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Preface

This book is an introductory graduate-level textbook on the theory of
smooth manifolds, for students who already have a solid acquaintance with
general topology, the fundamental group, and covering spaces, as well as
basic undergraduate linear algebra and real analysis. It is a natural sequel
to my earlier book on topological manifolds [Lee00].

This subject is often called “differential geometry.” I have mostly avoided
this term, however, because it applies more properly to the study of smooth
manifolds endowed with some extra structure, such as a Riemannian met-
ric, a symplectic structure, a Lie group structure, or a foliation, and of the
properties that are invariant under maps that preserve the structure. Al-
though I do treat all of these subjects in this book, they are treated more as
interesting examples to which to apply the general theory than as objects
of study in their own right. A student who finishes this book should be
well prepared to go on to study any of these specialized subjects in much
greater depth.

The book is organized roughly as follows. Chapters 1 through 4 are
mainly definitions. It is the bane of this subject that there are so many
definitions that must be piled on top of one another before anything in-
teresting can be said, much less proved. I have tried, nonetheless, to bring
in significant applications as early and as often as possible. The first one
comes at the end of Chapter 4, where I show how to generalize the classical
theory of line integrals to manifolds.

The next three chapters, 5 through 7, present the first of four major
foundational theorems on which all of smooth manifolds theory rests—the
inverse function theorem—and some applications of it: to submanifold the-
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ory, embeddings of smooth manifolds into Euclidean spaces, approximation
of continuous maps by smooth ones, and quotients of manifolds by group
actions.

The next four chapters, 8 through 11, focus on tensors and tensor fields
on manifolds, and progress from Riemannian metrics through differential
forms, integration, and Stokes’s theorem (the second of the four founda-
tional theorems), culminating in the de Rham theorem, which relates dif-
ferential forms on a smooth manifold to its topology via its singular coho-
mology groups. The proof of the de Rham theorem I give is an adaptation
of the beautiful and elementary argument discovered in 1962 by Glen E.
Bredon [Bre93].

The last group of four chapters, 12 through 15, explores the circle of
ideas surrounding integral curves and flows of vector fields, which are the
smooth-manifold version of systems of ordinary differential equations. I
prove a basic version of the existence, uniqueness, and smoothness theo-
rem for ordinary differential equations in Chapter 12, and use that to prove
the fundamental theorem on flows, the third foundational theorem. After
a technical excursion into the theory of Lie derivatives, flows are applied
to study foliations and the Frobenius theorem (the last of the four founda-
tional theorems), and to explore the relationship between Lie groups and
Lie algebras.

The Appendix (which most readers should read first, or at least skim)
contains a very cursory summary of prerequisite material on linear algebra
and calculus that is used throughout the book. One large piece of prereq-
uisite material that should probably be in the Appendix, but is not yet,
is a summary of general topology, including the theory of the fundamental
group and covering spaces. If you need a review of that, you will have to
look at another book. (Of course, I recommend [Lee00], but there are many
other texts that will serve at least as welll)

This is still a work in progress, and there are bound to be errors and
omissions. Thus you will have to be particularly alert for typos and other
mistakes. Please let me know as soon as possible when you find any errors,
unclear descriptions, or questionable statements. I'll post corrections on
the Web for anything that is wrong or misleading.

I apologize in advance for the dearth of illustrations. I plan eventually
to include copious drawings in the book, but I have not yet had time to
generate them. Any instructor teaching from this book should be sure to
draw all the relevant pictures in class, and any student studying from them
should make an effort to draw pictures whenever possible.

Acknowledgments. There are many people who have contributed to the de-
velopment of this book in indispensable ways. I would like to mention es-
pecially Judith Arms and Tom Duchamp, both of whom generously shared
their own notes and ideas about teaching this subject; Jim Isenberg and
Steve Mitchell, who had the courage to teach from these notes while they
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were still in development, and who have provided spectacularly helpful
suggestions for improvement; and Gary Sandine, who after having found
an early version of these notes on the Web has read them with incredible
thoroughness and has made more suggestions than anyone else for improv-
ing them, and has even contributed several first-rate illustrations, with a
promise of more to come.

Happy reading!

John M. Lee Seattle
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1
Smooth Manifolds

This book is about smooth manifolds. In the simplest terms, these are
spaces that locally look like some Euclidean space R™, and on which one
can do calculus. The most familiar examples, aside from Euclidean spaces
themselves, are smooth plane curves such as circles and parabolas, and
smooth surfaces R? such as spheres, tori, paraboloids, ellipsoids, and hy-
perboloids. Higher-dimensional examples include the set of unit vectors in
R"™*! (the n-sphere) and graphs of smooth maps between Euclidean spaces.

You are probably already familiar with manifolds as examples of topo-
logical spaces: A topological manifold is a topological space with certain
properties that encode what we mean when we say that it “locally looks
like” R™. Such spaces are studied intensively by topologists.

However, many (perhaps most) important applications of manifolds in-
volve calculus. For example, the application of manifold theory to geometry
involves the study of such properties as volume and curvature. Typically,
volumes are computed by integration, and curvatures are computed by for-
mulas involving second derivatives, so to extend these ideas to manifolds
would require some means of making sense of differentiation and integration
on a manifold. The application of manifold theory to classical mechanics in-
volves solving systems of ordinary differential equations on manifolds, and
the application to general relativity (the theory of gravitation) involves
solving a system of partial differential equations.

The first requirement for transferring the ideas of calculus to manifolds is
some notion of “smoothness.” For the simple examples of manifolds we de-
scribed above, all subsets of Euclidean spaces, it is fairly easy to describe
the meaning of smoothness on an intuitive level. For example, we might
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want to call a curve “smooth” if it has a tangent line that varies continu-
ously from point to point, and similarly a “smooth surface” should be one
that has a tangent plane that varies continuously from point to point. But
for more sophisticated applications, it is an undue restriction to require
smooth manifolds to be subsets of some ambient Euclidean space. The am-
bient coordinates and the vector space structure of R™ are superfluous data
that often have nothing to do with the problem at hand. It is a tremen-
dous advantage to be able to work with manifolds as abstract topological
spaces, without the excess baggage of such an ambient space. For exam-
ple, in the application of manifold theory to general relativity, spacetime
is thought of as a 4-dimensional smooth manifold that carries a certain
geometric structure, called a Lorentz metric, whose curvature results in
gravitational phenomena. In such a model, there is no physical meaning
that can be assigned to any higher-dimensional ambient space in which the
manifold lives, and including such a space in the model would complicate
it needlessly. For such reasons, we need to think of smooth manifolds as
abstract topological spaces, not necessarily as subsets of larger spaces.

As we will see shortly, there is no way to define a purely topological
property that would serve as a criterion for “smoothness,” so topological
manifolds will not suffice for our purposes. As a consequence, we will think
of a smooth manifold as a set with two layers of structure: first a topology,
then a smooth structure.

In the first section of this chapter, we describe the first of these structures.
A topological manifold is a topological space with three special properties
that express the notion of being locally like Euclidean space. These prop-
erties are shared by Euclidean spaces and by all of the familiar geometric
objects that look locally like Euclidean spaces, such as curves and surfaces.

In the second section, we introduce an additional structure, called a
smooth structure, that can be added to a topological manifold to enable us
to make sense of derivatives. At the end of that section, we indicate how
the two-stage construction can be combined into a single step.

Following the basic definitions, we introduce a number of examples of
manifolds, so you can have something concrete in mind as you read the
general theory. (Most of the really interesting examples of manifolds will
have to wait until Chapter 5, however.) We then discuss in some detail how
local coordinates can be used to identify parts of smooth manifolds locally
with parts of Euclidean spaces. At the end of the chapter, we introduce
an important generalization of smooth manifolds, called manifolds with
boundary.
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Topological Manifolds

This section is devoted to a brief overview of the definition and properties
of topological manifolds. We assume the reader is familiar with the basic
properties of topological spaces, at the level of [Lee00] or [Mun75], for
example.

Suppose M is a topological space. We say M is a topological manifold of
dimension n or a topological n-manifold if it has the following properties:

o M is a Hausdorff space: For every pair of points p,q € M, there are
disjoint open subsets U,V C M such that p € U and g € V.

e M is second countable: There exists a countable basis for the topology
of M.

o M is locally Fuclidean of dimension n: Every point has a neighbor-
hood that is homeomorphic to an open subset of R".

The locally Euclidean property means that for each p € M, we can find
the following:

e an open set U C M containing p;
e an open set Uc R™; and

e a homeomorphism ¢: U — U (i.e, a continuous bijective map with
continuous inverse).

Exercise 1.1. Show that equivalent definitions of locally Euclidean spaces
are obtained if, instead of requiring U to be homeomorphic to an open subset
of R™, we require it to be homeomorphic to an open ball in R", or to R"
itself.

The basic example of a topological n-manifold is, of course, R™. It is
Hausdorff because it is a metric space, and it is second countable because
the set of all open balls with rational centers and rational radii is a count-
able basis.

Requiring that manifolds share these properties helps to ensure that
manifolds behave in the ways we expect from our experience with Euclidean
spaces. For example, it is easy to verify that in a Hausdorff space, one-
point sets are closed and limits of convergent sequences are unique. The
motivation for second countability is a bit less evident, but it will have
important consequences throughout the book, beginning with the existence
of partitions of unity in Chapter 2.

In practice, both the Hausdorff and second countability properties are
usually easy to check, especially for spaces that are built out of other man-
ifolds, because both properties are inherited by subspaces and products, as
the following exercises show.



4 1. Smooth Manifolds

Exercise 1.2. Show that any topological subspace of a Hausdorff space is
Hausdorff, and any finite product of Hausdorff spaces is Hausdorff.

Exercise 1.3. Show that any topological subspace of a second countable
space is second countable, and any finite product of second countable spaces
is second countable.

In particular, it follows easily from these two exercises that any open
subset of a topological n-manifold is itself a topological n-manifold (with
the subspace topology, of course).

One of the most important properties of second countable spaces is ex-

pressed the following lemma, whose proof can be found in [Lee00, Lemma
2.15].

Lemma 1.1. Let M be a second countable topological space. Then every
open cover of M has a countable subcover.

The way we have defined topological manifolds, the empty set is a topo-
logical n-manifold for every n. For the most part, we will ignore this special
case (sometimes without remembering to say so). But because it is useful
in certain contexts to allow the empty manifold, we have chosen not to
exclude it from the definition.

We should note that some authors choose to omit the the Hausdorff
property or second countability or both from the definition of manifolds.
However, most of the interesting results about manifolds do in fact require
these properties, and it is exceedingly rare to encounter a space “in nature”
that would be a manifold except for the failure of one or the other of these
hypotheses. See Problems 1-1 and 1-2 for a couple of examples.

Coordinate Charts

Let M be a topological n-manifold. A coordinate chart (or just a chart) on
M is a pair (U, ), where U is an open subset of M and ¢: U — Uis a
homeomorphism from U to an open subset U = ¢(U) C R™ (Figure 1.1).
If in addition U is an open ball in R™, then U is called a coordinate ball.

The definition of a topological manifold implies that each point p € M is
contained in the domain of some chart (U, ¢). If ¢(p) = 0, we say the chart
is centered at p. Given p and any chart (U, ) whose domain contains p,
it is easy to obtain a new chart centered at p by subtracting the constant
vector ¢(p).

Given a chart (U, ), we call the set U a coordinate domain, or a co-
ordinate neighborhood of each of its points. The map ¢ is called a (local)
coordinate map, and the component functions of ¢ are called local coordi-
nates on U. We will sometimes write things like “(U, ¢) is a chart containing
p” as a shorthand for “(U, ¢) is a chart whose domain U contains p.”
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FIGURE 1.1. A coordinate chart.

We conclude this section with a brief look at some examples of topological
manifolds.

Example 1.2 (Spheres). Let S denote the (unit) n-sphere, which is
the set of unit-length vectors in R™+1:

S" = {r e R" " |z| = 1}.

It is Hausdorff and second countable because it is a subspace of R™. To
show that it is locally Euclidean, for each index i = 1,...,n + 1, let Ui‘Ir
denote the subset of S™ where the ith coordinate is positive:

Ut ={(z',...,2"") es": 2" > 0}.

Similarly, U~ is the set where z¢ < 0.

2

For each such ¢, define maps (pli: U* — R" by

3

<pzi(:1:1, conaY) = (2t ,:;i, o),
where the hat over z' indicates that 2’ is omitted. Each ¢ is evidently a
continuous map, being the restriction to S of a linear map on R"*1. It is
a homeomorphism onto its image, the unit ball B® C R", because it has a
continuous inverse given by

(cp;t)_l(ul,...,u") = (ul,...,ui_l,:lz\/l — |u|2,ui,...,u") .
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Since every point in S"*! is in the domain of one of these 2n 4 2 charts, S™
is locally Euclidean of dimension n and is thus a topological n-manifold.

Example 1.3 (Projective Spaces). The n-dimensional real projective
space, denoted by P™ (or sometimes RP"), is defined as the set of 1-
dimensional linear subspaces of R"*!. We give it the quotient topology
determined by the natural map 7: R"™ < {0} — P" sending each point
x € R™1 < {0} to the line through x and 0. For any point z € R < {0},
let [x] = 7(x) denote the equivalence class of x in P".

For eachi=1,...,n+ 1, let U; C R"+1 < {0} be the set where 2% # 0,
and let U; = w([j}-) C P". Since U is a saturated open set (meaning that it
contains the full inverse image 7 (m(p)) for each p € U;), U; is open and
T [71- — U; is a quotient map. Define a map ¢;: U; — R™ by
2l gl gitl xn—i—l)

1 n+ly _
(pi[xa"'vx ]_<Evv i ) i R

It

This map is well-defined because its value is unchanged by multiplying =
by a nonzero constant, and it is continuous because ¢; o 7 is continuous.
(The characteristic property of a quotient map 7 is that a map f from
the quotient space is continuous if and only if the composition f o 7 is
continuous; see [Lee00].) In fact, ¢; is a homeomorphism, because its inverse
is given by

-1

o Tt u™) = et e T L,

as you can easily check. Geometrically, if we identify R™ in the obvious way
with the affine subspace where 2 = 1, then ;[x] can be interpreted as the
point where the line [z] intersects this subspace. Because the sets U; cover
P™, this shows that P™ is locally Euclidean of dimension n. The Hausdorff
and second countability properties are left as exercises.

Exercise 1.4. Show that P" is Hausdorff and second countable, and is
therefore a topological n-manifold.

Smooth Structures

The definition of manifolds that we gave in the preceding section is suffi-
cient for studying topological properties of manifolds, such as compactness,
connectedness, simple connectedness, and the problem of classifying man-
ifolds up to homeomorphism. However, in the entire theory of topological
manifolds, there is no mention of calculus. There is a good reason for this:
Whatever sense we might try to make of derivatives of functions or curves
on a manifold, they cannot be invariant under homeomorphisms. For ex-
ample, if f is a function on the circle S!, we would want to consider f to
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be differentiable if it has an ordinary derivative with respect to the an-
gle 6. But the circle is homeomorphic to the unit square, and because of
the corners the homeomorphism and its inverse cannot simultaneously be
differentiable. Thus, depending on the homeomorphism we choose, there
will either be functions on the circle whose composition with the homeo-
morphism is not differentiable on the square, or vice versa. (Although this
claim may seem plausible, it is probably not obvious at this point how to
prove it. After we have developed some more machinery, you will be asked
to prove it in Problem 5-11.)

To make sense of derivatives of functions, curves, or maps, we will need
to introduce a new kind of manifold called a “smooth manifold.” (Through-
out this book, we will use the word “smooth” to mean C'*°, or infinitely
differentiable.)

From the example above, it is clear that we cannot define a smooth
manifold simply to be a topological manifold with some special property,
because the property of “smoothness” (whatever that might be) cannot be
invariant under homeomorphisms.

Instead, we are going to define a smooth manifold as one with some
extra structure in addition to its topology, which will allow us to decide
which functions on the manifold are smooth. To see what this additional
structure might look like, consider an arbitrary topological n-manifold M.
Each point in M is in the domain of a coordinate map ¢: U — U C R™.
A plausible definition of a smooth function on M would be to say that
f: M — R is smooth if and only if the composite function fop=': U — R
is smooth. But this will make sense only if this property is independent
of the choice of coordinate chart. To guarantee this, we will restrict our
attention to “smooth charts.” Since smoothness is not a homeomorphism-
invariant property, the way to do this is to consider the collection of all
smooth charts as a new kind of structure on M. In the remainder of this
chapter, we will carry out the details.

Our study of smooth manifolds will be based on the calculus of maps
between Euclidean spaces. If U and V' are open subsets of Euclidean spaces
R™ and R™, respectively, a map F': U — V is said to be smooth if each
of the component functions of F' has continuous partial derivatives of all
orders. If in addition F' is bijective and has a smooth inverse map, it is called
a diffeomorphism. A diffeomorphism is, in particular, a homeomorphism. A
review of some of the most important properties of smooth maps is given
in the Appendix.

Let M be a topological n-manifold. If (U, ¢), (V, ) are two charts such
that U NV # @, then the composite map ¥ oo~ t: (U NV) — (U NV)
(called the transition map from ¢ to v) is a composition of homeomor-
phisms, and is therefore itself a homeomorphism (Figure 1.2). Two charts
(U, ) and (V,1)) are said to be smoothly compatible if either UNV = &
or the transition map 1 o ¢! is a diffeomorphism. (Since (U N V) and
(U NV) are open subsets of R™, smoothness of this map is to be inter-
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FIGURE 1.2. A transition map.

preted in the ordinary sense of having continuous partial derivatives of all
orders.)

We define an atlas for M to be a collection of charts whose domains cover
M. An atlas A is called a smooth atlas if any two charts in A are smoothly
compatible with each other.

In practice, to show that the charts of an atlas are smoothly compatible,
it suffices to check that the transition map 1) o ¢! is smooth for every
pair of coordinate maps ¢ and %, for then reversing the roles of ¢ and ¥
shows that the inverse map (¢ o =)=t = ¢ o9~ is also smooth, so each
transition map is in fact a diffeomorphism. We will use this observation
without further comment in what follows.

Our plan is to define a “smooth structure” on M by giving a smooth atlas,
and to define a function f: M — R to be smooth if and only if fo ¢! is
smooth (in the ordinary sense of functions defined on open subsets of R™)
for each coordinate chart (U, ) in the atlas. There is one minor technical
problem with this approach: In general, there will be many possible choices
of atlas that give the “same” smooth structure, in that they all determine
the same collection of smooth functions on M. For example, consider the
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following pair of atlases on R™:

A= {(R",1d)}
Ay = {(By(),1d) : z € R"},

where By (z) is the unit ball around = and Id is the identity map. Although
these are different smooth atlases, clearly they determine the same collec-
tion of smooth functions on the manifold R (namely, those functions that
are smooth in the sense of ordinary calculus).

We could choose to define a smooth structure as an equivalence class of
smooth atlases under an appropriate equivalence relation. However, it is
more straightforward to make the following definition. A smooth atlas A
on M is mazimal if it is not contained in any strictly larger smooth atlas.
This just means every chart that is smoothly compatible with every chart
in A is already in A. (Such a smooth atlas is also said to be complete.)

Now we can define the main concept of this chapter. A smooth structure
on a topological n-manifold M is a maximal smooth atlas. A smooth mani-
fold is a pair (M, A), where M is a topological manifold and A is a smooth
structure on M. When the smooth structure is understood, we usually omit
mention of it and just say “M is a smooth manifold.” Smooth structures are
also called differentiable structures or C'°° structures by some authors. We
will use the term smooth manifold structure to mean a manifold topology
together with a smooth structure.

We emphasize that a smooth structure is an additional piece of data
that must be added to a topological manifold before we are entitled to talk
about a “smooth manifold.” In fact, a given topological manifold may have
many different smooth structures (we will return to this issue in the next
chapter). And it should be noted that it is not always possible to find any
smooth structure—there exist topological manifolds that admit no smooth
structures at all.

It is worth mentioning that the notion of smooth structure can be gen-
eralized in several different ways by changing the compatibility require-
ment for charts. For example, if we replace the requirement that charts be
smoothly compatible by the weaker requirement that each transition map
1o ™! (and its inverse) be of class C*, we obtain the definition of a C*
structure. Similarly, if we require that each transition map be real-analytic
(i.e., expressible as a convergent power series in a neighborhood of each
point), we obtain the definition of a real-analytic structure, also called a
C¥ structure. If M has even dimension n = 2m, we can identify R?™ with
C™ and require that the transition maps be complex analytic; this deter-
mines a complex analytic structure. A manifold endowed with one of these
structures is called a C* manifold, real-analytic manifold, or complex man-
ifold, respectively. (Note that a C? manifold is just a topological manifold.)
We will not treat any of these other kinds of manifolds in this book, but
they play important roles in analysis, so it is useful to know the definitions.
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Without further qualification, every manifold mentioned in this book
will be assumed to be a smooth manifold endowed with a specific smooth
structure. In particular examples, the smooth structure will usually be
obvious from the context. If M is a smooth manifold, any chart contained
in the given maximal smooth atlas will be called a smooth chart, and the
corresponding coordinate map will be called a smooth coordinate map.

It is generally not very convenient to define a smooth structure by ex-
plicitly describing a maximal smooth atlas, because such an atlas contains
very many charts. Fortunately, we need only specify some smooth atlas, as
the next lemma shows.

Lemma 1.4. Let M be a topological manifold.

(a) Every smooth atlas for M is contained in a unique mazimal smooth
atlas.

(b) Two smooth atlases for M determine the same mazimal smooth atlas
if and only if their union is a smooth atlas.

Proof. Let A be a smooth atlas for M, and let A denote the set of all charts
that are smoothly compatible with every chart in A. To show that A is a
smooth atlas, we need to show that any two charts of A are compatible with
each other, which is to say that for any (U, ), (V,¢) € A, Yop~t: o(UN
V) — ¢(UNYV) is smooth.

Let © = ¢(p) € ¢(UNV) be arbitrary. Because the domains of the charts
in A cover M, there is some chart (W, §) € A such that p € W. Since every
chart in A is smoothly compatible with (1, 6), both the maps 6 o p~! and
1o f~1 are smooth where they are defined. Since p € UNV NW, it follows
that Yop=! = (pof~1)o(fop!) is smooth on a neighborhood of x. Thus
¥ o p~! is smooth in a neighborhood of each point in (U NV'). Therefore
A is a smooth atlas. To check that it is maximal, just note that any chart
that is smoothly compatible with every chart in A must in particular be
smoothly compatible with every chart in A, so it is already in A. This
proves the existence of a maximal smooth atlas containing A. If B is any
other maximal smooth atlas containing A, each of its charts is smoothly
compatible with each chart in A, so B C A. By maximality of B, B = A.

The proof of (b) is left as an exercise. |

Exercise 1.5. Prove Lemma 1.4(b).

For example, if a topological manifold M can be covered by a single
chart, the smooth compatibility condition is trivially satisfied, so any such
chart automatically determines a smooth structure on M.
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Examples

Before proceeding further with the general theory, let us establish some
examples of smooth manifolds.

Example 1.5 (Euclidean spaces). R” is a smooth n-manifold with the
smooth structure determined by the atlas consisting of the single chart
(R™,Id). We call this the standard smooth structure, and the resulting co-
ordinate map standard coordinates. Unless we explicitly specify otherwise,
we will always use this smooth structure on R".

Example 1.6 (Finite-dimensional vector spaces). Let V be any
finite-dimensional vector space. Any norm on V determines a topology,
which is independent of the choice of norm (Exercise A.21 in the Appen-
dix). With this topology, V' has a natural smooth structure defined as fol-
lows. Any (ordered) basis (E1,..., E,) for V defines a linear isomorphism
E:R" —V by

n

i=1
This map is a homeomorphism, so the atlas consisting of the single chart
(V, E71) defines a smooth structure. To see that this smooth structure
is independent of the choice of basis, let (El, e ,En) be any other basis
and let E(z) = > 2’ Ej be the corresponding isomorphism. There is some

invertible matrix (A7) such that E; = 3 j Al Ej for each j. The transition

map between the two charts is then given by E-1lo E(z) = z, where
T = (2%,...,2") is determined by
n _ n n L
Zngj = ZIlEZ - Z .IZAgEJ
j=1 i=1 ij=1

It follows that 77 = 3", AJz?. Thus the map from z to 7 is an invertible
linear map and hence a diffeomorphism, so the two charts are smoothly
compatible. This shows that the union of the two charts determined by
any two bases is still a smooth atlas, and thus all bases determine the same
smooth structure. We will call this the standard smooth structure on V.

The Einstein Summation Convention

This is a good place to pause and introduce an important notational con-
vention that we will use throughout the book. Because of the proliferation
of summations such as Y, 2’E; in this subject, we will often abbreviate
such a sum by omitting the summation sign, as in
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We interpret any such expression according to the following rule, called
the Einstein summation convention: If the same index name (such as i in
the expression above) appears twice in any term, once as an upper index
and once as a lower index, that term is understood to be summed over
all possible values of that index, generally from 1 to the dimension of the
space in question. This simple idea was introduced by Einstein to reduce
the complexity of the expressions arising in the study of smooth manifolds
by eliminating the necessity of explicitly writing summation signs.

Another important aspect of the summation convention is the positions
of the indices. We will always write basis vectors (such as FE;) with lower
indices, and components of a vector with respect to a basis (such as x?) with
upper indices. These index conventions help to ensure that, in summations
that make mathematical sense, any index to be summed over will typically
appear twice in any given term, once as a lower index and once as an upper
index.

To be consistent with our convention of writing components of vectors
with upper indices, we need to use upper indices for the coordinates of
a point (z!,...,2") € R”, and we will do so throughout this book. Al-
though this may seem awkward at first, in combination with the summa-
tion convention it offers enormous advantages when working with compli-
cated indexed sums, not the least of which is that expressions that are not
mathematically meaningful often identify themselves quickly by violating
the index convention. (The main exceptions are the Euclidean dot product
Toy=y, x'y’, in which 4 appears twice as an upper index, and certain
expressions involving matrices. We will always explicitly write summation
signs in such expressions.)

More Examples

Now we continue with our examples of smooth manifolds.

Example 1.7 (Matrices). Let M(m x n,R) denote the space of m x n
matrices with real entries. It is a vector space of dimension mn under ma-
trix addition and scalar multiplication. Thus M(m x n, R) is a smooth mn-
dimensional manifold. Similarly, the space M(m x n,C) of m x n complex
matrices is a vector space of dimension 2mn over R, and thus a manifold
of dimension 2mn. In the special case m = n (square matrices), we will
abbreviate M(n x n,R) and M(n x n,C) by M(n,R) and M(n,C), respec-
tively.

Example 1.8 (Open Submanifolds). Let U be any open subset of R™.
Then U is a topological n-manifold, and the single chart (U,1d) defines a
smooth structure on U.
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More generally, let M be a smooth n-manifold and U C M any open
subset. Define an atlas on U by

Ay = {smooth charts (V,¢) for M such that V C U}.

It is easy to verify that this is a smooth atlas for U. Thus any open subset
of a smooth n-manifold is itself a smooth n-manifold in a natural way. We
call such a subset an open submanifold of M.

Example 1.9 (The General Linear Group). The general linear
group GL(n,R) is the set of invertible n x n matrices with real entries.
It is an n?-dimensional manifold because it is an open subset of the n?-
dimensional vector space M(n,R), namely the set where the (continuous)
determinant function is nonzero.

Example 1.10 (Matrices of Maximal Rank). The previous example
has a natural generalization to rectangular matrices of maximal rank. Sup-
pose m < n, and let M,,(m x n,R) denote the subset of M(m x n,R)
consisting of matrices of rank m. If A is an arbitrary such matrix, the fact
that rank A = m means that A has some nonsingular m x m minor. By
continuity of the determinant function, this same minor has nonzero de-
terminant on some neighborhood of A in M(m x n,R), which implies that
A has a neighborhood contained in M,,,(m x n,R). Thus M,,,(m x n,R) is
an open subset of M (m x n,R), and therefore is itself an mn-dimensional
manifold. A similar argument shows that M, (m x n, R) is an mn-manifold
when n < m.

Exercise 1.6. If k is an integer between 0 and min(m,n), show that the
set of m X n matrices whose rank is at least k£ is an open submanifold of
M(m x n,R).

Example 1.11 (Spheres). We showed in Example 1.2 that the n-sphere
S® ¢ R™*! is a topological n-manifold. We put a smooth structure on S™
as follows. For each i = 1,...,n+ 1, let (Uii, gpf) denote the coordinate
chart we constructed in Example 1.2. For any distinct indices ¢ and j, the
transition map <ij o (gol?t)_l is easily computed. In the case ¢ < j, we get

(pj':o(gpgt)fl(ul,...,u”): (ul,...,zzi,...,:lz 1—|u|2,...,u”),

and a similar formula holds when ¢ > j. When ¢ = j, an even simpler com-
putation gives ¢ o () = Idgn. Thus the collection of charts {(U, oF)}
is a smooth atlas, and so defines a smooth structure on S™. We call this
its standard smooth structure. The coordinates defined above will be called
graph coordinates, because they arise from considering the sphere locally
as the graph of the function u’ = £/1 — |ul?.
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Exercise 1.7. By identifying R? with C in the usual way, we can think
of the unit circle S* as a subset of the complex plane. An angle function on
a subset U C S' is a continuous function 6: U — R such that ¢*® = p
for all p € U. Show that there exists an angle function 6 on an open subset
U c S' if and only if U # S'. For any such angle function, show that (U, 6)
is a smooth coordinate chart for S' with its standard smooth structure.

Example 1.12 (Projective spaces). The n-dimensional real projective
space P" is a topological n-manifold by Example 1.3. We will show that
the coordinate charts (U, ¢;) constructed in that example are all smoothly
compatible. Assuming for convenience that ¢ > j, it is straightforward to
compute that

—1/,1 n
®j o P, (’LL,...,'U/)
(ul ujfl uj+1 ui*l 1 ui+1 un>

.. s

ey B geeey

Wi w W W Cwi wd

which is a diffeomorphism from ¢;(U; N U;) to ¢, (U; NU;).

Example 1.13 (Product Manifolds). Suppose  My,..., My are
smooth manifolds of dimensions ni,...,n; respectively. The product
space My X --- x My is Hausdorff by Exercise 1.2 and second countable
by Exercise 1.3. Given a smooth chart (U;, ;) for each M;, the map
Q1 X o X g Up x -+ x Uy — RMT T js 3 homeomorphism onto its
image, which is an open subset of R™ ™ *7 Thus the product set is a
topological manifold of dimension ny + - - + ng, with charts of the form
(Uy X+ - x U, p1 X+ X ¢k ). Any two such charts are smoothly compatible
because, as is easily verified,

(h1 X - xahg) o (p1 X -+ X ) h = (1o ) X - x (Yo t),

which is a smooth map. This defines a natural smooth manifold structure
on the product, called the product smooth manifold structure. For example,
this yields a smooth manifold structure on the n-dimensional torus T" =
St x .- xSt

In each of the examples we have seen so far, we have constructed a smooth
manifold structure in two stages: We started with a topological space and
checked that it was a topological manifold, and then we specified a smooth
structure. It is often more convenient to combine these two steps into a
single construction, especially if we start with a set or a topological space
that is not known a priori to be a topological manifold. The following
lemma provides a shortcut.

Lemma 1.14 (One-Step Smooth Manifold Structure). Let M be a
set, and suppose we are given a collection {Uy} of subsets of M, together
with an injective map @q: Uy — R™ for each o, such that the following
properties are satisfied.
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(i) For each a, Uy = ¢o(Us) is an open subset of R™.
(i) For each o and B, po(Us NUR) and ¢3(Uy NUg) are open in R™.

(i) Whenever U, NUg # B, pg o ot pa(Us NUg) — ps(Us N Up) is
smooth.

(iv) Countably many of the sets U, cover M.

(v) Whenever p,q are distinct points in M, either there exists some U,
containing both p and g or there exist disjoint sets Uy, Ug withp € U,
and q € Ug.

Then M has a unique smooth manifold structure such that each (Uy, ¢a)
s a smooth chart.

Proof. We define the topology by taking the sets of the form 01 (V), where
V C U, is open, as a basis. To prove that this is a basis for a topology, let
o1 (V) and wgl(W) be two such basis sets. Properties (ii) and (iii) imply
tjlat ©q O cpEl(W) is an open subset of ¢, (Uy NUg), and therefore also of
U,. Thus if p is any point in o, 1 (V) N cpgl(W)7 then

0o (VN ooz (W) =w, (V) Nzt (W)

is a basis open set containing p. Each of the maps ¢,, is then a homeomor-
phism (essentially by definition), so M is locally Euclidean of dimension n.
If {Uq,} is a countable collection of the sets U, covering M, each of the
sets U,, has a countable basis, and the union of all these is a countable
basis for M, so M is second countable, and the Hausdorff property follows
easily from (v). Finally, (iii) guarantees that the collection {(Uy, ¢n)} is a
smooth atlas. It is clear that this topology and smooth structure are the
unique ones satisfying the conclusions of the lemma. O

Example 1.15 (Grassmann Manifolds). Let V be an n-dimensional
real vector space. For any integer 0 < k < n, we let Gi(V) denote the set
of all k-dimensional linear subspaces of V. We will show that G (V') can be
naturally given the structure of a smooth manifold of dimension k(n — k).
The construction is somewhat more involved than the ones we have done
so far, but the basic idea is just to use linear algebra to construct charts for
Gr(V) and then use Lemma 1.14 to show that these charts yield a smooth
manifold structure. Since we will give a more straightforward proof that
G(V) is a smooth manifold after we have developed more machinery in
Chapter 7, you may skip the details of this construction on first reading if
you wish.

Let P and @ be any complementary subspaces of V' of dimensions k£ and
(n—k), respectively, so that V' decomposes as a direct sum: V' = P®Q. The
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graph of any linear map A: P — @ is a k-dimensional subspace I'(A) C V,
defined by

I'(A) ={z+ Az : z € P}.

Any such subspace has the property that its intersection with @ is the zero
subspace. Conversely, any subspace with this property is easily seen to be
the graph of a unique linear map A: P — Q.

Let L(P,Q) denote the vector space of linear maps from P to @, and
let Ug denote the subset of G, (V) consisting of k-dimensional subspaces
whose intersection with @ is trivial. Define a map ¢: L(P, Q) — Ug by

P(A) =T(A).

The discussion above shows that ¢ is a bijection. Let ¢ = o~ 1: Uy —
L(P,Q). By choosing bases for P and @, we can identify L(P,Q) with
M((n— k) x k,R) and hence with R*"~%) and thus we can think of (Ug, ¢)
as a coordinate chart. Since the image of each chart is all of L(P,Q), con-
dition (i) of Lemma 1.14 is clearly satisfied.

Now let (P’, Q') be any other such pair of subspaces, and let ¢’, ¢’ be
the corresponding maps. The set ¢(Ug NUg/) C L(P,Q) consists of all
A € L(P, Q) whose graphs intersect both @ and Q' trivially, which is easily
seen to be an open set, so (i) holds. We need to show that the transition
map ¢’ o p~! = ¢’ 01) is smooth on this set. This is the trickiest part of
the argument.

Suppose A € o(Ug NUg/) C L(P,Q) is arbitrary, and let S denote the
subspace ¥(A4) =T'(A) C V. If we put A’ = ¢’ o)(A), then A’ is the unique
linear map from P’ to Q" whose graph is equal to S. To identify this map,
let ' € P’ be arbitrary, and note that A’z’ is the unique element of @’
such that 2’ + A’z’ € S, which is to say that

¥ + Az’ =2+ Az for some z € P. (1.1)

(See Figure 1.3.) There is in fact a unique z € P for which this holds,
characterized by the property that

r+Ar -2 € Q.

If we let I4: P — V denote the map I4(x) = 2+ Az and let 7p:: V — P’
be the projection onto P’ with kernel @Q’, then z satisfies

O0=np(v+ Az —2') =7p ola(z) — 2.

As long as A stays in the open subset of maps whose graphs intersect both
Q and Q' trivially, 7p: o [4: P — P’ is invertible, and thus we can solve
this last equation for x to obtain # = (7p: o I4)~1(z’). Therefore, A’ is
given in terms of A by

A/$/:IA$—I/:IAO(7TP' OIA)il(I/)—CC/. (12)
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FIGURE 1.3. Smooth compatibility of coordinates on Gg(V).

If we choose bases (E]) for P" and (F}) for ', the columns of the matrix
representation of A’ are the components of A’E.. By (1.2), this can be
written

A'El=T40 (np ols) ' (E) - E.

The matrix entries of 14 clearly depend smoothly on those of A, and thus so
also do those of mprol4. By Cramer’s rule, the components of the inverse of
a matrix are rational functions of the matrix entries, so the expression above
shows that the components of A’E! depend smoothly on the components
of A. This proves that ¢’ o ¢~ ! is a smooth map, so the charts we have
constructed satisfy condition (iii) of Lemma 1.14.

To check the countability condition (iv), we just note that G (V') can in
fact be covered by finitely many of the sets Ug: For example, if (E1, ..., E,)
is any fixed basis for V', any partition of the basis elements into two subsets
containing k and n — k elements determines appropriate subspaces P and
@, and any subspace S must have trivial intersection with @ for at least
one of these partitions (see Exercise A.4). Thus Gi(V) is covered by the
finitely many charts determined by all possible partitions of a fixed basis.
Finally, the Hausdorff condition (v) is easily verified by noting that for any
two k-dimensional subspaces P, P’ C V, it is possible to find a subspace Q
of dimension n — k whose intersections with both P and P’ are trivial, and
then P and P’ are both contained in the domain of the chart determined
by, say, (P, Q).

The smooth manifold Gg(V) is called the Grassmann manifold of k-
planes in V, or simply a Grassmannian. In the special case V = R"™, the
Grassmannian Gy (R™) is often denoted by some simpler notation such as
Gg.n or G(k,n). Note that G1 (R™™1) is exactly the n-dimensional projective
space P".
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FIGURE 1.4. A coordinate grid.

Exercise 1.8. Let 0 < k < n be integers, and let P,Q C R"™ be the
subspaces spanned by (e1,...,ex) and (€g+1,...,en), respectively, where e;
is the ith standard basis vector. For any k-dimensional subspace S C R"
that has trivial intersection with ), show that the coordinate representation
©(S) constructed in the preceding example is the unique (n—k) x k matrix B
such that S is spanned by the columns of the matrix (%), where I}, denotes
the k x k identity matrix.

Local Coordinate Representations

Here is how one usually thinks about local coordinate charts on a smooth
manifold. Once we choose a chart (U, ¢) on M, the coordinate map ¢: U —
U C R" can be thought of as giving an identification between U and U.
Using this identification, we can think of U simultaneously as an open
subset of M and (at least temporarily while we work with this chart) as
an open subset of R™. You can visualize this identification by thinking of a
“grid” drawn on U representing the inverse images of the coordinate lines
under ¢ (Figure 1.4). Under this identification, we can represent a point
p € M by its coordinates (x!,...,2") = ¢(p), and think of this n-tuple as
being the point p. We will typically express this by saying “(z?,...,z") is
the (local) coordinate representation for p” or “p = (z!,...,2") in local
coordinates.”
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FIGURE 1.5. A manifold with boundary.

Another way to look at it is that by means of our identification U < ﬁ,
we can think of ¢ as the identity map and suppress it from the notation.
This takes a bit of getting used to, but the payoff is a huge simplification
of the notation in many situations. You just need to remember that the
identification depends heavily on the choice of coordinate chart.

For example, if M = R?, let U = {(x,y) : © > 0} be the open right
half-plane, and let ¢: U — R? be the polar coordinate map p(x,y) =
(r,0) = (/22 +y? arctany/x). We can write a given point p € U ei-
ther as p = (wx,y) in standard coordinates or as p = (r,d) in po-
lar coordinates, where the two coordinate representations are related by

(r,0) = (\/22? 4+ y?,arctany/z) and (z,y) = (rcosf,rsin).

Manifolds With Boundary

For some purposes, we will need the following generalization of manifolds.
An n-dimensional topological manifold with boundary is a second count-
able Hausdorff space in which every point has a neighborhood homeo-
morphic to an open subset of the closed n-dimensional upper half space
H" = {(z!,...,2") € R" : 2" > 0} (Figure 1.5). An open subset U C M
together with a homeomorphism ¢ from U to an open subset of H" is called
a generalized chart for M.

The boundary of H™ in R™ is the set of points where 2™ = 0. If M is a
manifold with boundary, a point that is in the inverse image of OH™ under
some generalized chart is called a boundary point of M, and a point that is
in the inverse image of Int H" is called an interior point. The boundary of
M (the set of all its boundary points) is denoted OM; similarly its interior
is denoted Int M.
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Be careful to observe the distinction between this use of the terms
“boundary” and “interior” and their usage to refer to the boundary and
interior of a subset of a topological space. A manifold M with boundary
may have nonempty boundary in this new sense, irrespective of whether it
has a boundary as a subset of some other topological space. If we need to
emphasize the difference between the two notions of boundary, we will use
the terms topological boundary or manifold boundary as appropriate.

To see how to define a smooth structure on a manifold with boundary,
recall that a smooth map from an arbitrary subset A C R”™ is defined
to be one that extends smoothly to an open neighborhood of A (see the
Appendix). Thus if U is an open subset of H", a smooth map F:U —RF
is a map that extends to a smooth map F:U— R¥, where U is some open
subset of R™ containing U. If F' is such a map, by continuity all the partial
derivatives of F' at points of OH™ are determined by their values in H",
and therefore in particular are independent of the choice of extension. It is
a fact (which we will neither prove nor use) that F': U — R* has such a
smooth extension if and only if F' is continuous, F|ynmtm- is smooth, and
each of the partial derivatives of F|ynintm» has a continuous extension to
UnNnH"

For example, let B2 C R? denote the unit disk, let U = B? N H?2, and
define f: U — R by f(z,y) = /1 — a2 — y2. Because [ extends to all of
B? (by the same forrnula)7 f is a smooth function on U. On the other hand,
although g(z,y) = ,/y is continuous on U and smooth in U NInt H?, it has
no smooth extension to any neighborhood of U in R? because dg/dy — oo
as y — 0. Thus g is not a smooth function on U.

Given a topological manifold with boundary M, we define an atlas for
M as before to be a collection of generalized charts whose domains cover
M. Two such charts (U, @), (V,1)) are smoothly compatible if 1) o =1 is
smooth (in the sense just described) wherever it is defined. Just as in the
case of manifolds, a smooth atlas for M is an atlas all of whose charts are
smoothly compatible with each other, and a smooth structure for M is a
maximal smooth atlas.

It can be shown using homology theory that the interior and boundary
of a topological manifold with boundary are disjoint (see [Lee00, Problem
13-9], for example). We will not need this result, because the analogous
result for smooth manifolds with boundary is much easier to prove (or will
be, after we have developed a bit more machinery). A proof is outlined in
Problem 5-19.

Since any open ball in R™ admits a diffeomorphism onto an open sub-
set of H", a smooth n-manifold is automatically a smooth n-manifold with
boundary (whose boundary is empty), but the converse is not true: A man-
ifold with boundary is a manifold if and only if its boundary is empty. (This
will follow from the fact that interior points and boundary points are dis-
tinct.)
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Problems

1-1.

1-2.

1-3.

1-4.

1-5.

Let X be the set of all points (z,y) € R? such that y = +1, and
let M be the quotient of X by the equivalence relation generated by
(x,—1) ~ (z,1) for all z # 0. Show that M is locally Euclidean and
second countable, but not Hausdorff. [This space is called the line
with two origins.]

Show that the disjoint union of uncountably many copies of R is
locally Euclidean and Hausdorff, but not second countable.

Let N = (0,...,0,1) be the “north pole” and S = —N the “south
pole.” Define stereographic projection o: S* ~ {N} — R"™ by

(..., 2")
O'((El,...?xn-i_l) ﬁ

Let o(z) = o(—x) for z € S* \ {S}.
(a) Show that o is bijective, and

(2ul, ..., 2u™ |ul? — 1)

—1/1 ny _—
o (u,..,u) = WET 1

(b) Compute the transition map & o 0~! and verify that the atlas
consisting of the two charts (S™ \ {N},0) and (S™ \ {S},7)
defines a smooth structure on S™. (The coordinates defined by
o or ¢ are called stereographic coordinates.)

(¢) Show that this smooth structure is the same as the one defined
in Example 1.11.

Let M be a smooth n-manifold with boundary. Show that Int M is
a smooth n-manifold and OM is a smooth (n — 1)-manifold (both
without boundary).

Let M = B~, the closed unit ball in R™. Show that M is a mani-
fold with boundary and has a natural smooth structure such that its
interior is the open unit ball with its standard smooth structure.
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2
Smooth Maps

The main reason for introducing smooth structures was to enable us to
define smooth functions on manifolds and smooth maps between manifolds.
In this chapter, we will carry out that project.

Although the terms “function” and “map” are technically synonymous,
when studying smooth manifolds it is often convenient to make a slight dis-
tinction between them. Throughout this book, we will generally reserve the
term “function” for a map whose range is R (a real-valued function) or R¥
for some k > 1 (a vector-valued function). The word “map” or “mapping”
can mean any type of map, such as a map between arbitrary manifolds.

We begin by defining smooth real-valued and vector-valued functions,
and then generalize this to smooth maps between manifolds. We then study
diffeomorphisms, which are bijective smooth maps with smooth inverses. If
there is a diffeomorphism between two manifolds, we say they are diffeomor-
phic. The main objects of study in smooth manifold theory are properties
that are invariant under diffeomorphisms.

Later in the chapter, we study smooth covering maps, and their relation-
ship to the continuous covering maps studied in topology; and we introduce
Lie groups, which are smooth manifold that are also groups in which mul-
tiplication and inversion are smooth maps.

At the end of the chapter, we introduce some powerful tools for smoothly
piecing together local smooth objects, called bump functions and partitions
of unity. They will be used throughout the book for building global smooth
objects out of ones that are initially defined only locally.
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Smooth Functions and Smooth Maps

If M is a smooth manifold, a function f: M — R* is said to be smooth
if, for every smooth chart (U, ) on M, the composite function f o o1
is smooth on the open subset p(U) C R™. The most important special
case is that of smooth real-valued functions f: M — R; the set of all such
functions is denoted by C'°°(M). Because sums and constant multiplies of
smooth functions are smooth, C*° (M) is a vector space. In fact, it is a ring
under pointwise multiplication, as you can easily verify.

Although by definition smoothness of f means that its composition with
every smooth coordinate map is smooth, in practice it suffices to check
smoothness in each of the charts of some smooth atlas, as the next lemma
shows.

Lemma 2.1. Suppose {(Un,pa)} is a smooth atlas for M. If f: M — RF
is a function such that f o o' is smooth for each o, then f is smooth.

Proof. We just need to check that f op~! is smooth for any smooth chart
(U, ) on M. It suffices to show it is smooth in a neighborhood of each
point x = p(p) € ¢(U). For any p € U, there is a chart (Uy, po) in the
atlas whose domain contains p. Since (U, @) is smoothly compatible with
(Ua, Pa), the transition map ¢, 0@~ is smooth on its domain of definition,
which includes x. Thus fo ¢! = (fow,!) o (¢a 0 ¢~1) is smooth in a
neighborhood of z. O

Given a function f: M — R* and a chart (U, ) for M, the function
F:o(U) — RF defined by f(z) = f o () is called the coordinate rep-
resentation of f. For example, consider f(x,y) = 22 + y* on the plane.
In polar coordinates, it has the coordinate representation f(r, 0) = r2. In
keeping with our practice of using local coordinates to identify U with a
subset of Euclidean space, in cases where it will cause no confusion we will
often not even observe the distinction between f and f itself, and write
f(r,0) = r? in polar coordinates. Thus, we might say “f is smooth on U
because its coordinate representation f(r,0) = r? is smooth.”

The definition of smooth functions generalizes easily to maps between
manifolds. Let M, N be smooth manifolds, and let F': M — N be any
map. We say F' is a smooth map if, for any smooth charts (U, ) for M and
(V, %) for N, the composite map 1o Fop~! is smooth from o(UNF~1(V))
to (V). Note that our previous definition of smoothness of real-valued
functions can be viewed as a special case of this one, by taking N = R*
and ¢ = Id.

Exercise 2.1 (Smoothness is Local). Let F': M — N be a map be-
tween smooth manifolds, and suppose each point p € M has a neighborhood
U such that F|y is smooth. Show that F' is smooth.
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We call F = yoFop~! the coordinate representation of F with respect to
the given coordinates. As with real-valued or vector-valued functions, once
we have chosen specific local coordinates in both the domain and range, we
can often ignore the distinction between F' and F.

Just as for functions, to prove that a map is smooth it suffices to show
that its coordinate representatives with respect to a particular smooth atlas
are smooth. The proof is analogous to that of Lemma 2.1 and is left as an
exercise.

Lemma 2.2. Let M, N be smooth manifolds and let F: M — N be any
map. If {{Uas o)} and {(Vs,93)} are smooth atlases for M and N, re-
spectively, and if for each o and (3, g o F o pt is smooth on its domain
of definition, then F' is smooth.

Exercise 2.2. Prove Lemma 2.2.

Lemma 2.3. Any composition of smooth maps between manifolds is
smooth.

Proof. Given smooth maps F: M — N and G: N — P, let (U,¢) and
(V,4) be any charts for M and P respectively. We need to show that
1o(GoF)op~! is smooth where it is defined, namely on (UN(GoF)~1(V)).
For any point p € UN(Go F)~(V), there is a chart (W, #) for N such that
F(p) € W. Smoothness of F' and GG means that o Fop~! and 1o Gof~?
are smooth where they are defined, and therefore ¢ o (G o F)o ¢! =
(poGoh 1t)o(foFopl)issmooth. a

Example 2.4 (Smooth maps).

(a) Consider the n-sphere S™ with its standard smooth structure. The
inclusion map ¢: S* «— R"*! is certainly continuous, because it is
the inclusion map of a topological subspace. It is a smooth map be-
cause its coordinate representation with respect to any of the graph
coordinates of Example 1.11 is

Wty u™) = o (o) Yl .. u™)

_ (.1 i—1 3 i n
—(u oot T —ul?ut, ),

which is smooth on its domain (the set where |u|? < 1).

(b) The quotient map m: R*™ < {0} — P" is smooth, because its coor-
dinate representation in terms of the coordinates for P” constructed
in Example 1.12 and standard coordinates on R"*! \ {0} is

1 xn-i—l)

m(at,. .., ! 2"

:(piOﬂ'(,CC,,.. :(pi[xlu'-'a

(El wi—l (Ei+1 xn-i—l
= ;,...7 i 5 2 ) 7 .

xn—i—l]
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(c) Define p: S — P™ as the restriction of 7: R"™ ~ {0} — P" to
Sm ¢ R**L {0}. It is a smooth map, because it is the composition
p = 7w o of the maps in the preceding two examples.

Exercise 2.3. Let Mi,..., My, and N be smooth manifolds. Show that a
map F': N — M X --- X My, is smooth if and only if each of the “component
maps” F; = m; 0 F: N — M; is smooth. (Here m;: My X -+- X My — M; is
the projection onto the ith factor.)

The definitions of smooth functions and smooth maps on a manifold
with boundary are exactly the same as for manifolds; you can work out the
details for yourself.

Diffeomorphisms

A diffeomorphism between manifolds M and N is a smooth map F': M —
N that has a smooth inverse. We say M and N are diffeomorphic if there
exists a diffeomorphism between them. Sometimes this is symbolized by
M =~ N. For example, if B® denotes the open unit ball in R", the map
F:B" — R" given by F(x) = x/(1 — |z|?) is easily seen to be a diffeomor-
phism, so B” ~ R".

Exercise 2.4. Show that “diffeomorphic” is an equivalence relation.

More generally, F': M — N is called a local diffeomorphism if every
point p € M has a neighborhood U such that F(U) is open in N and
F:U — F(U) is a diffetomorphism. It is clear from the definition that a
local diffeomorphism is, in particular, a local homeomorphism and therefore
an open map.

Exercise 2.5. Show that a map F': M — N is a diffeomorphism if and
only if it is a bijective local diffeomorphism.

Just as two topological spaces are considered to be “the same” if they
are homeomorphic, two smooth manifolds are essentially indistinguishable
if they are diffeomorphic. The central concern of smooth manifold theory
is the study of properties of smooth manifolds that are preserved by dif-
feomorphisms.

One question that naturally arises is to what extent a smooth structure
on a given topological manifold might be unique. There are really two
different questions here: The first is whether a given manifold M admits
distinct smooth structures, and the second is whether it admits smooth
structures that are not diffeomorphic to each other.

Let us begin by addressing the first question. It is easy to see that two
smooth structures A, Az on a given manifold M are the same if and only
if the identity map of M is a diffeomorphism from (M, A;) to (M, Az).
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In general, a given topological manifold will admit very many distinct
smooth structures. For example, consider the two homeomorphisms ¢: R —
R and ¥: R — R given by

Each of the atlases {(R, )} and {(R,%)} determines a smooth structure
on R. (Since there is only one chart in each case, the smooth compati-
bility condition is trivially satisfied.) These two charts are not smoothly
compatible with each other, because ¢ o ¥ ~'(y) = y'/? is not smooth at
the origin. Therefore the two smooth structures on R determined by these
atlases are distinct. Using similar ideas, it is not hard to construct many
different smooth structures on any given manifold.

The second question, whether two given smooth structures are diffeomor-
phic to each other, is more subtle. Consider the same two smooth structures
on R, and for the moment let R, denote R with the smooth structure deter-
mined by ¢ (this is just the standard smooth structure) and Ry, the same
topological manifold but with the smooth structure determined by . It
turns out that these two manifolds are diffeomorphic to each other. Define
amap F: R, — Ry, by F(z) = 2'/3. The coordinate representation of this
map is 13(75) =1 o Fop l(t) =t, which is clearly smooth. Moreover, the
coordinate representation of its inverse is F—1(y) = po F~Loy~(y) =y,
which is also smooth, so F is a diffeomorphism. (This is one case in which it
is important to maintain the distinction between a map and its coordinate
representation!)

It turns out, as you will see later, that there is only one smooth struc-
ture on R up to diffeomorphism (see Problem 12-5). More precisely, if A
and A, are any two smooth structures on R, there exists a diffeomorphism
F: (R,A;) — (R, As). In fact, it follows from work of Edwin Moise [Moi77]
and James Munkres [Mun60] that every topological manifold of dimension
less than or equal to 3 has a smooth structure that is unique up to dif-
feomorphism. The analogous question in higher dimensions turns out to
be quite deep, and is still largely unanswered. Even for Euclidean spaces,
the problem was not completely solved until late in the twentieth century.
The answer is somewhat surprising: As long as n # 4, R™ has a unique
smooth structure (up to diffeomorphism); but R* has uncountably many
distinct smooth structures, no two of which are diffeomorphic to each other!
The existence of nonstandard smooth structures on R* (called fake R*s)
was first proved by Simon Donaldson and Michael Freedman in 1984 as
a consequence of their work on the geometry and topology of compact
4-manifolds; the results are described in [DK90] and [FQ90].

For compact manifolds, the situation is even more interesting. For ex-
ample, in 1963, Michel Kervaire and John Milnor [KM63] showed that, up
to diffeomorphism, S” has exactly 28 non-diffeomorphic smooth structures.
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On the other hand, in all dimensions greater than 3 there are compact
topological manifolds that have no smooth structures at all. (The first ex-
ample was found in 1960 by Kervaire [Ker60].) The problem of identifying
the number of smooth structures (if any) on topological 4-manifolds is an
active subject of current research.

Smooth Covering Maps

You are probably already familiar with the notion of a covering map be-
tween topological spaces: This is a surjective continuous map 7: M — M
between connected, locally path connected spaces, with the property that
every point p € M has a neighborhood U that is evenly covered, meaning
that each component of 7—1(U) is mapped homeomorphically onto U by
7. In this section, we will assume familiarity with the basic properties of
covering maps, as described for example in [Lee00, Chapters 11 and 12].

In the context of smooth manifolds, it is useful to introduce a slightly
more restrictive type of covering map. If M and M are connected smooth
manifolds, a smooth covering map w: M — M is a smooth surjective map
with the property that every p € M has a neighborhood U such that each
component of 771(U) is mapped diffeomorphically onto U by 7. In this
context, we will also say that U is evenly covered. The manifold M is
called the base of the covering, and M is called a covering space of M.

To distinguish this new definition from the previous one, we will often call
an ordinary (not necessarily smooth) covering map a topological covering
map. A smooth covering map is, in particular, a topological covering map.
However, it is important to bear in mind that a smooth covering map is
more than just a topological covering map that happens to be smooth—the
definition of smooth covering map requires in addition that the restriction
of 7 to each component of the inverse image of an evenly covered set be a
diffeomorphism, not just a smooth homeomorphism.

Proposition 2.5 (Properties of Smooth Coverings).
(a) Any smooth covering map is a local diffeomorphism and an open map.
(b) An injective smooth covering map is a diffeomorphism.

(¢) A topological covering map is a smooth covering map if and only if it
is a local diffeomorphism.

Exercise 2.6. Prove Proposition 2.5.

Ifm: M — M is any continuous map, a section of 7 is a continuous map
o: M — M such that 7 oo = Idy. A local section is a continuous map
0: U — M defined on some open set U C M and satisfying the analogous
relation m o o = Idy. Many of the important properties of smooth covering
maps arise from the existence of smooth local sections.
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Lemma 2.6 (Local Sections of Smooth Coverings). Suppose
7 M — M is a smooth covering map. Every point ofM is_in the image
of a smooth local section of w. More precisely, for any q € M, there is a
neighborhood U of p = w(q) and a smooth local section o: U — M such
that o(p) = q.

Proof. Let U C M be an evenly covered neighborhood of p. If U is the
component of 7~(U) containing ¢, then 7|z : U — U is by hypothesis a
diffeomorphism. It follows that o = (n|5)"': U — U is a smooth local
section of 7 such that o(p) = q. O

One important application of local sections is the following proposition,
which gives a very simple criterion for deciding which maps out of the base
space of a covering are smooth.

Proposition 2.7. Suppose w: M — M is a smooth covering map and
N s any smooth manifold. A map F': M — N is smooth if and only if
Fom: M — M 1is smooth:

M
T Fom
M N.

Proof. One direction is obvious by composition. Suppose conversely that
Fom is smooth, and let p € M be arbitrary. By the preceding lemma, there
is a neighborhood U of p and a smooth local section o: U — M, so that
7 oo = Idy. Then the restriction of F' to U satisfies

Fly=Foldy=Fo(mroo)=(Fom)oo,

which is a composition of smooth maps. Thus F' is smooth on U. Since F
is smooth in a neighborhood of each point, it is smooth. O

The next proposition shows that every covering space of a smooth man-
ifold is itself a smooth manifold.

Proposition 2.8. If M is a smooth manifold and m: M — M is any
topological covering map, then M has a unique smooth manifold structure
such that m is a smooth covering map.

Proof. Because 7 is, in particular, a local homeomorphism, it is clear that
M is locally Euclidean. .

Let p,q be distinct points in M. If n(p) = n(q) and U C M is an
evenly covered open set containing 7(p), then the components of 7= 1(U)
containing p and ¢ are disjoint open subsets of M separating p and gq.
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On the other hand, if w(p) # 7(q), there are disjoint open sets U and V'
containing 7(p) and m(q), respectively, and then 7—1(U) and 7= (V) are
open subsets of M separating p and ¢q. Thus M is Hausdorft.

The fibers of 7 are countable, because the fundamental group of M is
countable and acts transitively on each fiber [Lee00, Theorems 8.11 and
11.21]. Thus if {U; }sen is a countable basis for the topology of M, it is easy
to check that the set of all components of 7~1(U;) as i ranges over N forms
a countable basis for the topology of M , SO M is second countable.

Any point p € M has an evenly covered neighborhood U. Shrinking U if
necessary, we may assume also that it is the domain of a coordinate map
¢: U — R™. Letting U be a component of 771(U) and ¢ = pom: U — R",
it is clear that (U, @) is a chart on M. If two such charts (U, ) and (V1))
overlap, the transition map can be written

Yot = (Womlgap)o(wolgap)
=y om|gay o (mgap) tow”

=top ",

1

which is smooth. Thus the collection of all such charts defines a smooth
structure on M. The uniqueness of this smooth structure is left as an
exercise. 0

Exercise 2.7. Prove that the smooth structure constructed above on M
is the unique one such that 7 is a smooth covering map. [Hint: Use the
existence of smooth local sections.]

Lie Groups

A Lie group is a smooth manifold G that is also a group in the algebraic
sense, with the property that the multiplication map m: G x G — G and
inversion map i: G — G, given by

m(gvh) = gh, z(g) :gila
are both smooth. Because smooth maps are continuous, a Lie group is, in
particular, a topological group (a topological space with a group structure
such that the multiplication and inversion maps are continuous).

The group operation in an arbitrary Lie group will be denoted by juxta-
position, except in certain abelian groups such as R™ in which the operation
is usually written additively. It is traditional to denote the identity element
of an arbitrary Lie group by the symbol e (for German Einselement, “unit
element”), and we will follow this convention, except in specific examples
in which there are more common notations (such as I or I, for the identity
matrix in a matrix group, or 0 for the identity element in R™).
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The following alternative characterization of the smoothness condition
is sometimes useful.

Lemma 2.9. Suppose G is a smooth manifold with a group structure such
that the map G x G — G given by (g,h) — gh~' is smooth. Then G is a
Lie group.

Exercise 2.8. Prove Lemma 2.9.

Example 2.10 (Lie Groups). Each of the following manifolds is a Lie
group with the indicated group operation.

()

The general linear group GL(n,R) is the set of invertible n x n matri-
ces with real entries. It is a group under matrix multiplication, and
it is an open submanifold of the vector space M(n,R) as we observed
in Chapter 1. Multiplication is smooth because the matrix entries of
a product matrix AB are polynomials in the entries of A and B. In-
version is smooth because Cramer’s rule expresses the entries of A~}
as rational functions of the entries of A.

The complex general linear group GL(n,C) is the group of complex
n X n matrices under matrix multiplication. It is an open submanifold
of M(n,C) and thus a 2n?-dimensional smooth manifold, and it is a
Lie group because matrix products and inverses are smooth functions
of the real and imaginary parts of the matrix entries.

If V is any real or complex vector space, we let GL(V) denote the
group of invertible linear transformations from V to itself. If V is
finite-dimensional, any basis for V' determines an isomorphism of
GL(V) with GL(n,R) or GL(n,C), with n = dimV, so GL(V) is
a Lie group.

The real number field R and Euclidean space R™ are Lie groups un-
der addition, because the coordinates of z — y are smooth (linear!)
functions of (z,y).

The set R* of nonzero complex numbers is a 1-dimensional Lie group
under multiplication. (In fact, it is exactly GL(1,R), if we identify
a 1 x 1 matrix with the corresponding real number.) The subset R
of positive real numbers is an open subgroup, and is thus itself a
1-dimensional Lie group.

The set C* of nonzero complex numbers is a 2-dimensional Lie group
under complex multiplication, which can be identified with GL(1, C).

The circle S! € C* is a smooth manifold and a group under complex
multiplication. Using appropriate angle functions as local coordinates
on open subsets of S', multiplication and inversion have the smooth
coordinate expressions (01,02) — 61 + 02 and 6 — —0, and therefore
S! is a Lie group, called the circle group.
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(h) Any product of Lie groups is a Lie group with the product manifold
structure and the direct product group structure, as you can easily
check.

(i) The n-torus T" = S x - .- x S! is an n-dimensional abelian Lie group.

(j) Any finite or countable group with the discrete topology is a zero-
dimensional Lie group. We will call any such group a discrete group.

Let G be an arbitrary Lie group. Any element ¢ € G defines maps
Ly, Ry: G — G, called left translation and right translation, respectively,
by

Ly(h) = gh, Ry(h) = hg.
Because L, can be written as the composition of smooth maps
G5 GxG™ G,

where t4(h) = (g, h) and m is multiplication, it follows that L, is smooth.
It is actually a diffeomorphism of G, because L -1 is a smooth inverse for
it. Similarly, R;: G — G is a diffeomorphism. Observe that, given any two
points g1, 92 € G, there is a unique left translation of G taking g1 to g2,
namely left translation by ga29; 1 Many of the important properties of Lie
groups follow, as you will see repeatedly in later chapters, from the fact
that we can systematically map any point to any other by such a global
diffeomorphism.

If G and H are Lie groups, a Lie group homomorphism from G to H is a
smooth map F': G — H that is also a group homomorphism. It is called a
Lie group isomorphism if it is also a diffeomorphism, which implies that it
has an inverse that is also a Lie group homomorphism. We will sometimes
use the abbreviated terms Lie homomorphism and Lie isomorphism when
they will not cause confusion.

Example 2.11 (Lie Group Homomorphisms).

(a) The inclusion map S! < C* is a Lie group homomorphism.

(b) The map exp: R — R* given by exp(t) = e’ is smooth, and is a

Lie group homomorphism because e(*t?) = eset. (Note that R is
considered as a Lie group under addition, while R* is a Lie group
under multiplication.) The image of exp is the open subgroup R
consisting of positive real numbers, and exp: R — R* is a Lie group
isomorphism with inverse log: RT — R.

(¢) Similarly, exp: C — C* given by exp z = e* is a Lie group homomor-
phism. It is surjective but not injective, because its kernel consists of
the complex numbers of the form 27ik where k is an integer.
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The covering map £: R — S! defined by £(t) = €27 is a Lie group ho-
momorphism whose kernel is the set Z of integers. Similarly the cover-
ing map ": R — T™ defined by e"(t1,...,t,) = (€271 ... 27in)
is a Lie group homomorphism whose kernel is Z".

The determinant map det: GL(n,R) — R* is smooth because
det A is a polynomial in the matrix entries of A. It is a Lie
group homomorphism because det(AB) = (det A)(det B). Similarly,
det: GL(n,C) — C* is a Lie group homomorphism.

Representations

One kind of Lie group homomorphism plays a fundamental role in many
branches of mathematics. If G is a Lie group and V is a vector space, any
Lie group homomorphism p: G — GL(V) is called a representation of G. If
V is finite-dimensional, then p is called a finite-dimensional representation.
The study of representations of Lie groups is a vast field in its own right,
and we can do no more than touch on it here.

Example 2.12 (Lie Group Representations).

(a)

(b)

The identity map GL(n,R) — GL(n,R) = GL(R") is a represen-
tation of GL(n,R), called the defining representation. The defining
representation of GL(n,C) is defined similarly.

The inclusion map S' — C* = GL(1,C) is a representation of the
circle group. More generally, the map p: T" — GL(n, C) given by

210 ... 0
2
. o 0 =2 ... 0
pzr,...,2") = :
0 O z"

is a representation of T".

Define a map 7: R — GL(n+1,R) by sending X € R” to the matrix
7(X) defined in block form by

0= (5 )

where [, is the n x n identity matrix and X is thought of as an
n X 1 column matrix. Then a simple computation shows that 7 is a
representation.
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Bump Functions and Partitions of Unity

In this section, we develop bump functions and partitions of unity, which
are tools for patching together local smooth objects into global ones. These
tools are of central importance in smooth manifold theory and will reappear
throughout the book.

All of these tools are based on the existence of smooth functions that
are positive in a specified part of a manifold and identically zero in some
other part. If f is any real-valued or vector-valued function on a smooth
manifold M, the support of f, denoted by supp f, is the closure of the set
of points where f is nonzero:

supp f ={p € M : f(p) # 0}.

If supp f is contained in some set U, we say f is supported in U. A function
f is said to be compactly supported if supp f is a compact set. Clearly every
function on a compact manifold is compactly supported.

We begin by defining a smooth function on the real line that is zero for
t < 0 and positive for ¢t > 0.

Lemma 2.13. The function f: R — R defined by

e/t t>0,
f(t) =
0 t<0

is smooth.

Proof. Tt is clearly smooth on R~ {0}, so we need only show that all deriv-
atives of f exist and are continuous at the origin. We begin by noting that
f is continuous because lim\ o e~ 1/t = 0. In fact, a standard application
of I’'Hopital’s rule and induction shows that for any integer £ > 0,

) e—l/t ) t_k
lim

R — P — 2.1
NGO tR t{% el/t (2.1)

We will show by induction that for ¢ > 0, the kth derivative of f is of
the form

pe(t)
FE @) = e 1/t (2.2)
for some polynomial pg(t). It is clearly true (with po(t) = 1) for k = 0, so
suppose it is true for some k > 0. By the product rule,

/
ki) oy PR 1 2kpe(t) oy o)1 g
FED@) = Sge M = g T e

_ () = 2ktpi(t) +pi(t) _1p
- $2k+2 € ’




Bump Functions and Partitions of Unity 35

which is of the required form. Note that (2.2) and (2.1) imply that

Lim £®) (§) = 2.
lim £(6) =0, (23)
since a polynomial is continuous at 0.
Finally, we prove that for each k > 0,

f®(0) =o.

For k = 0, this is true by definition, so assume that it is true for some
k > 0. It suffices to show that f has one-sided derivatives from both sides
and that they are equal. Clearly the derivative from the left is zero. Using
(2.1) again, we compute

pr(t) e/t _ )
(k4+1) 0\ _ 1 t2k _ i PE —1/t _
FE0) = Jim ¢ = erere =0
By (2.3), this implies each f®*) is continuous, so f is smooth. |

Lemma 2.14. There exists a smooth function h: R — [0,1] such that
h(t)y =1 fort < 1,0 < h(t) <1 forl <t < 2, and h(t) = 0 for
t>2.

Proof. Let f be the function of the previous lemma, and set

f2-1)
fQ=t)+flt-1)

Note that the denominator is positive for all ¢, because at least one of the
expressions 2 —t or t — 1 is always positive. Since f > 0 always, it is easy to
check that h(t) is always between 0 and 1, and is zero when ¢ > 2. When
t<1, f(t—1)=0,so h(t) =1 there. O

h(t) =

A function with the properties of h in this lemma is usually called a
cutoff function.

Lemma 2.15. There is a smooth function H: R™ — [0,1] such that H = 1
on B1(0) and supp H = B3(0).

Proof. Just set H(x) = h(|z|), where h is the function of the preceding
lemma. Clearly H is smooth on R™ ~ {0}, because it is a composition of
smooth functions there. Since it is identically equal to 1 on Bj(0), it is
smooth there too. |

The function H constructed in this lemma is an example of a bump
function—a smooth function that is equal to 1 on a specified closed set
(in this case B1(0)) and is supported in a specified open set (in this case
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any open set containing Bo(0)). Later, we will generalize this notion to
manifolds.

To use bump functions effectively on a manifold, we need to construct
some special covers. A collection of subsets {U, }oca of a topological space
X is said to be locally finite if each point p € X has a neighborhood that
intersects at most finitely many of the sets U,.

Exercise 2.9. Show that an open cover {Us} of X is locally finite if and
only if each U, intersects Ug for only finitely many (3. Give a counterexample
if the sets of the cover are not assumed to be open.

Recall that a subset of a topological space is said to be precompact if its
closure is compact.

Lemma 2.16. FEvery topological manifold admits a countable, locally finite
cover by precompact open sets.

Proof. Let {U;} be any countable cover of M by precompact open sets (for
example, small coordinate balls will do). We will define another open cover
{V;} with the same properties that also satisfies

ijl C Vj, 7= 2. (24)

Let Vi = U;. Assume by induction that precompact open sets V; have been
defined for j = 1,..., k satisfying U; C V; and (2.4). Because V, is compact
and covered by {U;}, there is some mj, such that Vi C Uy U---UU,,, . By
increasing my if necessary, we may assume that mg > k. Let Vi41 =
Ui U---UUy,; then clearly (2.4) is satisfied with j =k + 1, U1 C Vit1,
and Vi1 = Uy U---UU,y,, is compact. Since U; C V; for each j, {V;} is
a cover of M.

Now just set W; = V;\V;_a. Since W is a closed subset of the compact
set Vj, it is compact. If p € M is arbitrary, then p € Wy, where k is the
smallest integer such that p € Vj. Clearly W) has nonempty intersection
only with Wj_1 and W1, so the cover {W;} is locally finite. O

Given an open cover U = {U, }aca of a topological space, another open
cover V = {V3}gep is called a refinement of U if for each Vg € V there
exists some U, € U such that Vg C U,. A topological space is said to be
paracompact if every open cover admits a locally finite refinement.

The key topological result we need is that every manifold is paracompact.
In fact, for future use we will show something stronger: that every open
cover admits a locally finite refinement of a particularly nice type. We say
an open cover {W;} of M is regular if it satisfies the following properties:

(i) The cover {W;} is countable and locally finite.

(ii) For each 4, there exists a diffeomorphism v;: W; — B3(0) C R™.
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(iii) The collection {U;} still covers M, where U; = ; *(B1(0)).

Proposition 2.17. Let M be a smooth manifold. Fvery open cover of M
has a reqular refinement. In particular, M is paracompact.

Proof. Let X be any open cover of M, and let {V;} be a countable, locally
finite cover of M by precompact open sets. For each p € M, let (W,,vp)
be a coordinate chart centered at p such that

o ¥p(Wp) = Bs(0);
e W, is contained in one of the open sets of X; and
e if p € Vj, then W, C V; as well.

(The last condition is possible because of the local finiteness of {V;}.) Let
Up = w;l(Bl (O))

For each k, the collection {U, : p € Vi} is an open cover of V. By
compactness, V}, is covered by finitely many of these sets. Call the sets
Uki,---, Uk,m(k)u and let (Wk,la'l/%,l), ey (Wk,m(k)uwk,m(k)) denote the
corresponding coordinate charts. The collection of all the sets {Wj;} as
k and 7 vary is clearly a countable open cover that refines X and satisfies
(ii) and (iii) above. To show it is a regular cover, we need only show it is
locally finite.

For any given k, each set W}, ; is by construction contained in some V;
such that V, NV, # 0. The compact set V, is covered by finitely many
V;’s, and each such V; intersects at most finitely many others, so there are
only finitely many values of j for which W ; and W;; can have nonempty
intersection. Since there are only finitely many sets W;; for each j, the
cover we have constructed is locally finite. O

Now let U = {Uy }aca be an arbitrary open cover of a smooth manifold
M. A partition of unity subordinate to U is a collection of smooth functions
{Ya: M — R},ca, with the following properties:

(i) 0 < pq(x) <1forall @ € Aand all x € M;
(ii
(i

(iv) > gea Palz) =1forallz € M.

) supp 9o C Ua;
)

the set of supports {supp ¢, taca is locally finite; and

Because of the local finiteness condition (iii), the sum in (iv) actually has
only finitely many nonzero terms in a neighborhood of each point, so there
is no issue of convergence.

Theorem 2.18 (Existence of Partitions of Unity). If M is a smooth
manifold and X = { X }aca is any open cover of M, there exists a partition
of unity subordinate to X.
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Proof. Let {W;} be a regular refinement of X. For each i, let ¢;: W; —
B3(0) be the diffeomorphism whose existence is guaranteed by the defini-
tion of a regular cover, and let

U; = ¢ (B1(0)),
Vi = ¢ 1(B2(0)).

For each i, define a function f;: M — R by

fi= Ho; on W,
‘o on M \V;,
where H: R™ — R is the bump function of Lemma 2.15. On the set W; V;
where the two definitions overlap, both definitions yield the zero function,
so f; is well defined and smooth, and supp f; C W;.
Define new functions g;: M — R by

R 11C)
o= e

Because of the local finiteness of the cover {W;}, the sum in the denomina-
tor has only finitely many nonzero terms in a neighborhood of each point
and thus defines a smooth function. Because f; = 1 on U; and every point
of M is in some U;, the denominator is always positive, so g; is a smooth
function on M. It is immediate from the definition that 0 < g; < 1 and

Finally, we need to re-index our functions so that they are indexed by
the same set A as our open cover. For each 4, there is some index a(i) € A
such that W; C X,(;). For each o € A, define o : M — R by

Ya= 3 i

ica(i)=a

Each ¢, is smooth and satisfies 0 < ¢, < 1 and suppy, C Xg.
Moreover, the set of supports {supp g }taca is still locally finite, and
Y0 Pa =2 9i =1, so this is the desired partition of unity. O

Now we can extend the notion of bump functions to arbitrary closed sets
in manifolds.

Corollary 2.19 (Existence of Bump Functions). Let M be a smooth
manifold. For any closed set A C M and any open set U containing A, there
exists a smooth function ¢: M — R such that o =1 on A and suppp C U.

Proof. Let Uy = U and Uy = M\ A, and let {©g, ¢1} be a partition of unity
subordinate to the open cover {Uy, U }. Because @1 = 0 on A and therefore
o =, i = 1 there, the function ¢ has the required properties. O
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Any function with the properties described in this lemma is called a
bump function for A supported in U.

As our first application, we will prove an important lemma regarding the
extension of smooth functions from closed subsets. Suppose M is a smooth
manifold We say that a function defined on an arbitrary subset A C M is
smooth on A if it admits a smooth extension to some open set U containing

A.

Lemma 2.20 (Extension Lemma). Let M be a smooth manifold, and
suppose f is a smooth function defined on a closed subset A C M. For any
open set U containing A, there exists a smooth function f € C®°(M) such
that ﬂA = fla and supp f C U.

Proof. The fact that f is smooth on A means by definition that f extends
to a smooth function, still denoted by f, on some neighborhood W of A.
Replacing W by WNU, we may assume that W C U. Letting ¢ be a bump
function for A supported in W, we can define

7 e(p)f(p), peW,
0, p € M \ supp .

This function is clearly a smooth extension of f whose support is contained
in W and thus in U. a

Exercise 2.10. Show that the assumption that A is closed is necessary
in the extension lemma, by giving an example of a smooth function on a
nonclosed subset of a manifold that admits no smooth extension to the whole
manifold.

The extension lemma, by the way, illustrates an essential difference be-
tween smooth manifolds and real-analytic manifolds, because it is decidedly
false on the latter. This follows from the fact that real-analytic functions
that agree on an open set must agree on their whole common domain (as-
suming it is connected).
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Problems

2-1.

2-2.

2-3.

2-4.

Compute the coordinate representation for each of the following
maps, using stereographic coordinates for spheres (see Problem 1-3);
use this to conclude that each map is smooth.

(a) A:S™ — S™ is the antipodal map A(z) = —z.

(b) F:S%® — §%isgiven by F(z,w) = (2W0+wZ, iwz —i2W, 2Z—w),
where we think of S as the subset {(w, z) : |w|?> + |2|?> = 1} of
C2.

Let M B", the closed unit ball in R, thought of as a smooth manifold
with boundary. Show that the inclusion map M — R"™ is smooth.

Let A; and Aj be the atlases for R defined by A; = {(R,1d)}, and
Az = {(R,9)}, where ¢)(x) = 3. Let f: R — R be any function.
Determine necessary and sufficient conditions on f so that it will be:

(a) a smooth map (R, As) — (R, A4);

(b) a smooth map (R, A;) — (R, As).
For any topological space M, let C(M) denote the vector space of
continuous functions f: M — R. If F: M — N is a continuous map,
define F*: C(N) — C(M) by F*(f) = foF.

(a) Show that F™* is linear.

(b) If M and N are smooth manifolds, show that F' is smooth if and
only if F*(C*°(N)) C C>*(M).

(¢c) If F: M — N is a homeomorphism between smooth manifolds,
show that it is a diffecomorphism if and only if F*: C*(N) —
C*° (M) is an isomorphism.

Thus in a certain sense the entire smooth structure of M is encoded
in the space C*°(M).
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The Tangent Bundle

One of the key tools in our study of smooth manifolds will be the idea of
linear approzimation. This is probably familiar from your study of calculus
in FEuclidean spaces, where for example a function of one variable can be
approximated by its tangent line, a curve in R"™ by its tangent vector, or a
map from R™ to R™ by its total derivative (see the Appendix).

In order to make sense of linear approximations on manifolds, we will
need to introduce the notion of the tangent space to a manifold at a point.
Because of the abstractness of the definition of a smooth manifold, this
takes some work, which we carry out in this chapter.

We begin by studying a much more concrete object: geometric tangent
vectors in R™, which can be thought of as “arrows” attached to a particu-
lar point in R™. Because the definition of smooth manifolds is built around
the idea of identifying which functions are smooth, the property of geo-
metric tangent vectors is its action on smooth functions as a “directional
derivative.” The key observation about geometric tangent vectors, which
we prove in the first section of this chapter, is that the process of taking
directional derivatives gives a natural one-to-one correspondence between
geometric tangent vectors and linear maps from C*°(R"™) to R satisfying
the product rule (called “derivations”). With this as motivation, we then
define tangent vectors on a smooth manifold as derivations of C'*°(M).

In the second section of the chapter, we connect the abstract definition of
to our concrete geometric picture by showning that any coordinate chart
(U, ) gives a natural isomorphism between the vector space of tangent
vectors at p € M with the space of geometric tangent vectors at ¢(p) € R™.
Thus any coordinate chart yields a basis for each tangent space. Later in
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the chapter, we describe how to do concrete computations in such a basis.
This also leads to the definition of a natural smooth manifold structure
on the union of all the tangent spaces at all points of the manifold, called
the tangent bundle. Using this structure, we define vector fields, which are
continuous or smooth functions that attach a tangent vector to each point
on the manifold.

Tangent Vectors

Imagine a manifold in Euclidean space. For concreteness, let us take it to
be the unit sphere S* C R"*!. What do we mean by a “tangent vector”
at a point of S™? Before we can answer this question, we have to come to
terms with a dichotomy in the way we think about an element of R™. On
one hand, we usually think of it as a point in space, whose only property
is its location, expressed by the coordinates (x!,...,2"). On the other
hand, when doing calculus we sometimes think of it instead as a wvector,
which is an object that has magnitude and direction, but whose location is
irrelevant. A vector v = v'e; can be visualized as an arrow with its initial
point anywhere in R™; what is relevant from the vector point of view is
only which direction it points and how long it is.

What we really have in mind when we work with tangent vectors is a
separate copy of R™ at each point. When we talk about the set of vectors
tangent to the sphere at a point a, for example, we are imagining them as
living in a copy of R™ with its origin translated to a.

Geometric Tangent Vectors

Here is a preliminary definition of tangent vectors in Euclidean space. Let
us define the geometric tangent space to R™ at the point a € R", denoted
by R”, to be the set {a} x R™. More explicitly,

R = {(a,v) : v € R"}.

A geometric tangent vector in R™ is an element of this space. As a matter of
notation, we will abbreviate (a,v) as v, (or sometimes v|, if it is clearer, for
example if v itself has a subscript). We think of v, as the vector v with its
initial point at a. This set R” is a real vector space (obviously isomorphic
to R™ itself) under the natural operations

Vo + weg = (v + W)q,

c(vg) = (cv)q.

The vectors e;|q, © = 1,...,n, are a basis for R?. In fact, as a vector space,
R is essentially the same as R" itself; the only reason we add the index a
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is so that the geometric tangent spaces R and R}’ at distinct points a and
b will be disjoint sets.

With this definition we can, for example, identify the tangent space to
S™ at a point @ € S™ as the subspace of R consisting of those vectors
that are orthogonal to the radial unit vector through a, with respect to the
usual inner product on R™ transported to R} via the natural isomorphism
R™ >~ R7,

The problem with this definition, however, is that it gives us no clue as
to how we might set about defining tangent vectors on an arbitrary smooth
manifold, where there is no ambient Euclidean space. So we need to look
for another characterization of tangent vectors that might make sense on
a manifold.

The only things we have to work with on smooth manifolds so far are
smooth functions, smooth maps, and coordinate charts. Now one thing
that a Euclidean tangent vector provides is a means of taking “directional
derivatives” of functions. For example, for any geometric tangent vector
ve € R?, we can define a map v,: C°(R™) — R by taking the directional
derivative in the direction v at a:

Buf = Duf(a) = % fla+to). (3.1)
t=0

This operation is linear and satisfies the product rule:
Ua(f9) = f(a)va(g) + g(a)va(f).

If v, = v'e;|, in terms of the standard basis, then by the chain rule v, f
can be written more concretely as

of
ot (@)-

Vof =0

(Here we are using the summation convention as usual, so the expression on
the right-hand side is understood to be summed over ¢ = 1 to n. This sum
is consistent with our index convention if we stipulate that an upper index
“in the denominator” is to be regarded as a lower index.) For example, if
Vg = €j|q, then

~ of
’Uaf = @(G)
With this construction in mind, we make the following definition. A linear
map X : C°(R") — R is called a derivation at a if it satisfies the following
product rule:

X(f9) = f(a)Xg+g(a)Xf. (3.2)
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Let T, (R™) denote the set of all derivations of C*°(R™) at a. Clearly T, (R™)
is a vector space under the operations
X+Y)f=Xf+Yf
(cX)f = c(X ).

Lemma 3.1 (Properties of Derivations). Suppose a € R™ and X €
To(R™).

(a) If f is a constant function, then X f = 0.

(b) If f(a) = g(a) =0, then X(fg) = 0.

Proof. Tt suffices to prove (a) for the constant function f;(z) = 1, for then
f(z) = ¢ implies X f = X (cf1) = ¢X f1 = 0 by linearity. For fi, it follows
from the product rule:

Xfi=X(fifi) = file)X fi + fila) X fr = 2X fi,

which implies that X f; = 0. Similarly, (b) also follows from the product
rule:

X(fg9)=f(a)Xg+g(a)Xf=0+0=0.
O

Now let v, € R! be a geometric tangent vector at a. By the product
rule, the map v,: C°(R™) — R defined by (3.1) is a derivation. As the
following proposition shows, every derivation is of this form.

Proposition 3.2. For any a € R™, the map vg — Vg 18 an isomorphism
from R? onto T,(R™).

Proof. The map v, +— ¥, is linear, as is easily checked. To see that it is
injective, suppose v, € R? has the property that v, is the zero derivation.
Writing v, = v'e;|, in terms of the standard basis, and taking f to be the
jth coordinate function z7: R® — R, thought of as a smooth function on
R"”, we find

Since this is true for each j, it follows that v, is the zero vector.
To prove surjectivity, let X € T,(R™) be arbitrary. Motivated by the
computation in the preceding paragraph, we define real numbers v, ..., v"

by
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We will show that X = v,, where v, = vie;l,.
To see this, let f be any smooth function on R™. By the first-order case
of Taylor’s formula with remainder (Corollary A.22 in the Appendix), there

are smooth functions g1, ..., g, defined on R™ such that g;(a) = 0 and
of i i i i
fl@) = fla) + 55 (a)(@" —a’) + gi(2)(2" — a’). (3.3)

Note that the last term in (3.3) is a sum of functions, each of which is a
product of two functions g;(x) and (2 — a*) that vanish at a. Applying X
to this formula and using Lemma 3.1, we obtain

X7 = X (@) + X (L@ - a)) + X (o) o' - o)
=0+ L)) - X (@) + X (i)t )
T
@(a)v
= :Eaf'
This shows that X = v,. O

Corollary 3.3. For any a € R™, the n derivations

9 9
oxt|, 7 Qam |’
defined by
0 _of
axi af - axl (a)7

form a basis for T,(R™).

Proof. This follows immediately from the preceding proposition, once we
note that 9/9z'|, = €. |

Tangent Vectors on a Manifold

Now we are in a position to define tangent vectors on a manifold. Let M be
a smooth manifold and let p be a point of M. A linear map X: C*°(M) — R
is called a derivation at p if it satisfies

X(fg)=f(p)Xg+9Xf

for all f,g € C°°(M). The set of all derivations of C*°(M) at p is a vector
space called the tangent space to M at p, and is denoted by T,M. An
element of T, M is called a tangent vector at p.

The following lemma is the analogue of Lemma 3.1 for manifolds.
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Lemma 3.4 (Properties of Tangent Vectors on Manifolds). Sup-
pose M is a smooth manifold, p € M, and X € T,M.

(a) If f is a constant function, then X f = 0.
(b) If f(p) = g(p) = 0, then X(fg) =0.
Exercise 3.1. Prove Lemma 3.4.

In the special case M = R", Proposition 3.2 shows that T,R"™ is naturally
isomorphic to the geometric tangent space R}, and thus also to R"™ itself.

Push-Forwards

To relate the abstract tangent space we have defined on a manifold to
geometric tangent spaces in R™, we have to explore the way tangent
vectors behave under smooth maps. If M and N are smooth manifolds
and F: M — N is a smooth map, for each p € M we define a map
Fo: T,M — TN, called the push-forward associated with F', by

(FX)(f) = X(f o F).

Note that if f € C°°(N), then fo F € C*(M), so X(f o F') makes sense.
The operator F, X is clearly linear, and is a derivation at F'(p) because

(FX)(fg) = X((fg)o F)
=X((foF)(goF))
=foF(p)X(goF)+goF(p)X(folrF)
= [(F(p))(FX)(9) + g(F(p)) (£ X)(f)-

Because the notation F) does not explicitly mention the point p, we will
have to be careful to specify it when necessary to avoid confusion.

Lemma 3.5 (Properties of Push-forwards). Let F: M — N and
G: N — P be smooth maps and let p € M.

a) Fo: TyM — Tr) N is linear.

(a)
(b) (GoF). =G.oF: T,M — Tgop(, P.
(C) (IdM)* = IdTpM: TpM — TpM.

(d)

d) If F is a diffeomorphism, then Fi: Ty,M — Tpg)N is an isomor-
phism.

Exercise 3.2. Prove Lemma 3.5.
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Our first important application of the push-forward will be to use coor-
dinate charts to relate the tangent space to a point on a manifold with the
FEuclidean tangent space. But there is an important technical issue that we
must address first: While the tangent space is defined in terms of smooth
functions on the whole manifold, coordinate charts are in general defined
only on open subsets. The key point is that the tangent space is really a
purely local construction. To see why, we use the extension lemma (Lemma
2.20).

The local nature of tangent vectors on a manifold is expressed in the
following proposition.

Proposition 3.6. Suppose M is a smooth manifold, p € M, and X €
ToM. If f and g are functions on M that agree on some neighborhood of
p, then X f = Xg.

Proof. Setting h = f — ¢, by linearity it suffices to show that Xh = 0
whenever h vanishes in a neighborhood W of p.

Let A be the closed subset M ~ W. By the extension lemma, there is a
globally defined smooth function u € C°°(M) that is equal to the constant
function 1 on A and is supported in M ~\ {p}. Because u = 1 where h is
nonzero, the product hu is identically equal to h. Since h(p) = u(p) = 0,
Lemma 3.4 implies that Xh = X (hu) = 0. O

Using this proposition, we can show that the tangent space to an open
submanifold can be naturally identified with the tangent space to the whole
manifold.

Proposition 3.7. Let M be a smooth manifold, let U C M be an open
submanifold, and let v: U — M be the inclusion map. For any p € U,
Ly TyU — T, M is an isomorphism.

Proof. Let B be a small neighborhood of p such that B C U. First suppose
X € T,U and 1, X =0 € T,M. If f € C*(U) is arbitrary, the extension
lemma guarantees that there is a smooth function f € C*°(M) such that
fz f on B. Then by Proposition 3.6,

Xf=X(flo) = X(for)= (i.X)f =0.

Since this holds for every f € C*°(U), it follows that X = 0, so ¢, is
injective.

On the other hand, suppose Y € T, M is arbitrary. Define an operator
X:C>®U) — R by setting X[ = Y f, where f is any function on all of
M that agrees with f on B. By Proposition 3.6, X f is independent of the
choice of f, so X is well-defined. Then for any g € C*° (M),

(1uX)g=X(got)=Y(gor) =Yy,
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where the last equality follows from the fact that g o ¢ agrees with g on B.
Therefore, ¢, is also surjective. O

If U is an open set in a smooth manifold M, the isomorphism ¢, between
T,U and T, M is canonically defined, independently of any choices. From
now on we will identify T,U with T}, M for any point p € U. This identifica-
tion just amounts to the observation that ¢, X is the the same derivation as
X, thought of as acting on functions on the bigger manifold M instead of
functions on U. Since the action of a derivation on a function depends only
on the values of the function in an arbitrarily small neighborhood, this is
a harmless identification.

Exercise 3.3. If FF': M — N is a local diffeomorphism, show that
F.: TyM — Tgp)N is an isomorphism for every p € M.

Recall from Chapter 1 that every finite-dimensional vector space has a
natural smooth manifold structure that is independent of any choice of
basis or norm. The following proposition shows that the tangent space
to a vector space can be naturally identified with the vector space itself.
Compare this with the isomorphism between T,R™ and R} that we proved
in the preceding section.

Proposition 3.8 (The Tangent Space to a Vector Space). For
each finite-dimensional vector space V and each point a € V, there is a
natural (basis-independent) isomorphism V. — T,V such for any linear
map L: V — W the following diagram commutes:

~

V——T,V
L L,
W —— Ty, W (3.4)

Proof. As we did in the case of R", for any vector v € V, we define a
derivation v, at a by

- d
Vo f = Ef(a—l—tv).

Clearly this is independent of any choice of basis. The same arguments we
used in the case of R™ show that v, is indeed a derivation, and that the
map v — U, is an isomorphism.
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Now suppose L: V — W is a linear map. Unwinding the definitions and
using the linearity of L, we compute

(L*Ea)f :’Ua(foL)

d
G| S+ )

d
pn L f(La+tLv)

= E)Lafu

which is 3.4. O

Using this proposition, we will routinely identify tangent vectors to a
finite-dimensional vector space with elements of the space itself whenever
convenient.

Computations in Coordinates

Our treatment of the tangent space to a manifold so far might seem hope-
lessly abstract. To bring it down to earth, we will show how to do compu-
tations with tangent vectors and push-forwards in local coordinates.

Let (U, ) be a smooth coordinate chart on M. Note that ¢ is, in par-
ticular, a diffeomorphism from U to ¢(U). Thus, combining the results
of Proposition 3.7 and Lemma 3.5(d) above, ¢.: Tp,M — T, R" is an
isomorphism.

By Corollary 3.3, T,,)R™ has a basis consisting of the derivations
a/axﬂ@(m, i =1,...,n. Therefore, the push-forwards of these vectors un-
der (¢~ 1), form a basis for T, M. In keeping with our standard practice
of treating coordinate maps as identifications, we will use the following
notation for these push-forwards:

0
ozt

0
= (9071)* i
» ox

»(p)

Unwinding the definitions, we see that d/9z%|, acts on a smooth function
f:U—Rby

0 0
- f= 55 (fee ™)
Oz P Oz »(p)
_of

where fis the coordinate representation of f and p = (p!,...,p") = p(p)
is the coordinate representation of p. In other words, 8/0x"|, is just the
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derivation that takes the ith partial derivative of (the coordinate represen-
tation of) f at (the coordinate representation of) p. These are called the
coordinate vectors at p associated with the given coordinate system. In the
special case in which M = R”, the coordinate vectors d/0x|, correspond
to the standard basis vectors e;|, under the isomorphism T,R" < R”.

Since the coordinate vectors form a basis for T,,M, any tangent vector
X € T, M can be written uniquely as a linear combination

0

i
317p

X=X

where we are using the summation convention as usual. The numbers
(X1,...,X") are called the components of X with respect to the given
coordinate system.

Next we explore how push-forwards look in coordinates. We begin by
considering the special case of a smooth map F: U — V, where U C
R™ and V' C R™ are open subsets of Euclidean spaces. For any p € R™,
we will determine the matrix of F,: T,R" — TppR™ in terms of the
standard coordinate bases. Using (x!,...,2") to denote the coordinates in
the domain and (3%, ...,y™) to denote those in the range, we use the chain
rule to compute the action of F, on a typical basis vector as follows:

) )
(F*%)f— %p(fOF)
- WD,

— W) G )

OF7 0
- <axi (p) Oyl F(p)) f

F(p)

Thus

9
ozt

COF 9

F. = — —
, Oz P oy’

(3.5)

In other words, the matrix of F), in terms of the standard coordinate bases
is

OF! OF1
Dl () - oz (p)
oF™ oF™

W(p) U Togm ()
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(Recall that the columns of the matrix of a linear map are the components
of the images of the basis vectors.) This matrix is none other than the Jaco-
bian matriz of F', which is the matrix representation of the total derivative
DF(a): R™ — R™. Therefore, in this special case, F.: T,R" — Tp(,R™
corresponds to the total derivative DF(p): R" — R™, under our usual
identification of Euclidean space with its tangent space.

To remember the arrangement of rows and columns in the Jacobian ma-
trix, it is useful to observe that the jth row of this matrix consists of the
partial derivatives of the jth component function F7 of F.

Now consider the more general case of a smooth map F': M — N between
smooth manifolds. Choosing coordinate charts (U, ) for M near p and
(V, 1) for N near F(p), we obtain the coordinate representation F' = 1o Fo
o1 o(UNF~L(V)) — (V). By the computation above, F, is represented
with respect to the standard coordinate bases by the Jacobian matrix of
F. Making our usual identifications U < ¢(U), V < (V), and F < F,
we see that F, itself is represented in terms of this coordinate basis by
the Jacobian matrix of (the coordinate representative of) F'. In fact, the
definition of the push-forward was cooked up precisely to give a coordinate-
independent meaning to the total derivative of a smooth map.

Because of this, in the differential geometry literature the push-forward
of a smooth map F': M — N is sometimes called its differential, its total
derivative, or just its derivative, and can also be denoted by such symbols
as

F'(p), dF, DF, dF|,, DF(p), etc.

We will stick with the notation F for the push-forward of a map between
manifolds, and reserve DF'(p) for the total derivative of a function between
finite-dimensional vector spaces, which in the case of Euclidean spaces we
identify with the Jacobian matrix of F'.

Change of Coordinates

Suppose (U, ¢) and (V, ) are two smooth charts on M, and p e UNV.
Let us denote the coordinate functions of ¢ by (z*) and those of ¥ by (7).
Any tangent vector at p can be represented with respect to either basis
(0/0z%,) or (0/07"|,). How are the two representations related?

If we write the transition map ¥ o p=1: (U NV) — (U NV) in the
shorthand notation

Yo Sp_l(x) = (51(‘%)7 e 755”(‘@))7
then by (3.5) the push-forward by 1 o ¢! can be written

) o7 )
-1 P — = — _
(Weoe™): g o 00 ) B

%(p)



52 3. The Tangent Bundle

Using the definition of the coordinate vectors at p, we find

0 0

N e -1 -
ozt » () oz’

»(p)

0
-1 —1
=)o o

= I (o)

»(p)

»(p)
oFI _ 0
= @(@(p))(@b . 5

»(p)
orl . 0
= ol (p) % p,

where p = o(p) is the representation of p in x’-coordinates. Applying this
to the components of a vector X = X'0/dzt|, = X70/0%|,, we find that
the components of X transform by the rule
o .
)X (3.6)
In the early days of differential geometry, a tangent vector at a point
p € M was defined as a rule that assigns to each coordinate chart near p an
ordered n-tuple (X1, ..., X™), such that the n-tuples assigned to overlap-
ping charts transform according to the rule (3.6). (In fact, many physicists
are still apt to define it this way.) Our modern definition, however abstract,
has several advantages over this old-fashioned one: For example, we have
defined a tangent vector as an actual object (a derivation) and not as an
equivalence class; even more importantly, our definition is manifestly coor-
dinate independent, and as we will see makes it easy to define a variety of
operations on tangent vectors in a coordinate-independent way.

X =

The Tangent Space to a Manifold With Boundary

Suppose M is an n-dimensional manifold with boundary, and p is a bound-
ary point of M. There are a number of ways one might choose to define the
tangent space to M at p. Should it be an n-dimensional vector space, like
the tangent space at an interior point? Or should it be (n— 1)-dimensional,
like the boundary? Or should it be an n-dimensional half-space, like the
space H" on which M is modeled locally? The standard choice is to define
T,M to be an n-dimensional vector space. This may or may not seem like
the most geometrically intuitive choice, but it has the advantage of making
most of the definitions of geometric objects on a manifold with boundary
look exactly the same as those on a manifold.
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Thus if M is a manifold with boundary and p € M is arbitrary, we
define the tangent space to M at p in the same way as we defined it for
a manifold: T,M is the space of derivations of C*°(M) at p. Similarly, if
F: M — N is a smooth map between manifolds with boundary, we define
the push-forward by F' at p € M to be the linear map Fi: T,M — Tp, N
defined by the same formula as in the manifold case:

(E.X)f = X(f o F).

The important fact about these definitions is expressed in the following
lemma.

Lemma 3.9. If M is an n-dimensional manifold with boundary and p is a
boundary point of M, then T, M is n-dimensional, with basis given by the
coordinate vectors (0/0z"p,...,0/0z"|,) in any smooth chart.

Proof. For any coordinate map ¢, the push-forward o.: T, M — T, H"
is an isomorphism by the same argument as in the manifold case; thus it
suffices to show that for any a € JH", T,H" is n-dimensional and spanned
by the standard coordinate vectors.

Consider the inclusion map ¢: H® <— R™. We will show that ¢,: T,H" —
T,R™ is an isomorphism. Suppose ¢, X = 0. Let f be any smooth function
defined on a neighborhood of a in H", and let f be any extension of f to
a smooth function on an open subset of R™. (Such an extension exists by
the definition of what it means for a function to be smooth on H".) Then

fou=f,so

Xf=X(for)=(X)f=0,
which implies that ¢, is injective. On the other hand, if ¥ € T,R" is
arbitrary, define X € T,H" by
Xf=YFf,

where ]7 is any extension of f. Writing Y = Y?9/02%|, in terms of the
standard basis, this means
of

Xf= Yiaxi (a).

This is well defined because by continuity the derivatives of f at a are
determined by those of f in H"™. It is easy to check that X is a derivation
and that Y = 1. X, so ¢, is surjective. O

Tangent Vectors to Curves

The notion of the tangent vector to a curve in R” is familiar from elemen-
tary calculus—it is just the vector whose components are the derivatives
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of the component functions of the curve. In this section, we extend this
notion to curves in manifolds.

If M is a smooth manifold, a smooth curvein M is a smooth map v: J —
M, where J C R is an interval. (For the most part, we will be interested in
curves whose domains are open intervals, but for some purposes it is useful
to allow J to have one or two endpoints; the definitions all make sense in
that case if we consider J as a manifold with boundary.) Our definitions lead
to a very natural interpretation of tangent vectors to curves in manifolds.

If v is a smooth curve in M, we define the tangent vector to v at to € J
to be the vector

d
7' (to) = 7« % € Ty o) M,

to
where d/dt|, is the standard coordinate basis for Ty, R. (As in ordinary
calculus, is customary to use d/dt instead of 9/0t when the domain is
1-dimensional.) Other common notations for the tangent vector to v are
d dy

. Y
t —(t d —
FY( 0)7 dt ( 0)7 an dt

This tangent vector acts on functions by -
V) = )| S
d
=7 . (fo)
- ey

(If to is an endpoint of J, this still holds provided we interpret the derivative
with respect to ¢ as a one-sided derivative.) In other words, v'(¢9) is the
derivation obtained by taking the derivative of a function along ~.

Now let (U,¢) be a smooth chart with coordinate functions (x%). If
~v(to) € U, we can write the coordinate representation of v as y(t) =
(Y1(t),...,7™(t)), at least for ¢ sufficiently near to, and then the formula
for the push-forward in coordinates tells us that

V(o) = (Y (to) |
7¥(to)
This means that v'(to) is given by essentially the same formula as it would
be in Euclidean space: It is the tangent vector whose components in a
coordinate basis are the derivatives of the component functions of ~.

The next lemma shows that every tangent vector on a manifold is the
tangent vector to some curve. This gives an alternative, and somewhat
more geometric, way of thinking about the tangent space: it is just the set
of tangent vectors to smooth curves in M.
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Lemma 3.10. Let M be a smooth manifold and p € M. Every X € T,M
is the tangent vector to some smooth curve in M.

Proof. Let (U,¢) be a smooth coordinate chart centered at p, and
write X = X'9/0x'|, in terms of the coordinate basis. Define a curve
v: (—&,e) — U by setting y(t) = (tX',...,tX"™) in these coordinates.
(Remember, this really means v(t) = ¢ 1(tX*,...,tX").) Clearly this is
a smooth curve with v(0) = p, and by the computation above v’(0) =
X0/0x],0) = X. O

The next proposition shows that tangent vectors to curves behave well
under composition with smooth maps.

Proposition 3.11. Let F: M — N be a smooth map, and let v: J — M
be a smooth curve. For any ty € J, the tangent vector to the composite
curve F'ov att =ty is given by

(Fo)'(to) = Fuy'(to)-
Proof. Just go back to the definition of the tangent vector to a curve:

(ForY(to) = (F o). &

d

= LsYx =3
i),

= Foy'(to).

to

|

On the face of it, the preceding proposition tells us how to compute the
tangent vector to a composite curve in terms of the push-forward map.
However, it is often much more useful to turn it around the other way, and
use it as a streamlined way to compute push-forwards. Suppose F': M — N
is a smooth map, and we need to compute the push-forward map F at some
point p € M. We can compute F, X for any X € T}, M by choosing a smooth
curve v whose tangent vector at t = 0 is X, and then

F.X = (Fov)(0).
This frequently yields a much more succinct computation of Fi, especially

if F'is presented in some form other than by giving its coordinate functions.
We will see many examples of this technique in later chapters.

Alternative Definitions of the Tangent Space

There are several variations on the definition of the tangent space that you
will find in the literature. The most common alternative definition is based
on the notion of “germs” of smooth functions, which we now define.
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A smooth function element on a smooth manifold M is an ordered pair
(f,U), where U is an open subset of M and f: U — R is a smooth func-
tion. Given a point p € M, the relation (f,U) ~ (g,V) if f = g on some
neighborhood of p is an equivalence relation on the set of all smooth func-
tion elements whose domains contain p. The equivalence class of a function
element (f,U) is called the germ of f at p. The set of all germs of smooth
functions at p is denoted by €;°. It is a real vector space under the opera-
tions

(LU + (g, V)] =[(f +9,UNV],
(£, 0)] = [(ef, U)]-

(The zero element of this vector space is the equivalence class of the zero
function on any neighborhood of a.) One ordinarily denotes the germ of
the function element (f,U) simply by [f]; there is no need to include the
domain U in the notation, because the same germ is represented by the
restriction of f to any neighborhood of p. To say that two germs [f] and [g]
are equal is simply to say that f = ¢g on some neighborhood of p, however
small.

It is common to define T),M as the set of derivations of €;°, that is, the
set of all linear maps X : €° — R satisfying a product rule analogous to
(3.2). Thanks to Proposition 3.6, it is a simple matter to prove that this
space is naturally isomorphic to the tangent space as we have defined it
(see Problem 3-7). The germ definition has a number of advantages. One of
the most significant is that it makes the local nature of the tangent space
clearer, without requiring the use of bump functions. Because there do not
exist analytic bump functions, the germ definition of tangent vectors is the
only one available on real-analytic or complex-analytic manifolds. The chief
disadvantage of the germ approach is simply that it adds an additional level
of complication to an already highly abstract definition.

Another common approach to defining T, M is to define some intrinsic
equivalence relation on the set of smooth curves in M starting at p, which
amounts to “having the same tangent vector,” and defining a tangent vec-
tor as an equivalence class of curves. For example, one way to define such
an equivalence relation is to declare two curves v, to be equivalent if
(79)(0) = (¢%)'(0) in every coordinate chart around p. The computations
we did above show that the set of equivalence classes is in one-to-one cor-
respondence with T), M. This definition has the advantage of being geomet-
rically more intuitive, but it has the serious drawback that the existence of
a vector space structure on T}, M is not at all obvious.

Yet another approach to defining the tangent space is based on the clas-
sical notion of a tangent vector as an n-tuple that transforms according to
a certain rule. More precisely, one defines a tangent vector X at p to be
a rule that assigns a vector (X1!,..., X™) € R" to each coordinate chart
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whose domain contains p, with the property that the vectors related to
different charts are related by (3.6).

It is a matter of individual taste which of the various characterizations
of T, M one chooses to take as the definition. We have chosen the space
of derivations of C*°(M) because it is relatively concrete (tangent vectors
are actual derivations of C*° (M), with no equivalence classes involved), it
makes the vector space structure obvious, and it leads to straightforward
definitions of many of the other objects we will be studying.

The Tangent Bundle

For any smooth manifold M, we define the tangent bundle of M, denoted
by T M, to be the disjoint union of the tangent spaces at all points of M:

™™ = [] T,M.
peM

We consider an element of this disjoint union to be an ordered pair (p, X),
where p € M and X € T,M. We will often commit the usual mild sin of
identifying T, M with its image under the canonical injection X — (p, X),
and depending on context will use any of the notations (p, X), X,, or X
for a tangent vector in T, M, depending on how much emphasis we wish to
give to the point p. Define the projection map 7: TM — M by declaring
m(p, X) = p.

The tangent bundle can be thought of simply as a collection of vector
spaces; but it is much more than that. The next lemma shows that T'M
has a natural structure as a smooth manifold in its own right.

Lemma 3.12. For any smooth n-manifold M, the tangent bundle T M
has a matural topology and smooth structure that make it into a smooth
2n-dimensional manifold such that 7: TM — M is a smooth map.

Proof. We begin by defining the maps that will become our smooth charts.
Given any chart (U, ¢) for M, write the component functions of ¢ as ¢ (p) =
(z'(p),...,2"(p)) and set U = o(U) C R™. Define amap ®: 7~ (U) — R*"

by
.0
D[ v —
( ox?
Its image set is U x R™, which is an open subset of R?". It is a bijection
onto its image, because its inverse can be written explicitly as

0
ozt

) - (xl(p)v"'vxn(p)vvl7'"’Un)'

(z,v) — v’

o1 (2)
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Now suppose we are given two charts (U, ) and (V,4) for M, and let
(r=Y(U),®), (m=1(V),¥) be the corresponding charts on T'M. The sets
&L ({U)Nm L (V) = o(UNV)xR™ and ¥ (7~ (U)Na~ (V) = $(UNV) x
R™ are both open in R?", and the transition map Wo®~1: p(UNV)xR" —
(U NV) x R™ can be written explicitly using (2.2) as

Vod !, ... 2" 0. .. 0"

)

ozt , oz"

_ (El(w),...75"(:v),@(:v)vj,...,w(:v)vj>.

This is clearly smooth.

Choosing a countable cover {U;} of M by coordinate domains, we obtain
a countable cover of TM by coordinate domains {7~1(U;)} satisfying the
conditions (i)—(iv) of Lemma 1.14. To check the Hausdorff condition (v),
just note that any two points in the same fiber of 7 lie in one chart; while
if (p, X) and (¢, Y) lie in different fibers there exist disjoint coordinate do-
mains U;, U; for M such that p € U; and g € Uj, and then the sets 7= (U;)
and 7~ 1(U;) are disjoint coordinate neighborhoods containing (p, X) and
(q,Y), respectively.

To check that 7 is smooth, we just note that its coordinate representation
with respect to charts (U, ) for M and (7= 1(U), ®) for TM is w(x,v) =
x. O

The coordinates (z¢,v%) defined in this lemma will be called standard
coordinates for TM.

Exercise 3.4. Suppose F': M — N is a smooth map. By examining the
local expression (3.5) for Fi in coordinates, show that Fi.: TM — TN is a
smooth map.

Because it is a union of vector spaces glued together in a nice way, the
tangent bundle has more structure than just that of a smooth manifold.
This kind of structure arises frequently, as we will see later in the book,
so we introduce the following definition. Let M be a smooth manifold. A
(smooth) vector bundle of rank k over M is a smooth manifold F together
with a smooth surjective map 7: E — M satisfying:

(i) For each p € M, the set E, = 7~ 1(p) C E (called the fiber of E over
p) is endowed with the structure of a real vector space.

(ii) For each p € M, there exists a neighborhood U of p in M and a
diffeomorphism ®: 7~(U) — U xR* such that the following diagram
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commutes:

U x Rk

m ™

and the restriction of ® to E, is a linear isomorphism from E, to
{p} x R =2 R*. (Here ; is the projection on the first factor.)

The manifold E is called the total space of the bundle, M is called its
base, and 7 is its projection. Fach map ® in the above definition is called
a local trivialization of E over U. If there exists a local trivialization over
the entire manifold M (called a global trivialization of E), then E is said
to be a trivial bundle. If U C M is any open set, it is easy to verify that
the subset E|y = 7~ 1(U) is again a vector bundle with the restriction of
7 as its projection map, called the restriction of E to U.

One particularly simple example of a rank-k vector bundle over any man-
ifold M is the product manifold F = M x R* with 7 = m1: M x R¥ — M.
This bundle is clearly trivial (with the identity map as a global trivializa-
tion), but there are bundles that are not trivial, as we will see later.

Lemma 3.13. With the smooth structure defined in Lemma 3.12, the tan-
gent bundle to an n-manifold is a smooth vector bundle of rank n.

Proof. 1t is easy to check that the coordinate charts ® defined in Lemma
3.12 serve as local trivializations, once we identify each open coordinate
domain U with its image U = ¢(U) C R". O

Before proceeding with our study of the tangent bundle, we introduce
some important terminology regarding vector bundles.

Let E be a smooth vector bundle over a smooth manifold M, with projec-
tion m: E — M. A section of F is a section of the map 7, i.e., a continuous
map o: M — FE such that moo = Idy,. If U C M is an open subset, a
section of the restricted bundle E|y is called a local section of E. A smooth
section is a (local or global) section that is smooth as a map between man-
ifolds. The zero section is the map (: M — E defined by

((p) =0¢€ E, for each p € M.

Just as for functions, the support of a section o is defined to be the closure
of the set {p € M : o(p) # 0}. A section is said to be compactly supported
if its support is a compact set.

Exercise 3.5. Show that the zero section of any smooth vector bundle is
smooth.
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Exercise 3.6. Show that TR" is isomorphic to the trivial bundle R"™ x R".

If U C M is an open set, a local frame for E over U is an ordered k-tuple
(o01,...,0%), where each o; is a smooth section of E over U, and such that
(01(p), ..., 0k(p)) is a basis for the fiber E, for each p € U. It is called a
global frame if U = M.

If7: E— M and «’: E' — M are two smooth vector bundles over the
same smooth manifold M, a bundle map from E to E’ is a smooth map
F: E — E' such that 7’ o ' = 7, and with the property that for each
p € M, the restricted map F|g,: E, — E, is linear. A bijective bundle
map F: E — E’ whose inverse is also a bundle map is called a bundle
isomorphism. If there exists a bundle isomorphism between E and E’, the
two bundles are said to be isomorphic.

Before leaving the subject of vector bundles, it is worth remarking that
all of the definitions work exactly the same on manifolds with boundary, if
we reinterpret all the charts as generalized charts. For example, if M is a
manifold with boundary, then T'M is itself a manifold with boundary, and
the coordinate charts we constructed in 3.13 become generalized charts for
the total space of T M.

Vector Fields

Let M be a smooth manifold. A wvector field on M is a section of T'M.
More concretely, a vector field is a continuous map Y : M — T M, usually
written p — Y}, with the property that for each p € M, Y}, is an element of
T, M. (We write the value of Y at p as Y, instead of Y (p) to avoid conflict
with the notation Y (f) for the action of a vector on a function.)

You should think of a vector field on M in the same way as you think of
vector fields in Euclidean space: as an arrow attached to each point of M,
chosen to be tangent to M and to vary continuously from point to point.
If (z*) are any local coordinates on an open set U C M, the value of Y at
any point p € U can be written

0

i
(%cp

Y, = Y? (p)

for some numbers Y1 (p),...,Y"(p). This defines n functions Y': U — R,
called the component functions of Y with respect to the given chart.

We will be primarily interested in smooth vector fields, the ones that
are smooth as maps from M to T'M. The next lemma gives two useful
alternative ways to check for smoothness.

Lemma 3.14. Let M be a smooth manifold, and let Y : M — TM be any
map (not necessarily continuous) such thatY, € T,M for eachp € M. The
following are equivalent.
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(a) Y is smooth.
(b) The component functions of Y in any smooth chart are smooth.

(¢) If f is any smooth real-valued function on an open set U C M, the
function Y f: U — R defined by Y f(p) =Y, f is smooth.

Proof. Given coordinates (z%) on an open set U C M, let (z%,v") denote
the standard coordinates on 7=1(U) C TM constructed in Lemma 3.12.
By definition of the standard coordinates, the coordinate representation of
Y: M —TMonU is

Y(z) = (z!,..., 2", Y (2),...,Y"(2)),

where Y is the ith component function of Y in z*-coordinates. It follows
immediately that (a) is equivalent to (b).

Now suppose Y is a map for which (b) holds. If f is any function defined
in an open set U C M, and (z') are any coordinates on an open set W C U,
the coordinate representation of Y f on W is

TFa) = (vi) 2
o) = (i) 5] )1
of

rt ().

— Yi(x)

Since the functions Y? are smooth on W by hypothesis, it follows that Y f
is smooth. Thus (b) implies (c).

Conversely, suppose (c) holds. If (z*) are any local coordinates on U C M,
we can think of each coordinate z* as a smooth function on U, and then
Y% =Yz' is smooth on U by (c), so (b) holds. O

Example 3.15. If (2°) are any local coordinates on an open set U C M,
the assignment

0

I:D

p

determines a vector field on U, called the ith coordinate vector field and
denoted by 0/90z'. Because its component functions are constants, it is
smooth by Lemma 3.14(b).

The next lemma shows that every tangent vector at a point is the value
of a smooth vector field.

Lemma 3.16. Let M be a smooth manifold. If p € M and X € T,M,
there is a smooth vector field X on M such that X, = X.
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Proof. Let (') be coordinates on a neighborhood U of p, and let X*0/dz",
be the coordinate expression for X. If ¢ is a bump function supported in
U and with ¢(p) = 1, the vector field X defined by

qel,
0 a¢U,
is easily seen to be a smooth vector field whose value at p is equal to X. O

We will use the notation T(M) to denote the set of all smooth vector
fields on M. It is clearly a real vector space under pointwise addition and
scalar multiplication. Moreover, vector fields can be multiplied by smooth
functions: If f € C*°(M) and Y € T(M), we obtain a new vector field fY
by

(fY)p = f(p)Yp.

(Many authors use the notation X (M) instead of T(M). However, T(M)
is more amenable to generalization—as a rule, we will use the script letter
corresponding to the name of a bundle to denote the its space of smooth
sections.)

Exercise 3.7. If f € C°(M) and Y € T(M), show that fY is a smooth
vector field.

Exercise 3.8. Show that T(M) is a module over the ring C*°(M).

If M is a smooth manifold, we will use the term local frame for M to
mean a local frame for TM over some open subset U C M. Similarly, a
global frame for M is a global frame for T M. We say M is parallelizable if
it admits a smooth global frame, which is equivalent to TM being a trivial
bundle (see Problem 3-5).

A vector field on a manifold with boundary is defined in exactly the same
way as on a manifold. All of the results of this section hold equally well in
that case.

Push-forwards of Vector Fields

If F: M — N is a smooth map and Y is a smooth vector field on M,
then for each point p € M, we obtain a vector F.Y, € Tr(,)N by pushing
forward Y. However, this does not in general define a vector field on N.
For example, if F' is not surjective, there is no way to decide what vector to
assign to a point ¢ € N\ F/(M). If F is not injective, then for some points
of N there may be several different vectors obtained as push-forwards of Y
from different points of M.
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If F: M — N is smooth and Y € T(M), suppose there happens to be a
vector field Z € T(V) with the property that for eachp € M, F.Y), = Zp,).
In this case, we say the vector fields Y and Z are F-related.

Here is a useful criterion for checking that two vector fields are F-related.

Lemma 3.17. Suppose F': M — N is a smooth map, X € T(M), and
Y € T(N). Then X and Y are F-related if and only if for every smooth
function f defined on an open subset of N,

X(foF)=(Xf)oF. (3.7)
Proof. For any p € M,

X(foF)(p) = Xp(foF)

= (F*Xp)fu
while
(X [f) o F(p) = (Xf)(F(p))
= Xrp) [
Thus (3.7) is true for all f if and only if FL. X, = Xp,) for all p, i.e., if and
only if X and X are F-related. O

It is important to remember that for a given vector field Y and map F',
there may not be any vector field on N that is F-related to Y. There is
one special case, however, in which there is always such a vector field, as
the next proposition shows.

Proposition 3.18. Suppose F': M — N is a diffeomorphism. For every
smooth vector field Y € T(M), there is a unique smooth vector field on N
that is F-related to Y .

Proof. For Z € T(N) to be F-related to Y means that F.Y), = Zp(, for
every p € M. If F is a diffeomorphism, therefore, we define Z by

Zy=F.(Yp-1(9))-

It is clear that Z, so defined, is the unique vector field that is F-related to
Y, and it is smooth because it is equal to the composition

A VR O VRSN Y
(See Exercise 3.4.) |

In the situation of the preceding lemma, we will denote the unique vector
field that is F-related to Y by F.Y, and call it the push-forward of Y by
F'. Remember, it is only when F' is a diffeomorphism that F.Y is defined.
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Problems

3-1.

3-2.

3-3.

3-4.

3-5.

3-6.

3-7.

Suppose M and N are smooth manifolds with M connected, and
F: M — N is a smooth map such that F,: T,M — Tp(p)N is the
zero map for each p € M. Show that F' is a constant map.

Let My, ..., M} be smooth manifolds, and let m;: My x --- X M, —
M; be the projection onto the jth factor. For any choices of points
pi € M, 1 =1,...,k, show that the map

a: T o) (M1 X - X M) — T My x -+ - x Ty, M,

D1y

defined by
a(X) = (X, .. T X)
is an isomorphism, with inverse
XL, X)) = (e X1 e X ),

where j;: M; — M; x --- x My is given by j;(q) =
(P1y--3Di-1,49, Pit1,---,Dk). |Using this isomorphism, we will rou-

tinely identify 73, M, for example, as a subspace of T(;, ) (M x N).]

If a nonempty n-manifold is diffeomorphic to an m-manifold, prove
that n = m.

Show that there is a smooth vector field on S? that vanishes at exactly
one point. [Hint: Try using stereographic projection.

Let E be a smooth vector bundle over M. Show that E admits a
local frame over an open subset U C M if and only if it admits a
local trivialization over U, and E admits a global frame if and only
if it is trivial.

Show that S!, S?, and T" = S! x - .- x S! are all parallelizable. [Hint:
Consider the vector fields

X1 = 0 —i—wa ﬁ-i- 9

L= %0 T Yr " ey Yo
0 0 0 0

Xo=—y—+z—+w——=x

ow  “oxr oy 9z

on $3.]

Let M be a smooth manifold and p € M. Show that 7}, M is naturally
isomorphic to the space of derivations of C;° (the space of germs of
smooth functions at p).



4
The Cotangent Bundle

In this chapter, we introduce a construction that is not typically seen in
elementary calculus: tangent covectors, which are linear functionals on the
tangent space at a point p € M. The space of all covectors at p is a vector
space called the cotangent space at p; in linear-algebraic terms, it is the
dual space to T, M. The union of all cotangent spaces at all points of M is
a vector bundle called the cotangent bundle.

Whereas tangent vectors give us a coordinate-free interpretation of deriv-
atives of curves, it turns out that derivatives of real-valued functions on a
manifold are most naturally interpreted as tangent covectors. Thus we will
define the differential of a function as a covector field (a smooth section of
the cotangent bundle); it is a sort of coordinate-invariant analogue of the
classical gradient.

At the end of the chapter, we define line integrals of covector fields. This
allows us to generalize the classical notion of line integrals to manifolds.
Then we explore the relationships among three closely related types of
covector fields: exact (those that are the differentials of functions), conser-
vative (those whose line integrals around closed curves are zero), and closed
(those that satisfy a certain differential equation in coordinates).

Covectors

Let V be a finite-dimensional vector space. (As usual, all of our vector
spaces are assumed to be real.) We define a covector on V' to be a real-
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valued linear functional on V', that is, a linear map w: V' — R. The space of
all covectors on V is itself a real vector space under the obvious operations
of pointwise addition and scalar multiplication. It is denoted by V* and
called the dual space to V.

The most important fact about V* is expressed in the following propo-
sition.

Proposition 4.1. Let V' be a finite-dimensional vector space. If
(E1,...,E,) is any basis for V, then the covectors (¢',...,e"), defined
by

1ifi=j,
0ifi#],

form a basis for V*, called the dual basis to (E;). Therefore dimV* =
dim V.

Ei(Ej) = 5; = {

Remark. The symbol 5; used in this proposition, meaning 1 if ¢ = 5 and 0
otherwise, is called the Kronecker delta.

Exercise 4.1. Prove Proposition 4.1.

For example, if (e;) denotes the standard basis for R”, we denote the dual
basis by (e!,...,e") (note the upper indices), and call it the standard dual
basis. These basis covectors are the linear functions from R"” to R given by

el(v) =el (vt u") =l

In other words, e’ is just the linear functional that picks out the jth com-
ponent of a vector. In matrix notation, a linear map from R" to R is
represented by a 1 X n matrix, i.e., a row matrix. The basis covectors can
therefore also be thought of as the linear functionals represented by the
row matrices

et=10...0), ... , e"=(0...01).

In general, if (E;) is a basis for V and (¢7) is its dual basis, then Propo-
sition 4.1 shows that we can express an arbitrary covector w € V* in terms
of the dual basis as

w = wie’,

where the components w; are determined by
wi = w(E;).

Then the action of w on a vector X = X'F; is

w(X) = w X" (4.1)
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We will always write basis covectors with lower indices, and components
of a covector with upper indices, because this helps to ensure that mathe-
matically meaningful expressions such as (4.1) will always follow our index
conventions: Any index that is to be summed over in a given term appears
twice, once as a subscript and once as a superscript.

Suppose V and W are vector spaces and A: V — W is a linear map. We
define a linear map A*: W* — V*, called the dual map or transpose of A,
by

(A*w)(X) =w(AX), forweW* XeV.

Exercise 4.2. Show that A*w is actually a linear functional on V, and
that A™ is a linear map.

Proposition 4.2. The dual map satisfies the following properties.
(a) (Ao B)* = B*o A*.
(b) Id™: V* — V* is the identity map of V*.
Exercise 4.3. Prove the preceding proposition.

(For those who are familiar with the language of category theory, this
proposition can be summarized by saying that the assignment that sends
a vector space to its dual space and a linear map to its dual map is a
contravariant functor from the category of real vector spaces to itself. See,
for example, [Lee00, Chapter 7].)

Aside from the fact that the dimension of V* is the same as that of V,
the next most important fact about the dual space is the following.

Proposition 4.3. Let V be a finite-dimensional vector space. There is a
canonical (basis-independent) isomorphism between V' and its second dual

space V** = (V*)*.

Proof. Given a vector X € V, define a linear functional XonV* by

X(w) =w(X), forweV™.

It is easy to check that )?(w) depends linearly on w, so that X € v,
and that the map X — X is linear from V to V**. To show that it is an
isomorphism, it suffices for dimensional reasons to verify that it is injective.
Suppose X € V is not zero. Extend X to a basis (X = Ey,..., E,) for V|
and let (¢!,...,&") denote the dual basis for V*. Then

X(e') =l (X) = ' (Er) =1#0,

so)~(7£0. |
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Because of this proposition, the real number w(X) obtained by applying
a covector w to a vector X is sometimes denoted by either of the notations
(w, X) or (X, w); both expressions can be thought of either as the action of
the covector w € V* on the vector X € V/, or as the action of the covector
X € V** on the element w € V*.

There is also a symmetry between bases and dual bases of a finite-
dimensional vector space V: Any basis for V' determines a dual basis for
V*, and conversely any basis for V* determines a dual basis for V** = V.
It is easy to check that if (¢%) is the basis for V* dual to a basis (E;) for
V, then (E;) is the basis dual to (&).

Tangent Covectors on Manifolds

Now let M be a smooth manifold. For each p € M, we define the cotangent
space at p, denoted by T7M, to be the dual space to T),M:

TXM = (T,M)*.

Elements of T; M are called tangent covectors at p, or just covectors at p.
If (z*) are local coordinates on an open subset U C M, then for each

p € U, the coordinate basis (0/0z'[,) gives rise to a dual basis (},). Any

covector £ € T)M can thus be written uniquely as § = §;e),, where

0
gi_§<3xi p)l

Suppose now that (27) are another set of coordinates whose domain over-
laps U, and let (€7) denote the basis for T;*M dual to (9/827],). We can
compute the components of the same covector £ with respect to the new co-
ordinate system as follows. First observe that the computations in Chapter
3 show that the coordinate vector fields transform as follows:

0
ozt

_%j()i
p_axip 0%

(4.2)

p

Writing ¢ in both systems as
£ = &g, = &8,

we can use (4.2) to compute the components ; in terms of §~J

0 oz’ 0
&—5((%1- p>_§<8:vi(p)@p

) - T e @y



The Cotangent Bundle 69

As we mentioned in Chapter 3, in the early days of smooth manifold
theory, before most of the abstract coordinate-free definitions we are using
were developed, mathematicians tended to think of a tangent vector at a
point p as an assignment of an n-tuple of real numbers to each coordinate
system, with the property that the n-tuples (X',..., X™) and (X!,..., X")
assigned to two different coordinate systems (x') and (27) were related by
the transformation law that we derived in Chapter 3:
~. o

Similarly, a tangent covector was thought of as an n-tuple (&1, ...,&,) that
transforms, by virtue of (4.3), according to the following slightly different
rule:

0, -

&= w(?)fj' (4.4)

Since the transformation law (4.2) for the coordinate partial derivatives
follows directly from the chain rule, it can be thought of as fundamental.
Thus it became customary to call tangent covectors covariant vectors be-
cause their components transform in the same way as (“vary with”) the
coordinate partial derivatives, with the Jacobian matrix (927 /9x%) multi-
plying the objects associated with the “new” coordinates (/) to obtain
those associated with the “old” coordinates (). Analogously, tangent vec-
tors were called contravariant vectors, because their components transform
in the opposite way. (Remember, it was the component n-tuples that were
thought of as the objects of interest.) Admittedly, it does not make a lot of
sense, but by now the terms are well entrenched, and we will see them again
in Chapter 8. Note that this use of the terms covariant and contravariant
has nothing to do with the covariant and contravariant functors of category
theory.

The Cotangent Bundle

The disjoint union
M =[] ;M
peM
is called the cotangent bundle of M.

Proposition 4.4. The cotangent bundle of a smooth manifold has a nat-
ural structure as a vector bundle of rank n over M.

Proof. The proof is essentially the same as the one we gave for the tangent
bundle. Let 7: T*M — M be the natural projection that sends § € Ty M
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to p € M. Given a coordinate chart (U, (z%)) on M, we define a chart
®: 77 1(U) — R?" by

(I)(&E;)) = (‘Tl (p)v e 7xn(p)a€17 e 7€n)7

where (z'(p),...,x"(p)) is the coordinate representation of p € M, and (e},
is the dual coordinate basis for 7 M. (In this situation, we must forego our
insistence that coordinate functions have upper indices, because the fiber
coordinates &; are already required by our index conventions to have lower
indices.)

If two charts (U, (z%)) and (U, (#7)) overlap, then clearly # are smooth
functions of (z!,...,2"), and (4.3) can be solved for EJ (by invert-
ing the Jacobian matrix) to show that EJ is a smooth function of
(..., 2" &, ..., &), The arguments of Lemmas 3.12 and 3.13 then ap-
ply almost verbatim to give T*M the structure of a smooth vector bundle
over M. O

A section of T* M is called a covector field on M. As we did with vector
fields, we will write the value of a covector field o at a point p € M as
op instead of o(p), to avoid conflict with the notation for the action of
a covector on a vector. If (5;) is the dual coordinate basis for T,M at
each point p in some open set U C M, then o can be expressed locally as
Op = 0 (p)szi, for some functions o1, ...,0,: U — R, called the component
functions of o.

A covector field is said to be smooth if it is smooth as a map from M to
T*M. Smooth covector fields are called (differential) 1-forms. (The reason
for the latter terminology will become clear in Chapter 9, when we define
differential k-forms for k > 1.)

Just as in the case of vector fields, there are several ways to check for
smoothness of a covector field. The proof is quite similar to the proof of
the analogous fact for vector fields (Lemma 3.14).

Lemma 4.5. Let M be a smooth manifold, and let c: M — T*M be a
map (not assumed to be continuous) such that o, € TyM for eachp € M.
The following are equivalent.

(a) o is smooth.
(b) In any coordinate chart, the component functions o; of o are smooth.

(¢) If X is a smooth vector field defined on any open subset U C M, then
the function {0, X): U — R, defined by

(0, X)(p) = (0p, Xp) = 0p(Xp)
is smooth.

Exercise 4.4. Prove Lemma 4.5.
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An ordered n-tuple of smooth covector fields (o, ..., 0™) defined on some
open set U C M is called a local coframe on U if (o},) forms a basis for
Ty M at each point p € U. If U = M, it is called a global coframe. (A local
coframe is just a local frame for T*M, in the terminology introduced in
Chapter 3.) Given a local frame (E1,..., E,) for TM over an open set U,
there is a uniquely determined smooth local coframe (¢!, ..., ") satisfying
'(E;) = 6%. It is smooth by part (c) of the preceding lemma. This coframe
is called the dual coframe to the given frame.

Note that Lemma 4.5(b) implies, in particular, that each coordinate cov-
ector field €* (whose value at p is the ith dual basis element 5;) is smooth,
because each of its component functions is either identically 1 or identically
0. Thus (g!,...,e") is a smooth local coframe on the coordinate domain,
called a coordinate coframe.

We denote the set of all smooth covector fields on M by T*(M). Given
smooth covector fields 0,7 € T*(M), any linear combination ao + br with
real coefficients is obviously again a smooth covector field, so T7*(M) is a
vector space. Moreover, just like vector fields, covector fields can be mul-
tiplied by smooth functions: If f € C*>°(M) and o € T*(M), we define a
covector field fo by

(fg)p = f(p)ap- (4.5)

A simple verification using either part (b) or part (c) of Lemma 4.5 shows
that fo is smooth. Thus T*(M) is a module over C*°(M).

Geometrically, we think of a vector field on M as a rule that attaches
an arrow to each point of M. What kind of geometric picture can we
form of a covector field? The key idea is that a nonzero linear functional
§ € T; M is completely determined by two pieces of data: its kernel, which
is a codimension-1 linear subspace of T,M (a hyperplane), and the set of
vectors X for which £(X) = 1, which is an affine hyperplane parallel to
the kernel. (Actually, the set where £(X) = 1 alone suffices, but it is useful
to visualize the two parallel hyperplanes.) The value of £(X) for any other
vector X is then obtained by linear interpolation or extrapolation.

Thus you can visualize a covector field as defining a pair of affine hyper-
planes in each tangent space, one through the origin and another parallel to
it, and varying smoothly from point to point. At points where the covector
field takes on the value zero, one of the hyperplanes goes off to infinity.

The Differential of a Function

In elementary calculus, the gradient of a smooth function f on R™ is defined
as the vector field whose components are the partial derivatives of f. Un-
fortunately, in this form, the gradient does not make coordinate-invariant
sense.
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Exercise 4.5. Let f(z,9) = 2 on R?, and let X be the vector field

X:gradf:%.

Compute the coordinate expression of X in polar coordinates (on some open
set on which they are defined) using (4.2) and show that it is not equal to

0fo , 99
oror T 90 06°

The most important use of covector fields is to define a coordinate-
invariant analogue of the gradient.

Let f be a smooth function on a manifold M. (As usual, all of this
discussion applies to functions defined on an open subset U C M, simply
by replacing M by U throughout.) We define a covector field df, called the
differential of f, by

df,(X,) = X,f for X, € T,M.

Lemma 4.6. The differential of a smooth function is a smooth covector
field.

Proof. First we need to verify that at each point p € M, df,(X,) depends
linearly on X,, so that df, is indeed a covector at p. This is a simple
computation: For any a,b € R and X,,Y, € T, M,

dfp(aXp, + bY})
= (aXp, +bYy)f = a(X,f) + (Y, f) = adfp(X,) + bdfp(Yy).

Next we show that df is smooth. Let (2%) be local coordinates on an open
subset U C M, and let (¢%) be the corresponding coordinate coframe on U.
Writing df in coordinates as df, = A; (p)sé for some functions A4;: U — R,
the definition of df implies

) 9
» ox®

Since this last expression depends smoothly on p, it follows that the com-
ponent functions A; of df are smooth, so df is smooth. |

9

0
&@—%(W -

f

p

One consequence of the preceding proof is a formula for the coordinate
representation of df:

9 _
&y = 2L B), (16)

Thus the components of df in any coordinate system are the partial deriv-
atives of f with respect to those coordinates. Because of this, we can think
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of df as an analogue of the classical gradient, reinterpreted in a way that
makes coordinate-invariant sense on a manifold.
If we apply (4.6) to the special case in which f is one of the coordinate
functions 27 : U — R, we find
ox/ i

), = o (p)ey, = 0]e, =€,

In other words, the coordinate covector field €7 is none other than dxz’!
Therefore, the formula (4.6) for df, can be rewritten as

of

dfy = ozt

(p)dz;,

or as an equation between covector fields instead of covectors:

af .
df = ——dx". 4.7
In particular, in the one-dimensional case, this reduces to
df
df = —dx.
f dx v

Thus we have recovered the familiar classical expression for the differential
of a function f in coordinates. Henceforth, we will abandon the notation
¢* for the coordinate coframe, and use dx’ instead.

Example 4.7. If f(z,y) = 22y cosz on R?, then df is given by the formula
if = d(x%y cos x) o + O(x%y cos x)
ox dy

= (2zy cosx — z?ysinx)dx + 2” cos x dy.

dy

Proposition 4.8 (Properties of the Differential). Let M be a
smooth manifold, and let f,g € C*°(M).

For any constants a,b, d(af + bg) = adf + bdyg.
d(fg) = fdg+gdf.
d(f/g) = (gdf — fdg)/g? on the set where g # 0.

If J C R is an interval containing the image of f, and h: J — R is
a smooth function, then d(ho f) = (h'o f)df.

(e) If f is constant, then df = 0.

Exercise 4.6. Prove Proposition 4.8.
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One very important property of the differential is the following charac-
terization of smooth functions with vanishing differentials.

Proposition 4.9 (Functions with Vanishing Differentials). If f is
a smooth function on a smooth manifold M, then df = 0 if and only if f
s constant on each component of M.

Proof. Tt suffices to assume that M is connected and show that df = 0 if
and only if f is constant. One direction is immediate: If f is constant, then
df = 0 by Proposition 4.8(e). Conversely, suppose df = 0, let p € M, and
let C={qe M: f(q) = f(p)}. If ¢ is any point in C, let U be a connected
coordinate domain centered at ¢. From (4.7) we see that 9f/0x' =0 in U
for each 4, so by elementary calculus f is constant on U. This shows that
C is open, and since it is closed by continuity it must be all of M. Thus f
is everywhere equal to the constant f(p). |

In elementary calculus, one thinks of df as an approximation for the
small change in the value of f caused by small changes in the independent
variables ‘. In our present context, df has the same meaning, provided we
interpret everything appropriately. Suppose that f is defined and smooth
on an open subset U C R™, and let p be a point in U. Recall that d:c; is
the linear functional that picks out the ith component of a tangent vector
at p. Writing Af = f(p+v) — f(p) for v € R™, Taylor’s theorem shows
that Af is well approximated when v is small by

~ 2ot = L ey ) = @y (o).

In other words, dfy, is the linear functional that best approximates A f near
p. The great power of the concept of the differential comes from the facts
that we can define df invariantly on any manifold, and can do so without
resorting to any vague arguments involving infinitesimals.

The next result is an analogue of Proposition 3.11 for the differential.

Af

Proposition 4.10. Suppose v: J — M is a smooth curve and f: M —
R is a smooth function. Then the derivative of the real-valued function
fov:R — R is given by

(f o) (t) = dfyy (' ())- (4.8)
Proof. Directly from the definitions, for any to € J,
df(10) (7' (t0)) = 7" (t0) f (definition of df)
d
= ( o )f (definition of v'(t))
dt],,
=v—| (fon) (definition of v4)
dti,,

= (fov)(to) (definition of (f o~)’),
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which was to be proved. O

It is important to observe that for a smooth real-valued function f: M —
R, we have now defined two different kinds of derivative of f at a point
p € M. In the preceding chapter, we defined the push-forward f, as a linear
map from 7, M to T’y R. In this chapter, we defined the differential df;, as a
covector at p, which is to say a linear map from T, M to R. These are really
the same object, once we take into account the canonical identification
between R and its tangent space at any point; one easy way to see this is
to note that both are represented in coordinates by the row matrix whose
components are the partial derivatives of f.

Similarly, if v is a smooth curve in M, we have two different meanings
for the expression (f ov)'(¢). On the one hand, f o+ can be interpreted
as a smooth curve in R, and thus (f ov)'(¢) is its tangent vector at the
point f o~(t), an element of the tangent space Tyo ) R. Proposition 3.11
shows that this tangent vector is equal to fi(v'(t)). On the other hand,
f o can also be considered simply as a real-valued function of one real
variable, and then (fo~)'(t) is just its ordinary derivative. Proposition 4.10
shows that this derivative is equal to the real number df. ) (v'(t)). Which
of these interpretations we choose will depend on the purpose we have in
mind.

Pullbacks

As we have seen, a smooth map yields a linear map on tangent vectors
called the push-forward. Dualizing this leads to a linear map on covectors
going in the opposite direction.

Let F: M — N be a smooth map, and let p € M be arbitrary. The
push-forward map

F*: TpM — TF(p)N
yields a dual map

To avoid a proliferation of stars, we write this map, called the pullback
associated with F', as

Unraveling the definitions, F'* is characterized by

(F*€)(X) = &(F.X), for € € Ty, N, X € T,M.
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When we introduced the push-forward map, we made a point of noting
that vector fields do not push forward to vector fields, except in the special
case of a diffeomorphism. The surprising thing about pullbacks is that they
always pull smooth covector fields back to smooth covector fields. Given
a smooth map G: M — N and a smooth covector field ¢ on N, define a
covector field G*o on M by

(G*0)p = G*(0G(p))- (4.9)

Observe that there is no ambiguity here about what point to pull back
from, in contrast to the vector field case. We will prove in Proposition 4.12
below that G*¢ is smooth. Before doing so, let us examine two important
special cases.

Lemma 4.11. Let G: M — N be a smooth map, and suppose f € C°(N)
and o € T*(N). Then

G*df =d(f o G); (4.10)
G*(fo) =(f o G)G"o. (4.11)

Proof. To prove (4.10), we let X, € T, M be arbitrary, and compute

(G df)p(Xp) = (G dfp)) (Xp) (by (4.9))
= dfep) (G2 X,) (by definition of G*)
= (G. X,)f (by definition of df)
=X,(fo@G) (by definition of G.)
=d(f o G)p(X,) (by definition of d(f o G)).

Similarly, for (4.11), we compute

(G (fo))p =G ((fo)m) (by (4.9))

—G*(f( (P))ocw)) (by (4.5))
F(G(p)G (o)) (because G* is linear)

f(G(P)(G o) (by (4.9))

:(( 0 G)G o)y (by (4.5)),

which was to be proved. O

Proposition 4.12. Suppose G: M — N is smooth, and let o be a smooth
covector field on N. Then G*o is a smooth covector field on M.

Proof. Let p € M be arbitrary, and choose local coordinates (z¢) for M
near p and (y’) for N near G(p). Writing o in coordinates as o = o;dy’
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for smooth functions o; defined near G(p) and using Lemma 4.11 twice, we
compute
G*o = G*(0jdy’)
= (0 0 G)G*dy’
— (070 G)d(y 0 G),

Because this expression is smooth, it follows that G*o is smooth. O

In the course of the preceding proof, we derived the following formula
for the pullback of a covector field with respect to coordinates (z%) on the
domain and (y?) on the range:

G*o = G*(0jdy’) = (0 0 G)d(y’ 0 G) = (0j 0 G)dGY, (4.12)

where G7 is the jth component function of G in these coordinates. This
formula makes the computation of pullbacks in coordinates exceedingly
simple, as the next example shows.

Example 4.13. Let G: R? — R? be the map given by
(u,v) = G(z,y,2) = (z%y,ysin z),
and let o € T*(R?) be the covector field
o =udv+vdu.
According to (4.12), the pullback G*o is given by

Goc=(uoG)d(voG)+ (voG)d(uoQ)
= (z%y)d(ysin 2) + (ysin z)d(z%y)
= 22y(sin z dy + y cos z dz) + ysin z(2xy dx + 2 dy)

= 2xy? sin z dx + 222y sin z dy + xy? cos z dz.

In other words, to compute G*o, all you need to do is substitute the
component functions of G for the coordinate functions of N everywhere
they appear in o!

This also yields an easy way to remember the transformation law for a
covector field under a change of coordinates. Again, an example will convey
the idea better than a general formula.

Example 4.14. Let (r,60) be polar coordinates on, say, the upper half-
plane H = {(z,y) : y > 0}. We can think of the change of coordinates
(z,y) = (rcosf,rsinf) as the coordinate expression for the identity map
of H, but using (r,0) as coordinates for the domain and (z,y) for the
range. Then the the pullback formula (4.12) tells us that we can compute



78 4. The Cotangent Bundle

the polar coordinate expression for a covector field simply by substituting
x =rcosf, y = rsinf. For example,

xdr +ydy =1d" (zdx + y dy)
= (rcos@)d(r cosf) + (rsinf)d(rsin )
= (rcos@)(cos@dr — rsin @ df) + (rsin0)(sin 6 dr + r cos 0 db)
= (rcos? 0 + rsin® 0)dr + (—r? cos 0 sin @ + 72 sin @ cos 0)d

=rdr.

Line Integrals

Another important application of covector fields is to make coordinate-
independent sense of the notion of a line integral.

We begin with the simplest case: an interval in the real line. Suppose
[a,b] C R is a compact interval, and w is a smooth covector field on [a, b].
(This means that the component function of w admits a smooth extension
to some neighborhood of [a, b].) If we let ¢ denote the standard coordinate
on R, w can be written wy = f(t) dt for some smooth function f: [a,b] —
R. The similarity between this and the standard notation [ f(t)dt for an
integral suggests that there might be a connection between covector fields
and integrals, and indeed there is. We define the integral of w over [a, b] to

be
/[a,b]‘” - / " foyat.

The next proposition indicates that this is more than just a trick of nota-
tion.

Proposition 4.15 (Diffeomorphism Invariance of the Integral).
Let w be a smooth covector field on the compact interval [a,b] C R. If
v: [c,d] — [a,b] is an increasing diffeomorphism (meaning that t < t'

implies p(t) < @(t")), then
/ Yrw :/ w.
[e,d] [a,b]

Proof. If we let s denote the standard coordinate on [¢,d] and ¢ that on
[a, b], then (4.12) shows that the pullback ¢*w has the coordinate expres-
sion (p*w)s = f(¢(s))¢’(s) ds. Inserting this into the definition of the line
integral and using the change of variables formula for ordinary integrals,
we obtain

/{Qd] sa*w—/Cdf(w(s))w’(s)ds_/abf(t) dt_/[a’b]w’
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which was to be proved. O

Exercise 4.7. If ¢: [¢,d] — [a,b] is a decreasing diffeomorphism, show
that f[c,d] Prw=— f[a’b] w.

Now let M be a smooth manifold. By a curve segment in M we mean
a continuous curve 7: [a,b] — M whose domain is a compact interval.
It is a smooth curve segment if it is has a smooth extension to an open
set containing [a, b]. A piecewise smooth curve segment is a curve segment
v: [a,b] — M with the property that there exists a finite subdivision
a=ay < a <--<ag=bof [ab] such that 7|, , 4, is smooth for
each i. Continuity of v means that v(¢) approaches the same value as ¢
approaches any of the points a; (other than ag or ay) from the left or the
right. Smoothness of v on each subinterval means that v has one-sided tan-
gent vectors at each such a; when approaching from the left or the right,
but these one-sided tangent vectors need not be equal.

Lemma 4.16. If M is a connected smooth manifold, any two points of M
can be joined by a piecewise smooth curve segment.

Proof. Let p be an arbitrary point of M, and define a subset € C M
by € = {q € M : there is a piecewise smooth curve in M from p to g¢}.
Clearly p € C, so € is nonempty. To show € = M, we need to show it is
open and closed.

Let ¢ € € be arbitrary, which means that there is a piecewise smooth
curve segment -y going from p to g. Let U be a coordinate ball centered at q.
If ¢’ is any point in U, then it is easy to construct a piecewise smooth curve
segment from p to ¢’ by first following v from p to ¢, and then following
a straight-line path in coordinates from ¢ to ¢’. Thus U C €, which shows
that € is open. On the other hand, if ¢ € 9C, let U be a coordinate ball
around ¢ as above. The fact that ¢ is a boundary point of € means that
there is some point ¢’ € €N U. In this case, we can construct a piecewise
smooth curve from p to ¢ by first following one from p to ¢’ and then
following a straight-line path in coordinates from ¢’ to g. This shows that
q € C, so € is also closed. O

If v is a smooth curve segment in M and w is a smooth covector field on
M, we define the line integral of w over 7 to be the real number

/w :/ Y w.
¥ [a,b]

Because y*w is a smooth covector field on [a, b], this definition makes sense.
More generally, if v is piecewise smooth, we define

Lw:

k

> / YW,
[ai—1,ai]

=1
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where [a;—-1,a;],i=1,...,k, are the intervals on which 7 is smooth.
This definition gives a rigorous meaning to classical line integrals such
as fdex—i—Qdy in the plane or fdew +Qdy+ Rdz in R3.

Proposition 4.17 (Properties of Line Integrals). Let M be a
smooth manifold. Suppose v: [a,b] — M is a piecewise smooth curve
segment and w,w1,ws € T*(M).

(a) For any c1,c2 € R,

/(clwl +02w2) = 01/W1 +02/WQ.
vy Y Y

(b) If v is a constant map, then fvw =0.

(¢) Ifa < c<b, then

fo=f e ]
v 71 2

where y1 = Y|ja,q) and v2 = Vl[cp)-

(d) The line integral of w over v can also be expressed as the ordinary

integral
b
[o=[ et
o a

Exercise 4.8. Prove Proposition 4.17.

Example 4.18. Let M = R?\ {0}, let w be the covector field on M given
by

_zdy —ydr

- x2 + y2 ’

and let v: [0,27] — M be the curve segment defined by
~(t) = (cost,sint).

Since y*w can be computed by substituting x = cost and y = sint every-
where in the formula for w, we find that

t(costdt) —sint(—sint dt ’r
/w:/ cost(cos . 2) 51n2( sint dt) :/ gt = o
5 [0,27] sin”t + cos“ ¢ 0
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One of the most significant features of line integrals is that they are in-
dependent of parametrization, in a sense we now define. If v: [a,b] — M
and ¥: [¢,d] — M are smooth curve segments, we say that 7 is a reparam-
etrization of v if ¥ = 7 o ¢ for some diffeomorphism ¢: [¢,d] — [a,b]. If ¢
is an increasing function, we say 7 is a forward reparametrization, and if ¢
is decreasing, it is a backward reparametrization. (More generally, one can
allow ¢ to be piecewise smooth, but we will have no need for this extra
generalization.)

Proposition 4.19 (Parameter Independence of Line Integrals).
Suppose M is a smooth manifold, w is a smooth covector field on M, and
v is a piecewise smooth curve segment in M. For any reparametrization 7
of v, we have

/;AJZ

Proof. First assume that +: [a,b] — M is smooth, and suppose ¢: [¢,d] —
[a, b] is an increasing diffeomorphism. Then Proposition 4.15 implies

/w=/ (70 0)w
¥ [e,d]
[e,d]

¥rw
b]

/ w if ¥ is a forward reparametrization,
¥

— / w if ¥ is a backward reparametrization.
¥

S~

w.

When ¢ is decreasing, the analogous result follows from Exercise 4.7. If 7 is
only piecewise smooth, the result follows simply by applying the preceding
argument on each subinterval where 7 is smooth. O

Exercise 4.9. Suppose F: M — N is any smooth map, w € T*(N), and
v is a piecewise smooth curve segment in M. Show that

/F*w:/ w.
y Foxy

There is one special case in which a line integral is trivial to compute:
the line integral of a differential.

Theorem 4.20 (Fundamental Theorem for Line Integrals). Let
M be a smooth manifold. Suppose f is a smooth function on M and
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v: [a,b] — M is a piecewise smooth curve segment in M. Then

/ df = F(v(b)) — F(v(a).

Proof. Suppose first that ~ is smooth. By Proposition 4.10 and Proposition
4.17(d),

b

/7 i- | (2 (1) dt = [ eran

a a

By the one-variable version of the fundamental theorem of calculus, this is
equal to f oy(b) — f o y(a).

If ~ is merely piecewise smooth, let a = ag < -+ < ap = b be the
endpoints of the subintervals on which v is smooth. Applying the above
argument on each subinterval and summing, we find that

k
[ =30 (F0@) = Frtas-) = £ (0) = F (@),

because the contributions from all the interior points cancel. O

Conservative Covector Fields

Theorem 4.20 shows that the line integral of any covector field w that can be
written as the differential of a smooth function can be computed extremely
easily once the smooth function is known. For this reason, there is a special
term for covector fields with this property. We say a smooth covector field w
on a manifold M is ezact on M if there is a function f € C°° (M) such that
w = df . In this case, the function f is called a potential for w. The potential
is not uniquely determined, but by Lemma 4.9, the difference between any
two potentials for w must be constant on each component of M.

Because exact differentials are so easy to integrate, it is important to
develop criteria for deciding whether a covector field is exact. Theorem
4.20 provides an important clue. It shows that the line integral of an exact
covector field depends only on the endpoints p = y(a) and ¢ = v(b): Any
other curve segment from p to g would give the same value for the line
integral. In particular, if v is a closed curve segment, meaning that vy(a) =
~(b), then the integral of df over v is zero.

We say a smooth covector field w is conservative if the line integral of w
over any closed piecewise smooth curve segment is zero. This terminology
comes from physics, where a force field is called conservative if the change
in energy caused by the force acting along any closed path is zero (“energy
is conserved”). (In elementary physics, force fields are usually thought of as
vector fields rather than covector fields; see Problem 4-5 for the connection.)
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The following lemma gives a useful alternative characterization of con-
servative covector fields.

Lemma 4.21. A smooth covector field w is conservative if and only if the
line integral of w depends only on the endpoints of the curve, i.e., fvw =
fﬁw whenever v and 7y are piecewise smooth curve segments with the same
starting and ending points.

Exercise 4.10. Prove Lemma 4.21. [Observe that this would be much
harder to prove if we defined conservative fields in terms of smooth curves
instead of piecewise smooth ones.]

Theorem 4.22. A smooth covector field is conservative if and only if it is
exact.

Proof. Ifw € T*(M) is exact, Theorem 4.20 shows that it is conservative, so
we need only prove the converse. Suppose therefore that w is conservative,
and assume for the moment that M is connected. Because the line integrals
of w are path independent, we can adopt the following notation: For any
points p,q € M, we will use the notation f;w to denote the line integral
fv w, where 7 is any piecewise smooth curve segment from p to q. Observe
that Proposition 4.17(c) implies that

P2 p3 P3
/ w4+ / W= / w (4.13)
p1 p2 p1

for any three points p1,p2,p3 € M.
Now choose any base point py € M, and define a function f: M — R by

f(tJ)—/p:w-

We will show that df = w. To accomplish this, let gy € M be an arbitrary
point, let (U, (2%)) be a coordinate chart centered at qo, and write the
coordinate representation of w as w = w;dz?. We will show that

of

%(QO) = w;(qo)

for j =1,...,n, which implies that dfy, = wq,.

Fix j, and let v: [—&,¢] — U be the smooth curve segment defined in
coordinates by v(t) = (0,...,t,...,0), with ¢ in the jth place, and with ¢
chosen small enough that y[—¢,¢] C U. Let p; = y(—¢), and define a new
function f: M — R by f(q) = fzi w. Note that (4.13) implies

f<q>—f<q>=/:w—/p:w=/:w,
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which does not depend on g. Thus fand f differ by a constant, so it suffices
to show that 8f/0x7 (qo) = wj(qo).
Now ~/(t) = 8/0x7]() by construction, so

P
wy () (7 (1)) = wy () ( oz

))=%mw>

y(t

Since the restriction of v to [—e&,t] is a smooth curve from p; to v(t), we
have

=/¢wm@m&

—E

Thus by the fundamental theorem of calculus,

L) = 0)F
d ~
= o tZOfOV(t)
d t
gl [ eaee
= 5(2(0)) = w3(a0).

This completes the proof that df = w.

Finally, if M is not connected, let {M;} be the components of M. The
argument above shows that for each ¢ there is a smooth function f; €
C°(M;) such that df; = w on M;. Letting f: M — R be the function that
is equal to f; on M;, we have df = w, thus completing the proof. O

It would be nice if every smooth covector field were exact, for then the
evaluation of any line integral would just be a matter of finding a potential
function and evaluating it at the endpoints, a process analogous to eval-
uating an ordinary integral by finding an indefinite integral or primitive.
However, this is too much to hope for.

Example 4.23. The covector field w of Example 4.18 cannot be exact on
R2 \ {0}, because it is not conservative: The computation in that example
showed that fww = 27 # 0, where ~ is the unit circle traversed counter-
clockwise.

Because exactness has such important consequences for the evaluation
of line integrals, we would like to have an easy way to check whether a
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given covector field is exact. Fortunately, there is a very simple necessary
condition, which follows from the fact that partial derivatives of smooth
functions can be taken in any order.

To see what this condition is, suppose that w is exact. Let f be any
potential function for w, and let (U, (z*)) be any coordinate chart on M.
Because f is smooth, it satisfies the following identity on U:

o*f 0% f
Oxidri  Oxidzrt (414)

Writing w = w;dz’ in coordinates, the fact that w = df is equivalent to
w; = Jf/0x*. Substituting this into (4.14), we find that the component
functions of w satisfy

8wj - 8(.«)1'
drt  Oxd’

(4.15)

We say that a smooth covector field w is closed if its components in
every coordinate chart satisfy (4.15). The following lemma summarizes the
computation above.

Lemma 4.24. FEvery exact covector field is closed.

The significance of this result is that the property of being closed is one
that can be easily checked. First we need the following result, which says
that it is not necessary to check the closedness condition in every coordinate
chart, just in a collection of charts that cover the manifold. The proof of this
lemma is a tedious computation; later you will be able to give a somewhat
more conceptual proof (see Problem 4-4 and also Chapter 9), so you are
free to skip the proof of this lemma if you wish.

Lemma 4.25. A smooth covector field is closed if and only if it satisfies
(4.15) in some coordinate chart around every point.

Proof. If w is closed, then by definition it satisfies (4.15) in every coordi-
nate chart. Conversely, suppose (4.15) holds in some chart around every
point, and let (U, (z)) be an arbitrary coordinate chart. For each p € U,
the hypothesis guarantees that there are some coordinates (77) defined
near p in which the analogue of (4.15) holds. Using formula (4.4) for the
transformation of the components of w together with the chain rule, we
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find
&ui 6(41]‘ - 0 6:fk ~ 0 (%Ek ~
- 5 = o () - o (5
0%zk _ 0xk 0wy, o*zk _ 9zF owy,
B (8:cj8xiwk + @%) B ((?xia:cjwk + dzi da' )

927k ozk o7l 0w, 923 _ 07k 0! oy,
T 0005 " T 0zt 027 07 00 " 029 0zt Ot
9?7 9?7 \ . 0% o7 (oD, O,
- (axmxi - axz—axa)‘“’f * ot o (a—~ - a?)
=040,

where the fourth equation follows from the third by interchanging the roles
of k and [ in the last term. O

For example, consider the following covector field on R2:
w = ycosxydr + xcoszy dy.
It is easy to check that

O(y cos zy) _ O(x cos xy) — cosay — aysinzy

Jy ox

s0 w is closed. In fact, you might guess that w = d(sin zy).

The question then naturally arises whether the converse of Lemma 4.24 is
true: is every closed covector field exact? The answer is almost yes, but there
is an important restriction. It turns out that the answer to the question
depends in a subtle way on the shape of the domain, as the next example
illustrates.

Example 4.26. Look once again at the covector field w of Example 4.7.
A straightforward computation shows that w is closed; but as we observed
above, it is not exact on R? \ {0}. On the other hand, if we restrict the
domain to the right half-plane U = {(z,y) : # > 0}, a computation shows
that w = d(tan~!y/x) there. This can be seen more clearly in polar coordi-
nates, where w = df. The problem, of course, is that there is no smooth (or
even continuous) angle function on all of R? \. {0}, which is a consequence
of the “hole” in the center.

This last example illustrates a key fact: The question of whether a par-
ticular covector field is exact is a global one, depending on the shape of the
domain in question. This observation is the starting point for de Rham co-
homology, which expresses a deep relationship between smooth structures
and topology. We will pursue this relationship in more depth in Chapter
11, but for now we can prove the following result. A subset V' C R" is said
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to be star-shaped with respect to a point ¢ € V if for every x € V, the
line segment from c¢ to x is entirely contained in V. For example, a convex
subset is star-shaped with respect to each of its points.

Proposition 4.27. If M is diffeomorphic to a star-shaped open subset of
R™, then every closed covector field on M 1is exact.

Proof. 1t is easy to check that a diffeomorphism pulls back closed covector
fields to closed covector fields and exact covector fields to exact ones; thus
it suffices to prove the proposition when M actually is a star-shaped open
subset of R™. So suppose M C R"™ is star-shaped with respect to ¢ € M,
and let w = w;dz* be a closed covector field on M.

As in the proof of Theorem 4.22, we will construct a potential function
for w by integrating along smooth curve segments from c. However, in this
case we do not know a priori that the line integrals are path-independent,
so we must integrate along specific paths.

For any point « € M, let ~,: [0,1] — M denote the line segment from ¢
to x, parametrized as follows:

Yz (t) = ¢+ t(x — ¢).

The hypothesis guarantees that the image of -, lies entirely in M for each
x € M. Define a function f: M — R by

f@ = [ w

x

We will show that f is a potential for w, or equivalently that df /92 = w;
fori=1,...,n. To begin, we compute

f@) = [ wn ey
1
= /0 wile+t(x —c)) (" — ) dt.

To compute the partial derivatives of f, we note that the integrand is
smooth in all variables, so it is permissible to differentiate under the integral
sign to obtain

%@) = /01 (tg;dﬁ (c+tx—o)(a' — ') +wjlc+tx— c))) dt.
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Because w is closed, this reduces to

lt / (152 1o = " = ) 4wyt tla = ) )
/ (twi(c+t(z —c))) dt

t=1

&%c+tx_@ﬂ

t=0

which was to be proved. O

The key to the above construction is that we can reach every point
x € M by a definite path 7, from ¢ to x, chosen in such a way that v,
varies smoothly as z varies. That is what fails in the case of the closed
covector field w on the punctured plane (Example 4.23): Because of the
hole, it is impossible to choose a smoothly-varying family of paths starting
at a fixed base point and reaching every point of the domain. In Chapter
11, we will generalize Proposition 4.27 to show that every closed covector
field is exact on any simply connected manifold.

When you actually have to compute a potential function for a given
covector field that is known to be exact, there is a much simpler procedure
that almost always works. Rather than describe it in complete generality,
we illustrate it with an example.

Example 4.28. Let w be a smooth covector field on R3, say
2 2
w = €Y dr + 2zye¥ dy — 2z dz.

You can check that w is closed. If f is a potential for w, we must have

of 2
Fr A
g—y:%:yeyz,
of
- = -2z
0z i

Holding y and z fixed and integrating the first equation with respect to z,
we obtain

fm%wzfﬁm:mf+a@m



Conservative Covector Fields 89

where the “constant” of integration C4(y, z) may depend on the choice of
(y, z). Now the second equation implies
0
2aye’ = a—(l’ey2 +Ci(y, 2))
Y

oC
= 2:1:yey2 + —1,
dy

which forces 9C1/0y = 0, so C is actually a function of z only. Finally,
the third equation implies

0 (:vey2 + C1(2))

9y = —
z
0G4
- 0z
from which we conclude that C(z) = —22% + C, where C is an arbitrary

constant. Thus a potential function for w is given by f(x,y,z) = zeV —222.
Any other potential differs from this one by a constant.

You should convince yourself that the formal procedure we followed in
this example is equivalent to choosing an arbitrary base point ¢ € R?,
and defining f(z,y,z) by integrating w along a path from ¢ to (x,y, 2)
consisting of three straight line segments parallel to the axes. This works
for any closed covector field defined on an open rectangle in R™ (which we
know must be exact, because a rectangle is convex). In practice, once a
formula is found for f on some open rectangle, the same formula typically
works for the entire domain. (This is because most of the covector fields
for which one can explicitly compute the integrals as we did above are real-
analytic, and real-analytic functions are determined by their behavior in
any open set.)
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Problems

4-1. In each of the cases below, M is a smooth manifold and f: M — R
is a smooth function. Compute the coordinate representation for df,
and determine the set of all points p € M at which df, = 0.

(a) M ={(x,y) € R? : > 0}; f(x,y) = z/(2* + y?). Use standard
coordinates (z,y).

(b) M and f are as in part (a); this time use polar coordinates (r, 6).

(c) M = 5% CR3 f(p) = 2(p) (the z-coordinate of p, thought of as
a point in R3). Use stereographic coordinates.

(d) M =R"; f(x) = |x|%. Use standard coordinates.
4-2. Let M be a smooth manifold.

(a) Given a smooth covector field o on M, show that the map
g: T(M) — C*°(M) defined by

a(X)(p) = op(Xp)

is linear over C*°(M), in the sense that for any smooth functions
f, [/ € C>®°(M) and smooth vector fields X, X',

F(fX + ' X) = f5(X) + fo(X').
(b) Show that a map
g: T(M) — C>®(M)

is induced by a smooth covector field as above if and only if it
is linear over C*°(M).

4-3. The length of a smooth curve v: [a,b] — R is defined to be the value
of the (ordinary) integral

b
Liy) = / /(1) dt.

Show that there is no smooth covector field w € T*(R™) with the
property that f,y w = L(v) for every smooth curve ~.

4-4. Use Proposition 4.27 to give a simpler proof of Lemma 4.25.

4-5. LINE INTEGRALS OF VECTOR FIELDS: Suppose X is a smooth vector
field on an open set U C R", thought of as a smooth function from
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4-7.

4-8.

4-9.

4-10.

Problems 91

R™ to R™. For any piecewise smooth curve segment v: [a,b] — U,
define the line integral of X over v by

/7 Xods= [ X0 A0

and say X is conservative if its line integral around any closed curve
is zero.

(a) Show that X is conservative if and only if there exists a smooth
function f € C*°(U) such that X = grad f. [Hint: Consider
the covector field w,(Y) = X (z) - Y, where the dot denotes the
Euclidean dot product.]

(b) If n =3 and X is conservative, show curl X = 0, where

0X3® 0Xx? o0 oxX' ox3\ o
C“M—<W‘W)@ <a__a_>%
0x? ox! 0

(c) If U C R3 is star-shaped, show that X is conservative on U if
and only if curl X = 0.

If M is a compact manifold and f € C*°(M), show that df vanishes
somewhere on M.

Is there a smooth covector field on S? that vanishes at exactly one
point? If so, can it be chosen to be exact?

Let T" =S x --- x S! denote the n-torus. For each i = 1,...,n, let
vi: [0,1] — T™ be the curve segment

vi(t) = (1,...,e*™" .. 1) (with e2™ in the ith place),

where we think of T™ as a subset of C* = R?". Show that a closed
covector field w on T" is exact if and only if f% w=0fori=1,...,n.
[Hint: Consider first E*w, where E: R™ — T™ is the covering map
B(at,... a") = (2™ .. 2" ]

If F: M — N is a smooth map, show that F*: T*N — T*M is
smooth.

Consider the smooth function det: GL(n,R) — R.

(a) Using matrix entries (A7) as global coordinates on GL(n,R),
show that the partial derivatives of the determinant map
det: GL(n,R) — R are given by

i e = (de —1yi
aAgdt(A) (det A)(A™1).
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[Hint: Expand det A by minors along the ith column and use
Cramer’s rule.]

(b) Conclude that the differential of the determinant function is
d(det) 4(B) = (det A)tr(A™'B)

for A € GL(n,R) and B € T4 GL(n,R) = M(n,R), where tr A =
>, Al is the trace of A.
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Submanifolds

Many of the most familiar examples of manifolds arise naturally as subsets
of other manifolds—for example, the n-sphere is a subset of R®*! and the
n-torus T" = S' x --- x S! is a subset of C x --- x C = C". In this chapter,
we will explore conditions under which a subset of a smooth manifold can
be considered as a smooth manifold in its own right. As you will soon
discover, the situation is quite a bit more subtle than the analogous theory
of topological subspaces.

Because submanifolds are typically presented as images or level sets of
smooth maps, a good portion of the chapter is devoted to analyzing the
conditions under which such sets are smooth manifolds. We begin by in-
troducing three special types of maps whose level sets and images are well
behaved: submersions, immersions, and embeddings. Then we define the
most important type of smooth submanifolds, called embedded submani-
folds. These are modeled locally on linear subspaces of Euclidean space.

Next, in order to show how submersions, immersions, and embeddings
can be used to define submanifolds, we will prove an analytic result that
will prove indispensable in the theory of smooth manifolds: the inverse
function theorem. This theorem and its corollaries show that, under certain
hypotheses on the rank of its push-forward, a smooth map behaves locally
like its push-forward.

The remainder of the chapter consists of various applications of the in-
verse function theorem to the study of submanifolds. We show that level
sets of submersions, level sets of constant-rank smooth maps, and images
of embeddings are embedded submanifolds. We also observe that the image
of an injective immersion looks locally like an embedded submanifold, but
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may not be one globally; this leads to the definition of a more general kind
of submanifold, called an immersed submanifold.

At the end of the chapter, we apply the theory of submanifolds to study
conditions under which an algebraic subgroup of a Lie group is itself a Lie

group.

Submersions, Immersions, and Embeddings

Because the push-forward of a smooth map F' at a point p represents the
“best linear approximation” to F' near p, we can learn something about
F itself by studying linear-algebraic properties of its push-forward at each
point. The most important such property is its rank (the dimension of its
image).

If F: M — N is a smooth map, we define the rank of F' at p € M to
be the rank of the linear map Fi: T, M — Tp,)N; it is of course just the
rank of the matrix of partial derivatives of F' in any coordinate chart, or
the dimension of Im F, C Tp(,)N. If F' has the same rank k at every point,
we say it has constant rank, and write rank F' = k.

An immersion is a smooth map F': M — N with the property that F,
is injective at each point (or equivalently rank F' = dim M ). Similarly, a
submersion is a smooth map F: M — N such that F is surjective at
each point (equivalently, rank F' = dim N). As we will see in this chapter,
immersions and submersions behave locally like injective and surjective
linear maps, respectively.

One special kind of immersion is particularly important. A (smooth)
embedding is an injective immersion F': M — N that is also a topologi-
cal embedding, i.e., a homeomorphism onto its image F'(M) C N in the
subspace topology. Since this is the primary kind of embedding we will
be concerned with in this book, the term “embedding” will always mean
smooth embedding unless otherwise specified.

Example 5.1 (Submersions, Immersions, and Embeddings).

(a) If My, ..., M} are smooth manifolds, each of the projections m;: My x
- X My — ; is a submersion. In particular, the projection
7m: R"* — R™ onto the first n coordinates is a submersion.

(b) Similarly, with M, ..., My as above, if p; € M; are arbitrarily chosen
points, each of the maps ¢j: M; — My x --- x M}, given by

LJ(Q) = (plv" 3 Pj—1,49,Pj+1, - "7pk)

is an embedding. In particular, the inclusion map R” < R"** given
by sending (z!,...,2") to (z!,...,2™,0,...,0) is an embedding.
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¢ J = 1s a smooth curve in a smooth manifo , then ~ 1s
If y: J — Mi h i h ifold M, then 7 i
an immersion if and only if v/(¢) # 0 for all ¢t € J.

(d) Any smooth covering map : M — M is both an immersion and a
submersion.

(e) If E is a smooth vector bundle over a smooth manifold M, the pro-
jection map 7: E — M is a submersion.

(f) Let T? = S' x S! denote the torus. The smooth map F: T? — R3
given by

F(e",e) = ((2+ cos @) cos 8, (2 + cosp) sin B, sin )

is a smooth embedding of T? into R? whose image is the doughnut-
shaped surface obtained by revolving the circle (y —2)?+22+1 about
the z-axis.

Exercise 5.1. Verify the claims in the preceding example.

To understand more fully what it means to be an embedding, it is useful
to bear in mind some examples of injective immersions that are not embed-
dings. The next two examples illustrate two rather different ways in which
an injective immersion can fail to be an embedding.

Example 5.2. Consider the map ~: (—m/2,37/2) — R? given by
~(t) = (sin 2, cost).

Its image is a curve that looks like a figure eight in the plane (Figure
5.1). (It is the locus of points (z,y) where 22 = 4y%(1 — y?), as you can
check.) It is easy to check that it is an injective immersion because ~y’(t)
never vanishes; but it is not a topological embedding, because its image is
compact in the subspace topology while its domain is not.

Example 5.3. Let T? = S' x S' € C? denote the torus, and let ¢ by any
irrational number. The map v: R — T2 given by

,_Y(t) — (62#1'157 eQﬂ'ict)

is an immersion because y’(t) never vanishes. It is also injective, because
~(t1) = ~(t2) implies that both t; — to and c¢t; — cto are integers, which is
impossible unless t; = 5.

Consider the set v(Z) = {v(n) : n € Z}. If v were a homeomorphism
onto its image, this set would have no limit point in ¥(R), because Z has
no limit point in R. However, we will show that (0) is a limit point of
~(Z). To prove this claim, we need to show that given any ¢ > 0, there is
a nonzero integer k such that |y(k) —v(0)| < e.
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FIGURE 5.1. The figure eight curve of Example 5.2.

Since S! is compact, the infinite set {27 : n € Z} has a limit point,

say zo € S'. Given ¢ > 0, we can choose distinct integers n; and ny such
that [e2™mi — 25| < /2, and therefore |e?™im1 — e2micn2| < ¢ Taking
k = ni1 — ng, this implies that

|627Tick _ 1| — |6727rin2 (627ricn1 _ e27ricn2)| — |€2ﬂ-icn1 _ e27ricn2| < g,

and so

(k) = 7(0)] = [(1,€*") = (1,1)] <e.

In fact, it is not hard to show that the image set v(R) is actually dense in
T? (see Problem 5-4).

As the next lemma shows, one simple criterion that rules out such cases
is to require that F' be a closed map (i.e., V closed in M implies F(V)
closed in N), for then it follows easily that it is a homeomorphism onto
its image. Another is that F' be a proper map, which means that for any
compact set K C N, the inverse image F~!(K) is compact.

Proposition 5.4. Suppose F': M — N is an injective immersion. If any
one of the following conditions holds, then F is an embedding with closed
1mage.

(a) F is a closed map.
(b) F is a proper map.
(¢) M is compact.

Proof. For set-theoretic reasons, there exists an inverse map F~1: F(M) —
M, and F is an embedding if and only if F'~! is continuous. If F is closed,
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then for every closed set V C M, (F~1)=1(V) = F(V) is closed in N and
therefore also in F(M). This implies F~! is continuous, and proves (a).
Every proper map between manifolds is closed (see [Lee00, Prop. 4.32]), so
(a) implies (b). Finally, a simple topological argument (see [Lee00, Lemma
4.25] shows that every continuous map from a compact space to a Hausdorff
space is closed, so (a) implies (c) as well. O

Exercise 5.2. Show that a composition of submersions is a submersion,
a composition of immersions is an immersion, and a composition of embed-
dings is an embedding.

Embedded Submanifolds

Smooth submanifolds are modeled locally on the standard embedding of
RF into R™, identifying R* with the subspace

of R™. Somewhat more generally, if U is an open subset of R", a k-slice of
U is any subset of the form

S={(zt, ..., xF " M) e U 2Pt = et =)
for some constants ¢*t1, ..., ¢". Clearly any k-slice is homeomorphic to an
open subset of RF. (Sometimes it is convenient to consider slices defined by
setting some other subset of the coordinates equal to constants instead of
the last ones. The meaning should be clear from the context.)

Let M be a smooth n-manifold, and let (U, ) be a smooth chart on M.
We say a subset S C U is a k-slice of U if ¢(5) is a k-slice of ¢(U). A
subset N C M is called an embedded submanifold of dimension k (or an
embedded k-submanifold or a regular submanifold) of M if for each point
p € N there exists a chart (U, p) for M such that p € U and U N N
is a k-slice of U. In this situation, we call the chart (U, ¢) a slice chart
for N in M, and the corresponding coordinates (x!,...,z") are called
slice coordinates. The difference n — k is called the codimension of N in
M. By convention, we consider an open submanifold to be an embedded
submanifold of codimension zero.

The definition of an embedded submanifold is a local one. It is useful to
express this formally as a lemma.

Lemma 5.5. Let M be a smooth manifold and N a subset of M. Suppose
every point p € N has a neighborhood U C M such that U NN is an
embedded submanifold of U. Then N is an embedded submanifold of M.

Exercise 5.3. Prove Lemma 5.5.
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The next proposition explains the reason for the name “embedded sub-
manifold.”

Proposition 5.6. Let N C M be an embedded k-dimensional submanifold
of M. With the subspace topology, N s a topological manifold of dimension
k, and it has a unique smooth structure such that the inclusion map N —
M is a smooth embedding.

Proof. N is automatically Hausdorff and second countable because M is,
and both properties are inherited by subspaces. To see that it is locally
Euclidean, we will construct an atlas. For this proof, let 7: R” — R* denote
the projection onto the first k& coordinates. For any slice chart (U, ¢), let

V=UnNN,
V=mop(V),
Yp=mogply:V V.

Then ) is easily seen to be a homeomorphism, because it has a continuous
inverse given by ¢! o Jlg» where j: R* — R™ is the smooth map

Thus N is a topological k-manifold, and the inclusion map ¢: N — M is a
topological embedding (i.e., a homeomorphism onto its image).

To see that N is a smooth manifold, we need to check that the charts
constructed above are smoothly compatible. Suppose (U, ¢) and (U’, ') are
two slice charts for N in M, and let (V;¢), (V',4’) be the corresponding
charts for N. The transition map is given by ¢/ o)™t = mo¢ 0™l 0},
which is a composition of the smooth maps 7, ¢’ o ¢!, and j. Thus the
atlas we have constructed is in fact a smooth atlas, and defines a smooth
structure on N. In any such chart, the inclusion map N <— M has the
coordinate representation

which is obviously an immersion. Since the inclusion is an injective immer-
sion and a topological embedding, it is a smooth embedding as claimed.

The last thing we have to prove is that this is the unique smooth struc-
ture making the inclusion map a smooth embedding. Suppose that A is a
(possibly different) smooth structure on N with the property that N — M
is a smooth embedding. To show that the given smooth structure is the
same as the one we have constructed, it suffices to show that each of the
charts we constructed above is compatible with every chart in A. Thus let
(U, ¢) be aslice chart for N in M, let (V, ) be the corresponding chart for
N constructed above, and let (W, ) be an arbitrary chart in A. We need
to show that ¥y o 071 G(W NV) — (W NV) is a diffeomorphism.
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Observe first that 1 o ! is a homeomorphism, and is smooth because

it can be written as the following composition of smooth maps:
ownv) S wnv s U LR LR

where we think of WNV as an open subset of N (with the smooth structure
A) and U as an open subset of M. To prove that it is a diffeomorphism,
we will show that 1 o ! is an immersion and appeal to Proposition 5.7
below, which says that such a map is automatically a diffeomorphism. To
show it is an immersion, we must show that its push-forward is injective.
By the argument above, (0071), = m, 0.0, 0(671),. Each of the linear
maps @x, tx, and (0~1), is injective—in fact ¢, and (71), are bijective—
and thus their composition is injective. Although 7, is not injective, the
composition will be injective provided Im(¢ o0 671), NKerm, = & (see
Exercise A.10(b) in the Appendix). Since ¢ takes its values in N, porof~1
takes its values in the slice where the coordinates z¥1,. .., z™ are constant:

woro® Yyt ... yf) = (@' (y),..., 2" (y), L, ).

It follows easily that the push-forward of this map at any point takes
its values in the span of (ej,...,er), which has trivial intersection with
Kerm, = span(eg41,...,€n). O

In general, a smooth homeomorphism need not have a smooth inverse.
A simple counterexample is the map F: R — R given by F(z) = 23, whose
inverse map is not differentiable at the origin. The problem in this example
is that the derivative of F' vanishes at the origin, which forces the derivative
of the inverse map to blow up. As the next proposition shows, if a smooth
homeomorphism is also an immersion, the inverse map will be smooth.

Proposition 5.7 (Smoothness of Inverse Maps). Suppose M and N
are smooth manifolds of the same dimension, and F: M — N is a homeo-
morphism that is also a smooth immersion. Then F~' is smooth, so F is
a diffeomorphism.

Proof. The only thing that needs to be proved is that F~! is smooth, which
is a local property, so by restricting to coordinate domains and replacing
F' with its coordinate representation, we may as well assume that M and
N are open subsets of R™.

The assumption that F'is an immersion means that the total derivative
DF(a) is injective for each a € M, and therefore is invertible for dimen-
sional reasons. If F~1 were differentiable at b € N, the chain rule would

imply

Id = D(F o F~1)(b)
= DF(F~1(b)) o DF~1(b),
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from which it would follow that DF~1(b) = DF(F~1(b))~!. We will be-
gin by showing that F~! is differentiable at each point of N, with total
derivative given by this formula.

Let b € N and set a = F~!(b) € M. For v,w € R™ small enough that
a+v e Mandb+w e N, define R(v) and S(w) by

R(v) = F(a+v) — F(a) — DF(a)v,
S(w) = F~Yb+4w) — F~1(b) — DF(a) 'w.

Because F is smooth, it is differentiable at a, which means that
lim, 0 R(v)/|v| = 0. We need to show that lim,,_.o S(w)/|w| = 0.
For sufficiently small w € R", define

v(w)=F 'b+w)—F'b)=F b+ w) —a.
It follows that

Flb+w)=F 1) +v(w) = a+v(w),

w=(b+w)—b= F(a+v(w)) — F(a), (5-1)

and therefore

=v(w) — DF(a) 'w
= DF(a)"Y(DF(a)v(w) — w)
= DF(a)" (DF (a)v(w) + F(a) — F(a +v(w)))

We will show below that there are positive constants ¢ and C' such that
clw| < u(w)] < Clw (5.2)

for all sufficiently small w. In particular, this implies that v(w) # 0 when
w is sufficiently small and nonzero. From this together with the result of
Exercise A.24 in the Appendix, we conclude that

o] = ol
ot BE@)] )
= IPF@ e Tl
< cpr HE,

which approaches zero as w — 0 because v(w) — 0 and F' is differentiable.
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To complete the proof that F~! is differentiable, it remains only to prove
(5.2). From the definition of R(v) and (5.1),

v(w) = DF(a) ' DF(a)v(w)
= DF(a)"'(F(a+v(w)) — F(a) - R(v(w)))
= DF(a)™!(w — R(v(w))),
which implies
[v(w)] < [DF(a)™* | Jw] + |[DF(a) ™" [R(v(w))]-
Because |R(v)|/|v] — 0 as v — 0, there exists ; > 0 such that |v] < dq

implies |R(v)| < |v|/(2|DF(a)~|). By continuity of F'~!, there exists § >
0 such that |w| < d2 implies |v(w)| < d1, and therefore

lv(w)| < [DF(a)™!| Jw] + (1/2)[v(w)].
Subtracting (1/2)|v(w)| from both sides, we obtain
[o(w)| < 2|DF(a)™}| |w]

whenever |w| < d2. This is the second inequality of (5.2). To prove the first,
we use (5.1) again to get

w=F(a+v(w)) — F(a) = DF(a)v(w) + R(v(w)).
Therefore, when |w| < da,

1

| < |DF(a)] o(w)] + | R(u(w)] < (|DF<a>| n W) o(w)].

This completes the proof that F~! is differentiable.

By Exercise A.25, the partial derivatives of F'~! are defined at each point
y € N. Observe that the formula DF~1(y) = DF(F~!(y))~! implies that
the map DF~!: N — GL(n,R) can be written as the composition

N2 M PR Grin,R) - GL(n,R), (5.3)

where i(A) = A~1. Matrix inversion is a smooth map, because GL(n,R) is
a Lie group. Also, DF is a smooth map because its component functions
are the partial derivatives of F', which are assumed to be smooth. Because
DF~! is a composition of continuous maps, it is continuous, and therefore
the partial derivatives of F~! are continuous, which means that F~! is of
class C*.

Now assume by induction that we have shown F~! is of class C*. This
means that each of the maps in (5.3) is of class C*. Because DF~! is
a composition of C* functions, it is itself C'*; this implies that the partial
derivatives of F~! are of class C*, so '~ ! itself is of class C**!. Continuing
by induction, we conclude that F~! is smooth. O
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The Tangent Space to an Embedded Submanifold

If N is an embedded submanifold of R™, we intuitively think of the tangent
space T, N at a point of N as a subspace of the tangent space T,R". Sim-
ilarly, the tangent space to a submanifold of an abstract smooth manifold
can be viewed as a subspace of the tangent space to the ambient manifold,
once we make appropriate identifications.

Let M be a smooth manifold, and let N C M be an embedded sub-
manifold. Since the inclusion map ¢: N — M is an immersion, at each
point p € N we have an injective linear map t,: T,N — T,M. We will
adopt the convention of identifying T, N with its image under this map,
thereby thinking of T}, N as a certain linear subspace of T}, M. Thought of
as a derivation, a vector X € T, N, identified with ¢, X € T,M, acts on
smooth functions on M in the following way:

Xf=(uX)f=X(for)=X(fln).

The next proposition gives a useful way to characterize T, N as a subspace
of T, M.

Proposition 5.8. Suppose N C M is an embedded submanifold and p €
N. As a subspace of T,M, the tangent space T,N is given by

T,N ={X €e T,M : X f =0 whenever f € C*°(M) and f|ny =0}.

Proof. First suppose X € T, N C T,M. This means, more precisely, that
X = .Y for some Y € T,N. If f is any smooth function on M that
vanishes on N, then fo: =0, so

Xf=Y)f=Y(for)=0.

Conversely, if X € T,M satisfies X f = 0 whenever f vanishes on N,
we need to show that there is a vector Y € T}, N such that X = +,Y. Let
(x!,...,2™) be slice coordinates for N in some neighborhood U of p, so
that U N N is the subset of U where z¢t1 = ... = 2" = 0, and (z!,...,2%)
are coordinates for U N IN. Because the inclusion map ¢: N NU — M has
the coordinate representation

oz, ... 2% = (b, ..., 2F,0,...,0)

in these coordinates, it follows that T,V (that is, 1T}, N) is exactly the sub-
space of T, M spanned by 9/0z"|,,...,0/0x"|,. If we write the coordinate
representation of X as

n . 9
X:ZX ozt

i=1

)

P

we see that X € T,N if and only if X’ =0 for i > k.
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Let ¢ be a bump function supported in U that is equal to 1 in a neighbor-
hood of p. Choose an index j > k, and consider the function f(x) = ¢(z)z7,
extended to be zero on M ~ U. Then f vanishes identically on N, so

0=Xf= ixii‘?(“’éﬁﬂ) (p) = X7,
i=1

Thus X € T,N as desired. |

Examples of Embedded Submanifolds

One straightforward way to construct embedded submanifolds is by using
the graphs of smooth functions. Let U C R™ be an open set, and let F': U —
R* be a smooth function. The graph of F is the subset of R™ x R* defined
by

D(F)={(z,y) eR" xR : 2 € U and y = F(z)}.
Lemma 5.9 (Graphs as Submanifolds). If U C R" is open and

F: U — RF is smooth, then the graph of F is an embedded n-dimensional
submanifold of R™+F.

Proof. Define a map ¢: U x RF — U x R* by

cp(:c,y) = (may - F(l‘))

It is clearly smooth, and in fact it is a diffeomorphism because its inverse
can be written explicitly:

o N (u,v) = (u,v + F(u)).

Because ¢(T'(F)) is the slice {(u,v) : v = 0} of U x R¥, this shows that
I'(F) is an embedded submanifold. |

Example 5.10 (Spheres). To show that S™ is an embedded submanifold
of R"*! we use the preceding lemma together with Lemma 5.5. Let B" be
the open unit ball in R™, and define functions F'*: B” — R by

FEu) = +/1 — |ul?.

For any i € {1,...,n}, the intersection of S" with the open set where z* > 0
is the graph of the smooth function

A N (T L "),

) ) A

Similarly, the intersection of S™ with {x : 2* < 0} is the graph of F~. Since
every point in S” is in one of these sets, Lemma 5.5 shows that S™ is an
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embedded submanifold of R™*!. The smooth structure thus induced on S™
is the same as the one we defined in Chapter 1: In fact, the coordinates
for S™ defined by these slice charts are exactly the graph coordinates we
defined in Example 1.11.

Exercise 5.4. Let U = {(z,9,2) : ,y,2 > 0} C R®. and let ®: U — R?
be the spherical coordinate map

CI)(xv Y, Z) = (pv ®s 0)

= | V22 + 42+ 22, cos™* é, cosT P —2__ .
/I2+y2+22 /-T2+y2

Show that (U, ®) is a slice chart for S* in R?.

As Example 5.10 illustrates, showing directly from the definition that a
subset of a manifold is an embedded submanifold can be somewhat cum-
bersome. In practice, submanifolds are usually presented to us in one of
the following two ways:

e LEVEL SET OF A SMOOTH MAP: Many submanifolds are most natu-
rally defined as the set of points where some smooth map takes on a
fixed value, called a level set of the map. For example, the n-sphere
S™ ¢ R™*! is defined as the level set f~1(1), where f: R"™! — R is
the function f(x) = |z|?.

e IMAGE OF A SMOOTH MAP: In some cases, it is more natural to de-
scribe a submanifold as the image of a smooth map. For example,
the map F: R? — R3 given by F(0,9) = ((2 + cos¢)cosf, (2 +
cos ) sin b, sin ¢) has as its image a doughnut-shaped torus of revo-
lution.

Thus two important questions we will need to address are:
e When is a level set of a smooth map an embedded submanifold?
e When is the image of a smooth map an embedded submanifold?

It is easy to construct examples of both cases that are not embedded
submanifolds. For example, the smooth map F: R — R? defined by
F(t) = (t3,t%) has as its image a curve that has a “cusp” or “kink” at
the origin. Similarly, the map ®: R> — R given by ®(z,y) = xy has the
union of the z and y axes as its zero level set. As Problem 5-5 shows, neither
of these sets is an embedded submanifold of R2.

The rest of this chapter is devoted to the study of these two questions,
and in particular to developing sufficient conditions under which both kinds
of sets are embedded submanifolds.
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The Inverse Function Theorem and Its Friends

The key to answering the questions at the end of the previous section is
understanding how the local behavior of a smooth map is modeled by the
behavior of its push-forward. To set the stage, we will consider a linear
version of the problem: Let S be a k-dimensional linear subspace of R",
and let us examine how we might use linear maps to define it.

First, every subspace S is the kernel of some linear map. (Such a linear
map is easily constructed by choosing a basis for S and extending it to
a basis for R™.) By the rank-nullity law, if S = Ker L, then Im L must
have dimension n — k. Therefore, a natural way to define a k-dimensional
subspace S C R” is to give a surjective linear map L: R" — R"~* whose
kernel is S. The vector equation Lx = 0 is equivalent to n — k scalar
equations, each of which can be thought of as “cutting out” one more
dimension of S.

On the other hand, every subspace is also the image of some linear map. A
choice of basis for S can be used to define an injective linear map E: R¥ —
R™ whose image is S. Such a map can be thought of as a “parametrization”
of S.

In the context of smooth manifolds, the analogue of a surjective linear
map is a submersion, and the analogue of an injective linear map is an
immersion. Let M be an n-manifold. By analogy with the linear situation,
we might expect that a level set of a submersion from M to an (n — k)-
manifold is an embedded k-dimensional submanifold of M. We will see
below that this is the case. Analogously, we might expect that the image of
a smooth embedding from a k-manifold to M is an embedded k-dimensional
submanifold. This is also the case.

The basis for all these results is the following analytic theorem. It is
the simplest of several results we will develop in this section that show
how the local behavior of a smooth map is modeled by the behavior of its
push-forward.

Theorem 5.11 (Inverse Function Theorem). Suppose M and N are
smooth manifolds and F: M — N is a smooth map. If F, is invertible at
a point p € M, then there exist connected neighborhoods Uy of p and Vy of
F(p) such that F: Uy — Vy is a diffeomorphism.

The proof of this theorem is based on the following elementary result
about metric spaces. If X is a metric space, a map G: X — X is said to be
a contraction if there is a constant A < 1 such that d(G(z), G(y)) < Ad(z,y)
for all z,y € X. Clearly any contraction is continuous.

Lemma 5.12 (Contraction Lemma). Let X be a complete metric

space. Every contraction G: X — X has a unique fized point, i.e., a point
z € X such that G(z) = x.
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Proof. Uniqueness is immediate, for if x and 2’ are both fixed points of
G, the contraction property implies d(z,z’) = d(G(z),G(z")) < Ad(z,z’),
which is possible only if z = 2.

To prove the existence of a fixed point, let g be an arbitrary point in
X, and define a sequence {z,} inductively by z,+1 = G(z,). For any ¢ > 1
we have d(x;, i+1) = d(G(z-1), G(2:)) < Ad(zi—1,2;), and therefore by

induction
d(Ii, $i+1) S )\id(Io, Il).
If j >i> N,

d(xi, wiy1) + d(Tiv1, ig2) + -+ d(xj-1, x5)
(AN 4+ XN Hd (g, 71)

< Ai(gw) d(zo, 1)

N

< md($07$1)-

Since this last expression can be made as small as desired by choosing
N large, the sequence {z,} is Cauchy and therefore converges to a limit
x € X. Because G is continuous,

Gx)=G ( lim xn) = lim G(z,) = lim 2,41 =z,

n—oo n—oo
so z is the desired fixed point. O

Proof of the inverse function theorem. The fact that Fi: TyM — Tp@,)N
is an isomorphism implies that M and N have the same dimension n.
Choose coordinate domains U centered at p and V centered at F(p); con-
sidering the coordinate maps as identifications as usual, we may as well
assume that U and V are actually open subsets of R™ and F'(0) = 0. The
map F} = DF(0)~ o F satisfies F1(0) = 0 and DF;(0) = Id. If the theorem
is true for Fy, then it is true for F = DF(0) o Fy. Henceforth, replacing F'
by Fi, we will assume that F' is defined in a neighborhood of 0, F(0) = 0,
and DF(0) = Id.

Let H(x) = x — F(x). Then DH(0) = Id —Id = 0. Because the matrix
entries of DH (z) are continuous functions of z, there is a number ¢ > 0
such that |[DH(z)| < 1/2 for all z € B.(0). If z,2" € B.(0), the Lipschitz
estimate for smooth functions (Proposition A.28 in the Appendix) implies

|H(z') — H(z)| < 3|2’ — zl. (5.4)
Since ' —x = F(a’) — F(z) + H(2'") — H(z), it follows that

@' —a| < |F(a') = F(2)| + [H(2") — H(2)| < [F(2) = F(2)] + 3|2’ — 2.
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Subtracting 1|z’ — z| from both sides, we conclude that

|2 — x| < 2|F(z) — F(x)| (5.5)

for all z, 2’ € B.(0). In particular, this shows that F' is injective on B.(0).

Now let y € B.;3(0) be arbitrary. We will show that there exists x €

B.(0) such that F(z) = y. Let G(z) = H(z) +y = x — F(x) + y, so that
G(z) = z if and only if F(z) = y. If |z| < ¢, (5.4) implies

1 €
G(@)] < [H (@)l + ]yl < 5lzl+ 5 <e, (5.6)

so G maps B:(0) to itself. It follows from (5.4) that |G(x) — G(z')| =
|H(z) — H(z')| < 3|2’ — x|, so G is a contraction. Since B.(0) is compact
and therefore complete, the contraction lemma implies that G has a unique
fixed point = € B(0). From (5.6), |z| = |G(x)| < ¢, so in fact z € B.(0),
thus proving the claim.

Let U = B.(0)NF~'(B./2(0)). Then U is open, and the argument above
shows that F': U — B.3(0) is bijective, so F~': B./5(0) — U exists.
Substituting * = F~1(y) and 2/ = F~1(y’) into (5.5) shows that F~! is
continuous. Let Uy be the connected component of U containing 0, and
Vo = F(Up). Then F': Uy — V; is a homeomorphism, and Proposition 5.7
shows that it is a diffeomorphism. O

For our purposes, the most important consequence of the inverse function
theorem is the following, which says that a constant-rank smooth map can
be placed locally into a particularly simple canonical form by a change of
coordinates. It is a nonlinear version of the canonical form theorem for
linear maps (Theorem A.4).

Theorem 5.13 (Rank Theorem). Suppose M and N are smooth mani-
folds of dimensions m and n, respectively, and F: M — N 1is a smooth map
with constant rank k. For each p € M there exist coordinates (z*,..., ™)
centered at p and (v!,. .., v") centered at F(p) in which F has the following
coordinate representation:

F(z!,...,2™) = («%,...,2%,0,...,0). (5.7)

Proof. Replacing M and N by coordinate domains U C M near p and
V C N near F(p) and replacing F' by its coordinate representation, we
may as well assume that F': U — V where U is an open subset of R™ and
V is an open subset of R™. The fact that DF(p) has rank k implies that
its matrix has some k x k minor with nonzero determinant. By reordering
the coordinates, we may assume that it is the upper left minor, (9F?/0x7)
for 4,5 = 1,...,k. Let us relabel the standard coordinates as (x,y) =
(', 2%yt oy F) in R™ and (v,w) = (v!,..., 0% w!, ..., w"*) in
R™. If we write F(z,y) = (Q(x,y), R(x,y)), then our hypothesis is that
(0Q*/0x7) is nonsingular at p.
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Define p: U — R™ by

o(r,y) = (Q(z,9),y)-

Its total derivative at p is

0@y 9
Do) = | 077
0 Imfk

which is nonsingular because its columns are independent. Therefore, by
the inverse function theorem, there are connected neighborhoods Uy of p
and Vp of ¢(p) such that ¢: Uy — Vj is a diffeomorphism. Writing the
inverse map as ¢ 1(z,y) = (A(z,y), B(z,y)) for some smooth functions
A: Vo — R¥ and B: V) — R™ % we compute

(z,y) = p(¢™ ! (,y))
= @(A(z,y), B(z,y)) (5.8)
= (Q(A(Iv y)v B(‘Ta y))v B(‘Ta y))

Comparing y components, it follows that B(z,y) = y, and therefore o1

has the form

o Hz,y) = (Alz,9),9).

We will take ¢: Up — R™ as our coordinate chart near p. Observe that
pop~! =1d implies Q(A(x,y),y) = z, and therefore F oo~ has the form

Foy ™ (z,y) = (v, R(z,y)),

where we have put R(z,y) = R(A(z,y),y).
The Jacobian matrix of this map at an arbitrary point (z,y) € ¢(Up) is

I 0
D(Fop ) (z,y) = ORI Ok
Oxi dyi

Since composing with a diffeomorphism does not change the rank of a
map, this matrix has rank exactly equal to k everywhere in Uj. Since the
first k columns are obviously independent, the rank can be k only if the
partial derivatives OR?/dy? vanish identically on Uy, which implies that R
is actually independent of (y!,...,y™ *). Thus in fact

Fo </771(x7y) = (I,R(I))
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To complete the proof, we need to choose coordinates for R™ near F(p).
Define v: Vj — R™ by

(v, w) = (v,w - R(w)).

This is a diffeomorphism onto its image, because its inverse is given explic-
itly by ¥~ (v,w) = (v,w + R(v)); thus 9 is a coordinate chart on V. In
terms of the coordinate maps ¢ for the domain and v for the range, F' has
the coordinate representation

Yo Fop H(z,y) =y(z K@) = (v, R(z) — R(x)) = (,0),
which was to be proved. O

The following corollary can be viewed as a somewhat more invariant
statement of the rank theorem.

Corollary 5.14. Let F: M — N be a smooth map, and suppose M 1is
connected. Then the following are equivalent:

(a) For each p € M there exist coordinates near p and F(p) in which the
coordinate representation of F is linear.

(b) F has constant rank.

Proof. First suppose F' has a linear coordinate representation in a neigh-
borhood of each point. Since any linear map has constant rank, it follows
that the rank of F' is constant in a neighborhood of each point, and thus
by connectedness it is constant on all of M. Conversely, if F' has constant
rank, the rank theorem shows that it has the linear coordinate representa-
tion (5.7) in a neighborhood of each point. |

Another useful consequence of the inverse function theorem is the implicit
function theorem, which gives conditions under which a level set of a smooth
map is locally the graph of a smooth function.

Theorem 5.15 (Implicit Function Theorem). Let U C R™ x R¥ be
an open set, and let (z,y) = (x',..., 2", y',...,y*) denote the standard

coordinates on U. Suppose ®: U — RF is a smooth map, (a,b) € U, and
¢ = ®(a,b). If the k x k matriz

oP!
(57n)
is nonsingular, then there exist neighborhoods Vo of a and Wy of b and a

smooth map F: Vo — Wy such that ®~1(c) N Vo x Wy is the graph of F,
i.e., ®(z,y) = ¢ for (x,y) € Vo x Wy if and only if y = F(x).
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Proof. Under the hypotheses of the theorem, consider the smooth map
U: U — R" x R¥ defined by ¥(x,y) = (z,®(x,y)). Its total derivative at
(a,b) is

I, 0
D\IJ(CL, b) = 4 i )
a;{).(a, b) (’M)_ (a,b)
oxJ oy’

which is nonsingular by hypothesis. Thus by the inverse function theorem
there exist connected neighborhoods Uy of (a,bd) and Yj of (a, ¢) such that
U: Uy — Y is a diffeomorphism. Shrinking Uy and Yj if necessary, we may
agssume Uy = V x W is a product neighborhood. Arguing exactly as in the
proof of the rank theorem (but with the roles of z and y reversed), the
inverse map has the form

\I/_I(Ia y) = (:Cv B(:Z?, y))

for some smooth map B: Yy — W.

Nowlet Vg = {x € V : (x,¢) € Yo} and Wy = W, and define F': Vh — W)
by F(xz) = B(z,c). Comparing y components in the relation (x,¢) = ¥ o
U—1(z,c) yields

¢c=®(z,B(z,c)) = (x, F(x))

whenever x € Vj, so the graph of F is contained in ®~!(c). Conversely,
suppose (z,y) € Vo x Wy and ®(z,y) = c¢. Then ¥(z,y) = (z, 2(z,y)) =
(z,c), so

(CL‘,y) = Wﬁl(xvc) = (I,B(CL‘,C)) = (CL‘7F(£E)),

which implies that y = F(x). This completes the proof. O

First Consequences

When we apply the inverse function theorem and its consequences to maps
between manifolds, we obtain a wealth of important results. The first one
is a significant strenghthening of Proposition 5.7.

Proposition 5.16. Suppose M and N are smooth manifolds of the same
dimension, and F: M — N is a smooth immersion. Then F is a local
diffeomorphism. If F' is bijective, it is a diffeomorphism.

Proof. The fact that F' is an immersion means that F is bijective at each
point for dimensional reasons. Then the fact that F' is a local diffeomor-
phism is an immediate consequence of the inverse function theorem. If F’
is bijective, then it is a diffeomorphism by Exercise 2.5. O
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The next proposition is a powerful consequence of the rank theorem. (In
Chapter 6, we will generalize this proposition to characterize surjective and
bijective maps of constant rank.)

Proposition 5.17. Let F: M — N be a smooth map of constant rank. If
F' is injective, then it is an immersion.

Proof. Let m = dim M, n = dim N, and suppose F' has constant rank k. If
F'isnot an immersion, then & < m. By the rank theorem, in a neighborhood
of any point there is a chart in which F has the coordinate representation

F(z',...,2™) = (z,...,2%,0,...,0). (5.9)

It follows that F(0,...,0,e) = F(0,...,0,0) for any sufficiently small ¢, so
F' is not injective. O

Another important application of the rank theorem is to vastly expand
our understanding of the properties of submersions. As the next few results
show, surjective submersions play a role in smooth manifold theory closely
analogous to the role played by quotient maps in topology.

Proposition 5.18 (Properties of Submersions). Let w: M — N be
a submersion.

(a) 7 is an open map.
(b) Every point of M is in the image of a smooth local section of .
(¢) If 7 is surjective, it is a quotient map.

Proof. Given p € M, let ¢ = w(p) € N. Because a submersion has con-

stant rank, by the rank theorem we can choose coordinates (z1,...,2™)
centered at p and (y',...,y") centered at ¢ in which 7 has the coordi-
nate representation w(z!, ..., 2™) = (z!,...,2%). If ¢ is a sufficiently small

positive number, the coordinate cube
Co={w:|a'|<ecfori=1,...,m}
is a neighborhood of p whose image under 7 is the cube

CL={y:|y'|<efori=1,....k}

The map o: €. — €. whose coordinate representation is o(z?, ..., z%) =
(x',...,2%,0,...,0) is a smooth local section of 7 satisfying o(¢q) = p. This
proves (b).

Suppose W is any open subset of M and ¢ € 7(W). For any p € W such
that 7(p) = ¢, W contains an open coordinate cube €. centered at p as
above, and thus m(W) contains an open coordinate cube centered at m(p).
This proves that W is open, so (a) holds. Because a surjective open map is
automatically a quotient map, (c) follows from (a). O
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The next three propositions provide important tools that we will use
frequently when studying submersions. The general philosophy is one that
we will see repeatedly in this book: to “push” a smooth object (such as
a smooth map) down via a submersion, pull it back via local sections. It
is convenient to introduce the following terminology: If 7: M — N is any
surjective map, the fiber of m over ¢ € N is the set 7=1(q) C M.

Proposition 5.19. Suppose M, N, and P are smooth manifolds, w: M —
N is a surjective submersion, and F: N — P is any map. Then F is smooth
if and only if F o7 is smooth:

M

s Form

N P.

F
Proof. If F is smooth, then F o 7 is smooth by composition. Conversely,
suppose that F' o m is smooth. For any ¢ € N, let o: U — M be a smooth
section of 7 defined on a neighborhood U of ¢q. Then 7 o ¢ = Idy implies

Fly=Foldy =(Fom)oo,

which is a composition of smooth maps. This shows that F' is smooth in a
neighborhood of each point, so it is smooth. O

The next proposition gives a very general sufficient condition under which
a smooth map can be “pushed down” by a submersion.

Proposition 5.20 (Passing Smoothly to the Quotient). Suppose
m: M — N is a surjective submersion. If F': M — P is a smooth map
that is constant on the fibers of w, then there is a unique smooth map
F: N — P such that For = F:

M

N = P.
F

Proof. Clearly, if F exists, it will have to satisfy F (¢9) = F(p) whenever
p € 7 1(q). We use this to define F: Given q € M, let F(q) = F(p), where
p € M is any point in the fiber over ¢. (Such a point exists because we are
assuming that 7 is surjective.) This is well-defined because F' is constant
on the fibers of m, and it satisfies For=F by construction. Thus F is
smooth by Proposition 5.19. O
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Our third proposition can be interpreted as a uniqueness result for
smooth manifolds defined as quotients of other smooth manifolds by sub-
mersions.

Proposition 5.21. Suppose my: M — Ny and wo: M — Ny are surjective
submersions that are constant on each other’s fibers (i.e., m(p) = w1 (p)
if and only if ma(p) = m2(p')). Then there exists a unique diffeomorphism
F: N1 — Ny such that F om = my:

M
n/ N\
N1 7 No.

Exercise 5.5. Prove Proposition 5.21.

Level Sets

Using the tools we have developed so far, we can now give some very general
criteria for level sets to be submanifolds.

Theorem 5.22 (Constant Rank Level Set Theorem). Let M and
N be smooth manifolds, and let F: M — N be a smooth map with constant

rank k. Each level set of F is a closed embedded submanifold of codimension
k in M.

Proof. Let ¢ € N be arbitrary, and let S denote the level set F~1(c) C
M. Clearly S is closed in M by continuity. To show it is an embedded
submanifold, we need to show that for each p € S there is a slice chart for
S in M near p. From the rank theorem, there are coordinate charts (U, ¢)
centered at p and (V) centered at ¢ = F'(p) in which F has the coordinate
representation (5.7), and therefore SN U is the slice {(z!,...,2") € U :
vl =... =28 =0} |

Corollary 5.23 (Submersion Theorem). If F: M — N is a submer-
sion, then each level set of F is a closed embedded submanifold whose codi-
mension is equal to the dimension of N.

Proof. A submersion has constant rank equal to the dimension of N. [

This result is extremely useful, because many submanifolds are most nat-
urally presented as level sets of submersions. In fact, it can be strengthened
considerably, because we need only check the rank condition on the level
set we are interested in. If F': M — N is a smooth map, a point p € M
is said to be a regular point of F if Fy: T, M — Tg(,)N is surjective; it is
a critical point otherwise. (This means, in particular, that every point is
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critical if dim M < dim N.) A point ¢ € N is said to be a regular value of
F if every point of the level set F~1(c) is a regular point, and a critical
value otherwise. In particular, if F~1(c) = @, c is regular. Finally, a level
set F~1(c) is called a regular level set if c is a regular value; in other words,
a regular level set is a level set consisting entirely of regular points.

Corollary 5.24 (Regular Level Set Theorem). FEvery reqular level
set of a smooth map is a closed embedded submanifold whose codimension
is equal to the dimension of the range.

Proof. Let F': M — N be a smooth map and let ¢ € N be a regular value
such that F~!(c) # @. The fact that c is a regular value means that F, has
rank equal to the dimension of N at every point of F~!(c). To prove the
corollary, it suffices to show that the set U of points where rank F}, = dim V
is open in M, for then we can apply the preceding corollary with M replaced
by U.

To see that U is open, let m = dim M, n = dim N, and suppose p € U.
Choosing coordinates near p and F'(p), the assumption that rank F, = n
at p means that the n x m matrix representing F, in coordinates has an
n X n minor whose determinant is nonzero. By continuity, this determinant
will be nonzero in some neighborhood of p, which means that F' has rank
n in this whole neighborhood. O

Exercise 5.6. If f: M — R is a smooth real-valued function, show that
p € M is a regular point of f if and only if df, # 0.

Example 5.25 (Spheres). Using Corollary 5.24, we can give a much
easier proof that S™ is an embedded submanifold of R**!. The sphere is
easily seen to be a regular level set of the function f: R"*! — R given by
f(z) = |z|?, since df =2, 2* da® vanishes only at the origin, and thus it
is an embedded n-dimensional submanifold of R™*+1!,

Example 5.26 (The Orthogonal Group). A real n x n matrix A is
said to be orthogonal if the linear map A: R™ — R"™ preserves the Euclidean
inner product:

(Az) - (Ay) =z - y.

The set O(n) of all orthogonal n x n matrices is clearly a subgroup of
GL(n,R), called the n-dimensional orthogonal group.

It is easy to see that a matrix A is orthogonal if and only if it takes the
standard basis of R™ to an orthonormal basis, which is equivalent to the
columns of A being orthonormal. Since the (i, j)-entry of the matrix AT A
is the dot product of the ith and jth columns of A, this condition is also
equivalent to the requirement that ATA = I,,. We will show that O(n) is
an embedded submanifold of GL(n,R).
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Let S(n,R) denote the set of symmetric n x n matrices, which is easily
seen to be a linear subspace of M(n,R) of dimension n(n + 1)/2 because
each symmetric matrix is uniquely determined by its values on and above
the main diagonal. Define ®: GL(n,R) — S(n,R) by

D(A) = AT A.

We will show that the identity matrix I,, is a regular value of @, from which
it follows that O(n) = ®~*(I,,) is an embedded submanifold of codimension
n(n +1)/2, that is, of dimension n? —n(n +1)/2 = n(n —1)/2.

Let A € O(n) be arbitrary, and let us compute the push-forward
®.: TAGL(n,R) — Tga)S(n,R). We can identify the tangent spaces
Ta GL(n,R) and T4y S(n, R) with M(n, R) and S(n,R), respectively, be-
cause GL(n,R) is an open subset of the vector space M(n,R) and S(n,R)
is itself a vector space. For any B € M(n,R), the curve v(¢t) = A+ tB
satisfies v(0) = A and v'(0) = B. We compute

B =.y'(0) = (207)(0) = | B(A+1B)
t=0

d

= (44 tB)T(A+tB) = BT"A+ A" B.
t=0

If C € S(n,R) is arbitrary,
®,(3AC) =41CTATA+ JATAC = JC+iC =C.

Thus @, is surjective, which proves the claim.

Example 5.27 (The Special Linear Group). The special linear group
SL(n,R) is the set of n X n matrices with determinant equal to 1. Because
the determinant function satisfies det(AB) = det Adet B, SL(n,R) is a
subgroup of GL(n,R). We will show that det: GL(n,R) — R is a smooth
submersion, from which it follows that SL(n, R) = det™'(1) is an embedded
submanifold. Let A € GL(n,R) be arbitrary. Problem 4-10 shows that
the differential of det is given by d(det)a(B) = (det A) tr(A™'B) for B €
T4 GL(n,R) 2 M(n,R). Choosing B = A yields

d(det) 4(A) = (det A) tr(A~1A) = (det A) tr(I,,) = ndet A # 0.
This shows that d(det) never vanishes on GL(n,R), so det is a submersion

and SL(n, R) is an embedded submanifold of dimension n? — 1 in GL(n, R).

Not all embedded submanifolds are naturally given as level sets of sub-
mersions as in these examples. However, the next proposition shows that
every embedded submanifold is at least locally of this form.
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Proposition 5.28. Let S be a subset of a smooth n-manifold M. Then
S is an embedded k-submanifold of M if and only if every point p € S
has a neighborhood U in M such that U NS is a level set of a submersion
F:U - R"F,

Proof. First suppose S is an embedded k-submanifold. If (z,..., 2") are
slice coordinates for S on an open set U C M, the map F': U — R"* given
in coordinates by F(z) = (z*+1,...,2") is easily seen to be a submersion
whose zero level set is S N U. Conversely, suppose that around every point
p € S there is a neighborhood U and a submersion F: U — R" ¥ such that
SNU = F~1(c) for some ¢ € R*~*. By the submersion theorem, SNU is an
embedded submanifold of U, and so by Lemma 5.5, S is itself an embedded
submanifold. |

If S € M is an embedded submanifold, a smooth map F: M — N such
that S is a regular level set of F' is called a defining map for S. In the special
case N = R"7¥ (so that F is a real-valued or vector-valued function), it is
usually called a defining function. Examples 5.25 through 5.27 show that
f(x) = |x|? is a defining function for the sphere, ®(A) = AT A is a defining
function for O(n), and the determinant is a defining function for SL(n,R).
More generally, if U is an open subset of M and F': U — N is a smooth
map such that SN U is a regular level set of F', then F' is called a local
defining map (or local defining function if N = R"~*) for S. Proposition
5.28 says that every embedded submanifold admits a local defining function
in a neighborhood of each point.

The next lemma shows that defining maps give a concise characterization
of the tangent space to an embedded submanifold.

Lemma 5.29. Suppose S C M is an embedded submanifold. If F: U — N
is any local defining map for S, then T,,S = Ker Fi: T,M — Tg,)N for
eachp e U.

Proof. Recall that we identify 7),S with the subspace ¢, (T,S) C T,M,
where ¢: S < M is the inclusion map. Because F o is constant on SNU,
it follows that Fi o v, is the zero map from T}, to Tr(,) N, and therefore
Im ¢, C Ker Fi. On the other hand, F is surjective by the definition of a
defining map, so the rank-nullity law implies that

dim Ker F, = dim T, M — dim T,y N = dim 7},S = dim Im ¢,

which implies that Im ¢, = Ker Fi. O

Our next example is a bit more complicated. It will be of use to us in
the next chapter.

Example 5.30 (Matrices of fixed rank). As in Chapter 1, let M(m x
n,R) denote the mn-dimensional vector space of m x n real matrices. For
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any k, let My(m x n,R) denote the subset of M(m x n,R) consisting of
matrices of rank k. We showed in Example 1.10 that My(m x n,R) is an
open submanifold of M(m x n,R) when k = min(m,n). Now we will show
that when 0 < k& < min(m,n), Mg (m x n,R) is an embedded submanifold
of codimension (m — k)(n — k) in M(m x n,R).

Let Ey be an arbitrary m x n matrix of rank k. This implies that FEj,
has some k x k£ minor with nonzero determinant. For the time being, let us
assume that it is the upper left minor. Writing Ej in block form as

o Ay By
EO - (CO DO) )

where Ay is a k x k matrix and Dy is of size (m—k) x (n—k), our assumption
is that Ag is nonsingular.
Let U be the set

U:{<g ZB;) EM(mxn,R):detA;éO}.

By continuity of the determinant function, U is an open subset of M(m x

n,R) containing Ey. Given E = (4 B) € U, consider the invertible n x n

matrix
A"l —A-1B
p_( . )

Since multiplication by an invertible matrix does not change the rank of a
matrix, the rank of F is the same as that of

A B\ (A —A'B\ [ I 0
EP_(C D>< 0 I, >—<CA—1 D—CA—lB)' (5.10)

Clearly EP has rank k if and only if D — CA~!B is the zero matrix. (To
understand where P came from, observe that F has rank k if and only if
it can be reduced by elementary column operations to a matrix whose last
n — k columns are zero. Since elementary column operations correspond to
right multiplication by invertible matrices, it is natural to look for a matrix
P satistying (5.10).)

Thus we are led to define F: U — M(m — k x n — k,R) by

A B\ .
F<C D>_D—CA B.

Clearly F' is smooth. To show that it is a submersion, we need to show
that DF(FE) is surjective for each E € U. Since M(m — k x n — k,R) is
a vector space, tangent vectors at F'(E) can be naturally identified with
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(m — k) x (n — k) matrices. Given E = (4 B ) and any matrix X € M(m —
k xn—k,R), define a curve v: (—e,¢) — U by

) = (él* thx) '

(D+tX —CA™'B) =X,
t=0

Then

Fay'(0) = (For)()) = &

Thus F is a submersion and so My (m x n,R)NU is an embedded subman-
ifold of U.

Now if E{ is an arbitrary matrix of rank k, just note that it can be
transformed to one in U by a rearrangement of its rows and columns. Such
a rearrangement is a linear isomorphism R: M(m x n,R) — M(m x n,R)
that preserves rank, so U’ = R~!(U) is a neighborhood of E} and F o
R:U" — M(m —k xn — k,R) is a submersion whose zero level set is
My (m x n,R)NU’. Thus every point in My (m x n,R) has a neighborhood
U’ in M(m xn,R) such that U'NMy(m x n, R) is an embedded submanifold
of U’, so M (m x n,R) is an embedded submanifold by Lemma 5.5.

Images of Embeddings and Immersions

The next question we want to address is when the image of a smooth
map is an embedded submanifold. The most important case is that of an
embedding, for which the answer is provided by the following theorem.

Theorem 5.31. The image of a smooth embedding is an embedded sub-
manifold.

Proof. Let F': N — M be an embedding. We need to show that each point
of F(N) has a coordinate neighborhood U C M in which F(N)NU is a
slice.

Let p € N be arbitrary, and let (U, ¢), (V,4) be coordinate charts cen-
tered at p and F'(p) in which F|y: U — V has the coordinate representation
(5.7). In particular (shrinking U and V' if necessary), this implies that F(U)
is a slice in V. Because an embedding is a homeomorphism onto its image
with the subspace topology, the fact that F(U) is open in F(N) means
that there is an open set W C M such that F(U) = W N F(N). Replacing
V by V. =V N W, we obtain a slice chart (V, Y|3) containing F'(p) such

that VN F(N) =V N F(U) is a slice of V. |

The preceding theorem combined with Proposition 5.6 can be summa-
rized by the following corollary.

Corollary 5.32. Embedded submanifolds are precisely the images of em-
beddings.
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Immersed Submanifolds

Although embedded submanifolds are the most natural and common sub-
manifolds and suffice for most purposes, it is sometimes important to con-
sider a more general notion of submanifold. In particular, when we study Lie
groups later in this chapter and foliations in chapter 14, we will encounter
subsets of smooth manifolds that are images of injective immersions, but
not necessarily of embeddings. To see what kinds of phenomena occur, look
back again at the two examples we introduced earlier of injective immer-
sions that are not embeddings. The “figure eight curve” of Example 5.2
and the dense curve on the torus of Example 5.3 are both injective im-
mersions but not embeddings. In fact, their image sets are not embedded
submanifolds (see Problems 5-3 and 5-4).

So as to have a convenient language for talking about examples like
these, we make the following definition. Let M be a smooth manifold. An
immersed submanifold of dimension k (or immersed k-submanifold) of M
is a subset N C M endowed with a k-manifold topology (not necessarily
the subspace topology) together with a smooth structure such that the
inclusion map ¢: N — M is a smooth immersion.

Immersed submanifolds usually arise in the following way. Given an in-
jective immersion F': N — M, we can give the image set F(N) C M a
topology simply by declaring a set U C F(N) to be open if and only if
F~Y(U) c N is open. With this topology, F(N) is clearly a topological
k-manifold homeomorphic to N, and there is a unique smooth structure on
it such that F: N — F(N) is a diffeomorphism. (The smooth coordinate
maps are just the maps of the form po F~!, where ¢ is a smooth coordinate
map for N.) With this topology and smooth structure, ¢: F(N) — M is
clearly a smooth immersion, because it is equal to the composition of a
diffeomorphism followed by an immersion:

-1
V)5 NS o

Example 5.33 (Immersed Submanifolds). Because the figure eight
of Example 5.2 and the dense curve of Example 5.3 are images of injec-
tive immersions, they are immersed submanifolds when given appropriate
topologies and smooth structures. As smooth manifolds, they are diffeomor-
phic to R. They are not embedded, because neither one has the subspace
topology.

Since the inclusion map of an immersed submanifold is by definition
an injective immersion, this discussion shows that immersed submanifolds
are precisely the images of injective immersions. Clearly every embedded
submanifold is also an immersed submanifold. The converse is not true:
An immersed submanifold is embedded precisely when it has the subspace
topology, or equivalently when the immersion is an embedding.
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The following lemma shows that the local structure of an immersed sub-
manifold is the same as that of an embedded one.

Lemma 5.34. Let F: N — M be an immersion. Then F' is locally an
embedding: For any p € N, there exists a neighborhood U of p in N such
that Fly: U — M is an embedding.

Exercise 5.7. Prove Lemma 5.34.

It is important to be clear about what this lemma does and does not say.
Given an immersed submanifold N C M and a point p € N, it is possible
to find a neighborhood U of p (in N) such that U is embedded; but it may
not be possible to find a neighborhood V of p in M such that VN N is
embedded.

Because immersed submanifolds are the more general of the two types of
submanifolds, the term “submanifold” without further qualification means
an immersed submanifold, which includes an embedded submanifold as a
special case. If there is room for confusion, it is usually better to specify
explicitly which type of submanifold is meant, particularly because some
authors do not follow this convention, but instead reserve the unqualified
term “submanifold” to mean what we call an embedded submanifold.

Even though an immersed submanifold N C M is not a topological sub-
space of M, its tangent space at any point p € N can nonetheless be viewed
as a linear subspace of T),M, as for an embedded submanifold. If t: N — M
is the inclusion map, then ¢ is a smooth immersion, so t,: T,N — T, M is
injective. Just as in the case of embedded submanifolds, we will routinely
identify T, N with the subspace ¢.T,N C T, M.

The Case of Manifolds with Boundary

The definitions of this chapter extend easily to manifolds with boundary.
First, if M and N are manifolds with boundary, a smooth map F: M — N
is said to be a immersion if F, is injective at each point, a submersion if
F, is surjective at each point, and an embedding if it is an immersion and
a homeomorphism onto its image (with the subspace topology. A subset
S C M is said to be an immersed submanifold of M if S is endowed with
a smooth manifold structure such that the inclusion map is an immersion,
and an embedded submanifold if in addition S has the subspace topology.
(We do not necessarily require the existence of slice coordinates for em-
bedded submanifolds, because such coordinates can be problematic if S
contains boundary points of M)

More generally, an immersed or embedded submanifold with boundary
in M is defined in exactly the same way, except that now .S itself is allowed
to have a boundary.

Exercise 5.8. If M is a smooth manifold with boundary, show that M
is a smooth submanifold of M.
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Restricting Maps to Submanifolds

Given a smooth map F: M — N, it is important to know whether F' is
still smooth when its domain or range is restricted to a submanifold. In the
case of restricting the domain, the answer is easy.

Proposition 5.35 (Restricting the Domain of a Smooth Map). If
F: M — N is a smooth map and S C M is an (immersed or embedded)
submanifold, then F|s: S — N is smooth.

Proof. The inclusion map ¢: S < M is smooth by definition of an immersed
submanifold. Since F'|s = F o ¢, the result follows. |

When the range is restricted, however, the resulting map may not be
smooth, as the following example shows.

Example 5.36. Let N C R? be the figure eight submanifold, with the
topology and smooth structure induced by the immersion v of Example
5.2. Define a smooth map G: R — R? by

G(t) = (sin 2t, cost).

(This is the same formula that we used to define 7, but now the domain
is the whole real line instead of just a subinterval.) It is easy to check that
the image of G lies in N. However, as a map from R to N, G is not even
continuous, because v~! o G is not continuous at t = —7 /2.

The next proposition gives sufficient conditions for a map to be smooth
when its range is restricted to an immersed submanifold. It shows that the
failure of continuity is the only thing that can go wrong.

Proposition 5.37 (Restricting the Range of a Smooth Map). Let
S C N be an tmmersed submanifold, and let F': M — N be a smooth map

whose image is contained in S. If F' is continuous as a map from M to S,
then F': M — S is smooth.

Proof. Let p € M be arbitrary and let ¢ = F(p) € S. Because the inclusion
map ¢: S — N is an immersion, Lemma 5.34 guarantees that there is a
neighborhood V of ¢ in S such that ¢|y: V < N is an embedding. Thus
there exists a slice chart (W) for V in N centered at ¢q. (Of course, it
might not be a slice chart fo S in N.) The fact that (W, ) is a slice chart
means that (5, {/JV) is a chart for V., where Vo = W NV and {/)V = o1, with
7: R — R¥ the projection onto the first & = dim S coordinates. Since
Vo = (¢ly)~H(W) is open in V, it is open in N in its given topology, and
so (Vp, 1) is also a chart for N.

Let U = F~1(Vp) C M, which is an open set containing p. (Here is where
we use the hypothesis that F' is continuous.) Choose a coordinate chart
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(Up, ) for M such that p € Uy C U. Then the coordinate representation

of F': M — S with respect to the charts (Up, ) and (Vp, ) is
gZoFocpfl :7ro('g/JoFocpfl)7
which is smooth because F': M — N is smooth. (|

In the special case in which the submanifold S is embedded, the conti-
nuity hypothesis is always satisfied.

Corollary 5.38 (Embedded Case). Let S C N be an embedded sub-
manifold. Then any smooth map F: M — N whose image is contained in
S is also smooth as a map from M to S.

Proof. When S C N has the subpace topology, a continuous map F': M —
N whose image is contained in S is automatically continuous into S. (This
is the characteristic property of the subspace topology—see [Lee00].) O

Vector Fields and Covector Fields on Submanifolds

If N C M is an immersed or embedded submanifold, a vector field X on
M does not necessarily restrict to a vector field on IV, because X, may not
lie in the subspace T, N C T,M at a point p € N. A vector field X on M
is said to be tangent to N if X, € T,N C T,,M for each p € V.

Lemma 5.39. Let N C M be an immersed or embedded submanifold, and
let v: N — M denote the inclusion map. If X is a smooth vector field on
M that is tangent to N, then there is a unique smooth vector field on N,
denoted by X|n, that is t-related to X.

Proof. For a vector field Z € T(N) to be t-related to X means that (.2, =
X, for each p € N. Because the injective linear map ¢.: T,N — T, M is
just inclusion (under our identification of T, N with a subspace of T, M),
this means that the uniqe vector field Z that is ¢-related to X, if one exists,
must be given by Z, = X, for all p € N. So we need only check that this
defines a smooth vector field on N.

Let p be any point in N. Since an immersed submanifold is locally em-
bedded, there is a neighborhood V of p in NV that is embedded in M. Let
(y!,...,y™) be slice coordinates for V in a neighborhood U of p in M, such
that V N U is the set where y"™! = ... = y™ = 0. We can write X locally
on U as

m ‘ 9
Xq: E Xl(q)a_yl ’ qEU
i=1
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At points ¢ € VNU, T,N = T,V is spanned by 9/9y'|,, ...,d/dy"|4, so the
condition that X be tangent to N means that X"T1(¢) =--- = X™(q) =0
at any point ¢ € V N U. Thus our vector field Z has the local coordinate
expression

Zq:ZXl(q)ayi , qEVNU.
1=1

q

Since the component functions X? are restrictions of smooth functions on
U, they are smooth, and thus Z is smooth. O

The restriction of covector fields to submanifolds is much simpler. Sup-
pose N C M is an immersed submanifold, and let :: N < M denote the
inclusion map. If ¢ is any smooth covector field on M, the pullback by
¢ yields a smooth covector field t*0 on N. To see what this means, let
Xp € T, N be arbitrary, and compute

(7 0)p(Xp) = 0p(1sXp)
= U:D(X;D)v

since ¢y : T, N — T}, M is just the inclusion map, under our usual identifica-
tion of T}, N with a subspace of T, M. Thus ¢*o is just the restriction of o
to vectors tangent to N. For this reason we often write |y in place of t*o,
and call it the restriction of o to N. Be warned, however, that o|y might
equal zero at a given point of N, even though considered as a covector
field on M, o might not vanish there. An example will help to clarify this
distinction.

Example 5.40. Let 0 = dy on R?, and let N be the z-axis, considered as
a submanifold of R2. As a covector field on R2, o does not vanish at any
point, because one of its components is always 1. However, the restriction
o|n is identically zero:

oly =t"dy=d(yot) =0,

because y vanishes identically on N.

To distinguish the two ways in which we might interpret the statement
“o vanishes on N,” we will say that o vanishes along N or vanishes at
points of N if o, = 0 for every point p € N. The weaker condition that
o|n = 0 will be expressed by saying that the restriction of o to N vanishes.

Exercise 5.9. Suppose M is a smooth manifold and N C M is an im-
mersed submanifold. If f € C*° (M), show that d(f|~) = (df)|n. Conclude
that if f is constant on N, then the restriction of df to N is zero.
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Lie Subgroups

A Lie subgroup of a Lie group G is a subgroup of G endowed with a topology
and smooth structure making it into a Lie group and an immersed subman-
ifold of G. The following proposition shows that embedded subgroups are
automatically Lie subgroups.

Proposition 5.41. Let G be a Lie group, and suppose H C G is a sub-
group that is also an embedded submanifold. Then H is a closed Lie sub-
group of G.

Proof. We need only check that multiplication H x H — H and inversion
H — H are smooth maps. Because multiplication is a smooth map from
G x G into G, its restriction is clearly smooth from H x H into G (this is true
even if H is merely immersed). Because H is a subgroup, multiplication
takes H x H into H, and since H is embedded, this is a smooth map into
H by Corollary 5.38. A similar argument applies to inversion. This proves
that H is a Lie subgroup.

To prove that H is closed, suppose that {h;} is a sequence of points in
H converging to a point g € G. Let U be the domain of a slice chart for
H containing the identity, and let W be a smaller neighborhood of e such
that W C U. Since the map u: G x G — G given by u(g1,92) = 97 "2
is continuous, there is a neighborhood V of the identity with the property
that V x V. C p=Y(W), which means that gl_lgz € W whenever g1,g2 € V.

Because g~ 'h; — e, by discarding finitely many terms of the sequence
we may assume that g=th; € V for all i. This implies that

hithi = (g7 hy) g™ hi) €W

for all i and j. Fixing j and letting i — oo, we find h; 'h; — h;'g e W C U.
Since H N U is a slice, it is closed in U, and therefore h;lg € H, which
implies g € H. Thus H is closed. O

We will see in Chapter 15 that this proposition has an important con-
verse, called the closed subgroup theorem.

Example 5.42 (Lie Subgroups).

(a) The subset GLT(n,R) C GL(n,R) consisting of real n x n ma-
trices with positive determinant is a subgroup because det(AB) =
(det A)(det B). It is an open subset of GL(n,R) by continuity of the
determinant function, and therefore it is an embedded Lie subgroup
of dimension n?.

(b) The circle group S! is a Lie subgroup of C* because it is a subgroup
and an embedded submanifold.
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The orthogonal group O(n) (the group of n x n orthogonal matrices)
is an embedded Lie subgroup of GL(n,R) (see Example 5.26). It
is a compact group because it is a closed and bounded subset of
M(n, R): closed because it is a level set of the continuous map ®(A) =
AT A, and bounded because each column of an orthogonal matrix
has norm 1, which implies that the Euclidean norm of A € O(n) is

(X4 (ADY? = v/

The special linear group SL(n,R) (the set of n x n real matrices
of determinant 1) is a subgroup and an embedded submanifold of
codimension 1 in GL(n,R) by Example 5.27. Therefore it is a Lie
subgroup.

The special orthogonal group is defined as SO(n) = O(n)NSL(n,R) C
GL(n,R). Because every matrix A € O(n) satisfies

1 =det I,, = det(AT A) = (det A)(det AT) = (det A)?,

it follows that det A = £1 for all A € O(n). Therefore, SO(n) is the
open subgroup of O(n) consisting of matrices of positive determinant,
and is therefore also an embedded Lie subgroup of dimension n(n —

1)/2 in GL(n,R). It is a compact group because it is a closed subset
of O(n).

Let H C T? be the dense immersed submanifold of the torus that is
the image of the immersion v: R — T? defined in Example 5.3. It is
easy to check that v is a group homomorphism and therefore H is
a subgroup of T2. Because the smooth structure on H is defined so
that v: R — H is a diffeomorphism, H is a Lie group (in fact, Lie
isomorphic to R) and is therefore a Lie subgroup of T2.
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Problems

5-1. Let F: R?2 — R be defined by
F(z,y) =23 +ay+9> + 1.
Which level sets of F' are embedded submanifolds of R??
5-2. Define a map F: P? — R* by

(22 — 92, 2y, vz, y2)

Show that F' is a smooth embedding.

5-3. Show that the image of the curve v: (—7/2,37/2) — R? of Example
5.2 is not an embedded submanifold of R2.

5-4. Let v: R — T? be the curve of Example 5.3.

(a) Show that the image set y(R) is dense in T?.
(b) Show that v(R) is not an embedded submanifold of the torus.

5-5. Let F': R — R? and ®: R? — R be defined by

F(t) = (£2,1%),
O(z,y) = zy.
(a) Show that neither F(R) nor ®~1(0) is an embedded submanifold
of R%.

(b) Can either set be given a topology and smooth structure making
it into an immersed submanifold of R?? [Hint: Consider tangent
vectors to the submanifold at the origin.]

5-6. Show that an embedded submanifold is closed if and only if the in-
clusion map is proper.

5-7. Suppose M is a smooth manifold, p € M, and ', ... ,y" are smooth
real-valued functions defined on a neighborhood of p in M.

(a) If dyy, ..., dy, form a basis for T, M, show that (y',...,y") are
coordinates for M in some neighborhood of p.

(b) If dy;, ...,dy, are independent, show that there are functions
y" ... y™ such that (y',...,y™) are coordinates for M in
some neighborhood of p.

(c) If dyzl), ..., dyy span T M, show that there are indices 41, ... ,ig
such that (y®,...,y%) are coordinates for M in some neighbor-
hood of p.
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Let M be a smooth compact manifold. Show that there is no smooth
submersion F': M — R¥ for any k > 0.

Suppose 7: M — N is a smooth map such that every point of M is in
the image of a smooth local section of 7. Show that 7 is a submersion.

. Consider the map F: R* — R? defined by

F(z,y,s,t) = (2® +y,2> + y° + s + 7 +y).

Show that (0,1) is a regular value of F, and that the level set
F~1(0,1) is diffeomorphic to S2.

Let S C R? be the square of side 2 centered at the origin:

S = {(z,y) : max(|z], |y[) = 1}.

If F: S! — S is any homeomorphism, show that either F or F~! is
not smooth.

Show that every bijective bundle map is a bundle isomorphism. More
precisely, if £ and E’ are vector bundles over a smooth manifold M,
and F: E — E’ is a bijective bundle map, show that F~! is also a
bundle map.

Let FF: M — N be a smooth map of constant rank k, and let
S = F(M). Show that S can be given a topology and smooth struc-
ture such that it is an immersed k-dimensional submanifold of NV
and F': M — S is smooth. Are the topology and smooth structure
uniquely determined by these conditions?

Decide whether each of the following statements is true or false, and
discuss why.

(a) If F: M — N is a smooth map, ¢ € N, and F~!(c) is an em-
bedded submanifold of M whose codimension is equal to the
dimension of N, then c is a regular value of F.

(b) If S C M is a closed embedded submanifold, there is a smooth
map F': M — P such that S is a regular level set of F.

. Let M C N be a closed embedded submanifold.

(a) Suppose f € C°°(M). (This means that f is smooth when con-
sidered as a function on M, not as a function on a closed subset
of N.) Show that f is the restriction of a smooth function on N.

(b) If X € T(M), show that there is a smooth vector field Y on N
such that X =Y.
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5-18.

5-19.

5-20.
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(¢) Find counterexamples to both results if the hypothesis that M
is closed is omitted.

. Let N € M be a connected immersed submanifold. Show that a

function f € C*°(M) is constant on N if and only if (df)|n = 0.

. If N C M is an embedded submanifold and v: J — M is a smooth

curve whose image happens to lie in N, show that +/(¢) is in the
subspace TN of T,y M for all t € J. Give a counterexample if N
is not embedded.

Let M be a smooth manifold. Two embedded submanifolds Ny, Ny C
M are said to be transverse (or to intersect transversely) if for each
p € N1 N Ny, the tangent spaces T), N1 and T, N, together span T, M.
If N1 and N, are transverse, show that N1 N Ns is either empty or an
embedded submanifold of M. Give a counterexample when N; and
N5 are not transverse.

Let M be a smooth n-manifold with boundary. Recall from Chapter
1 that a point p € M called a boundary point of M if p(p) € OH™ for
some generalized chart (U, ¢), and an interior point if ¢(p) € Int H”
for some generalized chart. Show that the set of boundary points
and the set of interior points are disjoint. [Hint: If ¢(p) € OH™ and
¥(p) € Int H", show that po1~! is an open map into R™ and derive
a contradiction. |

Let My, My be connected smooth manifolds of dimension n. For
1 =1,2, let (W;, ;) be a coordinate domain centered at some point
pi € M; such that ¢;(W;) = B2(0) C R™. Define U; = ¢; *(B1(0)) C
W; and M/ = M; \ U;. The connected sum of My and Mo, denoted
by My # M>, is the quotient space of M/ II M} obtained by identifying
each ¢ € OU; with @2_1 o p1(q) € OU,. Show that My#M, is con-
nected, and has a unique smooth n-manifold structure such that the
restriction of the quotient map to each M/ is an embedding (where
M! is thought of as a smooth manifold with boundary). Show that
there are open subsets Ml, Mg C M # M that are diffeomorphic to
My~ {p1} and My \ {p2}, respectively, and such that M; N My is
diffeomorphic to B2(0) ~\ {0}.
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Embedding and Approximation
Theorems

The purpose of this chapter is to address two fundamental questions about
smooth manifolds. The questions may seem unrelated at first, but their
solutions are closely related.

The first question is “Which smooth manifolds can be smoothly embed-
ded in Euclidean spaces?” The answer, as we will see, is that they all can.
This justifies our habit of visualizing manifolds as subsets of R".

The second question is “To what extent can continuous maps between
manifolds be approximated by smooth ones?” We will give two different
answers, both of which are useful in different contexts. Stated simply, we
will show that any continuous map from a smooth manifold into R™ can be
uniformly approximated by a smooth map, and that any continuous map
from one smooth manifold to another is homotopic to a smooth map.

The essential strategy for answering both questions is the same: first use
analysis in R™ to construct a “local” solution in a fixed coordinate chart;
then use partitions of unity to piece together the local solutions into a
global one.

Before we begin, we need extend the notion of sets of measure zero to
manifolds. These are sets that are “small” in the sense that is closely related
to having zero volume (even though we do not yet have a way to measure
volume quantitatively on manifolds), and include things like countable sets
and submanifolds of lower dimension.
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Sets of Measure Zero in Manifolds

Recall what it means for a set A C R"™ to have measure zero (see the
Appendix): for any 6 > 0, A can be covered by a countable collection of
open cubes whose total volume is less than J. The next lemma shows that
cubes can be replaced by balls in the definition.

Lemma 6.1. A subset A C R™ has measure zero if and only if, for every
0 >0, A can be covered by a countable collection of open balls whose total
volume is less than 0.

Proof. This is based on the easily-verified geometric fact that every open
cube of volume v is contained in an open ball of volume c,v, and every
open ball of volume v is contained in an open cube of volume ¢/, v, where
¢n, and ¢, are constants depending only on n. Thus if A has measure zero,
there is a countable cover of A by open cubes with total volume less than
0. Enclosing each cube in a ball whose volume is ¢,, times that of the cube,
we obtain an open cover of A by open balls of total volume less than ¢,9,
which can be made as small as desired by taking § sufficiently small. The
converse is similar. O

We wish to extend the notion of measure zero in a diffeomorphism-
invariant fashion to subsets of manifolds. Because a manifold does not
come with a metric, volumes of cubes or balls do not make sense, so we
cannot simply use the same definition. However, the key is provided by the
next lemma, which implies that the condition of having measure zero is
diffeomorphism-invariant for subsets of R™.

Lemma 6.2. Suppose A C R"™ has measure zero and F': A — R™ is a
smooth map. Then F(A) has measure zero.

Proof. By definition, F' has an extension, still called F', to a smooth func-
tion on a neighborhood W of A in R™. Let B be any closed ball contained
in W. Since B is compact, there is a constant C such that |[DF(z)| < C for
all z € B. Using the Lipschitz estimate for smooth functions (Proposition
A.28), we have

|F(x) — F(2')| < Cloz — /| (6.1)

for all z,z’ € B. o
Given § > 0, we can choose a countable cover {B;} of AN B by open
balls satisfying

> Vol(B;) < 6.

Then by (6.1), F(B;) is contained in a ball Ej whose radius is no more
than C times that of B;. Since the volume of a ball in R" is proportional
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to the nth power of its radius, we conclude that F(A N B) is contained in
the collection of balls { B;}, whose total volume is no greater than

> Vol(B;) < C".
J

Since this can be made as small as desired, it follows that F(A N B) has
measure zero. Since F'(A) is the union of countably many such sets, it too
has measure zero. O

Lemma 6.3. Suppose F: U — R"™ is a smooth map, where U is an open
subset of R™ and m < n. Then F(U) has measure zero in R™.

Proof. Let m: R™ — R™ denote the projection onto the first m coordinates,
and let U = 7~ 1(U). The result follows by applying the preceding lemma

to FF’=Fom: U — R" because F'(U) = F(UNR"™), which is the image of
a set of measure zero. O

We say a subset A of a smooth n-manifold M has measure zero if for
every smooth chart (U, ) for M, the set o(ANU) has measure zero in R™.
It follows immediately from Lemma A.30(c), that any set of measure zero
has dense complement, because if M ~\ A is not dense then A contains an
open set, which would imply ¢(ANV) would contain an open set for some
coordinate chart (V).

The following lemma shows that we need only check this condition for a
single collection of charts whose domains cover A.

Lemma 6.4. Suppose A is a subset of a smooth n-manifold M, and for
some collection {(Uy, pa)} of charts whose domains cover A, po(ANU,)
has measure zero in R™ for each oo. Then A has measure zero in M.

Proof. Let (V,4) be an arbitrary coordinate chart. We need to show that
(A NV) has measure zero. Some countable collection of the U,’s covers
ANV. For each such U,, we have

YANVNU,) = (wocpgl)ocpa(AﬂVﬂUa).

Now po(ANV NU,) is a subset of v, (ANU,), which has measure zero by
hypothesis. By Lemma 6.2 applied to ¢ o ¢, !, therefore, 1)(ANV NU,) has
measure zero. Since (AN V) is the union of countably many such sets, it
too has measure zero. O

As our first application of sets of measure zero in manifolds, we prove
the following proposition, which is an analogue of Proposition 5.17.

Proposition 6.5. Let F': M — N be a smooth map of constant rank.

(a) If F is surjective, then it is a submersion.
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(b) If F is bijective, then it is a diffeomorphism.

Proof. As in the proof of Proposition 5.17, let m = dim M, n = dim N, and
k = rank F. If F' is not a submersion, then k£ < n. By the rank theorem,
each point has a coordinate neighborhood in which F' has the coordinate
representation

F(z',...,2™) = («',...,2%,0,...,0). (6.2)

Since any open cover of a manifold has a countable subcover, we can choose
countably many charts {(U;, ¢;)} for M and corresponding charts {(V;, ;)}
for N such that the sets {U;} cover M, F maps U; into V;, and the coordi-
nate representation of F': U; — V; is as in (6.2). Since F(U;) is contained
in a k-dimensional slice of V;, it has measure zero in N. Because F(M) is
equal to the countable union of sets F(U;) of measure zero, F/(M) itself has
measure zero in N, which implies that F' cannot be surjective. This proves
(a).

To prove (b), note that a bijective map of constant rank is a submersion
by part (a) and an immersion by Proposition 5.17, so M and N have the
same dimension. Then Proposition 5.16 implies that F' is a diffeomorphism.

|

The next theorem is the main result of this section.

Theorem 6.6. Suppose M and N are smooth manifolds with dim M <
dim N, and F: M — N is a smooth map. Then F(M) has measure zero
in N. In particular, N . F(M) is dense in N.

Proof. Write m = dim M and n = dim N, and let {(U;, ¢;)} be a countable
covering of M by coordinate charts. Given any coordinate chart (V) for
N, we need to show that ¢(F(M)NV') has measure zero in R™. Observe that
this set is the countable union of sets of the form o F o, (@;(F~1 (V)N
U,)), each of which has measure zero by Lemma 6.3. |

Corollary 6.7. If M is a smooth manifold and N C M 1is an immersed
submanifold of positive codimension, then N has measure zero in M.

Theorem 6.6 can be considered as a special case of the following deeper
(and somewhat harder to prove) theorem due to Arthur Sard.

Theorem 6.8 (Sard’s Theorem). If F: M — N is any smooth map,
the set of critical values of F has measure zero in N .

We will neither use nor prove this theorem in this book. For a proof, see
[Mil65], [Ste64], or [Bre93].
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The Whitney Embedding Theorem

Our first major task in this chapter is to show that every smooth n-manifold
can be embedded in R?"*!. We will begin by proving that if m > 2n, any
smooth map into R™ can be perturbed slightly to be an immersion.

Theorem 6.9. Let F': M — R™ be any smooth map, where M is a smooth
n-manifold and m > 2n. For any ¢ > 0, there is a smooth immersion
F: M — R™ such that supy, |F — F| < e.

Proof. Let {W;} be any regular open cover of M as defined in Chapter 2 (for
example, a regular refinement of the trivial cover consisting of M alone).
Then each W; is the domain of a chart 1, : W; — Bs(0), and the precompact
sets U; = v, 1 (B1(0)) still cover M. For each k € N, let M}, = U§:1 U;. We
interpret My to be the empty set. We will modify F' inductively on one set
W, at a time.

Let {¢;} be a partition of unity subordinate to {W;}. Let Fy = F, and
suppose by induction we have defined smooth maps Fj: M — R™ for
j=1,...,k—1 satisfying

(i) supy, |Fj — F| < ¢
(ii) Fj(z) = Fj—1(x) unless z € Wj;
(iii) (Fj). is injective at each point of M.

For any m x n matrix A, define a new map Fq: M — R™ as follows: On
M ~ supp gk, Fa = Fi—1; and on Wy, F4 is the map given in coordinates
by

Fy(z) = F-1(z) + ¢r(2) Az,

where A: R® — R™ is thought of as a linear map. (When computing in
Wi, we simplify the notation by identifying maps with their coordinate
representations as usual.) Since both definitions agree on the set Wy ~\
supp @ where they overlap, this defines a smooth map. We will eventually
set Fj, = F4 for a suitable choice of A.

Because (i) holds for j = k — 1, there is a constant g9 < € such that
|Fr—1(z) — F(z)| < o for x in the compact set supp ¢x. By continuity,
therefore, there is some ¢ > 0 such that |A| < ¢ implies

sup|Fa — Fy—1| = sup |pk(x)Azx| < e — &y,
M TESUPP Pk

and therefore

sup |[Fa — F| < sup|Fa — Fy—1| +sup [Fy_1 — F| < (¢ — o) + 0 = ¢.
M M M
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Let P: Wy, x M(m x n,R) — M(m x n,R) be the matrix-valued function
P(z,A) = DF4(x).

By the inductive hypothesis, P(z, A) has rank n when (z,A) is in the
compact set (supp ¢rNM_1)x{0}. By choosing § even smaller if necessary,
we may also ensure that rank P(x, A) = n whenever z € supp ox N My_;
and |A4| <.

The last condition we need to ensure is that rank(F4). = n on Uy and
therefore on My = M), UUy. Notice that DF4(z) = DFy_1(z) 4+ A for
x € Uy, because @y, = 1 there, and therefore DF4(x) has rank n in U}, if and
only if A is not of the form B — DF},_;(x) for any x € U and any matrix B
of rank less than n. To ensure this, let Q: Wi, x M(m xn,R) — M(m xn,R)
be the smooth map

Q(x,B) = B — DFy_1(x).

We need to show that there is some matrix A with |A| < ¢ that is not of
the form Q(z, B) for any 2 € Uy and any matrix B of rank less than n.
For each j =0,...,n—1, the set M;(m x n,R) of m x n matrices of rank j
is an embedded submanifold of M(m x n,R) of codimension (m — j)(n — j)
by Example 5.30. By Theorem 6.6, therefore, Q(Wj, x M,;(m x n,R)) has
measure zero in M(m x n, R) provided the dimension of Wy, x M, (m x n,R)
is strictly less than the dimension of M(m x n,R), which is to say

n+mn—(m—j)(n—j)<mn
or equivalently
n—(m-—j)(n-yj) <o0. (6.3)

When j =n—1,n—(m—j)(n—j) = 2n—m—1, which is negative because
we are assuming m > 2n. For j <n—1,n— (m —j)(n—j) is increasing in
J because its derivative with respect to j is positive there. Thus (6.3) holds
whenever 0 < j < n — 1. This implies that for each j = 0,...,n — 1, the
image under @ of Wi, x M;(m X n,R) has measure zero in M(m x n,R).
Choosing A such that |A| < § and A is not in the union of these image
sets, and setting Fj, = F4, we obtain a map satisfying the three conditions
of the inductive hypothesis for j = k.

Now let F(x) = limg_,o0 Fi(z). By local finiteness of the cover {W;}, for
each k there is some N (k) > k such that W, N W; = @ for all j > N(k),
and then condition (ii) implies that Fixy = Fn(ey+1 = - -+ = F; on Wy, for
all i > N (k). Thus the sequence {Fy(z)} is eventually constant for = in a
neighborhood of any point, and so F: M — R™ is a smooth map. It is an
immersion because F' = Fy ) on Wy, which has rank n by (iii). |
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Corollary 6.10 (Whitney Immersion Theorem). FEvery smooth n-
manifold admits an immersion into R?".

Proof. Just apply the preceding theorem to any smooth map F': M — R?",
for example a constant map. O

Next we show how to perturb our immersion to be injective. The intu-
ition behind this theorem is that, due to the rank theorem, the image of
an immersion looks locally like an n-dimensional affine subspace (after a
suitable change of coordinates), so if F'(M) C R™ has self-intersections,
they will look locally like the intersection between two n-dimensional affine
subspaces. If m is at least 2n + 1, such affine subspaces of R™ can be
translated slightly so as to be disjoint, so we might hope to remove the
self-intersections by perturbing F' a little. The details of the proof are a bit
more involved, but the idea is the same.

Theorem 6.11. Let M be a smooth n-manifold, and suppose m > 2n + 1
and F': M — R™ is an immersion. Then for any e > 0 there is an injective
immersion F': M — R™ such that sup,, |F — F| < e.

Proof. Because an immersion is locally an embedding, there is an open
cover {W;} of M such that the restriction of F' to each W; is injective.
Passing to a refinement, we may assume that it is a regular cover. As in
the proof of the previous theorem, let ¢;: W; — B3(0) be the associated
charts, U; = ; '(B1(0)), and let {¢;} be a partition of unity subordinate
to {W;}. Let My = U}, Us.

As before, we will modify F' inductively to make it injective on succes-
sively larger sets. Let Fy = F', and suppose by induction we have defined
smooth maps F;: M — R™ for j =1,...,k — 1 satisfying

(i) Fj is an immersion;
(ii) supy, |F; — F| <e;
(ili) Fj(xz) = Fj—1(z) unless x € Wj;
(iv) Fj is injective on M j;
(v) F} is injective on W; for each i.
Define the next map Fj: M — R™ by
Fiy(2) = Fy-1(2) + ox(2)d,

where b € R™ is to be determined.

We wish to choose b such that Fj(z) # Fj(y) when z and y are distinct
points of M. To begin, by an argument analogous to that of Theorem 6.9,
there exists § such that |b| < ¢ implies

sup |Fy — F| < sup |Fy — Fx_1| +sup|Fx_1 — F| <e.
M Supp ¢k M
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Choosing ¢ smaller if necessary, we may also ensure that (F}). is injective
at each point of the compact set supp pg; since (F). = (Fip—1) is already
injective on the rest of M, this implies that F} is an immersion.

Next, observe that if Fj(x) = Fj(y), then exactly one of the following
two cases must hold:

Cask I ¢r(x) # ¢r(y) and

_Fia(@) — Fealy)

b= T @ — (@)

CASE II: ¢ () = ¢r(y) and therefore also Fj_1(z) = Fr_1(y).

Define an open subset U C M x M by

U={(zy): ox(x) # o (y)},
and let R: U — R™ be the smooth map

_Fea(w) - Fa(y)
er(r) —or(y)

Because dim U = dim(M x M) = 2n < m, Theorem 6.6 implies that R(U)
has measure zero in R™. Therefore there exists b € R™ with |b| < ¢ such
that (6.4) does not hold for any (z,y) € U. With this b, (i)—(iii) hold with
j = k. We need to show that (iv) and (v) hold as well.

If Fp(x) = Fi(y) for some x,y € My, case I above cannot hold
by our choice of b. Therefore we are in case II: ¢r(x) = ¢i(y) and
Frp_q1(z) = Fr_1(y). If wr(z) = ¢(y) = 0, then z,y € Mp\Up C Mj_1,
contradicting the fact that Fj_; is injective on My_; by the inductive
hypothesis. On the other hand, if ¢r(xz) and ¢i(y) are nonzero, then
x,y € suppyr C Wy, which contradicts the fact that Fy_; is injective
on Wy by (v). Similarly, if Fj(x) = Fi(y) for some z,y € W;, the same
argument shows that Fj_;(x) = Fj—1(y), contradicting (v).

Now we let F(z) = lim;_,o Fj(x). As before, for any k, this sequence
is constant on W}, for j sufficiently large, so defines a smooth function. If
F(z) = F(y), choose k such that x,y € M. For sufficiently large j, F' = F}
on My}, so the injectivity of F; on M), implies that = = y. O

R(l‘,y) =

We can now prove the main result of this section.

Theorem 6.12 (Whitney Embedding Theorem). FEvery smooth n-
manifold admits an embedding into R*" T as a closed submanifold.

Proof. Let M be a smooth n-manifold. By Proposition 5.4(b), a proper
injective immersion is an embedding with closed image. We will begin by
constructing a smooth proper map Fy: M — R?"*! and using the previous
two theorems to perturb it to a proper injective immersion.



The Whitney Embedding Theorem 137

To construct a proper map, let {V;} be any countable open cover of M

by precompact open sets, and let {¢;} be a subordinate partition of unity.
Define f € C*°(M) by

flp) = Zj%'(p)-

For any positive integer N, if p & Ujvzl Vj, then ¢;(p) =0 for 1 < j < N,

f) =f®)= > jeile)> > Nej(p) =N> ¢(p)=N.
J=N+1 J=N+1 =1

Therefore f~1[—N, N] is contained in the compact set Ujvzl V ;. This im-
plies that f is proper and so is the map Fy: M — R?"t! defined by
Fy=(f,0,...,0).

Now by Theorem 6.9, there is an immersion Fy: M — R2"*! satisfying
sup,s | F1 — Fo| < 1. And by Theorem 6.11, there is an injective immersion
Fy: M — R gatisfying sup,, |[Fo — Fi| < 1. If K C R?"*! is any
compact set, it is contained in some ball Br(0), and thus if Fi(p) € K we
have

[Fo(p)| < [Fo(p) — Fi(p)| + [Fi(p) — F2(p)| + [Fa(p)| S 1+ 1+ R,

which implies F; * (K) is a closed subset of I}, (Ba+ r(0)), which is compact
because Fy is proper. Thus F, is a proper injective immersion and hence
an embedding. O

This theorem, first proved by Hassler Whitney in 1936 [Whi36], answered
a question that had been nagging mathematicians since the notion of an
abstract manifold was first introduced: Are there abstract smooth mani-
folds that are not diffeomorphic to embedded submanifolds of Euclidean
space? Although this version of the theorem will be quite sufficient for our
purposes, it is interesting to note that eight years later [Whi44b, Whid4a],
using much more sophisticated techniques of algebraic topology, Whitney
was able to obtain the following improvements.

Theorem 6.13 (Strong Whitney Immersion Theorem). Ifn > 1,

every smooth n-manifold admits an immersion into R?"~1,

Theorem 6.14 (Strong Whitney Embedding Theorem). Every
smooth n-manifold admits an embedding into R*".
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The Whitney Approximation Theorem

In this section we prove the two theorems mentioned at the beginning of
the chapter on approximation of continuous maps by smooth ones.

We begin with the case of maps into Euclidean spaces. The following
theorem shows, in particular, that any continuous map from a smooth
manifold M into R* can be uniformly approximated by a smooth map.
In fact, for later use, we will prove something stronger. If 5: M — R is a
positive continuous function, we say two maps F, F': M — RF are 6-close
if |F(xz) — F(z)| < §(x) for all z € M.

Theorem 6.15 (Whitney Approximation Theorem). Let M be a
smooth manifold and let F': M — RF be a continuous map. Given a positive
continuous function 6: M — R, there exists a smooth map F': M — R
that is §-close to F. If F' is smooth on a closed subset A C M, then F can
be chosen to be equal to F' on A.

Proof. If F is smooth on the closed set A, then by definition there is some
neighborhood U of A on which F|4 has a smooth extension; call this ex-
tension Fy. (If there is no such set, we just take U = A = @.) Let

Up={ycU:|F(y) — F(y)| <oy}

It is easy to verify that Uy is an open set containing A.
We will show that there is a countable open cover {U;} of M ~ A and
points v; € R¥ such that

|F(y) —v;i| < d(y) for all y € U;. (6.5)

To see this, for any x € M \ A, let U, be a neighborhood of x contained
in M \ A and small enough that
6(y) > 16(z) and
|F(y) — F(z)] < 36(x)

for all y € U,. Then if y € U,, we have
[F(y) = F(z)| < 36(x) < d(y).

The collection of all such sets U, as x ranges over points of M \ A is an open
cover of M ~\ A. Choose a countable subcover {U,,}22,. Setting U; = Uy,
and v; = F(z;), we have (6.5).

Let {©0, p;} be a partition of unity subordinate to the cover {Uy, U;} of
M, and define F: M — RF by

F(y) = o) Fo(y) + D _ wily)vs.

i>1
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Then clearly Fis smooth, and is equal to ' on A. For any y € M, the fact
that >,-,¢; = 1 implies that

F) = )l = ool Folo) + 3 s = (salo) + 3 ut) ) 7

i>1 i>1
< ¢o(y)|Fo(y |+ZS"% )vi — F(y)]
i>1
< eo)dy) + Y @i(y)d(y)
i>1
=0(y),
which shows that F' is d-close to F. O

Next we wish to consider a continuous map F': N — M between smooth
manifolds. Using the Whitney embedding theorem, we can consider M as
an embedded submanifold of some Euclidean space R™, and approximate
F' by a smooth map into R™. However, in general, the image of this smooth
map will not lie in M. To correct for this, we need to know that there is a
smooth retraction from some neighborhood of M onto M. For this purpose,
we introduce a few more definitions.

Let M C R™ be an embedded n-dimensional submanifold. Identifying
the tangent space T}, M at a point p € M with a subspace of T,R™ = R™, we
define the normal space to M at p to be the subspace N, M C R™ consisting
of all vectors that are orthogonal to T), M with respect to the Euclidean dot
product. The normal bundle of M is the subset NM C R x R™ defined
by

NM = [] NpM ={(p,v) €R™ xR™ : p € M and v € N,M}.
pEM

Lemma 6.16. For any embedded submanifold M C R™, the normal bun-
dle NM is an embedded m-dimensional submanifold of R™ x R™.

Proof. Let n = dim M. Given any point p € M, there exist slice coordinates
(y*,...,y™) on a neighborhood U of p in R™ such that U N M is defined

by y"t! = ... = y™ = 0. Define ®: U x R™ — R™ " x R” by
0 0
(I)(:C,'U):(yn+1($),...7ym($),’l)'a—ylz,...,’l}'a—ynm).

Then NM N (U x R™) = ®~1(0) because the vectors /0yt |4, ...,0/0y"|.
span T, M at each point € U. Using the usual change of basis formula
for coordinate derivatives, the dot product v - 9/9y*|, can be expanded as

0 .0 oxk m 8IJ
« — = J _— B
U G ( awﬂ‘) (ayi(( BaF > Z
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(We write the summation explicitly in the last term because the positions
of the indices do not conform to the summation convention, as is usual
when dealing with the Euclidean dot product.) Thus the Jacobian of ® at
a point z € U is the m x 2m matrix

oy’
Do) = 5t L) axjo
oo (@)

The m rows of this matrix are obviously independent, so ® is a submersion
and therefore NM N (U x R™) is an embedded submanifold. Since the same
is true in a neighborhood of each point of NM, the result follows. O

The subset M x {0} € NM is clearly diffeomorphic to M. We will
identify this subset with M, and thus consider M itself as a subset of N M.
The normal bundle comes with a natural projection map 7: NM — M
defined by 7(z,v) = x; it is clearly smooth because it is the restriction of
the projection R™ x R™ — R™ onto the first factor.

Define a map £: NM — R™ by

E(z,v) =2 +v.

This just maps each normal space N, M affinely onto the affine subspace
through z and orthogonal to T, M. Clearly E is smooth because it is the
restriction of the addition map R™ x R™ — R™ to NM. A tubular neigh-
borhood of M is a neighborhood U of M in R™ that is the diffeomorphic
image under E of an open subset V' C NM of the form

V={(z,v) € NM : |Jv| < o(z)}, (6.6)

for some positive continuous function §: M — R.

Theorem 6.17 (Tubular Neighborhood Theorem). Fuvery embed-
ded submanifold of R™ has a tubular neighborhood.

Proof. We begin by showing that F is a diffeomorphism in a neighborhood
of each point of M C NM. Because N M and R™ have the same dimension,
it suffices to show that E, is surjective at each point. If v € T, M, there
is a smooth curve v: (—e,e) — M such that v(0) = z and 7/(0) = v. Let
¥: (—e,&) = NM be the curve ¥(¢) = (v(t),0). Then

B =(2o3Y(0)= & o=
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On the other hand, if w € N,M, then defining o: (—¢,e) — NM by
o(t) = (z,tw), we obtain

E.w=(Eoo)(0) (x + tw) = w.

dt|,_,

Since T, M and N,M span R™, this shows F, is surjective. By the inverse
function theorem, F is a diffeomorphism on a neighborhood of z in N M,
which we can take to be of the form Vs(z) = {(2/,v') : [z —2'| < 4, |v'| < 0}
for some § > 0. (This uses the fact that M is embedded and therefore its
topology is induced by the Euclidean metric.)

To complete the proof, we need to show that there is an open set V' of the
form (6.6) on which FE is a global diffeomorphism. For each point = € M, let
r(z) be the supremum of all § such that F is a diffeomorphism on Vj(z), or
r(z) = 1 if this supremum is greater than 1. Then r: M — R is continuous
for the following reason. Given z,z’ € M, if |z — 2’| < r(x), then by the
triangle inequality Vs(z') is contained in V,.(,(z) for § = r(x) — |z — 2|,
which implies that r(z') > r(z) — |z — 2/|, or r(x) — r(2’) < |x — 2'|. The
same is true trivially if |z — 2’| > r(x). Reversing the roles of x and 1z’
yields the opposite inequality, which shows that |r(z) —r(z')| < |z — 2'|,
so r is continuous.

Now let V = {(z,v) € NM : |v] < 3r(z)}. We will show that E is
injective on V. Suppose that (z,v) and (2’,v') are points in V such that
E(z,v) = E(a’,v"). Assume without loss of generality that r(z’) < r(z).
Then |[v/| < 2r(2’) < 4r(x), and it follows from z + v = 2’ + v’ that

|z —2'| = |v—2| < |o] + V'] < %T(m) + %T(,TI) < r(z).

This implies that both (z,v) and (2/,v') are in the set V. (,)(x) on which
E is injective, so (z,v) = (2/,v'). Setting U = E(V), we conclude that
E:V — U is a smooth bijection and a local diffeomorphism, hence a
diffeomorphism by Proposition 5.7. Thus U is a tubular neighborhood of
M. O

The principal reason we are interested in tubular neighborhoods is be-
cause of the next proposition. Recall that a retraction of a topological space
X onto a subspace M C X is a continuous map r: X — M such that r|p
is the identity map of M.

Proposition 6.18. Let M C R™ be an embedded submanifold and let U
be a tubular neighborhood of M. Then there exists a smooth retraction of

U onto M.

Proof. By definition, there is an open subset V' C NM containing M such
that E: V — U is a diffeomorphism. Just define r: U — M by r = mo E—1,
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where m: NM — M is the natural projection. Clearly r is smooth. For
x € M, note that E(x,0) = z, so r(x) = 7 o E~!(z) = m(x,0) = z, which
shows that r is a retraction. |

The next theorem gives a form of smooth approximation for continuous
maps between manifolds. It will have important applications later when we
study de Rham cohomology. If F,G: M — N are continuous maps, recall
that a homotopy from F to G is a continuous map H: M x I — N (where
I =0,1] is the unit interval) such that

H(x,0) = F(z),

H(z,1) =G(z)

for all x € M. If H(x,s) = F(z) = G(x) for all s € I and all z in some
subset A C M, the homotopy is said to be relative to A. If there exists a
homotopy from F' to G, we say that F' and G are homotopic (or homotopic
relative to A if appropriate).

Theorem 6.19 (Whitney Approximation on Manifolds). Let N
and M be smooth manifolds, and let F': N — M be a continuous map.
Then F is homotopic to a smooth map F: N — M. If F is smooth on a
closed subset A C N, then the homotopy can be taken to be relative to A.

Proof. By the Whitney embedding theorem, we may as well assume that
M is an embedded submanifold of R™. Let U be a tubular neighborhood
of M in R™ and let r: U — M be the smooth retraction given by Lemma
6.18. For any x € M, let

0(z) =sup{e <1: B.(z) C U}.

By a triangle-inequality argument entirely analogous to the one in the proof
of the tubular neighborhood theorem, §: M — R is continuous.

Let 6 = 0o F': N — R. By the Whitney approximation theorem, there
exists a smooth map F': N — R™ that is a d-approximation to F, and
is equal to F on A (which might be the empty set). Define a homotopy
H: N xI— M by

H(p,t) = r((1 = )F(p) + tF(p)).

This is well defined, because our condition on F guarantees that for each
p, |F(p) — F(p)| < §(p) = §(F(p)), which means that F(p) is contained in
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the ball of radius §(F(p)) around F(p); since this ball is contained in U, so

is the entire line segment from F(p) to F(p).
Thus H is a homotopy between Hy(p) = H(p,0) and Hy(p) = H(p,1). It

satisfies H(p,t) = F(p) for all p € A, since F' = F there. Clearly Hy = F

from the definition, and Hy(p) = r(F(p)) is smooth. O

If M and N are smooth manifolds, two smooth maps F,G: M — N are
said to be smoothly homotopic if there is a smooth map H: M x I — N
that is a homotopy between F' and G.

Proposition 6.20. If F,G: M — N are homotopic smooth maps, then
they are smoothly homotopic. If F' is homotopic to G relative to some closed
subset A C M, then they are smoothly homotopic relative to A.

Proof. Let H: M x I — M be a homotopy from F to G (relative to A,
which may be empty). We wish to show that H can be replaced by a smooth
homotopy.

Because Theorem 6.19 does not apply directly to manifolds with bound-
ary, we first need to extend H to a manifold without boundary containing
M x I.Let J = (—¢,1+¢) for some ¢ > 0, and define H: M x J — M by

H(xz,t) te]0,1]
H(z,t)={ H(z,0) t<0
H(z,1) t>1
This is continuous by the gluing lemma [Lee00, Lemma 3.8]. Moreover, the
restriction of H to M x {0} U M x {1} is smooth, because it is equal to
Fom on M x {0} and Gom on M x {1} (where m1: M x I — M is the
projection on the first factor). If F' ~ G relative to A, H is also smooth
on A x I. Therefore, Theorem 6.19 implies that there is a smooth map
H: M x J — N (homotopic to H, but we do not need that here) whose
restriction to M x {0} UM x {1} U A x I equals H (and therefore H).
Restricting back to M x I again, we see that H |amrx 1 is a smooth homotopy
(relative to A) between F' and G. O
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Problems

6-1.

6-2.

6-4.

6-5.

Show that any two points in a connected smooth manifold can be
joined by a smooth curve segment.

Let M C R™ be an embedded submanifold, let U be a tubular neigh-
borhood of M, and let r: U — M be the retraction defined in Propo-
sition 6.18. Show that U can be chosen small enough that for each
x € U, r(z) is the point in M closest to x. [Hint: First show that
each point = € U has a closest point y € M, and this point satisfies
(x—y) LT,M]

. If M C R™ is an embedded submanifold and £ > 0, let M, be the set

of points in R™ whose distance from M is less than . If M is com-
pact, show that for suﬂiciintly small €, OM. is a compact embedded
submanifold of R™, and M. is a smooth manifold with boundary.

Let M C R™ be an embedded submanifold of dimension n. For each
p € M, show that there exist a neighborhood U of p in M and smooth
maps X1,..., Xm—n: U — R™ such that (X1(q), ..., Xm-n(q)) form
an orthonormal basis for N,M at each point ¢ € U. [Hint: Let (y°)
be slice coordinates and apply the Gram-Schmidt algorithm to the
vectors 9/0y".]

Let M C R™ be an embedded submanifold, and let N M be its normal
bundle. Show that N M is a vector bundle with projection 7: NM —
M. [Hint: Use Problem 6-4.]
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Lie Group Actions

In this chapter, we continue our study of Lie groups. Because their most
important applications involve actions by Lie groups on other manifolds,
this chapter concentrates on properties of Lie group actions.

We begin by defining Lie group actions on manifolds and explaining
some of their main properties. The main result of the chapter is a theorem
describing conditions under which the quotient of a smooth manifold by
a group action is again a smooth manifold. At the end of the chapter,
we explore two classes of such actions in more detail: actions by discrete
groups, which are closely connected with covering spaces, and transitive
actions, which give rise to homogeneous spaces.

Group Actions on Manifolds

The importance of Lie groups stems primarily from their actions on mani-
folds. Let G be a Lie group and M a smooth manifold. A left action of G
on M is a map G x M — M, often written as (g,p) — g - p, that satisfies

91+ (92 - p) = (9192) - P, (7.1)

€-p=D.
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A right action is defined analogously as a map M x G — M with compo-
sition working in the reverse order:

(p'gl)'92=]9' (9192)7
p-e=p.

A manifold M endowed with a specific G-action is called a (left or right)
G-space.

Sometimes it is useful to give a name to an action, such as : GXM — M,
with the action of a group element g on a point p usually written 6,(p). In
terms of this notation, the conditions (7.1) for a left action read

991 o 992 = 991927 (7 2)
98 = IdM;

while for a right action the first equation is replaced by

991 © 992 = 6‘9291'

For left actions, we will generally use the notations ¢ - p and 64(p) inter-
changeably. The latter notation contains a bit more information, and is use-
ful when it is important to specify the specific action under consideration,
while the former is often more convenient when the action is understood.
For right actions, the notation p - g is generally preferred because of the
way composition works.

A right action can always be converted to a left action by the trick of
defining g - p to be p - g~1; thus any results about left actions can be
translated into results about right actions, and vice versa. We will usually
focus our attention on left actions, because their group law (7.2) has the
property that multiplication of group elements corresponds to composition
of functions. However, there are some circumstances in which right actions
arise naturally; we will see several such actions later in this chapter.

Let us introduce some basic terminology regarding Lie group actions. Let
0: Gx M — M be a left action of a Lie group G on a smooth manifold M.
(The definitions for right actions are analogous.)

e The action is said to be smooth if it is smooth as a map from G x M
into M, that is, if 6,(p) depends smoothly on (g, p). If this is the case,
then for each g € G, the map 6,: M — M is a diffeomorphism, with
inverse 0 -1.

e For any p € M, the orbit of p under the action is the set

G-p={g-p:9cG},

the set of all images of p under elements of G.
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e The action is transitive if for any two points p, ¢ € M, there is a group
element g such that g - p = g, or equivalently if the orbit of any point
is all of M.

e Given p € M, the isotropy group of p, denoted by Gy, is the set of
elements g € G that fix p:

Gp={9€G:g9-p=np}

e The action is said to be free if the only element of G that fixes any
element of M is the identity: g - p = p for some p € M implies g = e.
This is equivalent to the requirement that G, = {e} for every p € M.

e The action is said to be proper if the map G x M — M x M given by
(g,p) — (g - p,p) is a proper map (i.e., the preimage of any compact
set is compact). (Note that this is not the same as requiring that the
map G X M — M defining the action be a proper map.)

It is not always obvious how to tell whether a given action is proper. The
following alternative characterization of proper actions is often useful.

Lemma 7.1. Suppose a Lie group G acts smoothly on a smooth manifold
M. The action is proper if and only if for every compact subset K C M,
the set Gg ={g € G: (g K)N K # &} is compact.

Proof. Let ©: G x M — M x M denote the map O(g,p) = (g - p,p)-
Suppose first that © is proper. Then for any compact set K C M, it is easy
to check that

Gk = {g € G : there exists p € K such that g -p € K}
= {g € G : there exists p € M such that O(g,p) € K x K}
=m6(07 (K x K)),
where 7 : G x M — G is the projection. Thus G is compact. Conversely,
suppose Gi is compact for every compact set K C M. If L C M x M is

compact, let K = w1 (L)Ume(L) C M, where m1,me: M x M — M are the
projections on the first and second factors, respectively. Then

oY L) cO K xK)C{(9,p):9g-pEKandpe K} C Gx x K.

Since © (L) is closed by continuity, it is a closed subset of the compact
set Gk x K and is therefore compact. O

One special case in which this condition is automatic is when the group
is compact.

Corollary 7.2. Any smooth action by a compact Lie group on a smooth
manifold is proper.
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Proof. Let G be a compact Lie group acting smoothly on M. For any
compact set K C M, the set Gk is closed in G by continuity, and therefore
is compact. O

Example 7.3 (Lie group actions).

()

The natural action of GL(n,R) on R™ is the left action given by
matrix multiplication: (A, z) — Az, considering z € R™ as a column
matrix. This is an action because matrix multiplication is associative:
(AB)z = A(Bx). It is smooth because the components of Az depend
polynomially on the matrix entries of A and the components of x.
Because any nonzero vector can be taken to any other by a linear
transformation, there are exactly two orbits: {0} and R™ ~ {0}.

The restriction of the natural action to O(n) x R™ — R™ defines a
smooth left action of O(n) on R™. In this case, the orbits are the
origin and the spheres centered at the origin. To see why, note that
any orthogonal linear transformation preserves norms, so O(n) takes
the sphere of radius R to itself; on the other hand, any vector of
length R can be taken to any other by an orthogonal matrix. (If v
and v’ are such vectors, complete v/|v| and v'/[v'| to orthonormal
bases and let A and A’ be the orthogonal matrices whose columns
are these orthonormal bases; then it is easy to check that A’A~! takes
v tov'.)

Further restricting the natural action to O(n) x S*~1 — §"~ ! we
obtain a transitive action of O(n) on S*~1. It is smooth by Corollary
5.38, because S*~! is an embedded submanifold of R™.

The natural action of O(n) restricts to an action of SO(n) on S*~1.
When n = 1, this action is trivial because SO(1) is the trivial group
consisting of the matrix (1) alone. But when n > 1, SO(n) acts tran-
sitively on S”~!. To see this, it suffices to show that for any v € S™,
there is a matrix A € SO(n) taking the first standard basis vector e;
to v. Since O(n) acts transitively, there is a matrix A € O(n) taking
e1 to v. Either det A = 1, in which case A € SO(n), or det A = —1,
in which case the matrix obtained by multiplying the last column of
A by —1is in SO(n) and still takes e; to v.

Any representation of a Lie group G on a finite-dimensional vector
space V is a smooth action of G on V.

Any Lie group G acts smoothly, freely, and transitively on itself by
left or right translation. More generally, if H is a Lie subgroup of G,
then the restriction of the multiplication map to H x G — G defines
a smooth, free (but generally not transitive) left action of H on G;
similarly, restriction to G x H — G defines a free right action of H
on G.
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(g) An action of a discrete group I' on a manifold M is smooth if and
only if for each g € T, the map p — g - p is a smooth map from M
to itself. Thus, for example, Z™ acts smoothly on the left on R™ by
translation:

Equivariant Maps

Suppose M and N are both (left or right) G-spaces. A smooth map
F: M — N is said to be equivariant with respect to the given G-actions if
for each g € G,

F(g-p)=g-F(p) (for left actions),
Flp-g)=F(p)-g (for right actions).

Equivalently, if # and ¢ are the given actions on M and N, respectively, F’
is equivariant if the following diagram commutes for each g € G:

M F

N
0, ©q

M

I N.

This condition is also expressed by saying that F' intertwines the two G-
actions.

Example 7.4. Let G and H be Lie groups, and let F: G — H be a
Lie homomorphism. There is a natural left action of G on itself by left
translation. Define a left action 6 of G on H by

To check that this is an action, we just observe that 6.(h) = F(e)h = h,
and

0g, © 04, (h) = F(91)(F(g2)h) = (F(91)F(92))h = F(g192)h = 04,4, (h)

because F' is a homomorphism. With respect to these G-actions, F' is
equivariant because

g0 F(g") = F(9)F(g') = F(gg') = F o Ly(g").
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The following theorem is an extremely useful tool for proving that certain
sets are embedded submanifolds.

Theorem 7.5 (Equivariant Rank Theorem). Let M and N be
smooth manifolds and let G be a Lie group. Suppose F': M — N is a smooth
map that is equivariant with respect to a transitive smooth G-action on M
and any smooth G-action on N. Then F has constant rank. In particular,
its level sets are closed embedded submanifolds of M.

Proof. Let 6 and ¢ denote the G-actions on M and N, respectively, and let
po be any point in M. For any other point p € M, choose g € G such that
04(po) = p. (Such a g exists because we are assuming G acts transitively
on M.) Because p, 0 F = F o 6,, the following diagram commutes:

F
TpoM — Tr(po) N

99*\ l(pg*

T,M ——s Trp N

Because the vertical linear maps in this diagram are isomorphisms, the
horizontal ones have the same rank. In other words, the rank of F, at an
arbitrary point p is the same as its rank at pg, so F' has constant rank. [

Here are some applications of the equivariant rank theorem.

Proposition 7.6. Let F: G — H be a Lie group homomorphism. The
kernel of F' is an embedded Lie subgroup of G, whose codimension is equal
to the rank of F.

Proof. As in Example 7.4, F is equivariant with respect to suitable G-
actions on G and H. Since the action on G by left translation is transitive,
it follows that F has constant rank, so its kernel F~1(0) is an embedded
submanifold. It is thus a Lie subgroup by Proposition 5.41. O

As another application, we describe some important Lie subgroups of
GL(n, C). For any complex matrix A, let A* denote the adjoint or conjugate
transpose of A: A* = AT Observe that (AB)* = (AB)” = BTAT = B*A*.
Consider the following subgroups of GL(n, C):

e THE COMPLEX SPECIAL LINEAR GROUP:

SL(n,C) = {A € GL(n,C) : det A = 1}.

e THE UNITARY GROUP:

U(n)={4A € GL(n,C): A"A=1I,}.
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e THE SPECIAL UNITARY GROUP:
SU(n) = U(n) N SL(n, C).

Exercise 7.1. Show that SL(n,C), U(n), and SU(n) are subgroups of
GL(n,C) (in the algebraic sense).

Exercise 7.2. Show that a matrix is in U(n) if and only if its columns
form an orthonormal basis for C" with respect to the Hermitian dot product
zew=7), 2wk

Proposition 7.7. The unitary group U(n) is an embedded n*-dimensional
Lie subgroup of GL(n,C).

Proof. Clearly U(n) is a level set of the map ®: GL(n,C) — M(n,C)
defined by

D(A) = A" A.

To show that ® has constant rank and therefore that U(n) is an embedded
Lie subgroup, we will show that ® is equivariant with respect to suitable
right actions of GL(n, C). Let GL(n, C) act on itself by right multiplication,
and define a right action of GL(n,C) on M(n,C) by

X.-B=DB"XB for X € M(n,C), B € GL(n,C).

It is easy to check that this is a smooth action, and ® is equivariant because
®(AB) = (AB)*(AB) = B*A*AB = B*®(A)B = ®(4) - B.

Thus U(n) is an embedded Lie subgroup of GL(n, C).

To determine its dimension, we need to compute the rank of ®. Because
the rank is constant, it suffices to compute it at the identity I,, € GL(n, C).
Thus for any B € Ty, GL(n,C) = M(n,C), let v: (—e,e) — GL(n,C) be
the curve y(t) = I, + tB, and compute

d
¢.B=—

o @ v(t)

t=0

2| (Tn+tB) (I + tB)

t=0

= B* + B.

The image of this linear map is the set of all Hermitian n X n matrices,
i.e., the set of A € M(n,C) satisfying A = A*. This is a (real) vector space
of dimension n?, as you can check. Therefore U(n) is an embedded Lie

subgroup of dimension 2n? — n? = n?. O
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Proposition 7.8. The complex special linear group SL(n,C) is an embed-
ded (2n? — 2)-dimensional Lie subgroup of GL(n,C).

Proof. Just note that SL(n,C) is the kernel of the Lie group homomor-
phism det: GL(n,C) — C*. It is easy to check that the determinant is
surjective onto C*, so it is a submersion by Proposition 6.5(a). Therefore
SL(n,C) = Ker(det) is an embedded Lie subgroup whose codimension is
equal to dim C* = 2. O

Proposition 7.9. The special unitary group SU(n) is an embedded (n* —
1)-dimensional Lie subgroup of GL(n,C).

Proof. We will show that SU(n) is an embedded submanifold of U(n). Since
the composition of embeddings SU(n) — U(n) — GL(n,C) is again an
embedding, SU(n) is also embedded in GL(n, C).

If A€ U(n), then

1 =det I, = det(A*A) = (det A)(det A*) = (det A)(det A) = | det A|*.

Thus det: U(n) — C* actually takes its values in S!. It is easy to check
that it is surjective onto S!, so it is a submersion by Proposition 6.5(a).
Therefore its kernel SU(n) is an embedded Lie subgroup of codimension 1
in U(n). |

Exercise 7.3. Use the techniques developed in this section to give simpler
proofs that O(n) and SL(n,R) are Lie subgroups of GL(n,R).

Quotients of Manifolds by Group Actions

Suppose a Lie group G acts on a manifold M (on the left, say). The set
of orbits of G in M is denoted by M/G; with the quotient topology, it is
called the orbit space of the action. Equivalently, M /G is the quotient space
of M determined by the equivalence relation p; ~ po if and only if there
exists g € G such that g - p1 = pa. It is of great importance to determine
conditions under which an orbit space is a smooth manifold.

One simple but important example to keep in mind is the action of R*
on R* x R™ by translation in the R* factor: 6, (z,y) = (v+,y). The orbits
are the affine subspaces parallel to R*, and the orbit space (R* x R")/RF
is diffeomorphic to R™. The quotient map m: R¥ x R® — (R* x R")/R* is
a smooth submersion.

It is worth noting that some authors use distinctive notations such as
M/G and G\M to distinguish between orbit spaces determined by left
actions and right actions. We will rely on the context, not the notation, to
distinguish between the two cases.

The following theorem gives a very general sufficient condition for the
quotient of a smooth manifold by a group action to be a smooth manifold.
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It is one of the most important applications of the inverse function theorem
that we will see.

Theorem 7.10 (Quotient Manifold Theorem). Suppose a Lie group
G acts smoothly, freely, and properly on a smooth manifold M. Then
the orbit space M/G is a topological manifold of dimension equal to
dim M — dim G, and has a unique smooth structure with the property that
the quotient map w: M — M /G is a smooth submersion.

Proof. First we prove the uniqueness of the smooth structure. Suppose
M/G has two different smooth structures such that =: M — M/G is a
smooth submersion. Let (M/G); and (M/G)2 denote M /G with the first
and second smooth structures, respectively. By Proposition 5.19, the iden-
tity map is smooth from (M/G)1 to (M/G)a:

M

(M/G) - (M/G)a.
The same argument shows that it is also smooth in the opposite direction,
so the two smooth structures are identical.

Next we prove that M /G is a topological manifold. Assume for definite-
ness that G acts on the left, and let 8: G x M — M denote the action and
©: Gx M — M x M the proper map O(g,p) = (g - p,p). For any open
set U C M, 7=} (n(U)) is equal to the union of all sets of the form 6,(U)
as g ranges over G. Since 6, is a diffeomorphism, each such set is open,
and therefore 7~!(7(U)) is open in M. Because 7 is a quotient map, this
implies that 7(U) is open in M /G, and therefore 7 is an open map.

If {U;} is a countable basis for the topology of M, then {7 (U;)} is a
countable collection of open subsets of M /G, and it is easy to check that
it is a basis for the topology of M/G. Thus M/G is second countable.

To show that M/G is Hausdorff, define the orbit relation O C M x M by

0=0(GxM)={(g-p,p) e M XM:peM, geG}.

(It is called the orbit relation because (¢g,p) € O if and only if p and ¢ are
in the same G-orbit.) Since proper maps are closed, it follows that O is a
closed subset of M x M. If w(p) and 7(q) are distinct points in M /G, then p
and ¢ lie in distinct orbits, so (p,q) € O. If U x V is a product neighborhood
of (p,q) in M x M that is disjoint from O, then 7(U) and 7(V') are disjoint
open subsets of M/G containing 7(p) and 7(q), respectively. Thus M/G is
Hausdorft.

Before proving that M/G is locally Euclidean, we will show that the
G-orbits are embedded submanifolds of M diffeomorphic to G. For any
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p € M, define a smooth map #®): G — M by 8%)(g) = g - p. Note that
the image of 6(P) is exactly the orbit of p. We will show that ) is an
embedding. First, if () (¢') = ) (g), then ¢’ - p = g - p, which implies
(97'g’) - p = p. Since we are assuming G acts freely on M, this can only
happen if ¢~'¢’ = e, which means g = ¢’; thus %) is injective. Observe
that

0% (g'9)=(gd'9)-p=9g -(g-p) =g -0P(g),

so 0(P) is equivariant with respect to left translation on G and the given
action on M. Since G acts transitively on itself, this implies that #®) has
constant rank. Since it is also injective, it is an immersion by Proposition
5.17.

If K C M is a compact set, then (§®)) =1 (K) is closed in G by continuity,
and since it is contained in Gxg = {g € G : (g - K) N K # @}, it is compact
by Lemma 7.1. Therefore, 8 is a proper map. We have shown that §(®) is
a proper injective immersion, so it is an embedding by Proposition 5.4(b).

Let £ = dim G and n = dim M —dim G. Let us say that a coordinate chart
(U, p) on M, with coordinate functions (z,y) = (x!,..., 2% ¢!, ..., y"), is
adapted to the G-action if

(i) (U) is a product open set U; x Uy C RF x R™, and

(ii) each orbit intersects U either in the empty set or in a single slice of
the form {y! =¢c!,...,y" = c"}.

We will show that for any p € M, there exists an adapted coordinate
chart centered at p. To prove this, we begin by choosing any slice chart
(W, 1) centered at p for the orbit G -p in M. Write the coordinate functions
of ¥ as (ul,...,uF v' ... v"), so that (G - p) N U is the slice {v! =--- =
v™ = 0}. Let S be the submanifold of U defined by u! = --- = u* = 0.
(This is the slice “perpendicular” to the orbit in these coordinates.) Thus
T,M decomposes as the following direct sum:

T,M =Ty(G - p) ©Tp,5,

where T,(G - p) is the span of (9/0u’) and T},S is the span of (9/9v").

Let ¢p: G x S — M denote the restriction of the action 8 to G x S C
G x M. We will use the inverse function theorem to show that i is a
diffeomorphism in a neighborhood of (e,p) € G x S. Let ip: G — G x S
be the embedding given by i,(g) = (g,p). The orbit map %) : G — M is
equal to the composition

G- axs -

Since ) is an embedding whose image is the orbit G - p, it follows that
o) (T.G) is equal to the subspace T,(G - p) C T, M, and thus the image of
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VYu: Tiep) (G x S) — T, M contains T),(G - p). Similarly, if j.: S — G x S is
the embedding j.(q) = (e, q), then the inclusion ¢: S < M is equal to the
composition

S axs - M.

Therefore, the image of v, also includes T,,S C T, M. Since T,,(G - p) and
TS together span T, M, 1.: T(ep) (G x S) — T, M is surjective, and for
dimensional reasons, it is bijective. By the inverse function theorem, there
exist a neighborhood (which we may assume to be a product neighborhood)
X xY of (e,p) in G x S and a neighborhood U of p in M such that
¥: X xY — U is a diffeomorphism. Shrinking X and Y if necessary, we
may assume that X and Y are precompact sets that are diffeomorphic to
Euclidean balls in R* and R™, respectively.

We need to show that Y can be chosen small enough that each G-orbit
intersects Y in at most a single point. Suppose this is not true. Then if {Y;}
is a countable neighborhood basis for Y at p (e.g., a sequence of Euclidean
balls whose diameters decrease to 0), for each 4 there exist distinct points
pi, Py € Y; that are in the same orbit, which is to say that g; - p; = p} for
some g; € G. Now, the points O(g;,pi) = (gi - pi, i) = (P}, pi) all lie in the
compact set Y x 7, so by properness of O, their inverse images (g;, p;) must
lie in a compact set L C G x M. Thus the points g; all lie in the compact
set mg(L) C G. Passing to a subsequence, we may assume that g; — g € G.
Note also that both sequences {p;} and {p}} converge to p, since p;, p; € Y;
and {Y;} is a neighborhood basis at p. By continuity, therefore,

g-p=lim g; - p; = lim p; = p.
71— 00 71— 00

Since G acts freely, this implies g = e. When i gets large enough, therefore,
gi € X. But this contradicts the fact that 6 is injective on X x Y, because

0y, (pi) = p; = 0c(p}),

and we are assuming p; # pl.

Choose diffeomorphisms a: B¥ — X and 3: B” — Y (where B* and B"
are the open unit balls in R¥ and R", respectively), and define ~: B* x
B" — U by v(2,y) = 0a2)(B(y)). Because v is equal to the composition of
diffeomorphisms

ax

B* x B 2% x x v LU,
7 is a diffeomorphism. The map ¢ = v~ ! is therefore a coordinate map on
U. We will show that ¢ is adapted to the G-action. Condition (i) is obvious
from the definition. Observe that each y = constant slice is contained in a
single orbit, because it is of the form 6(X x {po}) C 0(G x {po}) = G - po,
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where pg € Y is the point whose y-coordinate is the given constant. Thus if
an arbitrary orbit intersects U, it does so in a union of y = constant slices.
However, since an orbit can intersect Y at most once, and each y = constant
slice has a point in Y, it follows that each orbit intersects U in precisely
one slice if at all. This completes the proof that adapted coordinate charts
exist.

To finish the proof that M/G is locally Euclidean, let ¢ = 7(p) be an
arbitrary point of M/G, and let (U, ) be an adapted coordinate chart
centered at p, with o(U) = Uy x Uy C R¥ x R™. Let V = 7(U), which is
an open subset of M /G because 7 is an open map. Writing the coordinate
functions of ¢ as (z',...,2% y',...,y") as before, let Y C U be the slice
{#! = ... = 2% = 0}. Note that 7: Y — V is bijective by the definition of
an adapted chart. Moreover, if W is an open subset of Y, then

m(W) =a({(z,y) : (0,y) € W})

is open in M /G, and thus 7|y is a homeomorphism. Let o = (7|y)~!: V —
Y C U, which is a local section of .

Define a map 7: V' — Us by sending the equivalence class of a point (z, y)
to y; this is well defined by the definition of an adapted chart. Formally,
n = my o0 w oo, where my: Uy X Uz — Uz C R™ is the projection onto the
second factor. Because o is a homeomorphism from V to Y and me o is a
homeomorphism from Y to Us, it follows that 7 is a homeomorphism. This
completes the proof that M /G is a topological n-manifold.

Finally, we need to show that M/G has a smooth structure such that
7 is a submersion. We will use the atlas consisting of all charts (V,7) as
constructed in the preceding paragraph. With respect to any such chart
for M /G and the corresponding adapted chart for M, 7 has the coordinate
representation 7(z,y) = y, which is certainly a submersion. Thus we need
only show that any two such charts for M/G are smoothly compatible.

Let (U, ¢) and (U, @) be two adapted charts for M, and let (V,n) and
(V,7) be the corresponding charts for M/G. First consider the case in
which the two adapted charts are both centered at the same point p € M.
Writing the adapted coordinates as (x,y) and (Z,%), the fact that the co-
ordinates are adapted to the G-action means that two points with the
same y-coordinate are in the same orbit, and therefore also have the same
y-coordinate. This means that the transition map between these coordi-
nates can be written (Z,7) = (A(x,y), B(y)), where A and B are smooth
functions defined on some neighborhood of the origin. The transition map
non~!is just ¥ = B(y), which is clearly smooth.

In the general case, suppose (U, @) and (U, @) are adapted charts for M,
and p € U, p € U are points such that 7(p) = 7(p) = ¢q. Modifying both
charts by adding constant vectors, we can assume that they are centered at
p and p, respectively. Since p and p are in the same orbit, there is a group
element g such that g - p = p. Because 6, is a diffeomorphism taking orbits
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to orbits, it follows that ¢ = ¢ o 0, is another adapted chart centered at
p. Moreover, ' = 9;1 o o is the local section corresponding to ¢, and
therefore 77/ = my 0 @' 0 0’ :wQOQZOHQOH;lo&:wQOQOGZﬁ. Thus we
are back in the situation of the preceding paragraph, and the two charts
are smoothly compatible. O

Covering Manifolds

Proposition 2.8 showed that any covering space of a smooth manifold is
again a smooth manifold. It is often important to know when a space
covered by a smooth manifold is itself a smooth manifold. To understand
the answer to this question, we need to study the covering group of a
covering space. In this section, we assume knowledge of the basic properties
of topological covering maps, as developed for example in [Lee00, Chapters
11 and 12].

Let M and M be topological spaces, and let 7: M— M be a covering
map. A covering transformation of 7 is a homeomorphism ¢: M — M such
that wo @ = m:

— © —
M M

ﬁ\M T

The set C, (1\7 ) of all covering transformations, called the covering group
of 7, is a group under composition, acting on M on the left. The covering
group is the key to constructing smooth manifolds covered by M.

We will see below that for a smooth covering w: M — M, the covering
group acts smoothly, freely, and properly on the covering space M. Before
proceeding, it is useful to have an alternative characterization of properness
for actions of discrete groups.

Lemma 7.11. Suppose a discrete group I' acts continuously on a topolog-
ical manifold M. The action is proper if and only if the following condition
holds:

Any two points p,p’ € M have neighborhoods U, U’ such (7.3)
that the set {g €T : (g-U)NU'" # @} is finite. '

Proof. First suppose that I'" acts properly, and let ©: T" x M — M x M
be the map ©(g,p) = (g - p,p). Let U,U’ be precompact neighborhoods
of p and p/, respectively. If (7.3) does not hold, then there exist infinitely
many distinct elements g; € T' and points p; € U such that g; - p; € U’.
Because the pairs (g; - pi, i) = O(gs, p;) lie in the compact set U’ x U, the
preimages (g;, p;) lie in a compact subset of T x M , and therefore have a
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convergent subsequence. But this is impossible, because {g;} is an infinite
sequence of distinct points in a discrete space. o

Conversely, suppose (7.3) holds. If L is any compact subset of M x M,
we need to show that ©71(L) c T x M is compact. It suffices to show
that any sequence {(g;,p;)} C ©~1(L) has a convergent subsequence. Thus
suppose ©(g;,p;) = (gi - pi,pi) € L for all i. By compactness of L, we can
replace this sequence by a subsequence such that p; — p and g¢; - p; — p’.
Let U, U’ be neighborhoods of p and p’, respectively, satisfying property
(7.3). For all sufficiently large i, p; € U and g; - p; € U’. Since there are
only finitely many g € T' for which (g - U) N U’ # &, this means that there
is some g € I' such that g; = ¢ for infinitely many ¢; in particular, some
subsequence of (g;,p;) converges. |

Exercise 7.4. SupposeI'is a discrete group acting continuously on a topo-
logical manifold M. Show that the action is proper if and only if both of the
following conditions are satisfied:

(i) Each p e M has a neighborhood U such that (g-U)NU = @ for all
but finitely many g € T.

(ii) Ifp,p’ € M are not in the same I'-orbit, there exist neighborhoods U
of p and U’ of p’ such that (g-U)NU’ = & for all g € T.

A continuous discrete group action satisfying conditions (i) and (ii) of the
preceding exercise (or condition (7.3) of Lemma 7.11, or something closely
related to these) has traditionally been called properly discontinuous. Be-
cause the term “properly discontinuous” is self-contradictory (properly dis-
continuous group actions are, after all, continuous!), and because there is
no general agreement about exactly what the term should mean, we will
avoid using this terminology and stick with the more general term “proper
action” in this book.

Proposition 7.12. Let 7: M— M be_a smooth covering map. With the
discrete topology, the covering group Cr(M) is a zero-dimensional Lie group

acting smoothly, freely, and properly on M.

Proof. To show that G, (1\7 ) is a Lie group, we need only verify that it is
countable. Let p € M be arbitrary and let p = m(p). Because the fiber
771(p) is a discrete subset of the manifold M, it is countable. Since each
element of Gﬁ(]T/[/ ) is uniquely determined by what it does to p [Lee00,
Proposition 11.27(a)], the map ¢ — ¢(p) is an injection of ' into 7~ (p);
thus I' is countable.

Smoothness of the action follows from the fact that any covering trans-
formation ¢ can be written locally as ¢ = o o7 for a suitable smooth local
section o. The action is free because the only covering transformation that
fixes any point is the identity.
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To show that the action is proper, we will show that it satisfies condi-
tions (i) and (ii) of Exercise 7.4. If p € M, let U be an evenly covered
neighborhood of 7(p), and let U be the component of 7~1(U) containing
p. Because each element of the covering group permutes the components
of 7=1(U) [Lee00, Proposition 11.27(d)], it follows that U satisfies (i). (In
fact, it satisfies the stronger condition that (g - U)NU = & for all g € G
except g = e.)

Let p,p/ € M be points in separate orbits. If m(p) # w(p'), then
there are disjoint open sets U containing 7(p) and U’ containing 7 (p’),
so m1(U),m~1(U’) are disjoint open sets satisfying (ii). If 7(p) = m(p’),
let U be an evenly covered neighborhood of m(p), and let U, U’ be the
components of 7~ 1(U) contalnlng p and p’, respectlvely If ¢ is a covering
transformation such that ¢(U)NU’ # @, then go(U) U’ because covering
transformations permute the components of 7=1(U); therefore, since each
component contains exactly one point of 7=1(p), it follows that ¢(p) = p/,
which contradicts the assumption that p and p” are in different orbits. Thus
U and U’ satisfy (ii). |

The quotient manifold theorem yields the following converse to this
proposition.

Theorem 7.13. Suppose M s a connected smooth manifold, and a_dis-
crete Lie group T' acts smoothly, freely, and properly on M. Then M /T
is a_topological manifold and has a unique smooth structure such that
m: M — M/T is a smooth covering map.

Proof. Tt follows from the quotient manifold theorem that M /T has a
unique smooth manifold structure such that m is a smooth submersion.
Because dim M / ' = dim M — dimT = dlmM this implies that 7 is a local
diffeomorphism. On the other hand, it follows from the theory of covering
spaces [Lee00, Corollary 12.12] that 7 is a topological covering map. Thus
7 is a smooth covering map. Uniqueness of the smooth structure follows
from the uniqueness assertion of the quotient manifold theorem, because a
smooth covering map is in particular a submersion. O

Example 7.14 (Proper Discrete Group Actions).

(a) The discrete Lie group Z™ acts smoothly and freely on R™ by trans-
lation (Example 7.3(g)). To check that the action is proper, one
can verify that condition (7.3) is satisfied by sufficiently small balls
around p and p’. The quotient manifold R™/Z™ is homeomorphic to
the n-torus T”, and Theorem 7.13 says that there is a unique smooth
structure on T™ making the quotient map into a smooth covering
map. To verify that this smooth structure on T™ is the same as the
one we defined previously (thinking of T™ as the product manifold
St x ... x S), we just check that the covering map R® — T" given
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by (x!,...,2") — (e2mie’ _ e2™e") ig a local diffeomorphism with
respect to the product smooth structure on T™, and apply the result
of Proposition 5.21.

(b) The two-element group {41} acts on S™ by multiplication. This action
is obviously smooth and free, and it is proper because the group is
compact. This defines a smooth structure on S”/{£1}. In fact, this
quotient manifold is diffeomorphic to P with the smooth structure
we defined in Chapter 1, which can be seen as follows. Consider the
map 7' : S™ — P" defined as the composition of the inclusion ¢: S «—
R {0} followed by the projection mp: R" ™1\ {0} — P" defining
P™. This is a smooth covering map (see Problem 7-1), and makes the
same identifications as 7. By the result of Problem 5.21, S"/{+1} is
diffeomorphic to P™.

Quotients of Lie Groups

Another important application of the quotient manifold theorem is to the
study quotients of Lie groups by Lie subgroups. Let G be a Lie group and
let H C G be a Lie subgroup. If we let H act on G by right translation,
then an element of the orbit space is the orbit of an element g € G, which
is a set of the form gH = {gh : h € H}. In other words, an orbit under
the right action by H is a left coset of H. We will use the notation G/H to
denote the orbit space by this right action (the left coset space).

Theorem 7.15. Let G be a Lie group and let H be a closed Lie subgroup
of G. The action of H on G by right translation is smooth, free, and proper.
Therefore the left coset space G/H 1is a smooth manifold, and the quotient
map 7m: G — G/H is a smooth submersion.

Proof. We already observed in Example 7.3(f) that H acts smoothly and
freely on G. To see that the action is proper, let ©: G x H — G x G
be the map ©(g,h) = (gh,g), and suppose L C G x G is a compact set.
If {(g:,hi)} is a sequence in ©~1(L), then passing to a subsequence if
necessary we may assume that the sequences {g;h;} and {g;} converge. By
continuity, therefore, h; = g; 1(gihi) converges to a point in G, and since
H is closed in G it follows that {(g;, h;)} converges in G x H. O

A discrete subgroup of a Lie group is a subgroup that is a discrete set in
the subspace topology (and is thus an embedded zero-dimensional Lie sub-
group). The following corollary is an immediate consequence of Theorems
7.13 and 7.15.

Corollary 7.16. Let G be a Lie group, and let I' C G be a discrete sub-
group. Then the quotient map 7: G — G/T' is a smooth covering map.
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Example 7.17. Let C be the unit cube centered at the origin in R3. The
set T' of positive-determinant orthogonal transformations of R?® that take
C' to itself is a finite subgroup of SO(3), and the quotient SO(3)/T" is a
connected smooth 3-manifold whose universal cover is S* (see Problem 7-
13). Similar examples are obtained from the symmetry group of any regular
polyhedron, such as a regular tetrahedron, dodecahedron, or icosahedron.

Homogeneous Spaces

One of the most interesting kinds of group action is that in which a group
acts transitively. A smooth manifold endowed with a transitive smooth
action by a Lie group G is called a homogeneous G-space, or a homogeneous
space or homogeneous manifold if it is not important to specify the group.

In most examples, the group action preserves some property of the man-
ifold (such as distances in some metric, or a class of curves such as straight
lines in the plane); then the fact that the action is transitive means that
the manifold “looks the same” everywhere from the point of view of this
property. Often, homogeneous spaces are models for various kinds of geo-
metric structures, and as such they play a central role in many areas of
differential geometry.

Here are some important examples of homogeneous spaces.

Example 7.18 (Homogeneous Spaces).

(a) The natural action of O(n) on S"~! is transitive, as we observed in
Example 7.3. So is the natural action of SO(n) on S~ when n > 2.
Thus for n > 2, S"~! is a homogeneous space of either O(n) or SO(n).

(b) Let E(n) denote the subgroup of GL(n + 1,R) consisting of matrices

of the form
A b "
{(0 1>.A€O(n),b€R},

where b is considered as an n x 1 column matrix. It is straightforward
to check that F(n) is an embedded Lie subgroup. If S C R"*! denotes
the affine subspace defined by z"*! = 1, then a simple computation
shows that E(n) takes S to itself. Identifying S with R™ in the obvious
way, this induces an action of E(n) on R™, in which the matrix (¢4 ¢)
sends = to Az + b. It is not hard to prove that these are precisely
the transformations that preserve the Euclidean inner product (see
Problem 7-17). For this reason, F(n) is called the Euclidean group.
Because any point in R™ can be taken to any other by a translation,
E(n) acts transitively on R™, so R™ is a homogeneous E(n)-space.
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(¢) The group SL(2,R) acts smoothly and transitively on the upper half-
plane H = {z € C: Imz > 0} by the formula

a b az +b
- = —,
c d cz+d
The resulting complex-analytic transformations of H are called
Mobius transformations.

(d) If G is any Lie group and H is a closed Lie subgroup, the space G/H
of left cosets is a smooth manifold by Theorem 7.15. We define a left
action of G on G/H by

g1+ (92H) = (9192)H.

This action is obviously transitive, and Proposition 5.20 implies that
it is smooth.

Exercise 7.5. Show that both U(n) and SU(n) act smoothly and transi-
tively on S?"~!, thought of as the set of unit vectors in C".

Example 7.18(d) above turns out to be of central importance because,
as the next theorem shows, every homogeneous space is equivalent to one
of this type.

Theorem 7.19 (Characterization of Homogeneous Spaces). Let
M be a homogeneous G-space, and let p be any point of M. Then
the isotropy group G, is a closed Lie subgroup of G, and the map
F: G/Gy, — M defined by F(gGp) = g - p is an equivariant diffeomor-
phism.

Proof. For simplicity, let us write H = G,. First we will show that H is
a closed Lie subgroup. Define a map ®: G — M by ®(g) = ¢ - p. This is
obviously smooth, and H = ®~1(p). Observe that

D(g'g)=(9'9)-p=9"-(9-p) =9 - 2(9),

so ® is equivariant with respect to the action by G on itself by left multipli-
cation and the given G-action on M. This implies that H is an embedded
submanifold of G and therefore a closed Lie subgroup.

To see that F is well defined, assume that g1 H = goH, which means that
gflgg € H. Writing gflgg = h, we see that

F(g2H)=g2-p=gih-p=g1-p=F(g:H).

Also, F' is equivariant, because

F(g'gH)=(g'g)-p=1y¢ - F(gH).
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It is smooth because it is obtained from ® by passing to the quotient (see
Proposition 5.20).

Next we show that I is bijective. Given any point ¢ € M there is a group
element g € G such that F(gH) = g - p = ¢ by transitivity. On the other
hand, if F(g1H) = F(goH), then g - p = go - p implies g; *g2 - p = p, s0
gy 'g2 € H, which implies g;H = goH.

Because F' is a bijective smooth map of constant rank, it is a diffeomor-
phism by Proposition 6.5. O

This theorem shows that the study of homogeneous spaces can be reduced
to the largely algebraic problem of understanding closed Lie subgroups of
Lie groups. Because of this, some authors define a homogeneous space to
be a quotient manifold of the form G/H, where G is a Lie group and H is
a closed Lie subgroup of G.

Applying this theorem to the examples of transitive group actions we
developed earlier, we see that some familiar spaces can be expressed as
quotients of Lie groups by closed Lie subgroups.

Example 7.20 (Homogeneous Spaces Revisited).

(a) Consider again the natural action of O(n) on S"~!. If we choose
our base point in S"~! to be the “north pole” N = (0,...,0,1),
it is easy to check that the isotropy group is O(n — 1), thought of
as orthogonal transformations of R™ that fix the last variable. Thus
S"~1 is diffeomorphic to the quotient manifold O(n)/ O(n — 1). For
the action of SO(n) on S"~ 1, the isotropy group is SO(n—1), so S*~!
is also diffeomorphic to SO(n)/SO(n — 1).

(b) Similarly, using the result of Exercise 7.5, we conclude that S?"~! ~
U(n)/U(n —1) = SU(n)/SU(n — 1).

(c¢) Because the Euclidean group E(n) acts smoothly and transitively on
R™, and the isotropy group of the origin is the subgroup O(n) C E(n)
(identified with the (n+1) x (n+ 1) matrices of the form (4 ¢) with
A € O(n)), R™ is diffeomorphic to E(n)/ O(n).

Application: Sets with Transitive Group Actions

A highly useful application of the characterization theorem is to put smooth
structures on sets that admit transitive Lie group actions.

Proposition 7.21. Suppose X is a set, and we are given a transitive ac-
tion of a Lie group G on X, such that the isotropy group of a point p € X
is a closed Lie subgroup of G. Then X has a unique manifold topology and
smooth structure such that the given action is smooth.
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Proof. Let H denote the isotropy group of p, so that G/H is a smooth
manifold by Theorem 7.15. The map F': G/H — X defined by F(gH) =
g -p is an equivariant bijection by exactly the same argument as we used in
the proof of the characterization theorem. (That part did not use the fact
that M was a manifold at all.) If we define a topology and smooth structure
on X by declaring F' to be a diffeomorphism, then the given action of G
on X is smooth because it can be written (g,z) — F(g - F~1(z)).

If X denotes the set X with any smooth manifold structure such that
the given action is smooth, then by the homogeneous space characterization
theorem, X is equivariantly diffeomorphic to G/H and therefore to X, so
the topology and smooth structure are unique. O

Example 7.22 (Grassmannians). Let G(k,n) denote the set of k-
dimensional subspaces of R™ as in Example 1.15. The general linear group
GL(n,R) acts transitively on G(k,n): Given two subspaces A and A’,
choose bases for both subspaces and extend them to bases for R™, and
then the linear transformation taking the first basis to the second also
takes A to A’. The isotropy group of the subspace RF C R” is

H_{(ﬁ g>u4eGMhM,DEGMn—hRL

BGM@XM—@R%,

which is a closed Lie subgroup of GL(n,R). Therefore G(k,n) has a unique
smooth manifold structure making the natural GL(n,R) action smooth.
Problem 7-19 shows that this is the same smooth structure we defined in
Example 1.15.

Example 7.23 (Flag Manifolds). Let V be a real vector space of di-
mension n > 1, and let K = (ki,..., k) be a finite sequence of integers
satisfying 0 < k1 < -+ < kp, < n. A flag in V' of type K is a sequence
of linear subspaces S1 C Sy C --- C S, C V, with dim S; = k; for each
i. The set of all flags of type K in V is denoted Fi (V). (For example,
if K = (k), then Fi(V) is the Grassmannian Gg(V').) It is not hard to
show that GL(V) acts transitively on Fx (V') with a closed Lie subgroup as
isotropy group (see Problem 7-23), so Fix (V') has a unique smooth manifold
structure making it into a homogeneous GL(V)-space. With this structure,
Fg (V) is called a flag manifold.

Application: Connectivity of Lie Groups

Another application of homogeneous space theory is to identify the con-
nected components of many familiar Lie groups. The key result is the fol-
lowing proposition.
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Proposition 7.24. Suppose a Lie group G acts smoothly, freely, and prop-
erly on a manifold M. If G and M /G are connected, then M is connected.

Proof. Suppose M is not connected. This means that there are nonempty,
disjoint open sets U,V C M whose union is M. Because the quotient
map m: M — M/G is an open map (Proposition 5.18), 7(U) and «(V)
are nonempty open subsets of M/G. If #(U) N w(V) # &, there is a G-
orbit that contains points of both U and V. However, each orbit is an
embedded submanifold diffeomorphic to G, which is connected, so each
orbit lies entirely in one of the sets U or V. Thus {x(U),n(V)} would
be a separation of M /G, which contradicts the assumption that M/G is
connected. O

Proposition 7.25. For any n, the Lie groups SO(n), U(n), and SU(n)
are connected. The group O(n) has ezxactly two components, one of which

is SO(n).

Proof. We begin by proving that SO(n) is connected by induction on n.
For n = 1 this is obvious, because SO(1) is the trivial group. Now suppose
we have shown that SO(n — 1) is connected for some n > 2. Because the
homogeneous space SO(n)/ SO(n—1) is diffeomorphic to S*~! and therefore
is connected, Proposition 7.24 and the induction hypothesis imply that
SO(n) is connected. A similar argument applies to U(n) and SU(n), using
the facts that U(n)/ U(n — 1) =~ SU(n)/SU(n — 1) ~ $2"~ 1.

Note that O(n) is equal to the union of the two open sets O (n) and
O™ (n) consisting of orthogonal matrices whose determinant is +1 or —1,
respectively. As we noted earlier, O (n) = SO(n), which is connected. On
the other hand, if A is any orthogonal matrix whose determinant is —1, then
left translation L 4 is a diffeomorphism from O (n) to O~ (n), so O~ (n) is
connected as well. Therefore {O"(n), 07 (n)} are exactly the components
of O(n). O

Determining the components of the general linear groups is a bit more
involved. Let GL™(n,R) and GL™ (n,R) denote the subsets of GL(n,R)
consisting of matrices with positive determinant and negative determinant,
respectively.

Proposition 7.26. The components of GL(n,R) are GLT(n,R) and
GL™ (n,R).

Proof. We begin by showing that GL1(n,R) is connected. It suffices to
show that it is path connected, which will follow once we show that there
is a continuous path in GL™*(n,R) from any A € GL™(n,R) to the identity
matrix I,.

Let A € GL"(n,R) be arbitrary, and let (4;,...,4,) denote the
columns of A, considered as vectors in R”. The Gram-Schmidt algorithm
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(Proposition A.17 in the Appendix) shows that there is an orthonormal
basis (Q1,...,Qn) for R® with the property that span(Qi,...,Qk) =
span(Ay, ..., Ag) for each k = 1,...,n. Thus we can write

Al = R%le

Ay = RyQ1 + R3Qo,

Ap=RLQ1+ R2Q2+ -+ R!'Qn,

for some constants Rf Replacing each Q; by —@Q); if necessary, we may
assume that R! > 0 for each 4. In matrix notation, this is equivalent to
A = QR, where R is upper triangular with positive entries on the diagonal.
Since the determinant of R is the product of its diagonal entries and det A =
(det Q)(det R) > 0, it follows that @ € SO(n). (This QR decomposition
plays an important role in numerical linear algebra.)

Let Ry =tI, + (1 —t)R. It is immediate that R; is upper triangular with
positive diagonal entries for all t € [0,1], so R; € GL™(n,R). Therefore,
the path v: [0,1] — GL™(n,R) given by y(t) = QR; satisfies 7(0) = A
and v(1) = @ € SO(n). Because SO(n) is connected, there is a path in
SO(n) from @ to the identity matrix. This shows that GLT(n,R) is path
connected.

Now, as in the case of O(n), any matrix B with det B < 0 yields a
diffeomorphism Lp: GLT(n,R) — GL™ (n,R), so GL™ (n,R) is connected
as well. This completes the proof. O
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Problems

7-1.

7-2.

7-3.

7-5.

7-6.

7-7.

7-8.

7-9.

7-10.

Let m: S™ — P™ be the map that sends x € S™ to the line through the
origin and x, thought of as a point in P™. Show that 7 is a smooth
covering map.

Define a map F': P? — R* by

2

Fla,y, 2] = (2* — y*, zy, 22,y%).

Show that F' is a smooth embedding.

Let G be a Lie group and H C G a closed normal Lie subgroup. Show
that G/H is a Lie group and the quotient map 7: G — G/H is a Lie
homomorphism.

. If F: G — H is a surjective Lie group homomorphism, show that H

is Lie isomorphic to G/ Ker F.

Let G be a connected Lie group, and suppose F': G — H is a surjec-
tive Lie group homomorphism with discrete kernel. Show that F'is a
smooth covering map.

Let G be a Lie group, and suppose 7: G—Gis any covering map.
For any point ¢ € 7~ !(e), show that G has a unique Lie group struc-
ture such that ¢ is the identity element of G and 7 is a Lie group
homomorphism.

(a) Show that there exists a Lie group homomorphism p : St — U(n)
such that det op = Idg:.

(b) Show that U(n) is diffeomorphic to S! x SU(n). [Hint: Consider
the map ¢ : S x SU(n) — U(n) given by ¢(z, A) = p(z)A.]

(c) Show that U(n) and S' x SU(n) are not isomorphic Lie groups.
Show that SU(2) is diffeomorphic to S3.

Let G be a Lie group, and let Gy denote the connected component
of the identity (called the identity component of G).

(a) Show that Gj is an embedded Lie subgroup of G, and that each
connected component of G is diffeomorphic to Gy.

(b) If H is any connected open subgroup of G, show that H = Gy.
Suppose a Lie group acts smoothly on a manifold M.

(a) Show that each orbit is an immersed submanifold of M.
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7.

(b)

Lie Group Actions

Give an example of a Lie group acting smoothly on a mani-
fold M in which two different orbits have different dimensions
even though neither orbit has dimension equal to zero or to the
dimension of M.

7-11. Prove the following partial converse to the quotient manifold theorem:
If a Lie group G acts smoothly and freely on a smooth manifold M
and the orbit space M /G has a smooth manifold structure such that
the quotient map 7: M — M/G is a smooth submersion, then G acts

properly.

7-13.

. Give an example of a smooth, proper action of a Lie group on a

smooth manifold such that the orbit space is not a topological man-

ifold.

Prove that SO(3) is Lie isomorphic to SU(2)/{£I} and diffeomorphic
to P3, as follows.

(a)

()

Let H denote the set of 2 x 2 Hermitian matrices whose trace is
zero. (The trace of a matrix is the sum of its diagonal entries.)
Show that H is a 3-dimensional vector space over R, and

1 0 0 1 0 i
mefo B) o meig) me(50)

is a basis for H.

If we give H the inner product for which (F1, Es, Fs3) is an or-
thonormal basis, show that |A|?> = —det A for all A € H.

Identifying GL(3,R) with the set of invertible real-linear maps
H — H by means of the basis (Ey, Es, F3), define a map
p: SU(2) — GL(3,R) by

p(X)A=XAX X €SU(2), Ae I

Show that p is a Lie group homomorphism whose image is SO(3)
and whose kernel is {£1}. [Hint: To show that the image is all
of SO(3), show that p is open and closed and use the results of
Problem 7-9.]

Prove the result.

7-14. Determine which of the following Lie groups are compact: GL(n,R),
SL(n,R), GL(n,C), SL(n,C), U(n), SU(n).

7-15. Show that GL(n,C) is connected.

7-16. Show that SL(n,R) and SL(n,C) are connected.
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7-17. Prove that the set of maps from R”™ to itself given by the action of
E(n) on R™ described in Example 7.18(b) is exactly the set of all
maps from R™ to itself that preserve the Euclidean inner product.

7-18. Prove that the Grassmannian G(k,n) is compact for any k and n.

7-19. Show that the smooth structure on the Grassmannian G(k,n) defined
in Example 7.22 is the same as the one defined in Example 1.15.

7-20. Show that the image of a Lie group homomorphism is a Lie subgroup.

7-21. (a) Let G and H be Lie groups. Suppose p: H X G — G is a smooth
left action of H on G with the property that pp: G — G is a Lie
group homomorphism for every h € H. Define a group structure
on the manifold G x H by

(9,0)(g", 1) = (g9pn(g), hI).

Show that this turns G x H into a Lie group, called the semidirect
product of G and H induced by p, and denoted by G x, H.

(b) If G is any Lie group, show that G is Lie isomorphic to a semi-
direct product of a connected Lie group with a discrete group.

7-22. Define an action of Z on R? by

n-(z,y) = (z +n,(=1)"y).

(a) Show that the action is smooth, free and proper. Let E = R?/Z
denote the quotient manifold.

(b) Show that the projection on the first coordinate m1: R? — R
descends to a smooth map 7: E — S*.

(c) Show that E is a rank-1 vector bundle over S' with projection
7. (It is called the Mébius bundle.)

(d) Show that E' is not a trivial bundle.

7-23. Let F (V) be the set of flags of type K in a finite-dimensional vector
space V as in Example 7.23. Show that GL(V) acts transitively on
Fg(V), and that the isotropy group of a particular flag is a closed
Lie subgroup of GL(V).

7-24. The n-dimensional complex projective space, denoted by CP™, is the
set of 1-dimensional complex subspaces of C"*!. Show that CP"
has a unique topology and smooth structure making it into a 2n-
dimensional compact manifold and a homogeneous space of U(n).

7-25. Show that CP! is diffeomorphic to S2.
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7-26.

7-27.

7. Lie Group Actions

Considering S?"*! as the unit sphere in C"*!, define an action of S!
on S?"*t! by

z-(wh o w™) = (2wt 2™ Y.

Show that this action is smooth, free, and proper, and that the orbit
space S?"*1/St is diffeomorphic to CP". [Hint: Consider the restric-
tion of the natural quotient map C"*! \ {0} — CP" to S?"*!. The
quotient map 7: S*"*1 — CP" is known as the Hopf map.]

Let ¢ be an irrational number, and let R act on T? = S* x S! by
t. (w,z) _ (e2witw,€27rict2)'

Show that this is a smooth free action, but the quotient T?/R is not
Hausdorff.
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Tensors

Much of the machinery of smooth manifold theory is designed to allow the
concepts of linear algebra to be applied to smooth manifolds. For example,
a tangent vector can be thought of as a linear approximation to a curve; the
tangent space to a submanifold can be thought of as a linear approximation
to the submanifold; and the push-forward of a smooth map can be thought
of as a linear approximation to the map itself. Calculus tells us how to
approximate smooth objects by linear ones, and the abstract definitions of
manifold theory give a way to interpret these linear approximations in a
coordinate-invariant way. In this chapter, we carry this idea much further,
by generalizing from linear objects to multlinear ones. This leads to the
concepts of tensors and tensor fields on manifolds.

We begin with tensors on a vector space, which are multilinear general-
izations of covectors; a covector is the special case of a tensor of rank one.
We give two alternative definitions of tensors on a vector space: On the
one hand, they are real-valued multilinear functions of several vectors; on
the other hand, they are elements of the abstract “tensor product” of the
dual vector space with itself. Each definition is useful in certain contexts.
We then discuss the difference between covariant and contravariant tensors,
and give a brief introduction to tensors of mixed variance.

We then move to smooth manifolds, and define tensors, tensor fields,
and tensor bundles. After describing the coordinate representations of ten-
sor fields, we describe how they can be pulled back by smooth maps. We
introduce a special class of tensors, the symmetric ones, whose values are
unchanged by permutations of their arguments.
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The last section of the chapter is an introduction to one of the most
important kinds of tensor fields, Riemannian metrics. A thorough treatment
of Riemannian geometry is beyond the scope of this book, but we can at
least lay the groundwork by giving the basic definitions and proving that
every manifold admits Riemannian metrics.

The Algebra of Tensors

Suppose V1,..., Vi and W are vector spaces. A map F': Vi x---xV, — W is
said to be multilinear if it is linear as a function of each variable separately:

F(vy,...,av; +ad'v}, ... )
=aF(vi,...,0...,08) + @' F(vy, ..., 05, ... 0k).

(A multilinear function of two variables is generally called bilinear.) Al-

though linear maps are paramount in differential geometry, there are many

situations in which multilinear maps play an important geometric role.
Here are a few examples to keep in mind:

e The dot product in R™ is a scalar-valued bilinear function of two vec-
tors, used to compute lengths of vectors and angles between them.

e The cross product in R? is a vector-valued bilinear function of two
vectors, used to compute areas of parallelograms and to find a third
vector orthogonal to two given ones.

o The determinant is a real-valued multilinear function of n vectors in
R™, used to detect linear independence and to compute the volume
of the parallelepiped spanned by the vectors.

In this section, we will develop a unified language for talking about mul-
tilinear functions—the language of tensors. In a little while, we will give a
very general and abstract definition of tensors. But it will help to clarify
matters if we start with a more concrete definition.

Let V be a finite-dimensional real vector space, and k a natural number.
(Many of the concepts we will introduce in this section—at least the parts
that do not refer explicitly to finite bases—work equally well in the infinite-
dimensional case; but we will restrict our attention to the finite-dimensional
case in order to keep things simple.)

A covariant k-tensor on V is a real-valued multilinear function of k ele-
ments of V:

T:Vx---xV—->R.
—_———

k copies



The Algebra of Tensors 173

The number k is called the rank of T'. A O-tensor is, by convention, just a
real number (a real-valued function depending multilinearly on no vectors!).
The set of all covariant k-tensors on V, denoted by T*(V), is a vector space
under the usual operations of pointwise addition and scalar multiplication:

(aT)(X1,..., Xk) =a(T (X1, ..., Xk)),
(T+T)(X1,...,Xkg) =T(X1,..., Xp) +T'(X1,..., Xp).
Let us look at some examples.
Example 8.1 (Covariant Tensors).

(a) Every linear map w: V — R is multilinear, so a covariant 1-tensor is
just a covector. Thus T (V) is naturally identified with V*.

(b) A covariant 2-tensor on V is a real-valued bilinear function of two
vectors, also called a bilinear form. One example is the dot product
on R™. More generally, any inner product on V' is a covariant 2-tensor.

(¢) The determinant, thought of as a function of n vectors, is a covariant
n-tensor on R".

(d) Suppose w,n € V*. Define a map w®n: V x V — R by
w@n(X,Y) =wX)n(Y),

where the product on the right is just ordinary multiplication of real
numbers. The linearity of w and n guarantees that w ® n is a bilinear
function of X and Y, i.e., a 2-tensor.

The last example can be generalized to tensors of any rank as follows. Let
V be a finite-dimensional real vector space and let S € T*(V), T € TY(V).
Define a map

SRT: Vx---xV—-=DR
—_——

k—+1 copies

S®T(X17 s 7Xk+l) = S(X17 s 7Xk)T(Xk+17 s 7Xk+l)'

It is immediate from the multilinearity of S and T that S ® T depends
linearly on each argument X; separately, so it is a covariant (k + [)-tensor,
called the tensor product of S and T'.

Exercise 8.1. Show that the tensor product operation is bilinear and as-
sociative. More precisely, show that S ® T" depends linearly on each of the
tensors S and 7', and that (R® S)@ T =R (S®T).
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Because of the result of the preceding exercise, we can write the tensor
product of three or more tensors unambiguously without parentheses. If
T1,...,T; are tensors of ranks k1, ..., k; respectively, their tensor product
Ty ®---®1T; is a tensor of rank k = ky + - - - + k;, whose action on k vectors
is given by inserting the first k; vectors into 77, the next ko vectors into
Ts, and so forth, and multiplying the results together. For example, if R
and S are 2-tensors and T is a 3-tensor, then

R®S®@T(X1,...,X7) = R(X1, X2)S (X3, Xa)T (X5, Xo, X7).

Proposition 8.2. Let V' be a real vector space of dimension n, let (E;) be
any basis for V, and let (%) be the dual basis. The set of all k-tensors of
the form et @ --- @€' for 1 <'iy,...,ix < n is a basis for T*(V'), which

therefore has dimension n.

Proof. Let B denote the set {Eil ® Qe 1 <idy,..., 0 < n}. We need
to show that B is independent and spans T%(V'). Suppose T' € T*(V) is
arbitrary. For any k-tuple (i1,...,4) of integers such that 1 < i; < n,
define a number T}, . ;, by

Tiyin =T (Eiyy ..., Eip). (8.1)
We will show that
T=T. " ® @™

(with the summation convention in effect as usual), from which it follows
that B spans V. We compute

Ty ine @ @™ (E),, ..., E;) =Ty, " (Bj) - e™*(Ej,)

=T, i 05 - 6%
= le---jk
=T(E;,...,E},).

By multilinearity, a tensor is determined by its action on sequences of basis
vectors, so this proves the claim.

To show that B is independent, suppose some linear combination equals
Zero:

Til...ik&'il ®R---®e* = 0.

Apply this to any sequence (Ej,,...,E;,) of basis vectors. By the same
computation as above, this implies that each coefficient Tj, . ;, is zero.
Thus the only linear combination of elements of B that sums to zero is the
trivial one. O
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The proof of this proposition shows, by the way, that the components
1..ir of a tensor T in terms of the basis tensors in B are given by (8.1).
It is useful to see explicitly what this proposition means for tensors of
low rank.

T;

e k=0:T%V) is just R, so dim7T°(V) =1 = n".
e k=1:TY(V) = V* has dimension n = n'.

e k = 2: T?(V) is the space of bilinear forms on V. Any bilinear form
can be written uniquely as T' = T;je' ® €7, where (T};) is an arbitrary
n X n matrix. Thus dim T?(V) = n2.

Abstract Tensor Products of Vector Spaces

Because every covariant k-tensor can be written as a linear combination of
tensor products of covectors, it is suggestive to write

T"V)=V*® - @V*,

where we think of the expression on the right-hand side as a shorthand for
the set of all linear combinations of tensor products of elements of V*.

We will now give a construction that makes sense of this notation in a
much more general setting. The construction is a bit involved, but the idea
is simple: Given vector spaces V and W, we will construct a vector space
V ® W that consists of linear combinations of objects of the form v ® w for
v eV, we W, defined in such a way that v ® w depends bilinearly on v
and w.

Let S be a set. The free vector space on S, denoted R(S), is the set of
all finite formal linear combinations of elements of S with real coefficients.
More precisely, a finite formal linear combination is a function F: § — R
such that F(s) = 0 for all but finitely many s € S. Under pointwise addition
and scalar multiplication, R(S) becomes a real vector space. Identifying
each element x € S with the function that takes the value 1 on = and zero
on all other elements of S, any element F € R(S) can be written uniquely
in the form F = Zyil a;x;, where x1,...,x,, are the elements of S for
which F(x;) # 0, and a; = F(z;). Thus S is a basis for R(S), which is
therefore finite-dimensional if and only if S is a finite set.

Exercise 8.2 (Characteristic Property of Free Vector Spaces).
Let S be a set and W a vector space. Show that any map F': S — W has a
unique extension to a linear map F: R(S) — W.

Now let V and W be finite-dimensional real vector spaces, and let R be
the subspace of the free vector space R(V x W) spanned by all elements of
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the following forms:

a(v,w) — (av,w),
a(v,w) — (v, aw),
(v,w) + (v, w) — (v+ 0", w),
(v, w) + (v, w') = (v,w +w'),
fora € R, v,v' € V, and w,w’ € W. Define the tensor product of V and W,
denoted by V @ W, to be the quotient space R(V x W) /R. The equivalence

class of an element (v, w) in V @ W is denoted by v ® w, and is called the
tensor product of v and w. From the definition, tensor products satisfy

(8.2)

alv@w) =av @ w = v aw,
1w+ @w=(v+v)w,
vRw+rvRw =v® (w+w).

Note that the definition implies that every element of V® W can be written
as a linear combination of elements of the form v ® w for v € V, w € W,
but it is not true in general that every element of V' ® W is of this form.

Proposition 8.3 (Characteristic Property of Tensor Products).
Let V and W be finite-dimensional real vector spaces. If A: V. x W — Y
is a bilinear map into any vector space Y, there is a unique linear map
A: VW =Y such that the following diagram commutes:

vxw 4.y
m A
VoW, (8.3)

where m(v,w) = v w.

Proof. First note that any map A: V x W — X extends uniquely to a
linear map A: R(V x W) — X by the characteristic property of the free
vector space. This map is characterized by the fact that A(v,w) = A(v,w)
whenever (v,w) € V x W C R(V x W). The fact that A is bilinear means
precisely that the subspace R is contained in the kernel of A, because

Alav,w) = A(av, w)
= aA(v,w)
= aA(v,w)
— A(a(v, w)),

with similar considerations for the other expressions in (8.2). Therefore,
A descends to a linear map A: V@ W = R(V x W)/R — X satisfying
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Aorm = A. Uniqueness follows from the fact that every element of V@ W
can be written as a linear combination of elements of the form v ® w,

and A is uniquely determined on such elements by A(v ® w) = A(v,w) =
A(v, w). |

The reason this is called the characteristic property is that it uniquely
characterizes the tensor product up to isomorphism; see Problem 8-1.

Proposition 8.4 (Other Properties of Tensor Products). Let V,
W, and X be finite-dimensional real vector spaces.

(a) The tensor product V* @ W* is canonically isomorphic to the space
B(V,W) of bilinear maps from V- x W into R.

(b) If (E;) is a basis for V and (F;) is a basis for W, then the set of all
elements of the form E; @ F; is a basis for V.® W, which therefore
has dimension equal to (dim V')(dim W).

(¢) There is a unique isomorphism V@ (W X) — (VW)@ X sending
1R (wex)to (VW) x.

Proof. The canonical isomorphism between V* @ W* and B(V, W) is con-
structed as follows. First, define a map ®: V* x W* — B(V, W) by

®(w,n)(v,w) = w(v)n(w).

It is easy to check that @ is bilinear, so by the characteristic property it
descends uniquely to a linear map ®: V* @ W* — B(V,W).

To see that ® is an isomorphism, we will construct an inverse for it. Let
(E;) and (Fj) be any bases for V' and W, respectively, with dual bases
(¢%) and (gpﬂ) Since V* ® W* is spanned by elements of the form w ® n
for w e V¥ and n € W*, every 7 € V* @ W* can be written in the form
T =7;5" ® ). (We are not claiming yet that this expression is unique.)

Define a map ¥: B(V,W) — V* @ W* by setting

U(b) = b(Ey, )k @ .
We will show that ¥ and ® are inverses. First, for 7 = Tij£i®goj e VW,

Vo d(r) = 0(7)(Ep, F))e*F @ ¢
@(al ) (B, F))e* @ ¢
‘1)( L) (B, et ® ¢
Z(E) I(F)e* @ ¢
:Tijé' ®<p

=T
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On the other hand, for b€ B(V,W),v eV, and w € W,

® o U(b)(v,w) = é(b(Ek, F)e* @ ¢h) (v, w)
= b(Ekv Fl)&)(‘gk ® spl)(uu))

Thus ¥ = &1, (Note that although we used bases to prove that d is
invertible, d itself is canonically defined without reference to any basis.)

We have already observed above that the elements of the form &' ® ¢/
span V* @ W*. On the other hand, it is easy to check that dim B(V, W) =
(dim V')(dim W) (because any bilinear form is uniquely determined by its
action on pairs of basis elements), so for dimensional reasons the set {’ ®
'} is a basis for V* @ W*.

Finally, the isomorphism between V @ (W ® X) and (V@ W) ® X is
constructed as follows. For each z € X, the map a,: VW - V@(W®X)
defined by

az(v,w) =vR (w x)

is obviously bilinear, and thus by the characteristic property of the tensor
product it descends uniquely to a linear map &,: VW — V@ (W & X)
satisfying &, (v @ w) = v ® (w ® ). Similarly, the map §: (V@ W) x X —
V ® (W ® X) given by

B(1,2) = (1)

determines a linear map 3: (V@ W)® X — V @ (W ® X) satisfying

Blvew) ®z)=v® (v ).

Because V ® (W ® X) is spanned by elements of the form v ® (w ® z),
0 is clearly surjective, and therefore it is an isomorphism for dimensional
reasons. It is clearly the unique such isomorphism, because any other would
have to agree with 3 on the set of elements of the form (v ® w) ® x, which
spans (VW) ® X. O

The next corollary explains the relationship between this abstract tensor
product of vector spaces and the more concrete covariant k-tensors we
defined earlier.

Corollary 8.5. If V' is a finite-dimensional real vector space, the space
T*(V) of covariant k-tensors on V is canonically isomorphic to the k-fold
tensor product V@ --- @ V*.
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Exercise 8.3. Prove Corollary 8.5.

Using these results, we can generalize the notion of covariant tensors on
a vector space as follows. For any finite-dimensional real vector space V,
define the space of contravariant tensors of rank k to be

T,(V)=V®---aV.

k copies

Because of the canonical identification V' = V** and Corollary 8.5, an
element of T; (V') can be canonically identified with a multilinear function
from V* x -+ x V* into R. In particular, T3 (V) = V** =2 V| the space of
“contravariant vectors.”

More generally, for any k,l € N, the space of mized tensors on V of type
(]l“) is defined as

TV =V'® - aV'eVe V.

k copies L copies

From the discussion above, Tj*(V) can be identified with the set of real-
valued multilinear functions of k vectors and [ covectors.

In this book, we will be concerned primarily with covariant tensors, which
we will think of primarily as multilinear functions of vectors, in keeping with
our original definition. Thus tensors will always be understood to be covari-
ant unless we explicitly specify otherwise. However, it is important to be
aware that contravariant and mixed tensors play an important role in more
advanced parts of differential geometry, especially Riemannian geometry.

Tensors and Tensor Fields on Manifolds

Now let M be a smooth manifold. We define the bundle of covariant k-
tensors on M by

"M = [] T™T,M).
pEM

Similarly, we define the bundle of contravariant [-tensors by

M = [ T(z,M),
peM

and the bundle of mized tensors of type (]l“) by

M = ([ T (TM).
peEM
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Clearly there are natural identifications

T°M = ToM = M x R,

T'M =T*M,
T\M =TM,
TEM =T*M,
TPM = Ty M.

Exercise 8.4. Show that T*M, T;M, and T* M have natural structures
as smooth vector bundles over M, and determine their ranks.

Any one of these bundles is called a tensor bundle over M. (Thus the tan-
gent and cotangent bundles are special cases of tensor bundles.) A section
of a tensor bundle is called a (covariant, contravariant, or mized) tensor
field on M. A smooth tensor field is a section that is smooth in the usual
sense of smooth sections of vector bundles. We denote the vector spaces of
smooth sections of these bundles by

T*(M) = {smooth sections of T*M};
T (M) = {smooth sections of T; M };
TF(M) = {smooth sections of T}*M}.

In any local coordinates (z?), sections of these bundles can be written (using
the summation convention) as

Uil...ikdzil Q- ® da'*; o e THM),
0 0
= J1---J __ .
o=< o’ lale ® ®8:Ejl’ UE‘Tl(M)7
J1--Ji 3,10 i . ke
oj;da"t @ @datt ® pye ®--Q 300 °€ TP (M).

The functions oy, ., 0919, or ¢?'7" are called the component functions
1 k) ? 1.1k
of o in these coordinates.

Lemma 8.6. Let M be a smooth manifold, and let o: M — TFM be a
map (not assumed to be continuous) such that o, € T*(T,M) for each
p € M. The following are equivalent.

(a) o is smooth.
(b
(c

) In any coordinate chart, the component functions of o are smooth.
) If X1,..., Xy are vector fields defined on any open subset U C M,
then the function o(X1,...,Xg): U — R, defined by

o( X1, ..., Xe)(p) = 0p(Xilps- -, Xilp),

is smooth.
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Exercise 8.5. Prove Lemma 8.6.

Exercise 8.6. Formulate and prove smoothness criteria analogous to
those of Lemma 8.6 for contravariant and mixed tensor fields.

Smooth covariant 1-tensor fields are just covector fields. Recalling that a
0-tensor is just a real number, a O-tensor field is the same as a real-valued
function.

Lemma 8.7. Let M be a smooth manifold, and suppose o € T*(M), T €
TUM), and f € C®°(M). Then fo and o @ T are also smooth tensor fields,
whose components in any local coordinate chart are

(f0)iy.i, = [Oir.ins

(U ® T)i1~~~ik+z = Oy i T s

Exercise 8.7. Prove Lemma 8.7.

Pullbacks

Just like smooth covector fields, smooth covariant tensor fields can be pulled
back by smooth maps to yield smooth tensor fields.

If F: M — N is a smooth map and ¢ is a smooth covariant k-tensor
field on NV, we define a k-tensor field F*o on M, called the pullback of o,
by

(F*O')p(Xl, “en ,Xk) = O'F(p)(F*Xl, ce ,F*Xk).

Proposition 8.8. Suppose F': M — N and G: N — P are smooth maps,
o€ T8(N), 7 € TY(N), and f € C=(N).

a) F* is linear over R.

b) F*(fo)= (foF)F*o.

d) (GoF)* =F*oG"*.

Id*r =r7.

(a)
(b)
(¢) F*(c ®71) = F*o @ F*r.
(d)
(e)

Exercise 8.8. Prove Proposition 8.8.

If f is a smooth function (i.e., a O-tensor field) and o is a smooth k-tensor
field, then it is consistent with our definitions to interpret f ® o as fo, and
F*f as f o F. With these interpretations, property (b) of this proposition
is really just a special case of (c).

Observe that properties (d) and (e) imply that the assignments M +—
T*M and F +— F* yield a contravariant functor from the category of
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smooth manifolds to itself. Because of this, the convention of calling ele-
ments of T*M covariant tensors is particularly unfortunate; but this ter-
minology is so deeply entrenched that one has no choice but to go along
with it.

The following corollary is an immediate consequence of Proposition 8.8.

Corollary 8.9. Let F: M — N be smooth, and let o € T*(N). If p € M
and (y7) are coordinates for N on a neighborhood of F(p), then F*o has
the following expression near p:

F*(0j1~~jkdyj1 Q- ® dyjk) = (Uj1~~~jk o F)d(yh o F) Q- d(yjk © F)

Therefore F*o is smooth.

In words, this corollary just says that F*o is computed by the same tech-
nique we described in Chapter 4 for computing the pullback of a covector
field: Wherever you see 37 in the expression for o, just substitute the jth
component function of F' and expand. We will see examples of this in the
next section.

Symmetric Tensors

Symmetric tensors—those whose values are unchanged by rearranging their
arguments—play an extremely important role in differential geometry. We
will describe only covariant symmetric tensors, but similar considerations
apply to contravariant ones.

It is useful to start, as usual, in the linear algebraic setting. Let V be a
finite-dimensional vector space. A covariant k-tensor T on V is said to be
symmetric if its value is unchanged by interchanging any pair of arguments:

T(X1,.. .., X 0, Xy oo, X)) =T (X, .., X, XG0, X))
whenever 1 <i,j < k.

Exercise 8.9. Show that the following are equivalent for a covariant k-
tensor 7'

(a) T is symmetric.
(b) For any vectors Xi,...,X, € V, the value of T'(X1,..., X)) is un-
changed when Xi,..., X} are rearranged in any order.

c e components T3, ...;, of T with respect to any basis are unchange
Th ts Ti,...q5, of T with tt basi h d
by any permutation of the indices.

We denote the set of symmetric covariant k-tensors on V by Xk(V).
It is obviously a vector subspace of T*(V). There is a natural projection
Sym: T*(V) — X¥(V) called symmetrization, defined as follows. First,
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let S denote the symmetric group on k elements, that is, the group of
permutations of {1,...,k}. Given a k-tensor T' and a permutation o € Sy,
we define a new k-tensor 79 by

T7(X1,..., Xi) = T(Xo), -+ Xo))-
Then we define Sym T by
SymT = % Z Te.
€Sk

Lemma 8.10 (Properties of Symmetrization).

(a) For any covariant tensor T, SymT is symmetric.

(b) T is symmetric if and only if SymT =T.
Proof. Suppose T € T*(V). If 7 € S}, is any permutation, then

1 o
SymT)(Xry, -+ Xr() = 713 > T Xy Xr(iy)
" o€Sy
1 oT
= > T7(Xh, ., Xe)
oeSk
1
= E Z Tn(le 7Xk)
neESk

= (SymT) (X1, ..., Xk),

where we have substituted n = o7 in the second-to-last line and used
the fact that n runs over all of Sx as o does. This shows that Sym T is
symmetric.

If T is symmetric, then Exercise 8.9 shows that T% = T for every o € Sy,
so it follows immediately that Sym T = T. On the other hand, if Sym7T =
T, then T is symmetric because part (a) shows that Sym 7 is. O

If S and T are symmetric tensors on V', then S ® T is not symmetric
in general. However, using the symmetrization operator, it is possible to
define a new product that takes symmetric tensors to symmetric tensors.
If S € X¥(V) and T € XY(V), we define their symmetric product to be the
(k 4+ I)-tensor ST (denoted by juxtaposition with no intervening product
symbol) given by

ST =Sym(S®T).
More explicitly, the action of ST on vectors Xy, ..., X4 is given by

ST(Xla .- '7Xk+l)

1
CE] Z S(Xo1ys s Xok) T (Xokr1)s - s Xo(hri))-

065k+z
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Proposition 8.11 (Properties of the Symmetric Product).

(a) The symmetric product is symmetric and bilinear: For all symmetric
tensors R, S, T and all a,b € R,

ST =TS,
(aR+bS)T = aRT + bST = T(aR + bS)

(b) If w and n are covectors, then
wn=1t(wen+nw).
Exercise 8.10. Prove Proposition 8.11.

A symmetric tensor field on a manifold is simply a covariant tensor field
whose value at any point is a symmetric tensor. The symmetric product of
two or more tensor fields is defined pointwise, just like the tensor product.

Riemannian Metrics

The most important examples of symmetric tensors on a vector space are
inner products (see the Appendix). Any inner product allows us to define
lengths of vectors and angles between them, and thus to do Euclidean
geometry.

Transferring these ideas to manifolds, we obtain one of the most impor-
tant applications of tensors to differential geometry. Let M be a smooth
manifold. A Riemannian metric on M is a smooth symmetric 2-tensor
field that is positive definite at each point. A Riemannian manifold is a
pair (M, g), where M is a smooth manifold and ¢ is a Riemannian metric
on M. One sometimes simply says “M is a Riemannian manifold” if M is
understood to be endowed with a specific Riemannian metric.

Note that a Riemannian metric is not the same thing as a metric in the
sense of metric spaces, although the two concepts are closely related, as
we will see below. Because of this ambiguity, we will usually use the term
“distance function” when considering a metric in the metric space sense,
and reserve “metric” for a Riemannian metric. In any event, which type of
metric is being considered should always be clear from the context.

If g is a Riemannian metric on M, then for each p € M, g, is an inner
product on T, M. Because of this, we will often use the notation (X,Y),
to denote the real number g,(X,Y) for X,Y € T,M.

In any local coordinates (z*), a Riemannian metric can be written

g = g”dzl ® de,
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where g;; is a symmetric positive definite matrix of smooth functions. Ob-
serve that the symmetry of g allows us to write g also in terms of symmetric
products as follows:

g = gi;de’ @ da?
= 1(gijda’ ® da’ + gjida’ ® da’?)  (since gi; = gj;)
= L(gijda’ ® da’ + gijda’ ® dx')  (switch i < j in the second term)

= g;jdz"da? (definition of symmetric product).

Example 8.12. The simplest example of a Riemannian metric is the
Euclidean metric g on R™, defined in standard coordinates by

g = 6ijd$idl'j.

It is common to use the abbreviation w? for the symmetric product of a
tensor w with itself, so the Fuclidean metric can also be written

g=(dz")>+ - + (da™)>.
Applied to vectors v, w € T,R", this yields

n
Gp(v,w) = dijv'w’ = E v'w' = v - w.
i=1

In other words, g is the 2-tensor field whose value at each point is the
Euclidean dot product. (As you may recall, we warned in Chapter 1 that
expressions involving the Euclidean dot product are likely to violate our
index conventions and therefore to require explicit summation signs. This
can usually be avoided by writing the metric coefficients d;; explicitly, as
in §;v'w’.)

To transform a Riemannian metric under a change of coordinates, we use
the same technique as we used for covector fields: Think of the change of
coordinates as the identity map expressed in terms of different coordinates
for the domain and range, and use the formula of Corollary 8.9. As before,
in practice this just amounts to substituting the formulas for one set of
coordinates in terms of the other.

Example 8.13. To illustrate, let us compute the coordinate expression
for the Euclidean metric on R? in polar coordinates. The Euclidean metric
is § = dx? + dy?. (By convention, the notation dr? means the symmetric
product dxdz, not d(z?)). Substituting x = rcosf and y = rsinf and
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expanding, we obtain
g = dx? + dy?

= d(rcos0)* + d(rsin 0)?

= (cos @ dr — rsinfdf)* + (sin @ dr + r cos 0 df)?
= (cos? 0 + sin? )dr? + (r*sin? 0 + 12 cos® §)d6>

+ (—2rcosfsin @ + 21 sin 6 cos 0)dr df
= dr® +r* do>.
Below are just a few of the geometric constructions that can be defined

on a Riemannian manifold (M, g).

e The length or norm of a tangent vector X € T,,M is defined to be
[Xly = (X, X);/2 = gp(X, X)"/2.

e The angle between two nonzero tangent vectors X,Y € T,M is the
unique 6 € [0, 7] satisfying

(X, Y)y

cosf) = ——=,
1 X g 1Y]g

e Two tangent vectors X,Y € T,M are said to be orthogonal if
(X,Y), =0.

o If v: [a,b] — M is a piecewise smooth curve segment, the length of
is

b
Ly(y) = / /(1) d.

Because |7/(t)]4 is continuous at all but finitely many values of ¢, the
integral is well-defined.

Exercise 8.11. If v: [a,b] — M is a piecewise smooth curve segment and
a < ¢ < b, show that

Lg(v) = Lg (Vi) + Lg (Viep)) -

It is an extremely important fact that length is independent of parametri-
zation in the following sense. In chapter 4, we defined a reparametrization
of a smooth curve segment «y: [a,b] — M to be a curve segment of the form
¥ = v o, where : [¢,d] — [a,b] is a diffeomorphism. More generally, if
v is piecewise smooth, we allow ¢ to be a homeomorphism whose restric-
tion to each subinterval [¢;—1, ¢;] is a diffeomorphism onto its image, where
c=cyp<c <---<cp=d is some finite subdivision of [c, d].
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Proposition 8.14 (Parameter Independence of Length). Let
(M,g) be a Riemannian manifold, and let ~: [a,b] — M be a piece-
wise smooth curve segment. If 5 is any reparametrization of -, then

Ly(7) = Ly(v).

Proof. First suppose that « is smooth, and ¢: [¢,d] — [a, ] is a diffeomor-
phism such that 7 = v o ¢. The fact that ¢ is a diffeomorphism implies
that either ¢’ > 0 or ¢’ < 0 everywhere. Let us assume first that ¢’ > 0.
We have

d
L) = / (1)), dt
d

-]

d
= [ &Y ()], dt

d

—(vop)(t)

dt
dt

g

where the second-to-last equality follows from the change of variables for-
mula for ordinary integrals.

In case ¢/ < 0, we just need to introduce two sign changes into the
above calculation. The sign changes once when ¢'(t) is moved outside the
absolute value signs, because |¢'(t)| = —¢'(¢). Then it changes again in the
last step, because ¢ reverses the direction of the integral. Since the two
sign changes cancel each other, the result is the same.

If v and ¢ are only piecewise smooth, we can subdivide [¢, d] into finitely
many subintervals on which both 4 and ¢ are smooth, and then the result
follows by applying the above argument on each such subinterval. O

Suppose (M, g) and (]T/[/ ,g) are Riemannian manifolds. A smooth map
F: M — M is called an isometry if it is a diffeomorphism that satisfies
F*g = g. If there exists an isometry between M and M, we say that M
and M are isometric as Riemannian manifolds. More generally, F is called
a local isometry if every point p € M has a neighborhood U such that F|y
is an isometry of U onto an open subset of M. A metric g on M is said to
be flat if every point p € M has a neighborhood U C M such that (U, g|v)
is isometric to an open subset of R™ with the Euclidean metric.

Riemannian geometry is the study of properties of Riemannian mani-
folds that are invariant under isometries. See, for example, [Lee97] for an
introduction to some of its main ideas and techniques.
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Exercise 8.12. Show that lengths of curves are isometry invariants of Rie-
mannian manifolds. More precisely, suppose (M, g) and (M, g) are Riemann-
ian manifolds, and F': M — M is an isometry. Show that Lg(Foy) = Lg(7)
for any piecewise smooth curve segment ~ in M.

Another extremely useful tool on Riemannian manifolds is orthonormal
frames. Let (M, g) be an n-dimensional Riemannian manifold. A local frame
(E1,...,E,) for M defined on some open subset U C M is said to be
orthonormal if (Ex|p, ..., Eylp) is an orthonormal basis for T,M at each
point p € U, or in other words if (E;, E;), = 0;;.

Example 8.15. The coordinate frame (9/dz%) is a global orthonormal
frame on R™.

Proposition 8.16 (Existence of Orthonormal Frames). Let (M,g)
be a Riemannian manifold. For any p € M, there is a smooth orthonormal
frame on a neighborhood of p.

Proof. Let (z') be any coordinates on a neighborhood U of p. Applying
the Gram-Schmidt algorithm (Proposition A.17) to the coordinate frame
(0/0z"), we obtain a new frame (F;), given inductively by the formula

9/0a1 = YT Ey By Es
T |ojoxd — S (E, B B

Because span(F1,...,E;_1) = span(d/dx',...,0/027~"), the vector
whose norm appears in the demoninator above is nowhere zero on U. Thus
this formula defines E; as a smooth vector field on U, and a computation
shows that the resulting frame (E;) is orthonormal. (]

Observe that Proposition 8.16 did not show that there are coordinates
near p for which the coordinate frame is orthonormal. Problem 8-13 shows
that there are such coordinates in a neighborhood of each point only if the
metric is flat.

The Riemannian Distance Function

Using curve segments as “measuring tapes,” we can define a notion of
distance between points on a Riemannian manifold. If (M, g) is a connected
Riemannian manifold and p,q € M, the (Riemannian) distance between
p and ¢, denoted by dy(p, q), is defined to be the infimum of Ly(v) over
all piecewise smooth curve segments v from p to ¢g. Because any pair of
points in a connected manifold can be joined by a piecewise smooth curve
segment (Lemma 4.16), this is well-defined.
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Example 8.17. On R" with the Euclidean metric g, one can show that
any straight line segment is the shortest piecewise smooth curve segment
between its endpoints (Problem 8-14). Therefore, the distance function dg
is equal to the usual Euclidean distance:

dg(z,y) =[x —yl.

Exercise 8.13. If (M, g) and (M, g) are connected Riemannian manifolds
and F': M — M is an isometry, show that dg(F(p), F(q)) = dg(p, q) for all
pq € M.

We will see below that the Riemannian distance function turns M into
a metric space whose topology is the same as the given manifold topology.
The key is the following technical lemma, which shows that any Riemannian
metric is locally comparable to the Euclidean metric in coordinates.

Lemma 8.18. Let g be any Riemannian metric on an open set U C R".
For any compact subset K C U, there exist positive constants c,C such
that for all x € K and allv e T, M,

clolg < Jvlg < Clofg. (8.5)
Proof. For any compact subset K C U, let L C TR"™ be the set
L=A{(z,v) e TR" : 2z € K, |v|g =1}.

Since L is a product of compact sets in TR™ = R™ x R", L is compact.
Because the norm |v|, is continuous and strictly positive on L, there are
positive constants ¢, C' such that ¢ < |v|, < C whenever (z,v) € L. If z € K
and v is any nonzero vector in T,R", let A = |v|g. Then (z,A\"!v) € L, so
by homogeneity of the norm,

vlg = >‘|/\_1”|g < AC =Clulg.

A similar computation shows that |v|, > c|v|z. The same inequalities are
trivially true when v = 0. |

Proposition 8.19 (Riemannian Manifolds as Metric Spaces). Let
(M, g) be a connected Riemannian manifold. With the Riemannian distance
function, M is a metric space whose metric topology is the same as the
original manifold topology.

Proof. It is immediate from the definition that dy(p,q) > 0 for any p,q €
M. Because any constant curve segment has length zero, it follows that
dg(p,p) = 0, and d4(p, q) = dy(g, p) follows from the fact that any curve
segment from p to ¢ can be reparametrized to go from g to p. Suppose ; and
72 are piecewise smooth curve segments from p to g and q to r, respectively,
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and let 7 be a piecewise smooth curve segment that first follows v; and
then follows 2 (reparametrized if necessary). Then

dg(p,7) < Lg(v) = Lg(711) + Lg(72)-

Taking the infimum over all such v1 and ~,, we find that d,(p, r) < dg(p, ¢)+
dg(g,7). (This is one reason why it is important to define the distance
function using piecewise smooth curves instead of just smooth ones.)

To complete the proof that (M, d,) is a metric space, we need only show
that dg(p,q) > 0 if p # ¢. For this purpose, let p,q € M be distinct
points, and let U be any coordinate domain containing p but not q. Use
the coordinate map as usual to identify U with an open subset in R", and
let g denote the Euclidean metric in these coordinates. If V' is a coordinate
ball of radius ¢ centered at p such that V' C U, Lemma 8.18 shows that
there are positive constants ¢, C' such that

| Xlg < | X[y < C|X[g

whenever ¢ € V and X € TyM. Then for any piecewise smooth curve
segment ~ lying entirely in V, it follows that

cLg(y) < Lg(v) < CLg(v).

Suppose v: [a,b] — M is a piecewise smooth curve segment from p to g.
Let to be the infimum of all ¢ € [a,b] such that v(¢) ¢ V. It follows that

~(to) € OV by continuity, and v(t) € V for a < t < tg. Thus

Lg(v) = Lg (V(a,to]) = ¢Lg (Va,e)) = cdg(p, y(to)) = ce.

Taking the infimum over all such v, we conclude that dg4(p,q) > ce > 0.

Finally, to show that the metric topology generated by d, is the same as
the given manifold topology on M, we will show that the open sets in the
manifold topology are open in the metric topology and vice versa. Suppose
first that U C M is open in the manifold topology. Let p be any point of
U, and let V be a coordinate ball of radius € around p such that V C U as
above. The argument in the previous paragraph shows that dy(p,q) > ce
whenever ¢ ¢ V. The contrapositive of this statement is that d,(p,q) < ce
implies ¢ € V C U, or in other words the metric ball of radius ce around p
is contained in U. This shows that U is open in the metric topology.

Conversely, suppose that W is open in the metric topology, and let p €
W. Let V be any closed coordinate ball around p, let § be the Euclidean
metric on V determined by the given coordinates, and let ¢, C' be positive
constants such that (8.5) is satisfied for X € T,M, ¢ € V. For any ¢ > 0,
let V. be the set of points whose Euclidean distance from p is less than
e. If ¢ € V, let v be the straight-line segment in coordinates from p to q.
Arguing as above, (8.5) implies

dg(p,q) < Lyg(v) < CLg(y) = Ce.
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If we choose ¢ small enough that the closed metric ball of radius Ce around
p is contained in W, this shows that V. C W. Since V, is a neighborhood
of p in the manifold topology, this shows that W is open in the manifold
topology as well. O

A topological space is said to be metrizable if it admits a distance function
whose metric topology is the same as the given topology. The next corollary
is an immediate consequence of the preceding proposition.

Corollary 8.20. Every smooth manifold is metrizable.

Riemannian Submanifolds

If (M, g) is a Riemannian manifold and S C M is an immersed submanifold,
we can define a smooth symmetric 2-tensor g|s on S by g|s = t*g, where
t: S — M is the inclusion map. By definition, this means for X,Y € T,,S

(g|S)(Xv Y) = L*g(Xv Y) = g(L*Xa L*Y) = g(Xv Y)v

0 g|s is just the restriction of g to vectors tangent to S. Since the restric-
tion of an inner product to a subspace is still positive definite, g|s is a
Riemannian metric on S, called the induced metric. In this case, S is called
a Riemannian submanifold of M.

Example 8.21. The metric § = g|s» induced on S™ from the Euclidean
metric by the usual inclusion S < R"™*! is called the round metric on the
sphere.

If S is a Riemannian submanifold of (M, g), it is usually easiest to com-
pute the induced metric g|g in terms of a local parametrization of S, which
is a smooth embedding X : U — M whose image is an open subset of S.
The coordinate representation of g|g with respect to the coordinate chart
¢ = X! is then the pullback metric X*g. The next two examples will
illustrate the procedure.

Example 8.22 (Riemannian Metrics in Graph Coordinates). Let
U C R” be an open set, and let M C R"t! be the graph of the
smooth function f: U — R. Then the map X: U — R"*! given by
X(ul, ..o u™) = (ul,...,u", f(u)) is a (global) parametrization of M, and
the induced metric on M is given in graph coordinates by
X*g = X*((dzl)Q R (dIn+1)2)
= (du')? + - + (du™)? + df>.

Example 8.23. Let D C R? be the embedded torus obtained by revolving
the circle (y — 2)? + 22 = 1 around the z-axis. If X : R? — R3 is the map

X(p,0) = ((2 + cosp)cosb, (2 + cosg)sin b, sin ),
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then the restriction of X to any sufficiently small open set U C R? is a local
parametrization of D. The metric induced on D by the Euclidean metric
is computed as follows:

X*g = X*(d* + dy* + dz?)
= d((2 + cos p) cos 0)% + d((2 + cos ) sin ) 4 d(sin )*
= (—sinpcosfdt — (2 + cos @) sin 0 df)?
+ (—sinpsin @ dt + (2 + cos ) cos 6 df)?
+ (cos p dt)?
= (sin? @ cos? 0 + sin? sin? 6 4 cos? p)dp?
+ ((2 + cos ) sin ¢ cosfsin  — (2 + cos @) sin ¢ cos 0 sin B)dp df
+ ((2 + cos p)? sin® § + (2 + cos p)? cos? 0)d6?
= dp? + (2 + cos p)?db?.
If (M,g) is an n-dimensional Riemannian manifold and S C M
is a k-dimensional Riemannian submanifold, a local orthonormal frame

(E1,...,E,) for M on an open set U C M is said to be adapted to S if
(Erlp, - - -, Eklp) is an orthonormal basis for 7,5 at each p e U N S.

Proposition 8.24 (Existence of Adapted Orthonormal Frames).
Let S C M be an embedded Riemannian submanifold of the Riemannian
manifold (M, g). For each p € S, there is an adapted orthonormal frame
on a neighborhood U of p in M.

Proof. Let (x!,...,2™) be slice coordinates for S on a neighborhood U
of p, so that S N U is the set where 2**! = ... = 2" = 0. Applying
the Gram-Schmidt algorithm to the frame (9/0x%), we obtain an ortho-
normal frame (E1,...,E,) with the property that span(Ei|p, ..., Exlp) =
span(9/0z|,, . ..,0/0x%|,) = T,S at each p € S. O

The Tangent-Cotangent Isomorphism

Another very important feature of Riemannian metrics is that they provide
a natural correspondence between tangent and cotangent vectors. Given a
Riemannian metric g on a manifold M, define a bundle map g: TM —
T*M by

G(X)(Y) = gp(X,Y) for X,Y € T,M.

(Recall that a bundle map is a smooth map whose restriction to each fiber
is a linear map from T),M to T, M.)

Exercise 8.14. Show that g is a bundle map.
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Note that g is injective, because g(X) = 0 implies 0 = g(X)(X) =
gp(X, X)), which in turn implies X = 0. For dimensional reasons, therefore,
g is bijective, and so it is a bundle isomorphism (see Problem 5-12).

In coordinates,

IX)(Y) = gi(n) XY,
which implies that the covector g(X) has the coordinate expression
9(X) = gij (p)X"dy’ .

In other words, the restriction of g to 7, M is the linear map whose matrix
with respect to the coordinate bases for T, M and T;; M is just the same as
the matrix of g.

It is customary to denote the components of the covector g(X) by

so that
9(X) = X;dy’.

Because of this, one says that g(X) is obtained from X by lowering an
index. The notation X” is frequently used for §(X), because the symbol b
(“flat”) is used in musical notation to indicate that a tone is to be lowered.
Similarly, the inverse map g—!: TyM — T, M is represented by the inverse
of the matrix (g;;). The components of this inverse matrix are usually
denoted by ¢, so that

9795k = grig”" = 0.
Thus for a cotangent vector £ € Ty M, g~'(£) has the coordinate represen-

tation

- .0 . g
g =¢55  where &' = g7(p)g;.

We use the notation £# (“¢-sharp”) for g—1(€), and say that 7 is obtained
from £ by raising an indez.

The most important use of the sharp operation is to recover the notion
of the gradient as a vector field on Riemannian manifolds. For any smooth
function f on a Riemannian manifold (M, g), we define a vector field grad f,
called the gradient of f, by

grad f = (df)* = g~ (df).

Unraveling the definitions, for any X € T,,M, it satisfies

(grad flp, X)g = g(grad f|,)(X) = df,(X) = X f.
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Thus grad f is the unique vector field that satisfies
(grad f, X)y = X f for every vector field X,

or equivalently,

(grad f, -)g = df.
In coordinates, grad f has the expression

of o
= g¥ P
grad f =g Ox' Oz

In particular, on R” with the Euclidean metric, this is just

of 9 \of @

Ozt ad - Oxi Ot

grad f = 6%

1=

Thus our new definition of the gradient in this case coincides with the gra-
dient from elementary calculus, which is the vector field whose components
are the partial derivatives of f. In other coordinates, however, the gradient
will not generally have the same form.

Example 8.25. Let us compute the gradient of a function f € C*°(R?)

in polar coordinates. From (8.4), we see that the matrix of § in polar

coordinates is (é TO2), so its inverse matrix is ((1) 1 /Orz). Inserting this into

the formula for the gradient, we obtain

af o 10f 0
df=——+———.

erad S =5 o T2 a6 00

FExistence of Riemannian Metrics
We end this section by proving the following important result.

Proposition 8.26 (Existence of Riemannian Metrics). Every
smooth manifold admits a Riemannian metric.

Proof. We give two proofs. For the first, we begin by covering M by coor-
dinate charts (U, ¢q). In each coordinate domain, there is a Riemannian
metric g, given by the Euclidean metric §;;dz’dx’ in coordinates. Now let
{ta} be a partition of unity subordinate to the cover {U,}, and define

9= Zd)aga-

Because of the local finiteness condition for partitions of unity, there are
only finitely many nonzero terms in a neighborhood of any point, so this
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expression defines a smooth tensor field. It is obviously symmetric, so only
positivity needs to be checked. If X € T,,M is any nonzero vector, then

gp(Xa X)= Zwa(p)galp(Xa X).

This sum is nonnegative, because each term is nonnegative. At least one of
the functions v, is strictly positive at p (because they sum to 1). Because
Jalp(X,X) > 0, it follows that g,(X, X) > 0.

The second proof is shorter, but relies on the Whitney embedding the-
orem, which is far less elementary. We simply embed M in RY for some
N, and then the Euclidean metric induces a Riemannian metric g|as on
M. |

Pseudo-Riemannian Metrics

An important generalization of Riemannian metrics is obtained by relaxing
the requirement that the metric be positive definite. A 2-tensor g on a vector
space V is said to be nondegenerate if it satisfies any of the following three
equivalent conditions:

e g(X,Y)=0forallY € Vif and only if X =0.
e The map g: V — V* defined by g(X)(Y) = ¢(X,Y) is invertible.
e The matrix of g with respect to any basis is nonsingular.

Just as any inner product can be transformed to the Euclidean one by
switching to an orthonormal basis, every nondegenerate symmetric 2-tensor
can be transformed by a change of basis to one whose matrix is diagonal
with all entries equal to +1. The numbers of positive and negative diag-
onal entries are independent of the choice of basis; thus the signature of
g, defined as the sequence (—1,...,—1,+1,...,+1) of diagonal entries in
nondecreasing order, is an invariant of g.

A pseudo-Riemannian metric on a manifold M is a smooth symmet-
ric 2-tensor field that is nondegenerate at each point. Pseudo-Riemannian
metrics whose signatureis (—1,+1,...,41) are called Lorentz metrics; they
play a central role in physics, where they are used to model gravitation in
Einstein’s general theory of relativity.

We will not pursue the subject of pseudo-Riemannian metrics any fur-
ther, except to note that neither of the proofs above of the existence of
Riemannian metrics carries over to the pseudo-Riemannian case: in partic-
ular, it is not always true that the restriction of a nondegenerate 2-tensor to
a subspace is nondegenerate, nor is it true that a linear combination of non-
degenerate 2-tensors with positive coeflicients is necessarily nondegenerate.
Indeed, it is not true that every manifold admits a Lorentz metric.
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Problems

8-1.

8-3.

8-4.

8-5.

8-6.

Let V and W be finite-dimensional real vector spaces. Show that
the tensor product V @ W is uniquely determined up to canonical
isomorphism by its characteristic property (Proposition 8.3). More
precisely, suppose 7w: V x W — Z is a bilinear map into a vector space
Z with following property: For any bilinear map A: VxW — Y, there
is a unique linear map A: Z — Y such that the following diagram
commutes:

vxw 4.y
7 A

Z.

Then there is a unique isomorphism ®: VW — Z such that 7 = ®o
m. [This shows that the details of the construction used to define the
tensor product are irrelevant, as long as the resulting space satisfies
the characteristic property.]

. If V is any finite-dimensional real vector space, prove that there are

canonical isomorphisms R@ V=2V =2V @ R.

Let V and W be finite-dimensional real vector spaces. Prove that
there is a canonical (basis-independent) isomorphism between V*@W
and the space Hom(V, W) of linear maps from V' to W.

Let M be a smooth n-manifold, and ¢ a covariant k-tensor field on
M. If (2%) and (/) are overlapping coordinate charts on M, we can
write

o= ail,,,ikdm“ R Qdx™ =0 = &jl,,,jkd/fh Q- Qdrl*.

Compute a transformation law analogous to (4.4) expressing the com-
ponent functions oy, ;, in terms of o, ., .

Generalize the change of coordinate formula of Problem 8-4 to mixed
tensors of any rank.

Let M be a smooth manifold.

(a) Given a smooth covariant k-tensor field 7 € T%(M), show that
the map T(M) X --- x T(M) — C*°(M) defined by

(Xla"'an)'_)T(Xl,...7Xk)



Problems 197

is multilinear over C*°(M), in the sense that for any smooth
functions f, f’ € C*°(M) and smooth vector fields X;, X/,

T(Xl,...7in+fIX£,...,Xk)

:fT(Xl,...,Xi,...,Xk)—|—fIT(X1,... XI ...,Xk).

(b) Show that a map
T:T(M)x - xT(M) — C°(M)
is induced by a smooth tensor field as above if and only if it is
multilinear over C*°(M).
8-7. Let V be an n-dimensional real vector space. Show that

dim Sk (V) = (n+k—1> _(nt+k-1)

k  Eln =1

8-8. (a) Let T be a covariant k-tensor on a finite-dimensional real vector
space V. Show that SymT is the unique symmetric k-tensor
satisfying

(SymT)(X,...,X)=T(X,...,X)

forall X e V.

(b) Show that the symmetric product is associative: For all symmet-
ric tensors R, S, T,

(RS)T = R(ST).
(c) If wl,...,w" are covectors, show that

1
... k__E (1) & ... o (k)
w w =1 w & Qw .

oESk

8-9. Let § = gls» denote the round metric on the n-sphere, i.e., the metric

induced from the Euclidean metric by the usual inclusion of S™ into
R+

. . O . . .
(a) Derive an expression for g in stereographic coordinates by com-

*—

puting the pullback (o~1)*g.

(b) In the case n = 2, do the analogous computation in spherical
coordinates (z,y, z) = (sin ¢ cos ), sin @ sin §, cos ).
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8-10.

8-11.

8-12.

8-13.

8-14.

8-15.

8-16.

8. Tensors

Let M be any smooth manifold.

(a) Show that TM and T*M are isomorphic vector bundles.

(b) Show that the isomorphism of part (a) is not canonical, in the
following sense: There does not exist a rule that assigns to every
smooth manifold M a bundle isomorphism A\y;: TM — T*M in
such a way that for every smooth map F': M — N, the following
diagram commutes:

*

TM TN
Aum J \ AN
T*M T*N.

Let I' be a discrete group acting smoothly, freely, and properly on a
smooth manifold M, and let M = M/T'. Show that a Riemannian

metric g on M is the pullback of a metric on M by the quotient map
m: M — M if and only if ¢ is invariant under T" (i.e., v*g = ¢ for
every v € I).

Let (M, g) and (M,§) be Riemannian manifolds. Suppose F: M —
M is a smooth map such that F*g = g. Show that F' is an immersion.

Let (M,g) be a Riemannian manifold. Show that the following are
equivalent:

(a) Each point of M has a coordinate neighborhood in which the
coordinate frame is orthonormal.

(b) g is flat.
Show that the shortest path between two points in Euclidean space

is a straight line. More precisely, for x,y € R™, let v: [0,1] — R" be
the curve segment

V() = (1 =)z +ty,

and show that any other piecewise smooth curve segment v from z
to y satisfies Lz(¥) > Lg(7). [Hint: First consider the case in which
both x and y lie on the z!-axis.]

Let M = R? \. {0} with the Euclidean metric g, and let p = (1,0),
g = (—1,0). Show that there is no piecewise smooth curve segment
from p to ¢ in M such that Lz(v) = dg(p, q).

Let (M, g) be a Riemannian manifold, and let f € C°°(M).
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8-18.

8-19.
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(a) For any p € M, show that among all unit vectors X € T,,M, the
directional derivative X f is greatest when X points in the same
direction as grad f|,, and the length of grad f|, is equal to the
value of the directional derivative in that direction.

(b) If p is a regular point of f, show that grad f|, is orthogonal to
the level set of f through p.

Let T =S' x --- x S € C", and let g be the metric on T™ induced
from the Euclidean metric on C" (identified with R?"). Show that g
is flat.

Let (M, g) be a Riemannian manifold and let S C M be a Riemannian
submanifold. If p € S, a vector N € T),M is said to be normal to S
if N is orthogonal to T,S with respect to g. Show that the set of
all vectors normal to S is a smooth vector bundle over S, called the
normal bundle to S. [Hint: use adapted orthonormal frames.]

If S € M is an embedded submanifold, a smooth map N: S — TM
such that NV, € T,M for each p € S is called a vector field along
S. If (M, g) is a Riemannian manifold and S C M is a Riemannian
submanifold of codimension 1, show that every p € S has a neighbor-
hood on which there exist exactly two unit-length vector fields along
S that are normal to S.
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Differential Forms

In the previous chapter, we introduced symmetric tensors—those whose val-
ues are unchanged by interchanging any pair of arguments. In this chapter,
we explore the complementary notion of alternating tensors, whose values
change sign whenever two arguments are interchanged. The main focus of
the chapter is differential forms, which are just alternating tensor fields.
These innocent-sounding objects play an unexpectedly important role in
smooth manifold theory, through two applications. First, as we will see in
Chapter 10, they are the objects that can be integrated in a coordinate-
independent way over manifolds or submanifolds; second, as we explore in
Chapter 11, they provide a link between analysis and topology by way of
the de Rham theorem.

We begin the chapter with a heuristic discussion of the measurement of
volume, to motivate the central role played by alternating tensors. We then
proceed to study the algebra of alternating tensors. The most important
algebraic construction is a product operation called the wedge product,
which takes alternating tensors to alternating tensors. Then we transfer
this to manifolds, and introduce the exterior derivative, which is a natural
differential operator on differential forms.

At the end of the chapter, we introduce symplectic forms, which are a
particular type of differential form that play an important role in geometry,
analysis, and mathematical physics.
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The Heuristics of Volume Measurement

In Chapter 4, we introduced line integrals of covector fields, which general-
ize ordinary integrals to curves in manifolds. As we will see in subsequent
chapters, it is also useful to generalize the theory of multiple integrals to
manifolds.

How might we make coordinate-independent sense of multiple integrals?
First, observe that there is no way to define integrals of functions in a
coordinate-independent way on a manifold. It is easy to see why, even in
the simplest possible case: Suppose C' C R™ is an n-dimensional cube, and
f: C — R is the constant function f(x) = 1. Then

/ FdV = Vol(C),
C

which is clearly not invariant under coordinate transformations, even if we
just restrict attention to linear ones.

Let us think a bit more geometrically about why covector fields are the
natural fields to integrate along curves. A covector field assigns a number to
each tangent vector, in such a way that multiplying the tangent vector by
a constant has the effect of multiplying the resulting number by the same
constant. Thus a covector field can be thought of as assigning a “signed
length meter” to each one-dimensional subspace of the tangent space, and
it does so in a coordinate-independent way. Computing the line integral of
a covector field, in effect, assigns a “length” to a curve by using this varying
measuring scale along the points of the curve.

Now we wish to seek a kind of “field” that can be integrated in a
coordinate-independent way over submanifolds of dimension k£ > 1. Its
value at each point should be something that we can interpret as a “signed
volume meter” on k-dimensional subspaces of the tangent space—a ma-
chine Q that accepts any k tangent vectors (Xi,...,Xy) at a point and
returns a number Q(X7, ..., Xj) that we might think of as the “signed vol-
ume” of the parallelepiped spanned by those vectors, measured according
to a scale determined by (.

The most obvious example of such a machine is the determinant in R™.
For example, it is shown in most linear algebra texts that for any two vectors
X1, X € R?, det(X1, X2) is, up to a sign, the area of the parallelogram
spanned by Xi, X5. It is not hard to show (see Problem 9-1) that the
analogous fact is true in all dimensions. The determinant, remember, is an
example of a tensor. In fact, it is a tensor of a very specific type: It changes
sign whenever two of its arguments are interchanged. A covariant k-tensor
T on a finite-dimensional vector space V' is said to be alternating if it has
this property:

T(X1,. . Xiyo Xy X)) = —T(Xy, . Xy X X,
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FIGURE 9.1. Scaling by a constant. FIGURE 9.2. Sum of two vectors.

Let us consider what properties we might expect a general “signed vol-
ume meter” €2 to have. To be consistent with our ordinary ideas of volume,
we would expect that multiplying any one of the vectors by a constant ¢
should cause the volume to be scaled by that same constant (Figure 9.1),
and that the parallelepiped formed by adding together two vectors in the
tth place results in a volume that is the sum of the volumes of the two
parallelepipeds with the original vectors in the ith place (Figure 9.2):

Q(Xl,...,CXi,...7Xn)ZCQ(Xl,...7Xi,...,Xn),
Q(Xl,...,Xi—I—XZ{,...?Xn)ZQ(Xl,...7Xi,...,Xn)

+ QXX LX),

These two requirements suggest that 2 should be multilinear, and thus
should be a covariant k-tensor.

There is one more essential property that we should expect: Since n lin-
early dependent vectors span a parallepiped of zero n-dimensional volume,
Q) should give the value zero whenever it is applied to n linearly dependent
vectors. As the next lemma shows, this forces €2 to be an alternating tensor.

Lemma 9.1. Suppose () is a k-tensor on a vector space V' with the property
that Q(X1,...,Xk) = 0 whenever X1,..., Xy are linearly dependent. Then
Q is alternating.
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Proof. The hypothesis implies, in particular, that €2 gives the value zero
whenever two of its arguments are the same. This in turn implies

0:Q(Xl,...,Xi—|—Xj,...,Xi—|—Xj,...,Xn)
:Q(Xl,...7Xi,...,Xi,...7Xn)+Q(X1,...7Xi,...,Xj,...7Xn)

FOQXy, X X X)) UKL X X X))

=Xy, XL X LX) UK, X X X,
Thus € is alternating. O

Because of these considerations, alternating tensor fields are promising
candidates for objects that can be integrated in a coordinate-independent
way. We will develop these ideas rigorously in the remainder of this chapter
and the next; as we do, you should keep this geometric motivation in mind.

The Algebra of Alternating Tensors

In this section, we set aside heuristics and start developing the technical
machinery for working with alternating tensors. For any finite-dimensional
real vector space V, let A*(V) denote the subspace of T*(V) consisting
of alternating tensors. [Warning: Some authors use the notation A*(V*)
in place of A¥(V) for this space; see Problem 9-8 for a discussion of the
reasons why.] An alternating k-tensor is sometimes called a k-covector.

Recall that for any permutation o € Sk, the sign of o, denoted by sgno,
is equal to +1 if o is even (i.e., can be written as a composition of an even
number of transpositions), and —1 if o is odd.

The following exercise is an analogue of Exercise 8.9.

Exercise 9.1. Show that the following are equivalent for a covariant k-
tensor 7'

(a) T is alternating.

(b) For any vectors Xi,..., X, and any permutation o € Sy,
T(Xoay, -+ Xowy) = (sgno)T(X1,..., Xk).
(c) T gives zero whenever two of its arguments are equal:
T(X1,...,Y,....Y, ..., X,) = 0.

(d) T(Xi,...,Xr) =0 whenever the vectors (Xi,...,Xx) are linearly in-
dependent.

(e) With respect to any basis, the components T, ...4, of T change sign
whenever two indices are interchanged.



The Algebra of Alternating Tensors 205

Notice that part (d) implies that there are no nonzero alternating k-
tensors on V if k > dim V, for then every k-tuple of vectors is dependent.

Every O-tensor (which is just a real number) is alternating, because there
are no arguments to interchange. Similarly, every 1-tensor is alternating.
An alternating 2-tensor is just a skew-symmetric bilinear form on V. It is
interesting to note that any 2-tensor 7' can be expressed as the sum of an
alternating tensor and a symmetric one, because

T(X,Y)=4(T(X,Y)-T(, X))+
= A(X,Y)+ S(X,Y),

3(T(X,Y)+T(Y, X))

where A(X,Y) = L(T(X,Y) — T(Y, X)) is alternating, and S(X,Y) =
H(T(X,Y)+ T (Y, X)) is symmetric. This is not true for tensors of higher
rank, as Problem 9-2 shows.

The tensor S defined above is just Sym7', the symmetrization of T" de-
fined in the preceding chapter. We define a similar projection Alt: T*(V) —
AF(V), called the alternating projection, as follows:

1 g
AT = o Z (sgno)T7.

" oEeSy
More explicitly, this means
1
(AIRT) (X5, Xp) = > (sgno)T(Xoqy, - - Xog)-
’ oeSk

Example 9.2. If T is any 1-tensor, then Alt T = T. If T is a 2-tensor,
then

ART(X,Y) = 3(T(X,Y) = T(Y, X)).
For a 3-tensor T,

AWT(X,Y,Z) = MT(X,Y,2)+ T(Y, Z,X)+ T(Z,X,Y)

~T(Y,X,Z)-T(X,Z,Y) - T(Z,Y,X)).

1
6

The next lemma is the analogue of Lemma 8.10.

Lemma 9.3 (Properties of the Alternating Projection).

(a) For any tensor T, Alt T is alternating.
(b) T is alternating if and only if AWT =T.

Exercise 9.2. Prove Lemma 9.3.
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Elementary Alternating Tensors

Let k be a positive integer. An ordered k-tuple I = (i1,...,4x) of positive
integers is called a multi-index of length k. If I and J are multi-indices such
that J is obtained from I by a permutation o € Sk, in the sense that

J1=16(1)s -5 Tk = To(k)
then we write J = ol. It is useful to extend the Kronecker delta notation

in the following way. If I and J are multi-indices of length k, we define

sgno if neither I nor J has a repeated index

7 and J = ol for some o € S,

)

~
|

0 if I or J has a repeated index
or .J is not a permutation of I.

Let V be an n-dimensional vector space, and suppose (¢!,...,&") is
any basis for V*. We will define a collection of alternating tensors on
V that generalize the determinant function on R". For each multi-index
I =(i1,...,ix) of length k such that 1 <4;,...,ix < n, define a covariant

k-tensor ¢! by

e(Xy1) ... en(Xy)
el(X1,..., Xg) = det
e (Xy) ... e (Xy)
i i (9.1)
XX
=det |
Xy X

In other words, if X denotes the matrix whose columns are the components
of the vectors X7,..., X} with respect to the basis (FE;) dual to (¢%), then
el(X1,..., X}) is the determinant of the k x k minor consisting of rows
i1,...,1; of X. Because the determinant changes sign whenever two columns
are interchanged, it is clear that 7 is an alternating k-tensor. We will call
el an elementary alternating tensor or elementary k-covector.

For example, in terms of the standard dual basis (e!,e?,e3) for (R3)*,

we have
eB(X,Y)=X'Y? - yiXxs3,
e B(X,Y, X) = det(X,Y, Z).

Lemma 9.4. Let (E;) be a basis for V, let (%) be the dual basis for V*,
and let €' be as defined above.

(a) If I has a repeated index, then el = 0.



The Algebra of Alternating Tensors 207
(b) If J = oI for some o € S, then ¢! = (sgno)e’.
(c) The result of evaluating €' on a sequence of basis vectors is

EI(Ejl,...,Ejk) = 511

Proof. If I has a repeated index, then for any vectors Xi,..., Xk, the
determinant in (9.1) has two identical rows and thus is equal to zero, which
proves (a). On the other hand, if J is obtained from I by interchanging
two indices, then the corresponding determinants have opposite signs; this
implies (b).

To prove (c), we consider several cases. First, if I has a repeated index,
then e/ = 0 by part (a). If J has a repeated index, then e/ (Ej,,..., E; ) =
0 by Exercise 9.1(c). If neither multi-index has any repeated indices but
J is not a permutation of I, then the determinant in the definition of
el(Ej,,...,E;,) has at least one row of zeros, so it is zero. If J = I,
then el (Ej,,..., Ej,) is the determinant of the identity matrix, which is 1.
Finally, if J = oI, then

e!(Ej,,...,Ej,) = (sgno)e’(Ej,,...,E;) =sgno
by part (b). |

The significance of the elementary k-covectors is that they provide a con-
venient basis for A¥(V). Of course, the ¢! are not all independent, because
some of them are zero and the ones corresponding to different permutations
of the same multi-index are constant multiples of each other. But, as the
next lemma shows, we can get a basis by restricting attention to an appro-
priate subset of multi-indices. A multi-index I = (i1,...,%x) is said to be
increasing if i1 < - -+ < ig. It will be useful to use a primed summation sign
to denote a sum over only increasing multi-indices, so that, for example,

Z/T]EI = Z T]El.
I

{I:11<i1 < <ip<n}

Lemma 9.5. Let V be an n-dimensional vector space. If (%) is any basis
for V*, then the collection of k-covectors

{e! : I is increasing}

is a basis for A*(V). Therefore,

dim AF(V) = (Z) = k'(%k)'
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Proof. Let (E;) be the basis for V dual to (¢), and let & = {ef
I is increasing}. We need to show that the set € spans A¥(V) and is inde-
pendent.

To show that € spans, let T € A¥(V) be arbitrary. For each multi-index
I=(i1,...,1i), define a real number T by

T; =T(E;,,...,E;,).

The fact that T is alternating implies that T7 = 0 if I contains a repeated
multi-index, and Ty = (sgno)Tt if J = ol for o € Si. For any multi-index
J, Lemma 9.4 gives

/ /
Z TIEI(Ej1="'7Ejk) = ZT16§ =Ty =T(Ej,....Ej).
I I

Therefore, Z/I Trel =T, so € spans AF(V).
To show that &£ is an independent set, suppose

Z/T]EI =0
I

for some coefficients T7. Let J be any increasing multi-index. Applying
both sides to (Ej, , ..., Ej, ) and using Lemma 9.4,

/
O:ZT]EI(Ejlv---ijk) =1y
1

Thus each coefficient T’y is zero. O

In particular, for an n-dimensional vector space V', this lemma implies
that A™(V) is 1-dimensional, and is spanned by e!-". By definition, this
elementary n-covector acts on vectors (Xi,...,X,) by taking the deter-
minant of the component matrix X = (X ;) For example, on R™ with the
standard basis, e!" is precisely the determinant function. Since there are
no increasing multi-indices of length greater than n, the space A*(V) is
trivial for k > n.

The Wedge Product

In Chapter 8, we defined the symmetric product, which takes a pair of
symmetric tensors S, T" and yields another symmetric tensor ST = Sym(S®
T') whose rank is the sum of the ranks of the original ones.

In this section, we will define a similar product operation for alternat-
ing tensors. One way to define it would be to mimic what we did in the
symmetric case and define the product of alternating tensors w and 7 to
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be Alt(w ® n). However, we will use a different definition that looks more
complicated at first but turns out to be much better suited to computation.

If w € A¥(V) and n € AY(V), we define the wedge product or exterior
product of w and 7 to be the alternating (k + )-tensor

wAn= (kk—;—“l)! Alt(w @ n). (9.2)

The mysterious coefficient is motivated by the simplicity of the statement
of the following lemma.

Lemma 9.6. For any multi-indices I = (i1,...,ix) and J = (j1,---, 1),
el nel =€l (9.3)

where 1.J is the multi-index (i1, ... ik, j1,.-.,j1) obtained by concatenating
I and J.

Proof. By multilinearity, it suffices to show that

Ia 1J
e Ne"(Epyyoo s Epyy) =€ (Epyy ..o Epy ) (9.4)
for any sequence (E,,,, ..., Ep, ,,) of basis vectors. We consider several cases.

CaASE I: P = (p1,...,pk+1) has a repeated indez. In this case, both sides
of (9.4) are zero by Exercise 9.1(c).

CASE II: P contains an index that does not appear in either I or J. In
this case, the right-hand side is zero by Lemma 9.4(c). Similarly, each term
in the expansion of the left-hand side involves either e or e’ evaluated on
a sequence of basis vectors that is not a permutation of I or J, respectively,
so the left-hand side is also zero.

CASE I1I: P =1J and P has no repeated indices. In this case, the right-
hand side of (9.4) is equal to 1 by Lemma 9.4(c), so we need to show that
the left-hand side is also equal to 1. By definition,

e'nel(Ey, ... Ep.))

) T Pk+1
(k+1)!
= Alt(e' @ e”)(Ep,, ..., Ep,,,)
1
= W Z (Sgn U)El (E:Dau)? ] Epo(k))EJ(Epa(k+l) PR 7Epa(k+z))'
o 0ESKk41

By Lemma 9.4 again, the only terms in the sum above that give nonzero
values are those in which ¢ permutes the first k indices and the last [
indices of P separately. In other words, ¢ must be of the form o = 77,
where 7 € Sk acts by permuting {1,...,k} and n € S; acts by permuting
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{k+1,...,k+1}. Since sgn(mn) = (sgn7)(sgnn), we have
enel (B, ... Ep.))

) " Pk+1
1 I J
= W Z (Sgn T)(Sgn 77)5 (Epr(l) yrtt qu—(k) )E (Epn(k+1) A 7Epn(k+1))
7 res
7725’;

1
- (E Z (Sgn T)EI(EPT(I) e 7Ep1—(k))) X

TESK

1
(ﬁ Z (sgn n)EJ(EPn<k+1) veoo Eipy g ))

nes;
= (Alt EI)(EPU R Epk) (Alt EJ)(EPIC+17 s 7Epk+z)
=el(Ep,..., By’ (E Ey.)

Prk+19 9 T Pr+1
=1

CASE IV: P is a permutation of I.J. In this case, applying a permutation
to P brings us back to Case III. Since the effect of the permutation is to
multiply both sides of (9.4) by the same sign, the result holds in this case
as well. O

Proposition 9.7 (Properties of the Wedge Product).

(a) BILINEARITY:

(aw+d'w' ) Anp=alwAn)+d W An),
nA(aw +dw') =anAw)+d(nAw).

(b) ASSOCIATIVITY:

wANAE = (wAn)AE

(¢) ANTICOMMUTATIVITY: For w € A¥(V) and n € AY(V),
wAn=(-1)*pAw.
(d) If (g',...,€") is any basis for V* and I = (i1,..., i) is any multi-
index,
A Net =gl (9.5)

1

(e) For any covectors w', ... ,w* and vectors Xi,..., Xx,

WA AWR(X LX) = det(WH(X)). (9.6)
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Proof. Bilinearity follows immediately from the definition, because the ten-
sor product is bilinear and Alt is linear. To prove associativity, note that
Lemma 9.6 gives

(el NeT)NelE = eI Nl = lTE — I AgTE = I A (g7 A K.

The general case follows from bilinearity. Similarly, using Lemma 9.6 again,
we get

el nel =l = (sgnt)e’! = (sgnt)e’ Nel,

where 7 is the permutation that sends I.J to JI. It is easy to check that
sgn7 = (—1)*¥ because 7 can be decomposed as a composition of kl trans-
positions (each index of I must be moved past each of the indices of J).
Anticommutativity then follows from bilinearity.

Part (d) is an immediate consequence of Lemma 9.6 and induction. To
prove part (e), we note that the special case in which each w’ is one of
the basis covectors % just reduces to (9.5). Since both sides of (9.6) are
multilinear in (w!,... 7cuk), this suffices. O

Because of part (d) of this lemma, we will generally use the notations &’

and €% A --- A% interchangeably.

The definition and computational properties of the wedge product can
seem daunting at first sight. However, the only properties that you need
to remember for most practical purposes are that it is bilinear, associative,
and anticommutative, and satisfies (9.6). In fact, these properties determine
the wedge product uniquely, as the following exercise shows.

Exercise 9.3. Show that the wedge product is the unique associative, bi-
linear, and anticommutative map A* (V) x A' (V) — A*Y(V) satisfying (9.6).

As we observed at the beginning of this section, one could also define
the wedge product without the unwieldy coefficient of (9.2). Many authors
choose this alternative definition of the wedge product, which we denote
by A:

wAn=Alt(w®n). (9.7)

Using this definition, (9.3) is replaced by

_ kN
Ix_J IJ
/\ =
e Ne Uit l)'s

and (9.6) is replaced by

_ _ 1 )

wl/\---/\wk(Xl,...,Xk)zEdet(wl(Xj)) (9.8)

whenever w!, ..., w" are covectors, as you can check.
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Because of (9.6), we will call the wedge product defined by (9.2) the
determinant convention for the wedge product, and the wedge product
defined by (9.7) the Alt convention. Although the definition of the Alt
convention is perhaps a bit more natural, the computational advantages of
the determinant convention make it preferable for most applications, and
we will use it exclusively in this book.

Differential Forms on Manifolds

Now we turn our attention to an n-dimensional smooth manifold M. The
subset of T*M consisting of alternating tensors is denoted by A¥M:

AM = T A¥T,).
pEM

Exercise 9.4. Show that A*M is a smooth subbundle of T*M, and is
therefore a smooth vector bundle of rank (Z) over M.

A smooth section of A¥M is called a differential k-form, or just a k-form;
this is just a smooth tensor field whose value at each point is an alternating
tensor. We denote the vector space of sections of A¥M by A¥(M). (We
ordinarily denote the space of sections of a vector bundle by the upper-
case script letter corresponding to the name of the bundle; in this case, we
use A because of the typographical similarity between A and A.)

In any coordinate chart, a k-form w can be written locally as

! . . !
w:Zw]d:c“/\~~/\d:c“C :ijd:cl,
I I

where the coefficients w; are smooth functions defined on the coordinate
neighborhood, and we use dz! as an abbreviation for dz® A --- Adz® (not
to be mistaken for the differential of a function z?). In terms of differential
forms, the result of Lemma 9.4(c) translates to

dw“/\---/\dmik( 0 . 0 >=5§.

pan " B

The wedge product of a k-form with an I-form is a (k + I)-form. A 0-form
is just a real-valued function, and we interpret the wedge product f An of
a O-form f with a k-form 7 to mean the product fn.

Example 9.8. A 1-form is just a smooth covector field. On R3, some ex-
amples of 2-forms are given by

w = (sinzy) dy A dz;
n=dx ANdy+dr ANdz+dy Adz.
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Every n-form on R” is a smooth function times dxz' A --- A dax™, because
there is only one increasing multi-index of length n.

If F: M — N is a smooth map and w is a differential form on N, the
pullback F*w is a differential form on M, defined as for any smooth tensor
field:

Fro(Xy,...,Xk) =w(FXq,. .., F Xg).
In particular, if ¢: N «— M is the inclusion map of an immersed submani-
fold, then we usually use the notation w|y for t*w.
Lemma 9.9. Suppose F': M — N is smooth.
(a) F*(wAn) = (Fw) A (Fn).

(b) In any coordinate chart,

F* (Z/wjdyil ARREW dyi’“>
I
=S Wi o F)d(y" o F)A--- Ad(y* o F),
I

Exercise 9.5. Prove this lemma.

This lemma gives a computational rule for pullbacks of differential forms
similar to the one we developed for arbitrary tensor fields in the preceding
chapter. As before, it can also be used to compute the expression for a
differential form in another coordinate chart.

Example 9.10. Let w be the 2-form dx Ady on R?. Thinking of the trans-
formation to polar coordinates x = rcos#, y = rsinf as an expression for
the identity map with respect to different coordinates on the domain and
range, we find

w=dzxrAdy
= d(rcos@) A d(rsinf)
= (cos@dr — rsinfdf) A (sin 6 dr + r cos 6 db)
=rcos?0dr Adf —rsin®0do A dr,

where we have used the fact that drAdr = ddAdO = 0 by anticommutativity.
Because df A dr = —dr A d, this simplifies to

dx Ndy =rdr Adb.

The similarity between this formula and the formula for changing a dou-
ble integral from Cartesian to polar coordinates is striking. More generally,
we have the following lemma:
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Lemma 9.11. Let F: M — N be a smooth map between n-manifolds. If
(x%) and (y?) are coordinates on open sets U C M and V C N, respectively,
and u is a smooth function on V, then the following holds on UNF~1(V):

Fi
F* (udy' A+ Ady™) = (uo F)det <%> dzt A - Ada™. (9.9)

Proof. Because the fiber of A"M is spanned by dz' A --- A dx™ at each
point, it suffices to show that both sides of (9.9) give the same result when
evaluated on (9/9z%,...,0/0z"). From Lemma 9.9,

F* (udy' A~ Ady") = (wo F)dF' A+ ANdF™

Proposition 9.7(e) shows that

0 0 (0 OF7
LN n( _Z_ R N —
dF* N--- NdF (8:0“'"’8:0”) det (dF (3171)) det(axi)'

Therefore, the left-hand side of (9.9) gives (u o F) det(0F?/dz") when ap-
plied to (9/0x',...,0/0x™). On the other hand, the right-hand side gives
the same thing, because dz! A --- A dx™(9/0x',...,0/0x™) = 1. O

Exterior Derivatives

In this section, we define a natural differential operator on forms, called the
exterior derivative. It is a generalization of the differential of a function.

To give some idea where the motivation for the exterior derivative comes
from, let us look back at a question we addressed in Chapter 4. Recall
that not all smooth covector fields are differentials of functions: Given w,
a necessary condition for the existence of a function f such that w = df is
that w be closed, which means that it satisfies

8wj _ &ui
ozt Oxd

=0 (9.10)

in every coordinate system. Since this is a coordinate-independent property
by Lemma 4.25, one might hope to find a more invariant way to express it.
The key is that the expression in (9.10) is antisymmetric in the indices ¢
and j, so it can be interpreted as the 7j-component of an alternating tensor
field, i.e., a 2-form. We will define a 2-form dw by

. awj‘ Bwi i j
dOJ—Z(w— 8:17J)dz A dx y

i<j

so it follows that w is closed if and only if dw = 0.
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This formula has a significant generalization to differential forms of all
degrees. For any manifold, we will show that there is a differential operator
d: AF(M) — AFTY(M) satisfying d(dw) = 0 for all w. Thus it will follow
that a necessary condition for a k-form w to be equal to dn for some (k—1)-
form 7 is that dw = 0.

The definition of d in coordinates is straightforward:

d(z’wdxf> = Z/dwl A dz? (9.11)
I I

where dwy is just the differential of the function w;. In somewhat more
detail, this is

. . P . _ _
d(zlwzdm“ A Adw) =S Pt s e At
X
I I i

Observe that when w is a 1-form, this becomes

. awj‘ i . 6(41]‘ awi i :
d(wjda’) = @dx ANd? = Z (8:1:1' — 8:&) dx' A da’,
1<J
using the fact that da’ A da? = —da’ A da?, so this is consistent with our

earlier definition.
Proving that this definition is independent of the choice of coordinates
takes a little work. This is the content of the next theorem.

Theorem 9.12 (The Exterior Derivative). On any smooth manifold
M, there is a unique linear map d: A¥(M) — AF*L(M) for each k > 0
satisfying the following conditions:

(i) If f is a smooth function (a 0-form), then df is the differential of f,
defined as usual by

df(X) = Xf.

(i) If w € A¥(M) and n € AL (M), then
d(wAn) =dwAn+ (—1)Fw Ady.

(iii) d*> = 0. More precisely, for any k-form w, d(dw) = 0.
In any local coordinates, d is given by (9.11).

Proof. First we will prove uniqueness. Suppose d: A*(M) — A*1(M) is
a linear operator satisfying (i), (ii), and (iii). We will show that it also sat-
isfies (9.11) in any local coordinate chart, which implies that it is uniquely
determined.
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We begin by showing that d is local, in the following sense: If w and w are
k-forms on M that agree on an open subset U C M, then dw = dw on U.
Writing n = @ — w, it clearly suffices to show that dn = 0 on U if 5 vanishes
on U. Let p € U be arbitrary, and let ¢ € C*°(M) be a bump function
that is equal to 1 in a neighborhood of p and supported in U. Then ¢n is
identically zero on M, so

0 = d(en)p = dep A1p + 0 (p)dnp = dy,
because ¢ = 1 in a neighborhood of p. Since p was an arbitrary point of U,
this shows that dnp =0 on U.

Suppose (z?) are coordinates on an open subset U C M. Let w € A*(M),
and write w = > 7 wrdz! in coordinates on U. We will show that (9.11)
holds at each point p € U. By the extension lemma (Lemma 2.20), we
can extend the coordinate functions z’ to smooth functions z* on all of
M that agree with 2° in some neighborhood of p. Likewise, we extend the
component functions wy to functions w; on M. The k-form w = Z’I Ordzh A
-+ Adx" is globally defined on M and agrees with w near p. Using linearity
of d together with (i) and (ii), we compute

dis = d(Z/Uu]dE“ A A diik>
I
=S dw AdE A A dEE A+ (<1)°S ) Brd(dE A A dE),
I I

because @y is a 0-form. Now using (ii) again, the last term expands into a
sum of terms, each of which contains a factor of the form d(dz’»), which is
zero by (iii). Therefore, since d is local,

/ . . / . .
dwp = dy =Y dyly AdE) A+ AdT = dwily Ada} A Ada
I I

Since p was arbitrary, (9.11) holds on all of U. This proves that dw is
uniquely determined.

Now to prove that such an operator exists, we begin by assuming that
M is covered by a single coordinate chart, and define d by (9.11). It is
clearly linear and satisfies (i). We need to check that it satisfies (ii) and
(iii). Before doing so, we need to know that d satisfies

d(fdz™ A--- ANdx'™) = df Adz™ A--- A dx'

for any multi-index I, not just increasing ones. If I has repeated indices,
then clearly both sides are zero. If not, let o be the permutation sending I
to an increasing multi-index J. Then

d(fdz™ A---Ndz'™) = (sgno)d(f dz?* A--- A da?*)
= (sgno)df Adz* A --- A dad®
=df Adx™ A Ada',
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To prove (ii), it suffices to consider terms of the form w = fdx! =
fdz A+ Adz' and n = gdz’. We compute
dw An) = d((f da') A (gda”)

=d(fgdz’ Adx?)
= (gdf + fdg) Adx! A dx’
= (df Ndx") A (gdz?) + (=1)*(f dz’) A (dg A da”)
=dwAn+(=1)*wAdny,

where the (—1)* comes from dg A do! = (—1)*dz! A dg.

We will prove (iii) first for the special case of a 0-form, i.e., a smooth
real-valued function. In this case,

_(9f
d(df) = d <@d:c3)

o f i J
= Sri0a dz' N\ dz
0% f 0 f ; ,
= — - —— " Adax?
Z ((%claxﬂ 890]8:61) dw’ A dr
1<g
=0.

For the general case, we use the k = 0 case together with (ii) to compute
d(dw) = d(zldwl Ada A A dmik>
I
=S d(dwr) Adat A - A da
I

k
+ Z/ > (=1 dwr Ada™ A Ad(dat) A A da
I j=1

=0.

Finally, we consider the case of an arbitrary manifold M. On any coordi-
nate domain U C M, we have a unique linear operator dyy defined as above
and satisfying (i)—(iii). On any set U N U’ where two charts overlap, the
restrictions of dyw and dyw to UNU’ must agree by uniqueness; therefore,
defining dw by (9.11) in each coordinate chart, we get a globally-defined
operator satisfying (i)—(iii). O

The operator d whose existence and uniqueness are asserted in this theo-
rem is called exterior differentiation, and dw is called the exterior derivative
of w. The exterior derivative of a real-valued function f is, of course, just
its differential df.
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Example 9.13. Let us work out the exterior derivatives of arbitrary 1-
forms and 2-forms on R3. Any 1-form can be written

w=Pdr+Qdy+ Rdz

for some smooth functions P, @, R. Using (9.11) and the fact that the wedge
product of any 1-form with itself is zero, we compute

dw=dP Ndx +dQ Ndy +dR Ndz

_[opP OP OP oQ 0Q 0Q
= (&Cdx—i- 8ydy—i— 8Zdz)/\dac—i—((%dgc—i- 8ydy—i— 8Zdz)/\dy

OR OR OR
+ <%d:c + a—ydy + Edz) Adz

— (8_Q_8_P> dm/\dy+<a—P—a—R> dz N dx
Yy

ox 0 0z ox
OR 0Q

It is interesting to note that the components of this 2-form are exactly the
components of the curl of the vector field with components (P, @, R) (except
perhaps in a different order and with different signs). We will explore this
connection in more depth later in the book.

An arbitrary 2-form on R? can be written

w=adrANdy+ Gdx Ndz+~vdy N dz.

A similar computation shows

(804 9B | Iy

== - — | dz AN dy N dz.
dw EP 8y+8:v> x Ady Adz

One important feature of the exterior derivative is that it behaves well
with respect to pullbacks, as the next lemma shows.

Lemma 9.14. If G: M — N is a smooth map, then the pullback map
G*: AF(N) — AF(M) commutes with d: For all w € A¥(N),
G* (dw) = d(G*w) (9.12)

Proof. Let w € A*(N) be arbitrary. Because d is local, if (9.12) holds in
a neighborhood of each point, then it holds on all of M. In a coordinate
neighborhood, w can be written as a sum of terms like fdz’ A --- A dz®*,
so by linearity it suffices to check (9.12) for a form of this type.

For such a form, the left-hand side of (9.12) is

G*d(f dz™ A -+ Ndx™) = G*(df Adx™ A--- A dx™)
=d(foG)Ad(z" cG)A---Nd(z™ 0 Q),
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while the right-hand side is
dG*(fdz™ A--- ANdz™) =d((f o G)d(z" o G)A--- ANd(z™ 0 G))
=d(foG)ANd(x" 0o G)A--- Nd(z% 0 G).
O

Extending the terminology that we introduced for covector fields in
Chapter 4, we say that a differential form w € A*(M) is closed if dw = 0,
and ezact if there exists a (k — 1)-form 1 on M such that w = dn. The fact
that d? = 0 implies that every exact form is closed. The converse may not
be true, as we saw already in Chapter 4 the case of covector fields. We will
return to these ideas in Chapter 11.

Symplectic Forms

In this section, we introduce symplectic forms, a special kind of 2-form
that plays a leading role in many applications of smooth manifold theory
to analysis and physics.

We begin with some linear algebra. Recall that a 2-tensor w on a finite-
dimensional real vector space V' is said to be nondegenerate if w(X,Y) =0
for all Y € V implies X = 0.

Exercise 9.6. Show that the following are equivalent for a 2-tensor w on

a finite-dimensional vector space V:

(a) w is nondegenerate.

(b) The matrix (w;;) representing w in terms of any basis is nonsingular.

(¢) The linear map @: V — V* defined by &(X)(Y) = w(X,Y) is invert-
ible.

A nondegenerate alternating 2-tensor is called a symplectic tensor. A vec-
tor space V endowed with a specific symplectic tensor is called a symplectic
vector space.

Example 9.15. Let V be a vector space of dimension 2n. Choose any basis
for V, and denote the basis by (A, By, ..., Ay, By,) and the corresponding
dual basis for V* by (at, 31, ...,a", 3"). Let w € A%2(V) be the 2-covector
defined by

w=Y a'AB. (9.13)
1=1

Note that the action of w on basis vectors is given by
w(Ai, BJ) = —w(Bj, Al) = 61']',

w(A;i, Aj) = w(By, B;) = 0. (9.14)
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Suppose X = a'A; + b'B; € V satisfies w(X,Y) = 0 for all Y € V. Then
0 =w(X,B;) =a" and 0 = w(X,A;) = —b*, which implies that X = 0.
Thus w is nondegenerate.

It is useful to consider the special case in which dim V' = 2. In this case,
every 2-covector is a multiple of a! A 8!, which is nondegenerate by the
argument above. Thus every nonzero 2-covector on a 2-dimensional vector
space is symplectic.

If (V,w) is a symplectic vector space and S C V is any subspace, we
define the symplectic complement of S, denoted by S+, to be the subspace

St={XeV:wX,Y)=0forall Y € S}.

As the notation suggests, the symplectic complement is analogous to the
orthogonal complement in an inner product space. For example, just as in
the inner product case, the dimension of S+ is the codimension of S, as
the next lemma shows.

Lemma 9.16. Let (V,w) be a symplectic vector space. For any subspace
ScV,dimS +dimSt=dimV.

Proof. If (E1,...,Ex) is any basis for S, then the covectors
W(F1),...,w(Ex) C V* are independent because @ is injective. Therefore,
the map ®: V — RF given by

O(X) = (@(E1)(X), ..., w(ER) (X))

is surjective, so S+ = Ker ® has dimension equal to dim V — dim R* by the
rank-nullity law. |

Symplectic complements differ from orthogonal complements in one im-
portant respect: Although it is always true that S NS+ = {0} in an inner
product space, this need not be true in a symplectic vector space. Indeed,
if S is 1-dimensional, the fact that w is alternating forces w(X, X) = 0 for
every X € S, s0 S C St. Carrying this idea a little further, subspaces of
V' can be classified in the following way. A subspace S C V is said to be

e symplectic if SN S+ = {0};
e isotropic if S C S*;

e coisotropic if S D S+,

e Lagrangian if S = S+.

Exercise 9.7. Let (V,w) be a symplectic vector space, and let S C V be
a subspace.

(a) Show that (ST)t =5.
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(b) Show that S is symplectic if and only if w|s is nondegenerate.
(¢) Show that S is isotropic if and only if w|s = 0.
(d) Show that S is Lagrangian if and only if w|s = 0 and dim S = n.

The symplectic tensor w defined in Example 9.15 turns out to be the
prototype of all symplectic tensors, as the next proposition shows. This
can be viewed as a symplectic version of the Gram-Schmidt algorithm.

Proposition 9.17 (Canonical Form for a Symplectic Tensor). Let
w be a symplectic tensor on an m-dimensional vector space V.. Then V has
even dimension m = 2n, and there exists a basis for V in which w has the
form (9.13).

Proof. Tt is easy to check that w has the form (9.13) with respect to a basis
(A1, Bs,..., Ay, By) if and only if the action of w on basis vectors is given
by (9.14). Thus we will prove the theorem by induction on m = dim V', by
showing that there exists a basis of this form.

For m = 0 there is nothing to prove. Suppose (V,w) is a symplectic
vector space of dimension m > 1, and assume the proposition is true for all
symplectic vector spaces of dimension less than m. Let A; be any nonzero
vector in V. Since w is nondegenerate, there exists By € V such that
w(A1, B1) # 0. Multiplying By by a constant if necessary, we may assume
that w(Ay, B1) = 1. Because w is alternating, B; cannot be a multiple of
Ay, so the set {A1, B1} is independent.

Let S C V be the subspace spanned by {A;, B;}. Then dim S+ = m — 2
by Lemma 9.16. Since w|g is obviously nondegenerate, by Exercise 9.7
it follows that S is symplectic. This means S N S+ = {0}, so St is
also symplectic. By induction St is even-dimensional and there is a ba-
sis (Ag, Ba, ..., An, By,) for St such that (9.14) is satisfied for 2 <4, j < n.
It follows easily that (A1, By, A2, Ba, ..., Ay, By) is the required basis for
V. |

Because of this proposition, if (V,w) is a symplectic vector space, a basis
(A1, By,..., A, By,) for V is called a symplectic basis if (9.14) holds, which
is equivalent to w being given by (9.13) in terms of the dual basis. The
proposition then says that every symplectic vector space has a symplectic
basis.

Now let us turn to manifolds. A symplectic form on a smooth manifold M
is a closed, nondegenerate 2-form. In other words, a 2-form w is symplectic
if and only if it is closed and w,, is a symplectic tensor for each p € M. A
smooth manifold endowed with a specific choice of symplectic form is called
a symplectic manifold. A choice of symplectic form is also sometimes called
a symplectic structure on M. Proposition 9.17 implies that a symplectic
manifold must be even-dimensional. If (M,w) and (M,®) are symplectic
manifolds, a diffeomorphism F: M — M satisfying F*w = w is called a
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symplectomorphism. The study of properties of symplectic manifolds that
are invariant under symplectomorphisms is known as symplectic geometry.

Example 9.18 (Symplectic Manifolds).

(a) If we denote the standard coordinates on R?™ by (z!,y!,..., 2", y"),
the 2-form

w= idmi A dy’
i=1

is symplectic: It is obviously closed, and its value at each point is
the standard symplectic tensor of Example 9.15. This is called the
standard symplectic structure (or standard symplectic form) on R?".

(b) Suppose ¥ is any smooth 2-manifold and € is any nonvanishing 2-
form on Y. Then  is closed because df) is a 3-form, and every 3-form
on a 2-manifold is zero. Moreover, as we observed above, every nonva-
nishing 2-form is nondegenerate, so (%, () is a symplectic manifold.

Suppose (M,w) is a symplectic manifold. An (immersed or embedded)
submanifold N C M is said to be symplectic, isotropic, coisotropic, or
Lagrangian if T, N (thought of as a subspace of T,,M) has this property
at each point p € N. More generally, an immersion F': N — M is said to
have one of these properties if the subspace Fi(T,N) C Tp)M has the
corresponding property for every p € N. Thus a submanifold is symplectic
(isotropic, etc.) if and only if its inclusion map has the same property.

Exercise 9.8. Suppose (M,w) is a symplectic manifold, and F': N — M
is an immersion. Show that F' is isotropic if and only if F*w = 0, and F is
symplectic if and only if F*w is a symplectic form.

The most important example of a symplectic manifold is the total space
of the cotangent bundle of any smooth manifold M, which carries a canon-
ical symplectic structure that we now define. First, there is a natural 1-
form 7 on the total space of T*M, called the tautologous 1-form, defined
as follows. A point in T*M is a covector n € T,y M for some p € M; we
will denote such a point by the notation (p,7). The natural projection
w: T*M — M is then just 7(p,n) = p, and its pullback is a linear map
7 Ty M — Ty, ) (T*M). We define 7 € AYT*M) by

T(pn) = T 1)-

In other words, the value of 7 at (p,n) € T*M is the pullback with respect
to m of the covector 7 itself. If X is a tangent vector in T{ T*M), then

T(Pﬂ]) (X) = 77(7T*X).

p,n)(
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Proposition 9.19. Let M be a smooth manifold. The tautologous 1-form
T 48 smooth, and w = —dt is a symplectic form on the total space of T*M.

Proof. Let (2*) be any coordinates on M, and let (z, ;) denote the corre-
sponding standard coordinates on T*M as defined in Proposition 4.4. Re-
call that the coordinates of (p,n) € T*M are defined to be (z¢,¢;), where
(x%) is the coordinate representation of p and &; dz' is the coordinate repre-
sentation of 7. In terms of these coordinates, the projection 7: T*"M — M
has the coordinate expression 7(z,£) = z, and therefore the coordinate
representation of 7 is

Teg) =7 (& dz’) = & da’.

It follows immediately that 7 is smooth, because its component functions
are linear.
Clearly w is closed, because it is exact. Moreover,

w=—dr =Y da' Nd&;.

Under the identification of an open subset of T*M with an open sub-
set of R?" by means of these coordinates, w corresponds to the standard
symplectic form on R?" (with &; substituted for y?). It follows that w is
symplectic. O

The symplectic structure defined in this proposition is called the canoni-
cal symplectic structure on T* M. One of its many uses is in giving a some-
what more “geometric” picture of what it means for a 1-form to be closed,
as shown by the following proposition.

Proposition 9.20. Let M be a smooth manifold, and let o be a 1-form on
M. Thought of as a smooth map from M toT*M, o is an embedding, and
o is closed if and only if its image o(M) is a Lagrangian submanifold of
T*M.

Proof. Throughout this proof, we need to remember that ¢ is playing two
roles: On the one hand, it is a 1-form on M, and on the other hand, it is
a smooth map between manifolds. Since they are literally the same map,
we will not use different notations to distinguish between them; but you
should be careful to think about which role ¢ is playing at each step of the
argument.

In terms of any local coordinates (z°) for M and the corresponding stan-
dard coordinates (2%, &;) for T*M, the map o: M — T*M has the coordi-
nate representation
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where o; dz® is the coordinate representation of o as a 1-form. It follows
immediately that o is an immersion, and the fact that it is injective follows
from mo o = 1Id,y,.

To show that it is an embedding, it suffices by Proposition 5.4 to show
that it is a proper map. This follows easily from the fact that moo = Id;: If
K C T*M is a compact set, then 0~ 1(K) is a closed subset of the compact
set m(K), and so is compact.

Because o(M) is n-dimensional, it is Lagrangian if and only if it is
isotropic, which is the case if and only if c*w = 0. The pullback of the
tautologous form 7 under o is

o't = o*(& dat) = oy dxt = 0.
This can also be seen somewhat more invariantly from the computation
(077)p(X) = To(p) (0:X) = 0p(m20.X) = 0,(X),

which follows from the definition of 7 and the fact that m o o = Idy,.
Therefore,

oc*w = —o"dr = —d(c*1) = —do.

It follows that o is a Lagrangian embedding if and only if do = 0. |
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Problems

9-1.

9-3.

9-4.

9-5.

9-6.

9-7.

Let v1,...,v, be any n vectors in R™, and let P be the n-dimensional
parallelepiped spanned by them:

P={tiv1+ +tyv, : 0 < t; <1}

Show that Vol(P) = det(v1, ..., vn).

. Let (e!,€?,e3) be the standard dual basis for (R3)*. Show that e! ®

e?®e3 is not equal to a sum of an alternating tensor and a symmetric

tensor.
Show that covectors w', ..., w" on a finite-dimensional vector space

are linearly dependent if and only if w! A -+ A w? = 0.

Show that two k-tuples {w?,...,w*} and {n',...,n*} of independent
covectors have the same span if and only if

wl/\---/\wk:c771/\---/\17]C

for some nonzero real number c.

A Ek-covector 1 on a finite-dimensional vector space V is said to be
decomposable if it can be written

where w!, ..., w" are covectors. Is every 2-covector on V decompos-

able? Your answer will depend on the dimension of V.

Define a 2-form  on R? by
Q=axdy Ndz+ydz ANdx + zdzx A\ dy.

(a) Compute € in spherical coordinates (p,¢,0) defined by
(x,y,2) = (sinpcos b, sin psin b, cos p).

(b) Compute d2 in both Cartesian and spherical coordinates and
verify that both expressions represent the same 3-form.

(¢) Compute the restriction Q|2 = ¢*Q, using coordinates (¢, §), on
the open subset where these coordinates are defined.

(d) Show that Qg2 is nowhere zero.

In each of the following problems, g: M — N is a smooth map be-
tween manifolds M and N, and w is a differential form on V. In each
case, compute g*w and dw, and verify by direct computation that

9" (dw) = d(g*w).
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(a) g: R? — R? by

(x,y) = g(s,t) = (Stvet);
w=xdy.

(b) g: {(r,0) : v >0} — R? by

(x,y) = (rcosb,rsinb);
w =dy Adx.

(c) g: R? — R? by

(2,9,2) = 9(6,9) = (0 + 2) cos ), (cos o + 2) sin 8, sin );
w=ydz Ndzx.

(d) g: {(u,v) 1 u® +0v* <1} - R3 {0} by
((E,y,Z) = (U7U7 V 1 _u2 _U2);
w= (22 +y2+ 27 (wdy Ndz +ydz Ada + zdz A dy).
(€) g: {(r,0,0) : 7 >0} — R* by

(z,y,2) = (rcosfsinp,rsinfsin p, r cos p);
w=xdyANdz+ydz ANdx + zdx A dy.

9-8. Let V be a finite-dimensional real vector space. We have two ways

to think about the tensor space T*(V): concretely, as the space of
k-multilinear functionals on V'; and abstractly, as the tensor product
space V* ® --- ® V*. However, we have defined alternating and sym-
metric tensors only in terms of the concrete definition. This problem
outlines an abstract approach to alternating tensors.

Let A denote the subspace of V* ® ---® V* spanned by all elements
of the form o ® w ® w ® B for covectors w and arbitrary tensors «, 3,
and let A¥(V*) denote the quotient vector space V* @ --- @ V*/A.
Define a wedge product on AF(V*) by w An = 7(& ® 7)), where
7 V*®---@V* — AF(V*) is the projection, and @, 7] are arbitrary
tensors such that (@) = w, 7(7) = 1. Show that this wedge product
is well defined, and that there is a unique isomorphism F: A¥(V*) —

AF(V) such that the following diagram commutes:

~

V@@ V* T+(V)
T Alt
AR (V) ARV,

F
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and show that F takes the wedge product we just defined on A*(V*)
to the Alt convention wedge product on A*(V). [This is one reason
why some authors consider the Alt convention for the wedge product
to be more natural than the determinant convention. It also explains
why some authors prefer the notation A¥(V*) instead of A*¥(V) for
the space of alternating covariant k-tensors, since it is a quotient of
the kth tensor product of V* with itself.]

. Let (V,w) be a symplectic vector space of dimension 2n, and let S C V

be a subspace. Show that V has a symplectic basis (A;, B;) with the
following property:
(a) If S is symplectic, S = span(A41, By, ..., Ak, Bi) for some k.
(b) If S is isotropic, S = span(A4y, ..., Ag) for some k.

(c) If S is coisotropic, S = span(Ay,..., A, Bi,...,By) for some
k.

(d) If S is Lagrangian, S = span(Ay, ..., A,).

. Let M be a smooth manifold, and let N be an embedded submanifold

of the total space of T*M. Show that M is the image of a closed 1-
form on M if and only if N is Lagrangian and the projection map
w: T*M — M restricts to a diffeomorphism N — M.

Show that there is no 1-form ¢ on M such that the tautologous form
7 € AY(T*M) is equal to the pullback 7*0.

Let (M,w) and (1\7 ,w) be symplectic manifolds. Define a 2-form €

on M x M by
Q=n"w—-7"0,

where m: M x M — M and 7: M x M — Mgvre the projections. For
a smooth map F: M — N, let T'(F) C M x M be the graph of F:

T(F) = {(x,y) € M x M :y = F(z)}.

Show that F' is a symplectomorphism if and only if I'(F') is a La-
grangian submanifold of (M x M, Q).

The (real) symplectic group is the subgroup Sp(2n,R) C GL(2n,R)
of matrices leaving the standard symplectic form w = Y| dz* A dy’
invariant, that is, the set of invertible linear maps A: R?" — R?"
such that A*w = w.

(a) Show that a matrix A is in Sp(2n,R) if and only if it takes the
standard basis to a symplectic basis.
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(b) Show that A € Sp(2n,R) if and only if ATJA = J, where J is
given in block form as

0o I,
=55

(¢) Show that Sp(2n,R) is an embedded Lie subgroup of GL(2n,R),

and determine its dimension.
9-14. Let A,, C G(n,2n) denote the set of Lagrangian subspaces of R?".

(a) Show that Sp(2n,R) acts transitively on A,.

(b) Show that A, has a unique smooth manifold structure such that
the action of Sp(2n,R) is smooth, and determine its dimension.
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Integration on Manifolds

We introduced differential forms in the previous chapter with a promise
that they would turn out to be objects that can be integrated on manifolds
in a coordinate-independent way. In this chapter, we fulfill that promise by
defining the integral of a differential n-form over a smooth n-manifold.

Before doing so, however, we need to address a serious issue that we have
so far swept under the rug. This is the small matter of the positive and
negative signs that arise when we try to interpret a k-form as a machine
for measuring k-dimensional volumes. In the previous chapter, we brushed
this aside by saying that the value of a k-form applied to k vectors has to
be interpreted as a “signed volume” of the parallelepiped spanned by the
vectors. These signs will cause problems, however, when we try to integrate
differential forms on manifolds, for the simple reason that the transforma-
tion law (9.9) for an n-form involves the determinant of the Jacobian, while
the change of variables formula for multiple integrals involves the absolute
value of the determinant. In the first part of this chapter, we develop the
theory of orientations, which which is a systematic way to restrict to co-
ordinate transformations with positive determinant, thus eliminating the
sign problem.

Next we address the theory of integration. First we define the integral
of a differential form over a domain in Euclidean space, and then we show
how to use diffeomorphism invariance and partitions of unity to extend this
definition to the integral of a compactly supported k-form over an oriented
k-manifold. The key feature of the definition is that it is invariant under
orientation-preserving diffeomorphisms.
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Next we prove one of the most fundamental theorems in all of differential
geometry. This is Stokes’s theorem, which is a generalization of the funda-
mental theorem of calculus, as well as of the three great classical theorems
of vector analysis: Green’s theorem for vector fields in the plane; the di-
vergence theorem for vector fields in space; and (the classical version of)
Stokes’s theorem for surface integrals in R3. We also describe an extension
of Stokes’s theorem to manifolds with corners, which will be useful in our
treatment of the de Rham theorem in Chapter 11.

In the last section of the chapter, we show how these ideas play out on a
Riemannian manifold. In particular, we prove Riemannian versions of the
divergence theorem and of Stokes’s theorem for surface integrals, of which
the classical theorems are special cases.

Orientations

The word “orientation” has some familiar meanings from our everyday ex-
perience, which can be interpreted as rules for singling out certain bases
of R', R?, and R3. For example, most people would understand an “ori-
entation” of a line to mean a choice of preferred direction along the line,
so we might declare an oriented basis for R! to be one that points to the
right (i.e., in the positive direction). A natural class of bases for R? is the
ones for which the rotation from the first vector to the second is in the
counterclockwise direction. And every student of vector calculus encoun-
ters “right-handed” bases in R3: These are the bases (E1, F2, E3) with the
property that when the fingers of your right hand curl from E; to Es, your
thumb points in the direction of Ejs.

Although “to the right,” “counterclockwise,” and “right-handed” are not
mathematical terms, it is easy to translate the rules for selecting oriented
bases of R', R2, and R? into rigorous mathematical terms: You can check
that in all three cases, the preferred bases are the ones whose transition
matrix from the standard basis has positive determinant.

In an abstract vector space for which there is no canonical basis, we no
longer have any way to determine which bases are “correctly oriented.” For
example, if V' is the space of polynomials of degree at most 2, who is to
say which of the ordered bases (1, x,2?) or (2%, x,1) is “right-handed”? All
we can say in general is what it means for two bases to have the “same
orientation.”

Thus we are led to introduce the following definition. Let V' be a vector

space of dimension n > 1. We say two ordered bases (F1,...,E,) and
(E1,. .., Ey) are consistently oriented if the transition matrix (B?), defined
by

E; = B/E;, (10.1)
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has positive determinant.

Exercise 10.1. Show that being consistently oriented is an equivalence
relation on the set of all ordered bases for V', and show that there are exactly
two equivalence classes.

If dimV =n > 1, we define an orientation for V as an equivalence class
of ordered bases. If (E1,..., E,) is any ordered basis for V, we denote the
orientation that it determines by [E1, ..., E,]. A vector space together with
a choice of orientation is called an oriented vector space. If V' is oriented,
then any ordered basis (F1, ..., E,) that is in the given orientation is said
to be oriented or positively oriented. A basis that is not oriented is said to
be negatively oriented.

For the special case of a 0-dimensional vector space V, we define an
orientation of V' to be simply a choice of one of the numbers +1.

Example 10.1. The orientation [ey, ..., e,] of R™ determined by the stan-
dard basis is called the standard orientation. You should convince yourself
that, in our usual way of representing the axes graphically, an oriented ba-
sis for R is one that points to the right; an oriented basis for R? is one for
which the rotation from the first vector to the second is counterclockwise;
and an oriented basis for R? is a right-handed one. (These can be taken
as mathematical definitions for the words “right,” “counterclockwise,” and
“right-handed.”) The standard orientation for R? is defined to be +1.

There is an important connection between orientations and alternating
tensors, expressed in the following lemma.

Lemma 10.2. Let V be a vector space of dimension n > 1, and suppose )
is a nonzero element of A™(V'). The set of ordered bases (Ex, ..., Ey) such
that Q(En, ..., E,) > 0 is an orientation for V.

Proof. Let Oq denote the set of ordered bases on which €2 gives positive
values. We need to show that Ogq is exactly one equivalence class.

Choose one basis (E1, . . ., E,) such that Q(E4, ..., E,) > 0. (Such a basis
can always be found by starting with an arbitrary basis and replacing £ by
—F; if necessary.) Let (g1,...,e") denote the dual basis. Since e! A+ - A"
is a basis for A™(V'), there is some (necessarily positive) number ¢ such that
Q=ce' N---Ne™

Now if (Ei,..., Ey) is any other basis, with transition matrix (A}) de-
fined by

E; = ALE;,
we have
Q(Ey,...,Ey) =ce' A---Ne"(Er, ..., Ey)
= cdet(e(E;))
= cdet(Az-).
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It follows that (EJ) is consistently oriented with (E;) if and only if
Q(Ey,...,E,) >0, and therefore Oq = [Ey,..., E,]. O

If V is an oriented vector space and 2 is an n-covector that determines
the orientation of V' as described in this lemma, we say that €2 is an oriented
(or positively oriented) n-covector. For example, the n-covector el A---Ae?
is positively oriented for the standard orientation on R™.

Orientations of Manifolds

Let M be a smooth manifold. We define a pointwise orientation on M to
be a choice of orientation of each tangent space. By itself, this is not a very
useful concept, because the orientations of nearby points may have no rela-
tion to each other. For example, a pointwise orientation on R™ might switch
randomly from point to point between the standard orientation and its op-
posite. In order for orientations to have some relationship with the smooth
structure, we need an extra condition to ensure that the orientations of
nearby tangent spaces are consistent with each other.

Suppose M is a smooth n-manifold with a given pointwise orientation.
Recall that a local frame for M is an n-tuple of smooth vector fields
(En,...,E,) onanopenset U C M such that (E;|,) forms a basis for T, M
at each p € U. We say that a local frame (F;) is (positively) oriented if
(Erlp, - -, Enlp) is a positively oriented basis for T, M at each point p € U.
A negatively oriented frame is defined analogously.

A pointwise orientation is said to be continuous if every point is in the
domain of an oriented local frame. An orientation of M is a continuous
pointwise orientation. An oriented manifold is a smooth manifold together
with a choice of orientation. We say M is orientable if there exists an
orientation for it, and nonorientable if not.

If M is O-dimensional, this definition just means that an orientation of
M is a choice of +1 attached to each of its points. The local constancy
condition is vacuous in this case, and the notion of oriented frames is not
useful. Clearly every 0-manifold is orientable.

Exercise 10.2. If M is an oriented manifold of dimension n > 1, show
that every local frame with connected domain is either positively oriented
or negatively oriented.

The next two propositions give ways of specifying orientations on mani-
folds that are somewhat more practical to use than the definition. A smooth
coordinate chart (U, o) is said to be (positively) oriented if the coordinate
frame (9/0x) is positively oriented, and negatively oriented if the coordi-
nate frame is negatively oriented. A collection of charts {(Uy, pq)} is said
to be consistently oriented if for each «, (3, the transition map g o, ! has
positive Jacobian determinant everywhere on ¢, (Us N Up).
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Proposition 10.3. Let M be a smooth positive-dimensional manifold, and
suppose we are given an open cover of M by consistently oriented charts
{(Uq, @a)}- Then there is a unique orientation for M with the property that
each chart @, is oriented. Conversely, if M is oriented, then the collection
of all oriented charts is a consistently oriented cover of M.

Proof. For any p € M, the consistency condition means that the transition
matrix between the coordinate bases determined by any two of the charts
in the given collection has positive determinant. Thus the coordinate bases
for all of the given charts determine the same orientation on 7, M. This
defines a pointwise orientation on M. Each point of M is in the domain of
at least one of the given charts, and the corresponding coordinate frame
is oriented by definition, so this pointwise orientation is continuous. The
converse is similar, and is left as an exercise. O

Exercise 10.3. Complete the proof of Proposition 10.3.

Proposition 10.4. Let M be a smooth manifold of dimension n > 1. A
nonvanishing n-form Q € A™(M) determines a unique orientation of M
for which Q is positively oriented at each point. Conversely, if M is given
an orientation, then there is a nonvanishing n-form on M that is positively
oriented at each point.

Remark. Because of this proposition, any nonvanishing n-form on an n-
manifold is called an orientation form. If M is an oriented manifold and 2
is an orientation form determining the given orientation, we also say that (2
is (positively) oriented. It is easy to check that if Q and Q are two positively
oriented forms on the same orientated manifold M, then Q = fQ for some
strictly positive smooth function f.

If M is a O-manifold, the proposition remains true if we interpret an
orientation form as a nonvanishing function §2, which assigns the orientation
+1 to points where (2 > 0 and —1 to points where 2 < 0.

Proof. Let Q be a nonvanishing n-form on M. Then 2 defines a pointwise
orientation by Lemma 10.2, so all we need to check is that it is continuous.
Let (2%) be any local coordinates on a connected domain U C M. Writing
Q= fdx* A--- Adx™ on U, the fact that Q is nonvanishing means that f
is nonvanishing, and therefore

0 0
Q(%,...,%) —f;éo

at all points of U. Since U is connected, it follows that this expression is
either always positive or always negative on U, and therefore the coordi-
nate chart is either positively oriented or negatively oriented. If negatively,
we can replace ' by —z! to obtain a new coordinate chart for which the
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coordinate frame is positively oriented. Thus the pointwise orientation de-
termined by 2 is continuous.

Conversely, suppose M is oriented. Let {(Uy, va)} be the collection of
all oriented charts for M. In each coordinate domain U, the n-form Q, =
do! A -+ A dz™ is positively oriented. Let {t¢)o} be a partition of unity
subordinate to the cover {U,}, and define

Q= tafa.

By the usual argument, €2 is a smooth n-form on M. To complete the proof,
we need to show that () never vanishes.

Let p € M be arbitrary, and let (E1,..., E,) be an oriented basis for
T,M. For each « such that p € Uy, we have Qq|,(En,..., E,) > 0. Since
¥a(p) = 0 for all other @ and there is at least one « for which ¥, (p) > 0,
we have

QP(Ela"'vEn): Z wa(p)ﬂa|P(Ela"'7En)>Oa
{a:peUsy}

Thus €, # 0. m

Exercise 10.4. Show that any open subset of an orientable manifold is
orientable, and any product of orientable manifolds is orientable.

Recall that a smooth manifold is said to be parallelizable if it admits a
global frame.

Proposition 10.5. Every parallelizable manifold is orientable.

Proof. Suppose M is parallelizable, and let (F1,..., E,) be a global frame
for M. Define a pointwise orientation by declaring (E1|p, ..., E,|p,) to be
positively oriented at each p € M. This pointwise orientation is continuous,
because every point of M is in the domain of the (global) oriented frame
(Ei). O

Example 10.6. The preceding proposition shows that FKuclidean spaces
R™, the n-torus T", the spheres S! and S, and products of them are all
orientable, because they are all parallelizable. Therefore any open subset
of one of these manifolds is also orientable.

Let M and N be oriented positive-dimensional manifolds, and let
F: M — N be a local diffeomorphism. We say F' is orientation-preserving
if for each p € M, F, takes oriented bases of T, M to oriented bases of
TpyN, and orientation-reversing if it takes oriented bases of T),M to neg-
atively oriented bases of Tp,)N.

Exercise 10.5. Show that a smooth map F: M — N is orientation-
preserving if and only if its Jacobian matrix with respect to any oriented
coordinate charts for M and N has positive determinant, and orientation-
reversing if and only if it has negative determinant.
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Orientations of Hypersurfaces

If M is an oriented manifold and N is a submanifold of M, N may not
inherit an orientation from M, even if NV is embedded. Clearly it is not
sufficient to restrict an orientation form from M to N, since the restriction
of an n-form to a manifold of lower dimension must necessarily be zero. A
useful example to consider is the Mobius band, which is not orientable (see
Problem 10-5), even though it can be embedded in R3.

In this section, we will restrict our attention to (immersed or embedded)
submanifolds of codimension 1, commonly called hypersurfaces. With one
extra piece of information (a certain kind of vector field along the hyper-
surface), we can use an orientation on M to induce an orientation on any
hypersurface N C M.

We start with some definitions. Let V' be a finite-dimensional vector
space, and let X € V. We define a linear map iy : A*V — A1V called
interior multiplication or contraction with X, by

ixw(yl,...7yk_1) Zw(X,Yl,...,Yk_l).

In other words, ixw is obtained from w by inserting X into the first slot.
By convention, we interpret ixw to be zero when w is a 0-covector (i.e., a
number). Another common notation is

X Jw=1ixw.

Interior multiplication shares two important properties with exterior dif-
ferentiation: They are both antiderivations whose square is zero, as the
following lemma shows.

Lemma 10.7. Let V be a finite-dimensional vector space and X € V.
(a) iX 9] iX =0.
(b) ix is an antiderivation: If w is a k-covector and n is an l-covector,

ix (@ An) = (ixw) An+ (=1)Fw A (ix).

Proof. On k-covectors for k > 2, part (a) is immediate from the definition,
because any alternating tensor gives zero when two of its arguments are
identical. On 1-covectors and 0-covectors, it follows from the fact that ix =
0 on 0-covectors.

To prove (b), it suffices to consider the case in which both w and 7
are wedge products of covectors (such an alternating tensor is said to be
decomposable), since every alternating tensor can be written locally as a
linear combination of decomposable ones. It is easy to verify that (b) will
follow in this special case from the following general formula for covectors
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X 3@ A AWy =S (1) W (X)Wt A AW A AW, (10.2)

where the hat indicates that w? is omitted.
To prove (10.2), let us write X; = X and apply both sides to vectors
(X2,...,Xk); then what we have to prove is

(WA AW (X, X

k
=3 ()T (X)W A AT A AWR) (X, XE). (10.3)

The left-hand side of (10.3) is the determinant of the matrix X whose
(i,7)-entry is w'(X;). To simplify the right-hand side, let X; denote the
(k—1) x (k — 1) minor of X obtained by deleting the ith row and jth
column. Then the right-hand side of (10.3) is

k

D (1) Wi (Xy) det X
i=1

This is just the expansion of detX by minors along the first column
(WH(X1),...,wP(X1)), and therefore is equal to det X. O

It should be noted that when the wedge product is defined using the Alt
convention, interior multiplication has to be defined with an extra factor
of k:

;Xw(Y'l’”"Yk_l) = kw(X,le,..ka_l).

This definition ensures that interior multiplication 7 x is still an antideriva-
tion; the factor of k is needed to compensate for the difference between the
factors of 1/k! and 1/(k—1)! that occur when the left-hand and right-hand
sides of (10.3) are evaluated using the Alt convention.

On a smooth manifold M, interior multiplication extends naturally to
vector fields and differential forms, simply by letting ix act pointwise: if
X € T(M) and w € A¥(M), define a (k — 1)-form X Jw = ixw by

(X 2w)p = Xp Jwp.

Exercise 10.6. If X is a smooth vector field and w is a differential form,
show that X _w is smooth.

Now suppose M is a smooth manifold and S C M is a hypersurface
(immersed or embedded). A wvector field along S is a continuous map
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N: S — TM with the property that N, € T,M for each p € S. (Note
the difference between this and a vector field on S, which would have the
property that N, € T,S at each point.) A vector N, € T,M is said to
be transverse (to S) if T,M is spanned by N, and T,S for each p € S.
Similarly, a vector field N along S is transverse if N, is transverse at each
peSs.

For example, any smooth vector field on M restricts to a smooth vector
field along S; it is transverse if and only if it is nowhere tangent to S.

Proposition 10.8. Suppose M is an oriented smooth n-manifold, S is
an immersed hypersurface in M, and N is a smooth transverse vec-
tor field along S. Then S has a wunique orientation with the prop-
erty that (E1,...,En_1) is an oriented basis for T,S if and only if
(Np, E1,...,En_1) is an oriented basis for T,M. If Q is an orientation
form for M, then (N 1Q)|s is an orientation form for S with respect to
this orientation.

Remark. When n = 1, since S is a 0-manifold, this proposition should be
interpreted as follows: At each point p € S, we assign the orientation +1 to
p if N, is an oriented basis for T, M, and —1 if N, is negatively oriented.
With this understanding, the proof below goes through in this case without
modification.

Proof. Let © be a smooth orientation form for M. Then w = (N 1Q)|g is
a smooth (n — 1)-form on S. It will be an orientation form for S if we can
show that it never vanishes. Given any basis (E1,..., E,_1) for T,S5, the
fact that N is transverse to S implies that (N, E1, ..., E,_1) is a basis for
T,M. The fact that €2 is nonvanishing implies that

wp(El, .. .,Enfl) = Qp(Np,El, .. .,Enfl) }é 0.

Since wy(E1,...,E,—1) > 0 if and only if Q,(Np, E1,...,E,) > 0, the
orientation determined by w is the one defined in the statement of the
proposition. O

Example 10.9. Considering S™ as a hypersurface in R"*!, the vector field
N = 2'9/0x" along S" is easily seen to be transverse. (In fact, this vector
field is orthogonal to S™ with respect to the Euclidean metric.) Thus it
induces an orientation on S™. This shows that all spheres are orientable.
(The orientation on S° given by this construction is the one that assigns
the orientation +1 to the point +1 € S” and —1 to —1 € SY.)

Manifolds with Boundary

An important application of this construction is to define a canonical ori-
entation on the boundary of any oriented manifold with boundary. First,
we note that an orientation of a smooth manifold with boundary can be
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defined exactly as in the case of a smooth manifold, with “chart” replaced
by “generalized chart” as necessary.

One situation that arises frequently is the following. If M is a smooth n-
manifold, a compact, embedded n-dimensional submanifold with boundary
D C M is called a regular domain in M. An orientation on M immediately
yields an orientation on D, for example by restricting an orientation n-
form to D. Examples are the closed unit ball in R™ and the closed upper
hemisphere in S™, each of which inherits an orientation from its containing
manifold.

If M is a smooth manifold with boundary, OM is easily seen to be an
embedded hypersurface in M. Recall that any point p € M is in the domain
of a generalized chart (U, ¢), which means that ¢ is a diffeomorphism from
U onto an open subset U C H". Since OM is locally characterized by
™ = 0 in such charts, generalized charts play a role for 9M analogous to
slice charts for ordinary embedded submanifolds.

Let p € OM. A vector N € T,M is said to be inward-pointing if N ¢
T,0M and for some & > 0 there exists a smooth curve segment +: [0,¢e] —
M such that v(0) = p and 7/(0) = N. It is said to be outward-pointing if
—N is inward-pointing. The following lemma gives another characterization
of inward-pointing vectors, which is usually much easier to check.

Lemma 10.10. Suppose M is a smooth manifold with boundary and p €
OM. A vector N € T,M is inward-pointing if and only if N has strictly
positive ™ -component in every generalized chart (xzt,... a™).

Exercise 10.7. Prove Lemma 10.10.

A vector field along OM (defined just as for ordinary hypersurfaces) is
said to be inward-pointing or outward-pointing if its value at each point
has that property.

Lemma 10.11. If M is any smooth manifold with boundary, there is a
smooth outward-pointing vector field along OM .

Proof. Cover a mneighborhood of OM by generalized coordinate charts
{(Uqa, pa)}- In each such chart Uy, No = —0/02"|omnu, is a smooth
vector field along 0M N U,, which is outward-pointing by Lemma 10.10.
Let {1} be a partition of unity subordinate to the cover {U, N OM} of
OM , and define a global vector field N along OM by

N => taNa.

Clearly N is a smooth vector field along M. To show that it is outward-
pointing, let (y!,...,y") be any generalized coordinates in a neighborhood
of p € OM. Because each N, is outward-pointing, it satisfies dy™(N,) < 0.
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Therefore, the y"-component of N at p satisfies
dy" (Np) = ta(p)dy" (Nalp)-

This sum is strictly negative, because each term is nonpositive and at least
one term is negative. O

Proposition 10.12 (The Induced Orientation on a Boundary).
Let M be an oriented smooth manifold with boundary. The orientation
on OM determined by any outward-pointing vector field along OM is
independent of the choice of vector field.

Remark. As a consequence of this proposition, there is a unique orientation
on OM determined by the orientation of M. We call this orientation the
induced orientation or the Stokes orientation on M. (The second term is
chosen because of the role this orientation will play in Stokes’s theorem, to
be described later in this chapter.)

Proof. Let Q be an orientation form for M, and let (z,...,2") be general-
ized coordinates for M in a neighborhood of p € M. Replacing z! by —z?
if necessary, we may assume they are oriented coordinates, which implies
that Q = fdz! A--- Ada™ (locally) for some strictly positive function f.
Suppose N is an outward-pointing vector field along OM. The orientation
of OM determined by N is given by the orientation form (N J€Q)|gas.

Because 2™ = 0 along M, the restriction dz™|sas is equal to zero (Prob-
lem 5-16). Therefore, using the antiderivation property of iy,

(N1Q)|ons = £ > (=1)"""da" (N)da'|onr A+ Adailons A+ Ada™[on
1=1
= (=1)"" fdz™(N)dz'|ops A -+ Adz" " onr.

Because dz™(N) = N™ < 0, this is a positive multiple of (—1)"dz’|gp A
s Ada o IE N is any other outward-pointing vector field, the same
computation shows that (1\7 1Q)|onm is a positive multiple of the same
(n — 1)-form, and thus a positive multiple of (N 1§)|gas. This proves that
N and N determine the same orientation on OM. (]

Example 10.13. This proposition gives a simpler proof that S™ is ori-
entable, because it is the boundary of the closed unit ball.

Example 10.14. Let us determine the induced orientation on JH™ when
H™ itself has the standard orientation inherited from R™. We can identify
OH™ with R”™ under the correspondence (z,..., 2" 1 0) « (z%,..., 2" 1),
Since the vector field —9/9z™ is outward-pointing along OH", the stan-
dard coordinate frame for R"~! is positively oriented for OH" if and only
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if [-0/0x™,0/0x",...,0/02" 1] is the standard orientation for R™. This
orientation satisfies

[~0/02",8/0z',...,0/0" "] = —[0/02",8/0x,...,08/0x" ]
= (=1)"[0/0%",...,0/9z"",0/dz").

Thus the induced orientation on OH" is equal to the standard orientation
on R"! when n is even, but it is opposite to the standard orientation
when n is odd. In particular, the standard coordinates on OH" ~ R"~! are
positively oriented if and only if n is even. (This fact will play an important
role in the proof of Stokes’s theorem below.)

Integration of Differential Forms

In this section, we will define in an invariant way the integrals of differential
forms over manifolds. You should be sure you are familiar with the basic
properties of multiple integrals in R™, as summarized in the Appendix.

We begin by considering differential forms on subsets of R™. For the time
being, let us restrict attention to the case n > 1. Let D C R™ be a compact
domain of integration, and let w be a smooth n-form on D. (Remember,
this means that w has a smooth extension to some open set containing D.)
Any such form can be written as

w=fdz' A--- Ada"

for a function f € C°°(D). We define the integral of w over D to be

o fra

This can be written more suggestively as

/fd:vl/\---/\dxnz/fdxl---d:v".
D D

In simple terms, to compute the integral of a form such as fdz' A---Adz™,
we just “erase the wedges”!

Somewhat more generally, let U be an open set in R". We would like to
define the integral of any compactly supported n-form w over U. However,
since neither U nor suppw may be a domain of integration in general, we
need the following lemma.

Lemma 10.15. Suppose K C U C R", where U is an open set and K
is compact. Then there is a compact domain of integration D such that
KcDcU.
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Proof. For each p € K, there is an open ball containing p whose closure is
contained in U. By compactness, finitely many such open balls Uy, ..., U,,
cover K. Since the boundary of an open ball is a codimension-1 submani-
fold, it has measure zero by Theorem 6.6, and so each ball is a domain of
integration. The set D = U, U ---UU,, is the required domain of integra-
tion. O

Now if U C R™ is open and w is a compactly supported n-form on U, we

deﬁne
/lf v /D w?

where D is any domain of integration such that suppw C D C U. It is an
easy matter to verify that this definition does not depend on the choice of
D. Similarly, if V' is an open subset of the upper half-space H" and w is a
compactly supported n-form on V', we define

/ w B / w,
14 DnH"™

where D is chosen in the same way.

It is worth remarking that it is possible to extend the definition to inte-
grals of noncompactly supported forms, and integrals of such forms play an
important role in many applications. However, in such cases the resulting
multiple integrals are improper, so one must pay close attention to conver-
gence issues. For the purposes we have in mind, the compactly supported
case will be more than sufficient.

The motivation for this definition is expressed in the following proposi-
tion.

Proposition 10.16. Let D and E be domains of integration in R™, and let
w be an n-form on E. If G: D — E is a smooth map whose restriction to
Int D is an orientation-preserving or orientation-reversing diffeomorphism
onto Int E, then

/Ew:

Proof. Let us use (y!,...,y") to denote standard coordinates on E, and
(x!,...,2") to denote those on D. Suppose first that G is orientation-
preserving. Writing w = fdy* A --- A dy", the change of variables formula

/ G*w if G is orientation-preserving,
D

—/ G*w if G is orientation-reversing.
D
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together with the formula of Lemma 9.11 for pullbacks of n-forms yield

oo
:/D(foG) det<gg>}d‘/
:/D(foc)det(gf;> av
_/D(foG)det<gf;> et A A da

= / G*w.
D

If G is orientation-reversing, the same computation holds except that a
negative sign is introduced when the absolute value signs are removed. [UJ

Corollary 10.17. Suppose U,V are open subsets of R, G: U — V is
an orientation-preserving diffeomorphism, and w is a compactly supported

n-form on V. Then
/w:/G*w.
14 U

Proof. Let E C V be a domain of integration containing suppw. Since
smooth maps take sets of measure zero to sets of measure zero, D =
G~ Y(E) Cc U is a domain of integration containing supp G*w. Therefore,
the result follows from the preceding proposition. O

Using this result, it is easy to make invariant sense of the integral of a
differential form over an oriented manifold. Let M be a smooth, oriented
n-manifold and w an n-form on M. Suppose first that w is compactly
supported in the domain of a single oriented coordinate chart (U, ). We
define the integral of w over M to be

/Mw B /cp(U)((p_l)*w'

Since (¢~1)*w is a compactly supported n-form on the open subset ¢(U) C
R™, its integral is defined as discussed above.

Proposition 10.18. With w as above, fM w does not depend on the choice
of oriented coordinate chart whose domain contains supp w.

Proof. Suppose (17,@) is another oriented chart such that suppw C U.

Because po ™! is an orientation-preserving diffeomorphism from (U N (7)
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to (U NU), Corollary 10.17 implies that
[ @ye=[ @
3(0) FUnd)
[ @eey @y
e(UNU)
[ erere
e(UNU)

A e

Thus the two definitions of [, w agree. O

If M is an oriented smooth n-manifold with boundary, and w is an n-form
on M that is compactly supported in the domain of a generalized chart,
the definition of f o w and the statement and proof of Proposition 10.18
go through unchanged, provided we interpret all the coordinate charts as
generalized charts, and compute the integrals over open subsets of H" in
the way we described above.

To integrate over an entire manifold, we simply apply this same definition
together with a partition of unity. Suppose M is an oriented smooth n-
manifold (possibly with boundary) and w is a compactly supported n-form
on M. Let {(U;,¢;)} be a finite cover of suppw by oriented coordinate
charts (generalized charts if M has a nonempty boundary), and let {4}
be a subordinate partition of unity. We define the integral of w over M to

be
/Mw = Z /M Yiw. (10.4)

Since for each i, the n-form ;w is compactly supported in U;, each of
the terms in this sum is well-defined according to our discussion above. To
show that the integral is well-defined, therefore, we need only examine the
dependence on the charts and the partition of unity.

Lemma 10.19. The definition of fM w given above does not depend on the
choice of oriented charts or partition of unity.

Proof. Suppose {(U;,;)} is another finite collection of oriented charts

whose domains cover suppw, and {t,} is a subordinate partition of unity.
For each ¢, we compute

/M Yiw = /M <zj:‘l’vj)¢iw
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Summing over %, we obtain
BYRCEED By futc
M i M

Observe that each term in this last sum is the integral of a form compactly
supported in a single (generalized) chart (U, for example), so by Proposi-
tion 10.18 each term is well-defined, regardless of which coordinate map we
use to compute it. The same argument, starting with f A Yjw, shows that

;/M{ij B ;/M{ijlw

Thus both definitions yield the same value for | MW O

As usual, we have a special definition in the 0-dimensional case. The
integral of a compactly supported 0-form (i.e., a function) f over an oriented
0-manifold M is defined to be the sum

| 1= %10,

peM

where we take the positive sign at points where the orientation is positive
and the negative sign at points where it is negative. The assumption that
f is compactly supported implies that there are only finitely many nonzero
terms in this sum.

If N C M is an oriented immersed k-dimensional submanifold (with or
without boundary), and w is a k-form on M, we interpret | N w to mean
[y (w|n). In particular, if M is a compact oriented manifold with boundary,
then OM is a compact embedded (n — 1)-manifold (without boundary).
Thus if w is an (n — 1)-form on M, we can interpret [, w unambiguously
as the integral of w|sps over OM, where OM is always understood to have
the induced orientation.

Proposition 10.20 (Properties of Integrals of Forms). Suppose M
and N are oriented smooth n-manifolds with or without boundaries, and
w,n are compactly supported n-forms on M.

(a) LINEARITY: If a,b € R, then
/ aw—l—bnza/ w+b/ n.
M M M

(b) ORIENTATION REVERSAL: If M denotes M with the opposite orien-

tation, then
/ o= / o.
M M
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(¢) POSITIVITY: If w is an orientation form for M, then [, w > 0.

(d) DIFFEOMORPHISM INVARIANCE: If F': N — M is an orientation-
preserving diffeomorphism, then wa = fN Fw.

Proof. Parts (a) and (b) are left as an exercise. Suppose that w is an orien-
tation form for M. This means that for any oriented chart (U, ), (p*) 'w
is a positive function times da! A- - -Ada™. Thus each term in the sum (10.4)
defining | W 1s nonnegative, and at least one term is strictly positive, thus
proving (c).

To prove (d), it suffices to assume that w is compactly supported in a
single coordinate chart, because any n-form on M can be written as a finite
sum of such forms by means of a partition of unity. Thus suppose (U, ¢)
is an oriented coordinate chart on M whose domain contains the support
of w. It is easy to check that (F~*(U),p o F) is an oriented coordinate
chart on N whose domain contains the support of F*w, and the result then
follows immediately from Corollary 10.17. O

Exercise 10.8. Prove parts (a) and (b) of the preceding proposition.

Although the definition of the integral of a form based on partitions
of unity is very convenient for theoretical purposes, it is useless for doing
actual computations. It is generally quite difficult to write down a partition
of unity explicitly, and even when one can be written down, one would
have to be exceptionally lucky to be able to compute the resulting integrals
(think of trying to integrate e~'/*). For computational purposes, it is much
more convenient to “chop up” the manifold into a finite number of pieces
whose boundaries are sets of measure zero, and compute the integral on
each one separately. One way to do this is described below.

A subset D C M is called a domain of integration if D is compact and 0D
has measure zero (in the sense described in Chapter 6). For example, any
regular domain (i.e., compact embedded n-submanifold with boundary) in
an n-manifold is a domain of integration.

Proposition 10.21. Let M be a compact, oriented, smooth n-manifold
with or without boundary, and let w be an n-form on M. Suppose Eq, ..., Ey
are compact domains of integration in M ; D1, ..., Dy are compact domains
of integration in R™; and for i =1,... k, F;: D; — M are smooth maps
satisfying

(i) F;y(D;) = E;, and F;|mtp, is an orientation-preserving diffeomor-
phism from Int D; onto Int E;.

(4) M=FE;U---UE.

(#1) For each i # j, E; and E; intersect only on their boundaries.
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/Mw = ;/Dl Flw.

Proof. As in the preceding proof, it suffices to assume that w is compactly
supported in the domain of a single oriented chart (U, ¢). In fact, by starting
with a cover of M by sufficiently nice charts, we may assume that OU has
measure zero, and that ¢ extends to a diffeomorphism from U to a compact
domain of integration K C H™.

For each 1, let

Then

Ai:vﬂEiCM.

Then A; is a compact subset of M whose boundary has measure zero, since
0A; C OU U F;(0D;). Define compact subsets B;, C; C R™ by

B; = F; (A,
Ci = o(Ay).

Since smooth maps take sets of measure zero to sets of measure zero, both
B; and C; are domains of integration, and ¢ o F; maps B; to C; and re-
stricts to a diffeomorphism from Int B; to Int C;. Therefore Proposition

10.16 implies that
[ere=[ F
Ci B;

7 k3

Summing over 7, and noting that the interiors of the various sets A; are

disjoint, we obtain
/ w= / (™ )w
M K
= / (e w
i VG
22/ Frw
:Z/ Flw.

|

Example 10.22. Let us use this technique to compute the integral of a
2-form over S?, oriented by means of the outward-pointing vector field
N =x0/0x+yd/0y+ 20/0z. Let w be the following 2-form:

w=2xdyNdz+ydz Ndxr+ zdx A dy.
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If we let D be the rectangle [0, 7] x [0,27] and F': D — S? be the spherical
coordinate map

F(p,0) = (singpcosb,sin psin b, cos ),

then the single map F: D — S? satisfies the hypotheses of Proposition
10.21, provided that it is orientation-preserving. Assuming this for the mo-
ment, we note that

F*dx = cospcosdp — sinpsin 6 db,

F*dy = cos psin 8 dy + sin p cos 6 d6,

F*dz = —singpdp.

/ F*w
D

:/ —sin® pcos? 0. df A dp + sin® psin® 0 dp A db
D

Therefore,

w
S2

+ cos? psin g cos? 8 dp A df — cos® psin psin? 0 dh A dg

:/ sinpdp A df
D

27 T
= / / sin @ dp df
o Jo

= 4.

To check that F is orientation-preserving, we need to show that
(F.0/0p, F.0/00) is an oriented basis for S? at each point, which means by
definition that (N, F,0/d¢, F.0/00) is an oriented basis for R?. Calculating
at an arbitrary point (z,y, z) = F(p,0), we find

0 0 0
N = singocos@a—x —l—sincpsiné‘a—y —l—coscpa;

0 0
F.— = coscpcosH% + cosgosin@a—y — sincpa;

dp

0 0 0
F,— = —sinysin— + sin ¢ cos § —.

00 ox dy
The transition matrix is therefore

sinpcosf sinpsing  cosgp
cospcosf cospsinf  —sing |,
—singsinf singcosf 0

which has determinant siny > 0.
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Stokes’s Theorem

In this section we will state and prove the central result in the theory of
integration on manifolds: Stokes’s theorem for manifolds. This is a far-
reaching generalization of the fundamental theorem of calculus and of the
classical theorems of vector calculus.

Theorem 10.23 (Stokes’s Theorem). Let M be an oriented n-
dimensional manifold with boundary, and let w be a compactly supported

(n —1)-form on M. Then
/ dw = / w. (10.5)
M oM

The statement of this theorem is concise and elegant, but it requires a
bit of interpretation. First, as usual, M is understood to have the induced
(Stokes) orientation, and w is understood to be restricted to M on the
right-hand side. If 0M = &, then the right-hand side is to be interpreted
as zero. When M is 1-dimensional, the right-hand integral is really just a
finite sum.

With these understandings, we proceed with the proof of the theorem.
You should check as you read through the proof that it works correctly
when n = 1.

Proof. We begin by considering a very special case: Suppose M is the upper
half space H" itself. Then the fact that w has compact support means that
there is a number R > 0 such that suppw is contained in the rectangle
A =[-R,R]x---x[-R, R]x[0, R]. We can write w in standard coordinates
as

n
w=Zwidx1/\---/\d:vi/\---/\dw",
where the hat means that dz’ is omitted. Therefore,

dszdwi/\dwl/\---/\d/x\i/\---/\dx"
1=1
Ow; —
—Z wdzﬂAdzA AT - A da™

z]l

Oow;
Z 11 lml/\---/\dw".
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Thus we compute
d En 8“’1'51 L da™

Oow;
Z 1 /L e n
/ / / (o da™,

We can rearrange the order of integration in each term so as to do the
x" integration first. By the fundamental theorem of calculus, the terms for
which i # n reduce to

-1 R (R R )
Z(—l)i_l/ / ng(:C)dml"'dx"
X
- _ _
R —_
11/ / / gwl()d Azt - dzt - g
—R xt

= 1
n—1 R z'=R Py
:Z )is 1/ / / w; () del - dot - da™
i=1 0 —R —R rt=—R
:()7

because we have chosen R large enough that w = 0 when 2° = +R. The
only term that might not be zero is the one for which ¢ = n. For that term
we have

/dw_—"l/ //a“’” )dz™ dat - - dz"
n 8:6"
= (‘Unil / o / wz(x) d:cl ceedx™ (10.6)
=0
/ / wiz!, ..., 2" 0)dat - da

because w, = 0 when z"
To compare this to the other side of (10.5), we compute as follows:

/ w—Z/ ..,x"fl,())dzl/\'u/\c?a?i/\'u/\dz".
BH"

AHBH"

Because x™ vanishes on 0H", the restriction of dx™ to the boundary is
identically zero. Thus the only term above that is nonzero is the one for
which ¢ = n, which becomes

/ w:/ wp(zh, . o 2" 0)dat A Ada™
OH" ANOH"™
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Taking into account the fact that the coordinates (z*,..., 2" ') are posi-

tively oriented for JH™ when n is even and negatively oriented when n is
odd (Example 10.14), this becomes

R R
/ w:(_l)’ﬂ/ / wn(wl,...,xn_l,O)dml---d:v"_l,
OH™ -R -R

which is equal to (10.6).

Next let M be an arbitrary manifold with boundary, but consider an
(n —1)-form w that is compactly supported in the domain of a single (gen-
eralized) chart (U, ). Assuming without loss of generality that ¢ is an
oriented chart, the definition yields

[ o= [ hran= [ ey

since (¢~1)*dw is compactly supported on H". By the computation above,
this is equal to

/ (™', (10.7)
OH™

where OH"™ is given the induced orientation. Since ¢, takes outward-
pointing vectors on OM to outward-pointing vectors on H" (by Lemma
10.10), it follows that ¢|pnaas is an orientation-preserving diffeomorphism
onto p(U)NIH", and thus (10.7) is equal to [, w. This proves the theorem
in this case.

Finally, let w be an arbitrary compactly supported (n—1)-form. Choosing
a cover of suppw by finitely many oriented (generalized) coordinate charts
{(Ui, i)}, and choosing a subordinate partition of unity {;}, we can apply
the preceding argument to ¢;w for each ¢ and obtain

/8Mw_zi: aMd}iw
—;/Md(i/fiw)
:Z/Md@/]i/\w-i-widw
:/Md<;wi>/\w+/M<¥wi>dw
=O—|—/Mdcu7

because ), 1; = 1. O
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Two special cases of Stokes’s theorem are worthy of special note. The
proofs are immediate.

Corollary 10.24. Suppose M is a compact manifold without boundary.
Then the integral of every exact form over M is zero:

/ dw=0 ifOM=a.
M

Corollary 10.25. Suppose M is a compact smooth manifold with bound-
ary. If w is a closed form on M, then the integral of w over OM is zero:

/ w=0 ifdvo=0on M.
oM

Example 10.26. Let N be a smooth manifold and suppose v: [a,b] — N
is an embedding, so that M = v]a, b] is an embedded 1-submanifold with
boundary in N. If we give M the orientation such that - is orientation-
preserving, then for any smooth function f € C*°(NN), Stokes’s theorem
says

/ yw = / af = F((b)) — F(2(B)).
[a,b] M

Thus Stokes’s theorem reduces to the fundamental theorem for line in-
tegrals (Theorem 4.20) in this case. In particular, when v: [a,b] — R is
the inclusion map, then Stokes’s theorem is just the ordinary fundamental
theorem of calculus.

Another application of Stokes’s theorem is to prove the classical result
known as Green’s theorem.

Theorem 10.27 (Green’s Theorem). Suppose D is a regular domain
in R2, and P,Q are smooth real-valued functions on D. Then

/(ﬁ—a—P)dmdyz/ Pdx+ Qdy.
p \ 0z oy oD

Proof. This is just Stokes’s theorem applied to the 1-form Pdz+Qdy. O

We will see other applications of Stokes’s theorem later in this chapter.

Manifolds with Corners

In many applications of Stokes’s theorem, it is necessary to deal with geo-
metric objects such as triangles, squares, or cubes that are topological
manifolds with boundary, but are not smooth manifolds with boundary
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because they have “corners.” It is easy to generalize Stokes’s theorem to
this situation, and we do so in this section. We will use this generalization
only in our discussion of de Rham cohomology in Chapter 11.

Let m denote the closed positive “quadrant” of R™:

R? = {(z',...,2") e R": 2" >0,...,2" > 0}.
This space is the model for the type of corners we will be concerned with.

Exercise 10.9. Prove that M is homeomorphic to the upper half-space
H".

Suppose M is a topological n-manifold with boundary. A chart with
corners for M is a pair (U, ¢), where U is an open subset of M, and ¢ is a
homeomorphism from U to a (relatively) open set Uc M Two charts with
corners (U, p), (V,9) are said to be smoothly compatible if the composite
map ot p(UNV) — o(UNV) is smooth. (As usual, this means that
it admits a smooth extension to an open set in R™.)

A smooth structure with corners on a topological manifold with boundary
is a maximal collection of smoothly compatible charts with corners whose
domains cover M. A topological manifold with boundary together with a
smooth structure with corners is called a smooth manifold with corners.

If M is a smooth manifold with corners, any chart with corners (U, ¢)
in the given smooth structure with corners is called a smooth chart with
corners for M.

Example 10.28. Any closed rectangle in R” is a smooth n-manifold with
corners.

Because of the result of Exercise 10.9, charts with corners are indistin-
guishable topologically from generalized charts in the sense of topological
manifolds with boundary. Thus from the topological view there is no dif-
ference between manifolds with boundary and manifolds with corners. The
difference is in the smooth structure, because the compatibility condition
for charts with corners is different from that for generalized charts.

It is easy to check that the boundary of M in R"™ is the set of points at
which at least one coordinate vanishes. The points in M at which more
than one coordinate vanishes are called its corner points.

Lemma 10.29. Let M be a smooth n-manifold with corners, and let p €
M. If ¢(p) is a corner point for some smooth chart with corners (U, ),
then the same is true for every such chart whose domain contains p.

Proof. Suppose (U, ) and (V,9) are two charts with corners such that
©(p) is a corner point but ¥ (p) is not. To simplify notation, let us assume
without loss of generality that ¢(p) has coordinates (x!,...,2%,0,...,0)
with & < n — 2. Then (V) contains an open subset of some (n — 1)-
dimensional linear subspace S C R"™, with ¢(p) € S. (If ¢/(p) is a boundary
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point, S can be taken to be the unique subspace of the form z’ = 0 that
contains ¢ (p). If 1(p) is an interior point, any (n— 1)-dimensional subspace
containing 1 (p) will do.)

Let a: SN (V) — R™ be the restriction of po1~! to SN (V). Because
o1~ tis a diffeomorphism, « is a smooth immersion. Let T = .S C R™.
Because T is (n — 1)-dimensional, it must contain a vector X such that one
of the last two components X" ! or X" is nonzero (otherwise 7' would be
contained in a codimension-2 subspace). Renumbering the coordinates and
replacing X by —X if necessary, we may assume that X" < 0.

Now let v: (—g,) — S be a smooth curve such that v(0) = p and
a7y (0) = X. Then a(v(t)) has negative ™ coordinate for small ¢ > 0,
which contradicts the fact that a takes its values in M O

If M is a smooth manifold with corners, a point p € M is called a corner
point if ¢(p) is a corner point in Ki with respect to some (and hence every)
smooth chart with corners (U, ¢). It is clear that every smooth manifold
with or without boundary is also a smooth manifold with corners (but with
no corner points). Conversely, a smooth manifold with corners is a smooth
manifold with boundary if and only if it has no corner points. The boundary
of a smooth manifold with corners, however, is in general not a smooth
manifold with corners (think of the boundary of a cube, for example). In
fact, even the boundary of m itself is not a smooth manifold with corners.
It is, however, a union of finitely many such: am =H,U---UH,, where

H;={(z',...,2") e R} : 2" =0}

is an (n — 1)-dimensional smooth manifold with corners contained in the
subspace defined by z* = 0.

The usual flora and fauna of smooth manifolds—smooth maps, partitions
of unity, tangent vectors, covectors, tensors, differential forms, orientations,
and integrals of differential forms—can be defined on smooth manifolds
with corners in exactly the same way as we have done for smooth manifolds
and smooth manifolds with boundary, using smooth charts with corners in
place of smooth charts or generalized charts. The details are left to the
reader.

In addition, for Stokes’s theorem we will need to integrate a differen-
tial form over the boundary of a smooth manifold with corners. Since the
boundary is not itself a smooth manifold with corners, this requires a spe-
cial definition. Let M be an oriented smooth n-manifold with corners, and
suppose w is an (n — 1)-form on OM that is compactly supported in the
domain of a single oriented smooth chart with corners (U, ). We define
the integral of w over M by
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where each H; is given the induced orientation as part of the boundary of
the set where z° > 0. In other words, we simply integrate w in coordinates
over the codimension-1 portion of the boundary. Finally, if w is an arbitrary
compactly supported (n — 1)-form on M, we define the integral of w over
OM by piecing together with a partition of unity just as in the case of a
manifold with boundary.

In practice, of course, one does not evaluate such integrals by using par-
titions of unity. Instead, one “chops up” the boundary into pieces that can
be parametrized by compact Euclidean domains of integration, just as for
ordinary manifolds with or without boundary. If M is a smooth manifold
with corners, we say a subset A C OM has measure zero in OM if for every
smooth chart with corners (U, ¢), each set p(A) N H; has measure zero in
H; for i = 1,...,n. A domain of integration in M is a subset £ C M
whose boundary has measure zero in M. The following proposition is an
analogue of Proposition 10.21.

Proposition 10.30. The statement of Proposition 10.21 is true if M is
replaced by the boundary of a compact, oriented, smooth n-manifold with
corners.

Exercise 10.10. Show how the proof of Proposition 10.21 needs to be
adapted to prove Proposition 10.30.

Example 10.31. Let I x I = [0, 1] x [0,1] be the unit square in R?, and
suppose w is a smooth 1-form on J(I x I). Then it is not hard to check
that the maps F;: I — I x I given by
Fy (t) = (ta 0)7
F2(t) = (1, t)?
F3(t) = (1 —t, 1);
Fy(t) = (0,1 1)

(10.8)

satisfy the hypotheses of Proposition 10.30. (These four curve segments in
sequence traverse the boundary of I x I in the counterclockwise direction.)

Therefore,
/ wz/ w+/ w—i—/ w+/ w. (10.9)
a(IxTI) P F F3 Fy

Exercise 10.11. Verify the claims of the preceding example.
The next theorem is the main result of this section.

Theorem 10.32 (Stokes’s Theorem on Manifolds with Corners).
Let M be a smooth n-manifold with corners, and let w be a compactly
supported (n — 1)-form on M. Then

/ dw:/ w.
M oM
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Proof. The proof is nearly identical to the proof of Stokes’s theorem proper,
so we will just indicate where changes need to be made. By means of smooth
charts with corners and a partition of unity just as in that proof, we may
reduce the theorem to the case in which M = M In that case, calculating
exactly as in the proof of Theorem 10.23, we obtain

- Oow;
dw = )it °( Lo de™
/n w Z / / 8:171 v
:Z ) 1/ / 8% )t dz' - dot - - da”
8:101
:Z 11/ / w;(x dl...cf;i...dmn
i— 11—0

ZZ / /wn ey ,...,x”)dml---(ig?i--.dx”

i=1 7 Hi
[
ORT
(The factor (—1) disappeared because the induced orientation on H; is
(—1)* times that of the standard coordinates (z',...,x% ... ,2").) This
completes the proof. O

Here is an immediate application of this result, which we will use
when we study de Rham cohomology in the next chapter. Recall that
two curve segments 7o, 7y1: [a,b] — M are said to be path homotopic if
they are homotopic relative to their endpoints, that is, homotopic via a
homotopy H: [a,b] x I — M such that H(a,t) = vo(a) = 71(a) and
H(b,t) =~v(b) =71(b) for all t € I.

Theorem 10.33. Suppose M is a smooth manifold, and vy, v1: [a,b] — M
are path homotopic piecewise smooth curve segments. For every closed 1-

f07m w on M,
/ /
Y0 1

Proof. By means of an affine reparametrization, we may as well assume for
simplicity that [a,b] = [0,1]. Assume first that 79 and v, are smooth. By
Proposition 6.20, 7o and - are smoothly homotopic relative to {0,1}. Let
H: I x1I— M be such a smooth homotopy. Since w is closed, we have

/ d(H*w) = H*dw = 0.
IxI IxI
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On the other hand, I x I is a manifold with corners, so Stokes’s theorem
implies

O:/ d(H*w)z/ H*w.
IxI (IxI)

By Example 10.31 together with the diffeomorphism invariance of line in-
tegrals (Exercise 4.9), therefore,

0:/ H*w
O(IXI)

= H*w + H*w + H*w + H*w
Fy Fy F3 Fy

HoFy HoFs HoF5 HoFy

where F, Fy, F5, Fy are defined by (10.8). The fact that H is relative to
{0, 1} means that H o F, and H o Fy are constant maps, and therefore the
second and fourth terms above are zero. The theorem then follows from
the facts that H o F; = 7y and H o F3 is a backward reparametrization of
Y1-

Next we consider the general case of piecewise smooth curves. We cannot
simply apply the preceding result on each subinterval where vy and v,
are smooth, because the restricted curves may not start and end at the
same points. Instead, we will prove the following more general claim: Let
Y0,71: I — M be piecewise smooth curve segments (not necessarily with
the same endpoints), and suppose H: I x I — M is any homotopy between
them. Define curve segments og,01: I — M by

oo(t) = H(0, 1),
o1 (t) = H(L,t)

3

=

)

and let gg,01 be any smooth curve segments that are path homotopic to
00,01 respectively. Then

/Mw_/ww_/mw_/aow. (10.10)

When specialized to the case in which vy and 7, are path homotopic, this
implies the theorem, because oy and o; are constant maps in that case.
Since 79 and ~; are piecewise smooth, there are only finitely many points
(a1,...,am,) in (0,1) at which either v or 1 is not smooth. We will prove
the claim by induction on the number m of such points. When m = 0, both
curves are smooth, and by Proposition 6.20 we may replace the given ho-
motopy H by a smooth homotopy H. Recall from the proof of Proposition
6.20 that the smooth homotopy H can actually be taken to be homotopic
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to H relative to I x {0}UI x {1}. Thus for i = 0,1, the curve 5;(t) = H (i, )
is a smooth curve segment that is path homotopic to ;. In this setting,
(10.10) just reduces to (10.9). Note that the integrals over oy and o1 do not
depend on which smooth curves path homotopic to oy and o1 are chosen,
by the smooth case of the theorem proved above.

Now let g, y1 be homotopic piecewise smooth curves with m nonsmooth
points (a1,...,an), and suppose the claim is true for curves with fewer
than m such points. For ¢ = 0,1, let 7, be the restriction of ; to [0, an],
and let v/ be its restriction to [am, 1]. Let o: I — M be the curve segment

o(t) = H(am, 1),

and let o by any smooth curve segment that is path homotopic to . Then,
since v/ and ~/ have fewer than m nonsmooth points, the inductive hy-
pothesis implies

/nw_/%w_ </w;w_/wgw> " (fwfw_/w;;w>
(L= L)+ (L= L)

This completes the proof. O

Integration on Riemannian Manifolds

In this section, we explore how the theory of orientations and integration
can be specialized to Riemannian manifolds. Thinking of R? and R? as
Riemannian manifolds, this will eventually lead us to the classical theorems
of vector calculus as consequences of Stokes’s theorem.

The Riemannian Volume Form

We begin with orientations. Let (M, g) be an oriented Riemannian mani-
fold. We know from Proposition 8.16 that there is a smooth orthonormal
frame (F4,...,E,) in a neighborhood of each point of M. By replacing
FE, by —E; if necessary, we can find an oriented orthonormal frame in a
neighborhood of each point.

Proposition 10.34. Suppose (M,g) is an oriented Riemannian n-
manifold. There is a unique orientation form Q@ € A™(M) such that

Q,(E,...,E,) =1 (10.11)

for every p € M and every oriented orthonormal basis (E;) for T,M.
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Remark. The n-form whose existence and uniqueness are guaranteed by
this proposition is called the Riemannian volume form, or sometimes the
Riemannian volume element. Because of the role it plays in integration on
Riemannian manifolds, as we will see shortly, it is often denoted by dVj (or
dA, or ds, in the 2-dimensional or 1-dimensional case, respectively). Be
warned, however, that this notation is not meant to imply that the volume
form is the exterior derivative of an (n — 1)-form; in fact, as we will see in
Chapter 11, this is never the case on a compact manifold. You should just
interpret dV, as a notational convenience.

Proof. Suppose first that such a form Q exists. If (F1, ..., E,) is any local
oriented orthonormal frame and (e!,...,e") is the dual coframe, we can
write Q = fe! A--- A g™ locally. The condition (10.11) then reduces to
f=1s0

Q=c' A Ne™ (10.12)

This proves that such a form is uniquely determined.

To prove existence, we would like to define € in a neighborhood of each
point by (10.12). If (E4,..., E,) is another oriented orthonormal frame,
with dual coframe (g1,...,&"), let

Q=2'A--- A2
We can write

o AJ

E; = AlE;

for some matrix (A7) of smooth functions. The fact that both frames are
orthonormal means that (47 (p)) € O(n) for each p, so det(A?) = 41, and
the fact that the two frames are consistently oriented forces the positive
sign. We compute

Q(Er, ..., Ey) = det(e7(E;))
= det(A7)
=1
=Q(F1,...,E,).

Thus 2 = ?27 so defining Q in a neighborhood of each point by (10.12)
with respect to some oriented orthonormal frame yields a global n-form.
The resulting form is clearly smooth and satisfies (10.11) for every oriented
orthonormal basis. O

Although the expression for the Riemannian volume form with respect
to an oriented orthonormal frame is particularly simple, it is also useful to
have an expression for it in coordinates.
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Lemma 10.35. Let (M, g) be an oriented Riemannian manifold. If (z*) is
any oriented coordinate chart, then the Riemannian volume form has the
local coordinate expression

dVy = y/det(gi;) dz' A -+ A da™,

where g;; are the components of g in these coordinates.

Proof. Let (2°) be oriented coordinates near p € M. Then locally =
fdxt A---Adz™ for some positive coefficient function f. To compute f, let
(E;) be any oriented orthonormal frame defined on a neighborhood of p,
and let (%) be the dual coframe. If we write the coordinate frame in terms
of the orthonormal frame as

b .
— = AJE;
ozt i
then we can compute
0 0
f=0 a—%)
—el Ao pgn i 9
N Oxt’ " Ozm

(e ()

= det(A7).
On the other hand, observe that

_ /9 9
i =\ 9z’ 9ai

= AV AL (B, Ey)

= Aral,
k

This last expression is the (i, j)-entry of the matrix product A7 A, where
A = (A]). Thus

det(gi;) = det(AT A) = det AT det A = (det A)?,

from which it follows that f = det A = +,/det(g;;). Since both frames
(0/0z") and (E;) are oriented, the sign must be positive. O
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We noted earlier that real-valued functions cannot be integrated in a
coordinate-independent way on an arbitrary manifold. However, with the
additional structures of a Riemannian metric and an orientation, we can
recover the notion of the integral of a function.

Suppose (M, g) is an oriented Riemannian manifold (with or without
boundary), and let dV; denote its Riemannian volume form. If f is a com-
pactly supported smooth function on M, then fdV; is an n-form, so we
can define the integral of f over M to be fM f dVy. (This, of course, is the
reason we chose the notation dV for the Riemannian volume form.) If M
itself is compact, we define the volume of M by

Vol(M) :/ dvy.
M
Lemma 10.36. Let (M, g) be an oriented Riemannian manifold. If f is a
compactly supported smooth function on M and f > 0, then fM fdVy >0,
with equality if and only if f = 0.

Proof. Clearly fodVg = 0 if f is identically zero. If f > 0 and f is
positive somewhere, then fdVj is an orientation form on the open subset
U C M where f > 0, so the result follows from Proposition 10.20(c). O

Hypersurfaces in Riemannian Manifolds

Let (M, g) be an oriented Riemannian manifold, and suppose S C M is a
submanifold. A vector field IV along S is said to be normal to S if N, 1. T},S
for each p € S. If S is a hypersurface, then any unit normal vector field
along S is clearly transverse to S, so it determines an orientation of S by
Proposition 10.8. The next proposition gives a very simple formula for the
volume form of the induced metric on S with respect to this orientation.

Proposition 10.37. Let (M, g) be an oriented Riemannian manifold, let
S C M be an immersed hypersurface, and let g denote the induced metric
on S. Suppose N is a smooth unit normal vector field along S. With respect
to the orientation of S determined by N, the volume form of (S,g) is given
by

aVy = (N 3dVy)]s.

Proof. By Proposition 10.8, the (n — 1)-form N 1dV}, is an orientation form
for S. To prove that it is the volume form for the induced Riemannian
metric, we need only show that it gives the value 1 whenever it is applied
to an oriented orthonormal frame for S. Thus let (Ey, ..., E,_1) be such a
frame. At each point p € S, the basis (N,, E1|p, ..., En—1]p) is orthonormal,
and is oriented for T}, M (this is the definition of the orientation determined
by N). Thus

(NJd‘/g”S(Elv -7E'n,71) - dVg(N,El,.. .7En71) = 1,
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which proves the result. O

The following lemma will be useful in our proofs of the classical theorems
of vector analysis below.

Lemma 10.38. With notation as in Proposition 10.37, if X is any vector
field along S, we have

X 1dVy|s = (X, N)dVj. (10.13)
Proof. Define two vector fields X T and X along S by

X+ = (X,N)N,
XT=Xx-X"*

Then X = X+ + X T, where X is normal to S and X " is tangent to it.
Using this decomposition,

X 1dVy = X+ 1dV, + X 1av,.
Using Corollary 10.40, the first term simplifies to

(X JdVy)l57 = (X, N)(N 5dV,) |57 = (X, N)dV.

|37

Thus (10.13) will be proved if we can show that (X 1dVy)|5; = 0. If

Xi1,...,X,—1 are any vectors tangent to M, then
(XT 2dV) (X1, ., Xp1) = dVy(X T, X1,y ..o, Xpq) = 0,

because any n vectors in an (n — 1)-dimensional vector space are linearly
dependent. O

The result of Proposition 10.37 takes on particular importance in the
case of a Riemannian manifold with boundary, because of the following
proposition.

Proposition 10.39. Suppose M is any Riemannian manifold with bound-
ary. There is a unique smooth outward-pointing unit normal vector field N
along OM .

Proof. First we prove uniqueness. At any point p € dM, the vector space
(T,0M)+ C T,M is 1-dimensional, so there are exactly two unit vectors
at p that are normal to 0M. Since any unit normal vector N is obviously
transverse to OM, it must have nonzero x™-component. Thus exactly one
of the two choices of unit normal has negative z"-component, which is
equivalent to being outward-pointing.

To prove existence, we will show that there exists a smooth outward
unit normal field in a neighborhood of each point. By the uniqueness result
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above, these vector fields all agree where they overlap, so the resulting
vector field is globally defined.

Let p € OM. By Proposition 8.24, there exists an adapted orthonormal
frame for M in a neighborhood U of p: This is a local frame (Ey,..., E,)
such that (Fy,..., F,_1) restricts to an orthonormal frame for M. This
implies that F, is a (smooth) unit normal vector field along OM in a
neighborhood of p. It is obviously transverse to OM. If we assume (by
shrinking U if necessary) that U is connected, then E,, must be either
inward-pointing or outward-pointing on all of OM N U. Replacing F,, by
—FE, if necessary, we obtain a smooth outward-pointing unit normal vector
field defined near p. This completes the proof. O

The next corollary is immediate.

Corollary 10.40. If (M,g) is an oriented Riemannian manifold with
boundary and g is the induced Riemannian metric on OM , then the volume
form of g is

dVg = (N 1dVy)lanr,

where N is the unit outward normal vector field along OM .

Next we will show how Stokes’s theorem reduces to familiar results in
various special cases.

The Diwvergence Theorem

Let (M, g) be an oriented Riemannian manifold. Multiplication by the Rie-
mannian volume form defines a map *: C*°(M) — A™(M):

«f = fdv,.

If (E;) is any local oriented orthonormal frame, then f can be recovered
from *f locally by

f=&H(Fy, ... E).

Thus * is an isomorphism.
Define the divergence operator div: T(M) — C*°(M) by

div X = *"'d(X 1dV,),
or equivalently,
d(X 1dVy) = (div X)dV,.

In the special case of a domain with smooth boundary in R3, the following
theorem is due to Gauss and is often referred to as Gauss’s theorem.
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Theorem 10.41 (The Divergence Theorem). Let M be a compact,
oriented Riemannian manifold with boundary. For any smooth vector field

X on M,

/ (div X)dV, = (X,N)dV,

M oM

where N is the outward-pointing unit normal vector field along OM and g
1s the induced Riemannian metric on OM .

Proof. By Stokes’s theorem,

/M(divX)dVg:/ d(X 1dV,)

M

= [ X.Jav,.
oM

The theorem then follows from Lemma 10.38. O

Surface Integrals

The original theorem that bears the name of Stokes concerned “surface
integrals” of vector fields over surfaces in R3. Using the differential-forms
version of Stokes’s theorem, this can be generalized to surfaces in Riemann-
ian 3-manifolds. (For reasons that will be explained later, the restriction to
dimension 3 cannot be removed.)

Let (M,g) be an oriented Riemannian 3-manifold, and let f: TM —
A?M denote the bundle map defined by 3(X) = X 1dV,. It is easily seen
to be a bundle isomorphism by checking its values on the elements of any

orthonormal frame.
Define an operator curl: T(M) — T(M) by

curl X = g~ 1d(X?),
or equivalently,
curl X JdV, = d(X”). (10.14)

The following commutative diagram summarizes the relationships among
the gradient, divergence, curl, and exterior derivative operators:

grad curl div

coo ) B2 gy~ gy “W ooy
T PR P ¥
C>® (M) —d>A1(M) —d>ﬂ2(M) —d>A3(M), (10.15)

Problem 10-22 shows that the composition of any two horizontal arrows in
this diagram is zero.



264 10. Integration on Manifolds

Now suppose S C M is a compact, embedded, 2-dimensional submanifold
with or without boundary in M, and N is a smooth unit normal vector
field along S. Let dA denote the induced Riemannian volume form on S
with respect to the induced metric g|s and the orientation determined by
N, so that dA = (N 1dV,)|s by Proposition 10.37. For any smooth vector
field X defined on M, the surface integral of X over S (with respect to the
given choice of normal field) is defined as

/S (X, N) dA.

The next result, in the special case in which M = R3, is the original
theorem proved by Stokes.

Theorem 10.42 (Stokes’s Theorem for Surface Integrals). Sup-
pose S is a compact, embedded, 2-dimensional submanifold with boundary
in a Riemannian 3-manifold M, and suppose N is a smooth unit normal
vector field along S. For any smooth vector field X on M,

/(curlX,N> dA:/ (X,T)ds,
S as
where ds is the Riemannian volume form and T is the unique positively

oriented unit tangent vector field on 9S (with respect to the metric and
orientation induced from S).

Proof. The general version of Stokes’s theorem applied to the 1-form X

yields
/ dx=[ X"
S oS

Thus the theorem will follow from the following two equations:
d(X")|s = (curl X, N) dA, (10.16)
X’|os = (X, T) ds. (10.17)

Equation (10.16) is just the defining equation (10.14) for the curl com-
bined with the result of Lemma 10.38. To prove (10.17), we note that
Xb|,95 is a 1-form on a 1-manifold, and thus must be equal to f ds for some
smooth function f on 9S. To evaluate f, we note that ds(T) = 1, and so
the definition of X’ yields

[ =[ds(T) = X(T) = (X, T).
This proves (10.17) and thus the theorem. O
The curl operator is defined only in dimension 3 because it is only in that
case that A2M is isomorphic to TM (via the map 3: X — X 1dV,). In
fact, it was largely the desire to generalize the curl and the classical version

of Stokes’s theorem to higher dimensions that led to the entire theory of
differential forms.
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Problems

10-1.
10-2.

10-3.

10-4.

10-5.

10-6.

10-7.

10-8.

Prove that every smooth 1-manifold is orientable.

Suppose M is a smooth manifold that is the union of two open sub-
sets, each of which is diffeomorphic to an open subset of R™, and
whose intersection is connected. Show that M is orientable. Use this
to give another proof that S™ is orientable.

Suppose 7: A]T/j — M is a smooth covering map and M is orientable.
Show that M is also orientable.

Suppose M is a connected, oriented smooth manifold and I" is a
discrete group acting freely and properly on M. We say the action is
orientation-preserving if for each v € I, the diffeomorphism z +— v .
is orientation-preserving. Show that M/T is orientable if and only if
T" is orientation-preserving.

Let E be the total space of the M6bius bundle, which is the quotient
of R? by the Z-action n - (z,y) = (x+n, (—1)"y) (see Problem 7-22).
The Moébius band is the subset M C E that is the image under the
quotient map of the set {(z,y) € R? : |y| < 1}. Show that neither E
nor M is orientable.

Suppose M is a connected nonorientable smooth manifold. Define a
set M by

M = H {orientations of T, M},
peM

and let w: M — M be the obvious map that sends an orientation
of T,M to p. Show that M has a unique smooth manifold structure
such that 7 is a local diffeomorphism. With this structure, show that
M is connected and orientable, and 7 is a 2-sheeted smooth covering

map. [The covering = : M — M is called the orientation covering of

Let T? = S' x S € R* denote the 2-torus, defined by w? + 2? =
y? + 22 = 1, with the orientation determined by its product structure

(see Exercise 10.4). Compute [, w, where w is the following 2-form
on R*:

w=wydr ANdz.

For each of the following 2-forms w on R?, compute fsg Q, where S?
is oriented by its outward unit normal.

(a) w=xdy ANdz+ydz ANdx + zdx A dy.
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10-9.

10-10.

10-11.

10-12.

10-13.

10. Integration on Manifolds
(b) w=2zdy Adz+yzdz Adx + x* dz A dy.

Let D denote the surface of revolution in R? obtained by revolving the
circle (z—2)?+22 = 1 around the z-axis, with its induced Riemannian
metric, and with the orientation induced by the outward unit normal.

(a) Compute the surface area of D.
(b) Compute the integral over D of the function f(z,y,z) =z + 1.
(¢) Compute the integral over D of the 2-form w of Problem 10-8(b).

Let w be the (n — 1)-form on R™ N\ {0} defined by

w= 2N (-1 et dat A Adai A Ada™. (10.18)

=1

(a) Show that w|g.—1 is the Riemannian volume element of S"~!
with respect to the round metric.

(b) Show that w is closed but not exact.

Suppose M is an oriented Riemannian manifold, and S C M is an
oriented hypersurface (with or without boundary). Show that there
is a unique smooth unit normal vector field along S that determines
the given orientation of S.

Suppose S is an oriented embedded 2-manifold with boundary in
R3, and let C = 9S with the induced orientation. By Problem 10-
11, there is a unique smooth unit normal vector field N on S that
determines the orientation. Let T be the oriented unit tangent vector
field on C; let V be the unique vector field tangent to S along C' that
is outward-pointing; and let W be the restriction of N to C. Show
that (T}, V,, W,,) is an oriented basis for R* at each p € C.

Let (M, g) be an oriented Riemannian n-manifold. With respect to
any local coordinates (x%), show that

o (352) = e (X

where g;; are the components of g. Conclude that on R"™ with the
Euclidean metric,
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10-15.

10-16.

10-17.
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Show that the divergence operator on an oriented Riemannian mani-
fold does not depend on the choice of orientation, and conclude that
it is invariantly defined on all Riemannian manifolds.

Let (M, g) be a compact, oriented Riemannian manifold with bound-
ary, let g denote the induced Riemannian metric on M, and let N
be the outward unit normal vector field along OM.

(a) Show that the divergence operator satisfies the following product
rule for f € C>*(M), X € T(M):

div(fX) = fdivX + (grad f, X).

(b) Prove the following “integration by parts” formula:

[t pxyav, = [ peenyavs - [ (gdivx)a,
M oM M

Let (M,g) be an oriented Riemannian manifold. The operator
A: C®°(M) — C™°(M) defined by Au = div(gradu) is called the
Laplace operator, and Au is called the Laplacian of u. A function
u € C™(M) is said to be harmonic if Au = 0.

(a) If M is compact, prove Green’s identities:

/ ulAvdV, —|—/ (grad u, gradv) dV, = uNvdV.
M M oM
(10.19)
/ (uAv — vAu) dVy, = (u Nv — v Nu)dVy, (10.20)
M oM

where N and g are as in Problem 10-15.

(b) If M is connected and OM = &, show that the only harmonic
functions on M are the constants.

(c) If M is connected, OM # @&, and u, v are harmonic functions on
M whose restrictions to M agree, show that u = v.

Let (M, g) be a compact, connected, oriented Riemannian manifold,
and let A be its Laplace operator. A real number ) is called an eigen-
value of A if there exists a smooth function u on M, not identically
zero, such that Au = Au. In this case, u is called an eigenfunction
corresponding to A.

(a) Prove that 0 is an eigenvalue of A, and that all other eigenvalues
are strictly negative.
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(b) If w and v are eigenfunctions corresponding to distinct eigenval-
ues, show that [, uvdV, = 0.

10-18. Let (M,g) be an oriented Riemannian n-manifold. This problem
outlines an important generalization of the operator x: C*°(M) —
A™(M) defined in this chapter.

(a) For each k = 1,...,n, show that there is a unique inner prod-
uct on A¥(T,M) with the following property: If (E;) is any
orthonormal basis for T,M and (¢') is the dual basis, then
{e . I is increasing} is an orthonormal basis for A*(T,M).

(b) For each k = 0,...,n, show that there is a unique bundle map
x: AFM — A"k M satisfying

w A xn = (w,n)dVy.

This map is called the Hodge star operator. [Hint: First prove
uniqueness, and then define * on elementary covectors defined
with respect to an orthonormal basis.]

(c) Show that *: A°(M) — A™(M) is given by *c = cdV.
(d) Show that * * w = (—1)*=*y if w is a k-form.

10-19. Let (M, g) be a Riemannian manifold and X € T(M).
(a) Show that
X 1dV, = +X".
(b) Show that
div X = xd x X"
(¢) If M is 3-dimensional, show that
curl X = (xdX°)#.
10-20. Prove that P™ is orientable if and only if n is odd. [Hint: suppose 7 is
a nonvanishing n-form on P". Let 7 : S” — P™ denote the universal

covering map, and « : S® — S™ the antipodal map a(z) = —x. Then
compute a*7*n two ways.]

10-21. If w is a symplectic form on a 2n-manifold, show that wA--- Aw (the
n-fold wedge product of w with itself) is a nonvanishing 2n-form on
M, and thus every symplectic manifold is orientable.

10-22. Show that curlograd = 0 and divocurl = 0 on any Riemannian
3-manifold.



10-23.

10-24.

10-25.

Problems 269

On R? with the Euclidean metric, show that

0 0 0
curl (P[)_:c + Qa_y + R&)

_(or_0Q\ o (op oR\O (0 0P\ 0
~\9dy 0z ) ox 8z Ox ) Oy dr Oy ) 0z

Show that any finite product M; X --- X M} of smooth manifolds
with corners is again a smooth manifold with corners. Give a coun-
terexample to show that a finite product of smooth manifolds with
boundary need not be a smooth manifold with boundary.

Suppose M is a smooth manifold with corners, and let € denote the
set of corner points of M. Show that M ~ € is a smooth manifold
with boundary.



270 10. Integration on Manifolds



11
De Rham Cohomology

In Chapter 9 we defined closed and exact forms: A differential form w is
closed if dw = 0, and exact if it is of the form dn. Because d? = 0, every
exact form is closed. In this chapter, we explore the implications of the
converse question: Is every closed form exact? The answer, in general, is
no: In Example 4.23 we saw an example of a closed 1-form on R~ {0} that
was closed but not exact. In that example, the failure of exactness seemed
to be a consequence of the “hole” in the center of the domain. For higher-
degree forms, the answer to the question depends on subtle topological
properties of the manifold, connected with the existence of “holes” of higher
dimensions. Making this dependence quantitative leads to a new set of
invariants of smooth manifolds, called the de Rham cohomology groups,
which are the subject of this chapter.

There are many situations in which knowledge of which closed forms are
exact has important consequences. For example, Stokes’s theorem implies
that if w is exact, then the integral of w over any compact submanifold with-
out boundary is zero. Proposition 4.22 showed that a 1-form is conservative
if and only if it is exact.

We begin by defining the de Rham cohomology groups and proving some
of their basic properties, including diffeomorphism invariance. Then we
prove that they are in fact homotopy invariants, which implies in partic-
ular that they are topological invariants. Using elementary methods, we
compute some de Rham groups, including the zero-dimensional groups of
all manifolds, the one-dimensional groups of simply connected manifolds,
the top-dimensional groups of compact manifolds, and all of the de Rham
groups of star-shaped open subsets of R™. Then we prove a general theorem
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that expresses the de Rham groups of a manifold in terms of those of its
open subsets, called the Mayer—Vietoris theorem, and use it to compute all
the de Rham groups of spheres.

At the end of the chapter, we turn our attention to the de Rham theorem,
which expresses the equivalence of the de Rham groups with another set
of groups defined purely topologically, the singular cohomology groups.
To set the stage, we first give a brief summary of singular homology and
cohomology theory, and prove that singular homology can be computed by
restricting attention only to smooth simplices. In the last section, we prove
the de Rham theorem.

The de Rham Cohomology Groups

In Chapter 4, we studied the closed 1-form

_zdy —ydx

11.1
e (11.1)

and showed that it is not exact on R? \ {0}, but it is exact on some smaller
domains such as the right half-plane H = {(x,y) : x > 0}, where it is equal
to df (see Example 4.26).

As we will see in this chapter, this behavior is typical: closed p-forms are
always locally exact, so the question of whether a given closed form is exact
depends on the global shape of the domain, not on the local properties of
the form.

Let M be a smooth manifold. Because d: AP (M) — APT(M) is linear,
its kernel and image are linear subspaces. We define

2P(M) = Ker[d: AP(M) — APT(M)] = {closed p-forms},
BP(M) = TIm[d: AP~H(M) — AP(M)] = {exact p-forms}.

By convention, we consider AP (M) to be the zero vector space when p < 0
or p > n = dim M, so that that, for example, B°(M) = 0 and 2"(M) =
A™(M).

The fact that every exact form is closed implies that B? (M) C ZP(M).
Thus it makes sense to define the pth de Rham cohomology group (or just
de Rham group) of M to be the quotient vector space

)
= Br(h)

Hyp (M) :
(It is, in particular, a group under vector addition. Perhaps “de Rham
cohomology space” would be a more appropriate term, but because most
other cohomology theories produce only groups it is traditional to use the
term group in this context as well, bearing in mind that these “groups” are
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actually real vector spaces.) For any closed form w on M, we let [w] denote
the equivalence class of w in this quotient space, called the cohomology class
of w. Clearly H (M) = 0 for p > dim M, because AP(M) = 0 in that case.
If [w] = [w'] (that is, if w and w’ differ by an exact form), we say that w
and w’ are cohomologous.

The first thing we will show is that the de Rham groups are diffeomor-
phism invariants.

Proposition 11.1 (Induced Cohomology Maps). For any smooth
map G: M — N, the pullback G*: AP(N) — AP(M) carries ZP(N) into
ZP(M) and BP(N) into BP(M). It thus descends to a linear map, still de-
noted by G*, from HYn(N) to HY (M), called the induced cohomology map.
It has the following properties:

(a) If F: N — P is another smooth map, then
(FoGQ)*=G"oF*: HI,(P) — HYo(M).
(b) If Idas denotes the identity map of M, then (Idp)* is the identity
map of HYp(M).
Proof. If w is closed, then
d(G*w) = G*(dw) = 0,
so G*w is also closed. If w = dn is exact, then
G*w = G"(dn) = d(G™n),

which is also exact. Therefore, G* maps Z?(N) into Z?(M) and BP(N) into
BP(M). The induced cohomology map G*: HY,(N) — HY (M) is defined
in the obvious way: For a closed p-form w, let

G*[w] = [G*w].

If w = w+ dn, then [G*w'] = [G*w + d(G*n)] = [G*w], so this map is
well-defined. Properties (a) and (b) follow immediately from the analogous
properties for the pullback map on forms. O

The next two corollaries are immediate.

Corollary 11.2 (Functoriality). For each integer p > 0, the assignment
M — Hin(M), F — F* is a contravariant functor from the category of
smooth manifolds and smooth maps to the category of real vector spaces
and linear maps.

Corollary 11.3 (Diffeomorphism Invariance). Diffeomorphic mani-
folds have isomorphic de Rham cohomology groups.
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Homotopy Invariance

In this section, we will present a profound generalization of Corollary 11.3,
one surprising consequence of which will be that the de Rham cohomology
groups are actually topological invariants. In fact, they are something much
more: homotopy invariants.

Recall that a continuous map F': M — N between topological spaces is
said to be a homotopy equivalence if there is a continuous map G: N — M
such that FoG ~ Idy and Go F ~ Id;. Such a map G is called a homotopy
inverse for F. If there exists a homotopy equivalence between M and N, the
two spaces are said to be homotopy equivalent. For example, the inclusion
map ¢: S"71 — R”~ {0} is a homotopy equivalence with homotopy inverse
r(z) = x/|z|, because r ot = Idgn—1 and the identity map of R™ ~\ {0} is
homotopic to tor via the straight-line homotopy H(x,t) = x+ (1 —1t)x/|z|.

The underlying fact that will allow us to prove the homotopy invari-
ance of de Rham cohomology is that homotopic smooth maps induce the
same cohomology map. To motivate the proof, suppose F,G: M — N are
smoothly homotopic maps, and let us think about what needs to be shown.
Given a closed p-form w on N, we need somehow to produce a (p — 1)-form
n on M such that

dn = F'w — G*w. (11.2)

One might hope to construct n in a systematic way, resulting in a map h
from closed p-forms on M to (p — 1)-forms on N that satisfies

d(hw) = F*w — G*w. (11.3)

Instead of defining hw only when w is closed, it turns out to be far simpler
to define for each p a map h from the space of all p-forms on N to the space
of (p—1)-forms on M. Such maps cannot satisfy (11.3), but instead we will
find maps that satisfy

d(hw) + h(dw) = F*w — G*w. (11.4)

This implies (11.3) when w is closed.

In general, if F,G: M — N are smooth maps, a collection of linear maps
h: AP(N) — AP~Y(M) such that (11.4) is satisfied for each p is called a
homotopy operator between F* and G*. (The term cochain homotopy is
used more frequently in the algebraic topology literature.) The key to our
proof of homotopy invariance will be to construct a homotopy operator
first in the following special case. For each t € [0,1], let i,: M — M x I be
the embedding

it(x) = (z,1).

Clearly ig is homotopic to 41. (The homotopy is the identity map of M x I!)
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Lemma 11.4 (Existence of a Homotopy Operator). For  any
smooth manifold M, there exists a homotopy operator between the maps ig
and i1 defined above.

Proof. For each p, we need to define a linear map h: AP (M x 1) — AP~1(M)
such that

h(dw) + d(hw) = ijw — i{w. (11.5)

We define h by the formula

1
0
hw = / — Jw | dt,
where ¢ is the coordinate on I. More explicitly, hw is the (p — 1)-form on
M whose action on vectors Xi,...,X,_1 € TgM is

7o
(hw)q(X1,. ..,Xp—l) —/0 (at q,t)> (le-- .,prl)dt

1
= / (.()(q7t) (8/8t,X1, ce ,prl) dt.
0

To show that h satisfies (11.5), we consider separately the cases in which
w= f(a,t)dt Ndz" A+ Adz'»~' and w = f(z,t) dz™ A--- Adx'»; since h
is linear and every p-form on M X I can be written as a sum of such forms,
this suffices.

CASE I: w = f(x,t) dtAdx A- - -AdaP»—1. In this case, because dtAdt = 0,

((/ flax,t dt) dz’ A - A date- 1)

:%(/fxtdt)dxj/\dx“/\ A datr?
I

(/ (x,t) dt)d:vj/\dm“/\---/\dmif’l.

On the other hand,

h(dw) = h <¥dxj Adt Adzt A A dxipl)

6f 0 ) ) )
= r,t)— Jd(dax? Ndt Ndx™ A - ANdz'Pt) dt
| e )

- ( —f(x, t) dt) dz? Adx™ Ao A da'rr
o 07
= —d(hw)
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Thus the left-hand side of (11.5) is zero in this case. The right-hand side
is zero as well, because i§dt = ijdt = 0 (since ¢ o i and ¢ o 41 are constant
functions).
CASE II: w = fdz™ A--- Ada'». Now /0t Jw = 0, which implies that
d(hw) = 0. On the other hand, by the fundamental theorem of calculus,
of

h(dw) = h (Edt Adz™ A - Ada'® + terms without dt>

Lof 0 .
(/0 E(Iat)dt> dz'* A -+ Ndz
(f(x,1) — f(z,0))dz™ A---Adx'

o e
= jw — W,

which proves (11.5) in this case. O

Proposition 11.5. Let F,G: M — N be homotopic smooth maps. For
every p, the induced cohomology maps F*,G*: HY,(N) — HY.(M) are
equal.

Proof. By Proposition 6.20, there is a smooth homotopy H: M x I —
N from F to (. This means that H oig = F and H o4y = G, where
ig,i1: M — M x I are defined as above. Let h be the composite map
h=hoH*: AP(N) — AP~} (M):

AP(NY 25 Ar (M1 x 1) 2 AP (),

where h is the homotopy operator constructed in Lemma 11.4.
For any w € AP(N), we compute
h(dw) + d(hw) = h(H*dw) + d(hH*w)

= hd(H*w) + dh(H*w)

=i Hw—iH w

= (H 9] il)*w - (H o io)*w

=G'w—F'w.
Thus if w is closed,

G*w] — F*lw] = [G*w — F*w]

= [h(dw) + d(hw)]
=0

)

where the last line follows from dw = 0 and the fact that the cohomology
class of any exact form is zero. O

The next theorem is the main result of this section.
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Theorem 11.6 (Homotopy Invariance of de Rham Cohomology).
If M and N are homotopy equivalent smooth manifolds, then
HY (M) = HYL(N) for each p.

Proof. Suppose F': M — N is a homotopy equivalence, with_homotopy
inverse G: N — M. By Theorem 6.19, there are smooth maps F': M — N
homotopic to F' and G: N — M homotopic to G. Because homotopy is
preserved by composition, it follows that F'oG' ~ FoG ~Idy and Go F' ~
G o F ~1Idys, so F and G are homotopy inverses of each other.

Now Proposition 11.5 shows that, on cohomology,

F* oGt = (@0 FY' = (an)* = W an

The same argument shows that G* o F* is also the identity, so
F*: HYp(N) — HL (M) is an isomorphism. O

Corollary 11.7. The de Rham cohomology groups are topological invari-
ants: If M and N are homeomorphic smooth manifolds, then their de Rham
groups are isomorphic.

This result is remarkable, because the definition of the de Rham groups
of M is intimately tied up with its smooth structure, and we had no reason
to expect that different differentiable structures on the same topological
manifold should give rise to the same de Rham groups.

Computations

The direct computation of the de Rham groups is not easy in general.
However, in this section, we will compute them in several special cases.
We begin with disjoint unions.

Proposition 11.8 (Cohomology of Disjoint Unions). Let {M;} be a
countable collection of smooth manifolds, and let M = ]_[j M;. For each p,
the inclusion maps vj: Mj — M induce an isomorphism from HY,(M) to
the direct product space [[; Hyp(Mj).

Proof. The pullback maps ¢j: AP(M) — AP(M;) already induce an iso-
morphism from AP(M) to [[; AP(M;), namely

w (G, tsw, . ..) = (W], Wy - )-

This map is injective because any p-form whose restriction to each Mj is
zero must itself be zero, and it is surjective because giving an arbitrary
p-form on each M defines one on M. O
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Because of this proposition, each de Rham group of a disconnected man-
ifold is just the direct product of the corresponding groups of its compo-
nents. Thus we can concentrate henceforth on computing the de Rham
groups of connected manifolds.

Our next computation gives an explicit characterization of zero-
dimensional cohomology.

Proposition 11.9 (Zero-Dimensional Cohomology). If M is a con-
nected manifold, Hlp (M) is equal to the space of constant functions and is
therefore one-dimensional.

Proof. Because there are no (—1)-forms, B(M) = 0. A closed 0-form is a
smooth function f such that df = 0, and since M is connected this is true
if and only if f is constant. Thus H),(M) = Z°(M) = {constants}. O

Corollary 11.10 (Cohomology of Zero-Manifolds). If M is a 0-
dimensional manifold, the dimension of HIp(M) is equal to the cardinality
of M, and all other de Rham cohomology groups vanish.

Proof. By Propositions 11.8 and 11.9, HJ, (M) is isomorphic to the direct
product of one copy of R for each component of M, which is to say each
point. O

Next we examine the de Rham cohomology of Euclidean space, and more
generally of its star-shaped open subsets. (Recall that a subset V' C R" is
said to be star-shaped with respect to a point ¢ € V' if for every x € V| the
line segment from ¢ to x is entirely contained in V.) In Proposition 4.27,
we showed that every closed 1-form on a star-shaped open subset of R"™ is
exact. The next theorem is a generalization of that result.

Theorem 11.11 (The Poincaré Lemma). Let U be a star-shaped open
subset of R™. Then HY,(U) =0 for p > 1.

Proof. Suppose U C R" is star-shaped with respect to q. The key feature
of star-shaped sets is that they are contractible, which means the identity
map of U is homotopic to the constant map sending U to ¢, by the obvious
straight-line homotopy:

H(z,t) =q+t(x—q).

Thus the inclusion of {¢} into U is a homotopy equivalence. The Poincaré
lemma then follows from the homotopy invariance of HY, together with the
obvious fact that HY,({q}) = 0 for p > 0 because {q} is a 0-manifold. O

Exercise 11.1. If U C R" is open and star-shaped with respect to 0 and
w =" wrdz’ is a closed p-form on U, show by tracing through the proof of
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the Poincaré lemma that the (p — 1)-form 7 given explicitly by the formula

P
/

1 . . —_— .
n= Z 2:(—1)(171 </ " wr (tx) dt> gdzt A Adxta A Ada'P
I q=1 0

satisfies dn = w. When w is a 1-form, show that 7 is equal to the potential
function f defined in Proposition 4.27.

The next two results are easy corollaries of the Poincaré lemma.

Corollary 11.12 (Cohomology of Euclidean Space). For allp > 1,
H SR(RR) =0.

Proof. Euclidean space R"™ is star-shaped. O

Corollary 11.13 (Local Exactness of Closed Forms). Let M be a
smooth manifold, and let w be a closed p-form on M, p > 1. For any
q € M, there is a neighborhood U of ¢ on which w is exact.

Proof. Every ¢ € M has a neighborhood diffeomorphic to an open ball
in R™, which is star-shaped. The result follows from the diffeomorphism
invariance of de Rham cohomology. O

One of the most interesting special cases is that of simply connected
manifolds, for which we can compute the first cohomology explicitly.

Theorem 11.14. If M is a simply connected smooth manifold, then
H},(M)=0.

Proof. Let w be a closed 1-form on M. We need to show that w is exact. By
Theorem 4.22, this is true if and only w is conservative, that is, if and only
if all line integrals of w depend only on endpoints. Since any two piecewise
smooth curve segments with the same endpoints are path homotopic, the
result follows from Theorem 10.33. O

Finally, we turn our attention to the top-dimensional cohomology of
compact manifolds. We begin with the orientable case. Suppose M is
an orientable compact smooth manifold. There is a natural linear map
I: A"(M) — R given by integration over M:

I(w):/Mw.

Because the integral of any exact form is zero, I descends to a linear map,
still denoted by the same symbol, from H},(M) to R. (Note that every
n-form on an n-manifold is closed.)
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Theorem 11.15 (Top Cohomology, Orientable Case). For any
compact, connected, orientable, smooth n-manifold M, the map
I: Hjp(M) — R is an isomorphism. Thus H}n(M) is one-dimensional,
spanned by the cohomology class of any orientation form.

Proof. The 0-dimensional case is an immediate consequence of Corollary
11.10, so we may assume that n > 1. Let 2 be an orientation form for M,
and set ¢ = [,, Q. By Proposition 10.20(c), ¢ > 0. Therefore, for any a € R,
Ilaw] = ac, so I: H}r(M) — R is surjective. To complete the proof, we
need only show that it is injective. In other words, we have to show the
following: If w is any n-form satisfying || v w =0, then w is exact.

Let {Ui,...,Un} be a finite cover of M by open sets that are diffeo-
morphic to R”, and let My = Uy U---UUg for K = 1,...,m. Since
M is connected, by reordering the sets if necessary, we may assume that
My NUk41 # @ for each k. We will prove the following claim by induction
on k: If w is a compactly supported n-form on My that satisfies ka w =0,
then there exists a compactly supported (n — 1)-form n on My such that
dn = w. When k = m, this is the statement we are seeking to prove,
because every form on a compact manifold is compactly supported.

For k = 1, since My = U; is diffeomorphic to R™, the claim reduces
to a statement about compactly supported forms on R™. The proof of this
statement is somewhat technical, so we postpone it to the end of this section
(Lemma 11.19). Assuming this for now, we continue with the induction.

Assume the claim is true for some k > 1, and suppose w is a compactly
supported n-form on My = M} UUy41 that satisfies ka+1 w = 0. Choose
an auxiliary n-form Q € A™(Mj41) that is compactly supported in M N
Ui+1 and satisfies [ Mysr Q = 1. (Such a form is easily constructed by using
a bump function in coordinates.) Let {¢,1¢} be a partition of unity for
My+1 subordinate to the cover { My, Ugy1}.

Let ¢ = f Myy s P Observe that pw — €2 is compactly supported in
My, and its integral is equal to zero by our choice of c¢. Therefore, by the
induction hypothesis, there is a compactly supported (n — 1)-form « on
Mj, such that da = pw — 2. Similarly, Yw 4 £ is compactly supported in
Uk+1, and its integral is

/ (1/1w+cQ):/ (1—<p)w+c/ Q
Uk+1 M4 M1

:/ w—/ pw + ¢
M1 My 41

0.

Thus by Lemma 11.19, there exists another (n — 1)-form 3, compactly
supported in Ugy1, such that df = Yw+ 2. Both « and 3 can be extended
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by zero to smooth compactly supported forms on M. We compute
d(a+ ) = (pw — Q) + (Yw + Q) = (p + Y)w = w,
which completes the inductive step. O

We now have enough information to compute the de Rham cohomology
of the circle and the punctured plane completely.

Corollary 11.16 (Cohomology of the Circle). The de Rham coho-
mology groups of the circle are as follows: H)p(S') and H}L(S") are both
1-dimensional, spanned by the function 1 and the cohomology class of the
form w defined by (11.1), respectively.

Proof. Because the restriction of w to S! never vanishes, it is an orientation
form. O

Corollary 11.17 (Cohomology of the Punctured Plane). Let M =
R?~\ {0}. Then HYx(M) and H}p(M) are both 1-dimensional, spanned by
the function 1 and the cohomology class of the form w defined by (11.1),
respectively.

Proof. Because the inclusion map ¢: S! < M is a homotopy equivalence,
ot HYp (M) — HJp(S') is an isomorphism. The result then follows from
the preceding corollary. O

Next we consider the nonorientable case.

Theorem 11.18 (Top Cohomology, Nonorientable Case). Let M
be a compact, connected, mnonorientable, smooth mn-manifold. Then
Hgp(M) = 0.

Proof. We have to show that every n-form on M is exact. By the result of
Problem 10-6, there is an orientable manifold M and a 2-sheeted smooth
covering map w: M — M. Let a: M — M be the map that interchanges
the two points in each fiber of 7. If U C M is any evenly covered open set,
then « just interchanges the two components of 77 1(U), so « is a smooth
covering transformation; in fact, it is the unique nontrivial covering trans-
formation of w. Now, a cannot be orientation-preserving—if it were, the
entire covering group {Id;, a} would be orientation-preserving, and then
M would be orientable by the result of Problem 10-4. By connectedness of
M and the fact that « is a diffeomorphism, it follows that « is orientation-
reversing. ~

Suppose w is any n-form on M, and let Q@ = 7*w € A"(M). Then
m o« = m implies

a*Q=a"r"w=(roa)'w=r"w=Q.
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Because « is orientation-reversing, therefore, we conclude from Proposition

10.16 that
M M M

This implies that fMQ = 0, so by Theorem 11.15, there exists n €

A"‘l(j/[v) such that dn = Q. Let 7 = 3(n + a*n). Using the fact that
aoa = Idg;, we compute

o' =(@*n+ (@oa)'n) =17

and

&
=X
\

(dn + da™n)
(dn + a*dn)
(Q+ a*Q)

2D NI= Nl= =

Now let U C M be any evenly covered open set. There are exactly
two smooth local sections o1,02: U — M over U, which are related by
o9 = a0 g1. Observe that

031 = (a0 01)"n] = oy’ = o71].

Therefore, we can define a global (n—1)-form v on M by setting v = o*7j for
any local section o. To determine its exterior derivative, choose a smooth
local section ¢ in a neighborhood of any point, and compute

dy=do*n=c"di=0c"Q=0c"1"w=(ro0)'w=w,
because o o = Idy. O

Finally, here is the technical lemma that is needed to complete the proof
of Theorem 11.15. It can be thought of as a refinement of the Poincaré
lemma for compactly supported n-forms.

Lemma 11.19. Let n > 1, and suppose w is a compactly supported n-
form on R™ such that fRn w = 0. Then there exists a compactly supported
(n—1)-form n on R™ such that dn = w.

Remark. Of course, we know that w is exact by the Poincaré lemma, so the
novelty here is the claim that we can find a compactly supported (n—1)-form
1 such that dn = w.

Proof. We will carry out the proof by induction on n. For n = 1, we can
write w = f dx for some smooth compactly supported function f. Choose
R > 0 such that supp f C [-R, R], and define F': R — R by

F(z) = /_IR £(t) dt.
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Then clearly dF = F'(z)dx = fdx = w. When = < —R, F(z) = 0 by our
choice of R. When z > R, the fact that wa = ( translates to

o= [ swa= [ swa=rw,

so in fact supp F' C [ R, R]. This completes the proof for the case n = 1.
Now let n > 1, and suppose the lemma is true on R™. Let us consider
R”™*! as the product space R x R, with coordinates (y,z) = (y,z*,...,z").
Let Q = dz' A--- Adz™, considered as an n-form on R x R”™.
Suppose w is any compactly supported (n+ 1)-form on R x R™ such that

/ w=0.
RxR™

w=fdyNQ

Then w can be written

for some compactly supported smooth function f. Choose R > 0 such that
supp f is contained in the set {(y,z) : |y| < R and |z| < R}.

Let ¢: R — R be any bump function supported in [— R, R] and satisfying
fR ©(y) dy = 1. Define smooth functions e, E, F, F:RxR" — R as follows:

e(y,z) = ¢(y);
B(ya)= [ olt)dn

R
P = [ sty ie
_ R
F(y,z) = /Rf(t,:zr) dt = F(R, ).

These functions have the properties

de OE  OE  9F , OF

o o 0 By 9 oy T T

Let ¥ denote the n-form *(F ) on R™, where 1: R® < R x R is the
embedding «(z) = (0, ). Its integral satisfies

(0
/nzz/nﬁ(oaw)dxl...dmn
:/n/Rf(y’I)dydIl-..dIn

/Rx]Rn

0.
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Therefore, by the inductive hypothesis, there exists a compactly supported
(n — 1)-form o on R™ such that do = X.
Now define an n-form 17 on R x R™ by

n=(F—-FE)Q—edyAr*o,

where m: R x R™ — R"” is the projection. When y < R, we have F' = ﬁ;
e = 0, so n vanishes there. When y > R, thene =0, E =1, and I = F,
so ) = 0 there also. Finally, when |z| is sufficiently large, then F, F, and
o are all zero, so n = 0 there as well. Thus 7 is compactly supported.

To show that dn = w, we compute

dp=dF AQ—FdEANQ— EdF AQ —de Ady Am*o + edy A d(n* o).

We consider each of these five terms separately. The first term is

oF oF .
FAQ=|—d —d1’ Q
dF A <ayy+axjsc>/\

= fdyAnQ
:w,

because dz? A Q = 0. For the second term we have
oF

—~FdEANQ = —ﬁa—dyAQ = —Fedy A Q.
Y

Because F /dy = 0, the third term reduces to

—EdF AQ = O 4 AQ=0.
oz

The fourth term is likewise zero because de Ady = ¢’ (y)dy Ady = 0. For the
fifth term, we observe that 7*.* " = F because F' is independent of y, and
7*1*Q = Q by direct computation, and therefore 7*% = FQ). Therefore,

edy Nd(r*o) = edy A n*(do)
=edy A" (%)
= Fe dy N Q.
Thus the second and fifth terms cancel, and we are left with dn =w. 0O

For some purposes, it is useful to define a generalization of the de Rham
cohomology groups using only compactly supported forms. Let AP(M) de-
note the space of compactly-supported p-forms on M. The pth de Rham
cohomology group of M with compact support is the quotient space

 Kerld: A2(M) — AZHY(M)]
" Im[d: A2 N(M) — AR(M)]

HE (M)
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Of course, when M is compact, this just reduces to ordinary de Rham co-
homology. But for noncompact manifolds, the two groups can be different,
as the next exercise shows.

Exercise 11.2. Using Lemma 11.19, show that H'(R") is 1-dimensional.

We will not use compactly supported cohomology in this book, but it
plays an important role in algebraic topology.

The Mayer—Vietoris Theorem

In this section, we prove a very general theorem that can be used to compute
the de Rham cohomology groups of many spaces, by expressing them as
unions of open submanifolds with simpler cohomology.

For this purpose, we need to introduce some simple algebraic concepts.
More details about the ideas introduced here can be found in [Lee00, Chap-
ter 13] or in any textbook on algebraic topology.

Let R be a commutative ring, and let A* be any sequence of R-modules
and linear maps:

C APL A qp D gl

(In all of our applications, the ring will be either Z, in which case we are
looking at abelian groups and homomorphisms, or R, in which case we
have vector spaces and linear map. The terminology of modules is just a
convenient way to combine the two cases.)

Such a sequence is said to be a complex if the composition of any two
successive applications of d is the zero map:

dod=0: AP — AP*? for each p.

It is called an exact sequence if the image of each d is equal to the kernel
of the next:

Im[d: AP~ — AP] = Ker[d: AP — APH1].

Clearly every exact sequence is a complex, but the converse need not be
true. If A* is a complex, then the image of each map d is contained in the
kernel of the next, so we define the pth cohomology group of A* to be the
quotient module

_ Ker[d: AP — APH]
- Im[d: AP~ — AP]’

HP(A")

It can be thought of as a quantitative measure of the failure of exactness
at AP. (In algebraic topology, a complex as we have defined it is usually
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called a cochain complex, while a chain complex is defined similarly except
that the maps go in the direction of decreasing indices:

4] o
o Ap = Ap = Ap o

In that case, the term homology is used in place of cohomology.)

If A* and B* are complexes, a cochain map from A* to B*, denoted by
F: A* — B* is a collection of linear maps F': AP — BP (it is easiest to
use the same symbol for all of the maps) such that the following diagram
commutes for each p:

AP d APl —n .
BP 7 Bprtl — ...

The fact that F'od = d o F means that any cochain map induces a linear
map on cohomology F*: HP(A*) — HP(B*) for each p, just as in the case
of de Rham cohomology.

A short exact sequence of complexes consists of three complexes
A* B*, C*, together with cochain maps

G

0-A* LB S oo

such that each sequence
0—A» Lpr S or o

is exact. This means F' is injective, G is surjective, and Im F' = Ker G.

Lemma 11.20 (The Zigzag Lemma). Given a short exact sequence of
complezes as above, for each p there is a linear map

§: HP(C*) — HPT1(AY),

called the connecting homomorphism, such that the following sequence is
exact:

oD HY(AY) S BY(BY) S HY(C) S HPPH(AT) S (106)

Proof. We will sketch only the main idea; you can either carry out the
details yourself or look them up.
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The hypothesis means that the following diagram commutes and has
exact horizontal rows:

0——ar—L G Lor oy
o el

0 APT1 I Bpr+1 G crt+l 0
o el

0 APT2 I Bprt2 G Cpt2 0.

Suppose c? € CP represents a cohomology class; this means that dc? = 0.
Since G: BP — CP is surjective, there is some element b € BP such that
GbP = cP. Because the diagram commutes, Gdb? = dGbP = dcP = 0, and
therefore db? € Ker G = Im F'. Thus there exists a?t! € APT! satisfying
FaPt! = dbP. By commutativity of the diagram again, Fda?*! = dFaP™! =
ddb? = 0. Since F is injective, this implies daP*t! = 0, so aP*! represents a
cohomology class in HP*1(A*). The connecting homomorphism ¢ is defined
by setting §[cP] = [aPT1] for any such aP™! € APT!] that is, provided there
exists b” € BP such that

GV’ =P,
FaPtl = dvP.

A number of facts have to be verified: that the cohomology class [a?T!]
is well-defined, independently of the choices made along the way; that the
resulting map ¢ is linear; and that the resulting sequence (11.6) is exact.
Each of these verifications is a routine “diagram chase” like the one we
used to define §; the details are left as an exercise. O

Exercise 11.3. Complete (or look up) the proof of the zigzag lemma.

The situation in which we will apply this lemma is the following. Suppose
M is a smooth manifold, and U,V are open subsets of M such that M =
U UV. We have the following diagram of inclusions:

v (11.7)
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which induce pullback maps on differential forms:
AP(U)

as well as corresponding induced cohomology maps. Note that these pull-
back maps are really just restrictions: For example, k*w = w|y. We will
consider the following sequence:

0 — AP(M) ZE5 ar )y e AP (V) S APU V) —0,  (11.8)
where

(K" ®lMw = (Fw,l"w),

(i =) (w,m) = "w — ™. (11.9)

Because pullbacks commute with d, these maps descend to linear maps on
the corresponding de Rham cohomology groups.

Theorem 11.21 (Mayer—Vietoris). Let M be a smooth manifold, and
let U,V be open subsets of M whose union is M. For each p, there is a
linear map 6: H,(UNV) — Hggl(M) such that the following sequence is
exact:

5 k* @l g
- = Hjp(M) —— Hjp(U) @ Hjp(V) R Hi,(UNV)

S PR M) 25 (11.10)

Remark. The sequence (11.10) is called the Mayer—Vietoris sequence for
the open cover {U, V'}.

Proof. The heart of the proof will be to show that the sequence (11.8) is
exact for each p. Because pullback maps commute with the exterior deriv-
ative, (11.8) therefore defines a short exact sequence of chain maps, and
the Mayer—Vietoris theorem follows immediately from the zigzag lemma.
We begin by proving exactness at AP(M), which just means showing
that k* @ [* is injective. Suppose that o € AP(M) satisfies (k* @ *)o =
(o|lu,o|v) = (0,0). This means that the restrictions of o to U and V are
both zero. Since {U, V'} is an open cover of M, this implies that o is zero.
To prove exactness at AP(U) & AP(V), first observe that

(i =)o (K" @ 1")(0) = (i" = j")(olv, olv) = ovnv — olunv =0,
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which shows that Im(k* @ 1*) C Ker(:* — j*). Conversely, suppose (1,7') €
AP(U) & AP(V) and (i — j*)(n,n') = 0. This means n|uny = 7'|lunv, so
there is a global smooth p-form o on M defined by

n onU,
g =
7 onV.
Clearly (n,7') = (k* ®1*)o, so Ker(:* — 5%) C Im(k* @& I*).
Exactness at AP(U N'V) means that i* — j* is surjective. This the only
nontrivial part of the proof, and the only part that really uses any properties
of smooth manifolds.

Let w € AP(U N V) be arbitrary. We need to show that there exist
n e AP(U) and ' € AP(V) such that

w= "= mn")=in— 70" =nlvav —1|vav.

Let {¢,1} be a partition of unity subordinate to the open cover {U,V},
and define n € AP(V) by
unv
y= e on ’ (11.11)
0 on U \ supp .

On the set (UNV')\ supp ¢ where these definitions overlap, they both give
zero, so this defines 7 as a smooth p-form on U. Similarly, define ' € AP (V)
by

m= {;ww’ ZE I[ir\”s/l;pp ®. (11.12)
Then we have
Noav —1'lvav = Pw — (—pw) = (Y + plw = w,
which was to be proved. O

For later use, we record the following corollary to the proof, which ex-
plicitly characterizes the connecting homomorphism §.

Corollary 11.22. The connecting homomorphism §: Hi,(U N'V) —
Hg;l(M) is defined as follows. Given w € ZP(U NV), there are p-forms
n € AP(U) and o' € AP(V) such that w = nlunv — 7' |unv, and then
Olw] = [dn], where dn is extended by zero to all of M.

Proof. A characterization of the connecting homomorphism was given in
the proof of the zigzag lemma. Specializing this characterization to the
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situation of the short exact sequence (11.8), we find that é[w] = [o] provided
there exist (n,n’) € AP(U) & AP(V) such that

i'n—jm =w,

(k°0.10) = (dn.dr)). -
Arguing just as in the proof of the Mayer—Vietoris theorem, if {p, ¥}

is a partition of unity subordinate to {U, V'}, then formulas (11.11) and

(11.12) define smooth forms n € AP(U) and i’ € AP(V) satisfying the first

equation of (11.13). Let o be the form on M obtained by extending dn to

be zero outside of U N V. Because w is closed,

olvav = dnlvav = d(w +7')luav = dn'|lvav,
and the second equation of (11.13) follows easily. O

Our first application of the Mayer—Vietoris theorem will be to compute
all of the de Rham cohomology groups of spheres. In the last section of
this chapter, we will use the theorem again as an essential ingredient in the
proof of the de Rham theorem.

Theorem 11.23. For n > 1, the de Rham cohomology groups of S™ are

T
0 f0<p<n.

Proof. We already know HY,(S™) and H/},(S™) from the preceding section.
For good measure, we give here another proof for H,(S™).

Let NV and S be the north and south poles in S™, respectively, and let
U =S"\{S}, V=S"~{N}. By stereographic projection, both U and V'
are diffeomorphic to R™, and thus U NV is diffeomorphic to R™ ~\ {0}.

Part of the Mayer—Vietoris sequence for {U, V'} reads

Hijp (U) ® Hip' (V) — Hijp (UNV) — Hjp(S") — Hip(U) & Hp(V).

Because U and V are diffeomorphic to R™, the groups on both ends are
trivial when p > 1, which implies that H?.(S") = HY."(UNV). Moreover,
U NV is diffeomorphic to R™ \ {0} and therefore homotopy equivalent to
S™~ 1! so in the end we conclude that

HEL(S™) = HE N (S™Y) for p> 1.

We will prove the theorem by induction on n. The case n = 1 is taken
care of by Corollary 11.16, so suppose n > 2 and assume the theorem is
true for S"~!. Clearly H},(S™) = R by Proposition 11.9, and H},(S") =0
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because S™ is simply connected. For p > 1, the inductive hypothesis then

gives
0 ifp<mn,
R ifp=n.

This completes the proof. O

Il

Hjp(S") = Hip' (8" )

Singular Homology and Cohomology

The topological invariance of the de Rham groups suggests that there
should be some purely topological way of computing them. There is in-
deed, and the connection between the de Rham groups and topology was
first proved by de Rham himself in the 1930s. The theorem that bears his
name is a major landmark in the development of smooth manifold theory.
We will give a proof in the next section.

In the category of topological spaces, there are a number of ways of defin-
ing cohomology groups that measure the existence of “holes” in different
dimensions, but that have nothing to do with differential forms or smooth
structures. In this section, we describe the most straightforward one, called
singular cohomology. Because a complete treatment of singular cohomol-
ogy would be far beyond the scope of this book, we can only summarize
the basic ideas here. For more details, you can consult a standard textbook
on algebraic topology, such as [Bre93, Mun84, Spa89]. (See also [Lee00,
Chapter 13] for a more concise treatment.)

Suppose vg,...,v, are any p + 1 points in some Euclidean space R".
They are said to be in general position if they are not contained in any
(p — 1)-dimensional affine subspace. A geometric p-simplez is a subset of
R"™ of the form

k
{Ztivi :0 Sti S 1 and Zti = 1},
=0 1=0

for some (p + 1)-tuple (vo,...,v,) in general position. The points v; are
called the vertices of the simplex, and the geometric simplex with vertices
0, - .., Up is denoted by (vo, ..., vp). It is a compact convex set, in fact the
smallest convex set containing {vo,...,v,}. The standard p-simplez is the
simplex A, = (eg, €1,...,¢ep) C RP, where eg = 0 and ¢, is the ith standard
basis vector. For example, Ag = {0}, A; = [0,1], and Az is the triangle
with vertices (0,0), (1,0), and (0,1).

Exercise 11.4. Show that a geometric p-simplex is a p-dimensional
smooth manifold with corners smoothly embedded in R™.
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Let M be a topological space. A continuous map o: A, — M is called
a singular p-simplex in M. The singular chain group of M in dimension
p, denoted by C, (M), is the free abelian group generated by all singular
p-simplices in M. An element of this group, called a singular p-chain, is
just a finite formal linear combination of singular p-simplices with integer
coefficients.

One special case that arises frequently is that in which the space M is a
convex subset of some Euclidean space R™. In that case, for any ordered
(p + 1)-tuple of points (wo,...,wp) in M (not necessarily in general po-
sition), there is a unique affine map from R? to R™ that takes e; to w;
for i = 0,...,p. The restriction of this affine map to A, is denoted by
a(wo, ..., wp), and is called an affine singular simplex in M.

For each ¢ = 0,...,p, we define the ith face map in A, to be the affine
singular (p — 1)-simplex F; ,: Ap_1 — A, defined by

F,p=aley,....€,...,ep).

(As usual, the hat indicates that e; is omitted.) It maps A,_; homeomor-
phically onto the (p — 1)-dimensional boundary face of A, opposite e;. The
boundary of a singular p-simplex o: A, — M is the singular (p — 1)-chain
0o defined by

p

do = Z(—l)io o F; p.

=0

This extends uniquely to a group homomorphism 9: C,(M) — Cp_1(M),
called the singular boundary operator. The basic fact about the boundary
operator is the following lemma.

Lemma 11.24. If ¢ is any singular chain, then 9(dc) = 0.
Proof. The starting point is the fact that
E,p [¢] Fj,pfl = Fj.,p [¢] Fi,11p71 (1114)

when ¢ > j, which can be verified by following what both compositions do
to each of the vertices of A,_5. Using this, the proof of the lemma is just
a straightforward computation. O

A singular p-chain c is called a cycle if dc = 0, and a boundary if ¢ = 0b
for some singular (p + 1)-chain b. Let Z,(M) denote the set of singular
p-cycles in M, and B, (M) the set of singular p-boundaries. Because 0 is a
homomorphism, Z,(M) and B,(M) are subgroups of Cp(M), and because
000 =0, B(M) C Z,(M). The pth singular homology group of M is the
quotient group
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To put it another way, the sequence of abelian groups and homomorphisms

c = Cppa (M) 2 Cy(M) 2 G (M) = -+

is a complex, called the singular chain complex, and H,(M) is the homology
of this complex.

Any continuous map F: M — N induces a homomorphism
Fyu: Cp(M) — Cp(N) on each singular chain group, defined by Fy(o) =
o o F for any singular simplex o and extended by linearity to chains.
An easy computation shows that FFod = 0o F, so F is a chain map,
and therefore induces a homomorphism on singular homology, denoted
by F.: H,(M) — Hp(N). It is immediate that (G o F), = G, o F, and
(Idar)« = Idg, (ary, so singular homology defines a covariant functor from
the category of topological spaces and continuous maps to the category of
abelian groups and homomorphisms. In particular, homeomorphic spaces
have isomorphic singular homology groups.

Proposition 11.25 (Properties of Singular Homology).

(a) For any one-point space {q}, Ho({q}) is the infinite cyclic group gen-
erated by the cohomology class of the unique singular 0-simplex map-

ping Ao to g, and Hy({q}) =0 for all p # 0.

(b) Let {M;} be any collection of topological spaces, and let M = [],; M;.
The inclusion maps v;: M; — M induce an isomorphism from

©;Hp(M;) to Hy(M).

(¢) Homotopy equivalent spaces have isomorphic singular homology
groups.

Sketch of Proof. In a one-point space {q}, there is exactly one singular p-
simplex for each p, namely the constant map. The result of part (a) follows
from an analysis of the boundary maps. Part (b) is immediate because the

~

maps ¢; already induce an isomorphism on the chain level: ®,C),(M;) =
Cp(M).

The main step in the proof of homotopy invariance is the construction
for any space M of a linear map h: Cp(M) — Cpi1(M x I) satistying

hod+0doh=/(i1)s— (io)# (11.15)

where ¢;: M — M x I is the injection ¢;(z) = (z,j). From this it follows
just as in the proof of Proposition 11.5 that homotopic maps induce the
same homology homomorphism, and then in turn that homotopy equivalent
spaces have isomorphic singular cohomology groups. O

In addition to the properties above, singular homology satisfies the fol-
lowing version of the Mayer—Vietoris theorem. Suppose M is a topological
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space and U,V C M are open subsets whose union is M. The usual diagram
(11.7) of inclusions induces homology homomorphisms:

H,(V) (11.16)

Theorem 11.26 (Mayer—Vietoris for Singular Homology). Let M
be a topological space and let U,V be open subsets of M whose union is M .
For each p there is a homomorphism 0, : Hp(M) — H,—1(UNV') such that
the following sequence is exact:

D H(UNV) S Hy(U) @ Hy(V) 2 Hy (M)
e H, A (UNV) S (11.17)
where

and O.[e] = [c] provided there exist d € Hy(U) and d' € H,(V') such that
k.d + l.d' is homologous to e and

(ixc, —jxc) = (0d,0d").

Sketch of Proof. The basic idea, of course, is to construct a short exact
sequence of complexes and use the zigzag lemma. The hardest part of the
proof is showing that any homology class [¢] € H, (M) can be represented in
the form [k.d—1.d’], where d and d’ are chains in U and V', respectively. O

Note that the maps a and [ in this Mayer—Vietoris sequence can be
replaced by

and the same proof goes through. We have chosen the definition given
in the statement of the theorem because it leads to a cohomology exact
sequence that is compatible with the Mayer—Vietoris sequence for de Rham
cohomology; see the proof of the de Rham theorem below.
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Singular Cohomology

In addition to the singular homology groups, for any abelian group G one
can define a closely related sequence of groups HP(M;G) called the sin-
gular cohomology groups with coefficients in G. The precise definition is
unimportant for our purposes; we will only be concerned with the spe-
cial case G = R, in which case it can be shown that H?(M;R) is a real
vector space that is isomorphic to the space Hom(H,(M),R) of group
homomorphisms from H,(M) into R. (If you like, you can take this as
a definition of H?(M,R).) Any continuous map F: M — N induces a
linear map F*: HP(N;R) — HP(M;R) by (F*v)[c] = v(Fi[c]) for any
v € HP(N;R) = Hom(H,(M),R) and any singular p-chain ¢. The functo-
rial properties of F, carry over to cohomology: (G o F)* = F* o G* and
(Idar)* = Id e (ariw)-

The following properties of the singular cohomology groups follow easily
from the definitions and Proposition 11.25.

Proposition 11.27 (Properties of Singular Cohomology).

(a) For any one-point space {q}, H?({q};R) is trivial except when p = 0,
in which case it is one-dimensional.

(b) If {M;} is any collection of topological spaces and M = []; M, then
HP(M;R) = T, H? (Mj;R).

(¢) Homotopy equivalent spaces have isomorphic singular homology
groups.

The key fact about the singular cohomology groups that we will need is
that they too satisfy a Mayer—Vietoris theorem.

Theorem 11.28 (Mayer—Vietoris for Singular Cohomology).
Suppose M, U, and V' satisfy the hypotheses of Theorem 11.26. For each
p there is a homomorphism 0*: HP(U N V;R) — HPYL(M;R) such that

the following sequence is exact:

S HPOMGR) 25 gr(UR) @ HP(V;R) —— HP(U NV R)

S et anR) 95 (11.18)
where the maps k*®1* and i*—j* are defined as in (11.9), and 0*y = 00,
with 0, as in Theorem 11.26.

Sketch of Proof. For any homomorphism F: A — B between abelian
groups, there is a dual homomorphism F*: Hom(B,R) — Hom(A4, R) given
by F*y =~ o F. Applying this to the Mayer—Vietoris sequence (11.17) for
singular homology, we obtain the cohomology sequence (11.18). The exact-
ness of the resulting sequence is a consequence of the fact that the functor
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A — Hom(A,R) is exact, meaning that it takes exact sequences to exact
sequences. This in turn follows from the fact that R is an injective group:
Whenever H is a subgroup of an abelian group G, every homomorphism
from H into R extends to all of G. O

Smooth Singular Homology

The connection between singular and de Rham cohomology will be estab-
lished by integrating differential forms over singular chains. More precisely,
given a singular p-simplex ¢ in a manifold M and a p-form on M, we would
like to pull w back by o and integrate the resulting form over A,. However,
there is an immediate problem with this approach, because forms can only
be pulled back by smooth maps, while singular simplices are in general only
continuous. (Actually, since only first derivatives of the map appear in the
formula for the pullback, it would be sufficient to consider C' maps, but
merely continuous ones definitely will not do.) In this section we overcome
this problem by showing that singular homology can be computed equally
well with smooth simplices.

If M is a smooth manifold, a smooth p-simplex in M is a smooth map
o: A, — M. The subgroup of Cp(M) generated by smooth simplices is
denoted by CEO(M ) and called the smooth chain group in dimension p; ele-
ments of this group, which are finite formal linear combinations of smooth
simplices, are called smooth chains. Because the boundary of a smooth
simplex is a smooth chain, we can define the pth smooth singular homology
group of M to be the quotient group

_ Ker[0: Cp°(M) — Cp24 (M)

T Im[d: O, (M) — CF(M)]

Ho (M)

The inclusion map ¢: C°(M) — C,(M) obviously commutes with the
boundary operator, and so induces a map on homology: t.: H*(M) —
H,(M).

Theorem 11.29. For any smooth manifold M, the map v.: H*(M) —
H,(M) induced by inclusion is an isomorphism.

Proof. [Author’s note: This proof still needs to be written. The basic idea
s to construct, with the help of the Whitney approximation theorem, a
smoothing operator s: Cp(M) — C5°(M) such that s00 = dos and so
is the identity on Cp° (M), and a homotopy operator that shows that ¢ o s
induces the identity map on Hp(M).] |
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The de Rham Theorem

In this section we will state and prove the de Rham theorem. Before getting
to the theorem itself, we need one more algebraic lemma. Its proof is another
diagram chase like the proof of the zigzag lemma.

Lemma 11.30 (The Five Lemma). Consider the following commuta-
tive diagram of modules and linear maps:

Ay — e fy — D2 py B g, Mg
l 1 l fa l I3 J Ja J I5
B, B1 B, B2 B B3 B, B4 B..

If the horizontal rows are exact and f1, f2, f4, and f5 are isomorphisms,
then f3 is also an isomorphism.

Exercise 11.5. Prove (or look up) this lemma.

Suppose M is a smooth manifold, w is a closed p-form on M, and o is a
smooth p-simplex in M. We define the integral of w over o to be

/w:/ oc*w.
o Ay

This makes sense because A, is a smooth p-submanifold with corners em-
bedded in R?, and inherits the orientation of R?. (Or we could just consider
A, as a domain of integration in RP.) (When p = 1, this is the same as
the line integral of w over the smooth curve segment o: [0,1] — M.) If

c= Ele c;0; is a smooth p-chain, the integral of w over c¢ is defined as

k
/w: E cz-/ w.
¢ i=1 Ti

Theorem 11.31 (Stokes’s Theorem for Chains). If ¢ is a smooth p-
chain in a smooth manifold M, and w is a (p — 1)-form on M, then

/w:/dw.
dc c

Proof. 1t suffices to prove the theorem when c is just a smooth simplex o.
Since A, is a manifold with corners, Stokes’s theorem says

/dw:/ a*dw:/ da*wz/ oc*w.
o A, A, A,

The maps {F;, :0=1,...,p} are parametrizations of the boundary faces
of A, satisfying the conditions of Proposition 10.30, except possibly that
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they might not be orientation preserving. To check the orientations, note
that Fj , is the restriction to A, NOHP of the affine diffeomorphism sending

(€0, ... €p) to (€0,...,Ei,...,ep,e;). This is easily seen to be orientation
preserving if and only if (eg,...,&,...,€ep,€;) is an even permutation of
(€o, - -, ep), which is the case if and only if p—1 is even. Since the standard

coordinates on JHP are positively oriented if and only if p is even, the
upshot is that F; , is orientation preserving for A, if and only if 4 is even.
Thus, by Proposition 10.30.

/ oc*w
oA,

I
'M“

(0 [ e
R

=0 p—1
p .

SN NNCER
i=0 Ap-1

|
.Mﬁ

-
Il
=]

(_1)i/z;oFi,p “

By definition of the singular boundary operator, this is equal to [, g w- U

Using this theorem, we can define a natural linear map J: HY (M) —
HP(M;R), called the de Rham homomorphism, as follows. For any [w] €
HY (M) and [c] € Hy(M) = Hp*(M), we define

Iwld = /~w, (11.19)

where ¢ is any smooth p-cycle representing the homology class [c]. This is
well-defined, because if ¢ is the boundary of a smooth (p — 1)-chain b, then

/w:/ wz/dwzo,
g ab b

while if w = dn is exact, then

/wz/dnz/ w=0.
c ¢ oc

(Note that 9¢ = 0 and dw = 0 because they represent a homology class
and a cohomology class, respectively.) Clearly Jw][c+¢'] = I[w][c]+I[w][c],
and the resulting homomorphism Jjw]: H,(M) — R depends linearly on w.
Thus J[w] is a well-defined element of Hom(H, (M), R), which we identify
with H?(M;R).
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Lemma 11.32. If F: M — N is a smooth map, then the following dia-
gram commutes:

F*
Hig(N) Hip(M)

)| E

H?(N:R) H?(M;R).

*

Proof. Directly from the definitions, if ¢ is a smooth p-simplex in M and
w is a p-form on N,

/F*wz/ U*F*w:/ (Foo)*wz/ w.
o A A Foo

P P

This is equivalent to J(F*[w])[o] = I[w](Fy[o]). O

Lemma 11.33. If M is a smooth manifold and U,V are open subsets of
M whose union is M, then the following diagram commutes:

HEZ U N V)~ HE, (M)

| :
HP" (U NViR) = HP(MR), (11.20)

where § and 0* are the connecting homomorphisms of the Mayer—Vietoris
sequences for de Rham and singular cohomology, respectively.

Proof. Identifying HP(M;R) with Hom(H,(M),R) as usual, commutativ-
ity of (11.20) reduces to the following equation for any [w] € Hggl(U nv)
and any [e] € Hy(M):

J0wh)el = (9"I[w])[e] = I[w](x[e])-

If o is a (p — 1)-form representing d[w] and [c] is a p-chain representing

0Ox[e], this is the same as
/ o= / w.

By the characterizations of § and J, given in Corollary 11.22 and Theorem
11.26, we can choose o = dn (extended by zero to all of M), where n €
AP(U) and ' € AP(U) are forms such that w = n|ynv —7'|unv; and ¢ = dd,
where d, d’ are smooth simplices in U and V, respectively, such that d + d’
represents the same homology class as e. Then, because dd + 9d’ = de = 0
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and dn|lyny — dn'|uny = dw = 0, we have

Jo= )

Thus the diagram commutes. O

Theorem 11.34 (de Rham). For any smooth manifold M and any
p > 0, the de Rham homomorphism J: HYp(M) — HP(M;R) is an iso-
morphism.

Proof. Let us say that a smooth manifold M is a de Rham manifold if the
de Rham homomorphism J: HY,(M) — H?(M;R) is an isomorphism for
each p. Since the de Rham homomorphism commutes with the cohomol-
ogy maps induced by smooth maps (Lemma 11.32), any manifold that is
diffeomorphic to a de Rham manifold is also de Rham. The theorem will
be proved once we show that every smooth manifold is de Rham.

If M is any smooth manifold, an open cover {U;} of M is called a de
Rham cover if each open set U; is a de Rham manifold, and every finite
intersection U;, N ---NU;, is de Rham. A de Rham cover that is also a
basis for the topology of M is called a de Rham basis for M.

STEP 1: If {M;} is any countable collection of de Rham manifolds, then
their disjoint union is de Rham. By Propositions 11.8 and 11.27(c), for
both de Rham and singular cohomology, the inclusions ¢;: M; — []; M;
induce isomorphisms between the cohomology groups of the disjoint union
and the direct product of the cohomology groups of the manifolds M;. By
Lemma 11.32, J respects these isomorphisms.

STEP 2: FEvery convex open subset of R™ is de Rham. Let U be such
a subset. By the Poincaré lemma, HY,(U) is trivial when p # 0. Since
U is homotopy equivalent to a one-point space, Proposition 11.27 implies
that the singular cohomology groups of U are also trivial for p # 0. In the
p = 0 case, H},(U) is the one-dimensional space consisting of the constant
functions, and H°(U;R) = Hom(Hy(U),R) is also one-dimensional because
Hy(U) is spanned by any singular O-simplex. If o: Ag — M is a 0-simplex
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(which is smooth because any map from a 0-manifold is smooth), and f is
the constant function equal to 1, then

I fllo] = /A o f = (foo)(0) = 1.

This shows that J: H(,(U) — H°(U;R) is not the zero map, so it is an
isomorphism.

STEP 3: If M has a finite de Rham cover, then M is de Rham. Suppose
M = Uy U---UUy, where the open sets U; and their finite intersections are
de Rham. We will prove the result by induction on k. Suppose first that M
has a de Rham cover consisting of two sets {U, V'}. Putting together the
Mayer—Vietoris sequences for de Rham and singular cohomology, we obtain
the following commutative diagram in which the horizontal rows are exact
and the vertical maps are all given by de Rham homomorphisms:

HY N U) @ HYSH (V) —— HE N (U N V) —— HE (M) —

| |

HP~YUR)® HP~Y(V;R) — HP~Y(U N V;R) — HP(M;R) —
HgR(U) © HgR(V) - HgR(U nv)

H?(U;R) & HP(V;R) -~ HP(U N V;R).

The commutativity of the diagram is an immediate consequence of Lemmas
11.32 and 11.33. By hypothesis the first, second, fourth, and fifth vertical
maps are all isomorphisms, so by the five lemma the middle map is an
isomorphism, which proves that M is de Rham.

Now assume the claim is true for smooth manifolds admitting a de Rham
cover with k > 2 sets, and suppose {Uy,...,Ugt1} is a de Rham cover of
M.PutU=U;U---UU, and V = Ugy1. The hypothesis implies that U
and V are de Rham, and so is U NV because it has a k-fold de Rham cover
given by {Uy NUg41,...,UxNUks1}. Thus M = U UV is also de Rham by
the argument above.

STEP 4: If M has a de Rham basis, then M is de Rham. Suppose {U,}
is a de Rham basis for M. Let f: M — R be a continuous proper function,
such as the one constructed in the proof of the Whitney embedding theorem
(Theorem 6.12). For each integer m, define subsets A, and A!, of M by

Ap={qge M :m < f(q) <m+1},
A ={qeM:m—-L1<flg)<m+1+3i}.

For each point g € A,,, there is a basis open set containing ¢ and contained
in A/,. The collection of all such basis sets is an open cover of A,,. Since
f is proper, A,, is compact, and therefore it is covered by finitely many of
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these basis sets. Let B, be the union of this finite collection of sets. This
is a finite de Rham cover of B,,, so by Step 3, B, is de Rham.
Observe that B, C Al , so By, intersects B nontrivially only when

m =m — 1, m, or m + 1. Therefore, if we define

U= U Bin,

m odd

then U is de Rham by Step 1, because it is the disjoint union of the de
Rham manifolds B,,. Similarly,

V:UBm

m even

is de Rham. Finally, M = U UV is de Rham by Step 3.

STEP 5: Any open subset of R™ is de Rham. If U C R™ is such a subset,
then U has a basis consisting of Euclidean balls. Because each ball is convex,
it is de Rham, and because any finite intersection of balls is again convex,
finite intersections are also de Rham. Thus U has a de Rham basis, so it is
de Rham by Step 4.

STEP 6: Every smooth manifold is de Rham. Any smooth manifold has a
basis of coordinate domains. Since every coordinate domain is diffeomorphic
to an open subset of R™, as are finite intersections of coordinate domains,
this is a de Rham basis. The claim therefore follows from Step 4. O

This result expresses a deep connection between the topological and ana-
lytic properties of a smooth manifold, and plays a central role in differential
geometry. If one has some information about the topology of a manifold
M, the de Rham theorem can be used to draw conclusions about solutions
to differential equations such as dn = w on M. Conversely, if one can prove
that such solutions do or do not exist, then one can draw conclusions about
the topology.
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Problems

11-1.

11-2.

11-3.

Let M be a smooth manifold, and w € AP(M), n € A9(M). Show
that the de Rham cohomology class of w A n depends only on the de
Rham cohomology classes of w and 7, and thus there is a well-defined
bilinear map U: Hp (M) x Hip(M) — HYEY(M) given by

WU n] = [wAn].
(This bilinear map is called the cup product.)

Let M be an orientable smooth manifold and suppose w is a closed
p-form on M.

(a) Show that w is exact if and only if the integral of w over every
smooth p-cycle is zero.

(b) Now suppose that H,(M) is generated by the homology classes
of finitely many smooth p-cycles {ci,...,¢n}. The numbers
Py (w),..., Pn(w) defined by

Pi:/w

7

are called the periods of w with respect to this set of generators.
Show that w is exact if and only if all of its periods are zero.

Let M be a smooth n-manifold and suppose S C M is an immersed,
compact, oriented, p-dimensional submanifold. A smooth triangula-
tion of S is a smooth p-cycle ¢ = . n;o; in M with the following
properties:

e Each o; is an orientation-preserving embedding of A, into S.

o If i # j, then oy (Int Ap) No;(Int A,) = @.

o 5S=U,;0i(4y)
(It can be shown that every smooth orientable submanifold admits
a smooth triangulation, but we will not use that fact.) Two p-
dimensional submanifolds S,S" C M are said to be homologous if

there exist smooth triangulations ¢ for S and ¢’ for S’ such that ¢— ¢’
is a boundary.

(a) If ¢ is a smooth triangulation of S and w is any p-form on M,
show that [ w = [qw.

(b) If wis closed and S, 5" are homologous, show that [qw = [, w.
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11-4.

11-5.

11-6.

11-7.

11-8.

11-9.

11. De Rham Cohomology

Suppose (M, g) is a Riemannian n-manifold. A p-form w on M is
called a calibration if w is closed and wq(X1,...,X,) < 1 whenever
(X1,...,Xp) are orthonormal vectors in some tangent space T,M.
A smooth submanifold S C M is said to be calibrated if there is a
calibration w such that w|g is the volume form for the induced Rie-
mannian metric on S. If S C M is a smoothly triangulated calibrated
submanifold, show that the volume of S (with respect to the induced
Riemannian metric) is less than or equal to that of any other subman-
ifold homologous to S. (Calibrations were invented in 1985 by Reese
Harvey and Blaine Lawson [HL82]; they have become increasingly
important in recent years because in many situations a calibration is
the only known way of proving that a given submanifold is volume
minimizing in its homology class.)

Let D C R? be the torus of revolution obtained by revolving the circle
(r —2)? + 2% = 1 around the z-axis, with the induced Riemannian
metric. Show that the inner circle {(z,y,2) : z = 0,2% + 3* = 1}
is calibrated, and therefore has the shortest length in its homology
class.

Let M be a compact, connected, orientable, smooth n-manifold, and
let p be any point of M. Let V be a neighborhood of p diffeomorphic
to R™ and let U = M ~ {p}.

(a) Show that the connecting homomorphism 6: H}z ' (UNV) —
H'»(M) is an isomorphism. [Hint: Consider the (n — 1)-form w
on UNV ~ R™~ {0} defined in coordinates by (10.18) (Problem
10-10).]

(b) Use the Mayer—Vietoris sequence of {U,V} to show that
Hin(M ~ A{p}) =0.

Let M be a compact, connected, smooth manifold of dimension
n > 3. For any p € M and 0 < k < n, show that the map
Hk (M) — H5p(M ~ {p}) induced by inclusion M \ {p} — M
is an isomorphism. [Hint: Use a Mayer—Vietoris sequence together
with the result of Problem 11-6. The cases k =1 and k =n — 1 will
require special handling.]

Let My, M5 be smooth, connected, orientable manifolds of dimension
n > 2, and let My#M> denote their smooth connected sum (see
Problem 5-20). Show that H%,(My#M>) = HYp (My) & Hbp(M>) for
0<k<n.

Suppose (M,w) is a 2n-dimensional symplectic manifold.

(a) Show that w™ =wA--- Aw (the n-fold wedge product of w with
itself) is not exact. [Hint: See Problem 10-21.]
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b) Show that H2%E (M) #0for k=1,...,n.
dR

c ow that the only sphere that admits a symplectic structure is
Show that th 1 here that admit lectic struct i
S2.
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Integral Curves and Flows

In this chapter, we begin to explore vector fields in more depth. The primary
objects associated with vector fields are “integral curves,” which are smooth
curves whose tangent vector at each point is equal to the value of the
vector field there. We will show in this chapter that a vector field on a
manifold determines a unique integral curve through each point; the proof
is an application of the existence and uniqueness theorem for solutions of
ordinary differential equations.

The collection of all integral curves of a given vector field on a manifold
determines a family of diffeomorphisms of (open subsets of) the manifold,
called a “flow.” Any smooth R-action is a flow, for example; but we will
see that there are flows that are not R-actions because the diffeomorphisms
may not be defined for all ¢ € R or all points in the manifold.

In subsequent chapters, we will begin to study some of the profound
applications of these ideas.

Integral Curves

A smooth curve v: J — M determines a tangent vector ¥'(t) € Ty M at
each point of the curve. In this section we describe a way to work backwards:
Given a tangent vector at each point, we seek a curve that has those tangent
vectors.

Let M be a smooth manifold and let V' be a smooth vector field on M.
An integral curve of V' is a smooth curve v: J — M defined on an open
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interval J C R such that
Y (t) =V foralltelJ.

In other words, the tangent vector to v at each point is equal to the value
of V at that point. If 0 € J, the point p = v(0) is called the starting point
of 7. (The reason for the term “integral curve” will be explained shortly.)

Example 12.1 (Integral Curves).

(a) Let V = 8/0x be the first coordinate vector field on R2. It is easy to
check that any curve of the form (¢) = (¢t + a, b) for constants a and
b is an integral curve of V| satisfying v(0) = (a,b). Thus there is an
integral curve passing through each point of the plane.

(b) Let W = 29/0x + y0/dy on R2. If v: R — R? is a smooth curve,
written in standard coordinates as y(t) = (z(t), y(t)), then the con-
dition 7/(t) = W,y for v to be an integral curve translates to

) )
' (t) 7 +y/(t) 90
Tl(a)y(t) Y1),y
) )
(x(t),y(t)) Y1),y

Comparing the components of these vectors, this is equivalent to the
pair of ordinary differential equations

2'(t) = z(t),
y'(t) =y(®).
These equations have the solutions z(t) = ae' and y(t) = bet

for arbitrary constants a and b, and thus each curve of the form
v(t) = (ae', be?) is an integral curve of W. Since v(0) = (a, b), we see
once again that there is an integral curve passing through each point
(a,b) € R?

As the second example above illustrates, finding integral curves boils
down to solving a system of ordinary differential equations in a coordinate
chart. More generally, let v: J — M be any smooth curve. Writing ~v in
local coordinates as y(t) = (y'(t),... ,7"(t)), the condition 7/(t) = V, )
that v be an integral curve of a smooth vector field V' can be written in
local coordinates on an open set U as

o
9" |, 1)

0

= Vi) |
()

() (t)
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which reduces to the system of ordinary differential equations (ODEs)

(V) =V @), " (1),

() () =V (1), (),

where the component functions V? are smooth on U. The fundamental
fact about such systems, which we will state precisely and prove later
in the chapter, is that there is a unique solution, at least for ¢ in a
small time interval (—¢,¢), satisfying any initial condition of the form
(v1(0),...,7™(0)) = (a',...,a") for (a',...,a™) € U. (This the reason
for the terminology “integral curves,” because solving a system of ODEs
is often referred to as “integrating” the system.) For now, we just note
that this implies there is a unique integral curve, at least for a short time,
starting at any point in the manifold. Moreover, we will see that up to
reparametrization, there is a unique integral curve passing through each
point.

The following simple lemma shows how an integral curve can be repara-
metrized to change its starting point.

Lemma 12.2 (Translation Lemma). LetV be a smooth vector field on
a smooth manifold M, let J CR be an open interval containing 0, and let
~v:J — M be an integral curve of V. For any a € J, let J = {t € R :
t+a € J}. Then the curve 5: J — M defined by 3(t) = ~(t + a) is an
integral curve of V' starting at v(a).

Proof. One way to see this is as a straightforward application of the chain
rule in local coordinates. Somewhat more invariantly, we can examine the
action of 7/(¢) on a smooth function f defined in a neighborhood of a point
J(to). By the chain rule and the fact that v is an integral curve,

~ d ~
Y (to)f = o (foy)®)
t=to
2 Genttta)
= — oy a
dt|,—y,
= (fo7)(to +a)
=9'(to +a)f = Vygota)f = V500
Thus 7 is an integral curve of V. O

Flows

There is another way to visualize the family of integral curves associated
with a vector field. Let V' be a vector field on a smooth manifold M, and
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suppose it has the property that for each point p € M there is a unique
integral curve #®): R — M starting at p. (It may not always be the case
that all of the integral curves are defined for all t € R, but for purposes of
illustration let us assume for the time being that they are.) For each t € R,
we can define a map 6; from M to itself by sending each point p € M to
the point obtained by following the curve starting at p for time ¢:

b:(p) = 6P (1).

This defines a family of maps 6;: M — M for t € R. If ¢ = 6)(s), the
translation lemma implies that the integral curve starting at ¢ satisfies
0@ (t) = 0P)(t + s). When we translate this into a statement about the
maps 6, it becomes

0y 00, (p) = 014 (p)

Together with the equation 8y (p) = %) (0) = p, which holds by definition,
this implies that the map 6: R x M — M is an action of the additive group
R on M.

Motivated by these considerations, we define a global flow on M (some-
times also called a one-parameter group action) to be a smooth left action
of R on M; that is, a smooth map 6: R x M — M satisfying the following
properties for all s,z € R and all p € M:

0(t,0(s,p)) = 0(t + 5,p),
H(O,p) =Dp.

Given a global flow 6 on M, we define two collections of maps as follows.

(12.1)

e For each t € R, define 6,: M — M by
0:(p) = 0(t, p).
The defining properties (12.1) are equivalent to the group laws:

0t O 95 = 9t+57

12.2
0o = Idyy . (12:2)

As is the case for any smooth group action, each map 6;: M — M is
a diffeomorphism.

e For each p € M, define a smooth curve () : R — M by
0% (t) = 0(t, p).

The image of this curve is just the orbit of p under the group action.
Because any group action on a set partitions the set into disjoint
orbits, it follows that M is the disjoint union of the images of these
curves.
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The next proposition shows that every global flow arises as the set of
integral curves of some vector field.

Proposition 12.3. Let 0: R x M — M be a global flow. For each p € M,
define a tangent vector V,, € T,M by

0

xg:o@%mzza

0(t,p).
t=0

The assignment p — V), is a smooth vector field on M, and each curve 6»)

is an integral curve of V.

The vector field V' defined in this proposition is called the infinitesimal
generator of 8, for reasons we will explain below.

Proof. To show that V is smooth, it suffices to show that V f is smooth
for any smooth function f defined on an open subset of M. For any such
function, just note that

Vi) =Vof =000)f = S j00 @)= 5| 56(p))

t=0 d t=0

Because 0(t, p) depends smoothly on (¢, p), so does f(6(¢,p)) by composi-
tion, and therefore so also does the derivative of f(0(t,p)) with respect to
t. (You can interpret this derivative as the action of the smooth vector field
0/0t on the smooth function fo6: R x M — R.) If follows that V f(p)
depends smoothly on p, so V' is smooth.

To show that 0®) is an integral curve of V', we need to show that

e(p)l(t) = %(p) (t)

for all p € M and all t € R. Let tg € R be arbitrary, and set ¢ = %) (tg) =
04, (p), so that what we have to show is §()(ty) = V,. By the group law,
for all ,

69 (t) = 6:(q)
= 0:(04,(p))
= O114,(p)
= 0P (t + ).
Therefore, for any smooth function f defined in a neighborhood of ¢,

Vof =090)f

d q
il 1090

a )
G 07 0)

= 9(p)’(t0)f,
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which was to be shown. O

Another important property of the infinitesimal generator is that it is
invariant under the flow, in the following sense. Let V' be a smooth vector
field on a smooth manifold M, and let F': M — M be a diffeomorphism.
We say that V' is invariant under F if F,V = V. Unwinding the definition
of the push-forward of a vector field, this means that for each p € M,
F.V, = VF(p)'

Proposition 12.4. Let 6 be a global flow on M and let V' be its infinites-
imal generator. Then V is invariant under 0; for each t € R.

Proof. Let p € M and ty € R be arbitrary, and set ¢ = 0y, (p). We need to
show that

(020)« Vi = Vo

Applying the left-hand side to a smooth function f defined in a neighbor-
hood of ¢ and using the definition of V', we obtain

(00, Vo) f = Vp(f 0 04,)

d

= = f © 9750 © 6.(1)) (t)
dt|—o
S TON TS

= — to (Ot
dt|,_,
2 FOun)

= = to+t
dt|—o

= 2| fEW o+ )
dt|,_o

= 0P (1) f.

Since #(P) is an integral curve of V, 8®)(ty) = V. |

We have seen that every global flow gives rise to a smooth vector field
whose integral curves are precisely the curves defined by the flow. Con-
versely, we would like to be able to say that every smooth vector field is
the infinitesimal generator of a global flow. However, it is easy to see that
this cannot be the case, because there are vector fields whose integral curves
are not defined for all ¢t € R, as the following examples show.

Example 12.5. Let M = {(z,y) € R? : 2 < 0}, and let V = 9/0x. Rea-
soning as in Example 12.1(a), we see that the integral curve of V starting
at (a,b) € M is v(t) = (¢t + a,b). However, in this case, v is defined only
for t < —a.
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Example 12.6. For a somewhat more subtle example, let M be all of R?
and let W = 220/0z. You can check easily that the unique integral curve

of W starting at (1,0) is
1
t)=——,0].
(6 = (125.0)

This curve is defined only for ¢ < 1.

For this reason, we make the following definitions. If M is a smooth
manifold, a flow domain for M is an open subset D C R x M with the
property that for each p € M, the set D, = {t € R: (¢,p) € D} is an open
interval containing 0. A flow on M is a smooth map 6: D — M, where
D C R x M is a flow domain, that satisfies

6(0,p) =pfor allp e M,
0(t,0(s,p)) = 0(t + s, p) whenever s € D, and t € Dy, ).

We sometimes call 8 a local flow to distinguish it from a global flow as
defined earlier. The unwieldy term local one-parameter group action is also
commonly used.

If 0 is a flow, we define 6;(p) = 0P)(t) = 6(t, p) whenever (t,p) € D, just
as for a local flow. Similarly, the infinitesimal generator of 6 is defined by
v, = 00(0).

Lemma 12.7 (Properties of Flows). Let D be a flow domain for M,
and let 0: D — M be a flow.

(a) For eacht € R, the set My ={p € M : (t,p) € D} is open in M, and
0:: My — M is a diffeomorphism onto an open subset of M.

(b) The following relation holds whenever the left-hand side is defined:

9t o 95 = 9t+5.

(¢) The infinitesimal generator V' of 6 is a smooth vector field.

(d) For eachp € M, §®): D, — M is an integral curve of V' starting at
.

(e) For eacht € R, 0;,V =V on the open set 0;(M;).

Exercise 12.1. Prove Lemma 12.7.

Another important property of flows is the following.

Lemma 12.8. Suppose 0 is a flow on M with infinitesimal generator V,
andp e M. IfV, =0, then 6(?) is the constant curve 8% (t) = p. IfV, # 0,
then 0P ; Dy, — M is an immersion.
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Proof. For simplicity, write v = #®). Let t € D, be arbitrary, and put
g = 7(t). Note that the push-forward v,: ;R — T,M is zero if and only
if 4/(t) = 0. Part (e) of Lemma 12.7 shows that V, = 6..V,. Therefore
' (t) = Vz = 0 if and only if 4/(0) = V, = 0; in other words, if +/(¢)
vanishes for some ¢ € D,, it vanishes for all such ¢. Thus if V,, = 0, then
is a smooth map whose push-forward at each point is zero, which implies
that it is a constant map (because its domain is connected). On the other
hand, if V}, # 0, then . is nonzero, hence injective, at each point, so v is
an immersion. (]

The Fundamental Theorem on Flows

In this section we will see that every smooth vector field gives rise to a
flow, which is unique if we require it to be mazimal, which means that it
cannot be extended to any larger flow domain.

Theorem 12.9 (Fundamental Theorem on Flows). Let V be a
smooth vector field on a smooth manifold M. There is a unique maximal
flow whose infinitesimal generator is V.

The flow whose existence is asserted in this theorem is called the flow
generated by V.

The term “infinitesimal generator” comes from the following picture. In
a local coordinate chart, a reasonably good approximation to the flow can
be obtained by composing very many small affine translations, with the
direction and length of each successive motion determined by the value
of the vector field at the point arrived at in the previous step. Long ago,
mathematicians thought of a flow as being composed of infinitely many
infinitesimally small linear steps.

As we saw earlier in this chapter, finding integral curves of V' (and there-
fore finding the flow generated by V') boils down to solving a system of
ordinary differential equations, at least locally. Thus before beginning the
proof, let us state a basic theorem about solutions of ordinary differential
equations. We will give the proof of this theorem in the last section of the
chapter.

Theorem 12.10 (ODE Existence, Uniqueness, and Smoothness).
Let U C R"™ be open, and let V: U — R™ be a smooth map. For any
(to,x0) € R x U and any sufficiently small € > 0, there exist an open set
Uos C U containing xo and a smooth map 6: (tog —e,tg+¢€) x Uy — U such
that for each x € Uy, the curve v(t) = 0(t,x) is the unique solution on
(to — e, tp + €) to the initial-value problem

7(t) = V_i(v(t)),

7' (to) = x".
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Using this result, we now prove the fundamental theorem on flows.

Proof of Theorem 12.9. We begin by noting that the existence assertion
of the ODE theorem implies that there exists an integral curve starting at
each point p € M, because the equation for an integral curve is a system
of ODEs in any local coordinates around p.

Now suppose 7v,7: J — M are two integral curves defined on the same
open interval J such that y(to) = F(to) for some ¢ty € J. Let 8 be the set
of t € J such that v(t) = (t). Clearly § is nonempty because t; € 8 by
hypothesis, and it is closed in J by continuity. On the other hand, suppose
t1 € 8. Then in a coordinate neighborhood around the point p = ~(t1),
~v and 7 are both solutions to same ODE with the same initial condition
~v(t1) = F(t1) = p. By the ODE theorem, there is a neighborhood (t; —
g,t1 + €) of t; on which there is a unique solution to this initial-value
problem. Thus v =7 on (t; — ¢,t; + ¢), which implies that § is open in J.
Since J is connected, § = J, which implies that v = 7 on all of J. Thus any
two integral curves that agree at one point agree on their common domain.

For each p € M, let D, be the union of all intervals J C R containing 0
on which an integral curve starting at p is defined. Define 8(®): D, = M
by letting §()(t) = ~(t), where v is any integral curve starting at p and
defined on an open interval containing 0 and ¢. Since all such integral curves
agree at ¢t by the argument above, () is well defined, and is obviously the
unique maximal integral curve starting at p.

Now, let D(V) = {(t,p) e Rx M : ¢t € D,}, and define §: D(V) — M by
O(t,p) = 0P (t). As usual, we also write 0;(p) = 0(t,p). Clearly 6y = Idy,
by definition. We will verify that 6 satisfies the group law

010 0s(p) = Orys(p) (12.3)

whenever the left-hand side is defined. Fix any s € D), and write ¢ =
0.(p) = 0P (s). Define y(t) = ;1 5(p) = 0P (t + s) wherever the latter
is defined. Then «(0) = ¢, and the translation lemma shows that v is
an integral curve of V. Thus by the uniqueness assertion above v must be
equal to 09 wherever both are defined, which shows that (12.3) holds when
both sides are defined. Since both 8(”) and #(9 are maximal, it follows that
t € Dy if and only if t+ s € D,; in particular, if the left-hand side of (12.3)
is defined, then so is the right-hand side.

Next we will show that D(V) is open in R x M and that : D(V) — M is
smooth. This implies D(V) is a flow domain; since it is obviously maximal
by definition, this will complete the proof.

Define a subset W C D(V) as the set of all (¢,p) € D(V) such that 0
is defined and smooth on a product open set J x U C R x M, where J
is an open interval containing 0 and ¢. Clearly W is open in R x M and
the restriction of 6 to W is smooth, so it suffices to show that W = D(V).
Suppose this is not the case. Then there exists some point (¢g,po) € D(V)\
W. For simplicity, let us assume tg > 0; the argument for ¢y < 0 is similar.
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Let 7 = sup{t € R : (t,po) € W}. By the ODE theorem (applied in
coordinates around py), 0 is defined and smooth in some neighborhood of
(0,p0), so T > 0. Let gy = 0°)(7). By the ODE theorem again, there is
some £ > 0 and a neighborhood Up of gg such that 0: (—e,e) x Uy - M
is defined and smooth. We will use the group law to show that 6 extends
smoothly to a neighborhood of (7, pg), which contradicts our choice of 7.

Choose some t1 < 7 such that t; +¢ > 7 and 9(1’0)(151) € Up. Since t1 < T,
(t1,p0) € W, and so there is a product neighborhood (—4,t1 + ¢) x Uy of
(t1,po) on which 6 is defined and smooth. Because 0(t1,pg) € Uy, we can
choose Uy small enough that § maps {¢1} x Uy into Uy. Because 6 satisfies
the group law, we have

0:(p) = 011, 0 04, (p)

whenever the right-hand side is defined. By our choice of ¢, 8y, (p) is defined
for p € Uy, and depends smoothly on p. Moreover, since 6;, (p) € Uy for
all such p, it follows that 6;_;, o 0y, (p) is defined whenever p € U; and
[t —t1] < e, and depends smoothly on (¢,p). This gives a smooth extension
of 0 to the product set (—d,t; +¢) x Uy, which contradicts our choice of 7.
This completes the proof that W = D(V). O

Complete Vector Fields

As we noted above, not every vector field generates a global flow. The ones
that do are important enough to deserve a name. We say a vector field is
complete if it generates a global flow, or equivalently if each of its integral
curves is defined for all £ € R.

It is not always easy to determine by looking at a vector field whether
it is complete or not. If you can solve the ODE explicitly to find all of
the integral curves, and they all exist for all time, then the vector field is
complete. On the other hand, if you can find a single integral curve that
cannot be extended to all of R, as we did for the vector field of Example
12.6, then it is not complete. However, it is often impossible to solve the
ODE explicitly, so it is useful to have some general criteria for determining
when a vector field is complete.

In this section we will show that all vector fields on a compact manifold
are complete. (Problem 12-1 gives a more general sufficient condition.) The
proof will be based on the following lemma.

Lemma 12.11 (Escape Lemma). Let M be a smooth manifold and let
V' be a vector field on M. If v is an integral curve of V. whose mazimal
domain is not all of R, then the image of v cannot lie in any compact subset
of M.

Proof. Suppose v is defined on a maximal domain of the form (a,b), and
assume that b < oo. (The argument for the case a > —oo is similar.) We
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will show that if 4[0,d) lies in a compact set, then v can be extended past
b, which is a contradiction.

Let p = v(0) and let @ denote the flow of V, so v = #() by the uniqueness
of integral curves. If {¢,} is any sequence of times approaching b from below,
then the sequence {7(t;)} lies in a compact subset of M, and therefore has
a subsequence converging to a point ¢ € M. Choose a neighborhood U of
¢ and a positive number ¢ such that 6 is defined on (—¢, ) x U. Pick some
i large enough that y(¢;) € U and t; > b — ¢, and define o: [0,¢; +¢) = M
by

o(t) = {"y(t), 0<t<b,
9t_ti06‘ti(p), ti—e<t<t;+e.
These two definitions agree where they overlap, because 0y, o 0, (p) =
0:(p) = ~(t) by the group law for . Thus o is an integral curve extending
~, which contradicts the maximality of v. Therefore, v[0,b) cannot lie in
any compact set. O

Theorem 12.12. Suppose M is a compact manifold. Then every vector
field on M is complete.

Proof. If M is compact, the escape lemma implies that no integral curve
can have a maximal domain that is not all of R, because the image of any
integral curve is contained in the compact set M. O

Proof of the ODE Theorem

In this section we prove the ODE existence, uniqueness, and smoothness
theorem (Theorem 12.10). Actually, it will be useful to prove the existence
theorem under the somewhat weaker hypothesis that the vector field is only
Lipschitz continuous (see the Appendix).

We will prove Theorem 12.10 in several parts: The uniqueness assertion
follows from the next theorem, existence from Theorem 12.13, and smooth-
ness from Theorem 12.16. Throughout this section, U C R™ will be an open
set, and V: U — R™ will be a Lipschitz continuous map. For any t; € R
and any z € U we will study the initial-value problem

) = Vi),

) 12.4
7' (to) = . (24

Theorem 12.13 (Uniqueness of ODE Solutions). Any two solutions
to (12.4) are equal on their common domain.
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Proof. Suppose 7,7: J — U are two solutions to the ODE on the same
open interval J, not necessarily with the same initial conditions. The
Schwartz inequality and the Lipschitz estimate for V' imply

DRt~ A0 = 263() ~ (1) - (VED) = V)
< 2(1) v V(D) ~ V(+(1)
< 20P(1) (D)

It follows easily that

d

(€A -0 <0,

and so
e 2 () — v (1))? < e P RF(te) —(to)?, = to.

Similarly, using the estimate

d . ~

Z (1) =70 = —2C[H(E) — (@),
we conclude that

() — ()P < U (to) — (o)t <to.

Putting these two estimates together, we obtain the following for all ¢ € J:

7 (t) = v(B)] < 7o) = (to)]- (12.5)
Thus v(tp) = Y(to) implies v =7 on all of J. |
Theorem 12.14 (Existence of ODE Solutions). For eachty € R and
xo € U, there exist an open interval Jy containing ty, an open set Uy C

U containing xo, and for each x € Uy a differentiable curve v: Jg — U
satisfying the initial-value problem (12.4).

Proof. If 7 is any continuous curve in U, the fundamental theorem of cal-
culus implies that v is a solution to the initial-value problem (12.4) if and
only if it satisfies the integral equation

yt) == +/t V(v(s)) ds, (12.6)

where the integral of the vector-valued function V' (v(s)) is obtained by
integrating each component separately. For any such v we define a new
curve Ay by

Ay(t) == —l—/ V(y(s)) ds. (12.7)

to
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Then we are led to seek a fixed point for A in a suitable metric space of
curves.

Let C be a Lipschitz constant for V. Given tg € R and z¢ € U, choose
r > 0 such that B,(z¢) C U, and let M be the supremum of |V (z)| on
B, (z0). Set Jo = (to —¢,to+¢) and Uy = Bs(g), where € and § are chosen
small enough that

0 < € < min Ll
_— 9 2M7O .

For any z € Uy, let M, denote the set of all continuous maps ~: Jo —
B, (xo) satisfying v(0) = x. We define a metric on M, by

N =3

d(7,7) = sup |y(t) = 7(1)[-
teJo

Any sequence of maps in M, that is Cauchy in this metric is uniformly
convergent, and therefore has a continuous limit «. Clearly, the conditions
that v take its values in B, (zo) and v(0) = z are preserved in the limit.
Therefore, M, is a complete metric space.

We wish to define a map A: M, — M, by formula (12.7). The first
thing we need to verify is that A really does map M, into itself. It is clear
from the definition that Ay(0) = 2 and A~ is continuous (in fact, it is
differentiable by the fundamental theorem of calculus). Thus we need only
check that Ay takes its values in B, (o). If ¥ € M, then for any ¢ € Jo,

A (t) — o] = |z + / V(y(s)) ds — o]

<lz—aol+ [ V(y(s)]ds

to
<d+Me<r

by our choice of § and e.
Next we check that A is a contraction. If 7,5 € M,, then using the
Lipschitz condition on V', we obtain
d(Avy, Ay) = sup

r€7o / vy )ds—/t:Vﬁ(s))ds

< sup |V( (8)) =V (3(s))l ds

teJo Jto

< sup / Cly(s) — 7(s)] ds

teJo Jto

< Ced(v,7).
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Because we have chosen ¢ so that Ce < 1, this shows that A is a contraction.

By the contraction lemma, A has a fixed point v € M,,, which is a solution
to (12.4). |

As a preliminary step in proving smoothness of the solution, we need the
following continuity result.

Lemma 12.15 (Continuity of ODE Solutions). Suppose Jy is an
open interval containing to, Uy C U is an open set, and 0: Jy x Uy — U is
any map such that for each x € Uy, v(t) = 0(t, ) solves (12.4). Then 0 is
continuous.

Proof. Tt suffices to show that 6 is continuous in a neighborhood of each
point, so by shrinking Jy and Uy slightly we might as well assume that Jy
is precompact in R and Uy is precompact in U.

First we note that 8 is Lipschitz continuous in x, with a constant that is
independent of ¢, because (12.5) implies

10(t,7) — 0(t,x)| < eT|F —z| forall 2,7 € Uy, (12.8)

where T' = supy [t — to|.

Now let (¢, ), (t,Z) € Jo x Uy be arbitrary. Using the fact that every
solution to the initial-value problem satisfies the integral equation (12.6),
we find

00,7 — 0(t,2)| < |7 — x| +

/?V(ﬁ(s, 7)) ds — /t V(0(s,x)) ds

to to

t
<lg—al+ [ [VO(s.) - V(6(s,0) ds
to
7
+/ [V(0(s,T))| ds
t
t t
<|z—z|+C |9(S,E)—9(s,x)|d8+/ Mds
to t
<|& — x| + CTeCT |7 — x| + M|t — 1],

where M is the supremum of |[V'| on Uy. It follows that € is continuous. [J

Theorem 12.16 (Smoothness of ODE Solutions). Let 0 be as in the
preceding theorem. If V is smooth, then so is 6.

Proof. We will prove the following claim by induction on k:

If V is of class C**L, then 6 is of class C*. (12.9)
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From this it follows that if V is smooth, then  is of class C* for every k,
and thus is smooth.

The hardest part of the proof is the k£ = 1 step. Expressed in terms of 6,
the initial-value problem (12.4) reads

9 % _ Y/t
50 (t.2) = V'(0(t,2)),

0" (tg, z) = '

(12.10)

Let us pretend for a moment that everything in sight is smooth, and dif-
ferentiate both of these equations with respect to z7. Since mixed partial
derivatives of smooth functions commute, we obtain

o 06 oV o6k
5@@,%) = W@(ﬁ@)@(

a0 i 1 ifi=j,
g7 (10, %) = 0; = {

t,l’),

0 ifi#j.

The idea of the proof for £ = 1 is to show that the partial derivatives
00" /027 exist and solve this system of equations, and then to use the con-
tinuity lemma to conclude that these partial derivatives are continuous.

To that end, we let G: U — M(n,R) denote the matrix-valued function
G(z) = DV(x). The assumption that V is C? implies that G is C*, so
(shrinking Uy if necessary) the map Uy x M(n,R) — M(n,R) given by
(x,y) — G(x)y is Lipschitz.

Consider the following initial-value problem for the n + n? unknown
functions (67, ¢%):

0

50t 2) = V(0(t, ),

%W,I) = G(O(t, 2))b(t, 2); (12.11)
9(150, I) =,
Y(to, ) = In.

This system is called the wariational equation for the system (12.4). By
the existence and continuity theorems, for any zg € Uy there exist an
interval J; C Jy containing tg, a neighborhood of (zo, I,) in Uy x M(n,R)
(which we may assume to be a product set U; x Wi), and a continuous
map (0,¢): Jy x Uy x Wy — Uy x M(n,R) satisfying (12.11). If we can
show that 90°/0z7 exists for each i and j and equals @[J; on J; x Uy, then
90° /027 is continuous there. Moreover, (12.4) implies 96%/0t is continuous,
so it follows that @ is C', at least on the set J; x Uj.

We will show that 90%/0x7 exists by working directly with the definition
of the derivative. For any sufficiently small h € R~ {0}, let Ap: Jy xU; —
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M(n,R) be the difference quotient

0i(t,z + hej) — 0'(t, x)
Y .

(An)j(t,x) =

Then 99° /07 (t, x) = limy,_o(An)’(t, ) if the limit exists.
Because a C? map is differentiable, for sufficiently small § > 0 there is a
map R: Bs(0) — R™ such that

V(@)—-V(z) =DV (z)(Z —x)+ R(T —x) (12.12)
and
_ R(v)
lim o = (12.13)

Let us compute the t-derivative of Ay using (12.12):

%(Ah)j—(t,x) = % (%Hi(t,w + he;) — %9%,;@)
= % (VHO(t,z + hejy)) — Vi(O(t, x)))
_ % <ng (Ot 2)) (6% (1, 2 + hey) — 0 (t, 2))

+ R'(0(t,z + hej) — 0(t, 55)))

RY(O(t,z + he;) — 0(t, )
; .

= Gi((t, x))(Ah)?(ta z)) +

By 12.13, given any ¢ > 0 there exists § > 0 such that |v| < J implies
|R(v)|/|v| < €. The Lipschitz estimate (12.8) for 6 says that

0(t, z + he;) — 0(t,z))| < K|hej| = K|h|
for some constant K, and therefore |h| < §/K implies that

R(O(t,z + hej) — 0(t, x))
h

Summarizing, we have shown that for i sufficiently small, A is an “e-
approximate solution” to the second equation of (12.11), in the sense that

%Ah(t, ) = G(O(t, 2))An(t, z) + E(t,z),

where |E(t, z)| < e. It also satisfies the initial condition Ay (tg,z) = I,, for
each x.
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Let (0,) be the exact solution to (12.11). We will show that Aj con-
verges to ¥ as h — 0. To do so, we note that

2 ot a) — Ant )
= 206(t,) ~ An(t,2)) -
(G(O(t, 2)¥(t,z) — G(O(t,2)) Ay (t, ) — E(t,z))
< 20(t,2) — Al )] (IGO0 [o(t,) — An(t,2)] +<)

< 2B|¢(t, LC) - Ah(tv ‘T)|2 + 25|¢(t= ,T) - Ah(tv ‘T)l

A

(2B + 1)|1/’(t750) - Ah(ta I)|2 =+ 527

where B = sup |G|, and the last line follows from the inequality 2ab <
a?+b?, which is proved just by expanding (a—b)? > 0. Thus if J; C [T, T,

0

g7 (T CI(t 1) — At 2)[?) < e G < c2BEEUT,

Since ¥(to, x) = Ap(to, ), it follows by elementary calculus that
e” GBIV (t,2) — Ap(t,)* < 2eBPIIT|E — 1],

In particular, since € can be made as small as desired by choosing h suffi-
ciently small, this shows that limj, .o Ay (¢, ) = (¢, x). Therefore, 6 is C*
on the set J; x Uj.

To show that 6 is actually C' on its entire domain Jy x Uy, we proceed
just as in the proof of Theorem 12.9. For each zy € Uy, the argument
above shows that # is C* in some neighborhood J; x U; of (tg, ). Let
7 be the supremum of the set of ¢ > tq such that # is C' on a product
neighborhood of [to, ] X {zo}. If (1,2¢) € Up, we will show that 6 is C* on
a product neighborhood of [tg, 7] x {xo}, which contradicts our choice of 7.
(The argument for ¢ < to is similar.)

By the argument above, there exist € > 0, a neighborhood Uz of (7, x¢),
and a C! map B: (—¢,+¢) x Uy — Up such that

0 7 _ /¢
&6 (t,ZE) =V (ﬂ(t,:l?)),
B0, z) = 2.

Choose t1 € (7 — &,7) such that 6(¢t1,29) € Usz. Then 0(t,z) = B(t —
t1,0(t1,x)) where both are defined, because they both solve the same ODE
and are equal to 0(t1,z) when ¢t = t;. Since the right-hand side is smooth
for x € Uy and t; — e < t < t; + ¢, this shows that 6 is C! on [to,t; +¢) X
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(UaNUy), which contradicts our choice of 7. Therefore, 8 is C! on its whole
domain, thus proving (12.9) for k = 1. Moreover, we have also shown that
(6,00° /027 solves the variational equation (12.11).

Now assume by induction that (12.9) is true for 1 < k < ko, and suppose
V is of class C**1. By the argument above, (6%, 96" /0z7) solves the varia-
tional equation. Since the first partial derivatives of V' are of class C*0, the
inductive hypothesis applied to (12.11) shows that (6, 96°/927) is of class
C*o—1, Since 6 is of class C*~! by the inductive hypothesis and therefore
007/t is C*o~1 by (12.10), it follows that all of the partial derivatives of
0 are C*0—1, so0 6 itself is C*0, thus completing the induction. O
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Problems

12-1.

12-2.

12-3.

12-4.

Show that every smooth vector field with compact support is com-
plete.

Let M be a compact Riemannian n-manifold, and f € C*°(M). Sup-
pose f has only finitely many critical points {p1,...,pr} with cor-
responding critical values {ci,...,ci}. (Assume without loss of gen-
erality that ¢; < --- < ¢.) For any a,b € R, define M, = f~!(a)
and M, = f~([a,b]). If a is a regular value, note that M, is an
embedded hypersurface in M.

(a) Let X be the vector field X = grad f/|grad f|? on M ~
{p1,.-.,pk}, and let 6 denote the flow of X. Show that
f(0:(p)) = f(p) + t whenever 0;(p) is defined.

(b) Let [a,b] C R be an interval containing no critical values of f.
Show that
0 : [O,b — a] X M, — M[a,b]

is a diffeomorphism, whose inverse is p — (f(p) — a,0(a —

f(p),p))-

[Remark: This result shows that M can be decomposed as a union
of simpler “building blocks”—the product manifolds M., ¢ ¢, ,—<] &
I x M., ., and the neighborhoods f~1((c; — €, ¢; + €)) of the critical
points. This is the starting point of Morse theory, which is one of
the deepest applications of differential geometry to topology. It is
enlightening to think about what this means when M is a torus of
revolution in R? obtained by revolving a circle around the z-axis, and

[y, 2) = 2]

Let M be a connected smooth manifold. Show that the group of
diffeomorphisms of M acts transitively on M. More precisely, for any
two points p, g € M, show that there is a diffeomorphism F: M — M
such that F(p) = ¢. [Hint: First prove the following lemma: If p, q €
B" (the open unit ball in R™), there is a compactly supported vector
field on B™ whose flow 0 satisfies 01 (p) = ¢.]

Let M be a smooth manifold. A smooth curve v: R — M is said to
be periodic if there exists T' > 0 such that v(¢) = v(¢') if and only if
t —t' = kT for some k € Z. Suppose X € T(M) and v is a maximal
integral curve of X.

(a) Show that exactly one of the following holds:

e 7 is constant.
e 7 is injective.
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12-5.

12-6.

12-7.

12. Integral Curves and Flows

e ~ is periodic.

(b) Show that the image of 7 is an immersed submanifold of M.

Show that there is only one smooth structure on R up to diffeomor-
phism. More precisely, if M is any smooth manifold that is home-
omorphic to R, show that M is diffeomorphic to R (with its stan-
dard smooth structure). [Hint: First show that M admits a nowhere-
vanishing smooth vector field. See Problem 10-1.]

Let 6 be a flow on an oriented manifold. Show that for each ¢t € R, 6;
is orientation-preserving wherever it is defined.

All of the systems of differential equations considered in this chapter
have been of the form

V() =V (y(t),

in which the functions V? do not depend explicitly on the independent
variable t. (Such a system is said to be autonomous.) If instead V is
a function of (¢, ) in some subset of R x R™, the resulting system is
called nonautonomous; it can be thought of as a “time-dependent vec-
tor field” on a subset of R™. This problem shows that local existence,
uniqueness, and smoothness for a nonautonomous system follow from
the corresponding results for autonomous ones. Suppose U C R" is an
open set, J C R is an open interval, and V: J x U — R" is a smooth
map. For any (tg,z¢) € J x U and any sufficiently small € > 0, show
that there exists a neighborhood Uy of zg in U and a unique smooth
map o (to — e,tp + €) x Ug — U such that for each x € Uy, the
curve ¥(t) = ¥ (¢, x) is the unique solution on (tg — &, + €) to the
nonautonomous initial-value problem

F(t) = V(t,~(1)),

vi(to) = 2.

[Hint: Replace this system of ODEs by an autonomous system in
Rn-{-l']
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Lie Derivatives

This chapter is devoted primarily to the study of a particularly important
construction involving vector fields, the Lie derivative. This is a method
of computing the “directional derivative” of one vector field with respect
to another. We will see in this and later chapters that this construction
has applications to flows, symplectic manifolds, Lie groups, and partial
differential equations, among other subjects.

The Lie Derivative

We already know how to compute “directional derivatives” of functions on
a manifold: Indeed, a tangent vector V}, is by definition an operator that
acts on a smooth function f to give a number V, f, which we interpret as
the directional derivative of f in the direction V.

What about the directional derivative of a wvector field? In Euclidean
space, we have a perfectly good way of making sense of this: If V is a
tangent vector at p € R™, and W is a smooth vector field on R"™, we can
define the “directional derivative” of W in the direction of V' as the vector

Wotiv =Wy

g (13.1)

d .
DvW=g| _ Worv = 1
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A standard calculation using the chain rule shows that Dy W can be cal-
culated by applying V' to each component of W separately:

0

A
317p

Dy W (p) = VW' (p)

Unfortunately, as we will see, this does not define a coordinate-
independent operation. If we search for a way to make invariant sense of
(13.1) on a manifold, we will see very quickly what the problem is. To begin
with, we can replace p + tV by any curve «(t) that starts at p and whose
initial tangent vector is V. But even with this substitution, the difference
quotient still makes no sense because W, ;) and W, ¢ are elements of differ-
ent vector spaces (T, M and Ty M). We got away with it in Euclidean
space because there is a canonical identification of each tangent space with
R"™ itself; but on a manifold there is no such identification. Thus there is
no coordinate-invariant way to make sense of the directional derivative of
W in the direction of the vector V.

Now suppose that V itself is a vector field instead of a single vector. In
this case, we can use the flow of V' to push values of W back to p and then
differentiate. Thus, for any smooth vector fields V' and W on a manifold
M, let 0 be the flow of V, and define a vector (Ly W), at each p € M,
called the Lie derivative of W with respect to V', by

d C(0_) W, — W,
W)y = (0. W, = Jim G2 =T

dt =0 t—0 t

(13.2)

provided the derivative exists. For small ¢ # 0, the difference quotient
makes sense at least, because 0; is defined in a neighborhood of p and both
(0—¢)«Wp,(py and W), are elements of T), M.

Exercise 13.1. If V € R" and W is a smooth vector field on an open
subset of R™, show that the directional derivative Dy W (p) defined by (13.1)
is equal to (L W)p, where V is the vector field V = V?0/0z' with constant
coefficients in standard coordinates.

This definition raises a number of questions: Does (6_¢).Wjy,,y always
depend differentiably on ¢, so that the derivative in (13.2) always exists?
If so, does the assignment p — (Ly W), define a smooth vector field on
M? And most importantly, is there a reasonable way to compute (Ly W),
given that the only way to find the integral curves of V is to solve a system
of ODEs, and most such systems cannot be solved explicitly? Fortunately,
there are good answers to all these questions, but we will need to develop
a few more tools in order to describe them.



Lie Brackets 329
Lie Brackets

We begin by defining another way to combine two vector fields to obtain a
new vector field, seemingly unrelated to the Lie derivative.

Let V and W be smooth vector fields on a smooth manifold M. Given
a smooth function f: M — R, we can apply V to f and obtain another
smooth function V f, to which we can then apply the vector W), to obtain
a real number W, (V f); of course we can also do the same thing the other
way around. Applying both of these operators to f and subtracting, we
obtain an operator [V, W],: C>°(M) — R, called the Lie bracket of V and
W, defined by

[‘/7 W]pf = Vp(Wf) - Wp(vf)-

Lemma 13.1. For any two vector fields V,W € T(M), the Lie bracket
[V, W], satisfies the following properties.

(a) [V,W], € T,M.

(b) The assignment p — [V, W], defines a smooth vector field [V, W] on
M, which satisfies

V,W)f =VWf—-WVF. (13.3)

(c) If (x%) are any local coordinates on M, then [V, W] has the coordinate

eTpression
;oW ,0VIN 0
[V, W] = <V i w Bpi > ek (13.4)
or more concisely,
. 0
— J_ J
V,W]= (VW -WV )(%cj'

Proof. First we prove that [V, W], is a tangent vector, i.e., a linear deriva-
tion on the space of germs of functions at p. Clearly [V, W], f depends only
on the values of f in a neighborhood of p, so it is well-defined on germs.
As a map from C*(p) to R, it is obviously linear over R, so only the prod-
uct rule needs to be checked. If f and g are smooth functions defined in a
neighborhood of p, then

V,Wlp(f9) = V(W (fg)) — Wp(V(f9))
=Vo(fWg+gW§)—Wyu(fVg+gVF)
= (Vo) Wpg) + F(0)Vo(Wg) + (Vog) Wy ) + g(p) Vo (W f)
= W f)(Vog) — F(0)Wp(Vg) = Wpg)(Vpf) — g0)Wip(V f)
= f)(Va(Wg) = W, (V) + g(p) (Vo (W f) = Wp(V f))
= f®IV, Wlpg + g()[V, W, f.
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This shows that [V, W], satisfies the product rule and therefore defines a
tangent vector at p.

Formula (13.3) is immediate from the definition of the Lie bracket, and it
follows from this that [V, W] is a smooth vector field, because (13.3) defines
a smooth function whenever f is smooth in an open subset of M.

To prove (c), we just write V = V9/dx" and W = W79/dx7 in coordi-
nates, and compute:

V,W]f = yi 0 <Wja—f> i (Vi 8f>

ox? oxJ oxi ozt
W Of s OPF VI OF s O
=V a0 VWY o 927 D' 9210
e OWI0f oV o
o ozt OxJ oz Oxt’

where in the last step we have used the fact that mixed partial derivatives of
a smooth function commute. Reversing the roles of the summation indices
i and j in the second term, we obtain (13.4). |

Exercise 13.2. For each of the following pairs of vector fields V, W defined
on R®, compute the Lie bracket [V, W].

0 20 0

(@) V=yg-—2uy oy’ W__ay'
9] 9] 1o} 9]
(®) V=t Ve “Yor " oy
9] 9] 9] 9]
(c) V=t ey oy TVar

Lemma 13.2 (Properties of the Lie Bracket). The Lie bracket sat-
isfies the following identities:

(a) BILINEARITY: For aj,az € R, [a1Vi + axVa, W] = a1[V1, W] +
ag[‘/g, W] and [VY, a Wy + GQWQ] = al[V, Wl] + as [V, Wg]
(b) ANTISYMMETRY: [V, W] = —[W,V].
(¢) Jacosri IDENTITY: [V, [W, X]| + [W,[X,V]] + [X,[V,W]] = 0.
Proof. Bilinearity and antisymmetry are obvious consequences of the defi-
nition. The proof of the Jacobi identity is just a computation:
VW, X]Jf + W [ X, VI][f + [X, [V, W]]f
~ X VIWS + X[V,W]f — [V.W]X [
=VWXf-VXWf-WXVf+XWVf+WXVf-WVXSf
—XVWf+VXWf+XVWf-XWVf-VWXf+WVXFS.

In this last expression, all the terms cancel in pairs. O
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Proposition 13.3 (Naturality of the Lie Bracket). Let F': M — N
be a smooth map, and let V1,Vo € T(M) and W1,Wa € T(N) be vector
fields such that V; is F-related to W;, i = 1,2. Then [V1, V3] is F-related to
(W1, Wa]. If F is a diffeomorphism, then Fi[V1, V3] = [FuV1, Fi V3.

Proof. Using Lemma 3.17 and fact that V; and W; are F-related,

ViVa(f o F) = Vi((Waf) o F)
= (W1 Waf) o F.

Similarly,
VaVi(fo F) = (WoWif)oF.
Therefore,

Vi, Vol(f o F) = ViVa(f o ) = VaVi(f o )
=(WiWaf)o I — (WoWif)o F
= ([Wh,Ws]f)o F.

The result then follows from the lemma. The statement when F is a diffeo-
morphism is an obvious consquence of the general case, because W; = F,V;
in that case. O

Proposition 13.4. Let N be an immersed submanifold of M, and suppose
VW e T(M). If V and W are tangent to N, then so is [V, W].

Proof. This is a local question, so we may replace N by an open subset of
N that is embedded. Then Proposition 5.8 shows that a vector X € T, M
is in T, N if and only if X f = 0 whenever f € C°°(M) vanishes on N.
Suppose f is such a function. Then the fact that V and W are tangent to
N implies that V f|y = W f|y =0, and so

[Va W]pf = Vp(Wf) - Wp(Vf) =0.
This shows that [V, W], € T,N, which was to be proved. |

We will see shortly that the Lie bracket [V, W] is equal to the Lie deriv-
ative Ly W, even though the two quantities are defined in ways that seem
totally unrelated. Before doing so, we need to prove one more result, which
is of great importance in its own right. If V' is a smooth vector field on M,
a point p € M is said to be a singular point for V' if V,, = 0, and a regular
point otherwise.

Theorem 13.5 (Canonical Form for a Regular Vector Field). Let
V' be a smooth vector field on a smooth manifold M, and let p € M be a
regular point for V. There exist coordinates (z') on some neighborhood of
p in which V has the coordinate expression 0/0x'.
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Proof. By the way we have defined coordinate vector fields on a manifold, a
coordinate chart (U, ¢) will satisfy the conclusion of the theorem provided
that (p=1).(0/0x') = V, which will be true if and only if ¢! takes lines
parallel to the ' axis to the integral curves of V. The flow of V is ideally
suited to this purpose.

Begin by choosing any coordinates (y*) on a neighborhood U of p, with
p corresponding to 0. By composing with a linear transformation, we may
assume that V, = 9/0y!|,. Let : D(V) — M be the flow of V. There
exists € > 0 and a neighborhood Uy C U of p such that the product open
set (—¢g,¢) x Uy is contained in D(V') and is mapped by 6 into U.

Let S C R"! be the set

S={(2%...,2"): (0,2% ...,2") € Up},
and define a smooth map ¢: (—¢,e) x S — U by
Yt 22, x™) = 0(t, (0,22, ..., z")).
Geometrically, for each fixed (22,...,2"), ¥ maps the interval (—e,¢) x

{(22,...,2™)} to the integral curve through (0,22, ..., 2").
First we will show that 1 pushes 9/t forward to V. We have

0 0
1/1* . > f = a7
< ot (to,20) ot

9
ot

(fov)

(to,xo)

(f(0(t:(0,0)))

t=to

(13.5)

= V’l[)(t(),zo)f7

where we have used the fact that ¢ — 6(t,(0,20)) is an integral curve
of V. On the other hand, when restricted to {0} x S, ¥(0,22,...,2") =
0(0,(0,22%,...,2")) = (0,22,...,2™), so

0

x’L

0

0o 9

0.0)

Since ¥ : T(p,0)((—¢,€) x S) — T, M takes a basis to a basis, it is an isomor-
phism. Therefore, by the inverse function theorem, there are neighborhoods
W of (0,0) and Y of p such that ¥: W — Y is a diffeomorphism.

Let ¢ = ¢~ 1Y — W. Equation (13.5) says precisely that V is equal
to the coordinate vector field 9/t in these coordinates. Renaming t to x!,
this is what we wanted to prove. O

This theorem implies that the integral curves of V' near a regular point
behave, up to diffeomorphism, just like the x'-lines in R™, so that all of
the interesting local behavior is concentrated near the singular points. Of
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course, the flow near singular points can exhibit a wide variety of behav-
iors, such as closed orbits surrounding the singular point, orbits converging
exponentially or spiraling into the singular point as ¢ — oo or —oo, and
many more complicated phenomena, as one can see in any good differential
equations text that treats systems of ODEs in the plane. This is the start-
ing point for the subject of smooth dynamical systems, which is the study
of the global and long-time behavior of flows of vector fields.

We are now in a position to prove the promised formula for computing
Lie derivatives.

Theorem 13.6. For any smooth vector fields V and W on a smooth man-
ifold M, Ly W = [V, W].

Proof. We will show that (Ly W), = [V, W], for each p € M. We consider
two cases.

CASE I: p is a reqular point for V. In this case, we can choose coordinates
(x%) near p such that V = 9/0x! in coordinates. In this case, the flow of V/
is easy to compute explicitly:

0;(x) = (' +t,2%, ..., 2").

Therefore, for each fixed ¢, the matrix of (6;). in these coordinates (the
Jacobian matrix of ;) is the identity at every point. Consequently,

; 0]
O_) Wy oy = (0_0) | Wizt +¢,22%,... ,2") —
(0-1)-Wo, ) = (6-1) ( (0%, o W)
(o1 2 ny 0
=W/ (z +t,2%...,2") —
oxJ
P
Using the definition of the Lie derivative,
d - 0
_ J (1 2 ny _Y
(LyW), = o t_OW (" +t,x "”’x)(?:vj
= P
owi O
= gt @) 55
P

On the other hand, using the formula (13.4) for the Lie bracket in coordi-
nates, [V, W], is easily seen to be equal to the same expression.

CASE II: p is a singular point for V. In this case, we cannot write down
the flow explicitly. However, it does have the property that 6;(p) = p for
all t € R (Lemma 12.8), and therefore (§_;). maps T, M to itself. Since the
matrix entries of (0_;).: T,M — T, M in any coordinate system are partial
derivatives of 6 and therefore are smooth functions of ¢, it follows that the
components of the T3, M-valued function t +— (6_¢). W,y = (0—¢)« W), with
respect to the coordinate basis are also smooth functions of ¢. If ¢ — X (t)
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is any smooth curve in T),M, then for any smooth function f defined on a

neighborhood of p,
d —(Lxip) 2L
(5x0)7=(520) 750

- (Exim 2 )
(#5005

d
= SO,

Applying this to (6_¢).W, and using the definition of the Lie derivative,

dt
d

= G| @0m)

d

= G| re0-0)

_4a

Codt],_,
9
0

(0-0.,) §

(L W), f = ( i

t=0

9
0 0|, _
0

oy O

) 551 <foe_t>>
=Wip) 5|

=W/ (p) 927

t=0

=V

p

p
4%
t t
0
xd
; 0
=W 55

= _Wp(Vf)-

On the other hand, since V}, = 0, we have
VWl f =Vo(WF) =Wy (VF) = =W, (V),
which is equal to (Lv W), f. O
Corollary 13.7. IfV and W are as in the statement of the theorem, then
(a) The assignment p — (Ly W), is a smooth vector field on M.
(b) LyW = —LyV.
(¢) If F: M — N s a diffeomorphism, then F,(LyW) = Lp, v FW.

Exercise 13.3. Prove this corollary.
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Commuting Vector Fields

Two smooth vector fields are said to commute if [V, W] = 0, or equivalently
if VIWf = WV f for every smooth function f. One simple example of
a pair of commuting vector fields is 9/92" and 9/0z7 in any coordinate
system: because their component functions are constants, their Lie bracket
is identically zero.

We will see that commuting vector fields are closely related to another
important concept. Suppose W is a smooth vector field on M, and 0 is a
flow on M. We say W is invariant under 6 if (6;),WW = W on the image of
0;. More explicitly, this means that

(0) Wy = Wy, () for all (¢,p) in the domain of 6.

We will show that commuting vector fields are invariant under each
other’s flows. The key is the following somewhat more general result about
F-related vector fields.

Lemma 13.8. Suppose F': M — N is a smooth map, V € T(M), and
W e T(N), and let 0 be the flow of V and ¢ the flow of W. Then V and
W are F-related if and only if for eacht € R, ¢pyo F = F o6, on the domain
Of 6‘t N

M F

N

04 Py

M

7 N

Proof. The commutativity of the diagram means that the following holds
for all (¢,p) in the domain of 6:

Yro F(p) = Fob(p).
If we let D, C R denote the domain of 6P)_ this is equivalent to
PpEP) () = FogP (1), teD,. (13.6)

Suppose first that V' and W are F-related. If we define v: D, — N by
v = Fo60® then

7 () = (Fo®)(t)
— F(0W (1))
= F Vo 1)
= Wrogw) (1)

= Wa(t)
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s0 7 is an integral curve of W starting at F' o) (0) = F(p). By uniqueness
of integral curves, therefore, the maximal integral curve ¥ ®) must be
defined at least on the interval D,, and ~(t) = ¢ (F®))(t) on that interval.
This proves (13.6).

Conversely, if (13.6) holds, then for each p € M we have

E.V, = F.(6%(0))
— (Fo0®Y(0)
— 1b(F(p))'(())
= Wrp),

which shows that V and W are F-related. |

Proposition 13.9. Let V and W be smooth vector fields on M, with flows
0 and 1, respectively. The following are equivalent:

(a) V and W commute.
(b) LyW = Ly V =0.
(¢) W is invariant under the flow of V.
(d) V is invariant under the flow of W.

(€) 501y =)y 0 O wherever either side is defined.

Proof. Clearly (a) and (b) are equivalent because LyW = [V,W] =
—LwV. Part (c) means that (0_;).Wy,,) = W), whenever (—t,p) is in
the domain of 6, which obviously implies (b) directly from the definition of
LyW. The same argument shows that (d) implies (b).

To prove that (b) implies (c), let p € M be arbitrary, let D, C R denote
the domain of the integral curve #®), and consider the map X : Dy = T,M
given by the time-dependent vector

X(t) = (0_1)« (Wo,(p)) € TyM. (13.7)

This can be considered as a smooth curve in the vector space T, M. We
will show that X (¢) is independent of ¢. Since X (0) = W), this implies that
X (t) = W, for all t € D,,, which says that W is invariant under 6,.

The assumption that Ly W = 0 means precisely that the t-derivative of
(13.7) is zero when ¢ = 0; we need to show that this derivative is zero for
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all values of t. Making the change of variables ¢t =ty + s, we obtain

d
X’(to) = E (eft)*WGt(P)
t=to

d
= d_S o (e—to—s)*W93+to (p)

p (13.8)
= Ts . (efto)*(ofs)*wes(&o(?))

d

= (H*to)* E o (9*5>*W95(9t0(p))

= (0—to)«(LvW)e, () = 0.

(The equality on the next-to-last line follows because (6_¢, ). : Ty, (M —
T,M is a linear map that is independent of s.) The same proof also shows
that (b) implies (d).

To prove that (c) and (e) are equivalent, we let M; denote the domain
of 0; and use Lemma 13.8 applied to the map F = 0;: My — 604(M,).
According to that lemma, 6; o ¥s = 15 0 ; on the set where ; o 1) is
defined if and only if (6;).W = W on 6;(M,), which is to say if and only
if W is invariant under 0. By reversing the roles of V and W, we see that
this is also true on the set where 1, o 8; is defined. O

As we mentioned above, one example of a family of commuting vector
fields is given by the coordinate vector fields 9/9z", i = 1,...,n. The next
theorem shows that up to diffeomorphism, any collection of independent
commuting vector fields is of this form locally.

Theorem 13.10 (Canonical Form for Commuting Vector Fields).
Let M be a smooth n-manifold, and let Vi,..., Vi be smooth vector fields
on an open subset of M whose values are linearly independent at each
point. Then the following are equivalent:

(a) There exist coordinates (x%) in a neighborhood of each point such that
Vi=0/0z',i=1,...,k.

(b) [Vi,V;] =0 for all i and j.

Proof. The fact that (a) implies (b) is obvious because the coordinate vec-
tor fields commute and the Lie bracket is coordinate-independent.

To prove the converse, suppose V1, ..., Vi are vector fields satisfying (b).
The basic outline of the proof is entirely analogous to that of the canonical
form theorem for one nonvanishing vector field (Theorem 13.5), except that
we have to do a bit of work to make use of the hypothesis that the vector
fields commute.

Choose coordinates (y°) on a neighborhood U of p such that p corre-
sponds to 0 and V; = 9/9y® at 0 for i = 1,... k. Let 6; be the flow of
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Vi for i = 1,... k. There exists € > 0 and a neighborhood W of p such
that the composition (0y)s, © (Ok—1)t,_, © -0 (01)¢, is defined on W and
maps W into U whenever |t1], ..., |tg| are all less than . (Just choose
g1 > 0 and U; C U such that 6; maps (—e1,e1) x Uy into U, and then
inductively choose ¢; and U; such that 6; maps (—e;,¢;) x U; into U;_1.
Taking € = min{e;} and W = U}, does the trick.)

As in the proof of the canonical form theorem for one nonvanishing vector
field, let

S ={(z",. .. 2"):(0,...,0,2" . 2") e W)
Define ¢: (—¢,e)* x W — U by

We will show first that
0
==V, i=1,... k.
v oxt !

Because all the flows 6; commute with each other, we have

= aii (f((ek)mk 0---0(61),1(0,(0,... ,O,karl, .. ,x”)))
— o (76120 Guas o

omo---o(6‘1)961(0,(0,...,0,$k+1,...7$"))>,

where the hat means that (6;),: is omitted. Now, for any p € M, ¢t —
(6:)¢(p) is an integral curve of V;, so this last expression is equal to (V;)y(a) f,
which proves the claim.

Next we will show that 1, is invertible at p. The computation above
shows that fori =1,...,k,

0 0
¥ ozt |, P oy’ »

On  the other  hand, since  ¢(0,...,0, 2" . an) =
(0,...,0,z81 .. 2"), it follows immediately that

0 0

Ve il T 3

zt|, Oy »

fori = k+1,...,n as well. Thus v, takes a basis to a basis, and is therefore

a diffeomorphism in a neighborhood of 0. It follows that ¢ = ¢~ is the
desired coordinate map. O
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Lie Derivatives of Tensor Fields

The Lie derivative operation can be extended to tensors of arbitrary rank.
As usual, we focus on covariant tensors; the analogous results for contravari-
ant or mixed tensors require only minor modifications.

Let X be a smooth vector field on a smooth manifold M, and let 0 be its
flow. Near any p € M, if t is sufficiently close to zero, 8, is a diffeomorphism
from a neighborhood of p to a neighborhood of #;(p). Thus 65 pulls back
smooth tensor fields near ;(p) to ones near p.

Given a covariant tensor field 7 on M, we define the Lie derivative of T
with respect to X, denoted by Lx7, as

05 T0,(0) — Tp

0
(LxT)p = & f

ot (ot T);D = th_%

t=0

Because the expression being differentiated lies in T*(T,M) for all ¢,
(LxT), makes sense as an element of T%(T,,M). We will show below that
Lx7 is actually a smooth tensor field. First we prove the following impor-
tant properties of Lie derivatives of tensors.

Proposition 13.11. Let M be a smooth manifold. Suppose X, Y are
smooth vector fields on M, o, T are smooth covariant tensor fields, w, n
are differential forms, and f is a smooth function (thought of as a O-tensor

field).
(a) Lxf=XFf.
(b) Lx(fo) = (Lxflo+ fLxo.
(c) Lx(o®T)=(Lxo)®T+0®LxT.
(d) Lx(wAn) =LxwAn+wALxn.
(e) Lx(Y Jw) = (LxY)In+Y JLxw.

(f) For any smooth vector fields Y1, ..., Y%,

Lx(U(}/l,...,Yk)) = (LXo')(}/l,...,Yk)
—I—O'(nyl,...?Y]g)+"'+0’(§/1,...7ny]§). (139)

Proof. The first assertion is just a reinterpretation of the definition in the
case of a O-tensor. Because 6} f = f o 0,, the definition implies

0

Lxf(p) = pn _Of(9t(p)) = Xf(p)-
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The proofs of (b), (c), (d), (e), and (f) are essentially the same, so we
will prove (¢) and leave the others to you.

0i (0@ T)oup) = (0BT

(Lx(c®@7))p =lim

t—0 t
= lim 9? 09, (p) ® G?Tet(P) —Op @ Tp

t—0 t
i 22900 @ 970, 0) — 0190,5) @ Ty

t—0 t

1 lim 000, (p) OTp —0p O Tp
t—0 t

. 0im0.0) —Tp | 1. Bi06.0) — O
=l © R g SO o,
=0p ® (Lx7)p + (£x0)p @ 7.

The other parts are similar, and are left as an exercise. O

Exercise 13.4. Complete the proof of the preceding proposition.

Corollary 13.12. If X is a smooth vector field and o is a smooth covariant
tensor field, then Lxo can be computed by the following expression:

(Lx0)(Yi,..., Y1) = X(e(V1,...,Ys) — o([X, Yi], Ya, ..., i) — ...
—o(Yh,..., Y 1, [X,Yi]). (13.10)

It follows that Lxo is smooth.

Proof. Formula (13.10) is obtained simply by solving (13.9) for Lxo, and
replacing Lx f by X f and LxY; by [X,Y;]. It then follows immediately
that Lxo is smooth, because its action on smooth vector fields yields a
smooth function. O

Corollary 13.13. If f € C*(M), then Lx(df) = d(Lx f).

Proof. Using (13.10), we compute

(Lxdf)(Y) = X(df (y)) — df[X, Y]
= XY[f-[X,Y]f
= XY[—(XY[-YX[)
=YXf
= d(X[)(Y)
= d(Lx f)(Y).
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Differential Forms

In the case of differential forms, the exterior derivative yields a much more
powerful formula for computing Lie derivatives. Although Corollary 13.12
gives a general formula for computing the Lie derivative of any tensor field,
this formula has a serious drawback: In order to calculate what L xo does
to vectors Y7,...,Y; at a point p € M, it is necessary first to extend the
vectors to vector fields in a neighborhood of p. The formula in the next
proposition overcomes this disadvantage.

Proposition 13.14. For any vector field X and any differential k-form w
on a smooth manifold M,

Lyw=X1(dw) +d(X Jw). (13.11)

Proof. The proof is by induction on k. We begin with a 0-form f, in which
case

X J(df) +d(X 3 f) = X 2df = df(X) = X[ = Lx f.

which is (13.11).

Any 1-form can be written locally as a sum of terms of the form udv
for smooth functions u and v, so to prove (13.11) for 1-forms, it suffices
to consider the case w = wdv. In this case, using Proposition 13.11(d) and
Corollary 13.13, the left-hand side of (13.11) reduces to

Lx(udv) = (Lxu)dv 4+ u(Lxdv)
= (Xu)dv 4+ ud(Xv).
On the other hand, using the fact that interior multiplication is an anti-
derivation, the right-hand side is
X Jd(udv) +d(X J(udv)) = X J(du A dv) + d(uXv)
= (X Jdu) Ndv — du A (X Jdv)
+ud(Xv)+ (Xv)du
= (Xu)dv — (Xv)du + ud(Xv) + (Xv)du.
(Remember that X Jdu = du(X) = Xu, and a wedge product with a
0-form is just ordinary multiplication.) After cancelling the two (Xwv)du
terms, this is equal to L x (udv).

Now let k > 1, and suppose (13.11) has been proved for forms of degree
less than k. Let w be an arbitrary k-form, written in local coordinates as

/ . .
w=Zw1dx“ A AdxtF.
I
Writing a = wydz™ and 8 = dz® A--- Adz®, we see that w can be written

as a sum of terms of the form a A 8, where « is a 1-form and (3 is a (k —1)-
form. For such a term, Proposition 13.11(d) and the induction hypothesis
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imply

Lx(aAp)=(Lxa)NB+aA(Lxf)
=X dda+d(X1a) AB+an (X 1dB+d(X 10)).
(13.12)

On the other hand, using the fact that both d and iy are antiderivations,
we compute
X JdlanpB)+d(X 2(anp))
=X1(daAB—andd)+d(X1a)ANB—an(X10))
=(Xddao)ANB+dan(X108)— (X Ja)Adp
+anN(X1dB)+d(X Ja)AB+ (X Ja)AdB
—daN(X1B8)+and(X 1p).

After the obvious cancellations are made, this is equal to (13.12). (]
Corollary 13.15. If X is a vector field and w is a differential form, then
Lx(dw) = d(Lxw).

Proof. This follows from the preceding proposition and the fact that d? = 0:

Lxdw=X 1d(dw) + d(X 1dw)
= d(X Jdw);

dlxw=d(X Jdw + d(X Jw))
= d(X Jdw).

|

As promised, Proposition 13.14 gives a formula for the Lie derivative
of a differential form that can be computed easily in local coordinates,
without having to go to the trouble of letting the form act on vector fields.
In fact, this leads to an easy algorithm for computing Lie derivatives of
arbitrary tensor fields, since any tensor field can be written locally as a
linear combination of tensor products of 1-forms. This is easiest to illustrate
with an example.

Example 13.16. Suppose T is an arbitrary smooth symmetric 2-tensor
field on a smooth manifold M, and let Y be a smooth vector field. We will
compute the Lie derivative £y T in coordinates (z?). First, we observe that
Lydz' = d(Y Jdz®) + Y Jd(dx?) = dY*. Therefore,
LyT = Ly (Ty;)dz' @ da? + Ty (Lyda’) @ da? + Ty do' @ (Lyda?)
=YTy;da' +T;;dY' @ da’ + T;j da' ® dY?
oYk oYk

— » ) ) i J
(YTU + T, oz + Tk 907 ) dx' @ da’.
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Applications

What is the meaning of the Lie derivative of a tensor field with respect to
a vector field X7 We have already seen that the Lie derivative of a vector
field Y with respect to X is zero if and only if Y is invariant along the flow
of X. It turns out that the Lie derivative of a covariant tensor field has
exactly the same interpretation. We say that a tensor field o is invariant
under a flow 6 if ;0 = o on the domain of ;.

The next lemma shows how the Lie derivative can be used to compute
t-derivatives at times other than ¢ = 0; it is a generalization of formula
(13.8) to tensor fields.

Lemma 13.17. Let M be a smooth manifold, X € T(M), and let 8 be the
flow of X. For any smooth covariant tensor field T and any (to,p) in the
domain of 0,

d

pn 07 (7o, (p)) = 07, (L£xT)ay, (p)-

t=to

Proof. Just as in the proof of Proposition 13.9, the change of variables
t =to + s yields

a
dt

. d
0y (Tet(p)) = s

t=to

(9750 +S)*T95+t0 ()
s=0

(0)" (6‘8)*793 0+ (p))

(05) 7o, (6., (p))
0
“(Lv W), n)-

|

Proposition 13.18. Let M be a smooth manifold and let X € T(M). A
smooth covariant tensor field T is invariant under the flow of X if and only

if Lxt=0.

Proof. Let 0 denote the flow of X. If 7 is invariant under 6, then ;7 =7
for all ¢. Inserting this into the definition of the Lie derivative, we see
immediately that Lx7 = 0.

Conversely, suppose Lx7 = 0. For any p € M, let D, denote the domain
of #®), and consider the smooth curve T': D, — T*(T,M) defined by

T(t) = 0; (70, (p))-

Lemma 13.17 shows that T'(¢t) = 0 for all t € D,. Because D,, is a connected
interval containing zero, this implies that T'(t) = T'(0) = 7, for all t € D,,.
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This is the same as

0 (To,(n)) = Tp

which says precisely that 7 is invariant under 6. O

Killing Fields

Let (M, g) be a Riemannian manifold. A vector field Y on M is called a
Killing field for g if g is invariant under the flow of Y. By Proposition 13.18,
this is the case if and only if Ly g = 0.

Example 13.16 applied to the case T = g gives the following coordinate
expression for Ly ¢:

o 0 oY* oYk
(Lyg) (@7 @) =Yg + gjkW + gik%. (13.13)

Example 13.19 (Euclidean Killing Fields). Let g be the Euclidean
metric on R™. In standard coordinates, the condition for a vector field to
be a Killing field with respect to g reduces to

oYy N oyt 0
drt  dxi

It is easy to check that all constant vector fields satisfy this equation, as
do the vector fields

L9 0

A — Y
oxI Oz’

which generate rotations in the (z?, z%)-plane.

The Divergence

For our next application, we let (M,g) be an oriented Riemannian n-
manifold. Recall that the divergence of a smooth vector field X € T(M) is
the smooth function div X characterized by

(div X)dV, = d(X 1dVj).

Now we can give a geometric interpretation to the divergence, which ex-
plains the choice of the term “divergence.” Observe that formula (13.11)
for the Lie derivative of a differential form implies

LxdV, =X 1d(dV,) + d(X 1dV,) = (div X)dV,,

because the exterior derivative of any n-form on an n-manifold is zero.
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A flow 0 on M is said to be volume preserving if for every compact
domain of integration D C M and every ¢t € R such that D is contained in
the domain of 6;, Vol(6:(D)) = Vol(D). It is volume increasing if for any
such D with positive volume, Vol(8;(D)) is a strictly increasing function of
t, and volume decreasing if it is strictly decreasing. Note that the properties
of flow domains ensure that, if D is contained in the domain of 8; for some
t, then the same is true for all times between 0 and ¢. The next proposition
shows that the divergence of a vector field is a quantitative measure of the
tendency of its flow to “spread out” or diverge.

Proposition 13.20. Let M be an oriented Riemannian manifold and let
X e T(M).

(a) The flow of X is volume preserving if and only if div X = 0.

(b) Ifdiv X > 0, then the flow of X is volume increasing, and if div X <
0, then it is volume decreasing.

Proof. Let 6 be the flow of X, and for each t let M; be the domain of 6;.
If D is a compact domain of integration contained in My, then

Vol(8,(D)) = /

v, = / AT
0+(D) D

Because the integrand is a smooth function of ¢, we can differentiate this ex-
pression with respect to ¢ by differentiating under the integral sign. (Strictly
speaking, we should use a partition of unity to express the integral as a sum
of integrals over domains in R™, and then differentiate under the integral
signs there. The details are left to you.) Using Lemma 13.17, we obtain

d / 0
— Vol(0,(D)) = —
dt|,_,, (0:(D)) D Ol

= / 07 (LxdVy)
D

= [ o x)av,)
D

:/ (div X)dV,.
01, (D)

It follows that divX = 0 implies that Vol(6:(D)) is a constant function
of t, while div X > 0 or div X < 0 implies that it is strictly increasing or
strictly decreasing, respectively.

Now assume that 6 is volume preserving. If div X # 0 at some point
p € M, then there is some open set U containing p on which div X does
not change sign. If div X > 0 on U, then X generates a volume increasing
flow on U by the argument above. In particular, for any coordinate ball

(67dVy)
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B such that B C U and any ¢ > 0 sufficiently small that 6;(B) C U, we
have Vol(6;(B)) > Vol(B), which contradicts the assumption that 6 is vol-
ume preserving. The argument in the case div X < 0 is exactly analogous.
Therefore div X = 0. O

Symplectic Manifolds

Let (M,w) be a symplectic manifold. (Recall that this means a smooth
manifold M endowed with a symplectic form w, which is a closed nonde-
generate 2-form.) One of the most important constructions on symplec-
tic manifolds is a symplectic analogue of the gradient, defined as follows.
Because of the nondegeneracy of w, the bundle map w: TM — T*M
given by &(X)(Y) = w(X,Y) is an isomorphism. For any smooth func-
tion f € C*®(M), we define the Hamiltonian vector field of f to be the
vector field X defined by

Xy =w~H(df),
so Xy is characterized by
wXp,Y)=df(Y)=Yf
for any vector field Y. Another way to write this is
Xf Jw = df.
Example 13.21. On R?" with the standard symplectic form w =

Sy dz® Ady', X can be computed explicitly as follows. Writing

~ i 0 i 0
Xf:;A 5 T B oy

for some coefficient functions (A%, B?) to be determined, we compute
Xflw= i Aji —I—Bji Jidzi/\dyi
j=1 0! Oy’ i=1
= ZAi dy' — B'dx'.
i=1
(When working with the standard symplectic form, like the Euclidean met-

ric, it is usually necessary to insert explicit summation signs.) On the other
hand,

~Of oo, OF
dfzzaxidx + 8yidy.
i=1
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Setting these two expressions equal to each other, we find that A* = 9 f /0y’
and B* = —0f/0x", which yields the following formula for the Hamiltonian
vector field of f:

" 9f 0 of o
X = R i e 13.14
f ; oy' 0x*  Ox* Oy* (13.14)

Although the definition of the Hamiltonian vector field is formally analo-
gous to that of the gradient on a Riemannian manifold, Hamiltonian vector
fields differ from gradients in some very significant ways, as the next lemma
shows.

Proposition 13.22 (Properties of Hamiltonian Vector Fields).
Let (M,w) be a symplectic manifold and let f € C*°(M).

(a) f is constant along the flow of Xy, i.e., if 0 is the flow, then fob(p) =
f(p) for all (t,p) in the domain of 6.

b) At each regular point of f, the Hamiltonian vector field X ¢ is tangent
( gular p ! g
to the level set of f.

Proof. Both assertions follow from the fact that
Xpf =df(Xp) = w(Xy, X5) =0
because w is alternating. O

A vector field X on M is said to be symplectic if w is invariant under the
flow of X. It is said to be Hamiltonian (or globally Hamiltonian) if there
exists a smooth function f such that X = Xy, and locally Hamiltonian
if every point p has a neighborhood on which X is Hamiltonian. Clearly
every globally Hamiltonian vector field is locally Hamiltonian.

Proposition 13.23 (Hamiltonian and Symplectic Vector Fields).
Let (M,w) be a symplectic manifold. A smooth vector field on M is sym-
plectic if and only if it is locally Hamiltonian. Every locally Hamiltonian
vector field on M s globally Hamiltonian if and only if H}p(M) = 0.

Proof. By Proposition 13.18, a vector field X is symplectic if and only if
L xw = 0. Using formula (13.11) for the Lie derivative of a differential form,
we compute

Lxw=d(X Jw)+ X J(dw) = d(X Jw). (13.15)

Therefore X is symplectic if and only if the 1-form X _Jw is closed. On the
one hand, if X is locally Hamiltonian, then in a neighborhood of each point
there is a function f such that X = Xy, so X Jw = Xy Jw = df, which
is certainly closed. Conversely, if X is symplectic, then by the Poincaré
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lemma each point p € M has a neighborhood U on which the closed 1-form
X _Jw is exact. This means there is a smooth function f defined on U such
that X Jw = df, which means X = Xy on U.

Now suppose H, éR(M ) = 0. Then every closed form is exact, so for any
locally Hamiltonian (hence symplectic) vector field X there is a smooth
function f such that X 1w = df. This means that X = X, so X is globally
Hamiltonian. Conversely, suppose every locally Hamiltonian vector field is
globally Hamiltonian. Let 1 be a closed 1-form, and let X be the vector
field X = w~1'n. Then (13.15) shows that Lxw = 0, so X is symplectic
and therefore locally Hamiltonian. By hypothesis, there is a global smooth
function f such that X = X, and then unwinding the definitions, we find
that n = df. |

Using Hamiltonian vector fields, we define an operation on functions
similar to the Lie bracket of vector fields. Given f,g € C*(M), we define
their Poisson bracket {f, g} € C(M) by

{f9} = Xrg=w(Xy Xy).
Two functions are said to Poisson commute if their Poisson bracket is zero.

Example 13.24. Using the result of Example 13.21, we can easily com-
pute the Poisson bracket of two functions f,g on R?":

& 0fdg  Of g
{f,9} = ; 5y 5a 5w By (13.16)

Proposition 13.25 (Properties of the Poisson Bracket). Let
(M,w) be a symplectic manifold, and f,g € C*>°(M).

(a) {f.9}=—{g. [}

(b) g is constant along the flow of Xy if and only if {f, g} = 0.

(c) X(p.gy = [Xy, Xq].

Proof. Part (a) is evident from the characterization {f, g} = w(Xg4, Xy),
and (b) from {f, g} = Xsg. The proof of (c) is a computation using Propo-
sition 13.11(e):

d{f g} =d(Xyg)
=d(Lx,9)
=Lx,dg
=Lx;(Xydw)
= (Lx,;Xy) Jw+ Xy 1L0x,w
= [Xy, Xg] dw,

which is equivalent to (c). O
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Our next theorem, called the Darboux theorem, is central in the theory
of symplectic structures. It is a nonlinear analogue of the canonical form
for a symplectic tensor given in Proposition 9.17.

Theorem 13.26 (Darboux). Let (M,w) be a 2n-dimensional symplectic
manifold. Near every point p € M, there are coordinates (x',y*, ..., z", y™)
i which w is given by

w=Y di' Ndy'. (13.17)
i=1

Any coordinates satisfying the conclusion of the Darboux theorem are
called Darboux coordinates, symplectic coordinates, or canonical coordi-
nates. Before we begin the proof, let us prove the following lemma, which
shows that Darboux coordinates are characterized by the Poisson brackets
of the coordinate functions.

Lemma 13.27. Let (M,w) be a symplectic manifold. Coordinates (x%,y")
on an open set U C M are Darboux coordinates if and only if their Poisson
brackets satisfy

{27} = {37y =0; {a',¢7)} = —0". (13.18)
Proof. One direction is easy: If w is given by (13.17), then formula
(13.16) shows that the Poisson brackets of the coordinate functions sat-

isfy (13.18). Conversely, If (z*,y%) are coordinates whose Poisson brackets
satisfy (13.18), then the Hamiltonian fields of the coordinates satisfy

da? (X i) = Xgi(2?) = {2",27} = 0,

This implies that

If we write
w = Ajjdx’ A dx? + Bijda' Ady’ + Cizdy' A dy?,
with A;; = —A;; and C;; = —Cj;, then the coefficients are determined by

9 0 y
w<%’@) = gw(Xy, Xyo) = 31y’ 0"} = 0.

N

&
I
£

o 0 o -
_— = — i i) = — J 1 — ZJ.
(50 ) = (X X)) = il '} =0

g 9 o
Cij = %w<a_yi7 8—yﬂ> = w(Xyi, X)) = 3{a’, 2"} = 0.
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This shows that w has the form (13.17). O

Proof of the Darbouxr Theorem. We will show by induction on k that for
each k = 0,...,n there are functions (z',y",..., 2%, y¥) satisfying (13.18)
near p such that {dz',dy', ..., dz*, dy*} are independent at p. When k = n,
this proves the theorem.

For n = 0, there is nothing to prove. So suppose we have such
(zt,yt, ..., 2% 9¥). Observe that the Hamiltonian vector field of any con-
stant function is zero. Therefore, because all of the Poisson brackets of the
coordinates are constants, the Hamiltonian vector fields of the coordinates
satisfy

Xwi,XIj] = X{wi)mj} =0,
Xmi,ij] = X{miﬁyj} =0,
X, ij] = X{yi)yj} =0.

Yy

Because w: T, M — T; M is an isomorphism and the differentials {dx?, dy*}
are independent, these Hamiltonian vector fields are all independent in a
neighborhood of p. Thus by the normal form theorem for commuting vector

fields, there are coordinates (ul,...,u?") near p such that
0 0 ,
50 = KXot gop =X, i=1.k (13.19)
Let 2¥*! = 42+ in this coordinate system. Then 2**! Poisson commutes
with 2% and 3° for i = 1,..., k, because
{:Ei karl} - X V(IkJrl) _ iu2k+1 =0
) - x? - ; — Y
a%; (13.20)
P k1N oy (kDY 2%+1 _
{yi,x }_Xyz(:zr )= 8ui+ku =0.
The restriction of w to span{X,:, X, = 1,...,k} is nondegenerate, as

can easily be verified by computing the action of w on these vectors using
(13.18). Therefore, X, x+1 is independent of { X, X,i,4 = 1,..., k} because
(13.20) implies w(X r41, Xpi) = w(Xpr1, Xyi) = 0. Just as before, the
2k + 1 Hamiltonian vector fields of the functions (z',y',..., 2%, y* 2*+1)
all commute, so we can find new coordinates (v') such that

i=1,...,k+1,

ovt @t

0 X

W: yis 7/:1,...7]9.
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Finally, let y**! = —v**1 in these coordinates. The independence condition

is satisfied as before, and we compute

0
k k k k
{1’ +17y +1} = Hyrnry = Ovk+1 (—’U +1) =-L
< 0
{o? "} = —Houy T = oo™ =0, =1,k
, 0
k k k .
{ijy+1}:_Hyjy +1:8vj+k+1v +1:Oa ]Zluak
This completes the inductive step. O

This theorem was first proved in 1882 by Darboux. A much more elegant
proof was discovered in the 1960s by Jirgen Moser [Mos65] and Alan We-
instein [Wei69]. It requires a bit more machinery than we have developed,
but you can look it up, for example, in [Wei77] or [AMT78].

The theory of symplectic manifolds is central to the study of classical
mechanics. Many classical dynamical systems moving under the influence
of Newton’s laws of motion can be modeled naturally as the flow of a
Hamiltonian vector field on a symplectic manifold. If one can find one or
more functions that Poisson commute with the Hamiltonian, then they
must be constant along the flow, so by restricting attention to a common
level set of these functions one can often reduce the problem to one with
fewer degrees of freedom. For much more on these ideas, see [AMT78].
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Problems

13-1.

13-2.

13-3.

13-4.
13-5.

13-6.

13-7.

Let VW, X € T(M) and f,g € C°°(M). Show that

(a) [fV.gW] = fglV,W]+ f(Vg)W —g(W[)V.
(b) Lv(fW) = (VAW + fLyW.
(C) L[V,W]X = Lvﬁle — LwﬂvX.

Let V and W be the vector fields of Exercise 13.2(b). Compute the
flows 0,9 of V and W, and verify that they do not commute by
finding explicit times s and t such that 05 o ¥y # 1y o 0.

Give an example of vector fields V, \7, and W on R? such that V =
V = 0/0x along the z-axis but Ly W # LW at the origin. [This
shows that it is really necessary to know the vector field V' to compute
(LyW),p; it is not sufficient just to know the vector V,,, or even to
know the values of V' along an integral curve of V]

Determine all Killing fields on (R", 7).

Let M be a smooth manifold and w a 1-form on M. Show that for
any smooth vector fields X,Y,

dw(X,Y) = X(w(Y)) - Y(w(X)) —w[X,Y].
Generalize the result of Problem 13-5 to a k-form w by showing that

dw(Xl, . 7Xk+1) = Z (—1)i_1Xi(w(X1, . 75(:1', .. '7Xk+1))
1<i<k+1

+ Z (—1)i+jw([Xi,Xj],X1,...,Xi,...75(:]‘,...7Xk+1),
1<i<j<k+1

where the hats indicate omitted arguments. [This formula can be used
to give a coordinate-free definition of the exterior derivative. However,
this definition has the serious flaw that, in order to compute the action
of dw on vectors (X1, ..., X) at a point p € M, one must first extend
them to vector fields in a neighborhood of p. It is not evident from
this formula that the resulting value is independent of the extensions
chosen.]

For each k-tuple of vector fields on R? shown below, either find coor-
dinates (u!, u?, u3) in a neighborhood of (1,0, 0) such that V; = 9/du’
for i =1,...,k, or explain whey there are none.

0 0
(a) k=1; Vl_xa_y_y%'
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0 0 0
0 0 0 0
(c) k=2; Vl—fCa—y—y8 , Vo= 3 +ya—y~
0 0 0 0 0 0

13-8. Let (M,w) be a symplectic manifold. Show that the Poisson bracket
satisfies the following identity for all f,g,h € C°°(M):

Hfgh, by +{{g,h}, £+ {{h, f},9} = 0.
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Integral Manifolds and Foliations

Suppose V is a nonvanishing vector field on a manifold M. The results
of Chapter 12 tell us that each integral curve of V' is an immersion, and
that locally the images of the integral curves fit together nicely like parallel
lines in Euclidean space. In particular, the fundamental theorem on flows
tells us that these curves are determined by the knowledge of their tangent
vectors.

In this chapter we explore an important generalization of this idea to
higher-dimensional submanifolds. The general setup is this: Suppose we
are given a k-dimensional subspace of 1, M at each point p € M, varying
smoothly from point to point. (Such a collection of subspaces is called a
“tangent distribution.”) Is there a k-dimensional submanifold (called an
“integral manifold” of the tangent distribution) whose tangent space at
each point is the given subspace? The answer in this case is more compli-
cated than in the case of vector fields: There is a necessary condition, called
involutivity, that must be satisfied by the tangent distribution. The main
theorem of this chapter, the Frobenius theorem, tells us that this condition
is also sufficient.

We will prove the Frobenius theorem in two forms: a local form, which
says that a neighborhood of every point is filled up with integral manifolds,
fitting together nicely like parallel subspaces of R™, and a global form, which
says that the entire manifold is the disjoint union of immersed integral
manifolds.
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Tangent Distributions

Let M be a smooth manifold. Given a smooth vector bundle 7: £ — M, a
(smooth) subbundle of E is a subset D C F with the following properties:

(i) D is an embedded submanifold of E.

(ii) For each p € M, the fiber D, = D N7~ 1(p) is a linear subspace of
E, =7"1(p).

(i) With the vector space structure on each D, inherited from E, and
the projection 7|p: D — M, D is a smooth vector bundle over M.

Note that the condition that D be a vector bundle implies that the projec-
tion 7|p: D — M must be surjective, and that all the fibers D, must have
the same dimension.

Exercise 14.1. If D C F is a smooth subbundle, show that the inclusion
map ¢: D — FE is a bundle map.

A subbundle of TM is called a tangent distribution on M, or just a
distribution if there is no opportunity for confusion with the use of the term
“distribution” for generalized functions in analysis. Other common names
for distributions are tangent subbundles or plane fields. The dimension of
each fiber of D is called dimension of the distribution.

The following lemma gives a convenient condition for checking that a
collection of subspaces {D, C T,M : p € M} is a distribution.

Lemma 14.1. Let M be a smooth manifold, and suppose for each p €
M we are given a k-dimensional linear subspace D, C T,M. Then D =
HpeM D, C TM is a distribution if and only if the following condition is
satisfied:

Each point p € M has a neighborhood U on which there

are smooth vector fields Y1,...,Yy: U — TM such that (14.1)
Yilp, ..., Yglp form a basis for D), at each p € U.

Proof. If D is a distribution, then by definition any p € M has a neighbor-
hood U over which there exists a local trivialization of D, and by Problem
3-5 there exists a smooth local frame for D over any such set U. Such a local
frame is by definition a collection of smooth sections oy,...,0,: U — D
whose images form a basis for D,, at each point p € U. The smooth vector
fields we seek are given by Y; = ¢ 0 0, where ¢: D — T'M is inclusion.

Conversely, suppose that D satisfies (14.1). Condition (ii) in the defi-
nition of a subbundle is true by hypothesis, so we need to show that D
satisfies conditions (i) and (iii).

To prove that D is an embedded submanifold, it suffices to show that
each point p € M has a neighborhood U such that D N 7=1(U) is an
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embedded submanifold of 7=%(U) ¢ TM. Given p € M, let Y1,...,Yx
be vector fields defined on a neighborhood of p and satisfying (14.1). The
independent vectors Y1, ..., Yx|, can be extended to a basis Y1 |p, ..., Yalp
for T,M, and then Yii1]p,...,Yn|p can be extended to vector fields in a
neighborhood of p. By continuity, they will still be independent in some
neighborhood U of p, so they form a local frame for 7'M over U. By Problem
3-5 again, this yields a local trivialization 7=1(U) — U x R™ defined by

y'Yilg = (q, (", y™).

In terms of this trivialization, D N 7= 1(U) corresponds to U x R¥ =
{(q, (y*,...,y*,0,...,0))} C U xR", which is obviously a regular subman-
ifold. Moreover, the map ®|prr-1(y: D N7 1 (U) — U x RF is obviously
a local trivialization of D, showing that D is itself a vector bundle. O

In the situation of the preceding lemma, we say D is the distribution
(locally) spanned by the vector fields Y7, ..., Y.

Integral Manifolds and Involutivity

Suppose D C T'M is a distribution. An immersed submanifold N C M is
called an integral manifold of D if T,N = D, at each point p € N. The
main question we want to address in this chapter is the existence of integral
manifolds.

Before we proceed with the general theory, let us describe some examples
of distributions and integral manifolds that you should keep in mind.

Example 14.2 (Tangent distributions).

(a) If V is any nowhere-vanishing vector field on a manifold M, then
V spans a 1-dimensional distribution on M (i.e., D, = span(V},) for
each p € M). The smoothness criterion (14.1) is obviously satisfied.
The image of any integral curve of V' is an integral manifold of D.

(b) In R™, the vector fields 9/0z?, ...,0/0x" span a k-dimensional distri-
bution. The k-dimensional affine subspaces parallel to R¥ are integral
manifolds.

(c) Define a distribution on R? \. {0} by letting D,, be the tangent space
to the sphere through p and centered at 0. Away from the north
and south poles, D is locally spanned by the coordinate vector fields
0/00 and 0/0p in spherical coordinates; near the poles, we can use
spherical coordinates composed with a suitable rotation. Thus D is
a 2-dimensional distribution on R? \ {0}. Through each point p €
R3 \ {0}, the sphere of radius |p| around 0 is an integral manifold.
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(d) Let X and Y be the following vector fields on R3:

9] 0 0
X_8:c+y82 Y_ay’

and let D be the distribution spanned by X and Y. It turns out that
D has no integral manifolds. To get an idea why, suppose N is an
integral manifold through the origin. Because X and Y are tangent
to N, any integral curve of X or Y that starts in N will have to
stay in N, at least for a short time. Thus N contains an open subset
of the z-axis (which is an integral curve of X). It also contains, for
each sufficiently small x, an open subset of the line parallel to the
y-axis and passing through (x,0,0) (which is an integral curve of Y).
Therefore N contains an open subset of the (z,y)-plane. However,
the tangent planes to points of the (x,y)-plane at points off of the
z-axis are not contained in D. Therefore, no such integral manifold
exists.

The last example shows that, in general, integral manifolds may fail to
exist. The reason for this failure is expressed in the following proposition.
We say that a tangent distribution D is involutive if given any pair of local
sections of D (i.e., vector fields X, Y defined on an open subset of M such
that X,,Y, € D, for each p), their Lie bracket is also a section of D. We say
D is integrable if through each point of M there exists an integral manifold
of D.

Proposition 14.3. FEvery integrable distribution is involutive.

Proof. Suppose X and Y are local sections of D defined on some open
subset U C M. Let p be any point in U, and let IV be an integral manifold
of D passing through p. The fact that X and Y are sections of D means
that X and Y are tangent to N. By Proposition 13.4, [X, Y] is also tangent
to N, and therefore [X,Y], € D,. O

The next lemma shows that the involutivity condition does not have to
be checked for every pair of vector fields, just those of a local frame near
each point.

Lemma 14.4. Let D C T M be a distribution. If in a neighborhood of every
point of M there exists a local frame (Vi,..., Vi) for D such that [V;, V]
s a section of D for each i,5 =1,...,k, then D is involutive.

Proof. Suppose the hypothesis holds, and suppose X and Y are sections
of D over some open subset U C M. Given p € M, choose a local frame
(V1,..., Vi) satisfying the hypothesis in a neighborhood of p, and write
X = X%, and Y = Y'V,. Then (using the result of Problem 13-1),
(X, Y] = [X'V;, Y7V
= XYV, V] + X (ViY); — VI (V;X)Vi.
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It follows from the hypothesis that this last expression is a section of D. [

The Frobenius Theorem

In Example 14.2, all of the tangent distributions we defined except the last
one had the property that there was an integral manifold through each
point. Moreover, these submanifolds all “fit together” nicely like parallel
affine subspaces of R™. Given a k-dimensional distribution D C T'M, let
us say that a coordinate chart (U, ) on M is flat for D if at points of U,
D is spanned by the first k& coordinate vector fields 9/0x!,...,8/0z". It is
obvious that each slice of the form z*+1 = ¢**1 ... 2" = ¢" for constants
ckt1, ..., c" is an integral manifold of D. This is the nicest possible local
situation for integral manifolds We say that a distribution D C TM is
completely integrable if there exists a flat chart for D in a neighborhood
of every point of M. Obviously every completely integrable distribution is
integrable and therefore involutive.

The next theorem is the main result of this chapter, and indeed one
of the central theorems in smooth manifold theory. (The others are the
inverse function theorem, the fundamental theorem on flows, and Stokes’s
theorem.)

Theorem 14.5 (Frobenius). FEvery involutive distribution is completely
integrable.

Proof. The canonical form theorem for commuting vector fields (Theorem
13.10) implies that any distribution locally spanned by commuting vector
fields is completely integrable. Thus it suffices to show that any involutive
distribution is locally spanned by commuting vector fields.

Let D be a k-dimensional involutive distribution on an n-dimensional
manifold M. Given p € M, choose a neighborhood U of p on which there
exist coordinates (z!,...,2") centered at p and a local frame Y7, ..., Y} for
D. By a linear change of coordinates, we may assume that 9/9z%|, = Y;|,.

Let II: U — R* be the smooth map whose coordinate representation is
the projection onto the first k coordinates: II(z!,...,2") = (z!,...,2%).
This induces a smooth map II,: TU — TR*, which can be written

H*(Zv oxt q>—Zv ozt

i=1 i=1

I(q)

(Notice that the summation is only over i = 1, ..., k on the right-hand side.)
Clearly, the restriction of II, to D, C T, M is an isomorphism, and thus by
continuity the same is true of II,: Dy — Tn(q)Rk for ¢ in a neighborhood
of p. The matrix entries of IL.|p with respect to the frames {Y;|,} and
{0/027|n1(q)} are smooth functions of ¢, and thus so are the matrix entries
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of (H*|Dq)_1 : TH(q)Rk — D,. Define a new local frame X;,..., X}, for D
near p by

1 0
0z (g

Xilg = (H*|Dq)_ (14.2)

The theorem will be proved if we can show that [X;, X;] = 0 for all ¢, j.
First observe that X; and §/0x% are Il-related, because (14.2) implies
that

0

e = (Mi|p,) Xilg = T Xil,.

I(q)

Therefore, by the naturality of Lie brackets,

a 0
oxt’ OxI T1(q)
Since [X;, X;] takes its values in D by involutivity, and II, is injective on
D, this implies that [X;, X ], = 0 for each ¢, thus completing the proof. O

One immediate consequences of the theorem is the following lemma,
which we will use repeatedly.

Proposition 14.6 (Local Structure of Integral Manifolds). Let D
be an involutive k-dimensional distribution on a smooth manifold M, and
let (U, ) be a flat chart for D. If N is any integral manifold of D, then
NNU is a countable disjoint union of open subsets of k-dimensional slices
of U, each of which is open in N and embedded in M.

Proof. Because the inclusion map ¢t: N < M is continuous, NNU = +~(U)
is open in IV, and thus consists of a countable disjoint union of connected
components, each of which is open in V.

Let V' be any component of NNU. We will show first that V' is contained
in a single slice. Choosing some p € V, it suffices to show that z%(q) = z%(p)
fori = k+1,...,n for any ¢ € V. Since V is connected, there exists a
path v in V from p to ¢, which we may take to be smooth by Problem
6-1. Because « lies in V and V is an integral manifold of D, we have
7' (t) € Ty)V = D). Because D is spanned by d/0z',...,0/0z" in U,
this implies that the last n — k components of 4/(¢) are zero: (v*)'(t) =0
for i > k+ 1. Since the domain of v is connected, this means 7 is constant
for these values of 7, so p and ¢ lie in a single slice S.

Because S is embedded in M, the inclusion map V — M is also smooth
as a map into S by Corollary 5.38. The inclusion V' < S is thus an injective
immersion between manifolds of the same dimension, and therefore a local
diffeomorphism, an open map, and a homeomorphism onto an open subset
of S. |
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This local characterization of integral manifolds implies the following
strengthening of our theorem about restricting the range of a smooth map.
(This result will be used in Chapter 15.)

Proposition 14.7. Suppose H C N is an integral manifold of an invo-
lutive distribution D on N. If F: M — N is a smooth map such that
F(M) C H, then F is smooth as a map from M to H.

Proof. Let p € M be arbitrary, and set ¢ = F(p) € H. Let (y',...,y")
be flat coordinates for D on a neighborhood U of q. Choose coordinates
(2%) for M on a connected neighborhood B of p. Writing the coordinate
representation of F' as

W'y = (F'(x),...,F"(z)),

the fact that F(B) C H means that the coordinate functions F*+1 ... F»
take on only countably many values. Because B is connected, the intermedi-
ate value theorem implies that these coordinate functions are constant, and
thus F(B) lies in a single slice. On this slice, (y!,...,y*) are coordinates
for H, so F: N — H has the local coordinate representation

') = (FH (), FH(2)),

which is smooth. O

Applications

In the next chapter, we will see some geometric applications of the Frobe-
nius theorem. In this chapter, we concentrate on some applications to the
study of partial differential equations (PDEs).

Our first application is not so much an application as a simple rephrasing
of the theorem. Because explicitly finding integral manifolds boils down to
solving a system of PDEs, we can interpret the Frobenius theorem as an
existence and uniqueness result for such equations.

Suppose we are given n — 1 smooth vector fields Y7,...,Y,_1 on an open
subset of R”, and suppose we seek a smooth function f that satisfies the
system of equations Vi f =---Y,_1f = 0. Away from the critical points of

f, the level sets of f will be integral manifolds of the distribution spanned
by the Y;’s. Thus the involutivity of this distribution is a necessary and
sufficient condition for the existence of a solution f on any open set.

Example 14.8. Consider the system

of of of of
—9,270 =L = —3,22L =L =
2z - + 2z " 0, 3z ” + 2y " 0 (14.3)
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of PDEs for a real-valued function f of three variables. It is an example of a
linear, first-order system of PDEs for f (linear because the left-hand sides
of (14.3) depend linearly on f, and first-order because it involves only first
derivatives of f). It is also overdetermined, because there are more equations
than unknown functions. In general, overdetermined systems have solutions
only if they satisfy certain compatibility conditions; in this case, involutivity
is the key.

To see whether (14.3) has nonconstant solutions, we let X and Y denote
the vector fields

0 0 0 0
_ 9,29 9 _ 92,29 9
X =-2z ax+2xaz, Y 3z 8y+2y .

These span a 2-dimensional distribution D on the subset U of R?® where
z # 0, as you can easily check. By direct computation, if z # 0,

0 o 4 4
[X,Y]=—-1222— 4+ 8yz— = Ly - —yX,
dy Ox z z

which shows that D is involutive on U. Therefore, on a neighborhood of
any point (xo, Yo, 20) with 2o # 0, there are flat coordinates (u, v, w) for D;
because X and Y are tangent to the level sets of w it follows that f = w
is a solution to (14.3) defined in a neighborhood of (zg, yo, 20). In this flat
chart, (14.3) is equivalent to df/Ju = 9f /0v = 0, because 9/0u and 9/dv
also span D. Therefore, (assuming that the w-slices are connected, which
will be the case if U is small enough), the solutions in U are precisely those
smooth functions that depend on w alone in these coordinates, i.e., those
of the form f(z,y,2) = g(w(z,y,z)) for some smooth function g of one
variable.

Exercise 14.2. What can you say about solutions in a neighborhood of a
pOiIlt (.’1}(), Yo, 0)?

The next application is more substantial. We introduce it first in the case
of a single function f(z,y) of two independent variables, in which case the
notation is considerably simpler.

Suppose we seek a solution f to the system

%(m, y) = a(z,y, f(x,y)),

g_;“@,y) = Bz, f(z,y)),

(14.4)

where o and 3 are smooth functions defined on some open subset U C R3.
This is an overdetermined system of (possibly nonlinear) first-order partial
differential equations.
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To determine the necessary conditions that « and g must satisfy for

solvability of (14.4), assume f is a solution on some open set in R?. Because
0 f |0x0y = 0? f | Oydx, (14.4) implies

(%(a(:v,y,f(w,y))) = a%(ﬁ(:v,y,f(w,y)))

and therefore by the chain rule

O da 0B o
Oy +ﬁ82 - Oz +a82'
This is true at any point (z,y, 2) € U provided there is a smooth solution
f with f(z,y) = z. In particular, (14.5) is a necessary condition for (14.4)
to have a solution in a neighborhood of any point (zg,yo) with arbitrary

initial value f(xo,yo) = 20. Using the Frobenius theorem, we can show that
this condition is sufficient.

(14.5)

Proposition 14.9. Suppose a and 3 are smooth functions defined on some
open set U C R3 and satisfying (14.5) there. For any (wo,%0,20) € U,
there is a neighborhood V' of (xo,y0) in R? and a unique smooth function
f:V — R satisfying (14.4) and f(zxo,y0) = 20.

Proof. The idea of the proof is that the system (14.4) determines the partial
derivatives of f in terms of its values, and therefore determines the tangent
plane to the graph of f at each point in terms of the coordinates of the
point on the graph. This collection of tangent planes defines a 2-dimensional
distribution on U, and (14.5) is equivalent to the involutivity condition for
this distribution.

If there were a solution f on an open set V C R?, the map ®: V — R?
given by

(I)(xvy) = (I,y,f(:c,y))

would be a diffeomorphism onto the graph I'(f) C R2. At any point p =
®(z,y), the tangent space T,I'(f) is spanned by the vector fields

0 0 of
‘I’*%( = 9 %(I,y)a‘ ;
z,y) P P
(14.6)
0 0 of
ol ol a5
Y,y Ylp Y “lp
The system (14.4) is satisfied if and only if
0. 2| =2 fatey ey =
* 8$ ( - 8117 « xuya xay 82 9
z,y) P P
(14.7)
o, 2l = 2| by o) 2
oy @) |, T ’ 0z,
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Let X and Y be the vector fields

X = 9 —l—a(m,y,z)g

Ox 0z’
0 0

on U, and let D be the distribution on U spanned by X and Y. A little
linear algebra will convince you that (14.7) holds if and only if I'(f) is an
integral manifold of D. A straightforward computation using (14.5) shows
that [X,Y] = 0, so through each point p = (z0,y0,20) € U there is an
integral manifold N of D. Let F': W — R be a defining function for NV
on some neighborhood W of p; for example, we could take F' to be the
third coordinate function in a flat chart. The tangent space to N at each
point p € N (namely D)) is equal to the kernel of Fi: TPR3 — T,R. Since
0/0z|, ¢ D, at any point p, this implies that 0F/9z # 0 at p, so by the
implicit function theorem N is the graph of a smooth function z = f(z,y)
in some neighborhood of p. You can verify easily that f is a solution to the
problem. Uniqueness follows immediately from Proposition 14.6. O

There is a straightforward generalization of this result to higher dimen-
sions. The general statement of the theorem may seem hopelessly compli-
cated, but verifying the necessary conditions in specific examples usually
just amounts to computing mixed partial derivatives and applying the chain
rule.

Proposition 14.10. Suppose aé, i =1,...,k, j = 1,...,n are smooth
functions defined on some open set U C R"* and satisfying

i i i i
90 ol 90 _ do ! dory
Ok ozl T Qxi 7927
where we use (x,2) = (x',..., 2" 21, ..., 2F) to denote a point in R"T*,

For any (x9,20) € U, there is a neighborhood V' of xo in R™ and unique
smooth map f: V — RF satisfying

axj(xl,...,x )—aj(arl,...,x @), )

and f(xo) = 20.
Exercise 14.3. Prove Proposition 14.10.

Foliations

When we put together all the maximal integral manifolds of a k-dimensional
involutive distribution D, we obtain a decomposition of M into k-
dimensional submanifolds that “fit together” locally like the slices in a
flat chart.
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We define a foliation of dimension k£ on an n-manifold M to be a col-
lection & of disjoint, connected, immersed k-dimensional submanifolds of
M (called the leaves of the foliation), whose union is M, and such that in
a neighborhood of each point p € M there is a chart (U, (z%)) such that
each leaf of the foliation intersects U in either the empty set or a countable
union of k-dimensional slices of the form x*+! = c*+1 . . 2" = ¢". (Such
a chart is called a flat chart for the foliation.)

=c

Example 14.11 (Foliations).

(a) The collection of all k-dimensional affine subspaces of R™ parallel to
R* is a k-dimensional foliation of R”.

(b) The collection of all open rays of the form {Azg : A > 0} is a 1-
dimensional foliation of R™ ~ {0}.

(c¢) The collection of all spheres centered at 0 is an (n — 1)-dimensional
foliation of R™ ~ {0}.

(d) The collection of all circles of the form S' x {q} C T? as q ranges
over S! yields a foliation of the torus T2. A different foliation of T2
is given by the collection of circles of the form {p} x S! as p ranges
over S

e) If « is a fixed irrational number, the images of all curves of the form
g
~o(t) = (cost, sint, cos(at + 6),sin(at + 9))

as 6 ranges over [0, 27) form a 1-dimensional foliation of the torus in
which each leaf is dense (cf. Example 5.3 and Problem 5-4).

(f) The collection of curves in R? satisfying one of the following equations
is a foliation of the plane:

y = sec(xz + k7)) + ¢, keZ,ceR;
T
=—+1 leZ.
x 2+, €

(g) If we rotate the curves of the previous example around the z-axis, we
obtain a 2-dimensional foliation of R? in which some of the leaves are
diffeomorphic to disks and some are diffeomorphic to annuli.

The main fact about foliations is that they are in one-to-one correspon-
dence with involutive distributions. One direction, expressed in the next
lemma, is an easy consequence of the definition.

Lemma 14.12. Let F be a foliation of a smooth manifold M. The collec-
tion of tangent spaces to the leaves of F forms an involutive distribution on
M.
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Exercise 14.4. Prove Lemma 14.12.

The Frobenius theorem allows us to conclude the following converse,
which is much more profound. By the way, it is worth noting that this result
is one of the two main reasons why the notion of immersed submanifold
has been defined.

Theorem 14.13 (Global Frobenius Theorem). Let D be an involu-
tive k-dimensional tangent distribution on a smooth manifold M. The col-

lection of all mazximal connected integral manifolds of D forms a foliation
of M.

The theorem will be a consequence of the following lemma.

Lemma 14.14. Let {N,}aca be any collection of connected integral man-
ifolds of D with a point p in common. Then N = |J, No has a unique
smooth manifold structure making it into a connected integral manifold of
D in which each Ny, is an open submanifold.

Proof. Define a topology on N by declaring a subset U of N to be open
if and only if U N N, is open in N, for each «a. It is easy to check that
this is a topology. To prove that each N, is open in N, we need to show
that N, N Ng is open in Ng for each 3. Let ¢ be an arbitrary point of
No N Ng, and choose a flat chart for D on a neighborhood U of ¢. Let V,,
Vi denote the components of N, NU and Ng N U, respectively, containing
q. By the preceding lemma, V,, and Vj are open subsets of single slices with
the subspace topology, and since both contain ¢, they both must lie in the
same slice S. Thus V, NV is open in S and also in both N, and Ng. Since
each ¢ € No N Ng has a neighborhood in Ng contained in the intersection,
it follows that N, N Ng is open in Ng as claimed. Clearly this is the unique
topology on N with the property that each N, is a subspace of N.

With this topology, N is locally Euclidean of dimension k, because each
point ¢ € N has a Euclidean neighborhood V' in some N,, and V is an
open subset of IV because its intersection with each Ng is open in Ng by
the argument in the preceding paragraph. Moreover, the inclusion map
N — M is continuous: For any open subset U C M, U N N is open in N
because U N N, is open in N,, for each a.

To see that N is Hausdorff, let ¢,¢' € N be given. There are disjoint
open sets U, U’ C M containing ¢ and ¢, respectively, and then (because
inclusion N < M is continuous) NNU and NNU’ are disjoint open subsets
of N containing q.

Next we show that N is second countable. We can cover M with count-
ably many flat charts for D, say {W; }en. It suffices to show that N NW; is
contained in a countable union of slices for each ¢, for then we can choose
a countable basis for the portion of N in each such slice, and the union of
all such bases forms a countable basis for the topology of N.
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Suppose Wy, is one of these flat charts and S C Wy is a slice containing
a point ¢ € N. There is some connected integral manifold N, containing
p and g. Because connected manifolds are path connected (***appendix?),
there is a continuous path «: [0,1] — N, connecting p and ¢. Since 7|0, 1]
is compact, there exist finitely many numbers 0 =ty <t; < --- < t,, =1
such that ~[t;_1,t;] is contained in one of the flat charts W;, for each
j. Since 7[t;—1,t;] is connected, it is contained in a single component of
Wi, N N, and therefore in a single slice S;; C W,

Let us say that a slice S of some Wy, is accessible from p if there is a
finite sequence of indices g, . .., i, and for each i; a slice S;; C W, with
the properties that p € S;,, S;,, = S, and S;;, N S;,,, # @ for each j. The
discussion in the preceding paragraph showed that every slice that contains
a point of N is accessible from p. To complete the proof of second count-
ability, we just note that S;; is itself an integral manifold, and therefore
it meets at most countably many slices of W;, , by Proposition 14.6; thus
there are only countably many slices accessible from p. Therefore, N is a
topological manifold of dimension k. It is connected because it is a union
of connected subspaces with a point in common.

To construct a smooth structure on N, we define an atlas consisting of
all charts of the form (SNN, ), where S is a single slice of some flat chart,
and ¥: S — RF is the map whose coordinate representation is projection
onto the first k coordinates: 1 (z?,...,2") = (z!,...,2%). Because any slice
is an embedded submanifold, its smooth structure is uniquely determined,
and thus whenever two such slices S, S’ overlap the transition map v’ o ¢
is smooth.

With respect to this smooth structure, the inclusion map N — M is
an immersion (because it is an embedding on each slice), and the tangent
space to N at each point ¢ € N is equal to D, (because this is true for
slices). The smooth structure is uniquely determined by the requirement
that the inclusion N <— M be an immersion, because this implies N is
locally embedded and thus its smooth structure must match those of the
slices on small enough open sets. O

Proof of the global frobenius theorem. For each p € M, let L, be the union
of all connected integral manifolds of D containing p. By the preceding
lemma, L, is a connected integral manifold of D containing p, and it is
clearly maximal. If any two such maximal integral manifolds L, and L,
intersect, their union L, U L, is an integral manifold containing both p
and p’, so by maximality L, = L,. Thus the various maximal integral
manifolds are either disjoint or identical.

If (U, ¢) is any flat chart for D, then L, NU is a countable union of open
subsets of slices by Proposition 14.6. For any such slice S, if L,,N.S is neither
empty nor all of S, then L, US is a connected integral manifold properly
containing L, which contradicts the maximality of L,. Therefore, L, N U
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is precisely a countable union of slices, so the collection {L, : p € M} is
the desired foliation. O

Exercise 14.5. If M and N are smooth manifolds, show that T'M and T'N
define integrable distributions on M x N, whose leaves are diffeomorphic to
M and N, respectively.
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Problems

14-1.

14-2.

14-3.

14-4.

If G is a connected Lie group acting smoothly, freely, and properly
on a smooth manifold M, show that the orbits of G form a foliation
of M.

Let D be the distribution on R? spanned by

0 0 0
X—%—i—yz&, Y—a—y

(a) Find an integral submanifold of D passing through the origin.
(b) Is D involutive? Explain your answer in light of part (a).

Of the systems of partial differential equations below, determine
which ones have solutions z(z, y) (or, for part (c), z(z,y) and w(z, y))
in a neighborhood of the origin for arbitrary positive values of z(0,0)
(respectively, z(0,0) and w(0,0)).

(a) Oz _ . 9% oeat

a) 5 =zcosy; 9 zlog z tan y.
0z 0z
Ze _ rz. g yz

(b) o C 9 xeY?.

T S VI T
oxr 7 oy oxr oy 7

This problem outlines an alternative characterization of involutivity
in terms of differential forms. Suppose D is a k-dimensional tangent
distribution on an n-manifold M.

(a) Show that near any point of M there are n — k independent
I-forms w?,...,w™ ¥ such that X € D if and only if w*(X) =0

fori=1,...,k.

(b) Show that D is involutive if and only if whenever (w!,...,w" %)
are forms as above, there are 1-forms {aj» ch,j=1,...,n—k}
such that

k
dw' = E a;- Aw.
j=1

[Hint: Use Problem 13-5.]

(c) Let A*(M) denote the vector space A°(M)®---®A™(M). With
the wedge product, A*(M) is an associative ring. Show that the
set

ID) ={we A" (M) :w|p =0}
is an ideal in A*(M).
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(d) An ideal J is said to be a differential ideal it d(J) C 9, that is, if
whenever w € J, dw € J as well. Show that D is involutive if and
only if J(D) is a differential ideal.



15
Lie Algebras and Lie Groups

The set of vector fields on a Lie group that are invariant under all left
translations forms a finite-dimensional vector space, which carries a nat-
ural bilinear product making it into an algebraic structure known as a Lie
algebra. Many of the properties of a Lie group are reflected in the algebraic
structure of its Lie algebra.

In this chapter, we introduce the definition of an abstract Lie algebra, de-
fine the Lie algebra of a Lie group, and explore some of its important prop-
erties, including the relationships among Lie algebras, homomorphisms of
Lie groups, and one-parameter subgroups of Lie groups. Later we introduce
the exponential map, a smooth map from the Lie algebra into the group
that shows in a very explicit way how the group structure near the identity
is reflected in the algebraic structure of the Lie algebra. The culmination
of the chapter is a complete description of the fundamental correspondence
between Lie groups and Lie algebras: There is a one-to-one correspondence
between finite-dimensional Lie algebras and simply-connected Lie groups,
and all of the connected Lie groups with a given Lie algebra are quotients
of the simply connected one by discrete normal subgroups.

Lie Algebras

A Lie algebra is a real vector space b endowed with a bilinear map bxb — b,
denoted by (X,Y) — [X,Y] and called the bracket of X and Y, satisfying
the following two properties for all X, Y, Z € b:
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(i) ANTISYMMETRY: [X,Y] = —[V, X].
(ii) Jacosr IDENTITY: [X,[Y, Z]|+ [V, [Z, X]] + [Z,[X,Y]] = 0.

Notice that the Jacobi identity is a substitute for associativity, which does
not hold in general for brackets in a Lie algebra.

Example 15.1 (Lie algebras).

(a) The vector space M(n,R) of n x n real matrices is an n?-dimensional
Lie algebra under the commutator bracket

[A,B] = AB — BA.

Antisymmetry is obvious from the definition, and the Jacobi iden-
tity follows from a straightforward calculation. When we are thinking
of M(n,R) as a Lie algebra with this bracket, we will denote it by
gl(n,R).

(b) Similarly, gl(n,C) is the 2n2-dimensional (real) Lie algebra obtained
by endowing M(n,C) with the commutator bracket.

(c¢) The space T(M) of all smooth vector fields on a smooth manifold
M is an infinite-dimensional Lie algebra under the Lie bracket by
Lemma 13.1.

(d) If (M,w) is a symplectic manifold, the space C°°(M) becomes a Lie
algebra under the Poisson bracket. Problem 13-8 shows that this
bracket satisfies the Jacobi identity.

(e) Any vector space V becomes a Lie algebra if we define all brack-
ets to be zero. Such a Lie algebra is said to be abelian. (The name
refers to the fact that the bracket in most Lie algebras, as in the two
preceding examples, is defined as a commutator operation in terms
of an underlying associative product; so “abelian” refers to the fact
that all brackets are zero precisely when the underlying product is
commutative.)

(f) If g and b are Lie algebras, then g x b is a Lie algebra with the bracket
operation defined by

[(X,Y), (X", Y] = ([X, X"], [V, Y7]).
With this bracket, g x b is called a product Lie algebra.

If b is a Lie algebra, a linear subspace a C b is called a Lie subalgebra of
b if it is closed under Lie brackets. In this case a is itself a Lie algebra with
the same bracket operation.

If a and b are Lie algebras, a linear map A: a — b is called a Lie algebra
homomorphism if it preserves brackets: A[X,Y] = [AX, AY]. An invertible
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Lie algebra homomorphism is called a Lie algebra isomorphism. If there
exists a Lie algebra isomorphism from a to b, we say they are isomorphic
as Lie algebras.

Exercise 15.1. Verify that the kernel and image of a Lie algebra homo-
morphism are Lie subalgebras.

Exercise 15.2. If g and § are Lie algebras and A: g — b is a linear map,
show that A is a Lie algebra homomorphism if and only if A[E;, E;] =
[AE;, AE;] for some basis (E1,...,E,) of g.

Now suppose G is a Lie group. Recall that each element g € G defines a
diffeomorphism L, : G — G called left translation, given by Ly(h) = gh. A
smooth vector field X € T(G) is said to be left-invariant if it is invariant
under all left translations: Ly, X = X for every g € G. (Because L is a
diffeomorphism, L4, X is a well-defined vector field on G, and Ly, X = X
means Lg.(Xy) = Xg4q for every pair g, g’ of elements of G.)

Lemma 15.2. Let G be a Lie group, and let g denote the set of all left-
invariant vector fields on G. Then g is a Lie subalgebra of T(M).

Proof. Because Lgy(aX + bY) = aLg X + bLg.Y, it is clear that g is a
linear subspace of T(M). By the naturality of Lie brackets, if X, Y € g,

Ly [X, Y] =[LgX, Ly Y] = [X,Y].
Thus g is closed under Lie brackets. O

The Lie algebra g is called the Lie algebra of the Lie group G, and is de-
noted by Lie(G). The fundamental fact is that Lie(G) is finite-dimensional,
and in fact has the same dimension as G itself, as the following theorem
shows.

Theorem 15.3. Let G be a Lie group and let g = Lie(G). The evaluation
map g — T.G, given by X — X, is a vector space isomorphism. Thus g
is finite-dimensional, with dimension equal to dim G.

Proof. We will prove the theorem by constructing an inverse to the evalu-
ation map. For each V € T.G, define a section V of T'G by

Vy = Lg.V.

If there is a left-invariant vector field on G whose value at the identity is
V, clearly it has to be given by this formula.

First we need to check that V' is in fact a smooth vector field. By Lemma
3.14(c) it suffices to show that V f is smooth whenever f is a smooth
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function on an open set U C G. Choose a smooth curve v: (—¢,e) — G
such that v(0) = e and +/(0) = V. Then for g € U,

VI)g) =V,f
= (Lg*v)f
= V(f © Lg)
=7/ (0)(f o L)

d
— L
& JoLio

= %f(m(t))

t=0

The expression ¢(g,t) = f(gv(t)) depends smoothly on (g,t), because it
is a composition of group multiplication, f, and «. Thus its ¢-derivative
depends smoothly on g, and so V f is smooth.

Next we need to verify that V' is left-invariant, which is to_say that
Ly Vg = Vyg for all g, h € G. This follows from the definition of V' and the
fact that Ly o Lg = th:

Lh*‘?q = Lps (Lq*V) = th*V = th'

Thus V € g. _
Finally, we check that the map 7: V — V is an inverse for the evaluation
map €: X — X.. On the one hand, given a vector V € T.G,

e(r(V)) = (V)e = L,V =V,

which shows that ¢ o 7 is the identity on T.G. On the other hand, given a
vector field X € g,

T(E(X))g = Xe|g = Lg:Xe = Xg,
which shows that 7o¢e = Id,. (|

Example 15.4. Let us compute the Lie algebras of some familiar Lie
groups.

(a) Fuclidean space R™: Left translation by an element b € R™ is given by
the affine map Ly(x) = x 4+ b, whose push-forward Ly, is represented
by the identity matrix in standard coordinates. This implies that
a vector field V¢9/0x¢ is left-invariant if and only if its coefficients
V% are constants. Because any two constant-coefficient vector fields
commute (by formula (13.4)), the Lie algebra of R™ is abelian, and
is isomorphic to R itself with the trivial bracket operation. In brief,
Lie(R™) & R™.
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(b) The circle group S*: There is a unique unit tangent vector field T on St
that is positively oriented with respect to the orientation induced by
the outward normal. (If 6 is any local angle coordinate on an open set
U C S, then T = 9/96 on U.) Because left translations are rotations,
which preserve T, it follows that T is left-invariant, and therefore T
spans the Lie algebra of S'. This Lie algebra is 1-dimensional and
abelian, and therefore Lie(S!) & R.

(¢) Product groups: If G and H are Lie groups, it is easy to check that
the Lie algebra of the product group G x H is the product Lie algebra
Lie(G) x Lie(H).

(d) The n-torus T": Since T™ is the n-fold product of S! with itself, its
Lie algebra is isomorphic to R x --- x R = R". In particular, it is
abelian. If T} is the oriented unit vector field on the ith S' factor,
then (7T1,...,T,) is a basis for Lie(T™).

Theorem 15.3 has several useful corollaries. Recall that a smooth mani-
fold is said to be parallelizable if its tangent bundle admits a global frame,
or equivalently if its tangent bundle is trivial.

Corollary 15.5. Fvery Lie group is parallelizable.

Proof. Let G be a Lie group and let g be its Lie algebra. Choosing any basis
X1,..., X, for g, Theorem 15.3 shows that X, ..., X,|. form a basis for
T.G. For each g € G, Ly.: T.G — T,G is an isomorphism taking X;|. to
Xilg, 50 Xilg, - .., Xn|g form a basis for T,G at each g € G. In other words
(X;) is a global frame for G. O

The proof of the preceding corollary actually shows that any basis for
the Lie algebra of G is a global frame consisting of left-invariant vector
fields. We will call any such frame a left-invariant frame.

Corollary 15.6. Fvery Lie group is orientable.

Proof. Proposition 10.5 shows that every parallelizable manifold is ori-
entable. O

A tensor or differential form o on a Lie group is said to be left-invariant
if Lo =0 forall g € G.

Corollary 15.7. Every compact oriented Lie group G has a unique left-
invariant orientation form 0 with the property that fG Q=1.

Proof. Let E1,...,E, be a left-invariant global frame on G. By replacing
FE; with —E; if necessary, we may assume this frame is positively oriented.
Let €!,...,e" be the dual coframe. Left invariance of E; implies that

(Lye")(E)) = €' (Lgu Ej) = '(E),
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which shows that Le" = €', so &" is left-invariant.
Let Q =e' A--- Ae™ Then

LiQY=L'"N---ANLe" =e' Ao A" =Q,

so  is left-invariant as well. Because Q(F1,...,E,) = 1 > 0, Q is an
orientation form for the given orientation. Clearly any positive constant
multiple of §2 is also a left-invariant orientation form. Conversely, if §2 is
any other left-invariant orientation form, we can write €2, = {2, for some
positive number c. Using left-invariance, we find that

ﬁg = L;71§8 = CL:;71Q€ = CQg,

which proves that Qisa positive constant multiple of 2.
Since G is compact and oriented, fG Q) makes sense, so we can define

Q= (Jo Q)71 Clearly Q is the unique left-invariant orientation form for
which G has unit volume. O

Remark. The n-form whose existence is asserted in this proposition is called
the Haar volume form on G, and is often denoted dV'. Similarly, the map
f— fG fdV is called the Haar integral. Observe that the proof above did
not use the fact that G was compact until the last paragraph; thus every
Lie group has a left-invariant orientation form that is uniquely defined up
to a positive constant. It is only in the compact case, however, that we can
use the volume normalization to single out a unique one.

The General Linear Group

Before going on with the general theory, we will explore one more funda-
mental example: the general linear group. In this chapter, let us denote the
n X n identity matrix by I instead of I,, for brevity. Theorem 15.3 gives a
vector space isomorphism between Lie(GL(n,R)) and T7 GL(n, R) as usual.
Because GL(n,R) is an open subset of the vector space gl(n, R), its tangent
space is naturally isomorphic to gl(n, R) itself. The composition of these two
isomorphisms gives a vector space isomorphism Lie(GL(n,R)) 2 gl(n, R).

Both Lie(GL(n,R) and gl(n,R) have independently defined Lie algebra
structures—the first coming from Lie brackets of vector fields and the sec-
ond from commutator brackets of matrices. The next proposition shows
that the natural vector space isomorphism between these spaces is in fact
a Lie algebra isomorphism. Problem 15-14 shows that the analogous result
holds for the complex general linear group.

Proposition 15.8 (Lie Algebra of the General Linear Group).
The composite map

gl(n,R) — T; GL(n,R) — Lie(GL(n, R)) (15.1)
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gives a Lie algebra isomorphism between Lie(GL(n,R)) and the matriz al-
gebra gl(n,R).

Proof. Using the matrix entries Aé as global coordinates on GL(n,R) C
gl(n,R), the natural isomorphism gl(n,R) «— T7 GL(n,R) takes the form

(5)) ‘_’ZBJ 6Al

(Because of the dual role of the indices 7, j as coordinate indices and matrix
row and column indices, it is impossible to use our summation conventions
consistently in this context, so we will write the summation signs explicitly.)

Let g denote the Lie algebra of GL(n,R). For any matrix B = (B}) €

gl(n,R), the left-invariant vector field Be g corresponding to B is given

) .

Since L 4 is the restriction of the linear map B — AB on gl(n,R), its push-
forward is represented in coordinates by exactly the same linear map. In
other words,

0
8A1

Ba=La.B= LA*<Z BJ

Ba=)Y_ AiB] 8AZ (15.2)

ijk

Given two matrices B, C' € gl(n,R), the Lie bracket of the corresponding
left-invariant vector fields is given by

. B}
[B,O]—[ZAZ k Az’ZAZOgaAP}

ijk
= Z ALB (APCT) = 9
kaAl a7 9 AP
ijkpgr
— Y AC! 5 (AVBl) = 0
a T@Ap 8Az
ijkpqr
0 0
_ 4 k r
- ZA BlC* o ZA{;(JgBkaAz
ijkr pqrk
0
=Y (A'BlCF - A'CBF
= 2 WBIC — A CLB 5.

where we have used the fact that 9(A?)/dA], is equal to one if p = i and
q = k and zero otherwise, and B} and C} are constants. Evaluating this
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last expression when A is equal to the identity matrix, we get

- _ . 9
B = BiCck — CiBF) —| .
[ 70]1 Z( kOT Ck 7‘) 8A; ;

ikr

This is the vector corresponding to the matrix commutator bracket [B, C].
Since the left-invariant vector field [B, C] is determined by its value at the
identity, this implies that

[Evé] = [B,C],

which is precisely the statement that the composite map (15.1) is a Lie
algebra isomorphism. O

Induced Lie Algebra Homomorphisms

In this section, we show that a Lie homomorphism between Lie groups in-
duces a Lie algebra homomorphism between their Lie algebras, and explore
some of the consequences of this fact.

Theorem 15.9. Let G and H be Lie groups and g and b their Lie algebras,
and suppose F: G — H is a Lie group homomorphism. For every X € g,
there is a unique vector field in by that is F-related to X. The map F.: g — b
so defined is a Lie algebra homomorphism.

Proof. If there is any vector field Y € § that is F-related to X, it must
satisfy Y, = Fi. X, and thus it must be uniquely defined by

Y = F.X,.

To show that this Y is F-related to X, we note that the fact that F is a
homomorphism implies

F(g192) = F(91)F(g2)
= F(L!hg?) = LF(gl)F(QQ)
:>FOLgZLF(g)OF

— F, OLg* = LF(g)* o F,.

Thus

F.X, = F.(LgX,)
= LF(g)*F*Xe
= Lpg)Ye

= Yp(g).-
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This says precisely that X and Y are F-related.

Now, for each X € g, let F. X denote the unique vector field in § that is F-
related to X . It then follows immediately from the naturality of Lie brackets
that F.[X,Y] = [F. X, F.Y], so F is a Lie algebra homomorphism. |

The map F: g — h whose existence is asserted in this theorem will be
called the induced Lie algebra homomorphism.

Proposition 15.10 (Properties of the Induced Homomorphism).

(a) The homomorphism Idg.: Lie(G) — Lie(G) induced by the identity
map of G is the identity of Lie(G).

(b) If F1: G — H and Fy: H — K are Lie group homomorphisms, then
(F2 9 Fl)* = (FQ)* o (Fl)*i Lle(G) — Lle(K)

Proof. Both of these relations hold for push-forwards, and the value of the
induced homomorphism on a left-invariant vector field X is defined by the
push-forward of X.. O

In the language of category theory, this proposition says that the as-
signment G — Lie(G), F — F, is a covariant functor from the category
of Lie groups to the category of Lie algebras. The following corollary is
immediate.

Corollary 15.11. Isomorphic Lie groups have isomorphic Lie algebras.
The next corollary has a bit more substance to it.

Corollary 15.12 (The Lie Algebra of a Lie Subgroup). Suppose
H C G is a Lie subgroup. The subset h C Lie(G) defined by

h={X € Lic(G) : X, € T.H}
is a Lie subalgebra of Lie(G) canonically isomorphic to Lie(H).

Proof. Let g = Lie(G) and h = Lie(G). It is clear that the inclusion map
tg: H — G is a Lie group homomorphism, so tz.(h) is a Lie subalgebra
of g. By the way we defined the induced Lie algebra homomorphism, this
subalgebra is precisely the set of left-invariant vector fields on G whose
value at the identity is of the form ¢y, V for some V € T.H. Since the
push-forward map tg«: TeH — TG is the inclusion of T, H as a subspace
in T.G, it follows that tg.(h) = h. To complete the proof, therefore, we
need only show that tp.: h — g is injective, so that it is an isomorphism
onto its image. If 17, X = 0, then in particular ¢z, X, = 0. Since ¢y is an
immersion, this implies that X, = 0 and therefore by left-invariance X = 0.
Thus tg. is injective as claimed. O
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Using this corollary, whenever H is a Lie subgroup of G, we will generally
identify Lie(H) as a subalgebra of Lie(G). It is important to remember that
elements of Lie(H) are only vector fields on H, and so, strictly speaking, are
not elements of Lie(G). However, by the preceding lemma, every element of
Lie(H) corresponds to a unique element of Lie(G), determined by its value
at the identity, and the injection of Lie(H) into Lie(G) thus determined
respects Lie brackets; so by thinking of Lie(H) as a subalgebra of Lie(G)
we are not committing a grave error.

This identification is especially illuminating in the case of Lie subgroups
of GL(n,R).

Example 15.13. Consider O(n) as a Lie subgroup of GL(n,R). By Ex-
ample 5.26, it is equal to the level set F~1(I), where F': GL(n,R) —
S(n,R) is the submersion F(A) = ATA. By Lemma 5.29, T; O(n) =
Ker Fy: Ty GL(n,R) — T7S(n,R). By the computation in Example 5.26,
this push-forward is F,B = BT + B, so

T;O(n) = {B € gl(n,R) : BT + B =0}

= {skew-symmetric n X n matrices}.

We denote this subspace of gl(n,R) by o(n). The preceding corollary then
implies that o(n) is a Lie subalgebra of gl(n,R) isomorphic to Lie(O(n)).
Notice that we did not even have to verify directly that o(n) is a subalgebra.

As another application, we consider Lie covering groups. A Lie group
homomorphism F': G — H that is also a smooth covering map is called a
covering homomorphism, and we say G is a (Lie) covering group of H. By
Problem 7-5, if G is connected and F': G — H is a surjective Lie group
homomorphism with discrete kernel, then F' is a covering homomorphism.
Every connected Lie group G has a universal covering space G, which is
naturally a smooth manifold by Proposition 2.8 and a Lie group by Problem
7-6. We call G the universal covering group of G.

The next proposition shows how Lie algebras behave under covering ho-
momorphisms.

Proposition 15.14. Suppose G and H are Lie groups and F: G — H is a
covering homomorphism. Then F,: Lie(G) — Lie(H) is an isomorphism.

Proof. Because a smooth covering map is a local diffeomorphism, the push-
forward from T.G to T H is an isomorphism, and therefore the induced Lie
algebra homomorphism is an isomorphism. O
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One-Parameter Subgroups

In this section, we explore another set of relationships among Lie algebras,
vector fields, and Lie groups. It will give us yet another characterization of
the Lie algebra of a Lie group.

Let G be a Lie group. We define a one-parameter subgroup of G to be a
Lie group homomorphism F': R — G. Notice that, by this definition, a one-
parameter subgroup is not a Lie subgroup of G, but rather a homomorphism
into G. (However, as Problem 15-5 shows, the image of a one-parameter
subgroup is a Lie subgroup.)

We will see shortly that the one-parameter subgroups are precisely the
integral curves of left-invariant vector fields starting at the identity. Before
we do so, however, we need the following lemma.

Lemma 15.15. Every left-invariant vector field on a Lie group is com-
plete.

Proof. Let g be the Lie algebra of the Lie group G, let X € g, and let 0
denote the flow of X. Suppose some maximal integral curve 6(9) is defined
on an interval (a,b) C R, and assume that b < co. (The case a > —oo is
handled similarly.) We will use left-invariance to define an integral curve
on a slightly larger interval.

By Lemma 13.8, left-invariance of X means that

Lg e} 9,5 = 915 e} Lg (153)

whenever the left-hand side is defined. Observe that the integral curve (¢)
starting at the identity is defined at least on some interval (—¢, ¢) for € > 0.
Choose some s € (b —¢€,b), and define a new curve v: (a,s +¢) — G by

_ 69 (t) t e (a, b)
v(t) = {Lgs(g)(ets(e)) e (s—este).

By (15.3), when s € (a,b) and |t — s| < &, we have

so the two definitions of v agree where they overlap.
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Now, + is clearly an integral curve of X on (a, b), and for ty € (s—e, s+¢)
we use left-invariance of X to compute

d

¥ (to) = dl,_,. Lo, (g)(01—s(e))

0 (t — s)

=to

= Lo.(9)- a‘t

= Lo, (g)« X0 (tg—s)
= Xy to)-

Thus ~ is an integral curve of X defined for ¢ € (a, s+ €). Since s + & > b,
this contradicts the maximality of 6(9). O

Proposition 15.16. Let G be a Lie group, and let X € Lie(G). The inte-
gral curve of X starting at e is a one-parameter subgroup of G.

Proof. Let 6 be the flow of X, so that 8(¢): R — @ is the integral curve in
question. Clearly 8(¢) is smooth, so we need only show that it is a group
homomorphism, i.e., that 8(¢) (s +¢) = 6(¢)(5)0() (¢) for all s,¢ € R. Using
(15.3) once again, we compute
6 ()6 (t) = Lo ()0 (e)

= 0:(Lgcer(s)(€))

=6,(6'(s))

= 0:(0s(e))

= 9t+8(6)

=0©)(t +s).

|

The main result of this section is that all one-parameter subgroups are
obtained in this way.

Theorem 15.17. FEvery one-parameter subgroup of a Lie group is an in-
tegral curve of a left-invariant vector field. Thus there are one-to-one cor-
respondences

{one-parameter subgroups of G} «—— Lie(G) «— T.G.

In particular, a one-parameter subgroup is uniquely determined by its initial
tangent vector in T.G.

Proof. Let F: R — G be a one-parameter subgroup, and let X =
F,(d/dt) € Lie(G), where we think of d/dt as a left-invariant vector field on
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R. To prove the theorem, it suffices to show that F' is an integral curve of
X. Recall that F,(d/dt) is defined as the unique left-invariant vector field
on G that is F-related to d/dt. Therefore, for any ¢ty € R,

d
F'(tg) = F. —

= XF(to)s

to
so F'is an integral curve of X. O

Given X € Lie(G), we will call the one-parameter subgroup determined
in this way the one-parameter subgroup generated by X.

The one-parameter subgroups of the general linear group are not hard
to compute explicitly.

Proposition 15.18. For any B € gl(n,R), let

00
=3
k=0

This series converges to an invertible matriz e’ € GL(n,R), and the one-
parameter subgroup of GL(n,R) generated by B € gl(n,R) is F(t) = e'B.

| =

!M. (15.4)

=

Proof. First we verify convergence. From Exercise A.24 in the Appendix,
matrix multiplication satisfies | AB| < |A| | B|, where the norm is the Euclid-
ean norm on gl(n,R) under its obvious identification with R Tt follows
by induction that |B*| < |B|*. The Weierstrass M-test shows that (15.4)
converges uniformly on any bounded subset of gl(n, R) (by comparison with
the series >, (1/k)Ck =€),

Fix B € gl(n,R). The one-parameter subgroup generated by B is an
integral curve of the left-invariant vector field E, and therefore satisfies the
ODE initial value problem

F'(t) = Bp,
F(0)=1.

Using formula (15.2) for B, the condition for F to be an integral curve can
be rewritten as

(Fo)'(t) = F} (1) B,

or in matrix notation

We will show that F(t) = e'? satisfies this equation. Since F(0) = I, this
implies that F' is the unique integral curve of B starting at the identity
and is therefore the desired one-parameter subgroup.
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To see that F' is differentiable, we note that differentiating the series
(15.4) formally term-by-term yields the result

Since the differentiated series converges uniformly on compact sets (because
it is the same series!), the term-by-term differentiation is justified. A similar
argument shows that F’(¢) = BF(t). By smoothness of solutions to ODEs,
F' is a smooth curve.

It remains only to show that F'() is invertible for all ¢, so that F' actually
takes its values in GL(n,R). If we let o(t) = F(t)F(—t) = e!Pe™ B then
o is a smooth curve in gl(n,R), and by the previous computation and the
product rule it satisfies

o'(t) = (F(t)B)F(~t) — F(t)(BF(~t)) = 0.

Therefore o is the constant curve o(t) = o(0) = I, which is to say that
F(t)F(—t) = I. Substituting —t for ¢, we obtain F(—t)F(t) = I, which
shows that F(t) is invertible and F(t)~! = F(—t). |

Next we would like to compute the one-parameter subgroups of sub-
groups of GL(n,R), such as O(n). To do so, we need the following result.

Proposition 15.19. Suppose H C G is a Lie subgroup. The one-
parameter subgroups of H are precisely those one-parameter subgroups of
G whose initial tangent vectors lie in T, H.

Proof. Let F: R — H be a one-parameter subgroup. Then the composite
map

R HSG

is a Lie group homomorphism and thus a one-parameter subgroup of G,
which clearly satisfies F'(0) € T.H.

Conversely, suppose F': R — G is a one-parameter subgroup whose initial
tangent vector lies in T.H. Let F': R — H be the one-parameter subgroup
of H with the same initial tangent vector F'(0) = F'(0) € T.H C T.G. As
in the preceding paragraph, by composing with the inclusion map, we can
also consider F' as a one-parameter subgroup of G. Since F' and F' are both
one-parameter subgroups of G with the same initial tangent vector, they
must be equal. O
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Example 15.20. If H is a Lie subgroup of GL(n, R), the preceding propo-
sition shows that the one-parameter subgroups of H are precisely the maps
of the form F(t) = €' for B € b, where h C gl(n,R) is the subalge-
bra corresponding to Lie(H) as in Corollary 15.12. For example, taking
H = O(n), this shows that the exponential of any skew-symmetric matrix
is orthogonal.

The Exponential Map

In the preceding section, we saw that the matrix exponential maps gl(n, R)
to GL(n,R) and takes each line through the origin to a one-parameter
subgroup. This has a powerful generalization to arbitrary Lie groups.

Given a Lie group G with Lie algebra g, define a map exp: g — G, called
the exponential map of G, by letting exp X = F(1), where F is the one-
parameter subgroup generated by X, or equivalently the integral curve of
X starting at the identity.

Example 15.21. The results of the preceding section show that the expo-

nential map of GL(n,R) (or any Lie subgroup of it) is given by exp A = e4.

This, obviously, is the reason for the term exponential map.

Proposition 15.22 (Properties of the Exponential Map). Let G be
a Lie group and g its Lie algebra.

(a) The exponential map is smooth.

(b) For any X € g, F(t) = exptX is the one-parameter subgroup of G
generated by X .

(¢) For any X € g, exp(s +t)X =expsXexptX.

(d) The push-forward exp,: Tog — T.G is the identity map, under the
canonical identifications of both Tog and T.G with g itself.

(e) The exponential map is a diffeomorphism from some neighborhood of
0 in g to a neighborhood of e in G.

(f) For any Lie group homomorphism F: G — H, the following diagram
commutes:
Fy

—b
Jexp

g
expl
G—F>H

(9) The flow 8 of a left-invariant vector field X is given by 8 = Rexpix
(right multiplication by exptX).



386 15. Lie Algebras and Lie Groups

Proof. For this proof, for any X € g we let 6(x) denote the flow of X. To

prove (a), we need to show that the expression 9@)(1) depends smoothly
on X, which amounts to showing that the flow varies smoothly as the vector
field varies. This is a situation not covered by the fundamental theorem on
flows, but we can reduce it to that theorem by the following trick. Define
a smooth vector field = on the product manifold G x g by

E(g,x) = (Xg,0) € TyG x Txg = T4,x)(G x g).
It is easy to verify that the flow © of = is given by
@t(Q,X) = (9(X)t(9)7X)-

By the fundamental theorem on flows, © is a smooth map. Since exp X =
7m1(01(e, X)), where m1: G X g — G is the projection, it follows that exp is
smooth.

Since the one-parameter subgroup generated by X is equal to the integral
curve of X starting at e, to prove (b) it suffices to show that exptX =

HS())(t), or in other words that
(e) _ g
0%, (1) = 01 (1), (15.5)
In fact, we will prove that for all s,¢ € R,
0, (5) = 0() (st), (15.6)

which clearly implies (15.5).
To prove (15.6), fix t € R and define a smooth curve v: R — G by

7(s) = 0[5 (st).

By the chain rule,
Y (5) = 16(%)) (s1) = X0,

s0 7y is an integral curve of the vector field tX . Since v(0) = e, by uniqueness
of integral curves we must have y(s) = HE:;O (8), which is (15.6). This proves

(b).

Next, (c) follows immediately from (b), which shows that ¢ — exptX is
a group homomorphism.

To prove (d), let X € g be arbitrary, and let o: R — g be the curve
o(t) =tX. Then ¢'(0) = X, and (b) implies

exp, X = exp, o' (0)
~ (expoo)’ (0)

d
_ 2 X
dt|,_o "

- X,
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Part (e) then follows immediately from (d) and the inverse function theo-
rem.

Next, to prove (f) we need to show that exp(F,X) = F(exp X) for any
X € g. In fact, we will show that for all t € R,

exp(tFyX) = F(exptX).

The left-hand side is, by (b), the one-parameter subgroup generated by
F.X. Thus, if we put o(t) = F(exptX), it suffices to show that o is a
group homomorphism satisfying ¢’(0) = F. X. We compute

d d
"0)= — F tX)=F, — tX =F.X
0= 5| Pewx)=r gl e
and

o(s+t) = F(exp(s+t)X)
F(expsX exptX) (by (c))
F(expsX)F(exptX) (since F' is a homomorphism)

a(s)o(t).

Finally, to show that 0(x); = Rexp¢x, we use part (b) and (15.3) to show
that for any g € G,

Rexpix(9) = g exptX
= Ly(exptX)
= Lg(e(x)t(e))
= 9(X)t(Lg(€))
=0x):(9)-
O

In the remainder of this chapter, we present a variety of important ap-
plications of the exponential map. The first is a powerful technique for
computing the Lie algebra of a subgroup.

Lemma 15.23. Let G be a Lie group, and let H C G be a Lie subgroup.
Inclusion H — G induces an isomorphism between Lie(H) and the subal-
gebra by C Lie(G) given by

h={X € Lie(G) : exptX € H for allt € R}.

Proof. Let X be an arbitrary element of Lie(G). Suppose first that X € §.
Letting v denote the curve v(t) = exptX, the fact that y(¢) lies in H for
all ¢ means that X, = 4/(0) € T.H, which means that X is in the image
of Lie(H) under inclusion (see Corollary 15.12). Conversely, if X is in the
image of Lie(H), then X, € T.H, which implies by Proposition 15.19 that
exptX € H for all t. O
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Corollary 15.24. Let G C GL(n,R) be a Lie subgroup, and define a subset
g Cgl(n,R) by

g={Becgl(nR):eP cq foralltecR}.

Then g is a Lie subalgebra of gl(n,R) canonically isomorphic to Lie(G).

As an application, we will determine the Lie algebra of SL(n,R). First
we need the following lemma.

Lemma 15.25. The matriz exponential satisfies the identity
det et = et 4, (15.7)

Proof. Let A € gl(n,R) be arbitrary, and consider the smooth function
7: R — R given by

7(t) = e~ Tt det !4,

We compute the derivatives of the two factors separately. First, using the
result of Problem 4-10 and the chain rule,

d tA\ _ d tA
o (det e"*) = d(det)ta <dte
= d(det)gea (1 A)

= (det ) tr ()} (e4.))
= (det e) tr A.
Then, because the trace is linear,
d —trtA\ 7trtAd
o (e y=¢e dt( trtA)
= e WA tr A).

Therefore, by the product rule,

d d
T/(t) _ eftrtAd (det etA) + det etAdt (eftrtA)

= e Ut det et tr A + det e!e A (— tr A)

Consequently 7(t) = 7(0) = 1 for all ¢. In particular, taking ¢ = 1, this
implies (15.7). O

Example 15.26. Let sl(n,R) C gl(n,R) be the set of trace-free matrices:

sl(n,R) C gl(n,R) = {B € gl(n,R) : tr B = 0}.
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If B € sl(n,R), then the preceding lemma shows that det e!® = "8 =1,
so e!P € SL(n,R) for all t. Conversely, if e!® € SL(n,R) for all ¢, then
1 = detetB = et*B = " B which immediately implies that tr B = 0.
Thus by Corollary 15.24, sl(n, R) is a Lie subalgebra of gl(n, R), isomorphic
to Lie(SL(n,R)).

The next lemma, is a technical result that will be used below.

Lemma 15.27. Let G be a Lie group and g its Lie algebra.

(a) If m: G x G — G denotes the multiplication map, then m,: T.G X
T.G — T.G is given by m(X,Y)=X+Y.

(b) If A,B C g are complementary linear subspaces of g, then the map
AX B — G given by (X,Y) — exp X expY is a diffeomorphism from
some neighborhood of (0,0) in A X B to a neighborhood of e in G.

Exercise 15.3. Prove this lemma.

The following proposition shows how the group structure of a Lie group
is reflected “infinitesimally” in the algebraic structure of its Lie algebra.
The second formula, in particular, shows how the Lie bracket expresses the
leading term in the Taylor series expansion of a group commutator.

In the statement of the proposition, we use the following standard nota-
tion from analysis: The expression O(t*) means any g-valued function of ¢
that is bounded by a constant multiple of [¢|* as ¢ — 0. (The bound can be
expressed in terms of any norm on g; since all norms on a finite-dimensional
vector space are equivalent, the definition is independent of which norm is
chosen.)

Proposition 15.28. Let G be a Lie group and g its Lie algebra. For any
X,Y € g, the exponential map satisfies

(exptX)(exptY) = exp(t(X +Y) + 3°[X, Y] + O(t%)), (15.8)

(exptX)(exptY)(exp —tX)(exp —tY) = exp(t*[X, Y] + O(t*)), (15.9)

whenever t € R is sufficiently close to 0.

Proof. Let X € g, and let € denote the flow of X. If f is any smooth
function defined on an open subset of G,

%f(g exptX) = %f(ﬁt(g)) = Xo,(g)f = X f(gexptX), (15.10)

because t — gexptX = 0;(g) is an integral curve of X. Applying this same
formula to the function X f yields

2

d
pTe] (gexptX) = EXf(gexth) = X?f(gexptX).
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In particular, if f is defined in a neighborhood of the identity, evaluating
these equations at g = e and ¢ = 0 yields

= X f(e), (15.11)

d
— flexptX)
dt t=0

= X2f(e). (15.12)

d2
—5 fexptX)
d? t=0

By Taylor’s theorem in one variable, therefore, we can write
flexptX) = f(e) +tX f(e) + 3 X% f(e) + O(t?). (15.13)

Now, let X,Y € g be fixed, and define a function u: R? — R by u(s,t) =
f(expsX exptY). We will prove the proposition by analyzing the Taylor
series of u(¢,t) about ¢ = 0. First, by the chain rule and (15.11),

Ju Ju

d
FUB0| = 550,04 50,0 = Xf(e) + Y fe). (15.14)

By (15.12), the pure second derivatives of u are given by

0%u 9 0*u 9
To compute the mixed second derivative, we apply (15.10) twice to obtain
0%u 0 0]
Eyen (0,0) = s - (5 . f(expsX exp tY))
= % . Y f(exp sX) (15.15)
= XY f(e).
Therefore, by the chain rule,
d? 0%u 0%u 0%u
—u(t, = — 2 —
| =5 0.0+ 25550.0) + 55(0.0)

= X?f(e) +2XY f(e) + Y f(e).
Taylor’s theorem then yields
flexptX exptY) = u(t,t)

d Lo d?
=u(0,0)+¢ au(t, t) - + 5t ﬁu(t,t) i
+0(t%)
= f(e) + (X f(e) + Y f(e))
+ $t2(X2f(e) +2XY f(e) + Y2 f(e)) + O(t%).
(15.16)
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Because the exponential map is a diffeomorphism on some neighbor-
hood U of the origin in g, there is a smooth curve in U defined by
y(t) = exp~(exptX exptY) for ¢ sufficiently near zero. It obviously satis-
fies v(0) = 0 and

exptX exptY = exp~(t).

The implied constant in the O(¢%) error term in (15.13) can be taken to be
independent of X as long as X stays in a compact subset of g, as can be
seen by expressing the error explicitly in terms of the remainder term in
the Taylor series of the smooth function f oexp (in terms of any basis for
g). Therefore, writing the Taylor series of y(t) as

v(t) =tA+t*B + O(t%)

for some fixed A, B € g, we can substitute y(¢) for tX in (15.13) and expand
to obtain

flexptX exptY) = f(expv(t))
= f(e) +tAf(e) + t*Bf(e) + %t2A2f(e) +O(t%).
(15.17)

Comparing like powers of ¢ in (15.17) and (15.16), we see that

Af(e) = Xf(e) +Y f(e),
Bf(e) + 547 f(e) = 5(X?f(e) + 2XY f(e) + Y*f(e)).
Since this is true for every f, the first equation implies A = X +Y . Inserting
this into the second equation, we obtain
Bf(e) = 5(X*f(e) +2XY f(e) + Y?f(e)) — 5(X +Y)*f(e)
=3 X%f(e) + XY f(e) + 5Y*f(e)
—3X°f(e) = 3XY f(e) = 5Y X f(e) - 5Y*f(e)
(XY f(e) =YX [f(e))
(X, Y]f(e).

1
2
1
2

This implies B = 3[X, Y], which completes the proof of (15.8).
Finally, (15.9) is proved by applying (15.8) twice:
(exptX)(exptY)(exp —tX)(exp —tY)
=exp(t(X +Y) + (X, Y] + O(t*)) x
exp(t(—X = Y) + :?[X, Y] + O(t*))
=exp(t*[X, Y] + O(t?)).
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The formulas above are special cases of a much more general formula,
called the Baker-Campbell-Hausdorff formula, which gives recursive expres-
sions for all the terms of the Taylor series of v(¢) in terms of X, Y, [X, Y],
and iterated brackets such as [X, [X,Y]] and [Y, [X, [X,Y]]]. The full for-
mula can be found in [Var84].

The Closed Subgroup Theorem

The next theorem is one of the most powerful applications of the expo-
nential map. For example, it allows us to strengthen Theorem 7.15 about
quotients of Lie groups, because we need only assume that the subgroup H
is topologically closed in G, not that it is a closed Lie subgroup. A similar
remark applies to Proposition 7.21.

Theorem 15.29 (Closed Subgroup Theorem). Suppose G is a Lie
group and H C G is a subgroup that is also a closed subset. Then H is an
embedded Lie subgroup.

Proof. By Proposition 5.41, it suffices to show that H is an embedded
submanifold of G. We begin by identifying a subspace of the Lie algebra of
G that will turn out to be the Lie algebra of H.

Let g denote the Lie algebra of G, and define a subset h C g by

h={X eg:exptX € H for all t € R}.

We need to show that h is a vector subspace of g. It is obvious from the
definition that if X € b, then tX € b for all £ € R. To see that b is closed
under vector addition, let X, Y € h be arbitrary. Observe that (15.8) implies
that for any ¢t € R and n € N,

t t t t2
exp EXexp EY = exp (E(X—’—Y) +0 (—)) ,

n2

and a simple induction using (15.8) again shows that

(oo )" = (e (Lo s 0 ()
S )

Taking the limit as n — oo, we obtain

n—oo

t t \"
expt(X +Y) = lim (exp EXexp EY) ,
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which is in H because H is closed in G. Thus X +Y € b, and so h is a
subspace. (In fact, (15.9) can be used in a similar way to prove that b is a
Lie subalgebra, but we will not need this.)

Next we will show that there is a neighborhood U of the origin in g on
which the exponential map of G is a diffeomorphism, and which has the
property that

exp(UNh) = (expU) N H. (15.18)

This will enable us to construct a slice chart for H near the identity, and
we will then use left translation to get a slice chart in a neighborhood of
any point of H.

If U is any neighborhood of 0 € g on which exp is a diffeomorphism, then
exp(U Nh) C (expU) N H by definition of §. So to find a neighborhood
satisfying (15.18), all we need to do is to show that U can be chosen small
enough that (exp U)NH C exp(UNk). Assume this is not possible. Let {U; }
be any countable neighborhood basis at 0 € g (for example, a countable
sequence of coordinate balls whose radii approach zero). The assumption
implies that for each ¢, there exists h; € (expU;) N H such that h; ¢
exp(U; N'h).

Choose a basis F1, ..., E for h and extend it to a basis F1,..., B, for
g. Let b be the subspace spanned by Ejy1,...,Eny, so that g =0 x b as
vector spaces. By Lemma 15.27, as soon as ¢ is large enough, the map from
hx b to G given by (X,Y) — exp X expY is a diffeomorphism from U; to
a neighborhood of e in G. Therefore we can write

h; =exp X;expY;

for some X; € U; Nk and Y; € U; N'b, with Y; # 0 because h; ¢ exp(U; N
h). Since {U;} is a neighborhood basis, Y; — 0 as ¢ — oo. Observe that
exp X; € H by definition of b, so it follows that expY; = (exp X;) " *h; € H
as well.

The basis {E;} induces a vector space isomorphism E: g = R™. Let
| - | denote the Euclidean norm induced by this isomorphism and define
¢i = |Yil, so that ¢; — 0 as i — oo. The sequence {c; 'Y;} lies in the unit
sphere in b with respect to this norm, so replacing it by a subsequence we
may assume that ci_lYl- — Y € b, with |Y| = 1 by continuity. In particular,
Y # 0. We will show that exptY € H for all ¢ € R, which implies that
Y € b. Since hN b = {0}, this is a contradiction.

Let t € R be arbitrary, and for each i, let n; be the greatest integer less
than or equal to ¢/c;. Then
t

n; — —
C;

<1

)

which implies

[nici —t| < e — 0,
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so n;c; — t. Thus
niY; = (nici) (¢, 1Y;) — tY,

which implies expn;Y; — exptY by continuity. But expn;Y; = (expY;)"™ €
H, so the fact that H is closed implies exptY € H. This completes the
proof of the existence of U satisfying (15.18).

The composite map ¢ = Eoexp™!: expU — R™ is easily seen to be a
coordinate chart for G, and by our choice of basis, p((expU)NH) = E(UN
h) is the slice obtained by setting the last m — k coordinates equal to zero.
Moreover, if h € H is arbitrary, left multiplication Lj is a diffeomorphism
from expU to a neighborhood of h. Since H is a subgroup, L,(H) = H,
and so

Ly((expU)NH) = Lp(expU)N H,

and po L,:l is easily seen to be a slice chart for H in a neighborhood of h.
Thus H is a regular submanifold of G, hence a Lie subgroup. O

The following corollary summarizes the closed subgroup theorem and
Proposition 5.41.

Corollary 15.30. If G is a Lie group and H is any subgroup of G, the
following are equivalent:

(a) H is closed in G.

(b) H is an embedded Lie subgroup.

Lie Subalgebras and Lie Subgroups

Earlier in this chapter, we saw that a Lie subgroup of a Lie group gives rise
to a Lie subalgebra of its Lie algebra. In this section, we show that the con-
verse is true: Every Lie subalgebra corresponds to some Lie subgroup. This
result has important consequences that we will explore in the remainder of
the chapter.

Theorem 15.31. Suppose G is a Lie group with Lie algebra g. If b is any
Lie subalgebra of g, then there is a unique connected Lie subgroup of G
whose Lie algebra is b (under the canonical identification of the Lie algebra
of a subgroup with a Lie subalgebra of g).

Proof. Define a distribution D C T'G by

Dy ={X,€T,G: X €b}.
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If (Xi,...,Xg) is any basis for b, then clearly D, is spanned by
Xilg, ..., Xklg at any g € G. Thus D is locally (in fact, globally) spanned
by smooth vector fields, so it is a smooth subbundle of T'G. Moreover, be-
cause [X;, X;] € b for each 4, j, D is involutive. Let H denote the foliation
determined by D, and for any g € G, let H{, denote the leaf of J{ containing

g.
If g, g’ are arbitrary elements of G, then

Lg*(Dg/) = span(Lg*X1|g/, e »Lg*Xk|g/)
= Span(X1|gg/, e 7Xk|gg/)
=Dyg,

so D is invariant under all left translations. If M is any connected integral
manifold of D, then so is Ly (M), since

Ty Ly(M) = Lgu(Ty 1y M) = Lgu(Dy-1,) = Dyr.

If M is maximal, it is easy to see that Ly(M) is as well. It follows that left
multiplication takes leaves to leaves: Ly(Hy ) = Hyy for any g,¢' € G.
Define H = J,, the leaf containing the identity. We will show that H is
the desired Lie subgroup.
First, to see that H is a subgroup, observe that for any h,h' € H,

hh' = Lh(hl) S Lh(H) = Lh(g{e) =H, =H.
Similarly,
Rt =h"tee L1(H.) =Ly (Hp) = Hp,-1p, = H.

To show that H is a Lie group, we need to show that the map p: (h,h’) —
hh' ™! is smooth as a map from H x H to H. Because H x H is a submanifold
of G x G, it is immediate that u: H x H — G is smooth. Since H is an
integral manifold of an involutive distribution, Proposition 14.7 shows that
1 is also smooth as a map into H.

The fact that H is a leaf of H implies that the Lie algebra of H is b,
because the tangent space to H at the identity is D, = {X. : X € h}. To
see that H is the unique connected subgroup with Lie algebra b, suppose H
is any other connected subgroup with the same Lie algebra. Any such Lie
subgroup is easily seen to be an integral manifold of D, so by maximality
of H, we must have H C H. On the other hand, if U is the domain of a flat
chart for D near the identity, then by Proposition 14.6. H N U is a union
of open subsets of slices. Since the slice containing e is an open subset of
H, this implies that H contains a neighborhood V' of the identity in H.
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Moreover, for any other point h € ﬁ, Ly(V) is an open subset of H that is

also contained in H, so H is open in H. By Problem 7-9, this implies that
H=H. |

The most important application of Theorem 15.31 is in the proof of the
next theorem.

Theorem 15.32. Suppose G and H are Lie groups with G simply con-
nected, and let g and b denote their Lie algebras. For any Lie algebra homo-
morphism p: g — b, there is a unique Lie group homomorphism ®: G — H
such that ®, = .

Proof. The Lie algebra of G x H is the product Lie algebra g x h. Let
£ C g x b be the graph of ¢:

t={(X,pX): X €g}.

Then £ is a vector subspace of g x ) because ¢ is linear, and in fact it is a
Lie subalgebra because ¢ is a homomorphism:

[(Xv SDX)7(X1790XI)] = ([Xle]v [QDX, SDX/]) = ([X,X/],(p[X,X/]) et

Therefore, by the preceding theorem, there is a unique connected Lie sub-
group K C G x H whose Lie algebra is £.
The restrictions to K of the projections

mlk: K — G, malk: K — H

are Lie group homomorphisms because 71 and 72 are. Let Il = 71 |x: K —
G. We will show that II is a smooth covering map. Since G is simply
connected, this will imply that II is a diffeomorphism and thus a Lie group
isomorphism.

To show that IT is a smooth covering map, it suffices by Problem 7-5 to
show that II is surjective and has discrete kernel. Consider the sequence of
maps

K—>GxHILHG

whose composition is II. The induced Lie algebra homomorphism II, is just
inclusion followed by projection on the algebra level:

t—gxh g
This last composition is nothing more than the restriction to € of the pro-

jection g x h — g. Because €N h = {0} (since £ is a graph), it follows that
II,: ¢ — g is an isomorphism. Because II is a Lie group homomorphism, it
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has constant rank, and therefore it is a local diffeomorphism and an open
map. Moreover, its kernel is an embedded Lie subgroup of dimension zero,
which is to say a discrete group. Because II(K) is an open subgroup of the
connected Lie group G, it is all of G by Problem 7-9. Thus IT is a surjective
Lie group homomorphism with discrete kernel, so it is a smooth covering
map and thus a Lie group isomorphism.

Define a Lie group homomorphism ®: G — H by ® = ma|x o II71. Note
that the definition of ® implies that

7T2|K :(I)O7T1|K.

Because the Lie algebra homomorphism induced by the projection 71 : G x
H — H is just the linear projection 7y : g X b — b, this implies

mole = Puomle: € — b,
Thus if X € g is arbitrary,

X = male(X, pX)
=&, om|e(X, pX)
— 3, X,

which shows that ®, = .
The proof is completed by showing that ® is the unique homomorphism
with this property. This is left as an exercise. O

Exercise 15.4. Show that the homomorphism & constructed in the pre-
ceding proof is the unique Lie group homomorphism such that ®. = ¢.
[Hint: Consider the graph.]

Corollary 15.33. If G and H are simply connected Lie groups with iso-
morphic Lie algebras, then G and H are Lie isomorphic.

Proof. Let g, h be the Lie algebras, and let ¢: g — h be a Lie algebra
isomorphism between them. By the preceding theorem, there are Lie group
homomorphisms ®: G — H and V: H — G satisfying ®. = ¢ and U, =
¢~ L. Both the identity map of G and the composition ¥ o ® are maps
from G to itself whose induced homomorphisms are equal to the identity,
so the uniqueness part of Theorem 15.32 implies that ¥ o ® = Id. Similarly,
d oV =1d, so ¢ is a Lie group isomorphism. O

A version of this theorem was proved in the nineteenth century by Sophus
Lie. However, since global topological notions such as simple connectedness
had not yet been formulated, what he was able to prove was essentially a
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local version of this corollary. Two Lie groups G and H are said to be
locally isomorphic if there exist neighborhoods of the identity U C G and
V C H, and a diffeomorphism F': U — V such that F(g192) = F(g1)F(92)
whenever g1, g2, and g1g2 are all in U.

Theorem 15.34 (Fundamental Theorem of Sophus Lie). Two Lie
groups are locally isomorphic if and only if they have isomorphic Lie alge-
bras.

The proof in one direction is essentially to follow the arguments in Theo-
rem 15.32 and Corollary 15.33, except that one just uses the inverse function
theorem to show that ® is a local isomorphism instead of appealing to the
theory of covering spaces. The details are left as an exercise.

Exercise 15.5. Carry out the details of the proof of Lie’s fundamental
theorem.

The Fundamental Correspondence Between Lie
Algebras and Lie Groups

Many of the results of this chapter show how essential properties of a Lie
group are reflected in its Lie algebra. This raises a natural question: To
what extent is the correspondence between Lie groups and Lie algebras (or
at least between their isomorphism classes) one-to-one? We have already
seen in Corollary 15.11 that isomorphic Lie groups have isomorphic Lie
algebras. The converse is easily seen to be false: Both R™ and T™ have n-
dimensional abelian Lie algebras, which are obviously isomorphic, but R™
and T™ are certainly not isomorphic Lie groups. However, if we restrict our
attention to simply connected Lie groups, then we do obtain a one-to-one
correspondence. The central result is the following theorem.

Theorem 15.35 (Lie Group—Lie Algebra Correspondence).

There is a one-to-one correspondence between isomorphism classes of
finite-dimensional Lie algebras and isomorphism classes of simply con-
nected Lie groups, given by associating each simply connected Lie group
with its Lie algebra.

The proof of this theorem will tie together all the work we have done so
far on Lie groups and their Lie algebras, together with one deep algebraic
result that we will state without proof. Let us begin by describing the
algebraic result.

Let g be a Lie algebra. A representation of g is a Lie algebra homomor-
phism p: g — gl(n,R) for some n. If p is injective, it is said to be a faithful
representation. In this case, it is easy to see that g is isomorphic to p(g),
which is a Lie subalgebra of gl(n,R).
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Theorem 15.36 (Ado’s Theorem). Fuvery Lie algebra has a faithful
representation.

The proof is long, hard, and very algebraic. It can be found in [Var84].

Proof of Theorem 15.85. We need to show that the association that sends
a simply connected Lie group to its Lie algebra is both surjective and in-
jective up to isomorphism. Injectivity is precisely the content of Corollary
15.33. To prove surjectivity, suppose g is any finite-dimensional Lie alge-
bra. Replacing g with its isomorphic image under a faithful representation
p: g — gl(n,R), we may assume that g is a Lie subalgebra of gl(n,R). By
Theorem 15.31, there is a unique Lie subgroup G C GL(n,R) that has g as
its Lie algebra. Letting G be the universal covering group of GG, Proposition

15.14 shows that Lie(G) = Lie(G) 2 g. |

What happens when we allow non-simply-connected groups? Because
every Lie group has a simply connected covering group, the answer in the
connected case is easy to describe. (For disconnected groups, the answer is
described in Problem 15-4.)

Theorem 15.37. Let g be a finite-dimensional Lie algebra. The connected
Lie groups whose Lie algebras are isomorphic to g are (up to isomorphism)
precisely those of the form G /T, where G is the simply connected Lie group
with Lie algebra g, and T is a discrete normal subgroup of G.

Proof. Given g, let G be a simply connected Lie group with Lie algebra
isomorphic to g. Suppose H is any other Lie group whose Lie algebra is
isomorphic to g, and let ¢: Lie(G) — Lie(H) be a Lie algebra isomor-
phism. Theorem 15.32 guarantees that there is a Lie group homomorphism
®: G — H such that &, = ¢. Because ¢ is an isomorphism, & is a local dif-
feomorphism, and therefore I' = Ker @ is a discrete normal subgroup of G.
Since @ is a surjective Lie homomorphism with kernel I, H is isomorphic
to G/T" by Problem 7-4. O

Exercise 15.6. Show that two connected Lie groups are locally isomor-
phic if and only if they have isomorphic universal covering groups.
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Problems

15-1.

15-2.
15-3.

15-4.

15-5.

15-6.

15-7.

Let G be a connected Lie group, and U C G any neighborhood of the
identity. Show that U generates G, i.e., that every element of G can
be written as a finite product of elements of U.

Compute the exponential maps of the abelian Lie groups R™ and T™.

Consider S? as the unit sphere in R* with coordinates (w,x,y,2).
Show that there is a Lie group structure on S* in which the vector
fields

form a left-invariant frame. [See Problems 7-8 and 3-6. It was shown
in 1958 by Raoul Bott and John Milnor [BM58] using more advanced
methods that the only spheres that are parallelizable are S!, S3, and
S7. Thus these are the only spheres that can possibly admit Lie group
structures. The first two do, as we have seen; it turns out that S” has
no Lie group structure.|

Let g be a finite-dimensional Lie algebra, and let G' be the simply
connected Lie group whose Lie algebra is g. Describe all Lie groups
whose Lie algebra is g in terms of G and discrete groups.

Let G be a Lie group.

(a) Show that the images of one-parameter subgroups in G are pre-
cisely the connected Lie subgroups of dimension less than or
equal to 1.

(b) If H C G is the image of a one-parameter subgroup, show that
H is Lie isomorphic to one of the following: the trivial group
{e}, R, or S'.

Prove that there is exactly one nonabelian 2-dimensional Lie algebra
up to isomorphism.

Let A and B be the following elements of gl(2, R):

() )

Compute the one-parameter subgroups of GL(2,R) generated by A
and B.
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15-8. Let GL*(n,R) be the subgroup of GL(n,R) consisting of matrices
with positive determinant. (By Proposition 7.26, it is the identity
component of GL(n,R).)

(a) Suppose A € GL™(n,R) is of the form e for some B € gl(n,R).
Show that A has a square root, i.e., a matrix C € GLT(n,R)
such that C? = A.

(b) Let

-1 0
(0
Show that the exponential map exp: gl(2,R) — GLT(2,R) is

not surjective, by showing that A is not in its image.

15-9. Let {i,j,k} denote the standard basis of R3, and let H = R x R3,
with basis {1,1, j,k}. Define a bilinear multiplication H x H — H by
setting

1g =gl = q for all ¢ € H,

ij=—ji=k
Jk=-kj=1,
ki = —ik = j,

i’=j"=k>=-1,

and extending bilinearly. With this multiplication, H is called the ring
of quaternions.

(a) Show that quaternionic multiplication is associative.

(b) Show that the set 8 of unit quaternions (with respect to the
Euclidean metric) is a Lie group under quaternionic multiplica-
tion, and is Lie isomorphic to SU(2).

(¢) For any point ¢ € H, show that the quaternions iq, jg, and kq
are orthogonal to g. Use this to define a left-invariant frame on
8, and show that it corresponds under the isomorphism of (b)
to the one defined in Problem 15-3.

15-10. Look up the Cayley numbers, and prove that S7 is parallelizable by
mimicking as much as you can of Problem 15-9. Why do the unit
Cayley numbers not form a Lie group?

15-11. Let A C T(R3?) be the subspace with basis {X,Y, Z}, where
0 5} 0 0 5} 5}

X=y——2— Y=2——2z— Z=x— —Yy—.

0z oy’ Ox 0z’ oy You
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Show that A is a Lie subalgebra of T(R?), which is Lie algebra iso-
morphic to R? with the cross product, and also to the Lie algebra
0(3) of O(3).

15-12. Let G be a connected Lie group and g its Lie algebra.

()

(b)
()

If X,Y €g, show that [X,Y] =0 if and only if

exptXexpsY =expsY exptX for all s, ¢ € R.

Show that G is abelian if and only if g is abelian.

Give a counterexample when G is not connected.

15-13. Show that every connected abelian Lie group is Lie isomorphic to
R* x T for some nonnegative integers k and 1.

15-14. Define a map (3: GL(n,C) — GL(2n,R) by identifying (2! +

i1
W, ..

(a)

()

L™ +4y") € C" with (2t yt, ..., 2", y") € R,

Show that ( is an injective Lie group homomorphism, so that
we can identify GL(n,C) with the Lie subgroup of GL(2n,R)
consisting of matrices built up out of 2 x 2 blocks of the form
(52

Under our usual (vector space) isomorphisms T; GL(n,C) 2
gl(n,C) and Ty GL(n,R) = gl(n,R), show that the induced
Lie algebra homomorphism S, : Lie(GL(n,C)) — Lie(GL(n,R))
induces an injective Lie algebra homomorphism gl(n,C) —
gl(n,R) (considering both as Lie algebras with the commutator
bracket). Conclude that Lie(GL(n,C)) is Lie algebra isomorphic
to the matrix algebra gl(n, C).

Determine the Lie algebras sl(n, C), u(n), and su(n) of SL(n, C),
U(n), and SU(n), respectively, as matrix subalgebras of gl(n, C).

15-15. Show by giving an explicit isomorphism that su(2) and 0(3) are iso-
morphic Lie algebras.



Appendix

Review of Prerequisites

The essential prerequisites for reading this book are a thorough acquain-
tance with abstract linear algebra, advanced multivariable calculus, and
basic topology. The topological prerequisites include basic properties of
topological spaces, topological manifolds, the fundamental group, and cov-
ering spaces; these are covered fully in my book Introduction to Topological
Manifolds [Lee00]. In this appendix, we summarize the most important
facts from linear algebra and advanced calculus that are used throughout
this book.

Linear Algebra

For the basic properties of vector spaces and linear maps, you can consult
almost any linear algebra book that treats vector spaces abstractly, such as
[FIS97]. Here we just summarize the main points, with emphasis on those
aspects that will prove most important in the study of smooth manifolds.

Vector Spaces

Let R denote the field of real numbers. A vector space over R (or real vector
space) is a set V endowed with two operations: vector addition VxV — V,
denoted by (X,Y) — X +Y, and scalar multiplication RxV — V| denoted
by (a, X) — aX; the operations are required to satisfy

(i) V is an abelian group under vector addition.
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(ii) Scalar multiplication satisfies the following identities:

a(bX) = (ab)X forall X € V and a,b € R;
1X=X forall X € V.

(iii) Scalar multiplication and vector addition are related by the following
distributive laws:

(a+b)X =aX +0X forall X € V and a,b € R;
a(X+Y)=aX +aY for all X,Y € V and a € R.

The elements of V are usually called vectors. When necessary to distinguish
them from vectors, real numbers are sometimes called scalars.

This definition can be generalized in two directions. First, replacing R by
an arbitrary field F everywhere, we obtain the definition of a vector space
over F. Second, if R is replaced by a ring R, this becomes the definition of
a module over R. We will be concerned almost exclusively with real vector
spaces, but it is useful to be aware of these more general definitions. Unless
we specify otherwise, all vector spaces will be assumed to be real.

If V is a vector space, a subset W C V that is closed under vector
addition and scalar multiplication is itself a vector space, and is called a
subspace of V.

Let V be a vector space. A finite sum of the form Zle a'X;, where
a' € Rand X; € V, is called a linear combination of the vectors X1, ..., X.
(The reason we write the coefficients a® with superscripts instead of sub-
scripts is to be consistent with the Einstein summation convention, which
is explained in Chapter 1.) If S is an arbitrary subset of V', the set of all
linear combinations of elements of S is called the span of S and is denoted
by span(S); it is easily seen to be the smallest subspace of V' containing S.
If V = span(S), we say S spans V. By convention, a linear combination of
no elements is considered to sum to zero, and the span of the empty set is

{0}.

Bases and Dimension

A subset S is said to be linearly dependent if there exists a linear relation
of the form Zle a*X; = 0, where X1,..., X}, are distinct elements of S
and at least one of the coeflicients a* is nonzero; it is said to be linearly
independent otherwise. In other words, S is linearly independent if and only
if the only linear combination of distinct elements of S that sums to zero
is the one in which all the scalar coefficients are zero. Note that any set
containing the zero vector is linearly dependent. By convention, the empty
set is considered to be linearly independent.

Exercise A.1. Let V be a vector space and S C V.
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(a) If S is linearly independent, show that any subset of S is linearly
independent.

(b) If S is linearly dependent or spans V/, show that any subset of V' that
properly contains S is linearly dependent.

(¢) Show that S is linearly dependent if and only if some element X € §
can be expressed as a linear combination of elements of S ~\ {X}.

(d) If (X1,...,Xm) is a finite, ordered, linearly dependent subset of V/,

show that some X; can be written as a linear combination of the pre-
ceding vectors (X1,...,X;—1).

A basis for V is a subset S C V that is linearly independent and spans
V. If S is a basis for V, every element of V' has a unique expression as a
linear combination of elements of S. If V' has a finite basis, then V is said to
be finite-dimensional, and otherwise it is infinite-dimensional. The trivial
vector space {0} (which we denote by R) is finite-dimensional, because it
has the empty set as a basis.

Lemma A.1. Let V be a finite-dimensional vector space. If V is spanned
by n wvectors, then every subset of V' containing more than n vectors is
linearly dependent.

Proof. Suppose the vectors {X7,...,X,,} span V. To prove the lemma, it
clearly suffices to show that any n+1 vectors {Y7,...,Y, 1} are dependent.
Suppose not. By Exercise A.1(b), the set {Y1, X1,...,X,} is dependent.
This means there is an equation of the form b'Y; +Zi a*X; = 0 in which not
all of the coefficients are equal to zero. If b* is the only nonzero coefficient,
then Y7 = 0 and clearly the set of Y;s is dependent. Otherwise, some a’ is
nonzero; renumbering the X;s if necessary, we may assume it is a'. Since we
can solve for X7 in terms of Y7 and the other X;s, the set {Y1, Xo,..., X}
still spans V.

Now suppose by induction that {Y7,Ya,...,Ys—1, Xk, ..., X} spans V.
As before, the set {Y1,Ya, ..., Vi1, Y, Xk, ..., X, } is dependent, so there
is a relation of the form

k n
D BYi+> a'X;=0
=1 i=k

with not all coefficients equal to zero. If all the a’s are zero, the Y;s are
clearly dependent, so we may assume at least one of the a’s is nonzero,
and after reordering we may assume it is a®. Solving for X}, as before, we
conclude that the set {Y7,Ya,..., Y%, Xgt1,..., X, } still spans V. Contin-
uing by induction, we conclude that the vectors {Y1,...,Y,} span V, which
means that {Y7,...,Y,41} are dependent by Exercise A.1(b). |

Proposition A.2. If V is a finite-dimensional vector space, all bases of
V' contain the same number of elements.
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Proof. If {E,...,E,} is a basis for V, then Lemma A.1 implies that any
set containing more than n elements is dependent, so no basis can have more
than n elements. Conversely, if there were a basis containing fewer than n
elements, then Lemma A.1 would imply that {E4,..., E,} is dependent,
which is a contradiction. O

Because of the preceding proposition, it makes sense to define the di-
mension of a finite-dimensional vector space to be the number of elements
in a basis.

Exercise A.2. Suppose V is a finite-dimensional vector space.

(a) Show that every set that spans V contains a basis, and every linearly
independent subset of V' is contained in a basis.

(b) If S CV is asubspace, show that S is finite-dimensional and dim S <
dim V', with equality if and only if S = V.

An ordered basis of a finite-dimensional vector space is a basis endowed
with a specific ordering of the basis vectors. For most purposes, ordered
bases are more useful than bases, so we will assume without comment that
each basis comes with a given ordering. We will denote an ordered basis by
a notation such as (Fy,..., E,) or (E;).

If (E1,...,E,) is an (ordered) basis for V, each vector X € V has a
unique expression as a linear combination of basis vectors:

n
X =) X'E.
i=1
The numbers X are called the components of X with respect to this basis,
and the ordered n-tuple (X! ..., X") is called its basis representation.

(Here is an example of a definition that requires an ordered basis.)

The fundamental example of a finite-dimensional vector space is of course
R” = R x --- x R, which we call n-dimensional Fuclidean space. It is
a vector space under the usual operations of vector addition and scalar
multiplication. We will denote a point in R™ by any of the notations x or
(x%) or (x',...,2™); the numbers z* are called the coordinates of x. They
are also the components of 2 with respect to the standard basis (e1, ..., e,),
where e; = (0,...,1,...,0) is the vector with a 1 in the ith place and zeros
elsewhere.

Notice that we always write the coordinates of a point (z!,...,2") €
R™ with upper indices, not subscripts as is usually done in linear algebra
and calculus books, so as to be consistent with the Einstein summation
convention (see Chapter 1).

If S and T are subspaces of a vector space V, the notation S+ 7T denotes
the set of all vectors of the form X + Y, where X € Sand Y € T. It is
easily seen to be a subspace, and in fact is the subspace spanned by SUT.
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IfS+T =V and SNT = {0}, V is said to be the direct sum of S and T,
and we write V=S T.

If S is any subspace of V, another subspace T' C V is said to be com-
plementary to S if V.= S @& T. In this case, it is easy to check that every
vector in V has a unique expression as a sum of an element of S plus an
element of 7.

Exercise A.3. Suppose S and T are subspaces of a finite-dimensional vec-
tor space V.

(a) Show that SN T is a subspace of V.

(b) Show that dim(S +7) =dim S 4+ dim7T — dim(SNT).

(¢) IfV = S+T,showthat V = S®T if and only if dim V' = dim S+dim T'.
Exercise A.4. Let V be a finite-dimensional vector space. Show that
every subspace S C V has a complementary subspace in V. In fact, if
(F1,...,Ey) is any basis for V, show that there is some subset {i1,...,ix}
of the integers {1,...,n} such that span(E;,,..., E;, ) is a complement to

S. [Hint: Choose a basis (Fi,...,Fy) for S, and apply Exercise A.1(d) to
the ordered (m + n)-tuple (Fi,...,Fm,E1,...,E,).]

Suppose S C V is a subspace. For any vector x € V, the coset of S
determined by z is the set

z+S={x+y:yeS}

A coset is also sometimes called an affine subspace of V' parallel to S. The
set V/S of cosets of S is called the quotient of V by S.

Exercise A.5. Suppose V is a vector space and S is a subspace of V.
Define vector addition and scalar multiplication of cosets by

+S)+Ww+9S)=(@+y)+S5;
c(x+S)=(cx)+ S.
(a) Show that the quotient V/S is a vector space under these operations.
(b) If V is finite-dimensional, show that dim V/S = dimV — dim S.

Linear Maps

Let V and W be vector spaces. Amap T: V — W is linearif T (aX +bY) =
aT'X 4+ bTY for all vectors X,Y € V and all scalars a,b. The kernel of T',
denoted by Ker T, is the set {X € V : TX = 0}, and its image, denoted by
ImT or T'(V),is {Y e W:Y =TX for some X € V}.

One simple but important example of a linear map arises in the following
way. Given a subspace S C V and a complementary subspace 7', there is a
unique linear map 7: V' — S defined by

T(X+Y)=XforXeS, YeT.
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This map is called the projection onto S with kernel T.

A bijective linear map T': V' — W is called an isomorphism. In this case,
there is a unique inverse map T~': W — V, and the following computation
shows that 7! is also linear:

aT X +bT7'Y =TT (aT ' X +0T7'Y)
=T YaTT'X +bTT7'Y) (by linearity of T)
=T aX +bY).

For this reason, a bijective linear map is also said to be invertible. If there
exists an isomorphism 7: V' — W, then V and W are said to be isomorphic.
Isomorphism is easily seen to be an equivalence relation.

Example A.3. Let V be any n-dimensional vector space, and let
(E1, ..., Ey,) be any ordered basis for V. Define a map F: R" — V by

B(z',...,2") =2'F 4+ ...2"E,.

Then F is bijective, so it is an isomorphism, called the basis isomorphism
determined by this basis. Thus every n-dimensional vector space is isomor-
phic to R™.

Exercise A.6. Let V and W be vector spaces, and suppose (F1,..., FEn)
is a basis for V. For any n elements Xi,...,X,, € W, show that there is a
unique linear map T': V' — W satisfying T(E;) = X; fori=1,...,n.

Exercise A.7. Let S:V — W and T: W — X be linear maps.

(a) Show that Ker S and Im S are subspaces of V' and W, respectively.
(b) Show that S is injective if and only if Ker S = {0}.

(¢) If S is an isomorphism, show that dimV = dim W (in the sense that
these dimensions are either both infinite or both finite and equal).

(d) If S and T are both injective or both surjective, show that 7o S has
the same property.

(e) IfToS issurjective, show that T is surjective; give an example to show
that S may not be.

(f) If T oS is injective, show that S is injective; give an example to show
that 7" may not be.

(g) If V and W are finite-dimensional vector spaces of the same dimension
and S is either injective or surjective, show that it is an isomorphism.

Exercise A.8. Suppose V is a vector space and S is a subspace of V', and
let m: V — V/S denote the projection onto the quotient space. If T': V. — W
is a linear map, show that there exists a linear map T: V/S — W such that
Tom=T if and only if S C KerT.
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Now suppose V and W are finite-dimensional vector spaces with ordered
bases (E1,...,E,) and (F1,..., Fy,), respectively. If T: V' — W is a linear
map, the matriz of T with respect to these bases is the m x n matrix

AL Al
A= (Ai) = : - :
AP AP
whose ith column consists of the components of T'E; with respect to the
basis (F}):

TE; = iA{Fj.

Jj=1

By linearity, the action of T’ on any vector X = Y, X'Ej; is then given by

n n m
T (Z XE) =Y > AIX'F;.
i=1 i=1 j=1
If we write the components of a vector with respect to a basis as a column
matrix, then the matrix representation of ¥ = TX is given by matrix
multiplication:

Xl

y! AL oA
ym Ao A \Xn

n

or, more succinctly,
n
Yi=> " AlX
1 X
i=1

It is straightforward to check that the composition of two linear maps is
represented by the product of their matrices, and the identity tranformation
of any n-dimensional vector space V' is represented with respect to any basis
by the n x n identity matriz, which we denote by I,; it is the matrix with
ones on the main diagonal and zeros elsewhere.

The set M(m x n,R) of all m x n real matrices is easily seen to be a real
vector space of dimension mn. In fact, by stringing out the matrix entries
in a single row, we can identify it in a natural way with R™". Similarly,
because C is a real vector space of dimension 2, the set M(m x n,C) of
m X n complex matrices is a real vector space of dimension 2mn.

Suppose A is an n x n matrix. If there is a matrix B such that AB =
BA = I,, then A is said to be invertible or nonsingular; it is singular
otherwise.
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Exercise A.9. Suppose A is a nonsingular matrix.

(a) Show that there is a unique matrix B such that AB = BA = I,,. This
matrix is denoted by A~! and is called the inverse of A.

(b) If A is the matrix of an invertible linear map T': V — W with respect
to some bases for V and W, show that A is invertible and A~! is the
matrix of T~! with respect to the same bases.

Because R™ comes endowed with the canonical basis (e;), we can unam-
biguously identify linear maps from R™ to R with m x n matrices, and
we will often do so without further comment.

In this book, we often need to be concerned with how various objects
transform when we change bases. Suppose (E;) and (E;) are two bases
for a finite-dimensional vector space V. Then each basis can be written
uniquely in terms of the other, so there is an invertible matrix B, called
the transition matriz between the two bases, such that

E; =) BlE;,

= (A.1)
Ej = Z(B_l)éEz

1=1

Now suppose V and W are finite-dimensional vector spaces and T: V —
W is a linear map. With respect to bases (E;) for V and (F}) for W, T
is represented by some matrix A = (A7), If (E;) and (ﬁj) are any other
choices of bases for V and W, respectively, let B and C denote the transition
matrices satisfying (A.1) and

Fi = icljﬁ‘]a
j=1

ﬁa = 2(071)3E
i=1

Then a straightforward computation shows that the matrix A representing
T with respect to the new bases is related to A by

AL =) ClABTYE,
k.l
or, in matrix form,
A=CAB™'.

In particular, if 7" is a map from V to itself, we usually use the same basis
in the domain and the range. In this case, if A denotes the matrix of T
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with respect to (E;), and A with respect to (E;), we have
A=BAB™'.

If V and W are vector spaces, the set L(V, W) of linear maps from V to
W is a vector space under the operations

(S+T)X=SX+TX, (X =¢(TX).

If dimV = n and dim W = m, then any choice of bases for V' and W gives
us amap L(V, W) — M(mxn,R), by sending each linear map to its matrix
with respect to the chosen bases. This map is easily seen to be linear and
bijective, so dim L(V, W) = dim M(m x n,R) = mn.

If T: V — W is a linear map between finite-dimensional spaces, the
dimension of Im 7T is called the rank of T, and the dimension of KerT is
called its nullity.

Exercise A.10. Suppose V, W, X are finite-dimensional vector spaces, and
let S: V — W and T: W — X be linear maps.

(a) Show that S is injective if and only if rank S = dimV, and S is sur-
jective if and only if rank S = dim W.

(b) Show that rank(7T" o S) < rank.S, with equality if and only if Im .S N
KerT = {0}. [Hint: Replace W by the quotient space W/ KerT'.]

(¢) Show that rank(7 o S) < rankT', with equality if and only if Im S +
KerT =W.

(d) If Sis an isomorphism, show that rank(7T o S) = rank 7', and if T" is an
isomorphism, show that rank(7" o S) = rank S.

The following theorem shows that, up to choices of bases, a linear map
is completely determined by its rank together with the dimensions of its
domain and range.

Theorem A.4 (Canonical Form for a Linear Map). Suppose V and
W are finite-dimensional vector spaces, and T: V — W is a linear map of
rank r. Then there are bases for V. and W with respect to which T has the
following matriz representation (in block form):

I. 0
(6 0)

Proof. Choose any bases (F1, ..., F,) for InT and (K7y,..., K}) for KerT.
Extend (F;) arbitrarily to a basis (F1,. .., Fy,) for W. By definition of the
image, there are vectors E1, ..., E,. € Vsuchthat TE; = F;fori=1,...,r.
We will show that (F1,..., E,, K1,..., K}) is a basis for V; once we know
this, it follows easily that T" has the desired matrix representation.

Suppose first that Y, a’E; + > ; b K; = 0. Applying T to this equation
yields ', a'F; = 0, which implies that all the coefficients a’ are zero.



412 Appendix: Review of Prerequisites

Then it follows also that all the b/s are zero because the Ks are indepen-
dent. Therefore, the vectors (F1,..., E., K1,..., Ki) are independent.

To show that they span V, let X € V be arbitrary. We can express
TX € ImT as a linear combination of (F1,...,F.):

TX = XT: ¢F;.
=1

If we put Y =5, c'E; € V, it follows that TY =TX,s0 Z =X -Y €
Ker T. Writing Z = ), d’ K;, we obtain

T k
X=Y+2Z=) B+ dK;

i=1 j=1
so (F1,...,E., K1q,...,K) do indeed span V. |

This theorem says that any linear map can be put into a particularly nice
diagonal form by appropriate choices of bases in the domain and range.
However, it is important to be aware of what the theorem does not say: If
T:V — V is a linear map from a finite-dimensional vector space to itself,
it may not be possible to choose a single basis for V' with respect to which
the matrix of T is diagonal.

The next result is central in applications of linear algebra to smooth
manifold theory; it is a corollary to the proof of the preceding theorem.

Corollary A.5 (Rank-Nullity Law). SupposeT:V — W is any linear
map. Then

dim V' = rank T + nullity T
= dim(Im7T") + dim(Ker T).

Proof. The preceding proof showed that V' has a basis consisting of k + r
elements, where £k = dimKerT and r = dimIm7T. O

Suppose A is an m x n matrix. The transpose of A is the n x m matrix
AT obtained by interchanging the rows and columns of A: (AT)! = Aj. (It
can be interpreted abstractly as the matrix of the dual map; see Chapter

3.) The matrix A is said to be symmetric if A = AT and skew-symmetric
if A=—-AT.

Exercise A.11. If A and B are matrices of dimensions m x n and n X k,
respectively, show that (AB)T = BT AT.

The rank of an m x n matrix A is defined to be its rank as a linear map
from R™ to R™. Because the columns of A, thought of as vectors in R™, are
the images of the standard basis vectors under this linear map, the rank of
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A can also be thought of as the dimension of the span of its columns, and
is sometimes called its column rank. Analogously, we define the row rank
of A to be the dimension of the span of its rows, thought of similarly as
vectors in R”.

Proposition A.6. The row rank of any matriz is equal to its column rank.

Proof. Let A be an m x n matrix. Because the row rank of A is equal to
the column rank of A7 we must show that rank A = rank A7

Suppose the (column) rank of A is k. Thought of as a linear map from
R™ to R™, A factors through Im A as follows:

R" 4

~

ImA,

where A is just the map A with its range restricted to Im A, and ¢ is the
inclusion of Im A into R™. Choosing a basis for the k-dimensional subspace
Im A, we can write this as a matrix equation A = BC, where B and C are
the matrices of « and A with respect to the chosen basis. Taking transposes,
we find AT = CTB”, from which it follows that rank A” < rank B”. Since
BT is a k x m matrix, its column rank is at most k, which shows that
rank A7 < rank A. Reversing the roles of A and AT and using the fact that
(ATYT = A, we conclude that rank A = rank A7 |

Suppose A = (Af ) is an m X n matrix. By choosing nonempty subsets
{ir,...vigt € {1,...,m} and {j1,...,5i} C {1,...,n}, we obtain a k x I
matrix whose entry in the pth row and ¢th column is A;’; :

i1 i1
Aj1 Ajz
ik 1k
Aj1 Ajz

Such a matrix is called a k x [ minor of A. Looking at minors gives a
convenient criterion for checking the rank of a matrix.

Proposition A.7. Suppose A is an m xXn matriz. Then rank A > k if and
only if some k x k minor of A is nonsingular.

Proof. We consider A as usual as a linear map from R" to R™. A sub-
space of R™ or R spanned by some subset of the standard basis vectors
will be called a coordinate subspace. Suppose {i1,...,ix} C {1,...,m} and
{j1,---sdx} € {1,...,n}, and let M denote the k x k minor of A deter-
mined by these subsets. If P C R” is the coordinate subspace spanned
by (€j,...,€j.), and @ C R™ is the coordinate subspace spanned by
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(€iyy---,€4), 1t is easy to check that M is the matrix of the composite
map

PLR"AR" S Q,

where ¢ is inclusion of P into R™ and 7 is the coordinate projection of R™
onto ). Thus to prove the proposition it suffices to show that rank A > k
if and only if there are k-dimensional coordinate subspaces P and @) such
that m o A o has rank k.

One direction is easy. If there are such subspaces, then rank: = rank 7 =
k, and k = rank(mo Aot) < min(k, rank A), which implies that rank A > k.

Conversely, suppose that rank A = r > k. By Exercise A.4, there exists a
coordinate subspace P C R"™ complementary to Ker A. Since dim P = n —
dimKer A = r > k by the rank-nullity law, we can choose a k-dimensional
coordinate subspace P C P. Then A|p is injective, so if t: P — R™ denotes
inclusion, it follows that A o is injective and has rank k.

Now let S C R™ be any coordinate subspace complementary to Im(Ao¢),
and let @ be the coordinate subspace complementary to S (i.e., the span of
the remaining basis elements). If 7: R™ — ( is the projection onto Q) with
kernel S, then Im(A o () intersects Kerm = S trivially, so rank(m o Ao ) =
rank A o ¢« = k by Exercise A.10(b). O

The Determinant

There are a number of ways of defining the determinant of a square matrix,
each of which has advantages in different contexts. The definition we will
give here, while perhaps not pedagogically the most straightforward, is the
simplest to state and fits nicely with our treatment of alternating tensors
in Chapter 9.

We let S,, denote the group of permutations of the set {1,...,n}, called
the symmetric group on n elements. The properties of S,, that we will need
are summarized in the following lemma; proofs can be found in any good
undergraduate algebra text such as [Hun90] or [Her75]. A transposition is
a permutation obtained by interchanging two elements and leaving all the
others fixed. A permutation that can be written as a composition of an
even number of transpositions is called even, and one that can be written
as a composition of an odd number of transpositions is called odd.

Lemma A.8 (Properties of the Symmetric Group).

(a) Ewvery element of S,, can be decomposed as a finite sequence of trans-
positions.

(b) For any o € S, the parity (evenness or oddness) of the number of
transpositions in any decomposition of o as a sequence of transposi-
tions is independent of the choice of decomposition.
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(¢) The map sgn: S, — {1} given by

san(o) 1 if o is even,
n(o) =
& —1 if o is odd

is a surjective group homomorphism, where we consider {£1} as a
group under multiplication.

Exercise A.12. Prove (or look up) Lemma A.8.

If A= (A7) is an n x n (real or complex) matrix, the determinant of A
is defined by the expression

det A= )" (sgno)A7" .- A7". (A.2)
oeSy

For simplicity, we assume throughout this section that our matrices are
real. The statements and proofs, however, hold equally well in the complex
case. In our study of Lie groups we will also have occasion to consider
determinants of complex matrices.

Although the determinant is defined as a function of matrices, it is also

useful to think of it as a function of n vectors in R™: If Ay,..., A, € R™,
we interpret det(Aq, ..., A,) to mean the determinant of the matrix whose
columns are (Ai,...,A4,):

AL Al

det(Aq,...,A,) =det [ : .o
A ... AT
It is obvious from the defining formula (A.2) that the function det: R™ x

-+ X R™ — R so defined is multilinear, which means that it is linear as a
function of each vector when all the other vectors are held fixed.

Proposition A.9 (Properties of the Determinant). Let A be an n x
n matric.

(a) If one column of A is multiplied by a scalar c, the determinant is
multiplied by the same scalar:

det(Al, .. .,CAZ', . ,An) = cdet(Al, . .,Ai, ce 7An)
(b) The determinant changes sign when two columns are interchanged:

det(Ar, ..., Ag, .. Ay, Ay)
= —det(Ay, ..., Ay .. Ag .. Ay, (A3)
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(¢) The determinant is unchanged by adding a scalar multiple of one
column to any other column:

det(Al,...7Ai,...7Aj+CAZ',...,A”)
:det(Al,...,Ai,...,Aj...,An).

(d) For any scalar ¢, det(cA) = ¢™ det A.
(e) If any two columns of A are identical, then det A = 0.
(f) det AT = det A.

(9) Ifrank A <n, then det A = 0.

Proof. Part (a) is part of the definition of multilinearity, and (d) follows
immediately from (a). To prove (b), suppose p < ¢ and let 7 € S, be
the transposition that interchanges p and ¢, leaving all other indices fixed.
Then the left-hand side of (A.3) is equal to

det(Ar,..., Agy..o Ay, Ay) = Y (sgno) AT - ATP - AZE . AT"

o0ESy
= Z (sgno)A! - AZT... ATP ... AT"
oESy
=Y (sgno)A{7..- AT
ocES,
=— ) (sen(om)A7™ .- AT
g€eSy,
== 3 (sgamayt - Ay
neSy
= — det(Al, ey An),

where the next-to-last line follows by substituting n = o7 and noting that
n runs over all elements of S, as ¢ does. Part (e) is then an immediate
consequence of (b), and (c) follows by multilinearity:

det(Al,...,Ai,...,Aj+CA¢,...7An)
:det(Al,...,Ai,...,Aj...,An)+Cdet(A1,...,Ai,...,Ai...7An)
:det(Al,...,Al-,...,Aj...,An)+O.
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Part (f) follows directly from the definition of the determinant:

det AT = > (sgno) A}, - AL,
oeSy

o 1ol o lon
E (Sgn U)Aal T Aan
oeSy

= Z (sgn 0)A7711 - -A,";ln (multiplication is commutative)
oeSy

= Z (sgnn) AT ... AM (substituting n = o)
YIS
= det A.

Finally, to prove (g), suppose rank A < n. Then the columns of A are
dependent, so at least one column can be written as a linear combination of
the others: 4; =37, ¢’ A;. The result then follows from the multilinearity
of det and (e). O

The operations on matrices described in parts (a), (b), and (c) of the
preceding proposition (multiplying one column by a scalar, interchanging
two columns, and adding a multiple of one column to another) are called
elementary column operations. Part of the proposition, therefore, describes
precisely how a determinant is affected by elementary column operations.
If we define elementary row operations analogously, the fact that the deter-
minant of AT is equal to that of A implies that the determinant behaves
similarly under elementary row operations.

Each elementary column operation on a matrix A can be realized by mul-
tiplying A on the right by a suitable matrix, called an elementary matriz.
For example, multiplying the ith column by c is achieved by multiplying A
by the matrix E. that is equal to the identity matrix except for a c in the
(i,1) position:

A o AL 0 AN /1 .0 0 .. 0
Ap An A:g 0 0 1
At oLooeAl Lo AL
e oy

AP cAr L. AT

3
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Observe that det £, = c.

Exercise A.13. Show that interchanging two columns of a matrix is
equivalent to multiplying on the right by a matrix whose determinant is
—1, and adding a multiple of one column to another is equivalent to multi-
plying on the right by a matrix of determinant 1.

Exercise A.14. Suppose A is a nonsingular n X n matrix.

(a) Show that A can be reduced to the identity I, by a sequence of ele-
mentary column operations.

(b) Show that A is equal to a product of elementary matrices.

Elementary matrices form a key ingredient in the proof of the following
theorem, which is arguably the deepest and most important property of
the determinant.

Theorem A.10. If A and B are n X n matrices, then
det(AB) = (det A)(det B).

Proof. If B is singular, then rank B < n, which implies that rank AB <
n. Therefore both det B and det AB are zero by Proposition A.9(g). On
the other hand, parts (a), (b), and (¢) of Proposition A.9 combined with
Exercise A.13 show that the theorem is true when B is an elementary
matrix. If B is an arbitrary nonsingular matrix, then B can be written as
a product of elementary matrices by Exercise A.14, and then the result
follows by induction. O

Corollary A.11. If A is a nonsingular n X n matriz, then det(A~1) =
(det A)~1L.

Proof. Just note that 1 = det I,, = det(AA™1) = (det A)(det A™1). O

Corollary A.12. A square matriz is nonsingular if and only if its deter-
minant is nonzero.

Proof. One direction follows from Proposition A.9(g); the other from Corol-
lary A.11. O

For actual computations of determinants, the formula in the following
proposition is usually more useful than the definition.

Proposition A.13 (Expansion by Minors). Let A be an nxn matriz,
and for each i, j let M; denote the (n—1)x (n—1) minor obtained by deleting
the ith column and jth row of A. For any fized i between 1 and n inclusive,

det A = (—1)"" Al det M]. (A.4)
j=1
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Proof. Tt is useful to consider first a special case: Suppose A is an n x n
matrix that has the block form

A= (g (1’) , (A.5)

where B is an (n — 1) x (n — 1) matrix and C is a 1 x n row matrix.
Then in the defining formula (A.2) for det A, the factor AZ™ is equal to
1 when on = n and zero otherwise, so in fact the only terms that are
nonzero are those in which o € S,,_1, thought of as the subgroup of S,
consisting of elements that permute {1,...,n — 1} and leave n fixed. Thus
the determinant of A simplifies to

det A = Z (sgno) AL -+ A7V = det B.
o€Sn—1

Now let A be arbitrary, and fix ¢ between 1 and n. For each j = 1,...,n,
let X/ denote the matrix obtained by replacing the ith column of A by
the basis vector e;. Since the determinant is a multilinear function of its
columns,

det A = det A17"'7Ai—l7ZAgej7Ai+l7"'7An
j=1

Ai det(Al,...,Ai,l,ej,AiJrl,...,An) (AG)

[
NE

<.
Il
—

A{ detXij.

[
NE

<.
Il
—

On the other hand, by interchanging columns n — ¢ times and then in-
terchanging rows n — j times, we can transform X to a matrix of the
form (A.5) with B = M} . Therefore, by the observation in the preceding
paragraph,

det X7 = (=1)"~"*"=3 det M/ = (=1)"* det M.
Inserting this into (A.6) completes the proof. |

Formula (A.4) is called the expansion of det A by minors along the ith
column. Since det A = det AT,_ there is an analogous expansion along any
row. The factor (—1)"™7 det M; multiplying A in (A.4) is called the cofac-
tor of A{, and is denoted by cof{.

Proposition A.14 (Cramer’s Rule). Let A be a nonsingular nxn ma-
triz. Then A1 is equal to 1/(det A) times the transposed cofactor matriz

of A:
IV ;1
(4 )j a detACOfi T det A

(=1)"* det M. (A7)
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Proof. Let Bj denote the expression on the right-hand side of (A.7). Then
LI 1 <& o )
T A] — i+7 AJ J

;::1 BijAy = m}zl(—l) 7 A7 det M. (A.8)

When k = i, the summation on the right-hand side is precisely the expan-
sion of det A by minors along the ith column, so the right-hand side of
(A.8) is equal to 1. On the other hand, if k # ¢, the summation is equal to
the determinant of the matrix obtained by replacing the ith column of A
by the kth column. Since this matrix has two identical columns, its deter-
minant is zero. Thus (A.8) is equivalent to the matrix equation BA = I,,,
where B is the matrix (B7). Multiplying both sides on the right by A=,
we conclude that B = A~ O

A square matrix A = (Af) is said to be upper triangular if Ag = 0 for
j > i (i.e., the only nonzero entries are on and above the main diago-
nal). Determinants of upper triangular matrices are particularly easy to
compute.

Proposition A.15 (Determinant of an Upper Triangular Matrix).
If A is an upper triangular n X n matriz, then the determinant of A is the
product of its diagonal entries:

det A= Al... A",

Proof. When n = 1, this is trivial. So assume the result is true for (n —
1) x (n — 1) matrices, and let A be an upper triangular n X n matrix. In
the expansion of det A by minors along the first column, there is only one
nonzero entry, namely A{ det M{. By induction det M{ = A3--- A" which
proves the proposition. O

Suppose X is an (m + k) x (m + k) matrix. We say X is block upper
triangular if X has the form
A B
(2 7) o

for some matrices A, B, C of sizes m x m, m x k, and k X k, respectively.

Proposition A.16. If X is the block upper triangular matriz given by
(A.9), then det X = (det A)(det C).

Proof. If A is singular, then clearly the columns of X are linearly depen-
dent, which implies that det X = 0 = (det A)(det C). So let us assume that
A is nonsingular.

Consider first the following special case:
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Expanding by minors along the first column, an easy induction shows that
det X = det C in this case. A similar argument shows that

A 0
det <O Ik)—detA.

The general case follows from these two observations together with the
factorization

Ge)=6 ) o) )

noting that the last matrix above is upper triangular with ones along the
main diagonal. O

Inner Products and Norms

If V is a real vector space, an inner product on V is a map from VxV — V|
usually written (X,Y) — (X,Y), that is

(i) SYMMETRIC:

<X7Y> = <Y,X>

(ii) BILINEAR:
(aX +dX")Y)=a(X,Y)+d (X" Y),
(X,0Y +b'Y") =b(X,Y) + b (X,Y").
(iii) POSITIVE DEFINITE:
(X,X) >0 unless X =0.
A vector space endowed with a specific inner product is called an inner

product space. The standard example is, of course, R™ with its dot product
or Fuclidean inner product:

n
(@y)=z-y=> a'y"
=1

Suppose V' is an inner product space. For any X € V| the length of X
is the number | X| = /(X, X). A unit vector is a vector of length 1. The
angle between two nonzero vectors X,Y € V is defined to be the unique
0 € [0, 7] satisfying

Two vectors X,Y € V are said to be orthogonal if the angle between them
is /2, or equivalently if (X,Y) = 0.
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Exercise A.15. Let V be an inner product space. Show that the length
function associated with the inner product satisfies

|X| >0, X eV, X #£0;
leX] = |c] [X], ceR, X eV;
X +Y| <|X|+ Y], X, YeV.

Suppose V is a finite-dimensional inner product space. A basis
(E1,...,E,) of V is said to be orthonormal if each E; is a unit vector
and Ej is orthogonal to E; when ¢ # j.

Proposition A.17 (The Gram-Schmidt Algorithm). FEvery finite-
dimensional inner product space V' has an orthonormal basis. In fact, if
(Er,...,E,) is any basis of V, there is an orthonormal basis (F1, ..., Ey)
with the property that

span(Eq,...,Ey) = span(El, cee Ek) fork=1,... n. (A.10)

Proof. The proof is by induction on n = dim V. If n = 1, there is only one
basis element E;, and then E; = E;/|E1| is an orthonormal basis.

Suppose the result is true for inner product spaces of dimension n — 1,
and let V have dimension n. Then W = span(E1, ..., E,_1) is an (n — 1)-
dimensional inner product space with the inner product restricted from
V, so there is an orthonormal basis (Fy,...,F,_1) satisfying (A.10) for
k=1,...,n— 1. Define En by

E _ E, _Z?:_11<En7§i>ﬁi
! En - Z?:_ll <En7 Ez>Ez

A computation shows that (El, e ,En) is the desired orthonormal basis.
O

An isomorphism T: V' — W between inner product spaces is called an
isometry if it takes the inner product of V' to that of W:

(TX,TY) = (X,Y).

Exercise A.16. Show that any isometry is a homeomorphism that pre-
serves lengths, angles, and orthogonality, and takes orthonormal bases to
orthonormal bases.

Exercise A.17. If (E;) is any basis for the finite-dimensional vector space
V, show that there is a unique inner product on V for which (E;) is ortho-
normal.

Exercise A.18. Suppose V is a finite-dimensional inner product space
and E: R"™ — V is the basis map determined by any orthonormal basis.
Show that E is an isometry, where R™ is endowed with the Euclidean inner
product.
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The preceding exercise shows that finite-dimensional inner product
spaces are topologically and geometrically indistinguishable from the
Euclidean space of the same dimension. Thus any such space automatically
inherits all the usual properties of Euclidean space, such as compactness of
closed and bounded subsets.

If V is a finite-dimensional inner product space and S C V is a subspace,
the orthogonal complement of S in V is the set

VE={XeV:(X,)Y)=0forall Y € S.}.

Exercise A.19. Let V be a finite-dimensional inner product space and
S C V any subspace. Show that V = S @ S+.

Thanks to the result of the preceding exercise, for any subspace S of an
inner product space V, there is a natural projection 7: V — S with kernel
S+, This is called the orthogonal projection of V onto S.

A norm on a vector space V is a function from V to R, written X — | X|,
satisfying

(i) PosITIVITY: |X| > 0 for every X € V, and |X| = 0 if and only if
X =0.

(ii) HOMOGENEITY: |cX| = |¢||X]| for every c € R and X € V.
(ili) TRIANGLE INEQUALITY: |[X + Y| < | X[+ |Y| for all X,Y € V.

A vector space together with a specific choice of norm is called a normed
linear space. Exercise A.15 shows that the length function associated with
any inner product is a norm.

If V' is a normed linear space, then for any p € V and any r > 0 we
define the open ball and closed ball of radius r around p, denoted by B,.(p)
and B, (p), respectively, by

B.(p)={xeV:|x—p <r}
B.(p)={zeV:|z—p <r}

Given a norm on V, the function d(X,Y) = | X — Y| is a metric, yielding
a topology on V called the norm topology. The set of all open balls is easily
seen to be a basis for this topology. Two norms | - |; and | - |2 are said to
be equivalent if there are positive constants ¢, C' such that

| X1 <|X|2 <C|X|; forall X e V.

Exercise A.20. Show that equivalent norms on a vector space V deter-
mine the same topology.

Exercise A.21. Show that any two norms on a finite-dimensional vector
space are equivalent. [Hint: first choose an inner product on V, and show
that the unit ball in any norm is compact with respect to the topology
determined by the inner product.]
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If V and W are normed linear spaces, a linear map 7: V — W is said
to be bounded if there exists a positive constant C' such that

ITX| < C|X]| forall X € V.

Exercise A.22. Show that a linear map between normed linear spaces is
bounded if and only if it is continuous.

Exercise A.23. Show that every linear map between finite-dimensional
normed linear spaces is continuous.

The vector space M(m x n,R) of m x n real matrices has a natural
Euclidean inner product, obtained by identifying a matrix with a point in
R™™:

A-B=) AiB.

4]

This yields a Euclidean norm on matrices:

|A] = Z”(ADQ (A11)

Whenever we use a norm on a space of matrices, it will always be assumed
to be this Euclidean norm.

Exercise A.24. For any matrices A € M(m x n,R) and B € M(n x k,R),
show that

|AB| < |A][B].

Calculus

In this section, we summarize the main results from multivariable calculus
and real analysis that are needed in this book. For details on most of the
ideas touched on here, you can consult [Rud76] or [Apo74].

If U € R" is any subset and F': U — R™ is any map, we write the
components of F(z) as F(x) = (F'(z),..., F™(z)); this defines n functions
F'....,F": U — R called the component functions of F. Note that F? =
7' o F, where m: R™ — R is the projection on the ith coordinate:

For maps between Euclidean spaces, there are two separate but closely
related types of derivatives: partial derivatives and total derivatives. We
begin with partial derivatives.



Calculus 425

Partial Derivatives

Suppose U C R" is open and f: U — R is any real-valued function. For
any a = (a',...,a") € U and any j = 1,...,n, the jth partial derivative
of f at a is defined by differentiating with respect to =7 and holding the
other variables fixed:

of . .. fla',...,al +h,....,a") . fla+ he;)
9a7 ) = 1% h = Jim S

3

if the limit exists. For a vector-valued function F: U — R™, the partial
derivatives of F are defined simply to be the partial derivatives OF?/0x? of
the component functions of F. The matrix (OF*/dx7) of partial derivatives
is called the Jacobian matriz of F.

If F: U — R™ is a map for which each partial derivative exists at each
point in U and the functions F? /027 : U — R so defined are all continuous,
then F is said to be of class C' or continuously differentiable. If this is the
case, we can differentiate the functions 0F¢/d27 to obtain second-order
partial derivatives

O?F" 0 <8Fi >

Orkori  oxk \ 9zi

if they exist. Continuing this way leads to higher-order partial derivatives—
the partial derivatives of F' of order k are the partial derivatives of those
of order k — 1, when they exist.

In general, for & > 0, a function F: U — R™ is said to be of class
C* or k times continuously differentiable if all the partial derivatives of
F of order less than or equal to k exist and are continuous functions on
U. (Thus a function of class C? is just a continuous function.) A function
that is of class C* for every k > 0 is said to be of class C*°, smooth, or
infinitely differentiable. Because existence and continuity of derivatives are
local properties, clearly F is C* (or C* or smooth) if and only if it has that
property in a neighborhood of each point in U.

We will often be most concerned with real-valued functions, that is, func-
tions whose range is R. If U C R" is open, the set of all real-valued functions
of class C* on U is denoted by C*(U), and the set of all smooth real-valued
functions by C*°(U). By virtue of the following exercise, C*°(U) is a vector
space under pointwise addition and multiplication by constants:

(f+9)(x) = f(z) +g()
(cf)(x) = c(f(2)).

In fact, it is also a ring, with multiplication defined pointwise:

(f9)(@) = f(x)g(x).
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Exercise A.25. Let U C R™ be an open set, and suppose f,g: U — R"
are smooth.

(a) Show that f + g is smooth.
(b) Show that fg is smooth.

(¢c) If g never vanishes on U, show that f/g is smooth.

The following important result shows that, for most interesting maps,
the order in which we take partial derivatives is irrelevant. For a proof, see
[Rud76].

Proposition A.18 (Equality of Mixed Partial Derivatives). If U
is an open subset of R™ and F: U — R™ is a map of class C?, then
the mized second-order partial derivatives of F' do not depend on the order
of differentiation:

O?F' O?Ft

Oxidxk — Oxkoxd’

Corollary A.19. If F: U — R™ is smooth, then mized partial derivatives
of any order are independent of the order of differentiation.

Another important property of smooth functions is that integrals of
smooth functions can be differentiated under the integral sign. A precise
statement is given in the next theorem; this is not the best that can be
proved, but it is more than sufficient for our purposes. For a proof, see
[Rud76].

Theorem A.20 (Differentiation Under an Integral Sign). LetU C
R™ be an open set, a,b € R, and let f: U x [a,b] — R be a continuous
function such that the partial derivative Of/0t: U X [a,b] — R is also
continuous. Define F': U — R by

b
F(x):/ f(z,t)dt.

Then F is of class C, and its partial derivatives can be computed by dif-
ferentiating under the integral sign:

b
aF(:z:):/ a—f.(a:,t)dt.

ozt ozt

Theorem A.21 (Taylor’s Formula with Remainder). Let U C R”
be a convex open set, and suppose f is a smooth real-valued function on
U. For any integer m > 0, any a € U, and all v € R™ small enough that



Calculus 427

a+vel,

fla+v) Z Z ku%“. 83:%()1;1'1...1)”

k=0 7,1, ,Zk

! 1 -
_ /i(l—t)m#(a—i-tv)v“---v“”“dt, (A.12)

oxt ... 9gtm+1

where each indezx i; runs from 1 to n.

Proof. The proof is by induction on m. When m = 0, it follows from the
fundamental theorem of calculus and the chain rule:

fla+v)— /a—fa—i—tv )dt = Z/a (a4 tv)ov' dt.

So suppose the formula holds for some m > 0. To prove it for m + 1, we
integrate by parts in (A.12), with

8m+1 ) )
u= 2 axn—f( +tw)ol vt

axlwn+1
8m+2 ) )
= S g @ e
) xt xtm

e _(1—t)™,

1 m—+1 ) .
Z / . (1 - t) #(a —+ t’[))’uzl cootmE dt

ozt ... Ogim+1

t=1
1 8m+1f ) )
R _ m+1 S S i1 .. ay0m
= Z TR e (a + tv)v" - p'mt
t=0
1
1 8m+2f ) )
(1 =™l - - J to)vh - - utmr2dt
+/0 (m+ 1)!( . Z el GO

— Z 1 om+lf (@)t - - it
T 2 (m+ 1) 9z Oginn

+ Z / _ t)m"rl &(a] + t'U)’l)il . vim+2dt.
m + 1 oz - .. Oxtm+2

Inserting this into (A.12) completes the proof. |
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Corollary A.22 (First-Order Taylor Formula). With f, a, and v as
above,

fla+o)= 1)+ Y gL @+ Y gt

for some smooth functions g1,...,gn defined on U.

The notation O(|z|*) is used to denote any function G(x) defined on a
neighborhood of the origin in R™ which satisfies |G(x)| < C|x|* for some
constant C and all sufficiently small x.

Corollary A.23 (Second-Order Taylor Formula). With f, a, and v

as above,

.9 ol = 97 -
fla+v) = f(a)+ Z 8:1]; (a)v* + 3 Bxi(;c:vj (a)v'v? + O(|v?).
i=1 ij=1

Exercise A.26. Prove the previous two corollaries.

We will sometimes need to consider smooth maps on subsets of R™ that
are not open. If A C R” is any subset, a map F: A — R is said to be
smooth if it extends to a smooth map U — RF on some open neighborhood
U of A.

The Total Derivative

For maps between (open subsets of) finite-dimensional vector spaces, there
is another very important notion of derivative, called the total derivative.

Let V, W Dbe finite-dimensional vector spaces, which we may assume to
be endowed with norms. If U C V is an open set, a map F: U — W is said
to be differentiable at a € U if there exists a linear map L: V' — W such
that

lim F(a+wv)— F(a) — Lv
o o

=0. (A.13)

Because all norms on a finite-dimensional vector space are equivalent, this
definition is independent of the choices of norms on V and W.

Exercise A.27. Suppose F': U — W is differentiable. Show that the lin-
ear map L satisfying (A.13) is unique.

If F is differentiable at a, the linear map L satisfying (A.13) is denoted
by DF'(a) and is called the total derivative of F' at a. Condition (A.13) can
also be written

F(a+v) = F(a)+ DF(a)v+ R(v), (A.14)
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where the remainder term R(v) satisfies R(v)/|v] — 0 as v — 0. One
thing that makes the total derivative so powerful is that it makes sense
for arbitrary finite-dimensional vector spaces, without the need to choose
a basis or even a norm.

Exercise A.28. Suppose V,W are finite-dimensional vector spaces; U C
Visan openset;a € U; F,G: U — W; and f,g: U — R.

(a) If F is differentiable at a, show that F is continuous at a.

(b) If F and G are differentiable at a, show that F' + G is also, and
D(F + G)(a) = DF(a) + DG(a).
(¢) If f and g are differentiable at a € U, show that fg is also, and
D(fg)(a) = f(a)Dg(a) + g(a)Df(a).

(d) If f is differentiable at a and f(a) # 0, show that 1/f is differentiable
at a, and

D(1/f)(a) = —(1/f(a)*)Df (a).

Proposition A.24 (The Chain Rule for Total Derivatives).  Sup-
pose V,W, X are finite-dimensional vector spaces, U C V and UcCW are
open sets, and F': U — U and G: U — X are maps. If I is differentiable
at a € U and G is differentiable at F(a) € U, then G o F is differentiable
at a, and

D(Go F)(a) = DG(F(a)) o DF(a).
Proof. Let A= DF(a) and B = DG(F(a)). We need to show that

hI%GoF(a—Fv) —|CTOF(a)—BAv
v—> v

= 0. (A.15)
We can rewrite the quotient in (A.15) as

G(F(a+v)) — G(F(a)) — B(F(a+v) — F(a))
[0]

+B(F(a—|—v) TvlF(a)—Av

) . (A.16)

Asv — 0, F(a+v) — F(a) — 0 by continuity of F. Therefore the differen-
tiability of G at F'(a) implies that, for any € > 0, we can make

|G(F(a+v)) = G(F(a)) = B(F(a+v) = F(a))| < ¢[F(a+v) - F(a)|
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as long as |v] lies in a small enough neighborhood of 0. Thus for |v| small
(A.16) is bounded by

_F(a+ Til_ Fa) }B (F(a +) va(a) - Av) ‘ | (A17)

Restricting |v| to an even smaller neighborhood of 0, we can ensure that
|F(a+v) — F(a) — Av| < glv|,

because of the differentiability of F' at a. Since the linear map B is contin-
uous, it follows that (A.17) can be made as small as desired by choosing
|v| small enough, thus completing the proof. O

Now let us specialize to the case of maps between Euclidean spaces.
Suppose U C R™ is open and F': U — R™ is differentiable at a € U.
As a linear map between Euclidean spaces R™ and R™, DF(a) can be
identified with an m x n matrix. The next lemma identifies that matrix as
the Jacobian of F.

Lemma A.25. Let U C R" be open, and suppose F: U — R™ is differ-
entiable at a € U. Then all of the partial derivatives of F' at a exist, and
DF(a) is the linear map whose matriz is the Jacobian of F at a:

DF(a) = (‘Z ’ (a)) .

Proof. Let B = DF(a). Applying the definition of differentiability with
v = te;, we obtain

Fi(a+te;) — Fi(a) — tBJ
0 = Jiy L@+ tei) (a) P
t—0 |t|

Considering t > 0 and t < 0 separately, we find

Fi(a+te;) — Fi(a) — tB’

0 =lim
t\0 t
o Pt te) “Pa)
t\,0 t
J N I _ J
0— — lim F’(a+te;) — F7(a) — tB]
t,0 t
J N I .
_ <1im Fi(a+te;) — F?(a) —Bf) '
t,0 t

Combining these results, we obtain F7 /dz*(a) = B! as claimed. |
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Exercise A.29. Suppose U C R" is open. Show that a map F: U — R™
is differentiable at a € U if and only if each of its component functions
F' ... F™ is differentiable at a, and

DF'(a)
DF(a) =
DF™(a)

The next proposition gives the most important sufficient condition for
differentiability; in particular, it shows that all of the usual functions of
elementary calculus are differentiable. For a proof, see [Rud76].

Proposition A.26. Let U C R" be open. If F: U — R™ is of class C?,
then it is differentiable at each point of U.

Exercise A.30. If T: R™ — R™ is a linear map, show that T is differen-
tiable at each a € R", with DT'(a) =T.

In the case of maps between Euclidean spaces, the chain rule can be
rephrased in terms of partial derivatives.

Corollary A.27 (The Chain Rule for Partial Derivatives). Let
U CR" and U C R™ be open sets, and let x = (2',...,2") denote the

coordinates on U and y = (y*,...,y™) those on U.

(a) Any composition of C* functions F: U — UandG: U — RP is again
of class C, with partial derivatives given by

G oF), . <=0G OF*
— () = > W(F(I))W(x)'

(b) If F and G are smooth, then G o F is smooth.

Exercise A.31. Prove Corollary A.27.

From the chain rule and induction one can derive formulas for the higher
partial derivatives of a composite map as needed, provided the maps in
question are sufficiently differentiable.

Now suppose f: U — R is a smooth real-valued function on an open
set U C R", and a € U. For any vector v € R"™, we define the directional
derivative of f in the direction v at a to be the number

D, f(a) = — ) f(a+tv). (A.18)

(This definition makes sense for any vector v; we do not require v to be a
unit vector as one sometimes does in elementary calculus.)
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Since D, f(a) is the ordinary derivative of the composite map ¢t — a +
tv — f(a + tv), by the chain rule the directional derivative can be written
more concretely as

Dyf(a) =) o' gg{i (a) = Df(a)v.

i=1

The next result gives an important estimate for the local behavior of a
C' function in terms of its derivative. If U C R” is any subset, a function
F: U — R™ is said to be Lipschitz continuous on U if there is a constant
C such that

|F(z) — F(y)| < Clz —y| forallz,yeU. (A.19)

Any such C' is called a Lipschitz constant for F.

Proposition A.28 (Lipschitz Estimate for C' Functions). Let
U C R"™ be an open set, and let F: U — R™ be of class C'. Then F is
Lipschitz continuous on any closed ball B C U, with Lipschitz constant
M = sup,cp |DF(a)| (where the norm on DF(a) is the Euclidean norm
(A.11) for matrices).

Proof. Let a,b € B be arbitrary, and define v = b—a and G(t) = F(a+tv).
Because B is convex, G is defined and of class C! for ¢t € [0, 1]. The mean-
value theorem of one-variable calculus implies

G(1) = G(0) = G'(to) (1 = 0) = G'(to)

for some ty € [0, 1]. Using the definition of G, the chain rule, and Exercise
A.24, this yields

|F'(b) — F(a)| = [DF(a + tov)v|
< |DF(a+ tov)||v|
< M|b— al,

which was to be proved. O

Multiple Integrals

In this section, we give a brief review of some basic facts regarding multiple
integrals in R™. For our purposes, the Riemann integral will be more than
sufficient. Readers who are familiar with the theory of Lebesgue integration
are free to interpret all of our integrals in the Lebesgue sense, because the
two integrals are equal for the types of functions we will consider. For
more details on the aspects of integration theory described here, you can
consult nearly any text that treats multivariable calculus rigorously, such
as [Apo74, Fle77, Mun91, Rud76, Spi65].
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A rectangle in R™ (also called a closed rectangle) is a product set of
the form [a!,b'] x --- x [a™,b"], for real numbers a’ < b°. Analogously,
an open rectangle is the interior of a closed rectangle, a set of the form
(a*,b') x -+ x (a™,b"). The volume of a rectangle A of either type, denoted
by Vol(A), is defined to be the product of the lengths of its component
intervals:

Vol(A) = (b —a')--- (b" —a™).

A rectangle is called a cube if all of its side lengths |b; — a;| are equal.

A partition of a closed interval [a,b] is a finite set P = {ao,...,ax}
of real numbers such that a = a9 < a1 < --- < ar = b. Each of the
intervals [a;—1,q;] for ¢ = 1,...,k is called a subinterval of the partition.
Similarly, a partition P of a rectangle A = [a',b!] x -+ x [a"™,b"] is an n-
tuple (P, ..., P,), where each P; is a partition of [a’, b']. Each rectangle of
the form I; x - - - x I,,, where I; is a subinterval of P}, is called a subrectangle
of P. Clearly A is the union of all the subrectangles in any partition, and
distinct subrectangles overlap only on their boundaries.

Suppose A C R™ is a closed rectangle and f: A — R is a bounded
function. For any partition P of A, we define the lower sum of f with
respect to P by

L(f, P) =3 _(inf f) Vol(R;),

where the sum is over all the subrectangles R; of P. Similarly, the upper
sum is

U(f,P) = )_(sup f) Vol(R).

J

The lower sum with respect to P is obviously less than or equal to the
upper sum with respect to the same partition. In fact, more is true.

Lemma A.29. Let A C R" be a rectangle, and let f: A — R be a bounded
function. For any pair of partitions P and P’ of A,

L(f,P) <U(f,P").
Proof. Write P = (Py,...,P,) and P’ = (P{,...,P}), and let Q be the

partition @ = (P, U P/,..., P, U P!). Each subrectangle of P or P’ is a
union of finitely many subrectangles of ). An easy computation shows

L(f,P) < L(f,Q) <U(f,Q) <U(f P,

from which the result follows. O
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The lower integral of f over A is
/Af dV = sup{L(f, P) : P is a partition of A},
and the upper_mtegml is
Zf dV = inf{U(f, P) : P is a partition of A}.

Clearly both numbers exist because f is bounded, and Lemma A.29 implies
that the lower integral is less than or equal to the upper integral.

If the upper and lower integrals of f are equal, we say that f is (Riemann)
integrable, and their common value, denoted by

| sav.

is called the integral of f over A. The “dV” in this notation, like the “dz”
in the notation for single integrals, does not have any meaning in and of
itself; it is just a “closing bracket” for the integral sign. Other notations in
common use are

/f or /fdxl---d:v" or /f(xl,...w")dxl---dm".
A A A

In R?, the symbol dV is often replaced by dA.

There is a simple criterion for a bounded function to be Riemann inte-
grable. It is based on the following notion. A subset A C R" is said to have
measure zero if for any § > 0, there exists a countable cover of A by open
cubes {C;} such that ), Vol(C;) < 4. (For those who are familiar with the
theory of Lebesgue measure, this is equivalent to the condition that the
Lebesgue measure of A is equal to zero.)

Lemma A.30 (Properties of Measure Zero Sets).

a) A countable union of sets of measure zero in R™ has measure zero.

b) Any subset of a set of measure zero in R™ has measure zero.

c) A set of measure zero in R™ can contain no open set.

(a)
(b)
(¢)
(d)

Any proper affine subspace of R™ has measure zero in R™.
Exercise A.32. Prove Lemma A.30.

Part (d) of this lemma illustrates that having measure zero is a property
of a set in relation to a particular Euclidean space containing it, not of a
set in and of itself—for example, an open interval in the z-axis has measure
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zero as a subset of R2, but not when considered as a subset of R'. For this
reason, we sometimes say a subset of R™ has n-dimensional measure zero
if we wish to emphasize that it has measure zero as a subset of R".

The following proposition gives a sufficient condition for a function to be
integrable. It shows, in particular, that every bounded continuous function
is integrable.

Proposition A.31 (Lebesgue’s Integrability Criterion). Let A C
R™ be a rectangle, and let f: A — R be a bounded function. If the set

S={x e A: fis not continuous at x}
has measure zero, then f is integrable.

Proof. Let € > 0 be given. By definition of measure zero sets, S can be
covered by a countable collection of open cubes {C;} with total volume
less than e.

For each point ¢ € A\ S, since f is continuous at g, there is a cube D,
centered at ¢ such that |f(z) — f(¢)| < € for all z € D, N A. This implies
supp, f —infp, f < 2e.

The collection of all open cubes of the form Int C; or Int D, is an open
cover of A. By compactness, finitely many of them cover A. Let us relabel
these cubes as {C4,...,Ck, D1,...,D;}. Replacing each C; or D; by its
intersection with A, we may assume that each C; and each D; is a rectangle
contained in A.

Since there are only finitely many rectangles {C;, D;}, there is a partition
P with the property that each C; or D; is equal to a union of subrectangles
of P. (Just use the union of all the endpoints of the component intervals of
the rectangles C; and D; to define the partition.) We can divide the sub-
rectangles of P into two disjoint sets € and D such that every subrectangle
in € is contained in C; for some ¢, and every subrectangle in D is contained
in D; for some j. Then

U(f,P)—L(f,P)
= Z(SEF J)Vol(F:) = 3 _(inf f) Vol(R;)

2

=> (sup f—inf HVol(R) + Y (sup f—inf f) Vol(R;)

Riee T Riep T
< (supf—inff) > Vol(R;)+2c >  Vol(R;)
A A pee R,eD

< (sup f— ir}lf f)e + 2e Vol(A).
A
It follows that

7de—/de < (sup f —inf f)e + 2 Vol(A),
A JA A A



436 Appendix: Review of Prerequisites

which can be made as small as desired by taking e sufficiently small. This
implies that the upper and lower integrals of f must be equal, so f is
integrable. O

Remark. In fact, the Lebesgue criterion is both necessary and sufficient for
Riemann integrability, but we will not need that.

Now suppose D C R” is any bounded set, and f: D — R is a bounded
function. Let A be any rectangle containing D, and define fp: A — R by

fo(x) = {(f)(:r) zi i’\ . (A.20)

If the integral

/ fpdV (A.21)
A

exists, f is said to be integrable over D, and the integral (A.21) is denoted
by [ p [ dV and called the integral of f over D. 1t is easy to check that the
value of the integral does not depend on the rectangle chosen.

In practice, we will be interested only in integrals of bounded continuous
functions. However, since we will sometimes need to integrate them over
domains other than rectangles, it is necessary to consider also integrals of
discontinuous functions such as the function fp defined by (A.20). The
main reason for proving Proposition A.31 is that it allows us to give a
simple description of domains on which all bounded continuous functions
are integrable.

A subset D C R™ will be called a domain of integration if D is bounded
and 0D has n-dimensional measure zero. It is easy to check (using Lemma
A.30) that any set whose boundary is contained in a finite union of proper
affine subspaces is a domain of integration, and finite unions and inter-
sections of domains of integration are again domains of integration. Thus,
for example, any finite union of open or closed rectangles is a domain of
integration.

Proposition A.32. If D C R" is a domain of integration, then every
bounded continuous function on D is integrable over D.

Proof. Let f: D — R be bounded and continuous, and let A be a rectangle
containing D. To prove the theorem, we need only show that the function
fp: A — R defined by (A.20) is continuous except on a set of measure
Zero.

If x € Int D, then fp = f on a neighborhood of z, so fp is continous at
x. Similarly, if 2 € A~ D, then fp = 0 on a neighborhood of z, so again
f is continuous at x. Thus the set of points where fp is discontinuous is
contained in 0D, and therefore has measure zero. O
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Of course, if D is compact, then the assumption that f is bounded in
the preceding proposition is superfluous.
If D is a domain of integration, the volume of D is defined to be

Vol(D) = /D 1dv.

The integral on the right-hand side is often abbreviated |, pdV.
The next two propositions collect some basic facts about volume and
integrals of continuous functions.

Proposition A.33 (Properties of Volume). Let D C R"™ be a domain
of integration.

(a) Vol(D) > 0, with equality if and only if D has measure zero.
(b) If D1,..., Dy are domains of integration whose union is D, then
Vol(D) < Vol(Dy) + - - - + Vol(Dy,),
with equality if and only if D; N D; has measure zero for each i, j.

(¢) If Dy is a domain of integration contained in D, then Vol(Dp) <
Vol(D), with equality if and only if D ~\ D1 has measure zero.

Proposition A.34 (Properties of Integrals). Let D C R"™ be a do-
main of integration, and let f,g: D — R be continuous and bounded.

(a) For any a,b € R,

/D(af+bg)dV:a/Dfdv+b/ngv.

(b) If D has measure zero, then [, fdV = 0.

(¢) If Dy,..., Dy are domains of integration whose union is D and whose
pairwise intersections have measure zero, then

/de: fFaV 4+ -+ | fav.
D D, Dy,

(d) If f >0 on D, then [, fdV >0, with equality if and only if f =0
on Int D.

(e) (inf f) Vol(D) < /D £V < (sup ) Vol(D).

) ]/Dfdv]s/Dde-
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Exercise A.33. Prove Propositions A.33 and A.34.

There are two more fundamental properties of multiple integrals that we
will need. The proofs are too involved to be included in this summary, but
you can look them up in the references listed at the beginning of this section
if you are interested. Each of these theorems can be stated in various ways,
some stronger than others. The versions we give here will be quite sufficient
for our applications.

Theorem A.35 (Change of Variables). Suppose D and E are com-
pact domains of integration in R™, and G: D — FE 1is a continuous map
such that Glinep: Int D — Int E is a bijective C' map with C! inverse.
For any bounded continuous function f: E — R,

/Ede:/D(foG) det(aGi)‘dV

oxI
Theorem A.36 (Evaluation by Iterated Integration). Suppose
E C R" is a compact domain of integration and go,g1: E — R are
continuous functions such that go < g1 everywhere on E. Let D C R*+!
be the subset

D={(@',....a"y) e R"™ 1z € E and go(x) < y < g1(x)}.

Then D is a domain of integration, and

fra= ([ rena)av

Of course, there is nothing special about the last variable in this formula;
an analogous result holds for any domain D that can be expressed as the
set on which one variable is bounded between two continuous functions of
the remaining variables.

If the domain F in the preceding theorem is also a region between two
graphs, the same theorem can be applied again to E. In particular, the
following formula for an integral over a rectangle follows easily by induction.

Corollary A.37. Let A = [a',b!] x -+ x [a",b"] be a closed rectangle in
R", and let f: A — R be continuous. Then

/Afdvz/: ("'(/ailf(:vl,...,x”)df)...)dxn7

and the same is true if the variables in the iterated integral on the right-
hand side are reordered in any way.
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Sequences and Series of Functions

We conclude with a summary of the most important facts about sequences
and series of functions on Euclidean spaces.

Let S C R™ be any subset, and for each integer ¢ > 1 suppose that
fi: S — R™ is a function on S. The sequence {f;} is said to converge
pointwise to f: .S — R™ if for each a € S and each € > 0, there exists an
integer N such that ¢ > N implies | f;(a) — f(a)| < e. Pointwise convergence
is denoted simply by f; — f. The sequence is said to converge uniformly
to f if N can be chosen independently of the point a: for each € > 0 there
exists N such that ¢ > N implies |f;(a) — f(a)| < ¢ for every a € U. We
will usually indicate uniform convergence by writing “f; — f uniformly.”

Theorem A.38 (Properties of Uniform Convergence). Let S C
R™, and let f;: S — R™ for each integer i > 1.

(a) If each f; is continuous and f; — f uniformly, then f is continuous.

(b) If each f; is continuous and f; — f uniformly, then for any closed
domain of integration D C S,

lim [ f;dV = / fav.
D D

11— 00

(¢) If S is open, each f; is of class Cl, fi — f pointwise, and the sequence
{0fi/0x7} converges uniformly on S as i — oo, then Of /0x? exists
on S and

3_f = lim 0%

. i -,
oxd  i—oo QxJ

For a proof, see [Rud76]. An infinite series of functions >_:° f; on .S C R"
is said to converge pointwise to a function g if the corresponding sequence
of partial sums converges pointwise:

M
g(z) = lim Zfl(x) for all x € S.

M—o0 4
=0
The series is said to converge uniformly if the partial sums converge uni-
formly.

Proposition A.39 (Weierstrass M-test). Suppose S C R"™ is any sub-
set, and f;: S — RF are functions. If there exist positive real numbers M;
such that supg | fi| < M; and ), M; converges, then ) . f; converges uni-
formly on A.

Exercise A.34. Prove Proposition A.39.
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Index

1-form, 70

abelian Lie algebra, 372
accessible slice, from a point, 367
action
by discrete group, 149
by left translation, 148
by right translation, 148
is free, 160
is proper, 160
is smooth, 160
free, 147
group
local one-parameter, 313
one-parameter, 310
left, 145
natural, of GL(n,R), 148
natural, of O(n), 148
of O(n) on S"~1, 148
of a group, 145
proper, 147
of a discrete group, 157
properly discontinuous, 158
right, 146
smooth, 146

transitive, 147
adapted
chart, 154
orthonormal frame, 192, 262
addition, vector, 403
adjoint matrix, 150
Ado’s theorem, 398
affine
singular
simplex, 292
subspace, 407
algebra, Lie, 371
induced homomorphism,
379
of a Lie group, 373
product, 372
along a submanifold, 123
Alt (alternating projection), 205
Alt convention, 212
alternating
projection, 205
tensor, 202
and orientation, 231
basis for space of, 207
elementary, 206



446 Index

alternative definitions of the
tangent space, 55

block upper triangular, 420
boundary

angle, 186, 421
function, 14
antisymmetry of bracket, 371
approximation
linear
and the differential, 74
approximation linear, 41
approximation theorem
Whitney, 138
on manifolds, 142
atlas, 8
for a manifold with
boundary, 20
smooth, 8
complete, 9
maximal, 9
autonomous system of ODEs,
326

backward reparametrization, 81
Baker-Campbell-Hausdorff
formula, 392
ball
closed, 423
is a manifold with
boundary, 21, 40
coordinate, 4
open, 423
band, Mobius, 265
base
of a covering, 28
of a vector bundle, 59

induced volume form, 262
manifold, 20
manifold with, 19
push-forward, 53
tangent space, 53
topological, 19
vector field on, 62
of a manifold with
boundary, 19, 128
disjoint from interior, 20
is a manifold, 21
is a submanifold, 120
of a singular simplex, 292
operator, singular, 292
singular, 292
topological, 20

bounded linear map, 424
bracket

commutator, 372

in a Lie algebra, 371

Lie, 329
antisymmetry, 330
bilinearity, 330
coordinate expression, 329
equals Lie derivative, 333
is smooth, 329
Jacobi identity, 330
naturality, 331
tangent to submanifold,

331

Poisson, 348

on R™, 348

basis
dual, 66
standard, for R", 66
for a vector space, 405
isomorphism, 11, 408
ordered, 406

representation of a vector,

406
standard, 406
bilinear, 172
form, 173

Bredon, Glen E., vi
bump function, 35, 39
existence, 38
bundle
cotangent, 69
is a vector bundle, 69
isomorphic, 60
isomorphism, 60, 127
Mobius, 265
map, 60, 192
bijective, 127



normal, 139
is a submanifold, 139

of tensors, 179

tangent, 57
is a vector bundle, 59
projection, 57
smooth structure, 57
standard coordinates, 58
trivial, 62

tensor, 180

trivial, 59
tangent, 62

vector, 58
projection is a

submersion, 95

restriction of, 59
section of, 59

C (M) (space of continuous
functions), 40
C* (nonzero complex numbers),
31
C' (continuously differentiable),
425
C* (k times continuously
differentiable), 425
manifold, 9
structure, 9
Ck(U), 425
CP" (complex projective space),
169
C* (infinitely differentiable), 7,
425
structure, 9
C*(M), 24
Cc*(U), 425
C“ structure, 9
calibrated submanifold, 304
calibration, 304
canonical
coordinates, 349
form

for commuting vector
fields, 337

Index 447

for nonvanishing vector
field, 331
for symplectic tensor, 221
symplectic structure on
T*M, 223
Cayley numbers, 401
centered at a point, 4
chain
complex, 286
singular, 293
group
singular, 292
smooth, 296
singular, 292
smooth, 296
chain rule
for partial derivatives, 431
for total derivatives, 429
change of variables, 438
characterization of homogeneous
spaces, 162
chart, 4
centered at a point, 4
generalized, 19
negatively oriented, 232
oriented, 232
positively oriented, 232
slice, 97
smooth, 7, 10
on a manifold with
corners, 252
with corners, 252
with corners, 252
smooth, 252
smoothly compatible, 252
circle, 6, 14
as a Lie group, 31
de Rham cohomology, 281
group, 31
Lie algebra of, 374
subgroup of C*, 124
homeomorphic to square, 7
not diffeomorphic to square,
127
class C1, 425
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class C*, 425
class C°, 425
closed
1-form, 85
coordinate independence,
85
ball, 423
is a manifold with
boundary, 21, 40
covector field, 85, 214
coordinate independence,
85
vs. exact, 8587
curve segment, 82
form, 219
local exactness, 279
rectangle, 433
subgroup, 124
is embedded, 394
subgroup theorem, 392
submanifold, 126
closest point to a submanifold,
144
cochain
complex, 286
homotopy, 274
map, 286
codimension, 97
cofactor, 419

coframe
coordinate, 71
dual, 71
global, 71
local, 71
cohomologous, 273
cohomology
class, 273
de Rham, 272
of nonorientable manifold,
281
of orientable manifold,
279
with compact support,
284

group, de Rham, 272

map, induced, 273
of a complex, 285
singular, 295
coisotropic
immersion, 222
submanifold, 222
subspace, 220
column
operations, elementary, 417
rank, 413
combination, linear, 404
commutator bracket, 372
commute, 335
commuting vector fields, 335,
336
canonical form, 337
compact support, 34
de Rham cohomology with,
284
compactly supported
forms, 282
function, 34
section, 59
compatible, smoothly, 7
charts with corners, 252
complement
orthogonal, 423
symplectic, 220
complementary
subspace, 407
complete
smooth atlas, 9
vector field, 316
on a compact manifold,
317
completely integrable, 359
vs. involutive, 359
complex, 285
analytic structure, 9
chain, 286
cochain, 286
general linear group, 31
Lie algebra of, 402
manifold, 9
projective space, 169



short exact sequence of, 286
singular chain, 293
special linear group, 150
component
covector, transformation
law, 68, 69, 77
functions, 424
of a covector field, 70
of a tensor field, 180
of a vector field, 60
identity, of a Lie group, 167
map, 26
of a covector, 66
of a vector, 50
vector, transformation law,
52, 69
with respect to a basis, 406
composite function, differential
of, 74
composition
and tangent vectors, 55
of embeddings, 97
of immersions, 97
of smooth maps, 25
of submersions, 97
computation in coordinates, 49
connected
manifold
points joined by piecewise
smooth curves, 79
points joined by smooth
curves, 144
sum, 128
connecting homomorphism, 286
conservative, 82
vector field, 91
vs. exact, 83
consistently oriented, 230
charts, 232
constant
function, and zero
differential, 74
rank, 94
and diffeomorphism, 131
and immersion, 111

Index 449

and submersion, 131
image, 127
level set theorem, 113
continuous pointwise orientation,
232
continuously differentiable, 425
contractible, 278
contraction, 105, 235
lemma, 105
contravariant
functor, 67
tensor, 179
tensor field, 180
vector, 69
convergence
of series of functions, 439
pointwise, 439
uniformly, 439
coordinate
ball, 4
chart, 4
centered at a point, 4
smooth, 7
coframe, 71
computations, 49
domain, 4
map, 4
smooth, 10
neighborhood, 4
representation
for a point, 18
of a function, 24
of a map, 25
subspace, 413
vector, 50
transformation law, 52, 68
vector field, 61
coordinates, 406
canonical, 349
Darboux, 349
local, 4
slice, 97
spherical, 104
standard
on R", 11



450 Index

on the tangent bundle, 58
stereographic, 21
symplectic, 349

corner point, 252, 253
corners
chart with, 252

smoothly compatible, 252
smooth manifold with, 252
smooth structure with, 252

correspondence
between Lie groups and Lie
algebras, 398
coset, 407
cotangent
bundle, 69
canonical symplectic
structure, 223

is a vector bundle, 69

symplectic structure, 222
space, 68
tangent isomorphism, 192,

197
not canonical, 198
countable
group, 32
second

product, 4

subspace, 4
subcover, 4

counterclockwise, 230
covariant
tensor, 172
tensor field, 180
transformation law, 196
vector, 69
covector, 65, 204
components, 66
transformation law, 68,
69, 77
field, 70

closed, 85, 214

closed vs. exact, 8587

conservative, 82

conservative vs. exact, 83

exact, 82

pullback, 76
restriction, 123
smooth, 70
smoothness criteria, 70
space of, 71
tangent, 68
covector field
exact, on the torus, 91
integral
diffeomorphism
invariance, 78
in R, 78
cover, regular open, 36
covered, evenly, 28
covering
base of, 28
group, 157, 380
acts properly, 158
has isomorphic Lie
algebra, 380
is a Lie group, 158
Lie, 380
universal, 380
homomorphism, 380
manifold, smooth structure,
29
map, 28
injective, 28
topological, 28
orientation, 265
smooth, 28
is a local diffeomorphism,
28
is an immersion, 95
is open, 28
local sections of, 28
smooth maps from base,
29
vs. topological, 28
space, 28
of Lie group, 167
orientable, 265
transformation, 157
Cramer’s Rule, 31
critical



point, 113
value, 114
cross product, 172
cube, 433
symmetry group of, 161
cup product, 303
curl, 263
curvature, 1
curve
and the differential, 74
closed, 82
in submanifold, 128
integral, 307
is immersed, 313
length of
in R, 90
segment, 79
closed, 82
length of, 186
piecewise smooth, 79
smooth, 79
smooth, 54
is an immersion, 94
tangent vector to, 54
cusp, 104
cutoff function, 35
cycle, singular, 292

d (differential of a function), 72
d (exterior derivative), 215
8% (Kronecker delta), 66
87 (Kronecker delta for
multi-indices), 206
6-close, 138
Darboux
coordinates, 349
theorem, 349
de Rham
basis, 300
cohomology, 86, 272
diffeomorphism
invariance, 273
functoriality, 273
homotopy invariance, 276
induced map, 273

Index 451

is a topological invariant,
274
of a simply connected
manifold, 279
of disjoint union, 277
of Euclidean space, 279
of nonorientable manifold,
281
of orientable manifold,
279
of spheres, 290
of the circle, 281
of zero-manifolds, 278
top dimensional, 279, 281
topological invariance,
277
with compact support,
284
zero-dimensional, 278
cover, 300
group, 272
homomorphism, 298
manifold, 300
theorem, 300
decomposable, 225, 235
defining
function, 116
existence, 115
local, 116
map, 116
and tangent space, 116
local, 116
representation
of GL(n,C), 33
of GL(n,R), 33
delta, Kronecker, 66
dense
curve on the torus, 95, 126
as immersed submanifold,
119
is not embedded, 126
subgroup of the torus, 125
dependent, linearly, 404
derivation, 43, 45
derivative
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Index

directional, 43
exterior, 214, 215, 217
is local, 216
Lie
of a tensor field, 339
of a vector field, 328
of a determinant, 91
of a map, 51
partial, 425
higher order, 425
order of, 425
second order, 425
total, 428

determinant, 172, 202

and volume, 225

convention, 212

derivative of, 91

differential of, 92

is a Lie group
homomorphism, 33

is a submersion, 115

is a tensor, 173

of a matrix, 415

diffeomorphic, 26

is an equivalence relation,
26

diffeomorphism

and constant rank, 131

between Euclidean spaces, 7

between manifolds, 26

group acts transitively, 325

invariance of de Rham
cohomology, 273

local, 26

differentiable, 428

continuously, 425
infinitely, 425
structure, 9

differential

and linear approximation,
74
and push-forward, 75
equation
and the Frobenius
theorem, 361

integrating, 309

ordinary, 308, 309
form, 70, 212

and orientation, 233

closed, 85

closed vs. exact, 8587

conservative, 82

conservative vs. exact, 83

exact, 82
left-invariant, 375
Lie derivative, 341
geometry, v
ideal, 370
of a constant, 73
of a determinant, 92
of a function, 72

coordinate formula, 72, 73

of a map, 51
of a product, 73
of a quotient, 73
of a sum, 73
of function composed with
curve, 74
zero, 74
differentiation, exterior, 217
dimension, 406
invariance of, 64
of a tangent distribution,
356
direct sum, 407
directional derivative, 43
in R™, 43, 431
of vector field, 327
discontinuous, properly, 158
discrete
group, 32
action, 149
proper action, 157
quotient by, 159
subgroup, 160
quotient by, 160
distance on a Riemannian
manifold, 188
distribution, 356
and smooth sections, 356



determined by a foliation,
365
dimension of, 356
examples, 357
integrable, 358
is involutive, 358
involutive, 358
spanned by vector fields,
357
tangent, 356
divergence, 262, 344
and volume decreasing
flows, 345
and volume increasing flows,
345
and volume preserving
flows, 345
on nonoriented manifold,
266
product rule, 267
theorem, 262
domain
coordinate, 4
flow, 313
of integration, 436
in a manifold, 245
in the boundary of a
manifold with corners,
254
regular, 238
restricting, 121
Donaldson, Simon, 27
dot product, 12, 172, 421
dual
basis, 66
standard, for R", 66
coframe, 71
homomorphism, 295
map, 67
space, 66
second, 67
dV (in integral notation), 434
dV, (Riemannian volume form),
258
dynamical systems, 333

Index 453

e (identity of a Lie group), 30
E(n) (Euclidean group), 161
eigenfunction of Laplace
operator, 267
eigenvalue of Laplace operator,
267
Einselement, 30
Einstein summation convention,
12
element, function, 56
elementary
column operations, 417
k-covector, 206
matrix, 417
row operations, 417
embedded
subgroup, 124
submanifold, 97
closed, 126
image of embedding, 98,
118
local characterization, 97
of a manifold with
boundary, 120
open, 97
uniqueness of smooth
structure, 98
embedding, 94
composition of, 97
image is an embedded
submanifold, 118
smooth, 94
theorem, Whitney, 136
strong, 137
topological, 94
equation, variational, 321
equivalent norms, 423
equivariant
map, 149
rank theorem, 150
escape lemma, 316
Euclidean
dot product, 12
group, 161
inner product, 421
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locally, 3
metric, 185
space, 11, 406
as a Lie group, 31
as a manifold, 11
Lie algebra of, 374
smooth structure, 11
standard coordinates, 11
uniqueness of smooth
structure, 27
evaluation map, 373
even permutation, 414
evenly covered, 28
exact
1-form, 82
covector field, 82
on the torus, 91
form, 219
functor, 296
sequence, 285
of complexes, 286
vs. conservative, 83, 85-87
existence of Riemannian metric,
194
expansion by minors, 419
exponential map, 385
and one-parameter
subgroups, 385
is a local diffeomorphism,
385
of GL(n,R), 385
of a Lie group, 385
push-forward, 385
smoothness, 385
exponential of a matrix, 383
extension
lemma, 39
of smooth function, 39
exterior
derivative, 214, 215, 217
and Lie brackets, 352
and pullback, 218
is local, 216
differentiation, 217
product, 209

F* (pullback)
of covectors, 75
of forms, 213
of functions, 40
of tensors, 181
F, (push-forward)
in coordinates, 50
induced Lie algebra
homomorphism, 378
of vector fields, 63
of vectors, 46
F-related, 63
face map, 292
faithful representation, 398
fake R*, 27
fiber
of a map, 112
of a vector bundle, 58
field
plane, 356
figure eight, 95
as immersed submanifold,
119
is not embedded, 126
finite group
as a Lie group, 32
finite, locally, 36
finite-dimensional
representation, 33
vector space, 405
first-order system of PDEs, 362
flag, 164
manifold, 164
flat, 193
chart, 359
for a foliation, 365
metric, 187, 198
on torus, 199
flow, 313
domain, 313
fundamental theorem on,
314
proof, 315
generated by a vector field,
314



global, 310
arises from vector field,
311
is orientation preserving,
326
local, 313
maximal, 314
volume decreasing, 345
and divergence, 345
volume increasing, 345
and divergence, 345
volume preserving, 345
and divergence, 345
foliation, 365
determines involutive
distribution, 365
examples, 365
leaves of, 365
form
bilinear, 173
closed, 85
vs. exact, 8587
conservative, 82
vs. exact, 83
differential, 70, 212
and orientation, 233
exact, 82
vs. closed, 85-87
vs. conservative, 83
left-invariant, 375
Lie derivative, 341
forward reparametrization, 81
frame
global
and trivial bundle, 64
for a manifold, 62
left-invariant, 375
local, 60
and local trivialization, 64
for a manifold, 62
negatively oriented, 232
oriented, 232
orthonormal, 188
adapted, 192, 262
existence, 188

Index 455

positively oriented, 232
free
group action, 147
vector space, 175
characteristic property,
175
Freedman, Michael, 27
Frobenius theorem, 359
and partial differential
equations, 361
global, 366
proof, 367
function
element, smooth, 56
real-valued, 23
smooth
coordinate representation,
24
extension of, 39
on a manifold, 24
vector-valued, 23
vs. map, 23
functional, linear, 65
functor, 67
exact, 296
fundamental correspondence
between Lie groups and
Lie algebras, 398
fundamental theorem for line
integrals, 81
fundamental theorem of Sophus
Lie, 398
fundamental theorem on flows,
314
proof, 315

GL™(n,R), 124
GL(n,C), see complex general
linear group
GL(n,R), see general linear
group
GL(V), 31
G-space, 146
homogeneous, 161
left, 146
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right, 146
Gauss’s theorem, 262
general linear group, 13, 31
complex, 31
Lie algebra of, 402
components, 165
connected, 168
is a manifold, 13
Lie algebra of, 376
natural action, 148
one-parameter subgroups,
383
general position, 291
generalized chart, 19
generator, infinitesimal
of a flow, 313
of a global flow, 311
geometric
simplex, 291
tangent space, 42
tangent vector, 42
geometry
differential, v
Riemannian, 187
germ, 56
global
coframe, 71
flow, 310
arises from vector field,
311
frame
and trivial bundle, 64
for a manifold, 62
Frobenius theorem, 366
proof, 367
trivialization, 59
and global frame, 64
globally Hamiltonian, 347
gradient, 71, 193

orthogonal to level set, 199

graph
coordinates
on spheres, 13
Riemannian metric in,
191

is an embedded
submanifold, 103
of a smooth function, 103

Grassmann manifold, 15, 17, 164

is compact, 169
Grassmannian, 15, 17, 164
is compact, 169
Green’s
identities, 267
theorem, 251
group
action, 145
free, 147
local one-parameter, 313
one-parameter, 310
orientation-preserving,
265
proper, 147
properly discontinuous,
158
smooth, 146
transitive, 147
circle, 31
circle, subgroup of C*, 124
complex general linear, 31
de Rham, 272
discrete, 32
general linear, 31
injective, 296
laws, 310
of a flow, 313
Lie, 30
special linear, 115
symmetric, 414
topological, 30

H"™ (upper half space), 19
Haar

integral, 376

volume form, 376
half space, upper, 19
Hamiltonian

globally, 347

locally, 347

vector field, 346, 347



on R?", 346
tangent to level sets, 347
harmonic function, 267
Hausdorff
product, 3
space, 3
subspace, 3
Hermitian, 151
higher-order partial derivative,
425
Hodge star operator, 268
Hom(V, W) (space of linear
maps), 196
homeomorphism
smooth, 99
homeomorphism, smooth, 99
homogeneous
G-space, 161
manifold, 161
space, 161
characterization theorem,
162
homologous submanifolds, 303
homology
of a complex, 286
singular, 292
smooth, 296
homomorphism
covering, 380
dual, 295
induced Lie algebra, 379
Lie, 32
Lie algebra, 372
induced, 378
Lie group, 32
is equivariant, 149
homotopic, 142
maps are smoothly
homotopic, 143
path, 255
relative to a set, 142
smoothly, 143
homotopy, 142
cochain, 274
equivalence, 274

Index 457

equivalent, 274
invariance of de Rham
cohomology, 276
inverse, 274
operator, 274
relative to a set, 142
Hopf map, 170
hyperplane, 71
hypersurface, 235
in a Riemannian manifold,
260
induced volume form, 260
orientability, 237

I,, (identity matrix), 409
ideal, differential, 370
identity
component, 167
matrix, 409
of a Lie group, 30
image, 407
of a Lie group
homomorphism, 169
of an embedding, 118
of constant rank map, 127
immersed submanifold, 119
of a manifold with
boundary, 120
immersion, 94
and constant rank, 111
between manifolds with
boundary, 120
composition of, 97
is locally an embedding, 120
theorem, Whitney, 134
strong, 137
vs. embedding, 96
implicit function theorem, 109
improper integral, 241
increasing multi-index, 207
independent, linearly, 404
index
conventions, 12
for covectors, 67
lower, 12
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position, 12
upper, 12
induced
cohomology map, 273
Lie algebra homomorphism,
378, 379
metric, 191
orientation
on a boundary, 239
orientation on a boundary,
239
infinite-dimensional vector
space, 405
infinitely differentiable, 425
infinitesimal generator, 311, 313
invariant under flow, 312,
313
of a flow, 313
of a global flow, 311
injective
group, 296
immersion vs. embedding,
96
inner product, 184, 421
Euclidean, 421
space, 421
integrable, 434
completely, 359
vs. involutive, 359
distribution, 358
is involutive, 358
over a bounded set, 436
integral
curve, 307
and one-parameter
subgroup, 382
is immersed, 313
improper, 241
line, 78, 79
fundamental theorem, 81
of a vector field, 91
parameter independence,
81
lower, 434
manifold, 357

union of, 366
uniqueness, 360
of a covector field
diffeomorphism
invariance, 78
in R, 78
of a differential form
computing, 245
diffeomorphism
invariance, 241, 245
linearity, 244
orientation reversal, 244
over a manifold, 242
over a smooth chain, 297
over a smooth simplex,
297
positivity, 244
of a function
on a rectangle, 434
on a Riemannian
manifold, 260
over a bounded set, 436
of an n-form in R™, 240
on a manifold, 243
on a manifold with corners,
253
over a O-manifold, 244
over a boundary, 244
over a submanifold, 244
upper, 434
integrating a system of ODEs,
309
integration
by parts, 267
domain of, 436
in a manifold, 245
iterated, 438
on Lie groups, 375
interior
multiplication, 235
is an antiderivation, 235
of a manifold with
boundary, 19, 128
disjoint from boundary,
20



is a manifold, 21
intersection, transverse, 128
intertwine, 149
invariant

left-, 373
tensor field, 343
and Lie derivative, 343
under a flow, 343
vs. Lie derivative, 343
vector field, 312, 335
inverse
function theorem, 105
map, smoothness of, 99
of a matrix, 410
inversion map, 30
invertible
linear map, 408
matrix, 409
involutive, 358
distribution

and differential forms, 369

vs. completely integrable,
359

inward-pointing, 238
isometric, 187
isometry, 187, 422
isomorphic

Lie algebras, 373

locally, 398

vector bundles, 60

vector spaces, 408
isomorphism, 408

basis, 408

bundle, 60

determined by a basis, 11

Lie, 32

Lie algebra, 373

Lie group, 32

vector bundle, 60
isotropic

immersion, 222

submanifold, 222

subspace, 220
isotropy group, 147
iterated integration, 438

Index

Jacobi identity, 330, 372
for Poisson bracket, 353
Jacobian matrix, 51, 425

k-covector, 204
elementary, 206
k-form, 212
k-slice
in R™, 97
in a manifold, 97
kernel, 407
of Lie homomorphism
is a subgroup, 150
Kervaire, Michel, 27
Killing field, 344
Euclidean, 344, 352
kink, 104
Kronecker delta, 66
for multi-indices, 206

L, (left translation), 32
Lagrangian
immersion, 222
submanifold, 222
and closed 1-form, 223
subspace, 220
Laplace operator, 267
Laplacian, 267
leaf of a foliation, 365
Lebesgue measure, 434
left
action, 145
G-space, 146
translation, 32, 373
left-invariant
differential form, 375
frame, 375
tensor, 375
vector field, 373
is complete, 381
length
of a curve segment, 186
in R, 90
isometry invariant, 187

459
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parameter independence,
186
of a tangent vector, 186
of a vector, 421
level set, 104
of submersion, 113
regular, 114
is a submanifold, 114
of a real-valued function,
114
theorem, 114
theorem, constant rank, 113
Lie
algebra, 371
abelian, 372
and one-parameter
subgroups, 382
homomorphism, 372, 396
homomorphism, induced,
378, 379
isomorphic, 373
isomorphism, 373
of SL(n,R), 388
of a Lie group, 373
of a subgroup, 379, 387
product, 372
representation, 398
bracket, 329
antisymmetry, 330
bilinearity, 330
coordinate expression, 329
equals Lie derivative, 333
is smooth, 329
Jacobi identity, 330
naturality, 331
tangent to submanifold,
331
covering group, 380
has isomorphic Lie
algebra, 380
derivative
and invariant tensor field,
343
equals Lie bracket, 333
of a tensor field, 339

of a vector field, 328
of differential form, 341
group, 30
countable, 32
covering of, 167
discrete, 32
finite, 32
homomorphism, 32, 396
homomorphism is
equivariant, 149
homomorphism, image of,
169
homomorphism, with
discrete kernel, 167
identity component, 167
integration on, 375
is orientable, 375
is parallelizable, 375
isomorphism, 32
product of, 32
simply connected, 397
homomorphism, 32
isomorphism, 32
subalgebra, 372
subgroup, 124
associated with Lie
subalgebra, 394
closed, 124
embedded, 124
Lie, Sophus, 398
fundamental theorem, 398
line integral, 78, 79
fundamental theorem, 81
of a vector field, 91
parameter independence, 81
line with two origins, 21
linear
approximation, 41
and the differential, 74
combination, 404
functional, 65
group
complex general, 31
complex special, 150
general, 31



special, 115, 125
map, 407
over C* (M), 90
system of PDEs, 362
linearly
dependent, 404
independent, 404
Lipschitz
constant, 432
continuous, 432
local
coframe, 71
coordinate map, 4
coordinate representation
for a point, 18
coordinates, 4
defining function, 116
existence, 115
defining map, 116
diffeomorphism, 26
exactness of closed forms,
279
flow, 313
frame, 60

and local trivialization, 64

for a manifold, 62
orthonormal, 188
isometry, 187

one-parameter group action,

313
operator, 216
parametrization, 191
section, 28, 59
existence of, 111
of smooth covering, 28
trivialization, 59
and local frame, 64
locally
Euclidean, 3
finite, 36
cover, 36
Hamiltonian, 347
isomorphic, 398
Lorentz metric, 2, 195
lower

Index 461

integral, 434
sum, 433
lowering an index, 193

M(m x n,C) (space of complex
matrices), 12
M(m x n,R) (space of matrices),
12
M(n, C) (space of square
complex matrices), 12
M(n,R) (space of square
matrices), 12
manifold
boundary, 20
ck, 9
complex, 9
is metrizable, 191
is paracompact, 37
oriented, 232
real-analytic, 9
Riemannian, 184
smooth, 1, 9
is a manifold with
boundary, 20
with corners, 252
topological, 1, 3
with boundary
boundary point, 128
interior point, 128
product of, 269
push-forward, 53
smooth atlas, 20
smooth structure, 20
submanifold of, 120
tangent space, 53
topological, 19
vector field on, 62
with corners, 252
product of, 269
Stokes’s theorem, 254
map vs. function, 23
map, smooth, between
manifolds, 24
mapping vs. function, 23
matrices
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of fixed rank, 116
of maximal rank, 13
matrix
exponential, 383
Lie algebra, 372
of a linear map, 409
skew-symmetric, 412
symmetric, 115, 412
upper triangular, 420
maximal
rank, matrices of, 13
smooth atlas, 9
maximal flow, 314
Mayer—Vietoris sequence, 288
connecting homomorphism,
289
Mayer—Vietoris theorem
for de Rham cohomology,
288
for singular cohomology, 295
for singular homology, 294
measure zero, 254
in R™, 130, 434
and smooth maps, 130,
131
in manifolds, 131
and smooth maps, 132
n-dimensional, 435
submanifolds, 132
metric, 184
associated to a norm, 423
Euclidean, 185
flat, 187, 198
induced, 191
pseudo-Riemannian, 195
Riemannian, 184
existence, 194
in graph coordinates, 191
round, 191, 197
in stereographic
coordinates, 197
space, 184
metrizable, 191
Milnor, John, 27
minor of a matrix, 413

mixed
tensor, 179
tensor field, 180
Mébius
band, 265
bundle, 169, 265
transformation, 162
module, 404
Moise, Edwin, 27
Morse theory, 325
Moser, Jiirgen, 351
multi-index, 206
increasing, 207
multilinear, 172, 415
map
and tensor product, 178
over C*(M), 197
multiplication
map, 30
scalar, 403
Munkres, James, 27

n-dimensional measure zero, 435
n-sphere, 5
n-torus, 14

as a Lie group, 32
natural

action of GL(n,R), 148

action of O(n), 148
naturality of the Lie bracket, 331
negatively

oriented, 231

chart, 232
frame, 232
neighborhood, coordinate, 4
nonautonomous system of
ODEs, 326

nondegenerate 2-tensor, 195, 219
nonorientable manifold, 232

de Rham cohomology, 281
nonsingular matrix, 409
norm, 423

associated metric, 423

equivalent, 423

of a tangent vector, 186



topology, 423
normal
bundle, 139, 199
is a submanifold, 139
is a vector bundle, 144
orthonormal frame, 144
outward-pointing, 261
space, 139
vector, 199
vector field, 260
normed linear space, 423
north pole, 21
nullity, 411

O(n), see orthogonal group
O(t*), 389
odd
permutation, 414
ODE, see ordinary differential
equation
one-parameter group action, 310
local, 313
one-parameter subgroup, 381
and integral curve, 382
and Lie algebra, 382
generated by X, 383
of GL(n,R), 383
of Lie subgroup, 384
open
ball, 423
cover, regular, 36
rectangle, 433
submanifold, 12, 13
is embedded, 97
orientable, 234
tangent space, 47
orbit, 146
is an immersed submanifold,
167
relation, 153
space, 152
order of a partial derivative, 425
ordered basis, 406
ordinary differential equation,
308, 309
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autonomous, 326
continuity theorem, 320
existence theorem, 314, 318
integrating, 309
nonautonomous, 326
smoothness theorem, 314,
320
uniqueness theorem, 314,
317
orientability
of hypersurfaces, 237
of parallelizable manifolds,
234
orientable, 232
Lie group, 375
manifold, de Rham
cohomology, 279
open submanifold, 234
orientation, 230
and alternating tensors, 231
and nonvanishing n-form,
233
covering, 265
form, 233
induced on a boundary, 239
of a manifold, 232
0-dimensional, 232, 233
of a vector space, 231
0-dimensional, 231
pointwise, 232
continuous, 232
standard, of R™, 231
Stokes, 239
orientation-preserving, 234
group action, 265
orientation-reversing, 234
oriented
basis, 231
chart, 232
negatively, 232
positively, 232
consistently, 230
form, 233
frame, 232
negatively, 232



464 Index

positively, 232
manifold, 232
n-covector, 232
negatively, 231
vector space, 231

orthogonal, 186, 421
complement, 423
group, 114, 125

action on S™1, 148

components, 165

is a Lie subgroup, 125

is an embedded

submanifold, 114

Lie algebra of, 380

natural action, 148

special, 125

special, is connected, 165
matrix, 114
projection, 423

orthonormal
basis, 422
frame, 188
adapted, 192, 262
existence, 188
outward-pointing, 238
unit normal, 261
vector field on boundary,
238
overdetermined, 362

P™ (real projective space), 6
paracompact, 36
manifolds are, 37
parallelizable, 62, 375
implies orientable, 234
Lie group, 375
spheres, 64
torus, 64
parametrization, 105
local, 191
partial
derivative
higher order, 425
order of, 425
second order, 425

partial derivative, 425
partial differential equations
and the Frobenius theorem,
361
partition
of a rectangle, 433
of an interval, 433
of unity, 37
existence, 37
passing to quotient, 112
path homotopic, 255
PDE (partial differential
equation), 361
period of a differential form, 303
periodic curve, 325
permutation, 183, 204, 206
even, 414
odd, 414
piecewise smooth curve segment,
79
plane field, 356
Poincaré lemma, 278
for compactly supported
forms, 282
pointwise
convergence, 439
orientation, 232
continuous, 232
Poisson
bracket, 348
Jacobi identity, 353
on R", 348
commute, 348
polar coordinate map, 19
pole
north, 21
south, 21
positions of indices, 12
positively oriented, 231
chart, 232
form, 233
frame, 232
n-form, 232
potential, 82
computing, 88
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action, 147
of a discrete group, 157

precompact, 36
product

inner, 184, 421
Lie algebra, 372
manifold
embedding into, 94
projection is a
submersion, 94
smooth map into, 26
smooth structure, 14
tangent space, 64
of Hausdorff spaces, 3
of Lie groups, 32
Lie algebra of, 375
of manifolds with boundary,
269
of manifolds with corners,
269
of second countable spaces,
4
rule, 43
semidirect, 169
smooth manifold structure,
14
symmetric, 183
associativity, 197

projection

of a vector bundle, 59
of product manifold

is a submersion, 94
of the tangent bundle, 57
onto a subspace, 408
orthogonal, 423

projective space

complex, 169

covering of, 167

is a manifold, 6

is Hausdorff, 6

is second countable, 6

orientability, 268

quotient map is smooth, 25,
26

real, 6, 14

smooth structure, 14

proper

inclusion map
vs. embedding, 126
map, 96
properly discontinuous, 158

pseudo-Riemannian metric, 195

pullback, 75
of a 1-form, 76
in coordinates, 77
of a covector field, 76
in coordinates, 77
of a tensor field, 181
in coordinates, 182

of exterior derivative, 218

of form, 213
in coordinates, 213

push-forward, 46

and the differential, 75

between manifolds with

boundary, 53
in coordinates, 50
of a vector field, 62

by a diffeomorphism, 63
of tangent vector to curve,

55
smoothness of, 58

QR decomposition, 166
quaternions, 401
quotient

by discrete group action,
159

by discrete subgroup, 160

manifold theorem, 153
of a vector space, 407
of Lie group by closed

normal subgroup, 167

passing to, 112
uniqueness of, 113

R* (nonzero real numbers), 31

R4
fake, 27
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nonuniqueness of smooth
structure, 27
R, (right translation), 32
R™, see Euclidean space
RP™ (real projective space), 6
raising an index, 193
range, restricting, 121
embedded case, 122
rank
column, 413
constant, 94
level set theorem, 113
matrices of maximal, 13
of a linear map, 94, 411
of a matrix, 412
of a smooth map, 94
of a tensor, 173
of a vector bundle, 58
row, 413
theorem, 107
equivariant, 150
invariant version, 109
rank-nullity law, 105
real projective space, 6, 14
is a manifold, 6
is Hausdorff, 6
is second countable, 6
smooth structure, 14
real vector space, 403
real-analytic
manifold, 9
structure, 9
real-valued function, 23
rectangle, 433
as a manifold with corners,
252
closed, 433
open, 433
refinement, 36
regular, 37
regular
domain, 238
level set, 114
is a submanifold, 114

of a real-valued function,
114
theorem, 114
open cover, 36
point, 113
for a vector field, 331
refinement, 37
submanifold, 97
value, 114
related, see F-related
relative homotopy, 142
reparametrization, 81, 186
backward, 81
forward, 81
of piecewise smooth curve,
186
representation
defining
of GL(n,C), 33
of GL(n,R), 33
faithful, 398
finite-dimensional, 33
of a Lie algebra, 398
of a Lie group, 33
restricting
the domain of a map, 121
the range of a map, 121
embedded case, 122
into a leaf of a foliation,
361
restriction
of a covector field, 123
of a vector bundle, 59
of a vector field, 122
retraction, 141
Rham, de, see de Rham
Riemann
integrable, 434
integral, 434
Riemannian
distance, 188
geometry, 187
manifold, 184
as metric space, 189
metric, 184



existence, 194
in graph coordinates, 191
submanifold, 191
volume element, 258
volume form, 258
in coordinates, 258
right, 230
action, 146
is free, 160
is proper, 160
is smooth, 160
G-space, 146
translation, 32
right-handed basis, 230
round metric, 191, 197
in stereographic
coordinates, 197
row operations, elementary, 417
row rank, 413

St see circle
Sk (symmetric group), 204, 206
SL(n,C) (complex special linear
group), 150
SL(n,R), see special linear group
S™, see sphere
S(n,R) (symmetric matrices),
115
SO(3) is diffeomorphic to P3, 168
SO(n) (special orthogonal
group), 125
Sp(2n,R) (symplectic group),
227
SU(2) is diffeomorphic to S?, 167
SU(n) (special unitary group),
150
Sard’s theorem, 132
Sard, Arthur, 132
scalar, 404
multiplication, 403
second countable, 3
product, 4
subspace, 4
second-order partial derivative,
425
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section
local, 28
existence of, 111
of a vector bundle, 59
of smooth covering, 28
of a map, 28
of a vector bundle, 59
smooth, 59
zero, 59
segment, curve, 79
piecewise smooth, 79
smooth, 79
semidirect product, 169
series of functions, convergence,
439
sgn (sign of a permutation), 204
sharp, 193
short exact sequence of
complexes, 286
sign of a permutation, 204
signature of a bilinear form, 195
simplex
affine singular, 292
geometric, 291
singular, 292
boundary of, 292
smooth, 296
standard, 291
simply connected
Lie group, 397
manifold, cohomology of,
279
simply connected manifold, 279
singular
boundary, 292
boundary operator, 292
chain, 292
complex, 293
group, 292
cohomology, 295
cycle, 292
homology, 292
group, 292
isomorphic to smooth
singular, 296
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smooth, 296
matrix, 409
point for a vector field, 331
simplex, 292
affine, 292
boundary of, 292
skew-symmetric matrix, 412
slice
chart, 97
coordinates, 97
in R", 97
in a manifold, 97
smooth, 7
atlas, 8
complete, 9
maximal, 9
on a manifold with
boundary, 20
chain, 296
chain group, 296
chart, 7, 10
on a manifold with
corners, 252
with corners, 252
coordinate map, 10
covector field, 70
covering map, 28
injective, 28
is a local diffeomorphism,
28
is open, 28
vs. topological, 28
curve, 54
dynamical systems, 333
embedding, 94
function
coordinate representation,
24
extension of, 39
on a manifold, 24
function element, 56
group action, 146
homeomorphism, 99
manifold, 1, 9

is a manifold with
boundary, 20
structure, 9
map
between Euclidean
spaces, 7, 425
between manifolds, 24
composition of, 25
coordinate representation,
25
from a subset of R™, 428
from base of covering, 29
into a product manifold,
26
is a local property, 24, 25
section, 59
simplex, 296
singular homology, 296
isomorphic to singular,

296
structure, 9
on R", 11

on a manifold with
boundary, 20
on a vector space, 11
on spheres, 27
on the tangent bundle, 57
uniqueness, 26
uniqueness, on R, 326
uniqueness, on R", 27
with corners, 252
triangulation, 303
vector field, 60
smoothly compatible charts, 7
with corners, 252
smoothly homotopic, 143
smoothness is local, 24, 25
smoothness of inverse maps, 99
south pole, 21
space, vector, 403
over an arbitrary field, 404
real, 403
span, 404
special
linear group, 115, 125



complex, 150
connected, 168
Lie algebra of, 388, 402
orthogonal group, 125
is connected, 165
unitary group, 150
is connected, 165
Lie algebra of, 402
sphere, 5
de Rham cohomology, 290
different smooth structures
on, 27
is an embedded
submanifold, 103, 114
is orientable, 237, 239, 265
parallelizable, 64
standard smooth structure,
13
stereographic coordinates,
21
vector fields on, 64
spherical coordinates, 104
square
homeomorphic to circle, 7
not diffeomorphic to circle,
127
standard
basis, 406
coordinates
on R", 11
on the tangent bundle, 58
dual basis for R™, 66
orientation of R", 231
simplex, 291
smooth structure
on R", 11
on S™, 13
on a vector space, 11
symplectic form, 222
symplectic structure, 222
star operator, Hodge, 268
star-shaped, 87, 278
starting point of an integral
curve, 308
stereographic
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coordinates, 21
round metric in, 197
projection, 21
Stokes orientation, 239
Stokes’s theorem, 248
for surface integrals, 264
on manifolds with corners,
254
subalgebra, Lie, 372
subbundle, 356
tangent, 356
subcover, countable, 4
subgroup
closed
is embedded, 394
of a Lie group, 392
dense, of the torus, 125
discrete, 160
quotient by, 160
Lie, 124
one-parameter, 381
subinterval, 433
submanifold, 120
calibrated, 304
closest point, 144
embedded, 97
curve in, 128
local characterization, 97
open, 97
restricting a map to, 122
uniqueness of smooth
structure, 98
has measure zero, 132
immersed, 119
of a manifold with
boundary, 120
open, 12, 13
is embedded, 97
tangent space, 47
regular, 97
restricting a map to, 121
embedded case, 122
Riemannian, 191
tangent space, 101, 102
and defining maps, 116
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transverse, 128
submersion, 94

and constant rank, 131

composition of, 97

into R*, 127

is a quotient map, 111

is open, 111

level set of, 113

passing to quotient, 112

theorem, 113
subordinate to a cover, 37
subrectangle, 433
subspace

affine, 407

coordinate, 413

of a vector space, 404

of Hausdorff space, 3

of second countable space, 4

projection onto, 408
sum

connected, 128

direct, 407

lower, 433

upper, 433
summation convention, 12
support

compact, 34

of a function, 34

of a section, 59
supported in a set, 34
surface integral, 264

Stokes’s theorem for, 264
Sym (symmetrization), 182, 205
symmetric

group, 183, 204, 206, 414

matrix, 115, 412

product, 183

associativity, 197
tensor, 182
field, 184

symmetrization, 182, 205
symplectic

basis, 221

complement, 220

coordinates, 349

form, 221, 346
standard, 222
geometry, 222
group, 227
immersion, 222
manifold, 221, 346
orientable, 268
structure, 221
canonical, on T*M, 223
on cotangent bundle, 222
standard, 222
submanifold, 222
subspace, 220
tensor, 219
canonical form, 221
vector field, 347
vector space, 219
symplectomorphism, 222

T*(M) (space of covector fields),
71
T2, see torus
T (M) (space of vector fields), 62
T, see torus
T™ (n-torus), 32
tangent
bundle, 57
is a vector bundle, 59
projection, 57
smooth structure, 57
standard coordinates, 58

trivial, 62
cotangent isomorphism, 192,
197

not canonical, 198
covector, 68
distribution, 356
and smooth sections, 356
determined by a foliation,
365
examples, 357
spanned by vector fields,
357
space
alternative definitions, 55



geometric, 42
to a manifold, 45
to a manifold with
boundary, 53
to a submanifold, 101,
102, 116
to a vector space, 48
to an open submanifold,
47
to product manifold, 64
subbundle, 356
to a submanifold, 122
vector
geometric, 42
in Euclidean space, 42
local nature, 47
on a manifold, 45
to a curve, b4
to composite curve, 55

to curve, push-forward of,
55

tautologous 1-form, 222
Taylor’s formula, 45
tensor

alternating, 202
and orientation, 231
elementary, 206
bundle, 179, 180
contravariant, 179
covariant, 172
field, 180
contravariant, 180
covariant, 180
invariant under a flow,
343
Lie derivative of, 339
mixed, 180
smooth, 180
symmetric, 184
transformation law, 196
left-invariant, 375
mixed, 179
product
and multilinear maps, 178
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characteristic property,
176
of tensors, 173
of vector spaces, 176
of vectors, 176
uniqueness, 196
symmetric, 182
time-dependent vector field, 326
top-dimensional cohomology
of nonorientable manifold,
281
of orientable manifold, 279
topological
boundary, 20
covering map, 28
vs. smooth, 28
embedding, 94
group, 30
invariance of de Rham
cohomology, 277
manifold, 1, 3
with boundary, 19
topology, norm, 423
torus, 14
as a Lie group, 32
dense curve on, 95, 126
as immersed submanifold,
119
is not embedded, 126
dense subgroup of, 125
exact covector fields on, 91
flat metric on, 199
Lie algebra of, 375
of revolution, 191, 266
parallelizable, 64
smooth structure on, 14
total derivative, 428
total space, 59
trace, 168
transformation
of coordinate vectors, 52, 68
of covector components, 68,
69, 77
of vector components, 52, 69
transition
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map, 7

matrix, 230, 410
transitive group action, 147
translation

left, 32

lemma, 309

right, 32
transpose

of a linear map, 67

of a matrix, 412
transposition, 414
transverse

intersection, 128

submanifolds, 128

vector, 237

vector field, 237
triangular matrix, upper, 420
triangulation, 303

smooth, 303
trivial bundle, 59

and global frame, 64

tangent, 62
trivialization

global, 59

local, 59

and local frame, 64

tubular neighborhood, 140

theorem, 140

U(n) (unitary group), 150
uniform convergence, 439
uniqueness
of quotients, 113
of smooth structure, 26
on embedded
submanifold, 98
unit
circle, 14
element of a Lie group, 30
sphere, 5
vector, 421
unitary group, 150
diffeomorphic to
St x SU(n), 167
is connected, 165

Lie algebra of, 402

special, 150

special, is connected, 165

special, Lie algebra of, 402
unity, partition of, 37

existence, 37
universal covering group, 380
upper

half space, 19

integral, 434

sum, 433

triangular matrix, 420

V* (dual space), 66
V** (second dual space), 67
isomorphic to V', 67
vanishes
along a submanifold, 123
at points of a submanifold,
123
variational equation, 321
vector, 404
addition, 403
bundle, 58
isomorphic, 60
isomorphism, 60
projection is a
submersion, 95
restriction of, 59
section of, 59
components, 50
transformation law, 52, 69
contravariant, 69
coordinate, 50
covariant, 69
field, 60
along a submanifold, 199,
236
canonical form, 331
commuting, 335-337
complete, 316, 317
component functions of,
60
conservative, 91
coordinate, 61



directional derivative of,
327
globally Hamiltonian, 347
Hamiltonian, 347
invariant under a flow,
335
invariant under a map,
312
invariant under its own
flow, 312, 313
Lie algebra of, 372
line integral of, 91
locally Hamiltonian, 347
on a manifold with
boundary, 62
push-forward, 62, 63
restriction, 122
smooth, 60
smoothness criteria, 60
space of, 62
symplectic, 347
time-dependent, 326
transverse, 237
geometric tangent, 42
space, 403
finite-dimensional, 405
infinite-dimensional, 405
oriented, 231
over an arbitrary field,
404
real, 403
smooth structure on, 11
tangent space to, 48
tangent
local nature, 47
on a manifold, 45
to composite curve, 55
transverse, 237
vector-valued function, 23
vertex of a simplex, 291
volume, 1, 437
and determinant, 225
decreasing flow, 345
and divergence, 345
element, Riemannian, 258
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form, Riemannian, 258
in coordinates, 258
on a boundary, 262
on a hypersurface, 260
increasing flow, 345
and divergence, 345
measurement, 201
of a rectangle, 433
of a Riemannian manifold,
260
preserving flow, 345
and divergence, 345

wedge product, 209
Alt convention, 212
anticommutativity, 210
associativity, 210
bilinearity, 210
determinant convention, 212
uniqueness, 211
Weinstein, Alan, 351
Whitney
approximation theorem, 138
on manifolds, 142
embedding theorem, 136
strong, 137
immersion theorem, 134
strong, 137
Whitney, Hassler, 137

X° (X flat), 193
&* (& sharp), 193

zero section, 59
zigzag lemma, 286



474 Index



