Clifford
algebra. In this section we take a different approach, and show how to derive
triality from the octonions. We work with an octonion algebra @, which may
be the real octonion algebra, or an octonion algebra over a finite field. Most of
our arguments will apply equally to all cases, but sometimes there are extra
difficulties in characteristic 2 (and occasionally in characteristic 3).

To understand what triality is, it is useful first to explore what we mean
by duality of vector spaces. This word is used to describe a number of related
phenomena. Given a vector space V over a field F', an (external) dual space V*
may be defined as the space of linear maps from V to F' (see Section 3.3.4). If
the dimension of V is finite, then dim V* = dim V', so V and V* are isomorphic
as vector spaces. Thus the bilinear ‘evaluation’ map V* x V — F defined by
(f,v) — f(v) gives rise to a bilinear ‘inner product’ V' x V' — F. This inner
product can be regarded as an ‘internal’ version of duality. The natural action
of GL(V) induces a ‘dual’ action on V* which is different from its action on
V.

Similarly, an internal version of triality is given by the product on the
octonion algebra, or more precisely by the trilinear form ¢t : O x O x O — F
defined by t(u,v,w) = Re (uvw), where Re (v) denotes the real part of v,
i.e. Re(v) = 1(v+ 7). This trilinear form is cyclically symmetric, that is,
t(u,v,w) = t(w, u,v). To prove this, note first that if u, v, w are three octo-
nions, then Re (uv) = Re (vu) and Re ((uv)w) = Re (u(vw)). This is because
Re ((uv)w) and Re (u(vw)) are trilinear in u, v and w, and both are zero on
the basis 1, ig, ..., ig unless u, v, w lie in a quaternion subalgebra, which is
associative. Thus we have

uwv 4+ v = 2Re (uv)
= 2Re (vu)
= vu + T4 (4.73)

and therefore

(wv)w + (uv)w = 2Re ((uv)w)
= 2Re (u(vw))
= u(vw) + u(vw) (4.74)

as required. It follows that Re (u(vw)) = Re ((vw)u) so
Re (uvw) = Re (vwu) = Re (wuw). (4.75)

[On the other hand, Re (uvw) is not in general equal to Re (wvu), even in the
quaternions: for example, Re (ijk) = —1 but Re (kji) = 1.
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An ‘external’ version of triality may be constructed on three related or-
thogonal 8-spaces, V, V', V" say, with the orthogonal group (or rather its
double cover the spin group) acting in three different ways on these three
spaces. In the next section we describe in detail this external manifestation
of triality. We identify V, V' and V" with O for convenience in describing
the action of the spin group, but we are regarding them only as vector spaces
with quadratic forms, not as algebras.

4.7.1 Isotopies

An isotopy of O is a map (o, 3,7) : (z,9,2) — (22,95, 27) from O x O x O to
itself, where «, 3, v are orthogonal transformations, and which preserves the
set of triples (z,y, z) with xyz = 1. (Here no brackets are needed as (zy)z = 1
implies that z is in the quaternion subalgebra generated by x and y).

Let L, : x — uz denote left multiplication by wu, let R, : x — zu denote
right multiplication by u, and B, : & +— wuxu denote bimultiplication by wu.
If w € O has norm 1 (i.e. wu = 1) then (L, Ry, By) is an isotopy. For if
xyz = 1 then the subalgebra generated by u and 2y = 27! is associative (all
2-generator subalgebras are associative), so by the Moufang identity

((uz)(yu))(@z1) = (u(zy)u)(uzu)
= u(zy)uuzu

=1. (4.76)

Indeed, it is easy to show that the maps (L., Ry, Bz) for vz = 1 generate
the full group of isotopies. First assume that the characteristic is not 2, and
note that if u is purely imaginary (u = —u), then By negates 1 and u, and fixes
the orthogonal complement of (1,u). Thus in GO7(q) acting on the purely
imaginary octonions these maps are reflections in vectors of norm 1, and
therefore generate a group 2 x 7(g). Similarly, in characteristic 2, the map
By acts on 1+ as an orthogonal transvection, and these maps generate 7(q) =
Spe(q). Also, if w = (=1 + 4o + i1 + i3) then B, maps the identity element
to w so extends the group to Q;(q).

Next we need to look at the group homomorphism («, 3,7) — 7 from the
group of isotopies to the orthogonal group, and show that its kernel is the
group of order 2 generated by (—1,—1,1) = (L_1, R_1, B_1). In other words,
given an isotopy (a, 3,1) we must show that « = = +£1.

Suppose that 1% = a, necessarily of norm 1. Applying the definition of
isotopy to the triple (x,y,2) = (1,1,1) we have 1 = 11°1 = a1” so 1% = a.
Next, taking (z,1,z~!) we have

1=21%27! = z%az™!
so 2% = xa for all z, and therefore o = R,. Similarly, taking (1,y,y~!) we
have
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1=1%"% "t = ay’y ™!
so y”? = ay for all y, and therefore 5 = Lg.

We wish to show that a is real, and therefore a = +1. First define the
nucleus of O to be the set of elements a € O such that (za)w = z(aw) for
all z,w € 0. Clearly the nucleus is a subspace and is invariant under the
automorphism group. Equally clearly, it contains 1 but not ¢3. Hence the
nucleus is exactly the subspace (1).

Therefore if a is not real, we may find 2 and w such that (za)w # z(aw).
There exists y such that ay = w, so

(
# (za)(ay). (4.77)

In other words we have found z, y, z with zyz = 1 but (xza)(ay)z # 1, which
contradicts the assumption that (R, Lz, 1) is an isotopy. It follows that in odd
characteristic the group of all isotopies is a double cover of Qg{(q)7 namely the
spin group 2°QF (¢) (see Section 3.9.2).

A similar argument works in characteristic 2 (see Exercise 4.21).

4.7.2 The triality automorphism of PQ;’(q)

The group of isotopies may be extended to the group 2:SOF (¢q) = 2:QF (¢):2
in odd characteristic (or GOZ (¢) = QF (¢):2 in characteristic 2) by adjoining
the duality automorphism (z,y, 2) — (¥, %, Z).

There is another obvious automorphism, called triality, which maps (x, y, z)
to (z,z,y). [Clearly zyz = 1 implies z = (zy)~! and so zxy = 1, since inverses
are 2-sided.] This extends the spin group to a group of shape 22-PQd (¢):53
(or QF (¢):53 in characteristic 2). The centraliser of the triality automorphism
consists of all isotopies of the form (a,a, ). This means that if 27! = 2y
then (271)® = 2%y“: in other words, « is an automorphism of the octonion
algebra. Thus this centraliser is exactly Ga(q).

Moreover, the set of isotopies preserving the subset

{(1,y, Zfl) | y € O invertible}

is the spin group 2:Q7(q) (or just Q7(q) = Spg(q) in characteristic 2). The
stabiliser in this group of the triple (1,1, 1) consists of isotopies («, 3, v) which
simultaneously map (1,,57") to (1,45, (y~1)?) (so that 8 = ) and map
(z,2711) to (2%, (z71)?,1) (so that a = 3), so is again equal to G2(g). This
leads to an alternative description of G2(q) as the stabiliser of a non-isotropic
vector in the 8-dimensional spin representation of 2:Q7(q) (or Q7(q) = Spg(q)
in characteristic 2).

This idea of triality gives us another way of looking at the groups 3Dy(q).
Recall that the unitary groups may be defined by identifying the duality (or



148 4 The exceptional groups

inverse-transpose) automorphism z + (z=!)T of the general linear groups
GL,(¢?) with the field automorphism x +— T = z? of order 2, so that the
group consists of the matrices x satisfying 2=' = Z'. We may apply the same
principle to the groups PQ;’ (¢%), identifying the triality automorphism with
the field automorphism x — x? of order 3.

In other words, we consider those isotopies (o, 3,7) on the octonion algebra
over s which commute with the map (z,y, z) — (y?,29,29). The group of
such isotopies is denoted 3Dy(q), because the triality automorphism can be
thought of as an automorphism of order 3 of the Dynkin diagram Dy.

4.7.3 The Klein correspondence revisited

The geometry of triality gives us another way of deriving the Klein correspon-
dence (see Section 3.7). Suppose for simplicity that ¢ = 1 mod 4. Then there
is an element i € F, with i> = —1, so that the map L;, :  — oz is diago-
nalisable with eigenvalues +i, each of multiplicity 4. One of the eigenspaces is
spanned by 1—1ig, i1 —ii3, 1o —iig, 14 — 195, and the other is obtained by replac-
ing —i by +4. Both eigenspaces are totally isotropic and in the spin group have
a full GL4(q) acting on them. On the other hand, the map B;, : x — ioxip
negates (1,4o) and centralises the orthogonal 6-space (1,ig)*. But triality
maps L;, to B;, (modulo signs), and thereby induces an isomorphism be-
tween PSLy(q) and PQg (q).

4.8 Albert algebras and groups of type F}

4.8.1 Jordan algebras

The algebra of n x n matrices is defined by the well-known matrix product,
which is associative but non-commutative, as long as n > 1. We can derive
a commutative product from it, by defining Ao B = %(AB + BA). This is
called the Jordan product, and is easily shown to be non-associative whenever
n > 1. It does however satisfy the so-called Jordan identity

((AocA)oB)o A= (Ao A)o(BoA). (4.78)

(See Exercise 4.22.)

A Jordan algebra over a field of characteristic not 2 is defined abstractly to
be a (non-associative) algebra with a (bilinear) commutative Jordan product
o, which satisfies the Jordan identity.

Simple Jordan algebras (i.e. those with no non-trivial proper ideals) over
finite or algebraically closed fields are completely classified (at least if the
characteristic is not 2 or 3), and it turns out that apart from those which
arise from associative algebras in the manner just described, there is just one
other Jordan algebra. It is called the exceptional Jordan algebra, or Albert
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algebra, and has dimension 27. It may be constructed as the algebra of 3 x 3
Hermitian matrices (i.e. matrices = such that ' = Z) over the octonions. For
brevity let us define

d F E
(die.f|D,E,F)=|F e D], (4.79)
E D f

where d, e, f lie in the ground field, and  denotes octonion conjugation, that
is, the linear map fixing 1 and negating 4,, for all n.

Multiplication of such matrices makes sense, and the Jordan product is
defined in the same way as before. It can be readily checked that the 27-
dimensional space of octonion Hermitian matrices is closed under multipli-
cation. The identity matrix acts as an identity element in this algebra, and
its perpendicular space (with respect to the natural inner product) is the
26-dimensional subspace of matrices of trace 0.

4.8.2 A cubic form

The natural inner product Tr(2% ") on the real vector space of octonion Her-
mitian matrices can be expressed as

Tr(zgy") = Tr(zy) = Tr(yz) = Tr(z o y). (4.80)

Indeed, there are at least three natural invariant forms on the Albert alge-
bra: a linear form L(xz) = Tr(x), a bilinear form B(z,y) = Tr(z o y), and a
trilinear form T'(z,y,z) = Tr((z o y) o 2). It is clear that the bilinear form
is symmetric, i.e. B(x,y) = B(y,z). It is also clear that the trilinear form
satisfies T'(z,y, z) = T'(y, x, z). What is much less obvious, but crucial, is that
T(x,y,2) =T(y,z,z), so that T is a symmetric trilinear form.

To prove this, recall from (4.75) that if u, v, w are three octonions, then
Re (uvw) = Re (vwu) = Re (wuv). Now we calculate the trilinear form at the
three matrices (d,e, f | D, E,F), (g,h,j | G,H,J) and (k,I,m | K,L, M) as
follows

dgk + ehl + fijm
+ kRe(FJ + EH) + [Re (DG + FJ) + mRe (EH + DG)
+ gRe(MF 4 LE) 4+ hRe (KD + MF) + jRe (LE + KD)
+ dRe (JM + HL) + eRe (GK + JM) + fRe (HL + GK)
+Re(MGE + LJD + KHF + DHM + FGL + EJK)  (4.81)

and observe that this is unchanged under all permutations of the three ma-
trices.

This enables us to replace the trilinear form by a cubic form C(z) =
1T (z,2,z) in the same way that we replace the bilinear form B(z,y) by the
quadratic form Q(z) = 1 B(x, ). Thus
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Q(d.e,f | D,E,F) = 3(d®*+¢e*+ f?)+ (DD+ EE+ FF) (4.82)
and

C(d,e,f| D,E,F) = t(d®*+ e* + f%) + 3d(EE + FF) + 1e(DD + EE)
+1f(DD + EE) + 3Re (DEF + DFE). (4.83)

We recover the original forms by

B(z,y) = Q(z +y) — Qz) — Qy),
T(z,y,2) =C(z+y+2)
—Clx+y) —Cly+z2) —Cr+=2)
+C(z) + C(y) + C(z). (4.84)

Indeed, we can also recover the Jordan product from these forms. For B(z,y)
is a non-degenerate form, so that z oy is uniquely determined by evaluating
the identity

B(zoy,z) =Tr(zoyoz)=T(z,vy,z2)

as z runs over a basis.

4.8.3 The automorphism groups of the Albert algebras

An analogous construction can be performed using the octonions over any
finite field F, of characteristic not 2 or 3. [In these two characteristics the
arguments of Section 4.8.2 break down and different definitions are required
in order to overcome this problem: see Section 4.8.4.] We obtain in this way a
finite Albert algebra, whose automorphism group we call Fy(g). This group in
fact acts irreducibly on the 26-dimensional space of trace 0 matrices, except if
the field has characteristic 3, when the identity matrix has trace 0, and Fy(q)
acts irreducibly on the 25-space of trace 0 matrices modulo the identity.

Now if « is any element of G3(g), i.e. an automorphism of the octonions,
then it induces a map (d,e, f | D, E, F) — (d,e, f | D%, E¢, F*) on the Albert
algebra over F,, and it is easy to see that this map is an automorphism of the
Albert algebra. It follows that G2(q) is a subgroup of Fy(q).

Indeed, the double cover of QF (g), i.e. the spin group 2:QF (¢) = 22-PQ{ (q),
is generated by the maps

(d,e,f| D,E,F)— (d,e, f | uD, Eu,uFu) (4.85)

where u is an octonion of norm 1. It is a straightforward calculation to show
that this map preserves the quadratic and cubic forms (4.82) and (4.83), and
therefore preserves the Jordan multiplication.

More generally, as we saw in Section 4.7.1, these maps generate the group
of isotopies

(,8.7) : (dye. [ | D, E,F) v (dee, f | D*, E°, F7), (4.86)
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which have the property that DEF = 1 implies D*EPFY = 1. It is easy
to see that these maps preserve the quadratic form, so (unless the charac-
teristic is 2 or 3) to verify that they preserve the Jordan algebra structure,
it suffices to verify that they preseve the cubic form (4.83). But «, 8 and ~
are orthogonal transformations, so DD, EE and FF are fixed by any iso-
topy. Also we can write F' = F; + F» in such a way that (DE)F; is real
and (DE)F, is purely imaginary, and therefore by the definition of isotopy,
(D*EPYF] = (DE)F; = Re ((DE)F). Moreover, left octonion multiplication
by D*EP is an orthogonal similarity, so (DEP)Fy) is purely imaginary, and
Re (D*EP)FY) = (D*EP)F] = Re((DE)F). Therefore, substituting into
(4.83), we have C(d,e, f | D*, E8, F7) = C(d,e, f | D, E, F).
This group of isotopies is normalised by the triality automorphism

(d7e7 f ‘ D7E? F) = (e’ f’d | E7 F7 D)’ (4'87)
as well as the duality automorphism
(d’e’f | D7E7 F) = (d’ f’e | b? F7 E)' (4'88)

These elements extend 22-PQd () to a group of shape 22-PQ (¢):S3, which
is (in fact) the full stabiliser of the 2-dimensional space of diagonal matrices
of trace 0.

4.8.4 Another basis for the Albert algebra

In order to exhibit the parabolic subgroups, as well as to define Fy(q) in
characteristics 2 and 3, we change basis in the same way as we did for G3(q).
Thus we take the basis {z1,...,2s} for the octonions given in (4.26), and
define a basis {w;, w}, w! | 0 < i < 8} for the Albert algebra by

= (1,0,010,0,0) and w; = (00,0 ;,0,0) for i >0,
=(0,1,0]0,0,0) and w) = (0,0,0]0,z;,0) for i > 0,
wo =(0,0,10,0,0) and w; = (0,0,0]0,0,;) fori >0. (4.89)

The multiplication table is now easy to write down. We double the multipli-
cation in order to get rid of the factors of % Then multiplication by wq is
defined by

Wo S Wy = 2w0,

wo o wy = 0,

wg o w; = 0 for i > 0,

wo 0w = w} for i > 0,

wo 0w, = w, fori >0, (4.90)

and images under the triality map w; — w} — w} — w;. Multiplication by
w; for ¢ > 0 is given by
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!/ "
w; 0 Wy_; = Wy + Wg,
w;ow; = 0 for j #9 —1,

w; o w); = ew), where z;x; = €Ty, (see (4.27)), (4.91)

and images under triality. For convenience we re-write (4.27) in this new
notation.

wl wh wi w] wl wi wi wf
w’l —wW1 —wW2 W3 —Ws
wh wy —Ws —wWy —We
wh —wy —ws —wy wy
w)|—wq ws —we —Wr (4.92)
wh —Wy —W3 Wy —wg
weg| we —ws —wg —wg
wh|—ws —ws —wr Wy
wg|—wg4 we —wr —Ws

Now the quadratic form at a typical vector v = Zf:o(/\twt + Aw, + N wy)
is
Qv) = 3(A” + X" + M) + i Ado—s + MAg_y + AYAG_,). (4.93)

On the subspace of vectors of trace 0 we can re-write 1(d* +e*+ (d+e)?) =
d? + de + €2, and therefore

4
Q) = Xo” + Aoy + A7 + Y (Adome + MAg_, +A/AG_,)  (4.94)

t=1

which can be interpreted in any characteristic.
We double the cubic form C, and, since % (d® +¢e® — (d+¢)?) = —de(d+e),
on the subspace of trace 0 vectors we re-write (4.83) as

C(d,e,f | D,E,F) =def — dDD — ¢EE — fFF + Re (DEF + DFE)

and therefore (see Exercise 4.26)

4
Clo) = Y MMAY = D (MoAedo—s + MM AG_, + ATATAG,)
t=0,4,5 t=1
— D TN A+ MG+ Ao NN + Mo NoAL + A NAL + AsAGAL)
) N = MAGAY + A XA — Ao XA (4.95)

where the last two sums are over all cyclic permutations of the subscripts.
This description of the cubic form can be interpreted in any characteristic.
Indeed, Fy(gq) may be defined for arbitrary ¢ as the set of linear maps on Fq26
which preserve both the quadratic form @ defined in (4.94) and the cubic
form C' defined in (4.95).
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4.8.5 The normaliser of a maximal torus

In this section we construct the maximal split torus 7" and find its normaliser
N, and the Weyl group N/T. It is straightforward to show that a diagonal
element is completely specified by its eigenvalues «, 3,, § on the eigenvectors
wy, wy, w!, wy. For the quadratic form gives the eigenvalues =1, 371, 4=t 51
on wg, ws, wy, wy and then the product wy ow} = —w¥ gives eigenvalue a3~!
on wY, and wy o w} = w4 gives eigenvalue v§~! on wj, and so on. Conversely,
we can check that for any choices of «, 3,7, the resulting diagonal element
does indeed preserve the quadratic form @ defined in (4.94) and the cubic
form C' defined in (4.95). The eigenvalues are as follows:

Vector Eigenvalue|Vector Eigenvalue|Vector Eigenvalue
w1 @ w} 8 wy vy
wa 5 wh ap~ts wy ay~1§
wy 1By wh vo~ 1 wh po~t
Wy By wh ay~! wy a 13 (4.96)
ws Byt ws  aly [ wi afT
we  afIyT8| wp ) wg B8
wr ot wh a1 wl amlyet
w ot | uh gl |l o

Note that the eigenvalue on wg_; (respectively, wg_;, wg_,) is the inverse of
the eigenvalue on w; (respectively, w;, w!).

The 24 non-trivial eigenspaces of the torus can be identified with the
24 short roots in the root system of type Fy as follows. We label the
eigenspace with eigenvalues o [3%y¥6* by the vector (w,z,y,z) and deter-
mine the (unique up to scalar multiplication) quadratic form which makes
these integral vectors all have norm 1. Transforming to the basis for the Weyl
group of type Fy described in Section 3.12.4, and writing + and — for % and f%
for simplicity of notation, we find that the eigenvectors wy, wi, wf, wa, ..., w§
may be taken to correspond to the short roots as follows:

Vector Root |Vector Root [Vector Root
wp 1000 | wy A4+ — | w) A+ +
wWa 0100 wh ++—+| wh ++-—-—
w3 0010 wh +—++| w§ +—+-—

wg 0001 | wy +———| wf —++-— (4.97)
ws  —(0001)] wi —+++| wf +-——+
wg —(0010)| wg —+-——-| wf —+-—+
wy;  —(0100)] wi ——4—| w{f ——+4+
wg —(1000)] wy ———+4| wgy ————

Note that the root corresponding to wg—_; (respectively wgy_;, wg_;) is the
negative of the root corresponding to w; (respectively w;, w}).

Now we can calculate the action of the Weyl group on the basis wy, ..., w§.
In fact, N is contained in the subgroup 22'PQ§ (¢):Ss. This is ‘explained’ by
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the fact that the short roots in F4 form a root system of type D4 (corresponding
to groups of type PQF (¢)) and so W (Dy) is a normal subgroup of W (Fy), with
quotient W (Fy)/W (Dy) & Ss.

Assume for the moment that ¢ = 1 mod 8 so that F, contains square roots
of +2. Pick an element of the Weyl group of type Dy, such as the permutation
(z3,25)(x4,26) of the octonion coordinates. This can be expressed as the
product of the reflections in the unit vectors u = (z3 + 24 — x5 — 76)/vV/—2
and v = (z3 — x4 — x5 + 26)/v/2. Since reflection in u is the map z +— —uTu,
the product of the two reflections is the map

x — v(uzu)v. (4.98)
The images of this map under triality are therefore

x — (ux)
and x — (zu)v (4.99)

which we calculate as v/—1 times, respectively,

(w2, —w2) (28, —28) (23, T4) (05, —T6)
and (x5, —x5)(ze, —x¢)(T1, —22) (27, T38). (4.100)

By (4.85) there is an element of Fy(g) which acts on the w}/, wy, wj, respec-
tively as these three monomial permutations, i.e. replacing =y, by wy, wg, wy,
respectively.

Now to get rid of the /=1, pre-multiply by a suitable element of the torus,
such as a = 3 =6 =+/—1, v =1, to get the map

(wl 9 _wl)(w87 _wS) (w?)) 'LU4) (w57 w6)

/ / ! ! ! / / !
(wjl/ _wél) (w5/; _w5/2 (wl;lw22/(w77//u}8)//
(wQ,—w2)(w7,—w7)(w3,w5)(w4,w6). (4.101)

This map fixes wy, wj and w{, and now makes sense for arbitrary gq.
To generate the rest of the Weyl group of type Fy, modulo the torus, we
may take the triality element

Wi > W), > Wy W (4.102)
for all k&, 0 < k < 8, and the duality element
Wy < Wy, Wy <> W (4.103)

(also for all k), and the symmetry, obtained from the Weyl group of type Go
(see (4.30)), which acts as (w1, we, wr) (w2, ws, ws) on the wy and similarly on
the wy, and wy/. Here Wy = (0,0,0 | 7%, 0,0), and so on.

Note that in characteristic 2 there is no sign problem, and the Weyl group
simply permutes the given basis vectors.
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4.8.6 Parabolic subgroups of Fy(q)

In order to generate the group Fy(q), and to describe its parabolic subgroups,
we must first describe the long and short root elements. The long root elements
are the conjugates of the map ¢,.(\) defined by

tr(A) 2wy > wr — Awy, wh > wh — Awl, wy — wr — Awy
wg — ws + AW, wg — wg + Awh, wg — wg + Awy.  (4.104)

(As usual, basis vectors not explicitly mentioned are fixed.) This element is
labelled by the long root r = (—1,—1,0,0), which is the difference of the roots
corresponding to each of the pairs of vectors (wr,w1), ..., (w§, wy). It is easy
to check that this element preserves the structure of the Albert algebra. Since
tr (M)t () =t (A + p), the elements ¢,(A) as A ranges over F, form a group,
called a long root subgroup, isomorphic to the additive group of IF,.

We also need the short root elements. An example is the following element.

wo > wo — AwE,  wy — wy + Awy
wi w4 Awy,  ws — ws — Awg,
! ! !
Wy — Wa — AWy, Wy — Wy + Awy,
w3 — w3 — Awh, Wi — w + Awg,
ws — w5 + AWy, Wi — wh — Awy,
wl — wl + Awy — Awh — N2wl. (4.105)

It is a somewhat more tedious exercise to prove that this element preserves
the structure of the Albert algebra (see Exercise 4.27). The corresponding
short root in this case is (—++—), corresponding to the basis vector w}.

It can be shown without too much difficulty that the stabiliser of the 1-
space (w1) has the shape ¢"*8:2:Q7(q).Cy—1 (for ¢ odd). Similarly for ¢ even
it has shape (¢° x ¢'™®)Spg(q).Cy—1. Now w; has the properties wy o w; = 0
and Tr(w;) = 0. In fact, for ¢ odd, these properties characterise the orbit of
wy under Fy(q), as we now show.

Let v be any non-zero vector such that v ov =0 and Tr(v) = 0. We show
that there are exactly (¢'2 —1)(¢g* +1) such vectors v, provided ¢ is odd. Write
v=(d,e,f | D,E,F) as usual, so that the conditions on v are expressed by
the equations

d+e+[f=0,
4>+ EE+ FF =0,
(d+e)F + DE =0, (4.106)

and the equations derived from these by cycling d, e, f and D, E, F. Eliminat-
ing D and E from the three images of the middle equation, and substituting
f = —d—e, gives de = FF. The third equation simplifies to fF' = DE. Now
if f# 0, we can multiply by E to get fF.E = DEE = fdD, and cancelling
the factor of f gives us dD = EF. Similarly we get eE = FD. Moreover,
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f?FF = (E.D)DE = ef.fd so FF = de. In other words, in the case f # 0
the above equations are equivalent to

d+e+ f=0,
ef = DD,
fd = EFE,
fF = DE. (4.107)

Note that because the norm on the octonions induces a quadratic form of plus
type, there are ¢” 4+¢* — ¢> octonions of norm 0, and ¢” —¢> of any other norm.
If d and e are both non-zero, then there are ¢—1 choices for f, and ¢—2 choices
for e, and then ¢ — ¢* choices for each of D and E independently (since they
are of specified non-zero norm). This gives us (¢ — 1)(g — 2)(¢" — ¢*)? such
vectors v. On the other hand, if d = 0 and e = — f we have ¢ — 1 choices for
f, and ¢7 — ¢3 choices for D and ¢7 + ¢* — ¢* choices for E. Multiplying by 3
for the choice of which of d, e, f is zero, we get 3(¢ — 1)(¢" — ¢*)(¢" + ¢* — ¢*)
such vectors.

In all the remaining cases d = e = f = 0, and therefore the equations
reduce to DD = EE = FF = 0 and DE = EF = FD = 0. If two of these
octonions are zero, there are (¢° + 1)(g* — 1) choices for the other one. If two
of them are non-zero, say D and E, then there are (¢* +1)(¢* — 1) choices for
D, and then the condition DE = 0 implies there are exactly ¢* — 1 choices
for E. Finally there are ¢ choices for F, one of which is 0. By symmetry, this
gives (¢® + 1)(¢* — 1)%(¢* + 2) choices altogether.

Finally we compute the sum of these three expressions and obtain the total
number of such vectors v as (¢* — 1)(¢*2 +2¢% +2¢* + 1) = (¢*2 — 1)(¢* + 1),
as claimed.

Now it is easy to see that the group Fy(q) permutes these vectors tran-
sitively. Translating to our new basis, w; is such a vector, and hence so are
the 24 coordinate vectors w;, w; and w; with ¢ # 0. Transforming by the
root elements corresponding to all the positive roots, these lie in 24 orbits of
lengths various powers of ¢, corresponding to the monomials in the expansion
of (¢° +¢* + ¢+ ¢*>+q+1)(q® +1)(¢* + 1), which is another way of writing
(¢ = 1)(¢* +1)/(g— D).

Hence, for ¢ odd, the order of Fy(q) is (¢'? — 1)(¢* + 1)¢'%|2:Q+(q)|, that
is

IFa(q)| = ¢**(¢" = 1)(¢® = 1)(¢° = 1)(¢* — 1). (4.108)

In fact the same formula holds for ¢ even, but we shall not prove this here.
Notice that a long root has inner product 1 with exactly 6 short roots. Let
Vs be the 6-space spanned by the corresponding eigenvectors of the torus act-
ing on the Albert algebra. For example, if the long root is r = (1,1,0,0) then
Vs is the space spanned by wy, w], wy, wa, wh, wy. The stabiliser of Vs in Fy(q)
is one of the maximal parabolic subgroups, and has shape ¢'*4:Sps(g).Cy—1.
The normal subgroup of order ¢ is a long root subgroup. The action of the
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group Spg(gq) on Vg indicates that there is a natural symplectic form defined
(uniquely up to scalar multiplication) on Vi. Abstractly, this symplectic form
on Vi may be described by noting that the perpendicular space with respect
to this form of a vector v is the intersection of Vg with the image of the
map ‘multiplication by v’ in the Albert algebra. This orthogonality relation
determines the form up to scalar multiplication.

The other maximal parabolic subgroups are the stabilisers in F4(q) of an
i-dimensional subspace V; of Vi which is totally isotropic with respect to this
symplectic form. The stabiliser of a 2-space V5 and the stabiliser of a 3-space
each have shape [¢*°]:(SLa(q) x SL3(q)).Cy—1, but they are not isomorphic
unless ¢ is even.

When ¢ is odd the structure of the maximal parabolic subgroup of shape
q'T14:Spg(q).Cy—1 is specified by the fact that the action of Spg(g) on the ¢**
factor is given by taking the exterior cube of the natural module, and factoring
out a copy of the natural module. The action of this parabolic subgroup on the
trace 0 part of the Albert algebra is as a uniserial module of shape 6.14.6. The
14-space V- /Vg is an irreducible module for Spg(q), obtained from the exterior
square of the natural module by factoring out the trivial submodule. The long
root elements corresponding to this 6-space can then be identified with the
long root elements in G3(q), and thereby with the Siegel transformations in

SO7(q).

4.8.7 Simplicity of F4(q)

To prove simplicity of Fy(q) we can use Iwasawa’s Lemma in the usual way.
First, it is straightforward to show that F4(q) acts primitively on the set of
(¢*? —=1)(¢* +1)/(qg — 1) images of {w;). The stabiliser of (w;) is the subgroup
q"+8:2:Q7(q).Cy—1 (for q odd). The derived group ¢"%:2:Q(g) is generated
by long and short root elements. It follows after a little more calculation that
Fy(q) is generated by long and short root elements. Therefore Fy(q) is perfect,
and all the hypotheses of Iwasawa’s Lemma (Theorem 3.1) are satisfied. We
deduce that Fy(q) is simple (for ¢ odd). In fact, essentially the same argument
works for g even.

4.8.8 Primitive idempotents

Another important aspect of the Albert algebra is the concept of a primitive
idempotent, that is, an element w with w o w = w and Tr(w) = 1. First we
determine how many such elements there are, when ¢ is odd. Straightforward
calculation shows that the primitive idempotents are precisely the elements
(d,e, f | D, E, F) which satisfy

d+e+[f=1,
d*+FEE+ FF =d,
(d+e)F +DE =F, (4.109)
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and the equations derived from these by cycling d, e, f and D, E, F'. Substitut-
ing d+e = 1—f, the last equation can be re-written as DE = fF'. Eliminating
EFE and FF from the three images of the middle equation gives

2DD = (f — ) + (e — *) — (d - &)
= 2¢f, (4.110)

(by substituting d = 1 — e — f) so since the characteristic is not 2 we have
DD = ef, EE = df and FF = de. We now divide into three cases according
as one, two or three of d,e, f are non-zero. The number of possibilities for
(d,e, f) in these three cases is 3, 3(¢ — 2) and ¢ — 3¢ + 3 respectively.

In each case, without loss of generality f # 0, so that F' is determined by
D, E and the equation fF = DE. Therefore we only need to determine the
number of possibilities for D and E. In the first case, f =1 and d =e =0, so
D and E have norm 0, and there are (¢ +¢* — ¢3)? possibilities. In the second
case, without loss of generality e # 0 and d = 0, so that DD =ef # 0 and E
has norm 0, and there are (¢" — ¢3)(q" + ¢* — ¢*) possibilities. In the last case,
both D and E have fixed non-zero norm, so there are (¢” — ¢*)? possibilities.
Therefore the total number of primitive idempotents is

3@ + ¢ =) +3(a—2)(a" — ) d" +q* — ¢®) + (¢* — 3¢+ 3)(¢" — ¢*)?,

which simplifies to
*(¢® +¢* +1).

The stabiliser of a primitive idempotent is now seen to be the spin group
2:Qg(q). Taking for example the primitive idempotent w = (1,0,0 | 0,0,0) it
is easy to see that it determines the 9-space {(0,e,—e | D,0,0)} of elements y
of trace 0 with woy = 0, and the 16-space {(0,0,0| 0, E, F)} of elements z of
trace 0 with woz = %z (these are just the eigenspaces of the action of w on the
algebra by Jordan multiplication). In fact the orthogonal group Q¢(q) acts on
this 9-space, and its double cover acts as the spin group on the 16-space. To
see that the stabiliser of w is no bigger, it suffices to check that the pointwise
stabiliser of the 9-space consists only of the group of order 2 generated by the
element (d,e, f | D,E,F) — (d,e, f | D,—E,—F) (see Exercise 4.28). Since
we know the order of Fy(q), it is easy to see that the group acts transitively
on the primitive idempotents.

Finally notice that if w is a primitive idempotent, then the map

ty:xz— 2+ 4(Tr(zow))w — 4z ow (4.111)
is an automorphism of the algebra. For if w = (1,0,0 | 0,0,0) then
tw: (dye,f | D,E,F)w— (d,e,f| D,—E,—F) (4.112)

which is easily seen to be an automorphism of the algebra, so the result follows
by transitivity. Similarly, if w = %(O, 1,1 | u,0,0), where uu = 1, then
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tw: (dye,f | D,E,F)— (d, f,e | uDu,—uF,—Eu). (4.113)

As we saw in Section 4.8.3, these maps generate a group of shape 2:QJ (¢).2 as
u runs over all the octonions of norm 1. Adjoining the triality automorphism
gives a group 22-PQy (¢).S3 which is in fact maximal in Fy(q).

4.8.9 Other subgroups of Fy(q)

We have already seen (when ¢ is odd) a subgroup 2-Qg(q) (the spin group)
which can be described as the centraliser of the involution

(d,e,f|D,E,F)'—>(d,e,f|D,—E,—F), (4]‘14)

or as the stabiliser of the vector (1,0,0 | 0,0,0). We have also seen the triality
group 22-PQJ (¢):S3. Another interesting maximal subgroup is 2Dy(q):3 (see
Sections 4.6 and 4.7.2).

There is a second conjugacy class of involutions (when ¢ is odd), and the
centraliser of such an involution is

(Spe(q) o SLa(q)):2 =2 2 (PSpg(q) x PSLa(q)):2. (4.115)

Since the subgroup Spg(g) is in the maximal parabolic subgroup described
in Section 4.8.6 above, it acts on the trace 0 part of the Albert algebra as
two copies of the natural representation and one copy of a 14-dimensional
representation, which is obtained by factoring out a 1-dimensional module
from the exterior square of the natural module. It follows easily that the
representation of this involution centraliser has the structure (6®2)® (14®1).
Thus the involution centraliser is also the stabiliser of a certain 14-dimensional
subspace. An example is the 14-space

{(d,e,f|D,E,F)|d+e+f:0,D,E,F€(1,i1,i2,i4>} (4116)

of matrices writable over a fixed quaternion subalgebra of the octonions. The
subgroup is generated by the involution centraliser 2 (PSL2(g) x PSLa(gq)):2
in Go(q) together with the transformations ¢, for r a primitive idempotent
lying in the given 14-space.

Another maximal subgroup (in all characteristics except 3) is the nor-
maliser of a subgroup of order 3, and has shape

3 (PSL3(q) x PSL3(q)):S3 if ¢ =1 mod 3, and
3 (PSU3(q) x PSU3(g)):Ss if ¢ =2 mod 3. (4.117)

Similarly there are subgroups

(SU3(q) x SU3(q)):2 when ¢ =0,1mod 3, and
(SL3(q) x SL3(¢)):2 when ¢ = 0,2 mod 3. (4.118)
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Despite the apparent symmetry the two factors in these groups are quite
different: only in characteristic 2 is there an (outer) automorphism of Fy(q)
interchanging them. The 26-dimensional representation restricted to any of
these subgroups is a direct sum of two irreducibles of dimensions 8 and 18.
The invariant 8-space consists of matrices of the form (d,e, f | D, E, F') where
D, E and F lie in a l-generator subalgebra (1,v) of the octonions, with v
purely imaginary. The isomorphism type of the group depends on the norm
of v and on gq.

Along similar lines, there is a subgroup SO3(q) x G2(q). We already saw
the subgroup Gz(q) acting as the group of automorphisms of the octonions,
simultaneously on the three coordinates D, E, F of (d,e, f | D, E, F). This
commutes with a group SO3(g) acting on 3 x 3 matrices by conjugation.

A subgroup of particular interest in Fy(p), for p # 3, is of shape 33:SL3(3).
This is somewhat analogous to the subgroup 23-GL3(2) in Ga(p) for odd p.
The latter is monomial with respect to a suitable basis {1,4g,...,ig} of the
octonions. Similarly, provided p = 1 mod 3, there is a basis of the Albert
algebra such that 3%:SL3(3) acts monomially. An explicit form of the Jordan
product with respect to such a basis is given by Griess [71].

It is possible to find a copy of the normal 32 inside the group 22-PQg (¢):53
of isotopies extended by duality and triality. For example, take the following
three elements, where w is an element of order 3 in the field F,:

(i) a ‘twisted’ triality automorphism, namely the product of the triality
automorphism w; +— w; — w} +— w; with the subscript permutation
(1,7,6)(8,2,3);

(ii) the product of the isotopies (Bg, Ly, R,) where u is successively —1,
r1 + 28, wry + wrg, T7 + T2, WT7 + W2, Tg + T3, WTg + WI3;

(iii) ab~! where a is the product of the isotopies (Bz, Ly, Ry,) for u = z1 + x3
and wzy + wrs, and b is the product of the isotopies (R, Bz, L,,) for
u = x7 + T2 and wxry + wrs.

Diagonalising these three elements of order 3 simultaneously gives a basis of
27 eigenvectors, for all 27 possible combinations of eigenvalues. The product
of two eigenvectors is clearly an eigenvector for the product of the eigenvalues.
However, the precise scalar multiples take some effort to compute. It turns
out that these multiples involve powers of 2, so this basis does not generalise
easily to characteristic 2.

This construction needs some modification if ¢ = 2 mod 3, as then there
is no element of order 3 in the field. Similarly, there is a suitable modification
in characteristic 2. We omit the details, which can be found in [184], but note
that this underlies the construction of the large Ree groups in Section 4.9
below.

A more or less complete determination of the maximal subgroups of Fy(q)
in characteristic not 2 or 3 is obtained by Kay Magaard in his Ph. D. thesis
[127]. The following is a summary:
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Theorem 4.4. If q is a power of the prime p, p > 5, then the following are
mazimal subgroups of Fy(q):

(i) q1+1438p6(Q)-Cq—17
(ii) ¢*TOT12:(SLa(q) x SL3(q)).Cy-1,
(i) ¢*T>T910:(SLy(q) x SLa2(q)).Cy—1,
(iv) ¢778:2:Q7(q).Cy—1,
(v) 2:Q09(q),
(vi) 22-PQJ (¢):Ss,
(vii) 3Dy4(q):3,
(viit) (Spg(q) o SL2(q)).2,
(iz) (SL3(q) o SL3(q)).Cg—1,3)-2,
(z) (SUs(q) 2 SU3(q))-C(q+1.3)-2;
(zi) SO3(q) x Ga(q),
(zii) F4(qo), if ¢ = qo”, v prime,
(wiii) 33:SL3(3), if ¢ = p,
(ziv) G2(q), if p=T,
(zv) PGL2(q), if p = 13 and ¢ > 17

Every other mazimal subgroup of Fy(q), for such q, is the normaliser of a
simple subgroup S with trivial centraliser, with S isomorphic to one of the
groups 3D4(2), PSL3(3), PSU3(3), or PSLy(r) for r =17,8,9,13,17,25 or 27.

4.8.10 Automorphisms and covers of F4(q)

In odd characteristic, the only outer automorphisms of Fy(q) are the field
automorphisms. In characteristic 2 there is an exceptional ‘graph’ automor-
phism which can be used to construct the large Ree groups 2Fy(¢*"*!) (see
Section 4.9). The graph automorphism squares to the field automorphism
x +— 22, so that the full outer automorphism group is cyclic of order 2e,
where ¢ = p®. This graph automorphism interchanges the long roots with
the short roots, so maps the basis vectors wy, ..., w§ to certain 6-dimensional
spaces (images, under the action of the Weyl group, of the subspace Vg defined
in Section 4.8.6).

More explicitly, consider the matrix

1 1 0 0

1 -1 0 0

0 0 1 1 (4.119)
0 0 1 -1

which maps the short roots of F4 to the long roots. The 6-space corresponding
to a given long root r is spanned by the six basis vectors corresponding to the
short roots having inner product 1 with r. This does not completely determine
the automorphism, however: see Section 4.9 for more details.

There is no proper covering group of Fy(q) except in the case ¢ = 2, when
there is a group 2' F4(2). This exceptional cover can be used to show that the
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Ree group 2F4(2) has a subgroup of index 2, known as the Tits group. It is
also of relevance to the Monster (see Section 5.8.1) on account of the chain of
inclusions

2°Fy(2) < 22?E6(2) < 2B < M. (4.120)

4.8.11 An integral Albert algebra

Just as we have constructed integral forms of the quaternions and octonions
in Section 4.4.2, so there is an interesting integral form of the exceptional Jor-
dan algebra. The automorphism group of this algebra is the group 3D4(2):3,
though we shall not prove this here.

Consider first the ‘monomial’ subgroup of order 2'2.3 generated by the
maps (where the notation is as in (4.79))

(d,e, f | D,E,F) — (d,e, f |iD, Ei,iF1) for i = tiy,
(die, f | D,E,F) (e, f,d| E,F, D),

(d,e,f| D,E,F)w— (d, f,e| D,F,E). (4.121)

Next consider the set of images under this group of the following three
vectors (they are primitive idempotents in the sense defined in Section 4.8.8)
in the algebra:

(1,0,010,0,0),
(07%a% | 53070)7
(it L), (1122

where s = %(1 +ig 441 + -+ ig). It is straightforward to check that there
are 3 + 48 + 768 = 819 images of these vectors. We call these 819 primitive
idempotents roots, by analogy with Coxeter groups. Indeed, the group 3D4(2)
is generated by the 819 ‘reflections’ in the roots r, defined as the maps

x— x4+ 4(Tr(xor))r—4zor,

where x o r as usual denotes the Jordan product. Note that this is the same
map which was defined in (4.111).

It is also easy to see that the maps iy — 4441 and i — 79 normalise the
above monomial subgroup, and in fact extend it to a group

22.23.26.(7:3 x S3) (4.123)
which is the normaliser in D4 (2):3 of the four-group generated by

(daeaf|DaE7F) = (dveaf|DafE77F)
and (d,e,f | D,E,F) — (d,e,f | -D,—E,F). (4.124)
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4.9 The large Ree groups

The large Ree groups 2F,;(22"*1) can be constructed by a similar but more
complicated process to that described in Section 4.5 for constructing the small
Ree groups 2G5 (32" +1). Instead of starting from an octonion algebra in char-
acteristic 3, we use an Albert algebra in characteristic 2. The idea is to use
3%:SL3(3), in the appropriate 26-dimensional representation over Fy, to con-
struct the Albert algebra and the outer automorphism of Fy(2), in much the
same way that we used 23-SL3(2) to construct the octonion algebra and the
outer automorphism of G2(3), in Sections 4.3.2 and 4.5.1.

Then we switch to a basis where the maximal torus is diagonal, to in-
vestigate the structure of the group. Since the first basis and the action of
3%:SL3(3) are used only for motivation, in order to write down the correct
formulae, and not in the proof of any properties of the Ree groups, we shall
omit them here.

More details of my approach are given in [183]. A broadly similar, but
somewhat different, description of the large Ree groups is given by Kris Cool-
saet [35, 36, 37].

4.9.1 The outer automorphism of Fy(2)

The basis we shall use here is essentially the same as that given in Section 4.8.4
for the Albert algebra. The difference is that we want the algebra without the
identity element, so we replace wg, w(, and w{ by

wg = wo + 1,
wy = wy + 1,
wg = wy + 1. (4.125)

Thus wg +w§+wg = 0. Note, however, that this subspace (of trace 0 matrices)
is not closed under multiplication. Thus we take a new multiplication by
projecting onto this subspace, just as we did with the pure imaginary octonions
in Section 4.5.2.

The outer automorphism of Fy(2) described in Section 4.8.10 maps the
stabilisers of the isotropic 1-spaces (w1), ..., (w§) to the stabilisers of certain
totally isotropic 6-spaces. Indeed, in the notation of Section 4.8.6, it maps the
images of V] to the images of V5. Moreover, as we saw in Section 4.8.6, the
Albert algebra induces symplectic forms on these 6-spaces. Over general fields,
these symplectic forms are determined up to scalar multiplication. Thus over
Fy they are uniquely determined. For example, the symplectic form on the
space {wy,w], wy, wa, wh, wy) may be defined by saying that the given basis
is a symplectic basis, such that (wq,ws), (w],w)) and (W}, wy) are mutually
orthogonal hyperbolic planes (see Section 3.4.4).

Just as in the case of G3(¢) in characteristic 3, the outer automorphism
of F4(q) in characteristic 2 may be specified by a vector space isomorphism
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between the 26-dimensional space W (the trace 0 part of the Albert algebra)
and a suitable subquotient of its exterior square. Table 4.2 gives a particular
choice of such an automorphism *, determined by (4.119), with w.v standing
for u A v modulo a certain 299-dimensional subspace. Effectively this means
that the following relations hold:

/ / / / / / / / 1" 1 1 1 1 4 1 1
W1 . Wy + Wy Wy + W3.Wg + Wy W5 + W] W + Wy . wy + w3.wg + wy . ws =0,
/ 1 / " / /1 / 1
Wy Wy + Ws.Wg + Ws.Ws + Wwg. W] + wg.wg = 0,
/ " / 1 / 1" / "
Wi Ws + Wy W3 + W3.Wy + Wy wi + wy.wg = 0,

and images under the Weyl group of Fy(q). Note that the non-isotropic basis
vectors wy and wyg, unlike the isotropic basis vectors, do not correspond to
6-spaces.

Table 4.2. The outer automorphism of F4(2)

/ / " " / / 1" "

= W1.wg + W1.Wg + W1 .Wg + W2. W7 + Wy Wy + Wy . Wy

! / " " / / " 1"

= wWi1.W8 + Wi.Wg + W1 .Wg + W3.We + W3.Wg + W3 .Wg
!/ ! " 1 ! ! " 1
w] = wi.w2 + wy.wy + wywsy | wg = wr.ws + wrawg + wy . wg
/% / / 1 " /% / / " "
Wy = W1.W4 + Wo. w3 + WY W5 |Wg = Ws.W8 + Wg. W7 + Wy . Wg
e / / " 1 M / / " 1
w1 w1.w3 + wi.w3 + wi w3 |[wg T = we.wsg + Wg.Wg + We W

w
wy'

* ! ! " 17
Wy = W1.wW7 + W3. W4 + W3 . W5
1% / ! 1 "
Wy = W1.Ws5 + Wi. Wy + Wy . W3
1% ! / " "
Wy = W1.We + Wa. Wy + Wa . Wh

* / / 77 17
Wy = W2.Ws + W5.Wg + Wy . We
/% / ! 1 "
Wy = W4.W8 + W5.Wg + Wg . W7
1% ! / " "
Wy = W3.wWs + Ws. Wy + Wy .wry

! / " 1

w3 = w3.wg + w3.ws + wi.wy
/% / / 17 "
w3 = W2.W3 + Wy. W5 + W7 . Wy
E / / 1" "
W3 = W2.W4 + Wy W5 + WT . Wg

! / " 1

wg = Ws.We + Wy.We + Wy .wWg
/% / ! " "
W = We. W7 + Wq.Wg + W5 . Wy
1% / / 1" 1!
Wg = Ws5.W7 + Wg. W7 + W3 . Wg

* / / " 1"
Wy = W3. W5 + W1. W7 + W3 . Wy

/% / / 1 1
Wy = W2.We + Wy.Wg + Wy . Wg

* / / 1" "
W5 = W4.We + Wa.Wg + W5 . Wg

/% / / 1 1
Wy = wW3.W7 + w3.wy + w3 .wy

1% 1" 1"

! / " "
wy = wa.wr + wi.wg + ws . we *

/ / "
Wy = W2.Ws5 + W1.Wg + Wy . Wy

For each ¢ = 22"*! the large Ree group 2Fj(q) may be defined as the
centraliser in Fy(q) of the map * defined by

* Z AW Z(Aw)Qn“w*

weB weB

(4.126)

where B is the given basis {w1,...,w§} of the 26-space W.

4.9.2 Generators for the large Ree groups

To determine the maximal torus in 2 Fy(q), where ¢ = 22"+ work in the torus
of Fy(q) given in (4.96), and observe that the eigenvalues «, 3, v, § on wy, wi,
w!, wy map to a2, B2 42T 627 on wh, wlF, wi*, wi. On the other
hand, the eigenvalues on these symplectic 6-spaces are given by the action of
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the torus on the symplectic form, so are respectively ad, a1y, fy6~! and
ad~'. Solving these equations gives v = a_152"+1+1 and § = 2" ~1. Thus
we obtain from (4.96) two generators for the maximal torus of 2Fy(22"+1).
Explicitly, this torus consists of the elements which fix wy, w§ and wj and act
on wy,wy,...,ws, wy as follows (where the eigenvalue on wg_; is the inverse
of the eigenvalue on w;, and similarly for w} and w).

Vector  KEigenvalue Vector  Eigenvalue
w1y a wy a2 g2
w 8 B
wlll aflﬁ2"+1+1 ’lUg a1*2"+1ﬁ
wa 21 ws a1t
wl2 a2"+lﬁ_1 wfl aQﬁ_l_QnJA
w’z’ 012"+1+1672"+171 wZ a—lﬁ

The part of the Weyl group of Fy which lies in 2F;(22"*!) is a dihedral
group of order 16, generated by the two coordinate permutations

r = (waws) (wgwe) (whw) (whwh) (whu) (whuh) (wfwh) (whud) (wiug) (wfug),
s = (wgu) (wrwf) (wiw) (wsw) (wswg) (waw) (wywf) (wowf) (wrwf)
() (wh} ) (o). (4127)

In fact r and s are representatives of the two classes of involutions in
2F1(q). The following elements are also in 2Fy(q), indeed in 2Fy(2).

t:w! —wl +wi,wy — wy + wl,wy — w4+ ws, ws — ws + wg,
wh = wh + wh, wh s wh + wg, wg > wg + wh, wE — wh + w) + wg,
w3 — W3 +w’3’+w2+w’2’,wg’ r—>wé’+w’2’,w2 — Wao +w;’,
wh = w4 wy + wg + we, wy — wr + we, Wy — we + W,
T w) = wy +w] wy e wh +w] + wh, wh — wh +w + wh,
B A A R NN S M
B JEOS B A A S e R DA 4
wh = wh 4wy, wg > wg 4wy + wh wg e wg 4w+ wh,
Wy — Wy + W3, We — We + W3 + ws + wy,
Wy — W5 + Wy + W3 + Wy, Wy — Wy + Wy. (4.128)

4.9.3 Subgroups of the large Ree groups

The Borel subgroup has order ¢'2.(¢ — 1)?, and is generated by the maximal
torus together with x, z°, ", "%, their squares, and t, t", t"%, t"". These
twelve elements lie one in each of the twelve chief factors of order g. One of
the maximal parabolic subgroups has shape ¢.¢*.q.¢*:(Sz(q) x C,_1) and is
obtained from the Borel subgroup by adjoining r. It can be generated by the
maximal torus together with ¢, z, r and z°"°. A Levi complement Sz(q) x Cyq—1
generated by the torus, r and z°°, may be extended to a maximal subgroup
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Sz(g)12 by adjoining srs. This maximal subgroup is the stabiliser of the vector
Wg.

The other maximal parabolic has shape ¢2.[¢°]:GL2(q), and is obtained by
adjoining s to the Borel subgroup. A Levi complement GLz(q) = PSLy(q) X
Cy—1 generated by the torus, ¢ and s, may be extended to PSLy(g) ! 2 by
adjoining rsr. The latter subgroup is not however maximal, and may be ex-
tended to a maximal subgroup Sp,(q):2 by adjoining r. This group therefore
contains the full normaliser of the maximal torus, and is the stabiliser of the
vector wg.

The complete list of maximal subgroups of 2Fy(q), for ¢ = 22"+! > 8 is
given by Malle [129].

Theorem 4.5. The mazimal subgroups of 2Fy(q), for ¢ = 22"*1 > 8, are as
follows:

(i) the parabolic subgroup q'.q*.q*.q*:(Sz(q) x Cy—1);
(ii) the parabolic subgroup ¢*.[¢°]:GLa(q);
(iii) SU3(q):2, the normaliser of a subgroup of order 3;
(iv) PGUs(q):2;
(v) Sz(q) 12;
(vi) Spy(q):2;
(vii) 2Fy(qo), where ¢ = qo" and r is prime;
(viii) (¢ + 1)%:GL2(3);
(iz) (g £ /2q + 1)*:45,;
(x) (¢* +q+1++2q(qg+1)):12.

Other interesting subgroups which are not maximal are SLg3(3) (which lies
inside a maximal subgroup SL3(3):2 of 2Fy(2)’, which itself has index 2 in
2F4(2)) and PSLy(25) (which we shall see again in Section 5.9.3, in the con-
struction of the sporadic Rudvalis group, which contains 2Fy(2)).

4.9.4 Simplicity of the large Ree groups

The large Ree groups are sometimes treated more geometrically than alge-
braically, as automorphism groups of ‘generalised octagons’. These objects
have ‘points’ which may be identified with the images of (w;) and ‘lines’
which may be identified with the images of (wy,w}). Abstractly the points
may be defined as 1l-spaces (v) such that v* = v.a 4+ b.c 4+ d.e for suitable
vectors a, b, ¢, d, e. Two points (v) and (w) are incident if v* = w.a +b.c+d.e
for suitable vectors a, b, c,d, e.

The points fall into eight orbits under the Borel subgroup, represented by
the eight images of (w;) under the Weyl group, namely the 1-spaces spanned
by wi, wy, wy, w3, we, wY, wy and ws, and with sizes 1, ¢, ¢3, ¢*, ¢°, ¢7, ¢°,
and ¢'° respectively. Thus the total number of points is (1+¢)(1+¢3)(1+¢°%),
and it can also be shown that the point stabiliser is exactly the parabolic
subgroup ¢.q*.q.q*:(Sz(gq) x Cy—1), of order ¢*?(q — 1)?(¢® + 1). Therefore
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PFu(q)| = ¢"*(¢® + D(¢* = )(¢* + 1)(g — 1). (4.129)

Since each line contains ¢ + 1 points, and each point lies in ¢2 + 1 lines,
it follows that the number of lines is (1 + ¢*)(1 + ¢®)(1 + ¢°). The point-
line incidence graph of the generalised octagon can then be summarised in
the following two pictures. The first picture shows the orbits under the point
stabiliser:

1 q(¢®> +1) (P +1) (@ +1) q"

?+1 ?(®+1) (¢ +1) (¢ +1)

The second picture shows the orbits under the line stabiliser:

1 Plg+1) Plg+1) *lg+1) g

g+1 ?(g+1) ¢“(g+1) ’(g+1)

One can also prove simplicity of 2Fy(q) for ¢ > 2 by the usual method: the
group acts primitively on the points of the generalised octagon, and the point
stabiliser has a normal abelian subgroup containing an involution conjugate
to 2. Now if ¢ > 2 then the conjugates of x2? generate the group, and z?2 is a
commutator, so Iwasawa’s Lemma applies.

In fact 2F,(2) has a simple subgroup of index 2, generally known as the
Tits group.

There are no non-trivial covers of any of the large Ree groups 2Fy(22n+1),
and the only outer automorphisms are the field automorphisms, giving a cyclic
outer automorphism group of order 2n + 1.

4.10 Trilinear forms and groups of type Ejg

4.10.1 The determinant

The Albert algebra described in Section 4.8.1 can be used also to construct
the groups of type Fg. These groups no longer preserve the algebra structure,
or the inner product, but they do preserve a cubic form which can be inter-
preted as a type of determinant map. This is not quite the same cubic form
as was defined in (4.83), but it is closely related. Indeed, up to an overall
scalar, it agrees with the latter on the trace 0 matrices, as (4.95) shows. Of
course, it is not obvious how to define a determinant even for matrices over a
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non-commutative ring, let alone a non-associative ring. However, for 3 x 3 Her-
mitian matrices over octonions there is a notion of determinant which makes
sense, namely

det(d,e, f | D,E,F) =def —dDD — ¢eEE — fFF
+Re(DEF)+Re(FED,). (4.130)

It is straightforward to calculate that the value of this determinant at a typical

vector Zf:o()‘twt + Mw; + M/w}) is as given in (4.95). The values of this

determinant belong to the ground field IF, but beware that familiar identities

like det(xy) = det(x) det(y) may not necessarily hold, or even make sense.
There is even a notion of rank for these matrices: clearly we want

tk(z) =3 < det(z) #0,
tk(z) =0 <= z =0, (4.131)

so all other matrices should have rank 1 or 2. The rank 1 matrices are essen-
tially those whose rows are (left-octonion-)scalar multiples of each other. That
is, if say d # 0, then the second row is (F,e, D) = d~'(Fd, FF, F.E) and the
third row is (E, D, f) = d"1(Ed, EF,EE). (A slightly different definition is
required if the diagonal of the matrix is zero. In fact, we take the matrices
withd =e=f=0and DE = EF = FD = 0.) In some of the literature the
vectors of rank 1, 2 and 3, or the 1-spaces they span, are called ‘white’; ‘grey’
and ‘black’ respectively.

It is possible to show (by direct, though tedious, calculations, similar to
those in Sections 4.8.6 and 4.8.8) that the numbers of white, grey and black
vectors are respectively (¢7 —1)(¢® +¢* + 1), ¢*(¢° — D(¢® + ¢* + 1)(¢® — 1)
and ¢'?(¢° — 1)(¢° — 1)(¢ — 1). The last case covers q — 1 possibilities for the
determinant, and it is easy to see that there are the same number of vectors
of each non-zero determinant, so the number of vectors of determinant 1 is
q'?(¢° — 1)(¢® — 1). One of these is the identity matrix (1,1,1]0,0,0), and if
we fix this then we recover the Albert algebra. For the determinant gives rise
to a trilinear form,

T(z,y,2) = det(x +y + z) — det(z + y) — det(y + 2z) — det(x + 2)
+det z + dety + det z, (4.132)

and by substituting the identity matrix for one or two of the variables we
obtain a bilinear and a linear form, and these three forms together define the
algebra. (Details are left as an exercise: see Exercise 4.32.)

In other words, the stabiliser of a black vector is Fy(q), and provided we
can prove transitivity of our group on vectors of determinant 1 (which we
shall not do here), we deduce that its order is ¢'2(¢° — 1)(¢° — 1)|Fu(q)|, that
is

¢*%(q"? = 1)(¢° = 1)(¢® = 1)(¢® = 1)(¢° = 1)(¢* = 1). (4.133)
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This group in general is not simple, as it may contain non-trivial scalars—this
is so if and only if F, contains a cube root w of 1, for det(wz) = w? det(x)
which equals det(x) if and only if w® = 1. We define Eg(q) to be the (in
fact simple!) group obtained by factoring out the scalars of order 3, when
¢ =1 mod 3.

By analogy with the linear groups, let SEg(q) denote the original ma-
trix group, so that SFg(q) = 3'Fs(q) if ¢ = 1 mod 3 and SEgs(q) = Es(q)
otherwise. Similarly, let GFEg(q) denote the group of matrices which multi-
ply the determinant by a scalar, so that GE¢(q) = 3.(C(q—1)/3 X Es(q)).3 if
g = 1 mod 3, and let PGEg(q) denote the quotient of G Eg(q) by scalars. Thus
PGEs(q) = Eg(q).3 if ¢ =1 mod 3, and PGEg(q) = Eg(q) otherwise.

4.10.2 Dickson’s construction

It is not as well-known as it should be that the simple groups Eg(g), and
their triple covers when they exist, were first constructed by L. E. Dickson
around 1901 (see [50], with corrections and simplifications in [51]). Incorrect
statements on this point are frequent in the literature. Dickson constructed the
27-dimensional representation with respect to a basis which is essentially the
same as the one we use in Section 4.10.3 below, and wrote down a large number
of elements generating the group. He calculated the group order, as well as
constructing a permutation representation of the simple group Fg(q) on a set
of (¢° —1)(¢® + ¢* +1)/(q¢ — 1) points (there are two such representations,
related by a duality automorphism—see Sections 4.10.5 and 4.10.6 below),
although he did not explicitly prove simplicity of the group.

Dickson’s construction is more elementary than ours, but more or less
equivalent. He takes 27 coordinates labelled x;, y; and z;; = —z;; where 7 and
j are distinct elements of the set {1,2,3,4,5,6}, and defines his group as the
stabiliser of a cubic form with 45 terms

Z TiYjizij + Z 23§ 2kl Zmn (4134)
i#£]
where in the second summation (ij | kI | mn) ranges over the 15 partitions of
{1,2,3,4,5,6} into three pairs, ordered so that (1 2 345 6) is an
i 7 kI m n
even permutation.

Tt is a straightforward exercise (see Exercise 4.33) to show that this is the
same cubic form as the determinant defined in (4.130) and (4.95) above, for
example by taking 1, ..., g to correspond to wy, wi, w, wy, wh, wi and y,

.., Ye to correspond to wy, ..., wf§ (in that order). Dickson enumerated the
(¢° —1)(¢® + ¢* + 1) /(g — 1) white points, which can be defined abstractly as
points spanned by vectors v with the property that T'(v, —, —) is a symmetric
bilinear form with radical of dimension 17, where T is the symmetric trilinear
form defined in (4.132). He then computed generators for the point stabiliser
of shape ¢'%Spin{;(q).Cy—1, and hence calculated the order of Fg(q).
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An alternative description of the cubic form may be obtained by defining
the 27-space as the space of triples (x,y, z) of 3 x 3 matrices over F,, with the
cubic form

det z + dety + det z — Tr(zyz). (4.135)
Again, this is easily seen to be a cubic form with 45 terms in 27 variables, and
it is a straightforward exercise to show it is essentially the same cubic form.
4.10.3 The normaliser of a maximal torus

To exhibit the maximal split torus T we use the basis {wo, ..., w§ } described
in Section 4.8.4 for Fy(q). With respect to this basis the determinant map
takes a particularly nice form, as given in (4.95). This enables us to calculate
the action of the torus, as follows.

Vector Eigenvalue |Vector Eigenvalue |Vector Eigenvalue
wo A wy) ] w( ATt
w1y a w] 8 wy fy
wo ) wh aB~16 wy ay~
wy  a”1BYSTINTE wh y6IAT2 w BI~IAT2

—1 -1,—-1 / —1 7 -1 (4'136)
wy BTN Wy ayA Wy a” Bu
ws By i wh a7y Ty T wl afB7 1A
we  afTIyTION | w) ’15)\ wy B85\
wry D wy, a’lﬂé’l)\’l wl  amlysTIATL
ws a~ 1) 1 wlg ﬁ_l,u_l w/g/ 'y_l)\,u

If N is the normaliser of T', then N/T = W (Eg) = GOgq (2) = SO5(3), per-
muting the 27 coordinate 1-spaces transitively. (See Section 3.12.4 for proofs
of these isomorphisms.)

We know that wq is a white vector, so by transitivity of the Weyl group,
so are all the basis vectors.

4.10.4 Parabolic subgroups of Fg(q)

Up to conjugacy, all of the maximal parabolic subgroups contain the maxi-
mal split torus, and may be described as the stabilisers of certain subspaces
spanned by subsets of the basis vectors. Specifically, let us define

Wi = (w1),

W2 (wl,w1>

W3 = (wy, w),wy),

We = <w1,w1,w1,w2,w2,w2>

Wy = (wy, wy, wy, we, ws),

Wio = (wi, w, ), wa, wh, w3, wh, wo, wy, wh). (4.137)
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Then it turns out that the stabiliser in SEg(q) of W; is a maximal subgroup.
The precise structures of these subgroups depend on congruences of ¢ modulo
3, 4 and 5. For simplicity, we describe the case when ¢ = 22"*!, so that ¢ — 1
is prime to 30. In this case the stabilisers of W7, Wy, W3, W5, W and Wig
have shapes

q"%:(o(q) x Cyn),
¢°?°:(SLa(q) x SLs(q) x Cy—1),
¢*T9118:(SL3(g) x SL3(g) x SLa(q) x Cy—1),
¢°**%:(SLa(q) x SLs(q) x Cy—1),
q'*2%:(SLg(q) x Cy-1),
qlﬁz(Qfo(q) X Cy—1). (4.138)

Indeed, the stabilisers of W7 and Wiy are isomorphic, as are the stabilisers
of Wy and Ws. The stabiliser of Wy is also the normaliser of a root subgroup
(already defined in (4.104) above for Fy(q)) consisting of root elements

tr(N) 1 wr = wr — Awy, wh — wh — Awh, wh e wl — Awy,
Wy > Wy + AW, Wy > wg + Awh, wy — wh + Awy.  (4.139)

The stabiliser of a grey 1-space is a non-maximal subgroup of shape
q16:2'Qg(q).Cq,1. The sporadic subgroups Js3 < Eg(4) and M1a < Eg(5) are of
particular interest [114], especially as one of these subgroups had previously
been proved not to exist! For a great deal more on FEg(q) and its subgroups,
see the series of papers by Aschbacher [6, 7, 8, 9, 10].

4.10.5 The rank 3 action

The action of Fg(q) on the (¢ + ¢* + 1)(¢° — 1)/(¢ — 1) white points (i.e.
the images of W) is particularly interesting as it has rank 3 (i.e. the point
stabiliser has exactly 3 orbits on points). Two distinct white points either span
a 2-space containing only white points, in which case the stabiliser of the two
points is a group of shape ¢'%.¢'°.GL5(q), or they span a 2-space in which
all the other points are grey, in which case the stabiliser of the two points
is a group of shape ¢%.¢%.(2)QF (q).(Cy—1)?. (Here the factor 2 is omitted
in characteristic 2.) Thus the non-trivial suborbit lengths of the action are
q(@® +1)(¢® — 1)/(¢ — 1) and ¢®(¢* + 1)(¢° — 1)/(g — 1) respectively. For
example, the vectors (1,0,0 ] 0,0,0), (0,0,0 | 0,21,0) and (0,1,0 | 0,0,0) all
span white points, and (1,0,0 | 0,1, 0) is white while (1,1,0 | 0,0, 0) is grey.

At this point it is fairly straightforward to prove simplicity of Eg(q) using
Iwasawa’s Lemma in the usual way. The action on white points is primitive,
and the point stabiliser has a normal abelian subgroup which contains root
elements. It follows easily that root elements are commutators, and also that
SEs(q) is generated by root elements. Hence the quotient of SFg(q) by any
scalar matrices it contains is a simple group.
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Now it turns out that the action of Fg(g) on the images of Wi has exactly
the same structure. Two distinct images of W1 intersect either in a 5-space
(which is an image of W5) or in a l-space (an image of W7). The respective
stabilisers have the same shapes as above. Moreover, there is an outer auto-
morphism of Eg(q) which swaps these two actions of the group. To see this,
notice that if we fix a white vector such as wg, then the trilinear form T gives
rise to a symmetric bilinear form T'(wg, z,y). An easy calculation shows that
this bilinear form has radical of dimension 17, spanned by wp, w; and w}'.
Thus there is a 10-dimensional quotient space which supports this bilinear
form. Therefore in the dual space we have a 10-dimensional subspace Xig
supporting a corresponding symmetric bilinear form.

On the other hand, Wiy supports a symmetric bilinear form, defined up
to scalar multiplication by saying that the white vectors are isotropic and the
grey vectors are non-isotropic. The outer automorphism of SEg(q) swaps the
27-dimensional representation with its dual, and identifies the images of W7g
with the images of X1¢, which in turn correspond to the images of Wj.

4.10.6 Covers and automorphisms

The method of construction shows that there is a triple cover SEg(q) =
3'Eg(q) whenever ¢ = 1 mod 3. In fact, there are no other covers, either
generic or exceptional.

Besides field automorphisms, there is a ‘diagonal’ automorphism of order
3 whenever ¢ = 1 mod 3, obtained from linear maps which multiply the de-
terminant by a non-cube, i.e. an element a of F)\ F;. In this case there are
three orbits of SFEg(q) on black 1-spaces, fused by the outer automorphism
which multiplies the cubic form by «a.

The only other outer automorphism is a ‘duality’ automorphism of order
2, which can be taken to centralise a maximal subgroup Fy(gq). This is anal-
ogous to the duality automorphism of GL,,(¢) which can be taken to be the
‘transpose—inverse’ automorphism, which centralises GO, (¢q) for some e (or
Sp,,(q) if both n and g are even). If the field has order ¢2, then it has an
automorphism z +— z¢ of order 2, and multiplying this duality automorphism
of FEs(q) by a field automorphism of order 2 gives a twisted duality automor-
phism which centralises a subgroup called 2FEg(q) of Eg(q?) (see Section 4.11).
These are analogous to the unitary groups inside the general linear groups.

4.11 Twisted groups of type 2FEg

The duality on the groups of type Eg can also be expressed by the natural
inner product on the Albert algebra. Twisting this in the usual way to make
a Hermitian form over the field of order ¢2, we can consider the subgroup of
Ee(q?) which preserves this Hermitian form. This subgroup, modulo scalars,
is denoted 2Eg(q), and bears the same relationship to Fg(g) as PSU,(q) bears
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to PSL,,(q). There is a triple cover 3-2Eg(g) whenever ¢ = 2 mod 3, and the
order of the covering group is

(¢ = 1)(¢” + D)(¢® = 1)(¢° = )(¢® + 1)(¢*> = 1).

More concretely, take the basis {wq, ..., w§} of the 27-space defined for
FE6(q?), and define the Hermitian form such that this basis is orthonormal.
Now 2FEg(q) is defined to be the quotient by any scalars of the group which
preserves both the determinant (4.130) and the Hermitian form (or inner
product).

Now a scalar A € F,2 preserves the trilinear form if and only if A =1, and
preserves the Hermitian form if and only if A\?*! = 1, so the group contains
nontrivial scalars (necessarily of order 3) exactly when 3| (¢ + 1).

The stabiliser of (1,1,1]0,0,0) is the subgroup of F4(q?) which preserves
the Hermitian form. But Fj(q¢?) already preserves a symmetric bilinear form
over Fg2, and it follows that the required stabiliser is F4(q). If we could count
the images of (1,1,1|0,0,0) we would find that the total number of them is
q?(¢° +1)(¢® +1)(¢ — 1), and we would deduce the order of 2Eg(q) as given
above.

The maximal torus is obtained from the maximal torus of Eg(q?) by fixing
the Hermitian form. Since the form is the standard one with respect to a basis
of eigenvectors of the maximal torus, it follows at once that the eigenvalues A
satisfy A9T! = 1, so that the torus has structure (Cy41)%. Similar arguments
give the structures of the maximal parabolic subgroups. As in the case of
Es(q), the precise structures depend on congruences of ¢ modulo 3, 4, and 5.

The automorphism groups and covers behave very much as in the un-
twisted groups of type Fs. If ¢ = p® then the field automorphisms (of the
field of order p*®) form a cyclic group of order 2a. If ¢ = 2 mod 3 there is a
diagonal automorphism of order 3 and a triple cover.

There is just one exceptional cover, namely the fourfold cover 22:2 Eg(2)
of 2E4(2). This group lies inside the Monster (see Section 5.8.1), where its
normaliser is a maximal subgroup of shape 22-2E4(2):S3. Indeed there is a
chain of subgroups

2:Fy(2) < 222E6(2) < 2B < M.

4.12 Groups of type E; and FEyg

The groups of type E7 and Eg cannot easily be defined in a ‘classical’ way.
For FEg, there is no representation smaller than the Lie algebra, of dimension
248, so the only sensible way of describing the group is in terms of this Lie
algebra. For Er, in addition to the Lie algebra, of dimension 133, there is a
56-dimensional representation (which also lies inside the Lie algebra of type
Eg). This is a representation of F7(q) if ¢ is a power of 2, and a representation
of a double cover 2:E7(q) if ¢ is odd. It may be defined as the group of
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automorphisms of a suitable quartic form. See for example [11, 17, 39, 135]
for more details.

4.12.1 Lie algebras

For completeness we give here a very brief introduction to the Lie algebra of
type Eg. A Lie algebra is a (non-associative) algebra whose (bilinear) product,
traditionally written [a,b] or [ab], satisfies [aa] = O for all a (and therefore
[ab] = —[ba]) and

[[ab]c] + [[bcla] + [[calb] = 0. (4.140)

This last condition is called the Jacobi identity. The canonical example is the
algebra of n x n matrices, which can be made into a Lie algebra by defining
the multiplication [AB] = AB — BA: it is obvious that [AA] = 0, and it takes
only a few moments to verify the Jacobi identity (see Exercise 4.35).

Simple Lie algebras over the complex numbers are completely classified,
and parametrised by the Dynkin diagrams A,, B,, C,, Dn, G2, F4, Eg, E7, Eg
(see Section 2.8.3). Since the families A, B,, Cp, D, correspond to classical
groups, and

Go < F4 < Eg < E7 < Eg, (4141)

the only Lie algebra we really need to understand is Es.

First we need to understand its Weyl group: the details we need are in Sec-
tion 3.12.4. Also note the following important properties of the root system.
The roots corresponding to the nodes of the Dynkin diagram are called fun-
damental roots, and the roots which are positive integer linear combinations
of the fundamental roots are called positive roots. The negative of a positive
root is called a negative root. The fact that every pair of fundamental roots
forms an obtuse angle or a right angle implies (after some work) that every
root is either positive or negative.

Observe that there are 240 roots r, coming in 120 pairs (r, —r). To build the
Lie algebra, of dimension 248, take 240 basis vectors e, corresponding to the
roots r, and an 8-space H spanned by the Eg lattice, but with coefficients in the
desired field F'. We may take this 8-space H (known as a Cartan subalgebra)
to be spanned by vectors h,., where r is one of the eight fundamental roots,
corresponding to one of the nodes of the Dynkin diagram. (Such a basis for
the Lie algebra is known as a Chevalley basis.)

The general form of the multiplication in the algebra is that the e, are
simultaneous eigenvectors for multiplication by every hg, and that [e,.e;] is a
scalar multiple of e,; (interpreted as 0 if r 4+ s is not a root, except that
[ere_r] = h;). More precisely,

[hres] = (r.s)es (4.142)
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where r.s denotes the inner product in the Eg-lattice, scaled so that r.r = 2.
Now given roots r and s, at most one of r + s and —r + s can be a root.
[Beware that this is only true for root systems of type A,, D,, or E,: the so-
called simply-laced types.] In the former case we have [e;es] = te,45 and in
the latter case [e,es] = 0.

To specify the precise form of the multiplication we need to specify the
signs. Some signs may be chosen arbitrarily and then the rest are determined
by certain relations arising from the Jacobi identity. Details may be found in
Carter’s book [21].

The group Eg(g) may be defined as the automorphism group of the Lie
algebra. In the next section we give generators for the group and some of its
subgroups (modulo the above sign problem, which is not solved here).

4.12.2 Subgroups of Es(q)

It is easy to see from our partial definition of the Lie algebra that there is
a subgroup of diagonal automorphisms isomorphic to a direct product of 8
cyclic groups of order ¢ — 1, since if 71, ..., rg is a fundamental set of roots,
we may multiply e,,, ..., e,, independently by scalars A, ..., Ag, and then
the relations imply that if Zle a;T; is a root s, say, then e, is multiplied by
H?Zl()\i)‘“, and that h,. is fixed for all r. This subgroup is the maximal split
torus T, and its normaliser N has the property that N/T is isomorphic to the
Weyl group of type Eg, acting in the natural way on the 8-space spanned by
the h,, and permuting the 240 1-spaces spanned by the e,.. (It is not obviously
a split extension, except in characteristic 2, as the sign problem may prevent
splitting.)
Consider the map

ade, : x — [e,x]. (4.143)

Ignoring scalars for the moment, this map takes e_,. to h,., and h, to e,, and
er to 0; any other e; gets mapped to 0 after at most two steps. Therefore
(ad e,)? is the zero map. (In characteristic 2 we have (ad e,.)? = 0.) Define the
root elements x,.(\) by

z.(A) =1+ Aade, + 3A%(ade,)? (4.144)
if the characteristic is not 2, and by
z.(A) =1+ Aade, (4.145)

if the characteristic is 2. It is straightforward to show that these maps preserve
the Lie algebra (once the signs have been fixed!). The root subgroups

X, = (z,(\) | A € F)
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are isomorphic to the additive group of the field F, since for any root r and
any A\, u € F, we have z,(N)z, (1) = 2. (A + p).

Many interesting subgroups are generated by suitable sets of root sub-
groups. These include the mazimal parabolic subgroups, and the mazimal rank
subgroups. The former are analogous to the stabilisers of totally isotropic sub-
spaces in the classical groups, while the latter are analogous to the stabilisers
of non-singular subspaces.

The set of all X, as r ranges over positive roots generates the Sylow p-
subgroup of Eg(q), which has order ¢'2°. This is normalised by the diagonal
subgroup, of order (q — 1), to give the Borel subgroup B.

If r is any root, then the two root subgroups X, and X_,. together generate
a group isomorphic to SLa(gq), whose Lie algebra is the 3-space (e,,e_,h;)
on which the group acts as Q3(q) (at least if the characteristic is not 2). If s
is any root orthogonal to r, then both X, and X_, centralise e;. The other
112 roots come in 56 pairs (e, e,4¢) on which the group acts as SLa(g) in its
natural representation.

The parabolic subgroups are obtained by adjoining some of the negative
root subgroups X_, to the Borel subgroup. We may choose any subset of the
fundamental roots for this purpose: a set of all but one of the fundamental
roots gives rise to a maximal parabolic subgroup. Their shapes can be read off
from the Dynkin diagram, although there are subtleties concerning the precise
isomorphism types of these subgroups.

For example, the maximal parabolic obtained by leaving out the end node
of the long arm of the diagram has shape ¢'.¢°%:(C,_1 x Fz(q)) for ¢ even,
and ¢'.¢°%:2"(C(4—1y/2 % Ez7(q)).2 for ¢ odd. The next one along has shape
q?>.q*".¢°*(Cy—1 x SLa(q) x Es(q)) in the simplest case, when ¢ is an odd
power of 2. When ¢ = 1 mod 6, the shape is ¢%.¢*7.¢°*:6"(C(4—1),6 X PSL2(q) x
E6(q))-6.

It is not particularly easy to calculate the group order directly from the
definition. In fact

|Es(q)| = " (¢* — 1)(¢** — (¢ — 1)(¢"® — 1)
2 1D)(g® = 1)(g* —1). (4.146)

At this point simplicity of Eg(q) can be proved using Iwasawa’s Lemma in
the usual way. The action on the root subgroups can be shown to be primitive,
and the root elements generate Eg(q). Moreover, the root subgroups lie in the
derived subgroup, so Eg(q) is perfect. Hence Fg(q) is simple.

To describe the maximal rank subgroups, we extend the Dynkin diagram
so that the long arm of the diagram is extended by one further node. (Clearly
there is a unique vector which has these specified inner products with the
fundamental roots, and it is easy to show that this vector is also a root.) Then
the maximal rank subgroups can be described by deleting one node of the
extended diagram. They are generated by the corresponding root subgroups
X, and X_,. as r ranges over the remaining roots in the diagram.
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For example, deleting the node adjacent to the extending node gives a
group which in characteristic 2 has shape SL2(q) x E7(q), and in other char-
acteristics has shape SLa(q) 0 2" Fr(q) = 2-(PSL2(gq) X F7(q)). The latter sub-
group is not itself maximal, but its normaliser 2'(PSLy(q) x E7(q)).2 is.

There are a few more exotic subgroups, such as 2°+19-GL5(2) < Eg(q) for
every odd ¢ (it is maximal if and only if ¢ is an odd prime) and 5%:SL3(5) <
Eg(q) for all ¢ prime to 5 (again it is maximal just when ¢ is a prime distinct
from 5).

The group Fg(q) has no proper covering groups, and the only outer auto-
morphisms are the field automorphisms.

4.12.3 E7(q)

Most of the important properties of F7(g) can be read off from the embedding
in Eg(q) of SLa(q) x E7(q) (in characteristic 2) or 2-(PSLa(q) x E7(g)).2 (in
odd characteristic). For example we see the Lie algebra, of dimension 133,
spanned by the h, as r runs over the seven fundamental roots of E; and the
e, as r runs over the 126 roots of E;.

We also see the 56-dimensional representation of 2' E7(q) (or E7(q) in char-
acteristic 2): the 112 roots of Eg which are neither in E; nor orthogonal to it
fall into 56 pairs (¢, + t), where 47 are the two roots orthogonal to E7. The
112-dimensional representation of 2:(PSLa(gq) x E7(q)) is the tensor product
of the 2-dimensional representation of SLa(¢q) with the 56-dimensional repre-
sentation of 2' Er7(q), so the latter can be extracted.

In particular note that in the case g odd there is both a double cover of
E;(¢) and a diagonal automorphism of order 2. As noted above, the double
cover has a representation of degree 56, which is considerably smaller than
the Lie algebra, of dimension 133.

The order of E7(q) in characteristic 2 is

¢*(q"® = (™ = 1)(¢"” = 1)(¢"" = 1)(¢® = 1)(¢° — 1)(¢* — 1).

In odd characteristic it is half this.

Further reading

Much of the material in this chapter is not available in book form anywhere,
certainly not in one place. For the standard treatment of exceptional groups
via Lie algebras, see Carter’s ‘Simple groups of Lie type’ [21]. This book is
essential reading for anyone seriously interested in finite simple groups. For the
approach using algebraic groups, see ‘Linear algebraic groups’ by Humphreys
[86] or ‘An introduction to algebraic geometry and algebraic groups’ by Geck
[65].

A more abstract treatment of octonions, Jordan algebras and exceptional
groups is given by Springer and Veldkamp [158], who deal thoroughly with
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the groups of type Ga, 3Dy, Fy and Eg, although they do not always treat
the exceptional characteristics 2 and 3. A detailed description of rings of
‘integral’ octonions (in characteristic 0) may be found in the recent book
‘On quaternions and octonions’ by Conway and Smith [32]. For a thorough
treatment of Jordan algebras in all their glory, I recommend the immensely
readable book ‘A taste of Jordan algebras’ by Kevin McCrimmon [133].

Adams’s book ‘Lectures on Lie groups’ [1], although devoted to Lie groups
over the complex numbers, also reveals a lot of the structure of finite groups
of Lie type. The book ‘Orthogonal decompositions and integral lattices’ by
Kostrikin and Tiep [115] deals with various aspects of Lie algebras of relevance
to finite groups.

The Suzuki groups are treated in a number of more general texts, for ex-
ample Huppert and Blackburn’s ‘Finite groups. I’ [87] (which also includes
a discussion of the small Ree groups, but without proofs), and Taylor’s book
‘The geometry of classical groups’ [162], as well as the book ‘Die Suzukigrup-
pen unde ihre Geometrien’ by Liineburg [125]. More details of my approach
to the Ree groups may be found in [182, 183, 184], and Coolsaet’s approach
is described in [35, 36, 37].

Exercises

4.1. Verify that the map * defined in (4.2) commutes with the coordinate
permutation (2,3,4,5,6), i.e. with the symplectic transformation

e1— fi, i e+ fi+ f2, ea— fa, fo— e+ fi.

21L+1

4.2. Verify (see Section 4.2.2) that if z,y, 2 € Fo2nt1, then z = ay+2 24

ntl . . nt1 nt1 nt1 nt1
y?" " implies 227t pay2? 492 2422 22 =0,

4.3. Show that if x, y and z are three mutually orthogonal purely imaginary
quaternions of norm 1, then zy = +=z.

4.4. Prove that every automorphism of the real quaternion algebra H =
1

R[4, j, k] is an inner automorphism «y : z — ¢~ 'zgq.

4.5. Show that in a Moufang loop (zy)x = z(yz). Show also that (zz)y =
x(zy) and y(zz) = (yx)z. Deduce that any 2-generator Moufang loop is a
group.

4.6. Verify that the Moufang identities (zy)(zz) = (x(y2))z and z(y(zz)) =
((zy)z)z and ((yx)z)x = y(x(zx)) hold in the octonion algebra generated by
19, - - -, 1g Over any field.

[Hint: use the reduction to the case y = ig, z = i1, sketched in Sec-

tion 4.3.2.]
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4.7. Calculate the multiplication table of the octonion algebra with respect
to the basis {1,1,j,4j,1,1l, jl, (ij)!} defined in Section 4.3.3, and relabel the
basis vectors to show that this is essentially the same table as (4.18).

4.8. Show that the monomial subgroup 23GL3(2) of Ga(g) is a non-split ex-
tension.

[Hint: any subgroup GL3(2) would have to be generated by a Sylow 7-
normaliser (of shape 7:3) together with a subgroup S5 of index 2 in the Sylow
3-normaliser (of shape 2 x S3), but both possibilities generate the whole of
23GL3(2).]

4.9. Prove that if ¢ is odd then Gy(q) is simple.

4.10. Show that the maps r and s defined in (4.30) preserve the multiplication
table of the split octonion algebra given in (4.27).

4.11. Mimic the calculation of the order of 2Dy(q) in Section 4.6 to calculate
the order of Ga(q) for arbitrary gq.

4.12. Show that in the real octonion algebra (see Section 4.4.2) with
_ 1 . . .
wi = 5 (=1 +i¢ +igr1 +dt43),

(@ow1)i1 = 2(—1 — g + i2 + i5) and deduce that 1(i5 + ig) is in the ring
generated by the w; and i;.
Hence show that the algebra generated by the i; and w; is not discrete.

4.13. Show that the octonions 1, 2(—1—1ig+1i4 +15), G0, 5 (—io — i1 —i5 —ig),
i1, %(—il — iy — i3 + ig), iz and %(—io + i35 — i4 + ig) form the fundamental
roots of an Eg lattice, and verify that products of the fundamental roots are
again roots.

4.14. Verify that the map e defined in (4.38) in Section 4.4.2 is an automor-
phism of the integral octonion algebra and that it fuses the four orbits of the
monomial group on the 126 vectors of norm 1.

4.15. Compute directly the kernel of the natural map G2(Z) — Ga(q) (see
Section 4.4.3) for odd gq.

4.16. Verify the congruences in (4.49).

4.17. In the notation of Section 4.5, use the relations (4.49) to show that if v
is a vector satisfying v* = v A w mod Wy, where v* is defined by (4.46), then

(i) either v is a scalar multiple of vy or v is a scalar multiple of a vector
6
U7 + Doy QUi
(ii) by using the lower triangular matrices (4.50) show that we may assume
ag = as = ag = 0;
(iil) use (4.49) again to show that if o = a5 = gy = 0 then a3 = a2 = a1 = 0;
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(iv) deduce that there are precisely (¢ —1)(g*+1) non-zero vectors v such that
v* = v Aw mod Wy.

4.18. Show that an involution in 2G5(q) fixes exactly ¢+ 1 of the ¢+ 1 points,
and that each point is fixed by exactly ¢® involutions. Deduce that the number
of involutions in 2G5 (q) is ¢* — ¢® + ¢ and that the centraliser of an involution
has order g(¢? — 1).

[Hint: it is necessary to show that all the involutions in 2Gz(q) are conju-
gate.]

4.19. Complete the proof of the order formula (4.67) for 3D4(q) by classifying
completely the isotropic vectors v satisfying v x v = 0 in the twisted octonion
algebra.

4.20. Complete the proof of simplicity of 3D4(q) by proving that the number
(¢®+q*+1)(¢° —1) is not divisible by any of the integers 1+¢3+¢*, 1+q" +¢®
or1+¢+¢*+q¢"+ 2

4.21. Prove that if («,,v) is an isotopy of the octonion algebra over the
field F, of characteristic 2, then the homomorphism («, 3,v) — < is an iso-
morphism of the group of isotopies with Qf (¢).

4.22. Show that in any associative algebra, the Jordan product a o b defined
by aob = % (ab+ba) satisfies the Jordan identity ((aca)ob)oa = (aca)o(aob).

4.23. Verify that the Albert algebra as defined in Section 4.8.1 is closed under
Jordan multiplication. More specifically, show that

(d7€7f‘D7E7F)O(p7q7/r.|P7Q7R):(‘r7y7z"X?KZ)’
where z = dp + Re (FR + EQ) and
X =1(e+ f)P+3(qg+7)D+ L(ER+QF).

4.24. Show that if T is a symmetric trilinear form, and C(z) = T(x,z, z),
then

6T (x,y,2) =Clz+y+2)—Clx+y) —Cly+2)—C(z+x)
+C(x) + C(y) + C(2).

Show also that

4T (2,y,2) =Clx+y+2)+Clz -y —2)
+C(—z+y—2)+C(—z —y+ 2).

4.25. Show that the map (d,e, f | D, E, F) — (d,e, f | uD, Eu,uFu), where
u is an octonion of norm 1, preserves the Jordan product.
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4.26. Compute the cubic form C(d,e, f | D,E,F) = def — dDD — ¢eEE —
fFF +Re(DEF + DFE) where d = Ao, e = X, f = A, D = 30 Nz,
E=%% Mz;and F =Y°_ M, and hence verify the formula (4.95).
4.27. Show that the short root element of Fy(q) defined in (4.105) preserves
the Jordan product.

4.28. Show that there are at most two automorphisms of the Albert algebra
which fix all the vectors (1,0,0 | 0,0,0) and (0,e,—e | D,0,0) (see Sec-
tion 4.8.8).

4.29. Show that the stabiliser in F4(q) (¢ odd) of the decomposition of 1 as
the sum of three orthogonal primitive idempotents

(1,1,11]0,0,0) = (1,0,01 0,0,0) + (0,1,0 | 0,0,0) + (0,0,1 | 0,0,0)
is the group 2:PQg (¢):S3 constructed in Section 4.8.3.

4.30. Determine the order of Fy(q) (¢ odd) by counting decompositions of 1
as a sum of three orthogonal primitive idempotents, and proving transitivity
of F4(q) on them.

4.31. Show that (if ¢ is prime to 6) the determinant map defined for Eg(q)
satisfies
detz = $Tr(zoxox) — £ Tr(z)Tr(x o z) + §Tr(z)?,
where o is the multiplication in the Albert algebra.
4.32. Reconstruct the Albert algebra from the determinant defined in Sec-

tion 4.10.1, using (1,1,1 | 0,0,0) as the identity element. Deduce that the
stabiliser in Fg(q) of a black vector is Fy(q).

4.33. Prove that Dickson’s cubic form defined in (4.134) is equivalent to the
determinant defined in Section 4.10.1.
Do the same for the form defined in (4.135).

4.34. Show that the number of white vectors for Eg(q) is (¢° —1)(¢® +¢* +1).

4.35. Verify the Jacobi identity for the Lie bracket [AB] = AB — BA of
matrices.

4.36. Define a multiplication on the 3-dimensional space of pure imaginary
quaternions by taking the imaginary part of the usual quaternion product.
Show that this makes the space into a Lie algebra.

4.37. A derivation of an algebra A with multiplication x over a field F' is a
map ¢ : A — A which satisfies

0(axb) =0d(a)*b+ axdb).

Show that if v and J are derivations of A, then so is v§ — d~.
Deduce that the set of derivations of A forms a Lie algebra under the Lie
bracket [y, d] = vd — 7.
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4.38. Let H = R[i, 7, k] be the algebra of real quaternions, and let

61 :a+bi+cj+dk— ck—dj,
0o :a+bi+cj+ dk — di — bk,
03:a+bi+cj+dk— bj—ci.

Show that d1, d2 and &3 are derivations of H and that d3 = [d1, d2].
Show also that the algebra of derivations is spanned as a vector space by
517 527 63'

4.39. (i) Define the linear map [y on the real octonions by

60 : 17i0ai17i3 = Oa
ig = 72‘6 = 77:2,7:4 (g i5 = 77;4.

Show that (3j is a derivation.
(ii) Define vy and &g similarly:

Yo : 140,12, — O,

14 > —i5 > —lg,11 > 13 — —1i7,
do : 1,40,44,15 — 0,

il [d 72‘3 [ 7’L'1,’Z:2 [d i6 [d 72.2.

Show that By + 9 + dg = 0 and that the Lie bracket of any two of 3y, vo,
50 is 0.

(iii) Now define S, v and d; similarly, by adding ¢ to all the subscripts.
Show that these maps span the algebra of derivations of the octonion
algebra, and deduce that the derivation algebra has dimension 14.

(iv) Show that [By, /1] = d3, and compute also [Bo, 1], [0, 51], and [0, 71]-

(v) Using the symmetry §; — ~yor — d4¢ — B¢ write down the multiplication
table of the derivation algebra with respect to a suitable basis.

[This Lie algebra is in fact the compact real form of the simple algebra of
type Ga.]

4.40. Show that the algebra of derivations of the Albert algebra has dimension
78.

4.41. If L is a Lie algebra, and € L, define the map adz : L — L by
adx : y — [x,y]. Use the Jacobi identity to show that ad x is a derivation on
L. [Tt is called an inner derivation.]

Define the centre of L to be

Z(L)={x € L|[zyl=0forall y € L}.

Show that Z(L) is an ideal in L and that the algebra of inner derivations is
isomorphic to L/Z(L).
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The sporadic groups

5.1 Introduction

In this chapter we introduce the 26 sporadic simple groups. These are in many
ways the most interesting of the finite simple groups, but are also the most
difficult to construct. It is not possible here to provide complete proofs in all
cases, but merely to indicate the general lines such proofs might take. Roughly
speaking, proofs are given as far as the middle of Section 5.7, which deals with
the Fischer groups. Section 5.2 deals with the large Mathieu groups Moy, Mo
and Mss, and then the small Mathieu groups M, and Mj; are treated in
Section 5.3. These groups have been known since Mathieu’s papers [130, 131,
132] of the 1860s and 1870s. In all these cases it is possible to give complete
constructions in a reasonably small number of pages, computing the group
orders and proving simplicity, as well as exhibiting a number of important
subgroups. Other facts are stated with varying degrees of justification.

In Sections 5.4 and 5.5 we construct the Leech lattice and the Conway
groups Cop, Cos and Cog, together with the McLaughlin group McL and the
Higman—Sims group HS. Although the latter two groups had been discovered
earlier, their most natural home is with the Conway groups, and they are
both contained in both Coy and Cogz. The Conway groups were discovered in
around 1968. Again, our treatment includes more-or-less complete proofs for
the basic facts. Analogous constructions in Section 5.6 of various complex and
quaternionic versions of the Leech lattice lead to constructions of the sporadic
groups of Suzuki (Suz) and Hall-Janko (J3), as well as the exceptional double
cover of G2(4). A new octonionic construction of the Leech lattice is also
described.

The three Fischer groups Fiss, Fizg and Fi/24 are described in Section 5.7
in terms of their actions on graphs with 3510, 31671 and 306936 vertices,
respectively. Parker’s loop is introduced both as a means of elucidating the
structure of the largest Fischer group Fis,, and as a key ingredient in the
construction of the Monster, which is described in Section 5.8.1. This leads
into brief descriptions of the remaining ‘Monstrous’ groups: the Baby Monster

R.A. Wilson, The Finite Simple Groups,
Graduate Texts in Mathematics 251,
(© Springer-Verlag London Limited 2009
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(B), Thompson’s group (Th), the Harada—Norton group (HN), and the Held
group (He).

Finally we describe the six ‘pariahs’ in Section 5.9: the remaining three
Janko groups Ji, J5 and J4, and the simple groups of O’Nan (O’N), Rudvalis
(Ru) and Lyons (Ly). It should be noted that the only apparent relationship
between these groups is that J; is a subgroup of O’N. In particular, the three
Janko groups are unrelated to each other. The behaviour of these six groups
is so bizarre that any attempt to describe them ends up looking like a discon-
nected sequence of unrelated facts. I make no apology for this—it is simply
the nature of the subject.

5.2 The large Mathieu groups

5.2.1 The hexacode

To construct the Mathieu groups we start by defining the hexacode. [A (lin-
ear) code is just a subspace of a finite vector space F,".] The hexacode is
the 3-dimensional subspace of F4® spanned by the vectors (W, W, w,w,w,w),
(W, w,w,w,w,w) and (W, w,w,w,w,w), where Fy = {0,1,w,w} is the field of
order 4. Since the sum of these three vectors is (w,w,w,w,w,w), there is an
obvious symmetry group 3 x S4 generated by scalar multiplications and the
coordinate permutations (1,2)(3,4), (1,3,5)(2,4,6) and (1, 3)(2,4). The non-
zero vectors fall into four orbits under this group, as follows:

Orbit representative  Length of orbit

(1,1,1,1,0,0) 9
(W, W, w,0,w,) 12 (5.1)
(1,1, w,w,w,w) 6
(0,1,0,1,w,®) 36

The group of automorphisms of this code is defined to be the set of mono-
mial permutations of the coordinates which fix the code as a set. It is immedi-
ate that any diagonal symmetry is a scalar, as it maps each of (1,1,1,1,0,0)
and (0,0,1,1,1,1) to a scalar multiple of itself. Modulo scalars, we can extend
the group S, of permutations to Ag by adjoining the map

(z1,...,26) — (w1, WT2, X3, Te, Tg, T5). (5.2)

On the other hand, no automorphism induces an odd permutation, for if so,
then looking at the images of (1,1,1,1,0,0) and (0,0,1,1,1,1) we deduce that
the coordinate permutation (5,6) is an automorphism, but (0,1,0,1,, w) is
not in the hexacode. However, odd permutations are allowed provided they are
always followed by the field automorphism w — @. This gives rise to a group
3:S¢ of semi-automorphisms of the hexacode. (Compare the construction of
3'Ag and 3'Sp in Section 2.7.3.)
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5.2.2 The binary Golay code

We next construct a set of 24 points, labelled (4, z) where 4 is an integer from 1
to 6 (corresponding to one of the six coordinates of the hexacode) and = € Fy.
Let the hexacode act on this set in the ‘obvious’ way, by addition: a hexacode
word (z1,...,2) maps (i,z) to (i, + x;). Similarly the group 3-Sg of semi-
automorphisms acts on the set in the ‘obvious’ way: if the group element maps
1 in the ith coordinate to A in the jth coordinate, then it maps (¢, x) to (4, Az).
These 24 points are generally arranged in a 6 x 4 array with columns labelled 1
to 6 and rows labelled 0, 1, w, @ (called the MOG, or Miracle Octad Generator,
by Curtis, who first used such an array as a practical tool for calculating in the
Golay code [41]) where these symmetries can be conveniently visualised. For
example, the group 2°:3'Sg may be generated by the following permutations
of 24 points (where cycles of length 5 are represented by arrows, and it is
understood that the head of the arrow maps back to the start).

Ty ey [ PP

(5.3)

101 1

The largest Mathieu group My, may be viewed as a permutation group on
these 24 points, containing the group 26:3:Ss just constructed, as a maximal
subgroup. To effect this construction we shall define the (extended binary)
Golay code as a set of binary vectors of length 24, with coordinates indexed by
the 24 points (i, z). For convenience, we identify each vector with its support
(that is, the set of points where it has coordinate 1). The group May will then
be defined as the group of permutations which preserve this set of vectors.

From each hexacode word (z1,...,x¢) we derive 64 words in the Golay
code, as follows. Each coordinate x; corresponds to a set of points (7,y) such
that >~y = z;. Thus x; corresponds either to an odd-order set, {(4,2;)} or
its complement {(i,x) |  # x;}, or to an even-order set, {(¢,z;)} A {(i,0)}
(where A as usual denotes symmetric difference of sets) or its complement
{(i,2) | 0 # x # z; or 0 = x = x;}. In pictures, each z; has two odd and two
even interpretations:

[ ] [ ] [ ] [ ] [ ] [ ] [ ] [ )
[} [ ) [ ] [ ) [} [ ) [ ) [ )
[ ] [ ) [ ) [} [ ) [ ) [ ) [ ) (54)
[ ) [ ] [ ] [ ] [ ] [ ] [ ] [ )
0 1 w w

Now impose the further conditions that all 6 coordinates have the same parity,
and that this parity is equal to the parity of the number of (z,0) in the set,
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i.e. the parity of the top row. Thus we may choose the set corresponding to
the first coordinate in 4 ways, and the next four coordinates in 2 ways each,
and the last set is determined. As an example, here are three of the 64 Golay
code words corresponding to the hexacode word (0,1,0,1,w,®).

1 1]1 111]1
1111 111 111 1111 1
(5.5)
1 1 1 1 1 1 1)1 1
1 1 1 11 1 11

It is almost immediate to check from this definition that the Golay code
is closed under vector addition (symmetric difference of sets), and so forms a
subspace of dimension 12 of F»?*. Moreover, the whole set (corresponding to
the vector with 24 coordinates 1) satisfies the conditions to be in the Golay
code, so the code is closed under complementation. In total there are 759 sets
of size 8 (called octads), falling into three orbits under the action of the group
26:3-Sg. These three orbits are represented by {(i,0)} A {(0, )} (384 octads),
{(i,z) | i <4,z =0or 1} (360 octads), and {(¢,z) | ¢ < 2} (15 octads), or in
pictures:

1 1 1 1 1 1 1 1 1 1 1

1 1 1 1 1 1 1
(5.6)

1 1 1

1 11

Hence, by complementation, there are 759 sets of size 16 in the code. All the
remaining sets have size 12: there are 2576 of them, lying in three orbits, of
lengths 576 + 720 + 1280, under 2°:3-Ss. In pictures:

1 11 1 11 1 1 1 1 1 1 1
1 1 1 1 1 1 1

(5.7)
1 1 1 1 1 1 1 1
1 1 1 1 1 1 1 1

Thus the code has weight distribution 01875912257616759241,

Now consider the 212 cosets of the Golay code in Fo?*, and look for coset
representatives of minimal weight (i.e. with as few non-zero coordinates as
possible). Certainly the difference (i.e. sum) of two representatives for the
same coset is an element of the code, so has weight at least 8. Therefore
the vectors of weight 0, 1, 2, and 3 are unique in their cosets, so there are
1+24+ 24% + 242322 — 9395 such cosets. Two distinct vectors of weight at
most 4 in the same coset must be disjoint vectors of weight 4, so there can be at
most 6 such vectors in each coset. Therefore there are at least 22:23:22.21 — 1777

132.6
such cosets. But now we have accounted for at least 2325+ 1771 = 4096 = 212



5.2 The large Mathieu groups 187

cosets. In particular, every vector of weight 4 determines a partition of the 24
points into 6 sets of size 4. These partitions are called sextets, consisting of
six tetrads.

Now we can explicitly calculate these sextets, and we find that there are
just four orbits under the group 26:3-Ss. The first orbit, of size 1, is the sextet
consisting of the 6 columns of the MOG. The second orbit, of size 90, consists
of sextets defined by two points in one column and two points in another.
The third orbit, of size 240, consists of sextets defined by three points in one
column and one in another column. The fourth orbit, of size 1440, consists
of sextets defined by two points in one column and two other points in two
other columns. This accounts for all 1771 sextets. In pictures, representatives
of the three non-trivial orbits are

(5.8)

S O | ot Ot
= = =N
O | U= | W
S| U= [ W
S| U [ W
O | U~ | W
Tt W = Ot
N => B VU @)

2
2
4
3

B~ W= =
S Ot N
gt | =

5 1
5 2
6 2
6 2

NN ==
=R W o w
=~ b W o w

1
1
2
2

where the six tetrads of each sextet are labelled by the numbers 1 up to 6.

5.2.3 The group My,

By checking the action on a basis of the Golay code, it is easy to verify that
the element

a= (5.9)

e 1]

*—e oo

fixes the code. Moreover, o fuses the four orbits of 26:3-Ss on sextets. Since
this group is the full sextet stabilizer (see Exercise 5.2), it follows that the
order of Moy is

|May| = 1771.2.3.6! = 244823040 = 2'°.33.5.7.11.23. (5.10)

It follows almost immediately from the transitivity of Mos on sextets that
it is 5-transitive on points. For we can take the sextet defined by the first
four points to any sextet, and then the sextet stabiliser is transitive on its six
tetrads. Moreover, fixing the tetrad we have a full S; of permutations of the
tetrad. Finally, the pointwise stabiliser of this tetrad is a group 2*:A5 which
is visibly transitive on the remaining 20 points.

Consequently, every set of five points is contained in an octad, but since

(254> =759 <§>’ this octad is unique. (Alternatively, this follows from the
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fact that the sum of two octads is in the code, so the octads cannot intersect in
more than four points.) This combinatorial property is the defining property
of a Steiner system S(5,8,24). More generally, a Steiner system S(¢, k,v) is a
system of special k-subsets (called blocks) of a set of size v, with the property
that every set of size ¢ is contained in a unique block. Counting the number
of subsets of size t in two different ways shows that the number of blocks in

an S(t,k, v) is (;’) /(’:)

It is easy to see that the (extended binary) Golay code gives rise to a
Steiner system S(5,8,24), but the converse is not obvious. It follows however
from the fact that, up to relabelling the points, there is a unique S(5, 8, 24).
The proof of uniqueness also gives an alternative proof that Moy is 5-transitive.
We now sketch this proof.

5.2.4 Uniqueness of the Steiner system S(5, 8,24)

If {1,2,3,4,5,6,7,8} is an octad, the Steiner system property implies that the
254__; i:z for 0 <i<4
and is 1 for 5 < 7 < 8. These numbers are 759, 253, 77, 21, 5, 1, 1, 1, 1
for ¢ =0,...,8, respectively. Hence the number of octads not containing the
point 1 is 759 — 253 = 506, and so on. We complete the Leech triangle (see
Figure 5.1), in which the ith entry in the jth row is the number of octads
intersecting {1,...,7 — 1} in exactly {1,...,i — 1}, using this property that
each entry is the sum of the two nearest entries in the row below (cf. Pascal’s
triangle). In particular we see from the bottom row of the triangle that two

number of octads containing {1,... i} is

759
506 253
330 176 7
210 120 56 21
130 80 40 16 5
78 52 28 12 4 1
46 32 20 8 4 0 1
30 16 16 4 4 0 0 1
30 0 16 0 4 0 0 0 1

Fig. 5.1. The Leech triangle

distinct octads intersect in 0, 2 or 4 points. It follows easily that every set of
4 points determines a sextet, with the properties described above, and that
every octad is either the sum of two tetrads of the sextet, or cuts across these
tetrads with intersections of sizes (3,15) or (24,0?). Moreover, in the (3, 15)
case, we may choose the three points in one column in 6 x 4 ways, and two
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more points in the first two available columns in 4 x 4 ways, so there are 384
such octads, and therefore there are 360 of type (24,02).

Now we might as well arrange our first sextet to consist of the six columns
of a MOG array, and choose an octad of shape (3,1°) to be the first column
plus the top row. Indeed, we can arrange the points so that the sextet contain-
ing the tetrad consisting of the last four points in the top row also contains the
tetrads consisting of the last four points in the other three rows. These now
correspond to hexacode words (0,0,1,1,1,1) and its scalar multiples, and the
sextet is the second one displayed in (5.8). Moreover, every tetrad consisting
of three points in one column and one point in another determines a sextet
which cuts across the columns in the same pattern, which we may abbreviate
as ((3,15)%,(1%)%). Since each such sextet contains two tetrads of this type,
it follows that there are 240 such sextets, which between them contain all
octads, as unions of two tetrads.

Now if two octads intersect in four points, then (using the sextet deter-
mined by their intersection) their symmetric difference is also an octad. There-
fore it is sufficient to determine the 64 octads of shape (3, 1°) with three points
in the first column, as then the rest of the octads are determined. Adding the
first column to all such octads we obtain a set of 64 ‘hexads’ consisting of
one point in each column. Labelling the rows 0, 1, w, @ we may identify these
hexads with vectors in F,°, forming a certain (not necessarily linear) ‘code’.

The Steiner system property implies that any two of these 64 words must
differ in at least four coordinates. We shall now show that, up to reordering
the columns, and the points in each column, these words are the words in the
hexacode, and therefore the Steiner system is the one already constructed.

For the first three coordinates determine five points and so a unique
octad—in other words they determine the remaining three coordinates. We
have already assumed without loss of generality that the words (0,0,1,1,1,1),
(0,0,w,w,w,w) and (0,0,w,w,w,w) are in the code. The word beginning
(0,1,0,...) completes with 1,w,w in some order, so we may assume it is
(0,1,0,1,w,w). Then, swapping w and @ in the second column if necessary,
we may assume the code contains (0,w,0,w,w, 1) and (0,@,0,w, 1,w).

Next, (0,1,1,...) completes with 0,w,w in some order, and the only pos-
sibility which differs in at least four places from all words already chosen
is (0,1,1,0,w,w). Similarly, (0,w,w,...) completes to (0,w,w,0,1,w) and
(0,0,w,...) completes to (0,w,w,0,w,1). Continuing in this way we find
unique completions for all words (0, z,y, .. .).

Then (1,0,0,...) completes with 1,w,@ in the opposite cyclic ordering
from (0,1,0,1,w,®), so, relabelling the first column if necessary, we may
assume the code contains (1,0,0,1,w,w), and similarly (w,0,0,w,1,@) and
(0,0,0,w,w,1). After this it is easy to see that all the remaining triples
(z,y, z,...) have completions which are uniquely determined by the choices
already made.
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5.2.5 Simplicity of Moy

To prove that My, is simple we can use Iwasawa’s Lemma (see Theorem 3.1)
as with the classical and exceptional groups. It is easy to see that the action
of My, on the 1771 sextets is primitive, since the sextet stabiliser 26:3Ss has
orbits of lengths 1490+ 240 + 1440 on the 1771 sextets. Moreover, this group
has a normal abelian subgroup of order 2%, whose elements are easily seen
to be commutators of elements of 26:3-Sg. The latter group is generated by
conjugates of the third element of (5.3), and to generate Moy we need only
adjoin the element « defined in (5.9). Since both of these elements are in the
normal 26 of the stabiliser of the first sextet of (5.8), we have verified all the
hypotheses of Iwasawa’s Lemma, and therefore conclude that My, is simple.

5.2.6 Subgroups of Moy

The stabiliser of a point is by definition the group Mss, which therefore has
order |May|/24 = 10200960, while the stabiliser of two points is the group
Mass of order |Mas|/23 = 443520. These three groups Mas, Maos and May are
collectively known as the large Mathieu groups, and were first described by
Mathieu in his 1873 paper [132]. The stabiliser of three points similarly has
order |Mas|/22 = 20160, and is sometimes called Maj, but turns out to be
isomorphic to PSL3(4) (see Exercise 5.6). This isomorphism can be seen by
showing that the Golay code structure gives rise to a projective plane of order
4 on the 21 remaining points. Of course, the multiple transitivity of Moy shows
that these groups extend to subgroups Mass:2 and PSL3(4):S53, both of which
are in fact maximal subgroups of May.

The stabiliser of an octad has order |[Mas|/759 = 322560. Now if all 8
points of the octad are fixed, then we may assume these are the first two
columns of the MOG, so by looking inside the sextet stabiliser we see that
there is only an elementary abelian group of order 16 left. Modulo this, the
permutation action on the octad has order 20160, and is therefore Ag. Thus
the octad stabiliser is 2* Ag. Indeed, by fixing one of the 16 points outside the
octad, we see a subgroup Ag, so the extension splits (i.e. the octad stabiliser
is a semidirect product 24: Ag). Moreover, the 16 points outside the octad now
have a vector space structure on them, and we see the isomorphism Ag = L4(2)
again (compare Section 3.12.1).

It is easy to show (see Exercise 5.3) that Moy acts transitively on the Golay
code words of weight 12 (the dodecads), so that the stabiliser of one of them
is a group of order |May|/2576 = 95040, and is the group Mjs. The fact that
M;5 is a subgroup of Ms, was not known to Mathieu, and was first discovered
by Frobenius. In fact, it is not maximal, as the complement of a dodecad is
another dodecad, and since My, is transitive on dodecads, we have a subgroup
Mj2:2 (which is, in fact, maximal) fixing the pair of complementary dodecads.

Fixing a point in one of these dodecads we obtain the smallest Mathieu
group, M of order |Mys|/12 = 7920. (See Section 5.3 for alternative defini-
tions of Mo and M;;.)
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There are just three more classes of maximal subgroups of My, (for a proof,
see Curtis [42], and for a complete list of the maximal subgroups of all the
Mathieu groups, see Table 5.1). One is the stabiliser of a set of three mutually
disjoint octads (such as the three bricks of the MOG: these bricks are the left-
most 8 points, the rightmost 8 points, and the middle 8 points), and has the
shape 2%:(GL3(2) x S3), with the quotient Ss acting as permutations of the
three octads. Another is the group PSL3(23), which was known to Mathieu,
and was in a sense the basis of his original construction. (He first constructed
Mass and then extended the maximal subgroup 23:11 to PSLy(23) to gener-
ate Moy. It is not easy to prove that My, exists from this definition, and it
appears that Mathieu’s construction did not entirely convince his contempo-
raries. Even 30 years later it was possible for Miller to publish a paper [139]
purporting to prove that Moy did not exist—although, to be fair, he quickly
realised his mistake and retracted the claim. The first really convincing con-
struction was that of Witt [187] in 1938—his paper is well worth reading, even
today, for those who read German.)

Another way to see the subgroup PSL,(23) is to construct the Golay code
by taking the 24 points to be the points of the projective line Foz U {o0}, and
defining the code to be spanned by the set {22 | 2 € Fa3} and its images under
t — t+ 1, and complementation. It takes a little bit of work to show that this
defines a code with the same weight distribution as the Golay code, and then
the uniqueness of the Steiner system S(5, 8, 24) implies it is isomorphic to the
Golay code (see Exercise 5.7). The group PSL2(23) of symmetries generated
by t —t+1, ¢t — 2t, and t — —1/¢ can be extended to Myy by adjoining the
map t — t3/9 for t a quadratic residue or 0 (i.e. for ¢ a square in Fa3), and
t +— 9t3 for ¢ a non-residue or oo, i.e. the permutation

(1,18,4,2,6)(8,16,13,9,12)(5, 21, 20,10, 7)(11, 19, 22, 14, 17).

A correspondence with the MOG is given in the Atlas [28] by labelling the
points of the MOG with the points of the projective line as follows:

0 c0ol 112 22
193 204 10 18
156 14 16 17 8
5 9 21137 12

(5.11)

The last, and smallest, maximal subgroup of My, is a subgroup PSLy(7)
of order 168. As this contains a subgroup S; which commutes with an element
of order 2 in Mgy, this leads to a way of generating Ms, in a nice symmetric
way with seven elements of order 2, as in Section 5.2.7.

5.2.7 A presentation of Mgy

Label these seven elements of order 2 as tg,...,ts in such a way that
PSL4(7) = PSL3(2) acts on them as described in Section 3.3.5, that is, ac-
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cording to the permutations (0, 1,2,3,4,5,6), (1,2,4)(3,6,5) and (1,2)(3,6).
Calculations in My, reveal that (to)®' commutes with t3, and that (tot3)? is
equal to the permutation (2,4)(5,6) in PSL3(2), and that (1,2,4)(3,6,5)t3
has order 11. It turns out that these relations are sufficient to define May,.
For more details, see [45]. (Compare the Coxeter presentation of S,, given in
Section 2.8.1.)

5.2.8 The group Mag

We defined Ms3 as the stabiliser of a point in Msy, so Mas has order
10200960 = 27.32.5.7.11.23. Since My, is 5-transitive, it is clear that Mas
is 4-transitive. The Steiner system S(5,8,24) gives rise to a Steiner system
S(4,7,23), by taking all the octads containing a given point, and then remov-
ing this point from the set. The number of resulting ‘heptads’ in this Steiner

. 23 7
system 1is < 4 ) /<4> = 253.

Similarly, if we remove one (fixed) coordinate from all the 2! codewords
in the Golay code, we obtain a code, called the (unextended) binary Golay
code, with weight distribution

01725385061112881212881550616253231. (512)

In particular, the minimum non-zero weight in this code is 7, which means
that any ‘errors’ in at most 3 coordinates of a codeword can be ‘corrected’
uniquely to restore the original codeword. Now the number of such errors is:

1 trivial error (in no coordinates), 23 errors in one coordinate, (223) = 253
23

3
making 1+ 234 253 + 1771 = 2048 = 2! in total. These errors, applied to all
212 codewords, exactly account for all 223 vectors in the underlying space, so
the code is called perfect.

Simplicity of Mag can be proved by applying Iwasawa’s Lemma either to
the action on triples, in which case the stabiliser has shape 2%:3:S5, or to the
action on heptads, in which case the stabiliser is 24: 47 (see Exercise 5.11).

It turns out that all of the maximal subgroups of M3 can be obtained
by fixing a point in the action of one of the maximal subgroups of Mayy. For
example, the subgroup Mass:2 has two orbits, of lengths 2 and 22 on the 24
points. Fixing one of the first two points gives a maximal subgroup Mss of
Moy, while fixing one of the other points gives a maximal subgroup PSL3(4):2.
Similarly, the octad stabiliser 24:Ag in My has orbits of lengths 8 and 16,
giving rise to maximal subgroups 2*:A; and Ag respectively in Mas. From the
sextet stabiliser 26:3'Sg in Mas we obtain the subgroup 24:3:S5 in Mas, and
from Mj2:2 we obtain My;. Finally, the point stabiliser in PSLo(23) is 23:11,
which Mathieu proved is maximal in Mos.

errors in two coordinates, and = 1771 errors in three coordinates,
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5.2.9 The group Mo,

We defined Moo as the stabiliser of a point in Mg, so My has order 443520 =
27.32.5.7.11. By the same arguments as in Section 5.2.8 we see that Myy is 3-
transitive on 22 points, and preserves a Steiner system S(3, 6,22). The number

of ‘hexads’ in this Steiner system is (232> /(g) =77.
Since Msy is 2-transitive, it contains elements interchanging the two points

fixed by Mays. These elements must normalise Moy, and clearly cannot cen-
tralise it. Therefore they extend it to a group of shape May:2, which is in fact
the full automorphism group of Mas. It is also the automorphism group of the
Steiner system S(3,6,22).

The Leech triangle (Fig. 5.1) shows that each hexad is disjoint from 16
others. Indeed, the hexad stabiliser 2*: Ag has orbits of lengths 1+ 16 + 60 on
the 77 hexads, with representatives as follows.

o O O O [ ] [ ] [} O O [ ] [ ]
[ ] [} [ ] [ ] [ ] [ ] [ ]
(5.13)
[ ] [ ] [ ]
[ ) [ ) [

We may identify the 16 points on the right hand side of the MOG with the 16
points of an affine 4-space over Fy, in natural bijection with the 16 hexads of
the second orbit. The underlying vector space has a natural symplectic form
defined by the action of Ag = Sp,(2)’, so there are 15 totally isotropic vector
subspaces of dimension 2. The 60 hexads in the third orbit correspond to the
4.15 cosets of these subspaces. (These are called affine subspaces.)

Now construct a graph on the 77 hexads by joining two hexads by an edge
in the graph if they are disjoint as sets. It is easy to see that the edges are
defined in terms of 2*:Ag as follows: an affine 2-space is joined to the four
points it contains, and to the twelve 2-spaces which are disjoint from it but
not parallel to it. (Here, parallel means that they are cosets of the same vector
subspace.) We summarise the structure of this graph in the following picture.

(1 M8 lu’m\ls 160 ) (5.14)

The automorphism group of this graph is Mgs:2, since the point stabiliser
cannot be bigger than 2%:Sp,(2) = 24:S.

At the same time we can prove simplicity of Moy using Iwasawa’s Lemma.
The action of Msy on the 77 hexads is obviously faithful and primitive, and
it is easy to check that the group is generated by conjugates of the normal
abelian subgroup 2% of the hexad stabiliser. Moreover, it is obvious that this
24 lies in the derived subgroup. Therefore My, is simple.
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Again it is true that every maximal subgroup of My is obtained from a
maximal subgroup of Myy by fixing two points. From PSL3(4):S3, we obtain
PSL3(4) and 24:S5; from 2%: Ag we obtain 2%: Ag, 23:GL3(2) and two conjugacy
classes of A7; from Mj2:2 we obtain PSLa(11) and Ag 2 (the stabiliser in Mo
of an ordered pair of points, and sometimes called Mjp). Incidentally, Mathieu
already showed that PSLy(11) is a subgroup of Mas.

The group Mss however has some more interesting properties which are
not immediately obvious from its containment in Ms,. For example it has
a covering group 12-Mass in which the centre is a cyclic group of order 12.
Factoring this group by the normal subgroup of order 2 gives a group 6-Mas
which is a subgroup of the largest Janko group J4 (see Section 5.9.6). Factoring
by a further normal subgroup of order 2 gives a triple cover 3:Mas, which is
a subgroup of SUg(2) = 3:PSUg(2). Thus 3:Ms, can be generated by some
6 X 6 unitary matrices over Fy.

5.2.10 The double cover of Mx,

(The material in this section is harder than surrounding sections, and might
sensibly be omitted at a first reading.) The double cover of Mss may be con-
structed in ten dimensions over Q(y/—7). First we make a double cover 25: Ag
of the hexad stabiliser, acting monomially as follows. The 10 coordinates are
indexed by the splittings of a set of 6 points into two triples, and Ag permutes
the coordinates naturally. (Alternatively, index the coordinates by the points
of the projective line over Fg, and use the natural action of PSLy(9).) Each
sign-change is defined by a syntheme (ab | ¢d | ef), which negates the four
coordinates (ace | bdf), (bce | adf), (ade | bef), (acf | bde). (Or in the alter-
native description, by one of the images under PSLy(9) of the set {+1+i} of
non-squares. )

To extend this group 2°:Ag to 2:Mao we adjoin an outer automorphism of
the permutation group Ag, extending it to Mig = Ag 2 (modulo scalars). A
suitable extending element is

- -1 -1 -1 -1 -1 -1 -1 -1 -1

1 A 1 1 1 -1 -1 1 -1 -1

1 -1 1 -1 -1 1 -1 1 A 1

1 -1 -1 1 1 1 X -1 -1 1

! 1 -1 -1 1 -1 -1 1 1 1 A
9= 1 1 -1 -1 oA 1 1 1 -1 -1
1 1 A 1 -1 1 -1 -1 1 =1

1 -1 1 -1 1 A 1 -1 1 -1

1 1 1 A -1 -1 1 -1 -1 1

1 1 -1 -1 1 -1 -1 x 1 1

where A\ = /=7 and the coordinates are written in the following order:

~0,0,1,-1,4,1 +4,—1 4+ ¢, —4,1 — 4,—1 — 4. To show that this is a double
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cover of Mas, we reconstruct the graph on the hexads. Observe first that the
matrix g given above maps the standard coordinate frame in which the vec-
tors have shape (4,0°) to one in which the vectors have the shape (), 19).
Moreover, there are 16 such coordinate frames obtained by applying the sign-
changes. Conjugating such a sign-change by the matrix ¢g gives an element
such as

2 -2 -3 -3 -3 0 0 —-B 0 0
-2 2 -3 -8 - 0 0 -3 0 0
- - -1 -1 1 - ~ 1 - 7~
- - -1 -1 1 v — 1 7 —
il 11 -1 =y =y -1 7
410 0 -8 B -3 2 0 B 0 2|’
0 0 6 -8 -6 0 2 I} 2 0
- - 1 1 -1 v ~ -1 =y —x
0o 0 -3 B B 0 2 - 2 0
o 0 B -3 B 2 0 - 0 2

where 8 = 1(—=1++v/=7) and v = (1 — v/=7). This gives another type of
coordinate frame in which there are four vectors of shape (14,~5), and six vec-
tors of shape (3%,0%,22). There are 60 images of this coordinate frame under
the monomial group 2°:4¢. Now we obtain the graph on 77 points by joining
two of these coordinate frames if no vector in one frame is perpendicular to
any vector in the other.

We need to check two things: (i) that this set of 77 coordinate frames is
invariant under g, and (ii) that the graph defined here is the same as the graph
on the 77 hexads of the Steiner system S(3, 6, 22). To verify (i), check first that
g normalises Ag. Then we need only check the images of one representative of
each Ag orbit. These orbits have lengths 14+1+15+15+45 and only the orbit
of length 45 remains to be checked. To verify (ii), it is sufficient to verify that
the two non-trivial orbits of edges under 2*: A4 are the same in both graphs.
Thus we need only label the vertices and check one edge in each orbit. (See
Exercise 5.10.)

Finally, observe that the 10-dimensional representation of 2:Mss becomes
orthogonal when reduced modulo 7. Since Q,(7) = PQ{(7) x 2, we have
2 Mg < Q7(7) = 2:'PQ;(7). Therefore, we can lift to the double cover of the
orthogonal group, that is the spin group (see Section 3.9.2). But in this spin
group, the central involution of the orthogonal group becomes an element of
order 4. Therefore we obtain a proper quadruple cover 4-Mas.

5.3 The small Mathieu groups

5.3.1 The group M-,

In Section 5.2.6 we defined M9 as the stabiliser of a dodecad in the extended
binary Golay code. In particular, the order of M, is 95040 = 26.33.5.11. In
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this code, an octad can intersect a dodecad in either 2, 4, or 6 points. A
straightforward counting argument (or explicit enumeration: see Exercise 5.4)
shows that for a fixed dodecad, there are 132 octads intersecting it in 2 points,
132 intersecting it in 6 points, and 495 intersecting it in 4 points. In particular
the intersections of size 6 form a set of 132 blocks (called hezads), with the
property (inherited from the Steiner system S(5,8,24)) that every set of 5
points is in exactly one of these blocks. In other words, M5 preserves a Steiner
system S(5,6,12).

Now the pointwise stabiliser of a hexad also fixes pointwise the octad of
S(5,8,24) which it is contained in, and it is easy to check that no such group
element fixes our given dodecad. In other words, the pointwise stabiliser of
a hexad in Mjs is the trivial group. Since there are just 132 hexads, and
|Myo| = 132]Sg], it follows that My is transitive on the hexads, and that the
setwise stabiliser of a hexad is Sg acting naturally on the six points of the
hexad. Hence M5 is 5-transitive on the 12 points.

These blocks do not give rise to a binary code in the same way as the
blocks of the Steiner system S(5,8,24), as two blocks can intersect in 0, 2, 3,
or 4 points. However, we can attach signs to the points in the blocks in such
a way that we obtain a ternary code (known as the extended ternary Golay
code), that is a vector space over F3 (see Section 5.3.5).

5.3.2 The Steiner system S(5,6,12)

Before we do this, however, let us study the Steiner system itself. First define
the tetracode to be the linear code of length 4 and dimension 2 over F3 =
{0, +, —} whose non-zero codewords are

(5.15)

The MINIMOG is then a 4 x 3 array whose rows are labelled by the elements
0, +, — of F5 and whose columns are labelled by the coordinates 1, 2, 3, 4 (or,
better, oo, 0, 1, 2) of the tetracode. Words in the code act on the MINIMOG
via column-wise addition, so that for example the words (0+++) and (+0+—)
act as follows:

° ° (5.16)

The automorphism group of the code is a group GLy(3) = 2°S4 which acts on
the MINIMOG with generators
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[ ] *—o—0 *—0 [ ] [ ]
o oo e — o o I (5.17)
[ ] *—o 0 *—=0 [ ]

Together these generate a group of shape 3%:GLy(3).

Then the 132 hexads of the Steiner system S(5,6, 12) can be described as
the sets of six points with column distribution (320%), (3'1%), (230%) or (221?)
whose ‘odd men out’ form part of a tetracode word. Here the ‘odd man out’
is either the unique point of the column which is in the hexad, or the unique
point of the column which is not in the hexad, if either of these is defined. For
example, the set

o o (5.18)

has odd men out (+0+—) in the four columns. Since each tetracode word is
determined by any two of its coordinates, the odd men out always determine
a unique tetracode word. Thus there are 6 hexads with point distribution
(3,3,0,0) across the columns, 36 with distribution (3,1,1,1), 36 with distri-
bution (2,2,2,0) and 54 with distribution (2,2, 1,1). In pictures, we may take
representatives of the orbits under 33:GLy(3) as follows.

o o ° e o o e o (5.19)

5.3.3 Uniqueness of S(5,6,12)

In the same way that we proved in Section 5.2.4 that there is a unique Steiner
system of type S(5,8,24), up to isomorphism, we can show that there is a
unique Steiner system of type S(5,6,12), up to isomorphism. First create a
Leech triangle for such a Steiner system:

132
66 66
30 36 30
12 18 18 12 (5.20)
4 8 10 8 4
1 3 ) 5 3 1
1 0 3 2 3 0 1

In particular, since two hexads cannot intersect in exactly one point, the
complement of a hexad is a hexad. Now pick any four points, and consider
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the hexads containing these four points: by the defining property of the Steiner
system, any fifth point determines the sixth point of the hexad, so there are
exactly four such hexads. We can arrange them in a 4 x 3 MINIMOG array
such that the first four points form the top row, and the pairs which complete
it to a hexad are the remaining points in the four columns, thus:

(5.21)

—_ = O

0
2
2

w w O
= ks O

Since the complements of hexads are also hexads, we already know two hexads
containing the four points labelled 1 and 2, so the other two each contain two
of the points labelled 0. In other words they determine a splitting of the top
row into two pairs: we can arrange that this splitting is between the first two
and the last two points. Similarly for the points labelled 1 and 3. In particular,
the union of any two columns is a hexad.

Now any set of three points lies in exactly 9.8/3.2 = 12 hexads. For exam-
ple, taking the three points in the first column of the array, we may re-arrange
the points so that the hexads are given by pairs of numbers in one of the three
arrays:

(5.22)

o O O

1
2
3

w N =
W N =

o O O

— W N
N = W

1
3
2

W = N
— N W
o O O
wW N =

Similarly, if we take the three points in the second column then without loss
of generality the hexads are given by

(5.23)

W N =
o o O
W N =
N W =
W N =
o o O
N = W
W = N
W N =
o o O
— W N
— N W

After this, there is a unique possibility for the hexads containing the third
column, and similarly for the fourth column. We have shown that the hexads
with column distribution 3111 are the same as in the Steiner system already
constructed. Similarly, the hexads with column distribution 222 are just their
complements.

It remains to show that the remaining hexads are the ones with column
distribution 2211 which we exhibited before. Now if we take two points in each
of two columns, then we already have a hexad containing these four points,
together with two points in either one of the remaining columns. Therefore
the last hexad is determined. This concludes the proof that there is, up to
permutations, a unique Steiner system S(5,6,12).
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5.3.4 Simplicity of M,

We have made extensive use of the subgroup 32:GLy(3), which has index 220
and acts transitively but imprimitively (with four blocks of size 3) on the 12
points. Such a partition of the twelve points into four triples, any two of which
form a hexad of the Steiner system, is called a quartet. (In the Atlas [28], they
are called linked threes.) In constrast to the situation in May, a quartet is not
determined by one of the triples, but it is determined by two of the triples.
Straightforward calculation shows that the quartet stabiliser has orbits of
lengths 1 + 12 4 27 + 72 4+ 108 on the 220 quartets, and hence the action is
primitive. For reference, here are representatives of the four non-trivial orbits:

01 11 1 0 3 2 0 0 2 3 1 011
0 2 2 2 01 2 3 0 21 3 0 2 3 3| (5.24)
03 3 3 01 2 3 1 3 2 1 03 2 2

It is clear that the elements of the normal 32 in 3%:GLy(3) are commu-
tators, and it is not hard to show that Mjy is generated by conjugates of
these elements. In particular, M;5 is perfect, and hence, by Iwasawa’s Lemma
(Theorem 3.1) is simple.

5.3.5 The ternary Golay code

Since M1, contains involutions with cycle type (2°), which lift to elements of
order 4 in the Schur double cover 2- A5 (see Section 2.7.2), we see that there
is a proper double cover 2°Mj5 of My5. More concretely, we shall see 2 M5 as
the automorphism group of the extended ternary Golay code.

This code can be obtained by attaching signs to the points in the hexads,
turning them into vectors over 5. The signs have the property that the sum
of the entries in the four positions corresponding to any tetracode word is
independent of the word, and is equal to minus the sum of the entries in any
column. One can check that for each hexad there is a unique choice of signs
(up to an overall sign change), and that the resulting 264 vectors of weight
6 in F3'? are mutually orthogonal with respect to the usual inner product.
Hence they span a totally isotropic space of dimension 6, called the (extended)
ternary Golay code.

Indeed, the code consists of all vectors satisfying the above linear condi-
tions, and one can easily verify that it contains 440 vectors of weight 9, and
24 vectors of weight 12. The latter fall into three orbits of lengths 6, 9 and 9
under the action of 32:25,, with representatives

+ + — —| and £+ + + + (5.25)
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We now check that the element

o o 'I 'I (5.26)

preserves the code, and therefore the Steiner system. Since the codewords of
weight 6 map two-to-one onto the hexads of the Steiner system S(5,6,12),
and the only automorphism of the code which fixes all the hexads is —1, it
follows that the group generated by these elements is a double cover 2°-Mj5 of
M;,, with central element acting as —1 on all twelve coordinates.

The stabiliser of one of the 24 vectors of weight 12 in the code is a sub-
group isomorphic to My, permuting the 12 coordinates transitively. If we
change basis by negating (say) the top row of the MINIMOG, we can choose
the fixed vector of My; to be (+12), so that My; acts as a group of pure per-
mutations (with no sign changes). This basis will be useful for example in the
construction of the sporadic Suzuki group (see Sections 5.6.10 and 5.6.11).

It is easy to see that the Golay code gives rise to a Steiner system
S(5,6,12), by taking the codewords of weight 6 and ignoring the signs. We
have already proved that this Steiner system is unique up to isomorphism. To
obtain an explicit isomorphism between the construction in this section and
the one given in Section 5.2.6 we may embed the MINIMOG in the MOG, by
swinging the first column of the MINIMOG upwards and to the left thus:

9 5 1
1 2 3 4
2 3 4
56 7 8 - (5.27)
6 7 8
9 10 11 12
10 11 12

The generators of M5 given in (5.16), (5.17) and (5.26) above (ignoring signs)
extend to elements of Moy as follows.

L
I I D

NN

SIREETED
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5.3.6 The outer automorphism of Mj5

As we have seen above, the group Mjs acts on the 24 points of the MOG
with two orbits of size 12, which are ‘dodecads’ in the Golay code. Since
Moy, is transitive on dodecads, there is an element of My, which interchanges
these two orbits. Such an element cannot centralise M5, so acts as an outer
automorphism of Mjs. Inside Moy the outer automorphism of Mis may be
realised by the following permutation.

e . o
(5.29)

We have already seen that if we fix two points in one dodecad, then there
are exactly two octads containing these two points and no others in the do-
decad. These octads define a splitting of the complementary dodecad into two
hexads of an S(5,6,12). In particular, the point stabiliser My in one dodecad
does not fix a point in the other dodecad, so (since it contains elements of or-
der 11) acts transitively, and indeed 2-transitively. (We shall see in a moment
that it is actually 3-transitive.) This tells us that we have two classes of My
inside M2, interchanged by the outer automorphism. (Compare the outer
automorphism of Sg described in Section 2.4.2; interchanging two classes of
subgroups Ss.)

5.3.7 Subgroups of M;,

We already know that any element of M5 which fixes five of the 12 points is
trivial, so a transposition in the hexad-stabiliser Sg must act fixed-point-freely
on the complementary hexad. Therefore the actions of Sg on the two hexads
are related by the outer automorphism of Sg. There is also an element of M5
which interchanges the hexad with its complement, and therefore realises the
outer automorphism of Sg. This subgroup S¢.2 has orbit lengths 2 and 10 on
the points of the other dodecad, so the stabiliser of a pair of points also has
the shape Sg.2.

The stabiliser of a triple of points has order [My2|.3!/12.11.10 = 2%.3% and
structure 32:25,. The image of this under the outer automorphism of M, fixes
a quartet, that is, a partition of the 12 coordinates into four sets of size 3, with
the property that the union of any two of them is a hexad of the Steiner system
(e.g. the columns of the MINIMOG). Notice that the point-wise stabiliser of
three points has structure 3%:Qg and acts transitively on the complementary
dodecad. Another way of saying this is that the point stabiliser Mj; in one
dodecad acts 3-transitively on the complementary dodecad.

The stabiliser of a set of four points has order |Mis|.4!/12.11.10.9 = 26.3
and has structure 2!74S3. In this case there is a unique octad of S(5,8,24)
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intersecting the dodecad in exactly these four points, so this gives rise to a
well-defined set of four points in the complementary dodecad as well. Thus
there is only one conjugacy class of subgroups of this type.

There is in fact a maximal subgroup PSLs(11), acting on the 12 points
in the same way that it acts on the projective line (see Section 3.3.5). This
extends to a subgroup PGL2(11) in Mj9:2. There are just three other classes
of maximal subgroups, of shapes 2 x S5, 4%2:D15 and A4 x Ss. (See Table 5.1
for the full list of maximal subgroups.)

5.3.8 The group Mj;

The definition of M;; as the point stabiliser in M5 shows that it has order
7920 = 2%.32.5.11 and acts 4-transitively on a set of 11 points, and preserves
a Steiner system S(4,5,11). The usual calculation (see Section 5.2.3) shows
that the number of pentads in this Steiner system is (141> /(Z) = 66.

Since the stabiliser in M5 of a triple of points is an affine group 3%:GL(3),
it follows that the stabiliser in M1; of a pair of points is 32:5D1¢, where SD1g
is the Sylow 2-subgroup of GL3(3), known as the semidihedral group of order
16, with the presentation

(a,b]a® =b*=1,ab = a®). (5.30)

As the Sylow 3-subgroup of M;; has order 9, this group 32:9D; is its nor-
maliser, and so all elements of order 3 in M;; are conjugate.

Now it is easy to see that the elements of order 3 generate a 3-transitive
subgroup. Moreover, the pointwise stabiliser of three points is QJg, whose nor-
maliser in My; is @s.53 = GL2(3), so the elements of order 3 also generate
this Qg. Therefore they generate a 4-transitive subgroup, which has order at
least 11.10.9.8. = 7920 so is the whole of M7;. Clearly these elements of order
3 are commutators, so M1; is perfect. By 4-transitivity, the action on pairs is
primitive. Hence by Iwasawa’s Lemma (Theorem 3.1), My; is simple.

Inside Msy we see M1 with orbits of sizes 1, 11, and 12. In particular we see
that My, has a transitive action on 12 points, which we proved in Section 5.3.7
is actually 3-transitive. It follows that these two faithful representations on 11
and 12 points are primitive. The point stabilisers are maximal subgroups Ag'2
and PSLo(11) respectively. Fixing a pair of the 11 points gives, as we have
seen, a soluble maximal subgroup 32:SD1s of order 144, which has orbits
of lengths 2 and 9 on the 11 points and acts transitively on the 12 points.
Similarly, fixing a pair of the 12 points gives a maximal subgroup S5, which
has orbit lengths 2 and 10 on the 12 points, and 5 and 6 on the 11 points. The
only other maximal subgroups are the involution centralisers 2'Sy = GL2(3)
which have orbit lengths 3 and 8 on the 11 points and 4 and 8 on the 12
points. (The complete list of maximal subgroups for all the Mathieu groups
is given in Table 5.1.)
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Table 5.1. Maximal subgroups of the Mathieu groups

Group Moy Moas Ma2 Mi2 Mi;
cocode M23 M22 PSL3 (4) M11 A62
subgroups Mao:2 PSL3(4):2 24:85 Ag22  3%SDig

PSL3(4):S5  2%:(3 x As):2 32:25,4 25,
29:356 2145,
4?Dys
code 24:A8 24ZA7 242A6 M11 PSL2(11)
subgroups Mi2:2 Ag A; Ag 22 Ss
26:(GL3(2) x Ss) M1 Az 32:25,4
2%:GL3(2)
Ag 2
PSL2(11)
others PSL2(23) 23:11 PSL»(11)
PSL2(7) 2 X S5
A4 X S3

5.4 The Leech lattice and the Conway group

5.4.1 The Leech lattice

We construct the biggest Conway group 2:Co; (a double cover of the simple
group Coq) as a group of 24 x 24 real matrices. At the same time we construct
a lattice (i.e. a discrete set of vectors closed under addition and subtraction)
which is invariant under the group, in order to determine the order of the group
and other properties. The process is analagous to the construction of Moy and
the Golay code, using the subgroup 2°:3:Sg derived from the hexacode. Here
we use instead a group 2'2:Myy derived from the Golay code to help with the
construction, which is based on Conway’s original construction [25].

There is an obvious action of My, on 24-space, in which it permutes the
coordinate vectors naturally. There is also an action of the Golay code itself,
whereby a codeword acts by negating all the coordinates corresponding to
a 1 in the word. Thus an octad acts by negating an 8-space, for example.
Taking both groups together we obtain a group 2'2:Msy, acting monomially
on 24-space.

The Leech lattice is named after John Leech [116] although it was ap-
parently first discovered by Witt in 1940. It may be defined as the Z-linear
combinations of the 1104 + 97152 + 98304 = 196560 images under the group
212:My, of the following vectors

4 4 2 2 -31|1 1|1 1
2 2 1 1|1 1)1 1
(5.31)
2 2 1 11 1)1 1
2 2 1 11 1)1 1
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More helpfully, it may be defined as the set of all integral vectors (x1, ..., x24)
(i.e. z; € Z) such that either all the z; are even or they are all odd, and
congruent modulo 2 to % of the sum of the coordinates, and additionally the
residue classes modulo 4 are in the Golay code. Thus
x; = m mod 2,
24
Z z; = 4m mod 8, and
i=1
for each k, the set {i | z; = k mod 4} is in the Golay code.  (5.32)

To show that these two definitions are equivalent we must first show that
all the spanning vectors in the first definition satisfy the congruence conditions
in the second definition. This is a straightforward exercise (see Exercise 5.13).
Conversely, suppose that z is a vector satisfying the conditions of the second
definition (5.32). If the coordinates of  are odd, subtract the vector (—3,123)
to get a new vector & with even coordinates, still satisfying the conditions. If
now z has some coordinates not divisible by 4, we can subtract some octad
vectors (i.e. vectors of shape (2%,0!%)) until all the coordinates are divisible
by 4, and the new vector z still satisfies the conditions. Now the sum of the
coordinates is congruent to 0 modulo 8, so the vector x is a sum of vectors of
the shape (44, +4,02?). Hence x is in the lattice spanned by the vectors given
in the first definition (5.31).

Now it is easy to see that the 196560 vectors listed in (5.31) are the only
vectors of smallest norm in the lattice. (We scale the usual norm E?il x;2 by
dividing by 8, so that these vectors have norm (i.e. squared length) 4. This
is the smallest scale on which all inner products of vectors in the lattice are
integers.) Similarly, the vectors of norm 6 fall into four orbits under the group
212:May, with lengths 2576.2! = 5275648, (234> 212 = 8290304, 759.16.28 =
3108864, and 24.2'? = 98304 (making 16773120 in all), and representatives as
follows.

2 22 —3-3-31[1 1
2 2 1 1)1 1|1 1
2 2 1 1)1 1|1 1
2 2 1 1)1 1|1 1

(5.33)
2 —2/4 5 101 1[1 1
2 2 1 1)1 1|1 1
2 2 1 1)1 1|1 1
2 2 1 1)1 1|1 1

The 398034000 vectors of norm 8 similarly fall into nine orbits under the
group 2'2:May. (See Exercise 5.14.)
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Let A denote the Leech lattice. As an abelian group under addition, A is
isomorphic to Z?%, so that A/2A4 = F5?*, a vector space of dimension 24 over
F,. In particular there are just 224 congruence classes mod 24 of vectors in
A. These are just the cosets of 24 in A. If  and y are in the same congruence
class, then  + y both lie in 24, so have norm 0 or at least 16. Therefore the
sum of the norms of  and y must be at least 16, unless x = £y. In particular,
the vectors of norms 0, 4, and 6 are congruent only to their negatives, while
two vectors of norm 8 can be congruent only if they are either negatives of
each other, or perpendicular to each other. Since perpendicular vectors are
linearly independent, we have accounted for at least

1+ 196560/2 + 16773120/2 + 398034000/48 = 16777216
= 2% (5.34)

congruence classes.

5.4.2 The Conway group Co;

Thus all the vectors of norm 8 in the Leech lattice fall into congruence
classes of 48 pairs of mutually perpendicular vectors (which we call coordinate
frames or crosses, or sometimes double bases), and therefore there are exactly
398034000/48 = 8292375 such crosses. Since the stabiliser of a cross is just
212:Mayy (as is clear from the second definition (5.32) of the Leech lattice), we
only need to prove transitivity on the crosses in order to compute the order
of the automorphism group as 8292375.2'2.|May|. Clearly this automorphism
group has a centre of order 2 generated by the scalar —1. The quotient by the
centre is therefore a group Co; of order

|Coy| = 4157776 806 543 360 000 = 221.39.5%.72.11.13.23.  (5.35)

To prove transitivity on the crosses it is sufficient to exhibit an element
which fuses the orbits of the monomial group 2'2:Ms,. Alternatively, a non-
constructive proof can be obtained by showing that any 24-dimensional even
(integral) lattice (i.e. a lattice such that all norms are even integers, and there-
fore all inner products are integers) containing the given numbers of vectors
of all norms up to and including 8, is isomorphic to the Leech lattice. In effect
this gives us a third definition of the Leech lattice, which we record formally
in the following theorem.

Theorem 5.1. If A is a 24-dimensional even (integral) lattice containing no
vectors of norm 2, 196560 vectors of norm 4, 16773120 vectors of norm 6 and
398034000 wectors of norm 8, then A is isomorphic to the Leech lattice.

Proof. The same counting argument as above (5.34) shows that in any such
lattice the vectors of norm 8 form coordinate frames. Writing the lattice with
respect to a basis such that one such coordinate frame consists of the vectors
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of shape (£8,0%), we know that (48,48, 0%2) is in twice the lattice, so that
(£4, +4,022) belongs to the lattice. Since all inner products are integral (after
dividing by 8), it follows that for any vector in the lattice, all its coordinates
are integers, and are congruent, to m say, modulo 2. Hence all vectors of
shape (4, +4,4+4,+4,0,...,0) belong to the lattice and also form coordinate
frames. These vectors therefore determine splittings of the 24 coordinates into
sextets, or equivalently, every set of five coordinates determines an octad. Thus
we obtain the structure of a Steiner system S(5,8,24) on the 24 coordinates.
Using the fact that this Steiner system is essentially unique (see Section 5.2.3)
we may label the vectors of our coordinate frame so that it is the same Steiner
system as before. Moreover, vectors of shape (+2%,0'¢) with 2s on an octad
are also in the lattice (with signs yet to be determined). Since there are no
vectors of norm less than 4, and there are 196560 vectors of norm 4, there
must be some vectors of norm 4 with odd coordinates. Changing signs on some
coordinates if necessary, we may assume this vector is (—3, 123). Therefore the
octad vectors have an even number of minus signs, and we have the same Leech
lattice as we had before.

5.4.3 Simplicity of Co;

We can prove that Co; is simple using Iwasawa’s Lemma again. To do this we
must first show that the group acts primitively on the crosses. This is an easy
exercise (see Exercise 5.14). We have already shown that the stabiliser of a
cross in 2°Coy is 212:May. Next we show that 2-Coy is generated by conjugates
of the normal abelian subgroup 2'? of the cross stabiliser, by first finding an
element of this form in 2'2:May, \ 2!2, so that by the simplicity of May the
whole group 2'2:My, is generated by such elements. A suitable element is the
first involution displayed in (5.3), which acts as sign-changes on the coordinate
frame defined by the first vector displayed in (5.37), and is therefore in the
normal 2'2 subgroup of the stabiliser 2!2:My, of this coordinate frame.

Since 2'2:My, is maximal in 2'Coq, there are conjugates of the 2'2 not
contained in this copy of 2'2:May, so 2:Co; is generated by these conjugates,
as required. Finally, we easily see that the 2!2 is generated by commutators
already in 2'2:My,. Hence we have all the ingredients of Iwasawa’s Lemma
(Theorem 3.1), and conclude that Coy is simple.

5.4.4 The small Conway groups

Now that we have shown, in Section 5.4.2, that 2-Co; is transitive on crosses,
it follows easily that it is transitive on vectors of norm 4, and on vectors of
norm 6. For the cross stabiliser is transitive on norm 4 vectors having inner
products £4 or 0 with each vector of the cross: thus for example (4, 4, 0%?) with
respect to the standard cross, and (28, 016) with respect to the cross containing
(4*,0%%), and (3, —17, 1'6) with respect to the cross containing (5, —3, —3, 121).
Therefore the three orbits of 212:Ms, on vectors of norm 4 are fused into a
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single orbit under 2'Co;. The stabiliser of a vector of norm 4 is denoted Coo,
and has order

|COQ| = |COll/98280
= 42305421 312000
= 21836 53.7.11.23. (5.36)

We shall study this group in more detail in Section 5.5.4.

Similarly, the cross stabiliser is transitive on norm 6 vectors having inner
products +2 or 0 with each vector of the cross. One example of such a vector
is (212,0'2) with respect to the standard cross. Representatives for the other
three orbits under the monomial group are displayed in the MOG array below.
The top row contains a representative vector of a suitable cross, and the
bottom row the vector of norm 6.

4 4 —-221|2 4
4 4 2
4 4 2
4 4 212 2
(5.37)
-3-3-31 |1 1 2 2 —2/4 5 11 1|1 1
1 11 1)1 1 2 2 2 1 11 1)1 1
1 11 1)1 1 1 11 1)1 1
1 1|1 11 1 1 1|1 11 1

It follows that 2:Co; is transitive on the vectors of norm 6. The stabiliser of
a vector of norm 6 is denoted Cogs, and has order

|Cos| = |Co,|/8386560
= 495 766 656 000
= 21037 53.7.11.23. (5.38)

We shall study this group in more detail in Section 5.5.3.

We can proceed further, to define the McLaughlin group and the Higman-—
Sims group, and determine their orders, by proving transitivity of Cog or Cos
on suitable sets of vectors. In the McLaughlin group case we need to prove
that Cos, the stabiliser of a vector v of norm 6, is transitive on the 552 vec-
tors of norm 4 which have inner product —3 with v. If v = (=2!2,0'?) then
the monomial group 2 x M5 fixes v and has orbits of lengths 24 + 264 +
264 on these vectors, with representatives (112, —3,11), (26,06,22 01°) and
(3,—1,1%0 16 —16) respectively. On the other hand, if v = (=5, —123), then
the monomial group Msg has orbits of lengths 23 + 23 + 253 + 253, with rep-
resentatives (4,4, 0%%), (1,-3,1%2), (2,27,016) and (3,—17,1'6) respectively.
The only way for both these sets of orbits to fuse into orbits for Cog is as a
single orbit of length 552.



208 5 The sporadic groups

Thus the stabiliser in Cos of such a vector is a subgroup of index 552 in Cog,
so has order |Coz|/552 = 898128000 = 27.36.53.7.11. This is the McLaughlin
group, which we study in more detail in Section 5.5.2.

Similarly, in the Higman—Sims case we need to prove that Cog is transitive
on the 11178 vectors of norm 4 which have inner product —2 with v. When
v = (—212,012), the monomial group 2 x M5 has six orbits on these vectors,
as follows:

Orbit representative Orbit length

(—3,111112) 24
(42’0107012) 66
(2°,-2,06,22,019) 1584 (5.39)
(10, —12,-16,-3,15) 1584
(24,08,2%,08) 3960
(3, 13,18, —14,18) 3960

But when v = (—5, —123), the group My3 has five orbits, as follows.

Orbit representative  Orbit length

(4, —4,0%2) 23
(0,2%,0%) 506
(3, —111,112) 1288 (5.40)
(133a7115717) 4048
(2,25, —22,016) 5313

Again it is easy to see that Cos must act transitively on these vectors.

Thus the stabiliser in Cogz of such a vector is a subgroup of index 11178
in Cos, so has order |Cos|/11178 = 44352000 = 2°.32.53.7.11. This is the
Higman—Sims group, which we study in more detail in Section 5.5.1.

5.4.5 The Leech lattice modulo 2

Reducing the Leech lattice modulo 2, as in Section 5.4.1, gives rise to a 24-
dimensional representation of 2:°Co; over Fo, in which the central involution
acts trivially. Thus we obtain a 24-dimensional representation of the simple
group Co; over Fy. Moreover, the real norm, divided by 2 and reduced modulo
2, gives rise to a non-degenerate quadratic form, of plus type. Thus we have an
embedding of Co; in Q3,(2). We shall use this embedding in the construction
of the Monster in Section 5.8.1 below.

Many of the maximal subgroups of the Conway group are best seen as
stabilisers of sublattices, or of subspaces of the lattice modulo 2. We have
already seen that there are just three orbits of Co; on subspaces of dimension
1 in A/2A: a single orbit on the 8386560 vectors of norm 1, coming from
the vectors of norm 6 in the Leech lattice, and two orbits of lengths 98280
and 8292375 on the isotropic vectors in A/2A, coming from the vectors of



5.4 The Leech lattice and the Conway group 209

norms 4 and 8 in A respectively. We shall call these vectors of type 3, 2 and
4 respectively. (More generally, the type of a Leech lattice vector is half its
norm.) The corresponding stabilisers are the maximal subgroups Cos, Coo,
and 2'':Myy, respectively.

Next we enumerate the subspaces of dimension 2. Those subspaces which
contain vectors of type 4 are easy to classify, as we can work inside the mono-
mial subgroup 2!2:Myy of 2:Co; to write down all possibilities. The other
cases require more work, as it is not obvious how many orbits the group has
on subspaces of any given type. The results are listed in Table 5.2.

For each of the first six rows of Table 5.2, we need to prove transitivity of
2-Co; on certain configurations of vectors, or equivalently to prove transitivity
of Coy or Cog on certain sets of vectors. We have already proved the cases
which lead to the McLaughlin and Higman—Sims groups, and we leave the
rest as exercises (see Exercises 5.15, 5.16, 5.17). More details can be found in
[178].

Table 5.2. Orbits of Co; on 2-spaces of A/24

Type Representatives Centraliser
222 (4,—4,0%%),(0,4, —4,0%") PSU4(2)
223 (4,4 022) (-3, 12‘3) McL

233 (4,—4,0%%),(5,1%%) HS

233% (27,-2,4,0%°), (0%2,4,4) PSU4(3):2?
333 (5,123),(012 212) 3%:My;
333x (5,1%%),(—18,5,1'%) PSU3(5)
224 (8,0%%), (4, 4,022) 210:Mp,:2
234 (8,0%%),(-3,1%) Mas

244 (8,0%), ((28, 0'9) 2178: 4

334 (8,0%%),(2",-2,4,0') 2I As
334x (8,0%%),(2 2,012) 2 x M2
344 (8,0%),(—3%1%) PSL3(4):53
444  (8,0%), (4*,0%%) 24712.3- G4
444 (8,0%), (2", —2,4,0")  M;2:2

444 (8,0%), (28, 42,014) [2'1]:PSL3(2)

Note: a * in the type symbol indicates that it is impossible to choose three Leech
lattice vectors of these types adding to 0 and mapping modulo 2 to the three vectors
in the given 2-space.

Note in particular the appearance of the group PSUg(2) in this table. In
this sense we may regard PSUg(2) as a ‘Conway group’: we shall see in Sec-
tion 5.7, especially Section 5.7.1, that it also has an incarnation as a ‘Fischer
group’. Other groups which arise here are HS:2 and PSU4(3):Ds, which are
maximal in Cos. The 333% case is particularly interesting: if u,v,w are type
3 representatives for the three fixed cosets of 24, then three of the vectors
u £ v+ w have type 2 and one has type 3. Thus there is a group PSU;3(5):53
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permuting w, v, w (up to signs), contained in the group Cos which fixes this
last vector.

Two interesting local maximal subgroups of Coy, of shape 3174:Sp,(3):2
and 5172:GLy(5), also arise as stabilisers of sublattices. All these sublattices
are examples of S-lattices, which were completely classified by Curtis [43], as
part of his work on maximal subgroups of Co;. He defined an S-lattice as a
sublattice spanned by vectors of type 2 and 3, containing no vector which is
congruent modulo 24 to a type 4 vector, with the additional property that if
v,w are in the lattice, and are congruent modulo 24, then %(v — w) is also
in the lattice. This somewhat technical definition ensures that the sublattice
stabiliser is not obviously contained in 2'2:May.

The full list of maximal subgroups is obtained in [174], building on the
work of Curtis and others [44, 138]. (But beware of errors in virtually all the
published lists: the corrected list is given in Table 5.3.) We consider some of

these subgroups in more detail in the following sections.

5.5 Sublattice groups

In this section we shall study the groups Cos, Coz, McL and HS in more
detail. We begin with the smallest, the Higman—Sims group HS, and work our
way up.

5.5.1 The Higman—Sims group HS

This group was defined in Section 5.4.4 as the stabiliser of two type 3 vectors
v and w with inner product —4 (so that their sum has type 2). We showed
that 2-Co; is transitive on such pairs of vectors, so that HS is well-defined
up to isomorphism, and has order 44352000 = 2°.32.53.7.11. Moreover, if we
take v = (5,1,1?%) and w = (-1, -5, —1?2) then we see immediately that
there is an involution in the monomial group Ms2:2 which interchanges them.
Therefore HS extends to HS:2, which is in fact the full automorphism group
of HS.

We can also use this monomial group Mass:2 to recover the original def-
inition used by Donald Higman and Charles Sims [75]. Consider the type 2
vectors which have inner product 3 with v and —3 with w. It is straightfor-
ward to show that there are just 100 such vectors, falling into three orbits
under the permutation group Mas: the single vector (4,4,0%2), 22 vectors of
shape (1,1, —3,12!) and 77 vectors of shape (2,2,26 0'6). They are mapped
to their negatives by the outer automorphism of Msy. The number of orbits
of the point stabiliser is called the rank, so this action of HS on 100 points
has rank 3.

Now |[HS| = 100/Ma2|, so HS acts transitively on these 100 vectors. Thus
if we construct a graph on 100 vertices, joining two vertices when the cor-
responding vectors have inner product 1, then we obtain a regular graph of
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Table 5.3. Maximal subgroups of the Conway groups

211

Coy Coag Cos McL HS
Cog McL McL:2
Cos HS:2 HS
2112M24 210:M2222 2 X M12 M22 M22
Mas Mas Mas Mi:
M1 Mi:
PSUG(Q)Sg PSU5(2)2
PSU4(3).Ds  PSU4(3).2>  PSU4(3)
PSU3(5)ZS3 PSU3 (5) PSU3(5):2
PSU3(5):2
PSL3(4).D12 PSL3(4):2 PSL3(4):2
Ss
3'14:8p,(3):2 3iteolte gy 3174486
5'72:GLy(5) 5172:48, 5!172:3:8
24'A8 24:A7 24'56
2% A,
3 Suz:2
(A4 X G2(4)):2
(A5 X J2)22
(Aa X PSU3(3)):2
(A7 X PSL3(2)):2
A9 X 53 PSL2(8)23 X S3
22+12:(A8 X Sg) 43:GL3(2)
24+12'(53 X 3'56) 24+10.(S3 X S5) A4 X S5
22[27.3%]5;
36:2' M 3%:(2 x My1)  3%:A462
33+4:2(S4 X S4)
21808 (2) 2183, (2) 2Spg(2) 2°As 2 x Ag2?
216+ Aq 4-2*.S5
3%2'PSU4(3).Ds
(DIO X (A5 X A5)2)2 5:4 x A5
5%:(4 x As).2
52:4'145
72:(3 x 2" Ay)

degree 22. The 100 vertices may be labelled by *, together with the 22 points
and 77 hexads of the Steiner system S(3, 6,22). Translating the inner product
condition gives the edges in the graph: a hexad is joined to the 6 points it
contains, and the 16 hexads disjoint from it.

(1322

16

41)
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(Observe the similarity with the graph on 77 points acted on by Mas, de-
scribed in Section 5.2.9.) Higman and Sims constructed the group in this way,
extending the stabiliser Mgy 22 PSL3(4) of two adjacent vertices to the edge
stabiliser Ms;:2 in order to generate the group HS.

The group HS was also constructed independently by Graham Higman
[76] as the automorphism group of a kind of geometry on 176 points and
176 ‘quadrics’, which were identified with certain sets of 50 points. It was
not immediately obvious at the time that this gave the same group as the
Higman—Sims construction, but this is clear from the Leech lattice approach.
The Higman geometry can be seen by looking at the type 2 vectors which
have inner product 2 with v and —3 with w, or vice versa. The former fall
naturally into 176 pairs, such that the sum of any pair is —w. We shall call
these pairs ‘points’. The latter similarly fall into 176 pairs with sum —v. We
shall call these pairs ‘quadrics’.

Explicitly, using the permutation group May as before, the ‘points’ are the
pairs

212 1 3(-11|1 1

212 1 —-1-11(1 1
(5.42)

2|2 1 —1-11(1 1

2|2 1 —1-11(1 1

and similarly the ‘quadrics’ are the pairs

-2 -2 -3-11 —-1|-1-1

-2 |2 1 11 —1j-1-1
(5.43)

-2 |2 1 —1j1 —1|-1-1

-2 -2 1 -1{1 —-1)—-1-1

Thus the points and quadrics correspond to the two orbits of My on ‘heptads’:
that is, octads of S(5,8,24) which contain exactly one of the two fixed points
of Mss. Two heptads in different orbits intersect in either 0, 2 or 4 points. If
the intersection has size 0 or 4 then the inner products in the Leech lattice are
{0,0,—2, -2}, while if the intersection has size 2, the inner products are all
—1. For a fixed heptad there are 50 of the former type and 126 of the latter.
Many of the maximal subgroups of HS are visible inside 2'2:May4, by choos-
ing the fixed vectors of HS appropriately. For example, choosing the pair
{(5,111,112) (=2, —211 0'2)} exhibits (two classes of) M1, while the pair

—22 (4 —2 2 |4
2 —2-2
(5.44)
2 —2-2
2 —2-2
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exhibits 24:Sg. Similarly, the pair

-2 2 |4 2 =2
2 2 —-2-2/4
(5.45)
2 2 -2 -2
2 2 —2 -2
exhibits 43:L3(2), while
212 2 —2|2 2
2 22 —2-2|-2
(5.46)
2 2|2 -2 -2|-2
2 2|2 -2 -2|-2

exhibits 2 x Ag-22. The pair {(5,1'5,1%), (=5, =115, 18)} exhibits a subgroup
Ag which has index 2 in a maximal subgroup Ss. The odd permutations
here interchange the standard coordinate frame with the one determined by
(0,0%, —6,27).

It is possible, but not easy, to prove simplicity of the Higman—Sims group
using Iwasawa’s Lemma. Instead, consider the primitive action of HS on 100
points, in which the point stabiliser is Mss, which we already know is simple.
Therefore any non-trivial proper normal subgroup IV of HS is transitive on the
100 points and intersects Myy trivially. Thus N has order 100, so has a char-
acteristic subgroup of order 25, which is also normal in HS. This contradiction
proves that HS is simple.

One interesting facet of the Higman—Sims group which is not immediately
obvious from the Leech lattice viewpoint is the existence of a proper double
cover 2'HS. To prove this, we first show that in the permutation represen-
tation on 100 points there is an involution with no fixed points. Then these
involutions lift to elements of order 4 in the Schur double cover of A1qg, so we
have an embedding of 2°HS in 2 A¢y. Take the copy of HS which fixes the
pair of vectors in (5.44). Then the 100 vectors fall into four orbits under 24Sg,
with lengths 2, 6, 32 and 60, and representatives

2 2 4
2 2 4
2 2
2 2
(5.47)
113 —1/-1-1
11 |-1-1/-1-1
1 1 |-1-1]-1-1
11 |-1-1]-1-1] [2 2
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It is then easy to see that the involution in 2'2:My, which negates the top
row and the third column of the MOG, and then swaps the first two columns
and swaps the last two columns, lies in HS and permutes these 100 vectors
fixed-point-freely.

Other interesting facts about the Higman—Sims group are that the double
cover 2'HS has a pair of mutually dual 28-dimensional representations over
F5, related to its embedding in the 56-dimensional representation of 2-E7(5)
(see Section 4.12.3). These are all properties shared by the Rudvalis group (see
Section 5.9.3), but as far as I know there is no evidence that this is anything
more than a coincidence!

The group 2-HS is also contained in the Harada—Norton group, which we
shall meet later on, in Section 5.8.8.

5.5.2 The McLaughlin group McL

The McLaughlin group was defined in Section 5.4.4 as the stabiliser of two
type 2 vectors v and w with inner product —1 (so that v + w has type 3).
We proved that 2°Co; is transitive on such (ordered) pairs of vectors, so that
MecL is well-defined, and has order 898128000 = 27.3%.53.7.11. Moreover, this
shows that McL has an outer automorphism swapping the vectors v and w.

Let us begin by proving simplicity of McL, along the same lines as the
proof of simplicity of the Higman—Sims group in Section 5.5.1. If we take the
fixed type 2 vectors v and w to be

4 4 1 -31 1[1 1
1 1)1 1[1 1

(5.48)
1 1)1 1[1 1
1 1)1 1|1 1

then we see a subgroup My, of permutations. Now straightforward calculations
show that there are 2025 vectors of type 2 which are perpendicular to v and
have inner product 2 with w, falling into four orbits of lengths 1+ 330+ 462 +
1232 under Mso, with representatives as follows:

4 —4 2 2

2 2

2 2

2 2

(5.49)

2 =2 1 —-1/3 —-1|-1-1
2 =2 —11]1 1|1 1
2 -11]1 1)1 1
2 -11(1 1)1 1
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Therefore McL acts primitively on these 2025 points, and since |McL| =
2025|Mas| the point stabiliser is Mas, which we already know is simple.

So any non-trivial normal subgroup of McL is regular on these 2025 = 3%.52
points. But any group of order 3*.52 has a characteristic subgroup of order 5
or 52, which would thus be normal in McL but not regular. This contradiction
implies that McL is simple.

We also showed that for a given type 3 vector v + w there are exactly
276 pairs of type 2 vectors with sum v + w. Now consider all the other pairs
{v/, w'} of type 2 vectors whose sum is v+w. Straightforward calculation with
inner products shows that the inner product of v/ with v is either 1 or 2. So
we might as well assume it is 2, and enumerate the 275 such vectors v’. With
v and w as above, there are three orbits of v under My,, with lengths 22, 77,
and 176, and representatives as follows:

2 2 3 1|-1-1—-1-1
2 2 1 —-111 1|1 1
(5.50)
2 2 1 —111 1|1 1
2 2 1 —-111 1|1 1
On the other hand, if we take the fixed type 2 vectors v and w to be
1 11 1|1 1
=311 |1 1)1 1
(5.51)
—4 111 1|1 1
—4 1j1(1 1|1 1

the vectors fall into four orbits, of lengths 2 4+ 56 4+ 105 + 112, under the
permutation group L3(4):2, as follows:

-2 2
—4 —2|2
—4 —2| 2
-2/ 2
(5.52)
1 1]1 1)1 1
~1|-1-1-1/1 1
—2(2 |2 2 3111 1|1 1
—2(2 |2 2 —1|-1]-1-11 1

Thus McL acts transitively on these 275 vectors.

Now construct a graph with 275 vertices corresponding to these vectors,
joining two vertices by an edge when the vectors have inner product 1. We ob-
tain a regular graph of degree 112, which may be summarised in the following
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diagram.
30 56

112 1/ 081 56
1 112 162 5.53
(1) (112 (5:53)

It can be shown that the vertex stabiliser is PSU4(3) = PQg (3). Certainly
we know it has the right order, since |McL| = 275|PSU4(3)|. Moreover, the
112 neighbours of the fixed vertex correspond to the isotropic 1-spaces in the
orthogonal 6-space, joined in the graph if they are perpendicular to each other.
McLaughlin constructed his group originally [134] by explicitly constructing
the graph in terms of PSU4(3) concepts, and proving that the automorphism
group of the graph is transitive on the vertices.

Most of the maximal subgroups of the McLaughlin group can be seen
as stabilisers of particular vectors in the Leech lattice representation. We
have already seen such subgroups PSU4(3) and PSL3(4):2, as well as Mas.
There is another conjugacy class of subgroups Mss, obtained by interchang-
ing the roles of the two fixed type 2 vectors v and w. Similarly we may take
v=(=3,11,12) and w = (3, —1'1,1'2) to reveal a maximal subgroup M1,
and v = (—3,17,1%%) and w = (-2, —27,0%°) or vice versa to reveal two conju-
gacy classes of maximal subgroups 24:4;. The full list of maximal subgroups,
calculated by Finkelstein [60] is given in Table 5.3.

One other important fact about the McLaughlin group which we cannot
prove here is that it has a triple cover 3-McL, which is a subgroup of the Lyons
group Ly (see Section 5.9.5). This triple cover has a 45-dimensional unitary
representation over Fos.

5.5.3 The group Cogs

In Section 5.4.4 we showed that 2-Co; is transitive on the 16773120 vectors
of norm 6 in the Leech lattice, and the stabiliser of any such vector therefore
has order |Coy|/8386560 = 495 766 656 000 = 210.37.53.7.11.23. This group is
denoted Cog and is simple (see below).

From Table 5.2 we obtain the following subgroups of Cog as stabilisers of
vectors in the 23-dimensional representation obtained from the Leech lattice:
MCLIQ, HS, PSU4(3)222, 352(M11 X 2), PSU3(5)2, Mgg, 24'A8, 2 x M12 and
PSL3(4):D15. The last four groups in this list are obtained from stabilisers
of coordinate frames (crosses): for simplicity, take the standard coordinate
frame, and let the vector fixed by Cos be respectively (5,1%3), (27, —2,4,0%%),
(2'2,0'?) and (—32,12!). In the last case we only see a subgroup PSL3(4):S3
directly, but there is also an automorphism swapping the standard cross with
the one containing (5, —3, —3,121). All nine groups in the list turn out to be
maximal except PSU3(5):2, which is contained in a maximal subgroup McL:2.
There is also another (non-conjugate) subgroup PSU3(5) whose normaliser is
a maximal subgroup PSU3(5):S3. This group is the stabiliser of a particular
type of 3-dimensional sublattice in the Leech latttice (see Section 5.4.5).
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The largest subgroup of Cogz is McL:2, which is obtained by fixing a pair
of type 2 vectors whose sum is equal to the type 3 vector fixed by Cos. There
are just 276 such pairs, giving rise to a transitive permutation representation
of Cos on 276 points. Indeed, we have already seen that the point stabiliser
McL:2 is transitive on the remaining 275 points, so Cos acts 2-transitively on
276 points.

These 276 pairs of vectors form an interesting combinatorial structure
known as a 2-graph. This is a hypergraph in which the hyperedges contain
three vertices, with the additional property that on any set of four vertices
there is an even number of hyperedges. The easiest way to think of this hy-
pergraph is that the hyperedges containing a given vertex are just the edges
of the McLaughlin graph (augmented by the fixed vertex).

To prove simplicity of Cos, note that the action on 276 points is 2-
transitive, so primitive. Moreover, the point stabiliser is McL:2, so any proper
non-trivial normal subgroup N of Cog intersects it either trivially or in McL.
In the former case, N is regular of order 276 = 23.22.3, so N has a characteris-
tic subgroup of order 23, which is normal in Cos (contradiction). In the latter
case, N has index 2 in Cog, and splits the 552 vectors listed above into 276
‘left-hand’ vectors and 276 ‘right-hand’ vectors. Two vectors would be on the
same side if and only if their inner product was some (specified) fixed value.
But we have already seen in the action of McL on 275 points that this does
not happen, since the contruction of the graph (5.53) uses the fact that two
‘left-hand’ vectors can have either of the two possible inner products.

The maximal subgroups, determined by Finkelstein [60], are listed in Ta-~
ble 5.3.

5.5.4 The group Cos

The second Conway group is defined as the stabiliser of a type 2 vector in the
Leech lattice. In Section 5.4.4 we showed that 2°Co; is transitive on such vec-
tors, and deduced that Co, has order 42 305421312000 = 2'8.36.53.7.11.23.
By taking the fixed vector of Cos to be (4,—4,0%2) we see a subgroup
210:My5:2 of index 46575 fixing the standard cross, and therefore fixing the pair
+(4,4,0%2) of minimal vectors orthogonal to (4, —4,0%2). The 46575 points
permuted by Cos may therefore be identified with the pairs of minimal vectors
orthogonal to the fixed vector of Cos. These are easily seen to be as follows.

Orbit representative  Orbit length

+(4,4,0%%) 1

+(0,0,42,0%) 22.21 = 462 (5.54)
+(2,2,25,016) 77.25 = 2464 ’
+(0,0,28,014) 330.26 = 21120

+(1,1,-3,121) 22.210 = 22528

It is easy to deduce that the action of Cog on 46575 points is primitive (and
therefore the subgroup 219:Myy:2 is maximal). Moreover, easy calculations
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show that 2'°:My:2 (and therefore also Coy) is generated by conjugates of
the normal subgroup 2'°, and it is clear that this subgroup lies in the derived
group. Therefore Cos is simple by Iwasawa’s Lemma.

Taking the fixed vector of Cog as (28, 01¢) we see a subgroup 2°.2%. Ag which
however is not maximal: it contains a central involution negating the last 16
coordinates, and the full centraliser of this involution has shape 2'*8Sp4(2).
Taking the fixed vector as (—3,12%) we see the maximal subgroup Mas.

Other maximal subgroups may be obtained by fixing other vectors. For
example, consider the type 2 vectors which have inner product —2 with the
fixed vector. If our fixed vector is (4,4, 022), then we see that the 4600 such
vectors are the images under 2'9:Mas:2 of the following vectors.

Orbit representative  Orbit length

(—4,0,4,0%) 88
(—2,-2,25,016) 77.32 = 2464 (5.55)
(=3,—1,—17,119) 211 = 2048

On the other hand if the fixed vector is (—3,123) then they are the images
under My3 of the following vectors.

Orbit representative Orbit length

(4,—4,0%2) 23
(1,-3,1%2) 23
(0,—28,01%) 506 (5.56)
(-3 —18 ,115) 506
(2, 2 96 ,016) 253.7 = 1771

(—1,3,—16,116)  253.7 = 1771

But no subsum of 88 4 2464 + 2048 is equal to any subsum of 23 + 23 + 506 +
506+ 177141771, so Cos is transitive on these 4600 vectors. As these vectors
come in pairs whose difference is the fixed vector of Cos, we see that Cos has
a subgroup of index 2300. This is in fact isomorphic to PSUg(2):2, and is the
largest proper subgroup.

In this action of Cos on these 2300 points the point stabiliser has orbits
1+ 891 + 1408. It is possible to construct Cog from first principles, using
the action of PSUg(2):2 on the 891 totally isotropic 3-spaces in the unitary
6-space, and the action by conjugation on 1408 conjugates of a subgroup
PSU,4(3):22. (Compare the constructions of the Higman—Sims and McLaughlin
groups described above.)

Next consider the type 2 vectors with inner product —1 with the fixed
vector (i.e. the type 2 vectors whose sum with the fixed vector has type 3).
There are 47104 such vectors, and a similar argument to the above shows
that Cos is transitive on these vectors, with point stabiliser McL of order
|Cog|/47104 = 898128000 = 27.35.53.7.11. Indeed, this follows directly from
Section 5.4.4, where we showed that McL is the stabiliser in 2-Co; of such a
configuration of vectors.
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Similarly there are 476928 pairs of type 3 vectors whose difference is the
fixed vector of Cos. Again the group acts transitively on these vectors, with
stabiliser HS, the Higman—Sims group, of order 44352000. The two vectors of
the pair can be interchanged, giving a maximal subgroup HS:2 of Cos. A full
list of maximal subgroups, determined in [173], is given in Table 5.3.

5.6 The Suzuki chain

We turn now to the description of another family of subgroups of 2-Coy, which
act irreducibly on the Leech lattice and cannot be described as stabilisers of
sublattices.

It turns out that there is cyclic subgroup of order 3 in Co;, generated by
an element in class 3D (in Atlas [28] notation), whose normaliser in Co; is
Ag x S3. If we take a descending chain of subgroups Ag > Ag > --- > Ay > A3
we obtain a corresponding increasing chain of centralisers

S3 < Sy < PSL3(2) < PSU3(3) <Js < G2(4) < 3'SL1Z, (5.57)

where Js is the second Janko group (also known as the Hall-Janko group), of
order 604800, and Suz is the Suzuki sporadic group, of order 448 345497 600.
The corresponding normalisers are respectively

Ag X Sg,
Ag X 54,
(A7 X PSL;),(Q))Q7
(AG X PSIJ?,(S))Q7
(A5 X J2)327
(A4 X G2(4))2,

3+ Suz:2, (5.58)

all except the second of which are maximal subgroups of Co;. The group
Ag x S, is contained in a maximal subgroup of shape 22+12:(S5 x Ag).
The double covers of these groups, in 2°Coy, have the shapes

2'149 X Sg,
2" Ag X S,

6 * Suz:2. (5.59)

Although we cannot prove these facts here (some will be proved later on),
they provide motivation for our constructions of the sporadic groups Suz and
Jo. The central element of order 3 in 6-Suz acts on the Leech lattice without
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fixed points, and therefore we can identify it with scalar multiplication by w =
e?™/3 ¢ C. This gives the Leech lattice a 12-dimensional complex structure,
and the automorphism group of this new structure is 6:Suz. Similarly, in the
group 2 A502-J5 the normal subgroup 2- A5 consists entirely of fixed-point-free
elements. However, it is non-abelian, so cannot be embedded in C. It turns
out that it can be embedded in the quaternions, and gives the Leech lattice
a 3-dimensional quaternionic structure. We discuss this case first, and then
the 6-dimensional quaternionic lattice for 2-G5(4), before moving on to the
Suzuki group. Finally in Section 5.6.12 we show how to use the octonions to
unify all these constructions.

5.6.1 The Hall-Janko group Js

There are two important constructions of the Hall-Janko group J,. Histori-
cally, the first is Marshall Hall’s original construction as a permutation group
on 100 points. In fact J3:2, the automorphism group of Jo, is the automor-
phism group of a graph on 1436463 points. The second (which we treat first)
is a construction of the double cover 2-J, as a quaternionic reflection group
in 3 dimensions. There is a corresponding ‘lattice’ which can be interpreted
as a version of the Leech lattice, thereby giving an embedding of (A5 x J3):2
in the Conway group Cos.

5.6.2 The icosians

The icosian ring is a remarkable ring of quaternions, discovered by Hamilton,
and used by him in the design of his ‘icosian game’. This game was based
on finding Hamilton cycles on a dodecahedron and is thereby responsible for
Hamilton’s name being attached to the concept of a cycle which visits every
vertex of a graph. The ring, which we denote I, is generated under addition and
multiplication by the quaternions i and (1 + oi + k), where 0 = (1 —/5)
and 7 = 1(1++/5). The group of units of norm 1 is isomorphic to SLy(5), and
consists of the images, under sign-changes and even permutations of {1, i, j, k},
of the quaternions

1 (8 of these),
1(1+i+j+k) (16 of these),
i(i+0j+7k) (96 of these),

making 120 units in all. (This group SLa(5) 2 2' A5 is sometimes known as
the binary icosahedral group, since it is a double cover of the rotation group
of the icosahedron.)

The purely imaginary units of norm 1 mark the 30 midpoints of the edges
of a regular dodecahedron (or icosahedron). The full group of units is 2' A5 X Z,
generated by the units of norm 1 together with o. There are 600 icosians of
norm 2, and these partition naturally into five sets of 120 under left multipli-
cation by units, and into another five sets of 120 under right multiplication



5.6 The Suzuki chain 221

by units. Thus by closing under addition we obtain five left ideals and five
right ideals of index 2%. The intersection of any of these left ideals with any
of the right ideals contains exactly 24 of the icosians of norm 2. Since a left
ideal is a submodule of the ring considered as a left module over itself, these
left ideals have the shape Iz for some x of norm 2. We therefore also say these
ideals have norm 2. The five left ideals can be generated by %(f\/g+i+j +k)
and its images under changing the sign on an odd number of {i, j, k}. The five
right ideals can be generated by the quaternion conjugates of these.

5.6.3 The icosian Leech lattice

Let I? denote the left I-module {(z,y,2) | ,y,2 € I} with scalar multipli-
cation defined by A(z,y,2) = (Az, Ay, Az) for all A € L. Let A denote the
submodule of vectors (z,y, z) satisfying

r=y =z mod L,
z+y+2z=0 mod Lo, (5.60)

where L1 and Lo are any two distinct ones of the five left ideals just defined.
For definiteness, let us take h = 1(—v/5+i+j+k) and Ly =Ih and Ly = Ih.

It is straightforward to check that A is invariant under all coordinate per-
mutations, and under right-multiplication by the diagonal matrices diag(s, j, k)
and diag(w,w,w), where w = (=1 + i+ j + k). Together these generate a
monomial group of shape 23+4:(3 x S3).

The minimal vectors in A have norm 4 and fall into just four orbits under
the right action of the monomial group and left scalar multiplication, repre-
sented by the following vectors.

Vector Number

(2,0,0) 120 x 3 = 360

(9, h,h) 120 x 24 = 2880 (5.61)
(h,1,1) 120 x 192 = 23040 ’
(1,7w, 0w) 120 x 96 = 11520

Total: 120 x 315 = 37800

If r is any of these vectors, define reflection in r by analogy with real re-
flections: it is the map x — x—2(z.7)(r.r) ~'r, where x.r denotes the standard
quaternion inner product x177 + x273 + 2373, so that in particular r.r = 4 and
the reflection is

z =z — S(zr)r. (5.62)

I claim that if x € A then z.r € 2I. For A is generated as a left I-module by
the three vectors (2,0,0), (h,h,0) and (h,1,1), and all inner products of these
three vectors are obviously in 21 except for (h, h,0).(h,1,1) = h? +h = —20.
Sesquilinearity of the inner product now proves the claim.
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It follows that reflection in r maps x to x — Ar, where A € I, and therefore
preserves A. The group generated by these reflections contains —1, and we
can define Jo as the quotient of this group by {#1}. See [164] for more on the
icosian Leech lattice, and [24] for quaternionic reflection groups in general.

5.6.4 Properties of the Hall-Janko group

To calculate the group order we need an intrinsic definition of a suitable con-
cept, such as a coordinate frame, whose stabiliser we can explicitly determine.
It is not as easy as in the commutative cases, as congruence classes invariant
under the right action of the group are not invariant under left action of the
scalars.

If R = hl is any of the five right ideals of norm 2 defined in Section 5.6.2,
and vy, vy € A, we say that v; and vy are congruent modulo R (or modulo h)
if there is a vector w € A with v; — v9 = hw. Clearly this is independent of
the generator h chosen for the ideal R. We wish to determine the congruence
classes of vectors of norm 4. Since the reflection group is transitive on these
vectors, up to scalar multiplication, we may restrict attention to scalar multi-
ples of (2,0,0). With h = 1(—v/5+4 i+ j + k) as above, we see that (2,0,0) is
congruent modulo h to (0, +h, +h), and is congruent modulo & to (0,2, 0) and
(0,0,2). Similarly it is congruent modulo the other ideals to suitable scalar
multiples of all the norm 4 vectors it is orthogonal to.

On the other hand, v; = (2,0,0) cannot be congruent to any vector vg of
shape (h,1,1) or (1, 7w, 0W), as vy — vy would have a coordinate of unit norm,
whereas the coordinates of hw have norm divisible by 2. Similarly (2,0,0)
cannot be congruent to any vector of shape (h, h,0) unless it is orthogonal to
it. Moreover, the only scalar multiples allowed are an appropriate conjugate
of the quaternion group {#1, +i, +j, +k}.

Therefore, by explicit verification, we see that each congruence class con-
tains exactly 24 vectors of norm 4. Moreover, each congruence class has 15
scalar multiples, three each modulo each of the five ideals. Therefore the total
number of coordinate frames, consisting of such a set of 15 congruence classes,
is 120.315.5/24.15 = 525.

Next we show that the stabiliser in 2-J, of a coordinate frame is exactly
the monomial group 2374:(3 x S3) defined earlier. Equivalently, we show that
the stabiliser of a congruence class is 2314:53. It is enough to determine the
diagonal matrices fixing the congruence class, say the class of (2,0, 0) modulo
h. We have seen that the diagonal entries must all be +1, i, +j or +k.
This amounts to a group Qg x Qg x Qg of order 2°. It remains to show that
once two diagonal entries are fixed, the last is determined up to sign. Now
if diag(1,1,)) is a symmetry, then both (h,1,1) and (h,1,)) belong to the
lattice, and therefore so does (0,0,1 — A). Hence A = +1 as required. We
deduce that 2-J, has order 28.32.525 = 28.33.52.7, and therefore J, has order
27.33.52.7 = 604800.
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To show it is simple we can use Iwasawa’s Lemma in the usual way, for ex-
ample using the quaternionic reflections as generators. By explicit calculation
we show that the action of Jo on the 315 reflections has rank 6, with suborbit
lengths 1 4+ 10 4 32 + 32 4 80 + 160. Indeed, each suborbit is defined by the
inner product with the fixed vector, being a scalar of norm 1 times 4, 0, 20,
27, 2h and 2 respectively. Hence the action is primitive. It is easy to see that
the group is generated by the images of reflections, which are commutators,
and hence Js is simple by Theorem 3.1.

5.6.5 Identification with the Leech lattice

The icosian ring has its usual norm, with values in Z[o], and a corresponding
inner product, also with values in Z[o]. To identify our lattice with the Leech
lattice, however, we need a norm with values in Z. We do this by composing
the usual norm, and the inner product, with the Z-linear map on Z[o| defined
by o +— 0. The new inner product is easily seen to be Z-valued and Z-bilinear,
and positive definite, so gives rise to a Z-norm as required. Indeed, this norm
identifies the icosian ring with a scaled copy of the Eg lattice, in such a way
that the 240 roots of Eg correspond to the 120 icosians of norm 1 and their
multiples by o.

The vectors in A of norm 4 under this new norm correspond to those of
norm 4, 402 and 2 + 20% under the original norm. Thus we have 120 x 315 =
37800 of norm 4, and their multiples by o, together with 120 x 1008 = 120960
of norm 2 + 202 which are the images under the monomial group and scalar
multiplication of the following vectors.

Vector Number

(h, owh, 0) 120 x 48 = 5760

(1, l,aw@ 120 x 192 = 23040 (5.63)
(0@, 0w, h) 120 x 192 = 23040 :
(1,0, ow? + wk) 120 x 576 = 69120

Total: 120 x 1008 = 120960

The norms of all lattice vectors are even, since this is true of the spanning
vectors, and all inner products are integers. Now we can count the vectors of
small norm and use the characterisation of the Leech lattice in Theorem 5.1
to show that this is just another way of looking at the Leech lattice (see
Exercise 5.20). In particular, we have that 2'As o 2-J is a subgroup of the
automorphism group 2:Co; of the Leech lattice. Thus As x Jo, and indeed
(A5 x J3):2, is a subgroup of the Conway group.

5.6.6 J2 as a permutation group

The original construction by Marshall Hall, of Jo as a permutation group on
100 points, was obtained roughly as follows. Start with the group PSUs(3),
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which contains a conjugacy class £ of 36 subgroups isomorphic to PSL3(2),
and a conjugacy class J of 63 involutions. Construct a graph I" on the vertex
set {#} ULUJ by joining * to all vertices of £, joining two involutions if their
product has order 4, joining two copies of PSL3(2) if their intersection is Sy,
and joining a copy of PSL3(2) to the 21 involutions it contains. The structure
of the graph is summarised in the following picture.

14 24
36 1 / \ 21 12
1 36 63 5.64
(1) (36 ) (63) (5.64)

Fixing a point in the 36-orbit £, this orbit breaks up as 1+ 7+ 7 + 21 under
the action of PSL3(2), and the 63-orbit J breaks up as 21 + 21 4 21. It is
then possible with a moderate amount of computation to show that there is
a symmetry which fixes the two orbits of length 7 pointwise, and swaps the
other orbits in pairs, commuting with the action of PSL3(2). As the vertex
stabiliser is PSU3(3):2, of order 12096, we obtain that the order of Aut(I") is
1209600. But the involution centralising PSL3(2) is an odd permutation, so
Aut(I') has a subgroup of index 2, which is in fact Jo.

5.6.7 Subgroups of J,

The maximal subgroups of Jo are mostly visible in one or other of the represen-
tations we have given above. These include the point stabiliser PSU3(3) and
the edge stabiliser PSL3(2):2 in the graph, and the coordinate frame stabiliser
2274:(3 x S3) and the reflection centraliser 2! 74: A5 in the icosian Leech lat-
tice (modulo scalars). Also we have (modulo scalars in each case) 3'PGLy(9)
which is the normaliser of diag(w,w,w), and A5 x Dig and As which are the
stabilisers of certain 1-dimensional subspaces, A4 X A5 which is the normaliser
of the quaternion group generated by diag(s, j, k) and diag(j, k,7), and finally
the Sylow 5-normaliser 52:D1s. See Table 5.4. More detailed descriptions of
the maximal subgroups can be found in [179].

5.6.8 The exceptional double cover of G3(4)

Let T denote the ‘tetrian’ ring of quaternions, also know as the Hurwitz ring
of integral quaternions, generated by 4, j, k and w = %(—1 +i+j+k), which
was described in some detail in Section 4.4.1. The group of units of T is a
group of order 24 consisting of +1, +i, +5, +k and %(:ﬁ:l +1i+j+k), which
is isomorphic to 2°A4. (This group is sometimes called the binary tetrahedral
group, since it is a double cover of the rotation group of the tetrahedron; hence
our designation T.) The (left or right) ideal generated by 147 is easily seen to
be a 2-sided ideal, and is the unique ideal of index 4. The quotient T/(1+4)T
is isomorphic to F,4 in such a way that 0,1,w,w in T map to 0,1,w,w in Fy.
In Section 5.2.1 we constructed a hezacode of dimension 3 and length 6
over Fy. Here we modify the construction so that the vector (1,1,1,1,1,1)
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Table 5.4. Maximal subgroups of Jo and Suz

Suz Jo
G2(4) PSU3(3)
J2 2 GL3 (2)2

3'PSU4(3):2 3 PGL2(9)
(A4 X PSL3(4))12 A4 X A5
(A5 X A6)2 As X Dig
(Ag x 32:4)2
216 PSUL(2) 214 A5
2278 (A5 x S3) 2214 (3 x Ss)
2416 3- Ag
PSLQ (25) 52tD12
Az As
PSU5(2)
3%: My,
M1222
3274 (244 x 2%).2
PSL3 (3):2
PSL3(3):2

belongs to the code. The simplest way to do this is to multiply the coordi-
nates respectively by (¥, w,w,w,w,w), so that the code is spanned over Fy
by (1,1,w,0,w,@), (w,w,1,1,w,w) and (w,w,w,w,1,1). If we then label the
coordinates in order c0,0,1,2,4,3 we obtain a group PSLy(5) of coordinate
permutations preserving the code. (You can check that the maps ¢t — ¢ + 1
and t — —1/t do indeed preserve the code.) There are three orbits of this
group on the non-zero hexacode words (up to scalar multiplications): one
word of shape (1,1,1,1,1,1), five of shape (1,1, w,w, w,w), and fifteen of shape
(0,0,0,w,w,w).

Define A to be the subset of TS consisting of all vectors (tso, to, t1,t2, t,t3)
satisfying the three conditions

try = mmod (1+4)T for some m,
Z ty = 2mwmod 2(1+14)T, and
i

((1+ 1)~ ', mod (1+14)T),epr(s) is a word in the hexacode. (5.65)

It is straightforward to check that this lattice A is invariant under right mul-
tiplication by the diagonal matrices diag(i**), where (tx) is a hexacode word
and 7* is interpreted as j, and so on. It is then a straightforward calculation
to show that the minimal vectors of A have norm 8 and are the images under
this diagonal group and PSLy(5) of the following vectors.
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Representative Number
(2 +2¢,0,0,0,0,0) 6 x 24 = 144
(2,2,0,0,0,0) 15x24 x8= 2880 (5.66)
(0,0,14+k,14+4,14+k147) 15x24x8x4x4= 46080 '
(i4+j+k1,1,1,1,1) 6 x 24 x 210 = 147456

Total = 196560

If we double these vectors and write them in a MOG array with the entries
labelled as follows:

1 1 111
ki ok j ok j

5.67
i ki ki k (567)
ioioj i g

(remember that we have multiplied the hexacode words by (&, w,w,w,@,w)),
then we obtain the 196560 minimal vectors of the Leech lattice.

Let G be the automorphism group of this quaternionic lattice A, that is,
the group of right multiplications by 6 x 6 matrices over the skew-field of
fractions of T which preserve the lattice. We shall show in Section 5.6.9 that
G is isomorphic to a double cover 2:G5(4) of G2(4). It follows that 2-G2(4)
is a subgroup of 2:Coy, and G2(4) is a subgroup of Co;y. Indeed, this group
is centralised by the group 2'A4 of left-multiplications by units of T, and
normalised by the map w +— @ (suitably interpreted), to give a subgroup
(2°A402°G5(4)):2 in 2:Coq, and (A4 x G2(4)):2 in Coy.

Note that the ring T of quaternions which we have used in the construction
of 2:G5(4) is a subring of the ring I of icosians used in the construction of 2:Jo
in Section 5.6.3. It follows fairly easily from this that Jo is contained in G2 (4),
and its index is 416. It can be shown that this action has rank 3, with suborbit
lengths 1, 100, and 315 (i.e. these are the orbit lengths of the point stabiliser
J2). This gives rise to an action of G2(4) on a graph on 416 vertices, with each
vertex joined to exactly 100 others. The full automorphism group of this graph
is Gi2(4):2. This was exploited by Suzuki in his construction of the sporadic
Suzuki group acting on a graph with 1782 vertices (see Section 5.6.11). The
structure of the graph is summarised in the following picture:

36 80

(1 0L T0) 68 29 315 (5.68)

5.6.9 The map onto G2(4)

The minimal norm vectors in A fall naturally into 4095 congruence classes
modulo 144 (where v; and vo are said to be congruent modulo 1+ i whenever
vy — vy € (14 4)A). Under left multiplication by w these congruence classes
fall into 1365 triples, forming ‘coordinate frames’.
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The stabiliser (in Aut(A)) of a coordinate frame is a group of shape
2516:(3 x PSLy(5)), generated by the diagonal action of the hexacode, conju-
gation by w, and the permutation group PSLs(5). The four orbits of this group
on minimal vectors, displayed in (5.66), give rise to four orbits on coordinate
frames, of lengths 1+ 20+ 320+ 1024. Moreover, writing d = w—-w =1i+j+k
for brevity, the element

6 1 1 -1 -1 1

1 1 6 -1 1 -1

. 1 6 1 1 -1 -1
C=10-I 4 4 1 1 9 (5.69)

-1 1 -1 6 -1 -1
1 -1 -1 -1 -1 6

preserves the quaternionic Leech lattice A and fuses the four orbits on coor-
dinate frames. Thus the automorphism group of A acts transitively on the
1365 coordinate frames, and we deduce the order of this group. Factoring out
by —1 we obtain a group of order 251596800 = 2'2.33.52.7.13 which we shall
show is isomorphic to Ga(4).

To see this, look at the 6-dimensional Fy-space A/(1 4 i)A. The ordi-
nary inner product divided by 2 + 2¢ and reduced modulo 1 + ¢ gives a sym-
plectic form over F,. Take the images of the following vectors as the basis
{1,229, 3, s, x7, x5} of this 6-dimensional symplectic space:

77 = (2i —24,0,0,0,0,0),

73 = (2,0,0,2,0,0),

73 = (2,0,0,0,2,0),

T5= (i — j)(w,1,0,w,—-1,0) = (k —i,i — §,0,k —i,§ —i,0),

7= (i — j)(w,0,1,—1,w,0) = (k —4,0,i — j,j — i,k —i,0),
Tg=(i+j+k1,1,-1,-1,1). (5.70)

It is straightforward to check that in the induced action, the subgroup
2576:(3 x PSLy(5)) acts on this basis in the same way that the maximal
parabolic subgroup 24+6:(3 x PSLy(5)) = 2476:GLy(4) of Ga(4) acts on the
basis described in Section 4.4.3. Moreover, the element ¢ defined in (5.69)
maps to the element z; — x9_; of Go(4). It follows that the automorphism
group of A is a double cover of G5(4).

5.6.10 The complex Leech lattice

Suzuki’s original construction [161] of the sporadic group Suz was in terms
of the permutation action on the cosets of the subgroup G2(4) of index 1782.
However, there is an alternative construction in terms of the Leech lattice.
We begin by modifying the ternary Golay code (see Section 5.3.5) so that
it contains the word (1,1,1,1,1,1,1,1,1,1,1,1). Relative to the MINIMOG
there are essentially two different ways of doing this—either change sign on the
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top row, or change sign on two of the columns. The latter approach is probably
easier, as we retain a subgroup 32:5Djg of the group 32:25, preserving the
columns of the MINIMOG. For the sake of argument, let us change sign on
the last two columns of the MINIMOG. In any case, the group of coordinate
permutations which preserve the code is isomorphic to My (acting transitively
on the 12 coordinates). We construct a monomial group of shape 2 x 3%:My;
by letting each Golay code word (z1,...,2z12) act on complex 12-space as
diag(w®,...,w"2), and adjoining an overall sign-change.

Now the complex Leech lattice A may be defined as the sublattice of Z[w]'?
consisting of vectors (z1, ..., z12) satisfying the three conditions

z; = mmod 0,
12
Z z; = —3m mod 36, and
i=1
((z; —m)/6 mod 0)1<i<12 is in the (new) ternary Golay code, (5.71)

where § = w — @ = /—3.

It is easy to check that the complex Leech lattice is spanned by its minimal
norm vectors, which are the images under the monomial group of the following
vectors. (Note that there are two orbits of M1 on the hexads, of lengths 22
and 110.)

Shape Number
(3,-3,0%0) 12.11.32 = 1188
(6%,00) 22235 = 10692
(66,00) 110.2.3° = 53460 (5.72)
(—22,119) 12.11.35 = 96228 '
(=2 — 3w, 1) 2.12.35 = 17496
(-2 — 3w, 1) 2.12.3% = 17496
Total = 196560

Since these are the minimal norm vectors in the lattice, we scale the inner
product, by multiplying by 2/9, so that they have norm 4. This is the smallest
scale on which the real parts of the inner products are integers.

Again, we can calculate the numbers of vectors of norms 6 and 8, and verify
that they are the same as in the Leech lattice (see Exercise 5.21). Therefore,
by Theorem 5.1, as a real lattice this lattice A is isomorphic to the Leech
lattice.

Now return to considering A as a 12-dimensional complex lattice, and
consider congruence classes of vectors modulo 94, where § = w — @ = /—3.
Clearly any vector is congruent to its multiples by w and @. On the other
hand, if v and v are congruent, and not scalar multiples of each other, then
by multiplying by w if necessary we may assume that the real part of their
inner product is non-negative, and therefore the norm of v — v is at most the
sum of the norms of v and v. But if v and v are congruent, then v — v has
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norm at least 12. In particular, the norm 4 vectors are congruent only to their
multiples by w and @, while the norm 6 vectors are congruent only if they are
scalar multiples of each other or orthogonal. Therefore the vectors of norm 0,
4 and 6 account for at least

196560 16773120

1 = 531441 = 3'2 )
t—s 55 53 3 (5.73)

congruence classes, which is all there are.
Next we need to show that the automorphism group of A acts transitively
on the congruence classes of vectors of norm 6. This can be done for example

1 1 1
by showing that the matrix which acts as A = 3 1 w W | on the first
1 W w

two columns of the MINIMOG, and as —A on the last two columns, preserves
the lattice.

5.6.11 The Suzuki group

The definition of the complex Leech lattice A shows that the monomial sub-
group of its automorphism group is 2 x 35:M;;. This subgroup preserves a
pair of congruence classes of norm 6 vectors, which are negatives of each
other. Since there are 16773120/72 = 232960 such pairs of congruence classes,
the order of Aut(A) is 232960.2.3°.7920. On the other hand, Aut(A) contains
a normal subgroup of scalars of order 6, generated by —w, and the quotient
is a group of order |Aut(A)|/6 = 448 345497 600. This is the sporadic Suzuki
group, denoted Suz, so we have

|Suz| = 448 345 497 600
=213.375%.7.11.13. (5.74)

Simplicity of Suzuki’s group may be obtained by an easy application of
Iwasawa’s Lemma (Theorem 3.1). For example, there is a subgroup 3°:Mj,
obtained from the monomial automorphisms of the complex Leech lattice by
factoring out the scalars. This subgroup is generated by elements of order
3 which are conjugate in Suz to elements in the normal subgroup of order
3%. The suborbit lengths for the action of Suz on the coordinate frames can
readily be calculated (see Exercise 5.21), and we deduce without difficulty that
the action is primitive. Therefore Suz is generated by conjugates of the given
3-element, which is a commutator. Thus simplicity of Suz follows immediately
from Iwasawa’s Lemma.

The embedding of the ring Z[w] into T = Z[w, ] gives rise to an embedding
of G2(4) in Suz. This subgroup has index 1782. It can be shown that the
corresponding action of Suz on 1782 points has rank 3, with suborbit lengths
1, 416 and 1365. This action was constructed from scratch by Suzuki, along
the following lines. Take G2(4) acting on (i) the 416 conjugates of a subgroup
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Jo and (ii) the 1365 conjugates of a maximal parabolic subgroup of shape
2218:(3 x Ajs). Then restrict to Jo and show that the orbit of length 416
breaks up as 1 + 100 + 315, and that the orbit of length 1365 breaks up as
3154 1050. Finally extend to J2:2 swapping the two fixed points, and the two
orbits of length 315.

In order to prove that this group has the desired order (and is not for
example Aj7g2) it is necessary to construct a graph on 1782 points and show
it is fixed by both G3(4) and J5:2. This graph may be defined in terms of
G2(4) as follows. We join two copies of Jo if they intersect in PSU3(3), and
join Jo to 22+8:(3 x Ajs) if they intersect in 2'7* A5, and join two copies H;
and Ho of 2278:(3 x Aj) if the normal 22 in H; is contained in H, but not
in Oy(Hy) =2 22+8, The structure of the graph is summarised in the following
picture:

100 320
416 1/, N\315 96
1 416 1365 5.75
(1) (416 ) (1365) (5.75)

The full proof relies on detailed knowledge of the structure of Ga(4), and is
omitted.

The subgroups G2(4) and J2:2 are maximal subgroups of Suz. Some other
maximal subgroups may be obtained as the stabiliser 2278:(S3 x As) of a pair
of non-adjacent vertices in the graph, or as the stabiliser PSU5(2) of a minimal
vector in the complex Leech lattice. The full list of maximal subgroups is given
in Table 5.4. More on the complex Leech lattice and the Suzuki group can be
found in [172].

5.6.12 An octonion Leech lattice

Recently I have discovered a 3-dimensional octonionic version of the Leech
lattice [185, 186], which provides a uniform way of constructing all the Suzuki-
chain subgroups. First recall the non-associative algebra of (real) octonions
from Section 4.3.2, and the Coxeter—Dickson integral octonions from Sec-
tion 4.4.2. In the latter section, the unit integral octonions were identified
with the roots of the Eg root system. For this section, denote these integral
octonions by Ag, and define

L = (1+1p)Ao,
R = Ap(1+1ip),
B = 1(1+ig)Ao(1 +ip). (5.76)

It follows immediately from the Moufang law (xy)(zx) = z(yz)x that LR =
2B, and the other two Moufang laws imply that BL = L and RB = R.

It is straightforward to check that the 240 roots of L are the 112 octonions
+iy £ 4, for any distinct ¢,u € PL(7) = {oo} UF7, and the 128 octonions
%(il +ig+ - +ig) which have an odd number of minus signs. Similarly, the



5.6 The Suzuki chain 231

roots of B are +i; for t € PL(7) together with %(:ﬁ:l + 44 £ 4441 £ ipq3) and
(g0 £ipqa £ipgs £ igye) for t € Fr.

Let s = %(—14—2’0 + -+ +1ig), so that s € L and 5 € R. Since 5 € R
we have Ls C LR = 2B, but 2B is spanned by its 240 roots, all of which
lie in Ls, so Ls = 2B. Indeed, the same argument shows that if p is any
root in R then Lp = 2B. Hence 2L C 2B C L, that is 2L C Ls C L, and
therefore 2L C Ls C L. Moreover, LS + Ls = L, so by self-duality of L we
have Ls N Ls = 2L.

Define the octonionic Leech lattice A = Ag to be the set of triples (x,y, z)
of octonions, with norm N(z,y,z) = 1(2Z + yy + 2Z), such that

z,y,2 € L,
r+y,x+2,y+ 2 € LS,
x+y+z € Ls. (5.77)

It is clear that the definition of A is invariant under permutations of the
three coordinates. The fact that 2L lies in both Ls and L3 immediately shows
that it is invariant under sign-changes as well. We show next that it is invariant
under the map r; : (z,y,2) — (x,yis, ziy). Certainly Li; = L, so the first
condition of the definition is preserved. Then y(1 —i;) € LR = 2B = L5, so
the second condition is preserved. Finally (y + z)(1 — i;) € 2BL = 2L C Ls,
so the third condition is preserved also.

If A is any root in L, then it is easy to check that (As, A\, —A) lies in A.
Therefore A contains the vectors (As, A, A) + (A, As, =) = —(A3, A3, 0), that
is, all vectors (20,20,0) with § a root in B. Hence A also contains

(M1 +70), A(1 +10),0) + (A(1 — o), —A(1 + o), 0) = (2X,0,0).

Applying the above symmetries it follows at once that A contains the
following 196560 vectors of norm 4, where A is an arbitrary root of L and
g, ke dJ={xi; |t € PL(7)}.

Vectors Number
(2),0,0) 3 x 240 = 720
(X3, (X9)7,0) 3x240 x 16 = 11520

((As)j, Ak, (Mj)k) 3 x 240 x 16 x 16 = 184320

It is easy to show that these 196560 vectors span A. For if (z,y,z) € A,
then by adding suitable vectors of the third type, we may reduce z to 0. Then
we know that y € L3S, so by adding suitable vectors of the second type we
may reduce y to 0 also. Finally we have that x € LsN Ls = 2L so by adding
vectors of the first type we can reduce x to 0 also.

To identify A with the standard Leech lattice, label the coordinates of each
brick of the MOG (see Section 5.2.2) as follows.
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-1 i
iq4 15
ig g
i1 13

We have seen that the map i; — ;41 is a symmetry of the standard Leech
lattice. Now L is spanned by 1+ 4; and s, and it is trivial to verify that the
vectors (1449)(s,1,1) and s(s,1,1) are in this Leech lattice, and therefore so
are (1£4:)(s,1,1). These together with coordinate permutations, sign-changes
and addition are enough to give all the minimal vectors, which span the lattice.
Therefore the octonionic Leech lattice is indeed a copy of the standard Leech
lattice.

Next I shall describe some automorphisms of the octonionic Leech lattice
which enable us to see the Suzuki-chain subgroups easily. The reflection in the
root r (scaled to norm 1) in Eg can be expressed by octonion multiplication
as

T = —TIr.

Since 1+ i is perpendicular to s we have s = —3(1 +4;)5(1 + 4;). Using R,
to denote right-multiplication by a, that is R, : * — xa, the Moufang law
((za)b)a = x(aba) is just RqRyRyq = Rape. Therefore Ry, = —%R1+ithR1+it,
which can be re-written in the equivalent forms

RsR_14, = Ri44, Rs,

R_14i,Rs = RsRy44,. (5.78)
Hence
RsR1—iyRi4i, = RitigRi—i, Rs,
RsRy_i,Riyi, = Ri4igR1-i, Rs. (5.79)
Therefore

(L(1 —i))(1 +i,) = (LR)L = 2BL = 2L,
((L3)(1 — i) (1 + i) = ((L(L +40))(1 — i1))5 = 2L,
(Ls)(1 — i) (1 +i0) = (L(1 +i0)) (1 —ir)s = 2Ls.  (5.80)

In other words the map %Rl,io Ri.+;, acting simultaneously on all three coor-
dinates of the octonion Leech lattice preserves the lattice.

Next I shall show that these symmetries generate a double cover 2- Ag of
Ag. Note first that the roots 1 — i; for 0 < ¢t < 6 form a copy of the root
system of type A7, whose Weyl group is the symmetric group Ss. The product
of the reflections in 1 — iy and 1 — 4; is the map

2= 3(1 =) (1 +d0)(1 +140)) (1 — i¢)
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that is the product of two bi-multiplications %Bl+z‘0%Bl—it~ These elements
generate the rotation part Ag of the Weyl group, and applying the trial-
ity automorphism which takes bimultiplications Bz by units @ of norm 1 to
right-multiplications R, by the octonion conjugate u, we see that the maps
$R1_i,R14s, generate 2 Ag, as required.

Since this group commutes with coordinate permutations and sign changes
we get a group 2 Ag x Sy. Adjoining the symmetry r; : (x,y, 2) — (x, yi, 21;)
described above, this extends to a group of shape 2312(Ag x S3). This group
is a maximal subgroup of the automorphism group 2-Co; of the Leech lattice,
so we only need one more symmetry to generate the whole of 2:Coy.

Regard s as a complex number 1 (—1++/=7) and consider the 3-dimensional
vector space over Q(s) = Q(v/=7). It is well-known (see for example [28], or
Exercise 5.22) that the lattice spanned over Z[s] by the vectors (£2,0,0),
(£3,+5,0) and (4s,+1, £1) has 42 vectors of minimal norm, and the 21 re-
flections in these vectors generate the automorphism group of this lattice,
which is isomorphic to 2 x L3(2). Indeed, it is generated by the monomial
subgroup 23:53 = 2 x S, together with reflection in (s,1,1), which may be
represented by the negative of the matrix

0 S s
1
5 S -1 1
s 1 -1

We now show that this matrix, interpreted as the map
(€,y,2) = 5((y + 2)8,45 —y + 2,05 +y — 2),

is also a symmetry of the octonion Leech lattice. For convenience, write
(2',y',2") for the image of (z,y,z) under this map, and note that s =
%(—1—1—\/—_7) satisfies s24+s+2=0,sothat s+35=—-1,s2=-2—-5=35—1
and 2 = —2—-35=s5—1.

To prove the claim, observe that we may change signs arbitrarily on any of
the coordinates z,y, z, ', 3, 2/ to make the calculations easier. Note also that
the third condition in the definition has a number of equivalent formulations

r4+y+ze€lss (r+y+2)s€2l
Sas—y—2z)—(y+2)s€2Ll
Sars—y—z € 2L.

Now
(i) 2/ =i(y+2)s €L,
(ii) ' = (25— y + 2) € L and similarly 2’ € L,
(iii) 2’ +y = $(@5+y(1+s) 4+ 2(1 —s)) = 1 (x —y — 25) € L5 and similarly
'+ 2 € L5,

(iv) v + 2 = a5 € L5,
(v) 's+y' + 72 =(y+2) + a5 € 2L,



234 5 The sporadic groups

and the claim is proved.

At this stage we have found enough symmetries to generate the full auto-
morphism group 2-Co; of the Leech lattice.

The subgroup 2 Ag generated by the maps %Rl—ioRl-m contains in par-
ticular the elements

TRy i Riyi, Ri_igRigi, RiigRiti, = R(1—i0)(14i1) (1—i0) R(1-4i) (1—i0) (1+i2)

=1iRr

s Riy—io Riy—ig

These maps (for ¢t € {2,3,4,5,6}) generate a subgroup 2' A7 which commutes
with the reflection group 2 x GL3(2) just described, giving rise to a subgroup
GL3(2) X 2‘A7.

This group has index 2 in a maximal subgroup of shape (GL3(2) x 2- A7).2,
which may be obtained by adjoining an element such as  R;,—;, R, where we
define

1 (3 1 1
R: = Rs§ 1 s 1. (5.81)
1 1 s

It is left as an exercise (see Exercise 5.23) to show that this element is a
symmetry of the octonionic Leech lattice.

The Suzuki chain of subgroups of 2:Co; was given in (5.59). We have al-
ready described two groups in this list, namely the groups 2'Ag x S4 and
(2-A7 x GL3(2)).2. To obtain 2" Ag x S3, we take the S3 of coordinate per-
mutations, together with the group 2 Ag which is generated by %Rl_io Riti,,
and extend 2- A7 to 2°S7 by adjoining the element %Rio_ilR: as above. The
map onto Ag permuting the points {*, 00,0, 1,2, 3,4,5,6} is given by mapping
%Rl,itRHiu onto (oo, t,u), as we have already seen, and mapping the extra
element to (*,00)(0,1). In terms of the root system of L, the factor R* of the
new element corresponds to the root s, and extends the root system of type
A7 spanned by the 1 — i; to one of type Ag.

To obtain the remaining groups in the list, all we have to do is adjoin to
the complex reflection group 2 x GL3(2) the part of 2'Ag which commutes
with the appropriate subgroup 2°A,,.

5.7 The Fischer groups

Fischer’s discovery of these groups arose out of the observation that the sym-
metric groups are generated by the conjugacy class of transpositions, which
has the property that the product of any two transpositions has order 1, 2 or
3.

One might well have been tempted to ask whether there are any other
groups with this property. The answer is yes: for example, the Weyl groups
of types D,, and E,, (see Section 2.8). More generally, the orthogonal groups
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GO3,,(2) have a conjugacy class of orthogonal transvections such that any
two transvections either commute or generate GO; (2) = S5 (see Section 3.8).
Similarly, the unitary groups over [F4 have a class of unitary transvections, such
that any two such transvections either commute or generate SU3(2) = S3, and
in the same way the symplectic transvections in Sp,, (2) either commute or
generate Sp,(2) = Ss.

Fischer [62, 63] defined a 3-transposition group to be a finite group G
generated by a conjugacy class D of involutions, such that any two elements
of D have product of order at most 3, and, for technical reasons to do with the
inductive classification of such groups, such that G’ = G” and any normal 2- or
3-subgroup of G is central. The elements of D are known as 3-transpositions,
or just transpositions if there is no risk of confusion. Fischer proved that
any 3-transposition group is, modulo its centre, either S, Sp,,,(2), PSU,(2),
GO;5,,(2), an orthogonal group PQ5,,(3):2 or Q2,41(3) or SO2,,+1(3) over Fs,
or one of three new groups, two of which (Fiss and Figg) are simple and one of
which (Fig4) has a simple subgroup of index 2. In the case of the orthogonal
groups in characteristic 3, the 3-transpositions are (modulo sign) any fixed
conjugacy class of reflections.

There is no really easy way to construct the sporadic Fischer groups. Fis-
cher’s method, on which most later constructions are based, is to build a
graph with vertices corresponding to the transpositions, joining two trans-
positions when they commute. (Some people use the complementary graph,
where transpositions are joined when their product has order 3, by analogy
with the Coxeter groups—see Section 2.8.) Then by many complicated calcu-
lations the automorphism group of the graph is determined. One can use the
fact that the transpositions are not only vertices of the graph, but also act on
the graph by permuting the vertices. Using a known subgroup to define the
graph and the action of the transpositions, the crucial step is then to show
that the transpositions act as graph automorphisms, i.e. they map edges to
edges. Since the vertex stabiliser can be identified by induction, and the group
generated by the transpositions is easily seen to be transitive in each case, the
group order and other properties now follow.

5.7.1 A graph on 3510 vertices

We begin by sketching the construction of Fise, using the group Q27(3) to define
everything we need. For technical reasons I choose a basis for the orthogonal
7-space such that the quadratic form is given by

6
Q($1,$2,...,177) = Zﬁbiz —1‘72 (582)
i=1
and write vectors in the format (z1, o, ..., zs; 27) to emphasise that the last

coordinate has norm —1 (or 2, if you prefer). The group £7(3) has a permu-
tation action on the 351 reflections in vectors of norm 2, and we turn these
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reflections into the vertices of a graph by joining two reflections when they
commute. It is easy to see that each such reflection commutes with exactly
126 others, so the graph is regular with valency 126.

Next we take an embedding of the Weyl group of type E7 in GO7(3), ob-
tained by reducing the coordinates of the root vectors modulo 3: this makes
sense since % = —1mod 3. This gives rise to an embedding of W (E7)" in
SO7(3), and to two conjugacy classes of subgroups W (E7)" 2 Spg(2) in Q7(3),
and we choose arbitrarily one of these classes. For the sake of argument, we
take our standard copy of E; to be defined by the 63 reflections in the vec-
tors (0,0,0,0,0,0;1), (1,1,0,0,0,0;0) and (—1,1,1,1,1,1;1) of norm 2, and
their images under the monomial group 2°:S¢ of permutations and even sign-
changes on the first 6 coordinates. These correspond, in the notation of Sec-
tion 3.12.4, to the roots of Eg perpendicular to (0,0,0,0,0,0;1, —1), which are
the images under the monomial group of (0, 0,0, 0,0,0;1,1), (1,1,0,0,0,0;0,0)
and 3(-1,1,1,1,1,1;1,1).

We next show that the action of £7(3) on the 3159 conjugates of this
subgroup W (E7)’ has rank 4 and suborbit lengths 1+ 288 + 630 + 2240. First
observe that the standard copy of W(E7)' is transitive on the 288 reflections
in vectors of norm 2 not contained in the standard E; root system: for these
fall into orbits of sizes 32+ 96+ 160 under the monomial group, represented by
(1,1,1,1,1,1;1), (0,1,1,1,1,1;0) and (0,0,0,1,1,1;1); and these orbits are
easily seen to be fused by W(E7)’. The 288 images of the standard E; under
these reflections form the orbit of length 288. Clearly the intersection of one
of these copies with the standard E; consists of the roots which are orthogonal
to the reflecting vector, and it is then easy to see that they form a root system
of type Ag.

The orbit of length 630 consists of 315 pairs, each associated with one of
the 315 sub-root systems of type A1A;A1D4. To show that there are 315 such
subsystems, choose the first A; in 63 ways, and the second in 30 ways, since it
is perpendicular to the first. For example we may choose the reflecting vectors
(1,1,0,0,0,0;0) and (1,—1,0,0,0,0;0), and then we see that the orthogonal
complement is of type A1D4 with reflections given by (0,0,0,0,0,0;1) and the
12 images of (0,0, 1,1,0,0;0) under the remaining monomial group. Thus we
have 63.30/3! = 315 such subsystems. To make the corresponding orbit of Ers,
apply a triality automorphism of the D4 component such as

1 -1 -1 -1
1 -1 1 1
11 -1 1
1 1 1 -1

(5.83)

to the standard E;. It is easy to verify that the new E; intersects the standard
one in exactly the subsystem A;A;A1Dy just described.

Finally, the orbit of length 2240 consists of 1120 pairs, each associated
with one of the 1120 subsystems of type AsA2As. To count these subsystems,
choose the first reflection in 63 ways, and the second one in an A, in 32 ways.
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Since A contains three reflections, there are 63.32/3! = 336 ways to choose
the first A,. Its orthogonal complement is easily seen to be an A5 root system.
For example, if the first A is spanned by (0,0,0,0,0,0;1) and (1,1,1,1,1,1;1)
then the perpendicular A5 consists of the roots of shape (1,—1,0,0,0,0;0). So
to pick the second A,, choose the first reflection in 15 ways and the second in 8
ways, making 15.8/3! = 20 choices for the Ay. Then the third As is determined.
Thus we obtain 336.20/3! = 1120 subsystems of type AA3A5. Modulo 3, these
systems do not span a 6-space as you might expect, but only a 5-space. The
radical of the quadratic form on this 5-space has dimension 2, and therefore
defines a long root subgroup of order 3 (see Section 3.7.3), which fixes the
5-space pointwise. This root subgroup maps the standard E; to the pair of
Ezs in the orbit of length 2240. For example, if the AsAsA5 is generated by the
reflections in the six vectors

: (5.84)

then the isotropic 2-space is spanned by (1,1, 1,0,0,0;0) and (0,0,0,1,1,1;0)
and we can apply the formula (3.33).

We make a graph on these 3159 copies of E; by joining each vertex to the
vertices in the 630-orbit. In other words, we join them when they intersect in
A1A1A1Dy. Finally we join each copy of E7 to the 63 reflections in its Weyl group,
and join two of the 351 reflections in vectors of norm 2 in GO7(3) when they
commute. Thus we obtain a regular graph of degree 693 on 351+ 3159 = 3510
vertices, which may be summarised in the following picture:

126 630

567 63
351 3159 (5.85)

5.7.2 The group Fiss

It is possible to define Fizy as the (unique) subgroup of index 2 in the au-
tomorphism group of this graph. However, I prefer a more concrete defini-
tion. For the 3510 vertices of the graph are not just vertices, they are also 3-
transpositions in the Fischer group. Thus we may, for each vertex of the graph,
describe the corresponding 3-transposition as a permutation of the 3510 ver-
tices, and prove that this permutation is actually a graph automorphism. We
have two cases, corresponding to the two orbits of 7(3) on vertices.

A transposition in the 351-orbit is the negative of a reflection in £27(3) and
acts in the natural way by conjugation on the other reflections, and on the
3159 copies of E7. In particular it fixes the vertices it is joined to, and moves
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the rest. Indeed, it is immediate from the definition of the graph that these
transpositions preserve the edges of the graph. Notice that if ¢, u are two non-
commuting transpositions then the third transposition in the S3 they generate
is t* = ul.

A transposition in the 3159-orbit acts as follows: it fixes the 63 reflections
it is joined to, and takes the other 288 reflections to the 288 copies of W (E7)’
which are its conjugates by the given reflections. Its action on the other 630+
2240 copies of W (E7)’ can be easily computed inside €27(3): it fixes the vertices
in the 630-orbit and interchanges the other 2240 vertices in the 1120 pairs
which have already been described. It is easy to see from this definition that
this transposition preserves the set of edges between the 351-orbit and the
whole graph. But two vertices in the 3159-orbit are joined if and only if they
have 15 common neighbours in the 351-orbit, so these edges are preserved
also. Therefore the graph is preserved by all 3510 transpositions.

We can now define Fiss to be the group generated by these 3510 transpo-
sitions. Since the 7(3)-orbit of 351 transpositions generates §27(3), which is
already transitive on the two orbits of 351 and 3159 vertices, the group gener-
ated by all 3510 transpositions is a transitive group of graph automorphisms.

It is still not entirely clear from this definition how to calculate the order
of Fiss. To do so, we shall determine the vertex stabiliser, which turns out to
be a double cover of PSUg(2). The proof consists of a number of steps. First
we interpret the neighbours of a vertex in terms of Q7(3). The transpositions
which fix a given vertex are the 693 which are joined to it. Taking our fixed
vertex to be in the 351-orbit, say (0,0,0,0,0,0;1), we have a visible group
of symmetries isomorphic to 5 (3):2 = 2°PSU4(3):2. This group has orbits
of lengths 126 and 567 on the 693 neighbours of the fixed vertex, and by
restricting the edge-definitions from Q7(3) all the edges between them can be
defined in terms of Q4 (3)-concepts.

To be more explicit, the vertices in the 126-orbit are just the reflections
in Qg (3):2 defined by vectors of norm 2. The vertices in the 567-orbit are
copies of E; which contain the fixed reflection (in (0,0,0,0,0,0;1)), so can
be identified with copies of Dg in the perpendicular 6-space. The edges of
this subgraph on 126 + 567 = 693 vertices are as follows. Two reflections are
joined if the reflecting vectors are perpendicular. A copy of Dg is joined to
the 30 reflections it contains. Now if two copies of E7 inside €27(3) intersect in
A;A1A1Dy, then we can take the fixed vector of g (3) either in an A; component
or in the D4 component. Thus the two copies of Dg intersect in either A;A;Dy or
A1A1A1A1Aq, and we obtain two orbits of edges between these Dgs. In summary,
the graph on 693 vertices looks like this.

45 304120
30

135
126 567 (5.86)

Moreover, the actions of the 693 transpositions on this graph can also
be defined in terms of Qg (3). The transpositions in the 126-orbit act as the
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corresponding reflections. Given a standard copy of Dg in the 567-orbit, there
are now four orbits, of lengths 30 + 96 + 120 + 320, on the other 566. The
ones which intersect the standard Dg in AjA1D4 or AjA1A{A{A; are the orbits
of lengths 30 and 120 respectively. The ones in the 96-orbit intersect it in Ag,
while those in the 320-orbit intersect it in AsAs. As before, the transposition
corresponding to the standard copy of Dg interchanges the Dgs in the 96-orbit
with the corresponding reflections, and interchanges the 160 pairs of Dgs in
the 320-orbit, each pair being defined by the property that they both intersect
the standard copy in the same AsA,.

The next step is to re-interpret these vertices, edges and 3-transpositions,
in terms of the complex reflection group 325 (3).2 = 6:PSU4(3).2 described in
Section 3.12.2. We use the second basis described there, so that the vectors of
norm 8 are the images under the monomial group 3.2°Sg of (2,2,0,0,0,0)
and (6,1,1,1,1,1), mapping modulo § = w — @ = /=3 to the vectors
(-1,-1,0,0,0,0) and (0,1,1,1,1,1) of norm 2. The 30 + 96 = 126 1-spaces
spanned by these vectors give rise to 126 complex reflections, which corre-
spond naturally to the 126 reflections in vectors of norm 2 in €5 (3):2. The
567 copies of Dg correspond to ‘coordinate frames’ of norm 16 vectors, defined
as congruence classes modulo 24, where A is the lattice spanned over Z[w] by
the norm 8 vectors. For example, the standard copy of Dg corresponds to the
standard coordinate frame consisting of vectors of shape (+4,0,0,0,0,0).

The edges are as follows. Clearly two complex reflections are joined if and
only if they commute, that is if and only if the corresponding vectors are
perpendicular. A coordinate frame is joined to the reflections in those vectors
which when written with respect to that frame have shape (+2,+2,0,0,0,0).
To describe the edges between coordinate frames, we first calculate orbit rep-
resentatives for the nontrivial orbits (of lengths 30 + 96 4+ 120 + 320) under
the monomial group. These are as follows.

(2,26,0,0,0,0) (1,6,6,0,0,6)
(26,2,0,0,0,0) (6,-3,1,1,1,1)
(0,0,2,2,2,2) (6,1,-3,1,1,1)
(0,0,2,2, -2, —2) (6,1,1,-3,1,1)
(0,0,2,-2,2,—2) (6,1,1,1,-3,1)
(0,0,2,-2,-2,2) (6,1,1,1,1,-3)
(2,2, 2w, 2w, 0,0) (—2-6,6,0,1,1,1)
(2,2, —2w, —2w,0,0) 0,—2—0,0,1,1,1)
(0,0, 2w, —2w, 2, 2) 0,0,—2—0,1,1,1)
(0,0, 2w, —2w, —2, —2) (1,1,1,0,0,2 — 6)
(2w, —2, 0,0, 2w, —2w) (1,1,1,0,2 — 0,0)
(2w, —2, 0,0, —2w, 2w) (1,1,1,2—6,6,6)

We now see that two coordinate frames are joined if and only if the inner
products of the vectors in one frame with those in the other are divisible by
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8. This completes the interpretation of the graph in terms of the complex
reflection group.

The next step is to reduce this complex reflection group modulo 2, so
that we can re-interpret the vertices, edges, and 3-transpositions in terms of
PSUg(2). We saw in Section 3.12.2 that A/24 becomes a unitary 6-space over
F4 on dividing the inner products by 4 and reducing them mod 2, to give a non-
singular conjugate-symmetric sesquilinear form. Thus the 126 + 567 vertices
of the graph become the 693 isotropic 1-spaces in F4%, and they are joined
precisely when they are perpendicular with respect to this sesquilinear form.
It is clear that the 693 corresponding 3-transpositions preserve the norm and
fix precisely those isotropic 1-spaces they are perpendicular to. Therefore they
are exactly the unitary transvections in SUg(2), and it follows immediately
that the vertex stabiliser in Fiss contains a subgroup which acts on the 693
neighbours of that vertex as PSUg(2) acts on the isotropic 1-spaces.

Since the pointwise stabiliser of this set of 693 transpositions lies inside
the setwise stabiliser of the 126-orbit illustrated in (5.86), which in turn lies
inside Q7(3), it is easy to see that it is generated by the single transposition
corresponding to the fixed vertex, and it follows that the vertex stabiliser
contains 2'PSUg(2). (It is a non-split extension because, as we have already
seen, it contains Qg (3) = 2-PSU4(3).) Hence the vertex stabiliser is either
2:'PSUg(2) or 2:'PSUg(2):2. It is possible to show that elements in the outer
half of the latter group act as odd permutations on the 3510 vertices, whereas
the 3-transpositions are even permutations as we have seen. We deduce that

=217.3952711.13
= 64561 751 654 400. (5.87)

Simplicity of Fisy follows easily by Iwasawa’s Lemma, since it acts primitively
on the vertices of the graph, and is generated by the 3-transpositions, which
lie in a normal abelian subgroup of a vertex stabiliser, which is itself perfect.

By this stage we have completed the proof of the existence of a simple
group Fisy of the specified order, generated by a conjugacy class of 3510 3-
transpositions, each with centraliser 2'PSUg(2). Notice that we obtain for free
the existence of this exceptional double cover of PSUg(2).

We can now re-interpret the graph on 3510 vertices in terms of concepts
related to PSUg(2). The 693 transvections lift to two classes of 693 involutions
in 2°PSUg(2). We take one of these classes and let 7 be a set of 693 vertices
corresponding to the elements in the class: it matters which class we take, as
there is no automorphism interchanging them. Now we saw in Section 3.12.2
that PSUg(2) contains three conjugacy classes of subgroups PSU4(3).2, of
index 1408. Two of these lift to non-split extensions 2:PSU4(3).2 in 2-PSUg(2),
while the other lifts to 2 x PSU4(3).2. Therefore 2:PSUg(2) has a subgroup
PSU4(3).2 of index 2816: we take the 2816 cosets of this subgroup as a set
U of vertices. Again, there are two classes of subgroups of this shape, and it
matters which one we take. Our picture of the graph now looks like this.
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567

180
693 1/ N\512 126
1 693 2816 5.88
(1) (69 ) (2516) (5.88)

The full automorphism group of the graph is obtained by extending
2:'PSUg(2) to 2:'PSUg(2):2. This extends Fizs to its automorphism group
F12212.

Now in SUg(2), as in any unitary group, two unitary transvections 75, (\)
and Ty, (1) commute if and only if v and w are perpendicular to each other. The
same is true for their images in the quotient PSUg(2). Therefore the maximal
commuting sets of transvections correspond to maximal isotropic subspaces.
Such a space has dimension 3 over Fy, so contains exactly 21 subspaces of
dimension 1, each of which gives rise to a single 3-transposition (i.e. unitary
transvection) in PSUg(2). It follows immediately that a maximal commuting
set of 3-transpositions in Figs has size 22. Moreover, the image in PSUg(2) of
the stabiliser of a maximal isotropic subspace is 2°:PSL3(4), and PSL3(4) is
the point stabiliser in Mao (see Sections 5.2.6 and 5.2.9). It follows (though
not entirely trivially: see Exercise 5.26) that the stabiliser in Figs of a maximal
commuting set of 3-transpositions is of shape 2!°.Myy. In fact this is a split
exension 210:Mas.

5.7.3 Conway’s description of Fis,

Perhaps the simplest construction of Fisy (in the sense of writing down gener-
ators) is Conway’s construction [27] of the 77-dimensional representation over
3. This uses the fact that the maximal commuting sets of transpositions have
size 22, and each such set generates an elementary abelian subgroup of order
210 and is fixed by a subgroup My, permuting the 22 transpositions in the
natural manner. Fixing such a base of 22 commuting transpositions, the 3510
transpositions are of three types:

22 basic,
77.2° = 2464 hezadic,
219 = 1024 anabasic, (5.89)

where the basic transpositions lie in the base, the hexadic transpositions each
commute with exactly a hexad of basic transpositions, and the anabasic trans-
positions commute with no basic transposition. Note that the product of the
six basic transpositions corresponding to the points in a hexad is trivial.

The representation has a basis {ey} where H runs over the 77 hexads of
the Steiner system S(3,6,22). The 22 basic transpositions ¢ act diagonally,
mapping ey to —ey if i € H and fixing ey otherwise. A particular anabasic
transposition S can be taken to act by

S:eyg— —ey+ E er.
|LNH|=2
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Together with the symmetries of Mo this gives enough information to gener-
ate the group and construct the action of all the transpositions. In principle
this construction could be used to give an independent proof of existence of
Figs, but the amount of computation required is probably more than could
be reasonably done by hand.

Indeed, there is a 78-dimensional representation of Fize in characteristic
0, which gives rise to the above representation on reduction modulo 3. To
describe this representation, take 77 coordinate vectors ey indexed by the 77
hexads of the Steiner system S(3,6,22) invariant under Mss, together with
an extra coordinate vector e,. The 22 basic transpositions ¢ act by negating
the 56 coordinates ey such that ¢ ¢ H. The anabasic transposition S acts as
follows:

S : 16e, — —bHe, + \/52611,

H
6er — V3e. —Tey —3 > ex+ Y. er. (5.90)
HNK=0 |LNH|=2

5.7.4 Covering groups of Fiss

There is a double cover 2'Fiss also generated by 3510 transpositions. Just as in
the case of 2-PSUg(2), there are two classes of such elements in 2'Fiss, but in
contrast to the situation in 2°PSUg(2), there is an automorphism interchang-
ing them. The double cover 2'Fiy contains the exceptional cover 22-PSUg(2)
of PSUg(2), and is contained in Fiss. Thus it is effectively constructed by the
method described in Section 5.7.6.

There is a triple cover 3-Fisy also generated by 3510 tranpsositions. This
group has a 27-dimensional representation over F4, which is unitary in the
sense that its dual is equivalent to the representation obtained by applying
the field automorphism. In other words, 3Fizs embeds in SUs7(2). This em-
bedding was explicitly constructed by Richard Parker. It turns out that 3-Fis
contains a proper triple cover 3:Q7(3) of the orthogonal group Q(3), and in
turn 3:Q7(3) contains 3:G2(3). Thus we can obtain two more of the excep-
tional covers of groups of Lie type from 3'Fizs. Although these covers can be
constructed directly, these constructions are quite difficult.

In fact, we can say more than this, as 3'Fiss embeds in the exceptional
group 3-2Fg(2) of Lie type. The latter has an outer automorphism of order 3
which fuses three classes of subgroups 3-Figg in 3-2Eg(2). The group 2FEg(2)
has an exceptional cover of shape 22:2Fg(2), in which there are three classes
of subgroups of shape 2 x 2'Fia,.

The adjoint representation (i.e. the representation on the Lie algebra) of
the corresponding simple group 2Fg(2) has dimension 78, and this remains
irreducible on restriction to Fiss. This representation may also be described
as the reduction modulo 2 of the characteristic 0 representation described in
Section 5.7.3.
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5.7.5 Subgroups of Fias

Some of the maximal subgroups of Fiss are the stabilisers of sets of commuting
transpositions. The fact that any such set lies in a maximal set, which has
Mass acting on it, means that any three commuting transpositions determine
a hexad. That is, their product abc can be factorised in exactly two ways as
the product of three transpositions, abc = def. Moreover, any larger set of
commuting transpositions lies in a unique base. Thus we obtain the stabilisers
of one transposition, a pair, a hexad, and a base, all of which turn out to be
maximal subgroups, of shapes 2:PSUg(2), (2x2178).PSU,(2).2, 25+8:(S5 x Ag)
and 210:M22.

Enright [57] calculated all the subgroups H generated by transpositions,
subject to Fischer’s conditions that H' = H” and every normal 2-subgroup or
3-subgroup is contained in Z(H). (He called these subgroups ‘D-subgroups’,
since the class of 3-transpositions was traditionally called D.) He found a
number of maximal subgroups of this form, in particular 7(3) (two conju-
gacy classes, interchanged by the outer automorphism of Fiss), and two classes
of S10. The maximal subgroups S3 x PSU4(3):2 and Qg (2):53 are also gen-
erated by transpositions, although they do not satisfy H' = H". Similarly,
the maximal subgroup 2%:Spg(2) is generated by transpositions, but in this
case there is a non-central normal 2-subgroup. The complete list of maximal
subgroups is given in Table 5.5 (see [111] for a proof).

5.7.6 The group Fis3

It is possible to construct Fisg in much the same way as Fiso, creating the
graph on the 31671 transpositions out of the action of PQJ (3):53 on the 3240
conjugates of a maximal subgroup 2 x Q7(3) and the 28431 conjugates of a
maximal subgroup Q4 (2):53. The former correspond to a conjugacy class of
3-transpositions in PQ;' (3):53, so it is clear how to join them, and how they
act on the 31671 vertices. The latter are joined to the 360 transpositions they
contain, and to a certain collection of 3150 of each other. The details can be
calculated inside PQ (3):S3, and will be given below. We summarise in the
following picture.
351 3150

3159 360
('3240) (28431) (5.91)

To describe the edges in this graph more precisely, we study the embedding
of OF(2):53 in PQZ (3):53. In fact we may as well restrict to the subgroups
of index 3, and lift to the orthogonal group GOg (3), so that we are studying
the embedding of W (Eg) = 2:Qd(2):2 in Qf (3):2 (or, perhaps better, the
embedding of W (Eg) = 2:Qg (2) in Qg (3)), in much the same way as we
studied the embedding of W (E7)" in 27(3) in order to construct Figs.

Thus the 28431 vertices in the second orbit may be described as the con-
jugates of a fixed copy of W (Eg)’. The action of PQg (3):93 on these 28431
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Table 5.5. Maximal subgroups of Fischer groups

FiQQ Figg F1,24
Fizg
2'Fiag 2'Figg:2
2:PSUs(2) 22 PSU(2).2 22-PSUg(2):53
(2 x 2178).PSU4(2).2 (2% x 2'78)(3 x PSU4(2)).2  2'T12:3-PSU4(3).2
25+8:(A6 X 53) 26+8.(A7 X S3) 26+8(A8 X 5’3)
210:1\/[22 211.1\/[23 211.1\/[24
Q7(3) PQF(3):53 (3 x PQF(3):3):2
Q7(3) Sz x Q7(3)
S3 X PSU4(3):2 Sa X Spg(2) (A4 x QF(2):3):2
0F (2):55 Sps(2) Q70(2)
SlO 512 (A5 X A9)22
S1o
2%:Spg(2) Spy(4):2
M12 PSL2(23) He:2
2Fu(2) He:2
3176:03+4.32:9 3Lt8.9146.31+2.93, 3110, PSU5(2):2
32.3%.3%.(A5 x 2 A4).2
3%.[37].GL3(3) 3%.[3'°].GL3(3)
370+(3)

(3%:2 x G2(3))2
23+12'(GL3(2) X Aﬁ)
7:6 X A7
29:14
PSUs(3):2
PSU3(3):2
PGL,(13)
PGL2(13)

A6 X PSL2 (8):3

points has rank 4 and suborbit lengths 1+ 2880+ 31504-22400. The edges join
a fixed copy to the conjugates in the 3150-orbit. On restricting to QF (2):2,
the 2880-orbit splits up into orbits of lengths 960 + 1920, while the other or-
bits are unchanged. The 3150-orbit is characterised by the property that the
two copies of Eg intersect in D4D4. For a given intersection, the three copies of
Eg are related by a triality automorphism, as in (5.83), applied to one of the
copies of Dy.

Moreover, the action of one of the corresponding 28431 transpositions of
Fisg is to interchange the 2880-orbit of transpositions of PQ;‘(?)):S;), with the
2880-orbit of subgroups 4 (2):S3, in the analogous way as in Figs, and to
swap the 22400 vertices in pairs similarly. This last orbit is characterised by
its intersection with the fixed Eg being AsAsAsAs, and on reduction modulo
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3 this subsystem spans only a 6-space, which is fixed pointwise by a unique
(root) subgroup of order 3. This group of order 3 enables us to construct
representatives of this orbit. As in the case of Fisg, the 22400 vertices come
in 11200 pairs, intersecting the standard Eg in the same subsystem, and the
action of the transposition is to swap all these pairs.

It is straightforward to show that the transpositions thus defined preserve
the graph and generate a transitive group on the 31671 vertices. This group
is defined to be Fiss. To calculate the order of Fisz, we show that the graph
on the 3510 neighbours of a vertex is isomorphic to the graph on the 3-
transpositions of Fisg, and deduce that the vertex stabiliser is 2'Figy. This
is quite straightforward, as the neighbours of a fixed reflection in P (3):2
consist of

(i) the 351 transpositions in the centraliser Q7(3), and
(i) the 3159 copies of E7 which are the orthogonal complements of the reflect-
ing vector in the copies of Eg which contain it.

Thus we easily see that

(i) two reflections in Q7(3) are joined if and only if they commute,
(ii) a reflection in Q7(3) is joined to those copies of E7 which contain it, and
(iii) two copies of E; are joined if and only if they intersect in A;A;A;Dy.

Hence the group Fiss generated by the 31671 transvections, which in this
case turns out to be the full automorphism group of the graph, is a group of
order 31671.|2'Figz|. Thus

|Figs| = 4089470473293 004 800
= 28318 52.7.11.13.17.23. (5.92)

The vertex stabiliser 2'Fiss has orbits 1+ 3510 + 28160 on the 31671 vertices,
and the 2-point stabilisers are 22-PSUg(2) and Q7(3), contained in maximal
subgroups 22:PSUg(2):2 and S3 x Q7(3). Simplicity of Figz follows as in the
case of Figy. The structure of the graph is summarised in this picture.

693 3159

3510 1 m 2816 351 Q
1 3510 28160 5.93
(1) (3510) (5:93)

It is clear now that a maximal commuting set of transpositions (a base)
in Fiss has size 23, and normaliser of shape 2'*.Mss. This time, however, this
turns out to be a non-split extension 2''*Mjys, which makes any construction
along the lines of Conway’s construction of Fizy (Section 5.7.3) somewhat
more problematic. Nevertheless, analogous to the 77-dimensional representa-
tion of Figg, there is a 253-dimensional representation of Fiog over F3, in which
2'1-My3 acts monomially. The coordinates correspond to the 253 heptads of
the Steiner system S(4,7,23) (see Section 5.2.8), and a transposition in the
21 negates the 176 heptads it is not in.




246 5 The sporadic groups

5.7.7 Subgroups of Fis3

Just as in Fiss we can find a number of maximal subgroups as stabilisers of
sets of commuting transpositions. The fact that Mas preserves a Steiner sys-
tem S(4,7,23) implies that any four commuting transpositions determine a
heptad. That is, their product abed can be factorised uniquely as a product
of three commuting transpositions, abed = efg. Any larger set of commuting
transpositions lies in a unique base. Thus the subsets which give rise to maxi-
mal subgroups are singletons, pairs, triads, and the heptads and bases. These
are the first five groups listed under Fis3 in Table 5.5.

Enright [57] classified the ‘D-subgroups’ (see Section 5.7.5), generated by
3-transpositions, and found a number of other maximal subgroups. Of partic-
ular note is S12, which he uses to label all 31671 transpositions and to give
a complete table of t* for all pairs of transpositions ¢t and u. Another inter-
esting maximal D-subgroup is Spg(2). The maximal subgroup PQy (3):93 is
generated by 3-transpositions, but fails the condition H' = H”. A complete
list of the maximal subgroups is given in Table 5.5 (see also [113]).

5.7.8 The group Fizy

This case is rather more difficult and we make no attempt here to prove the
existence of Fiss. One approach is to make a graph on 1 4+ 31671 + 275264 =
306936 vertices, consisting of *, the 31671 transpositions of Fis3, and the
275264 cosets of a certain subgroup PQy (3):3 of Figs. If we define the edges
in terms of the structure of Fis3, we can restrict to the subgroup 2'Fiss fixing
two vertices, with orbit lengths 1 + (1 + 3510 + 28160) + (28160 + 247104),
and show that there is an automorphism of the graph swapping the two fixed
points and extending 2-Fiss to 2:Fisg:2. Once this has been proved, we see that
the automorphism group of the graph is a group Fiag of order 306936.2.|Fiaz].
It turns out that this group has a subgroup Fi5, of index 2, which is simple,
and has order

|Fip,| = 1255205709 190 661 721 292 800
= 221.316.52.73.11.13.17.23.29. (5.94)

The parameters of the graph are summarised in the following picture.
3510 28431

31671 1 31671 28160 3240 975964 (5.95)

The 31671 transpositions of Fizg are joined just when they commute. The
275264 other transpositions come in 137632 pairs, each pair corresponding to
a subgroup PQg(S):Sg of Fis3, and joined to the 3240 transpositions in this
subgroup. When two of these subgroups intersect in P (2):55 we draw two of
the four possible edges between the two pairs. The precise joining rule is given
by taking the edges to correspond to cosets of PQg‘ (2), and the endpoints of
the edge to correspond to the two cosets of PQg (3) which contain this coset
of PQZ(2).
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5.7.9 Parker’s loop

The maximal sets (bases) of commuting transpositions have size 24, and gen-
erate an elementary abelian group 2'2. This group supports a Golay code
structure, in the sense that the product of a set of transpositions in the base
is the identity if and only if the set is (the support of) a word in the Golay
code. Modulo the base, there is a group My permuting the 24 transpositions.
However, the resulting group 2'2May, is non-split. It has a subgroup 2''*May
of index 2, which is also a non-split extension.

These subgroups can be described in terms of a certain loop P, discovered
by Richard Parker, which is a kind of ‘double cover’ of the Golay code. This
cover is not a group, but behaves rather like the units {+1, +iéq, ..., +ig} of
the octonions (see Section 4.3.2), which can be thought of as a non-associative
double cover of an elementary abelian group of order 8. Thus the elements of
Parker’s loop P come in 2'2 pairs +d, corresponding to words d in the Golay
code (identified as usual with their supports). In particular 1 is the zero word
in the Golay code. An element d squares to 1 according as |67| is 0 or 4
modulo 8. It follows from the fact that (de)? = d?[d, e]e? that two elements of
the loop commute if and only if the corresponding Golay code words intersect
in a multiple of 4 points. Similarly, three elements of the loop associate (in the
sense that (de)f = d(ef)) if and only if the three Golay code words intersect
in an even number of points. Thus we may write

d2 = (_1)|g‘/45
de = (—l)l(zna/ied,
(de)f = (1) ld(ef). (5.96)

It is not completely obvious, but it can be checked, that these definitions
are consistent, so that Parker’s loop is a non-associative inverse loop. Here an
inverse loop is a set with a binary operation, an identity element and an inverse
map, satisfying 21 = z = 1z and (z7})"! = x and 27 (zy) = y = (yz)z L.
Indeed, P is a Moufang loop (Exercise 5.28).

The subgroup 2'2:Ma, of Fisy acts as automorphisms of Parker’s loop.
(Conway calls these ‘standard’ automorphisms, as they preserve the Golay
code structure of P/{#1}.) A transposition § in the normal subgroup 22 acts
by negating d whenever § € d. More generally, an element 7 in Moy lifts to 22
automorphisms 7 of the loop. These may be defined by picking a generating
set dy,...,dy2 for the loop, and defining d7 (arbitrarily) to be either of the

two loop elements with Ef = Jiﬂ.

As an abstract loop P has more automorphisms, as there is no abstract
distinction between the elements mapping to octads and the elements mapping
to 16-ads. The subgroup of standard automorphisms has index 2'! in the full
automorphism group, which may be obtained by adjoining automorphisms
corresponding to even subsets a of {2, mapping d to 2d whenever |a N d| is
odd.
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5.7.10 The triple cover of Fi'24

There is a triple cover 3-Fiy, of Fiy, and a corresponding group 3:-Figy. The
former group has two 783-dimensional unitary representations in character-
istic 0, which can be constructed using Parker’s loop. I shall describe this
construction, which is given in the Atlas [28], without proof. First we take the
group 2'1'Msy, constructed as in Section 5.7.9 using the loop, and let it act
on a space of dimension 24 + 759 as follows. The action on the 24-space is just
the permutation action of Msy. The 759-space has a double basis consisting
of the 759 x 2 octad elements of P, and the action of 2''*My, is the same as
the standard automorphisms of IP. That is, the space is spanned by vectors eq
such that d € P and d is an octad of the Golay code, with the understanding
that e_qy = —eq. A standard automorphism 7 of P acts as 7 : eq — egr.

The best way to describe how this extends to 3:Fiy, and to 3'Fig, is to use
the transpositions, which correspond to certain vectors. Note however that the
transpositions invert the central element of order 3, which acts as the scalar
w, say. Therefore they act semilinearly, in the sense that if ¢ maps v to vf,
then it maps A\v 4+ w to v + w?, where X is the complex conjugate of .

Now, in fact, the base stabiliser 2!2-My, in Fij, has three orbits on trans-
positions, of lengths 24 and 759.2° = 24288 and 276.2'0 = 282624. In 3'Fiy,
these numbers are multiplied by 3. The transpositions outside the base either
commute with just eight of the basic transpositions, forming one of the 759
octads, or with just two of the basic transpositions. For a given octad, there
are exactly 2° such ‘octadic’ transpositions, and for a given pair there are
exactly 210 such ‘duadic’ transpositions.

There is a semilinear, commutative, non-associative product * invariant
under the action of 3:Fisg, where in this context semilinear means

A +y)*z=ANzx*z)+ (y*2). (5.97)

In fact, the inner product x.(y * 2) is a trilinear form symmetric in all three
variables, which is perhaps a better way to describe the algebra. If r, denotes
the vector corresponding to the transposition ¢, then the algebra product is
related to the group action by the equation

Tek Ty = Tpu + (T Te) Ty (5.98)
or more generally
T a1y ="+ (1y.2)ry, (5.99)

where r.x is the inner product of r with . The trilinear form is then given by
the formula

T(re,7u, 7o) = TeuTy + (Fue) (Tu-To). (5.100)

For simplicity, we scale the coordinates so that the first 24 coordinates have

norm % (as in the Leech lattice), while the rest have norm 1. Thus
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24
r.ar = % Z T + Z TqZd- (5101)
=1

octads d

Symmetry of the product * implies that if ¢ and w # ¢ commute, then
ry.r¢ = 1 and ry x 7, = 74 + 1. Similarly, if ¢ and v do not commute, so
that t* = u!, then r,.r; = 0 and 4 * r, = r4. In fact we have 7.7 = 9, so
r¢ %17y = 1074. In particular, it is now easy to see that the basic transpositions
correspond to vectors of shape

(7,123 079). (5.102)

Moreover, since we know how these transpositions act on the space, (5.99)
gives the algebra product of these vectors with any vector in the space. Writing
E; = 8e; for the 24 vectors of shape (8,023 | 07°9) and e, for the 759 vectors
of shape (0%* | 1,07%%), we have

2E; + B; = —8le; + 15 Y e,
J#i
2F; « Bj = 15¢; + 15¢; — » ek,
ki)
2F; xeq = 3eq if i € d,
2F; xeq = —eq if i € d. (5.103)

In fact, the rest of the algebra is defined by

2eqxeq = 3Zei — Zej,
i€d Jjéd
2eq x e = eqgy if df is an octad,
2eq x e = eqrq if &f?) is an octad,
2eq * ey = 0 otherwise. (5.104)

The information about inner products given above is almost enough to de-
termine the vectors corresponding to octadic transpositions. They have shape

1(—18,116 | £0,£1%,079), (5.105)

where § = w—w = /—3. Here @ is on the coordinate corresponding to the fixed
octad, and the £13° are on the 30 coordinates corresponding to octads disjoint
from the fixed octad. The signs are determined by the loop P, as follows: we
pick a subgroup of P of order 2°, containing preimages Oy, ..., O3 of the 30
octads, and containing 20, where Oy is the fixed octad. Then the signs are
+ in the direction of O;. (Notice that the signs depend on our choice of £2: but
the outer automorphism of Fij, swaps 2 with —(2, so this does not matter.)

Now (5.99) tells us how to calculate the action of any transposition u on
the space, in terms of the algebra product of the corresponding vector r,. In
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particular, we can calculate the action of an octadic transposition. To obtain
a duadic vector, pick two octads intersecting in just two points, and act on
an octadic vector for the first octad by a transposition corresponding to the
second octad. We find the duadic vectors have shape

S(=T%, 122 | £077, £13300%52), (5.106)

where the 6 are on the coordinates corresponding to octads containing the two
fixed points, and the +1 correspond to octads containing neither of the fixed
points. The signs here are more complicated to describe, but can in principle
be calculated from the information given in this section.

5.7.11 Subgroups of Fisy

Again we find that most (though not all) of the maximal subgroups of Fij,
(and also of Fligy) can be described nicely in terms of the transpositions.
Thus the stabilisers of one, two or three commuting transpositions are max-
imal subgroups Figz, 2'Fizg:2 and 22-PSUg(2):S3 of Fij,. The centraliser of
a product of four mutually commuting transpositions is a maximal subgroup
214+12-3-PSU4(3).2, permuting transitively the 126 different ways it can be
factorised into four transpositions. Since the product of five commuting trans-
positions can be written as a product of just three other commuting transpo-
sitions, the stabiliser of any set of five or more commuting transpositions is
contained in either the octad stabiliser 2678(Ag x S3) or the base stabiliser
211-Mayy. There is a series of subgroups S, generated by transpositions, with
normalisers in Figy as follows (all of which are maximal subgroups):

Ss x PQF(3):S5,

S4 X PQ;(2)537

55 X Sg,

Se x PSLy(8):3,

Sy x T:6. (5.107)

Other interesting subgroups are two conjugacy classes of He:2 in Fij,, where
He is the Held sporadic simple group (see Section 5.8.9 for more details).
These two classes are interchanged by the outer automorphism of Fis,. The
complete list of maximal subgroups is given in Table 5.5 (see also [121]).

5.8 The Monster and subgroups of the Monster

The embeddings of the 3-transposition groups 22-PSUg(2) < 2'Figs < Figs
and the embedding of 2-Figy in 22-2Fg(2) suggested to Fischer that perhaps
there were bigger simple groups B and M with 22-2F¢(2) < 2'B < M. They
would not be 3-transposition groups, but ?Eg(2) contains a class of involu-
tions whose products have order at most 4, so this was considered a suitable
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generalisation. Indeed, M contains a class of 6-transpositions, i.e. involutions
whose products have order at most 6.

These groups, now known as the Baby Monster and the Monster, were
eventually proved to exist, by Leon and Sims [154] and Griess [70] respectively.
The Monster turned out to contain a number of other interesting subgroups,
such as 3'Figy, and three more sporadic groups, namely the Held group He
(previously known, and contained in Figs—though this fact was not known
until the discovery of the Monster), the Harada—Norton group HN, and the
Thompson group Th, centralising elements of orders 7, 5 and 3 respectively.

5.8.1 The Monster
The Monster is so called largely because of its enormous size. Its order is

|M| = 808 017 424 794 512 875 886 459 904 961 710 757 005 754 368 000 000 000
= 2%6.320 59 76.112.13%.17.19.23.29.31.41.47.59.71. (5.108)

Its smallest real representation is in 196883 dimensions, and this represen-
tation has a kind of non-associative algebra structure on it. By adjoining
an identity element we obtain an algebra in 196884 dimensions, now usually
known as the Griess algebra after Griess used it to produce the first construc-
tion of the Monster group in 1981 [70].

I shall sketch Conway’s version [29] of this construction, in which he uses
Parker’s loop and a kind of triality to simplify some of the details. The con-
struction is reminiscent of the use of triality in the construction of the excep-
tional Jordan algebras (Albert algebras) from the octonions (see Section 4.8).
[Really it is an instance of a much more general construction which can be
used for almost all simple groups: if, as usually happens, there is an involution
with three conjugates whose product is the identity element, then, in most
instances, there is a ‘triality’ automorphism cycling these three conjugates,
and usually the involution centraliser and the triality element will together
generate the simple group.]

First we construct an analogue of the group of isotopies of the octonions
(see Section 4.7.1), but with the Moufang loop of octonions of norm 1 replaced
by Parker’s loop P (see Section 5.7.9). Thus we consider the set of triples
(a,b,c) of elements of P which satisfy abc = 1, and let the following maps act
on them (notice that d?> = +1 so that d~! = 4d, and therefore d~'ad~! can
be simplified to dad, and so on):

xq : (a,b,¢) — (dad, db, cd),
ya : (a,b,¢) — (ad, dbd, dc),
zq : (a,b,¢) — (da, bd, ded). (5.109)

Notice that x4ygqzq is the identity map. It turns out that as d ranges over
all elements of P, the maps x4, yq and zg generate a group of order 237. In
particular the latter contains a subgroup of order 2'!' consisting of maps
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25 (a,b,¢) > ((=1)3q, (~1) P90, (1)) (5.110)

where 0 is any even subset of the underlying set 2 of 24 elements. These
maps x5 may be thought of as ‘inner’ automorphisms of P. The group may be
extended by adjoining all the ‘even’ automorphisms 7 in 2'!-May, thus

2yt (a,b,¢) — (a”,b",c"). (5.111)

Finally, we can adjoin the ‘odd’ automorphisms provided we invert a, b and ¢
and reverse their cyclic ordering. These are the automorphisms

Tg (a7 b,C) — ((_]_)\Eﬁ(ﬂa—l7 (_1)|~Eﬂé|c—1’ (_1)\305\19—1)’
s ¢ (@b ) o ((—1)FNFle=1, (= 1)Pnolp1 (—1)iandlg-1),
z5 : (a,b,¢) — ((=1)lPolp=1 (—1)landlg =1 (—1)lendle=1) - (5.112)

where J is an odd subset of {2. Notice that if § is odd, then zsys = ys2s = 2525
and zs5ys : (a,b,¢) — (b,c,a) is a ‘triality’ automorphism, while if § is even,
Ts = Y5 = Zs-

The group generated by all x4, y4, 24, Ts5, Ys, zs and T, Yr, zx will be
denoted N, and has shape 22.22.211,222 M,,.S5. It has a normal subgroup K
of order 4 containing the three non-trivial elements

ki =ynz o=x02z 1=7 oy,
ky = zpx_g=yor_1 =Yy _02_1,
ks =2oy_0=20Y_1=2_0T_1. (5.113)

The quotient by K turns out to be isomorphic to a maximal subgroup of the
Monster. Modulo K, the normal 22-subgroup consists of the three involutions
T_1,Yy—1, and z_q.

The next step in the construction is to build the centraliser of an involution,
which, modulo K, has shape 2'%24:Co;. To do this, we recast the centraliser
of x_1 in N in the shape 2.2'124.212M,,, and observe that there is a normal
subgroup 2.21724 possessing the symmetries of the Leech lattice A (in a sense
which I shall make precise in a moment). This subgroup 2.2'+24 is generated
by the x4 and xz;, together with k1, and the four-to-one map onto A/24 with
kernel (x_1, k1) is as follows. Write wy for the reduction modulo 2 of the Leech
lattice vector with 2 on d and 0 elsewhere, and write w; for the reduction
modulo 2 of the Leech lattice vector with with —3 on ¢ and 1 elsewhere. Then
the map is given by x4 — wg and z; — w;. Observe that all the vectors
wy and w; have inner products 0 mod 2, except that wg.w; = 1 mod 2 if
1 € d. Correspondingly, all z4 and z; commute modulo K, except that zqx; =
x_1x;24 if i € d. Similarly, all wg and w; have even type (i.e. norm divisible
by 4) except that wy has odd type if dis a dodecad; and correspondingly x4
and x; square to 1 unless dis a dodecad, in which case 242 = z_;. Thus the
group (x4, x;) modulo K, which is an extraspecial group 2}~_+24, has its square
and commutator maps defined by the Leech lattice.
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We extend our notation to label all the elements of the group generated
by the z4 and xz; as follows. Each element is a product of the x4 and x; and
we write

xd.e‘....i‘j..“ = TqLe-+- .- (,Cil'j. e (5114)

The corresponding vector in A/2A is obtained as the sum of the vectors wy,
We, - .., Wi, Wy, ..., corresponding to x4, e, ..., T;, T;, ..., and the preimages
in 2.21724 of the type 2 vectors are as follows:

LTij (4,—4, 022),
xiQ.i.j = (47 47 022)7
T10.4i— (—3,1%), sign changed on c?,z € c?,

x:ﬁ:(l.d.i.j = (267 _223 016)ai7j S J, an OCtadv
Taqijri— (24,-2%,0%9)0 4,k 1 € d, an octad, (5.115)
and similarly for the multiples by k.

To make the Monster explicitly, it is necessary to make explicit matrices
generating the various subgroups. We can start with the group 22.2'+24.Co,,
which has a centre of order 23 generated by K and z_;, and has various

interesting quotients, as follows.

(i) The quotient by K is the involution centralizer 21724-Co; in M.

(i) The quotient by (yo,z_go) is another group of shape 2'724-Co; which
is mot isomorphic to the first one. This group has a representation of
degree 212 = 4096 which extends the natural representation of 2124 (see
Section 3.10.2 for a description of this representation).

(iii) The quotient by (x_1,v0,2_o) has shape 224 Co;.

(iv) The quotient by (x4, x;, k1) is 2'Coy, which has a natural 24-dimensional
representation coming from the Leech lattice (see Section 5.4.1).

(v) The quotient by (x4, z;,yn, 2—0o) is Co;.

Using these various quotients, we make a 196884-dimensional representation
in three pieces, as follows.

98280 = the monomial representation of the second quotient (ii)
on the 2 x 98280 conjugates of x4, with the convention
that z_4 = —x4. Since x_; acts trivially, this is actually a
representation of (iii).

98304 = 4096 ® 24, where 24 denotes the representation of 2'Co; on
the Leech lattice, and 4096 denotes the natural represen-
tation of 21124 extended to 2!1724-Co; of type (ii).

299 + 1 = symmetric square of 24, representing the quotient (v). (5.116)

Conway constructs most of these representations, with a careful choice and
labelling of basis vectors. See also the Atlas [28, pp. 228-30]. However, neither
Conway nor Griess, nor the Atlas, provides an explicit construction of the
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4096-representation. They do however construct the action of the subgroup
21424 911N, and show that there is a unique way to extend the action to
21+24C0;.

There is a double basis for 98280 consisting of the elements listed in (5.115),
with the convention that z_, = —x,.. The action of 2't24Co; on this space is
precisely defined above, so can be explicitly computed.

We write the 24-space in such a way that the Leech lattice takes its usual
form, i.e. the basis vectors i (i € §2) are mutually orthogonal and have norm
%. The 300-space then has basis consisting of

(ij) =i®j+j®i, (5.117)
and the symmetric square action of Co;. The 4096-space is spanned by 4 x 4096
vectors dt and d~ (for d € P) of norm 1 subject to the relations

)
)_ =-d",
)
)

+ _ d+,
T =—d. (5.118)

The action of 2'724212M,, is given by the second and third coordinates of
(5.109-5.112), that is

zq [T (df)T,
o= (fd)~,
ya: [T (dfd)T,
f==df),
Zd : f+ = (fd)+7
[~ = (dfd),
xi: fT = £(f~1)7, minus sign just when i € f,
f~ = £(fHT, minus sign just when i € f,
zr o [P ()T,
== (f7)” for 7 even. (5.119)

As we have just noted, this is sufficient to determine the action of 2!+24-Co; on
the 4096-space, although it is cumbersome to compute this and write it down
explicitly. Now on restriction from 2!124Co; to 2'724211My, these pieces
break up into irreducibles as follows:

98280 = 552 + 48576 + 49152,
98304 = 98304,
209 + 1 = 276 + 23 + 1, (5.120)

and on further restriction to the subgroup of index 2 generated by the x4 and
even z, the irreducibles of degrees 552 and 98304 break up into two pieces
of equal size, and we have
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98280 = 276 + 276 + 48576 + 49152,
98304 = 49152 + 49152,
299 4+1=276+23 + 1. (5.121)

Finally to make the Monster, it is necessary to label the bases in such a way
that the triality symmetry is visible, fusing the three constituents of degree 276
and the three of degree 49152. Conway does this by providing a ‘dictionary’
between three different labellings of the basis. Equally it could be done by
writing out explicitly the action of a triality symmetry, as follows.

(1) — (i1),
(1) ¥ i + 045
_ = Lij — T0.ij,
forigd, xq; — dt ®i

—d ®1,
Td.s 12 |5E\xnd
eCd
o LS (A1) g (5.122)
eCd

where in the last two lines the sum is over all cosets of the Golay code which
have representatives € which are even subsets of d.

To prove that the resulting group really is the Monster it is necessary
to show that it preserves some algebraic or combinatorial structure on the
196884-space. Indeed, there is a commutative non-associative ‘algebra’ struc-
ture invariant under the Monster.

5.8.2 The Griess algebra

The definition of the algebra is simplified if we take into account the fact that
it is really a symmetric trilinear form: that is the inner product of x *y with z
equals the inner product of z with y * z. First we may consider the 300-space
as being the space of symmetric 24 x 24 matrices. Given two such matrices
A and B, we define their Griess product to be 4 times the Jordan product:
Ax B=2(AB+ BA).

Next pick a basis vector z, in the 98280-space, corresponding to a type 2
vector w, in the Leech lattice. Then w, ® w, is a symmetric 24 x 24 matrix,
so let A = &;Tr(A.(w, ®w,)) be the natural inner product of A with w, ® w,.
Then z, x A = Az,. The symmetry of the trilinear form now gives z, * x, =
wy; @ w,. The other products among the x, are given by z, *x x5 = x, if
rs corresponds to a type 2 vector in the Leech lattice: here rs denotes the
product inside 21724, If rs is not of this type, then x, * x5 = 0.

Now we can choose basis vectors in the 98304-space of the form W & v,
where W is a vector in 4096-space, and v is in 24-space. In particular, since
A is a 24 x 24 matrix, it can act on v, and we set
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Ax(Wov)=W@vA+ (§TrA)(W ®@v).

At this stage we have defined the products of A with all vectors in 196884~
space.

Next consider the product of z, with W ® v. Let v/ = v — 2(v, w,)w, and
let W’ denote the image of W under the action of r, considered as an element
of 21424 acting on the 4096-space. Then (W ®@v) * 2, = W' @ v'.

Finally, the product of two elements of the form W ® v has no component
in the 98304-space, so this product is determined by the above formulae and
the symmetry of the trilinear form.

The Monster can be defined as the automorphism group of this algebra.

5.8.3 6-transpositions

The largest subgroup of the Monster turns out to be a double cover 2'B of
the Baby Monster, of index 97239461 142009 186 000, i.e. just under 102°.
This subgroup fixes a unique non-zero vector in the 196883-dimensional rep-
resentation. Of course it is out of the question to compute directly with such
permutations. However, this permutation representation can be thought of in
a number of different ways, either permuting this orbit of vectors, or permut-
ing the involutions in the smallest conjugacy class.

These involutions have the property that the product of any two of them
has order at most 6, so they are called 6-transpositions. Indeed, their product
lies in one of just nine conjugacy clas